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Abstract

We consider a multi-agent setting with agents exchanging information over a possibly time-varying network, aiming at
minimising a separable objective function subject to constraints. To achieve this objective we propose a novel subgradient
averaging algorithm that allows for non-differentiable objective functions and different constraint sets per agent. Allowing
different constraints per agent simultaneously with a time-varying communication network constitutes a distinctive feature
of our approach, extending existing results on distributed subgradient methods. To highlight the necessity of dealing with a
different constraint set within a distributed optimisation context, we analyse a problem instance where an existing algorithm
does not exhibit a convergent behaviour if adapted to account for different constraint sets. For our proposed iterative scheme

we show asymptotic convergence of the iterates to a minimum of the underlying optimisation problem for step sizes of the

form kL_H, n > 0. We also analyse this scheme under a step size choice of

Ink

\/%7 n > 0, and establish a convergence rate of

O(22) in objective value. To demonstrate the efficacy of the proposed method, we investigate a robust regression problem

vk
and an {2 regression problem with regularisation.
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1 Introduction

Distributed optimisation deals with multiple agents
interacting over a network and has found numerous
applications in different domains, such as wireless sen-
sor networks [1, 2], robotics [3], and power systems [4],
due to its ability to parallelize computation and pre-
vent agents from sharing information considered as
private. Typically, distributed algorithms are based on
an iterative process in which agents maintain some
estimate about the decision vector in an optimisation
context, exchange this information with neighbouring
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agents according to an underlying communication pro-
tocol/network, and update their estimate on the basis
of the received information.

Despite the intense research activity in this area, only
a few algorithms can simultaneously deal with time-
varying networks, non-differentiable objective functions
and account for the presence of constraints {579], fea-
tures that are often treated separately in the literature.
Several of the commonly employed methods are based
on a projected subgradient or a proximal step and their
analysis consists of selecting the step size underlying
these algorithms, establishing a convergence rate analy-
sis, and quantifying practical convergence for (near-)real
time applications.

In this paper, we study a class of optimisation problems
that involves a separable objective function, while the
feasible set can be decomposed as an intersection of dif-
ferent compact convex sets. A centralised version of this
class of problems has been studied under a stochastic
setting in [10, 11]. Distributed algorithms for this class
have been proposed in [5,8,12-17]. References [12-14]
rely on [18,19] to propose a distributed strategy based
on projected sub-gradient methods. These results con-
sist of an averaging step followed by a local sub-gradient
projection update. In fg%] a distributed scheme based on
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a proximal update is proposed, thus extending [12,14] to
the case where different local constraint sets and an ar-
bitrarily time-varying network are considered. The au-
thors in [5] provide asymptotic convergence for a primal-
dual algorithm that allows coupling between agents’ lo-
cal estimates. We discuss additional related results in
Section 4, after the proposed algorithm is presented and
some notation introduced.

We motivate our approach by constructing an example
showing that extending available algorithms to the case
of different constraint sets might not exhibit a conver-
gent behaviour for all problem instances. Hence, a di-
rect adaptation of existing schemes is not always pos-
sible when dealing with different constraint sets. No-
tice also that distributed algorithms developed for the
unconstrained case cannot be trivially adapted to our
setting, as lifting the constraints in the objective (e.g.,
via characteristic functions) would violate boundedness
of the subgradient, a typical requirement for such algo-
rithms [6,8, 14, 20].

The main contribution of this paper is the introduc-
tion and the characterization of the convergence rate for
a new subgradient averaging algorithm. The proposed
scheme allows us to account for time-varying networks,
non-differentiable objective functions and different con-
straint sets per agent as in [8], while achieving faster
practical convergence as it is based on subgradient aver-
aging as in [12,17,20]. Note that allowing simultaneously
for different constraint sets per agent and time-varying
communication network by means of a subgradient av-
eraging scheme is a distinct feature of the algorithm in
this paper. Preliminary results related to this paper ap-
peared in [21], where several proofs have been omitted.
Moreover, the construction of Section 2.2 that motivates
the analysis of algorithms with different constraint sets
is novel, and offers insight on the limitations of existing
algorithms. We also provide detailed numerical exam-
ples, not included in the conference version.

The paper is organised as follows. In Section 2 we present
the problem statement, the network communication
structure, and the main assumptions adopted in this
paper, followed by a numerical construction that moti-
vates the algorithm of this paper. In Section 3 we present
the proposed scheme and the main convergence results,
namely, asymptotic convergence in iterates and a con-
vergence rate as far as the optimal value is concerned.
Section 4 provides detailed discussion and comparison
of our scheme with other results in the literature. In
Section 5 we study the robust linear regression problem
and fly regression with regularisation to demonstrate
the main algorithmic features of our scheme and to
compare our strategy against existing methods. Finally,
some concluding remarks and future research directions
are provided in Section 6. To ease the reader all proofs
have been deferred to the Appendix (Section 7).

Notation: We denote by R the set of real numbers and N
the set of natural numbers (excluding zero). The symbol
R™ stands for the Cartesian product R x ... x R with
n terms. A sequence of elements in R™ is denoted by
(2(k))ken. For any set X C R™, we denote its interior,
relative interior and convex hull by int(X), ri(X), and
conv(X), respectively. We also denote by f(X) as the
image of the set X over a function f. The subdifferential
of f at a point z € domf is denoted by Jf(z). For any

point x € R”, ||z||2 stands for the Euclidean norm of z
and ||z||; for the ¢; norm of x € R™, which are reduced
to || if « is scalar.

2 Problem statement and a motivating example
2.1 Problem set-up and network communication

Consider the optimisation problem

minimise (x) = ;ﬁ(z) (1)

subject to x € N, X,

where z € R" is the vector of decision variables, and
fi : R = R and X; C R"™ constitute the local objec-
tive function and constraint set, respectively, for agent
i, ¢ =1,...,m. We suppose that each agent ¢ possesses
as private information the pair (f;, X;) and maintains a
local estimate x; of the common decision vector x.

The goal is for all agents to agree on the local variables,
that is, z; = x*, for alli = 1, ..., m, where * is an opti-
miser of (1), i.e., a feasible point such that f(z*) < f(x)
for all x € NI, X;. We impose the following assumption.

Assumption 1 We assume that:

i) Foralli=1,...,m, the function f; is convex.

ii) The set X; C R™ is compact and convex for all i =

1,...,m, and N2, X; has a non-empty interior.

1i1) The subgradient of the function f(x) is bounded on

U;'ﬂ;1Xi; that 1, L = max £€of(x), HfHQ < Q.

rzeUL X

Assumption 1 imposes standard restriction for con-
strained non-smooth optimisation. Item i) implies in-
formally that U™, X; has volume in R"”, i.e., that the
affine hull of U;—1 X; has dimension n. Moreover, the
compactness assumption of item ii) guarantees that
the optimal set of problem (1) is non-empty. Item i)
is an assumption that is needed to prove convergence
of sub-gradient methods applied to problem (1). Un-
der item iii), the sub-gradient of the function f can be
evaluated at points that belong to U™, X;. We provide
in Appendix 7.2 a technical condition on the domain of
the functions f; that is sufficient to guarantee that As-
sumption 1, item 47), holds. An important consequence
of Assumption 1 is given in the following lemma.

Lemma 1 Under Assumption 1, we have that:

i) The set conv(U!™, X;) is compact.

it) The function f is Lipschitz continuous over NI, X;,

i.e., the following inequality hods

[f(2) = f(y)l < Lllz —ylls, Va,y € N X,

where L is the constant defined in Assumption 1.

Typical choices of functions that satisfy Assumption 1
are piecewise-linear functions, quadratic convex func-
tions and the logistic regression function.



In this paper, we aim to solve problem (1) through a
network of agents that use only the available local infor-
mation, namely, the pair (f;, X;) and the current esti-
mate for the optimal solution, z;(k),i = 1, ..., m, main-
tained by agent 7 at a given instance k. "We will show
how z;(k),7 = 1,...,m, can be constructed and up-
dated in Section 3 with & playing the role of iteration
index. To this end we now characterise the underlying
communication network. Let Gk) = (N E(k)) be an
undirected graph, where N' = {1,...,m} is the number
of agents and £(k) C N x N is the set of edges at it-
eration k, that is, only if node (j,7) € £(k) then node
j sends information to node i at iteration k. We asso-
ciate the time-varying matrix A(k) to the edge set E(k),
with [A(K)]; > 0 only if (j,i) € £(k) at time k. As the
graph is undirected, the matrix A(k) can be chosen to
be symmetric. We also define the graph Go. = (N, ),
in which (j,7) € £ if agent j communicates with agent
1 infinitely often. We impose the following assumption
on the matrix A(k).

Assumption 2 We assume that:

i) The graph (N, Ex) is connected. Moreover, there exists
a uniform upper bound on the communication time for

all (4,1) € €

i1) There existsn € (0,1)
alli,j =1,...,m, [A
then we have that [A(

such that for all k € N and for
()]§>77,andlf[ (F)]; >0
k)5 =
iii) Matriz A(k) is doubly stochastic.

These are standard requirements in the distributed op-
timisation literature. We refer the reader to [8,14,20,22]
for more details.

2.2 Dealing with different constraint sets

In this section, we highlight the necessity of developing
a new algorithmic scheme to deal with the presence of a
different constraint sets per agent. To this end, consider

the iterative schemd]

zi(k+1) = Z[A]zzj(k) + gi(k) (2a)
:cz-<k:+1>=a§§gnzi<k+1)%+?1k)|s|§, (2b)

which consists of a modified version of the algorithm
considered in [20], adapted to account for different con-
straint sets in each agent’s local optimisation problem.
In the setting of the previous section, notice that ma-
trix A in (Qa% corresponds to a time-invariant network
G(k) = (N, &), for all k € N. Assumption 2 is satisfied if
the graph (N, &) is connected and matrix A is doubly-
stochastic.

! It should be noted that z;,i = 1,...,m, in (2a) should not
be confused with that of Step 2 in Algorithm 1 presented in
the sequel; we use the same symbol to match the notation
in [20] and ease the reader.

Observe that (2a) constitutes a subgradient update
step, with neighbouring local variables z;(k) being
“mixed” according to the matrix A and added to
gi(k) € 8fl(xl( )), i.e., a subgradient of f; evaluated
at z;(k), ¢ = 1,...,m. Step (2b) is an optimisation
program with the objective function being the sum
(weighted via ¢(k)) of

z(k + 1)7¢: linear “proxy” of f;,

and a regularization term [|£]|3. To comply with [20], we
set c(k) = \/klﬁ Recall that the algorithm in [20] in-
volves the same constraint set in the update rule of (2b),
thatis X; = X foralli = 1,...,m, and possesses a guar-

anteed convergence rate of O(2 ]’z) for the running aver-

ages of the iterates x;(k); here, we introduce a different
set X; per agent and show that this (natural) modifica-
tion may lead to erroneous results.

X
Ty
Xo
w*
XN X
“1F
2 !
4 3 2 -1 0 1 2 3

Fig. 1. Geometric representation of problem instance en-
coded by (3). The red ellipsoids (dashed lines) correspond
to the level curves of fi, the blue ellipsoids (double-dashed
lines) represent the function f2, while the black (solid lines)
ellipsoids to the ones of f = fi + f2. The shaded red box
illustrates the constraint set Xi, while the shaded blue box
illustrates X». Vectors #f = [—1,1]7 and 23 = [0.5,2.5]7
are the optimal solutions of fi(x) and f>(x) under the con-
straints X; and X, respectively. The global optimal solu-
tion of f = fi + f2 with matrices given by (3) subject to
x € X1 N Xz is denoted by x*. This construction shows that
21 and &5 constitute fixed-points of (2) thus preventing the
iteration from reaching x* if initialised at those points.

Consider a two-agent instance of (1), i.e., m = 2 with
z € R?, f; :iETQSCJrqiTanTZ—, fori=1,2 and

o_ |12 04 s [ 293
“loans|t T4l P |—11a6)

r = 20, To = 25. (3)
The local constraint sets are given by X; = [—1,1] x

[-1,1] and X5 = [0.5,2.5] x [0.5,2.5]. The feasible set
X1 N X5 is the box [0.5,1] x [0.5,1]. Figure 1 depicts the
level curves of the quadratic functions f;(x) (dashed-red
lines), f2 (double-dashed lines), and f = f1 + f2 (solid-
black lines). The red and blue boxes represent the sets



X, and X5 respectively, with the feasible set, X1 N Xo,
being also indicated in the figure in black.

By inspection the optimal solution of f; under the con-
straint 2 € X, is #7 = [—1,1]". Similarly, the optimal
solution for f, under = € X, is 25 = [0.5,2.5]" . We then
have the following proposition.

Proposition 1 Let (z;(k))ken, (zi(k))ren, ¢ = 1,2, be
the sequences generated by algorithm (2) when applied to
problem (3) with initial conditions z;(0) = &}, 1 = 1,2,
and with A = 1117 and (k) = \/klﬁ We have that

v1(k) = &5, (k) =5, VkeN.

Proposition 1 shows that 27 and 23 constitute fixed
points of (2), hence the iteration cannot reach z* if ini-
tialised from these points. This highlights the necessity
of devising a new algorithm to deal with the presence of
a different constraint set per agent.

3 Distributed Methodology
3.1 Proposed algorithm

The main steps of the proposed scheme are summarized
in Algorithm 1. We initialise each agents’ local variable
with an arbitrary x;(0) € X;, ¢ = 1,...,m; such points
are not required to belong to N2, Xj.

At iteration k, agent ¢ receives x; from the neighbour-
ing agents and averages them through A(k), which cap-

tures the communication network, to obtain z;(k). Re-

call that we denote the element of the j-th row and i-
th column of matrix A(k) by [A(K)];. Agent i then cal-

culates a subgradient, g;, of its own objective function
evaluated at z;(k) and broadcasts this information back
to its neighbours. In the sequel, agent ¢ averages the re-
ceived g¢;(z;(k)) in order to compose a proxy for a sub-

gradient of f(z), namely, d; (k). Finally, agents minimise
a linear proxy d;(k)T¢ of £(€) plus a regularization term
weighted by ﬁ An alternative interpretation of this

last computation is that agents update their local esti-
mates by performing a subgradient step with step size
c¢(k) and projecting z; (k) — c(k)d; (k) onto their local set.
Indeed, this local update can be rewritten as

2k +1) = Px, [24(k) — c(k)di (k)

where Px;,[] denotes projection onto the set Xj.
3.2 Algorithm Analysis

3.2.1 Convergence in iterates

In this subsection, we impose the following assumption
on the step size c(k).

Assumption 3 Let (¢(k))ren be the sequence adopted
in Algorithm 1. We require that:

i) c(k) is non-negative and non-increasing;

i) gz clk) =

oo and Yoo c(k)? < oo.

i) For all i,j = 1,...

Algorithm 1 Proposed distributed algorithm

Require: : z;(0), i=1,...,m
For i =1,...,m, repeat until convergence

(k) = 3271 [AK)]55(k),

2: Pick gi(zi(k)) € fi(2i(k)),

3: Compute di(k) = 7%, [A(k)]59; (2 (k)),

4: Compute z;(k+1) = argming, v, d;(k )T§+—2Czk) ||zi(k)—
6”27

5: Set k+ k+1

1: Compute z;(k) =

end

A se(c)luence satisfying Assumption 3 is (k) = 15, for
n>0.

Theorem 1 Let (xi(k))keN be the sequences generated
by Algorithm 1, for all i = 1,...,m. Under Assump-
tions 1- 3, we have that for some minimizer z* of (1),

I{?)—.T*HQZO, Vi=1,...,m

1i ;
Jim i

The proof of Theorem 1, as well as of Theorem 2 pre-
sented in the sequel, is based on some auxiliary technical
results presented in Appendix 7.4.

Theorem 1 extends the result in [8] by allowing an agent
to communicate subgradient information to neighbour-
ing agents, a feature that, as illustrated in Section 5, can
speed up practical convergence.

3.2.2  Convergence in objective value and convergence
rate

Throughout this section, we impose the following as-
sumption on the step size c(k).

Assumption 4 The sequence (c(k))ken used in Algo-
rithm (1) is e(k) = \/];7?, for somen > 0.

Our convergence rate results build on the following re-
lated sequence generated by Algorithm 1,

L
S(k

Mw

e(r)az;(r (4)

’l“:l

where S(k) = S2F_, e(r), and (i (k))ren, for all i =
1,...,m, are the sequences generated by Algorithm 1,
with initial condition #;(0) = x;(0). Note that (4) is a
convex combination of past iterates.

Theorem 2 Consider the running average defined
in (4). Under Assumptions 1, 2, and 4, we have that:

,m, the sequence (||Z;(k) —

Z; (k)| ken converges to zero at a rate O(%)

i1) All accumulation points of the sequence (&;(k))ren are

feasible.



Table 1

Summary of distributed schemes for smooth and non-smooth optimisation.

Smooth + Constant step-size

Non-smooth + Diminishing step-size

Common sets

Different sets

Common sets Different sets

Convex Strongly Convex | Strongly Convex Strongly Convex Strongly

Convex Convex Convex Convex
No (sub)grad. avg. | [13,23,24] [24] (25, 26] - [6,27] [28,29] [5,8,15,16,33] -
(Sub)grad. avg. [27,30-32] | [27,30,31] - - [7,9,20,27] - our work, [17] -

iii) The sequence (|3 v, fi(@:(k)) — f(2*)])ken converges
Ink

to zero at a rate O(W)

Note that Theorem 2 asserts convergence of the func-
tion value along the running average ;(k), i.e., all limit
point of (Z;(k))ren are optimal, however, the iterates
might exhibit an oscillatory behaviour. For the exact
expression of By and Bs, we refer the reader to Ap-
pendix 7.6. The absolute value in Theorem 2 is due to
the fact that 2; (k) may not be necessarily feasible; how-
ever, item ¢47) in Theorem 2 implies that all accumulation
points of (Z;(k))ken, ¢ = 1,...,m, are feasible. Item 1)
states the rate at which consensus is achieved for the se-
quences (Z;(k))gen, ¢ = 1,...,m. Similar rates can be
obtained with more general choices for the step size, e.g.,
c(k) = 7=, for a € [0.5,1).

It should be noted that the result of Theorem 2 fur-
ther extends the work presented in [8] not only by allow-
ing agents to communicate their (sub-) gradients, but
by also unveiling how to (non trivially) adapt the proof
line in that paper to come up with convergence results
that recover traditional rates for distributed subgradient
methods. This is the first convergence rate result under
the scenario considered in this paper.

4 Comparison with related algorithms

In this section we provide a detailed comparison of the
proposed algorithm with other results in the literature.
To this end, note that in [12] a similar distributed sub-
gradient scheme is mentioned, but no analysis of such
a scheme is presented. References [15,16] characterize
the convergence rate of a sub-gradient algorithm under
different constraint sets per agent that does not possess
subgradient averaging. References [5,8] show asymptotic
convergence of distributed algorithms with different con-
straint sets and time-varying communication network.
Hence, by combining (sub)-gradient averaging and pro-
viding an analysis that yields convergence rates under
time-varying communication networks and different con-
straint sets per agent, the results in this paper are dis-
tinct from all the above literature.

Closely related algorithms to the one presented here
are [17,33]. Paper [17] provides convergence rates as-
suming a regularity condition on the local sets (weaker
than compactness) and requiring the network to be
row-stochastic; however, it does not analyse the case
where the communication network is time-varying.
This requires different analysis arguments, thus com-
plementing the results in [17], extending them to allow
for time-varying networks. Meanwhile, paper [33] pro-
poses a subgradient-free algorithm that converges under

different constraint sets and undirected time-varying
network, which, however, does not involve any subgra-
dient averaging when specialised to use subgradients.
Moreover, the example of Section 2.2 highlights the need
for developing a different analysis when agents possess
different constraints sets.

Although only marginally related to the results of this
paper, it is worth mentioning distributed algorithms that
deal with similar optimization problems [27,30,31]. Pa-
per [27] proposes an algorithm whose convergence is
valid for non-convex objectives and directed communi-
cation network, while [30,31] use a constant step size
to establish linear convergence rates for strongly con-
vex functions. Moreover, distributed algorithms based
on proximal methods with constant step sizes have been
proposed in [34]. In this setting, the objective function
is assumed to be differentiable to obtain convergence to
the optimal solution of problem (1), and the size of the
allowable step-size is upper bounded by a quantity re-
lated to the Lipschitz constant of the objective function.
Unlike these results, we allow for non-differentiable ob-
jective functions.

To better position this paper within the recent literature,
we summarise the main distributed algorithms that are
amenable to smooth and non-smooth constrained opti-
misation in Table 1. We highlight both scenarios of com-
mon and different local constraint sets, which are indi-
cated in the table by common sets and different sets, re-
spectively. In this brief summary, we restrict our atten-
tion to algorithms that use constant step size for smooth
optimisation, and to those that use diminishing step sizes
for the non-smooth case. We also present a categoriza-
tion of these schemes between those that have results for
general convex functions and strongly convex functions.
In row entitled “No (sub)grad. avg.”, we include dis-
tributed algorithms based on projected (sub)gradient,
proximal minimisation, and primal-dual update that do
not leverage on averaging first-order information from
neighbouring agents. In contrast, row “(Sub)grad. avg.”
includes algorithms that exploit (sub) gradient averag-
ing. Among the few papers that are suitable for different
local sets, this is the first result to establish a conver-
gence rate that matches that of the common local sets
case, and simultaneously allows agents to use first-order
information of their neighbours under time-varying com-
munication networks, thus speeding up practical conver-
gence.

5 Numerical Examples
5.1 Problem instance of Section 2.2 — revisited

We revisit the two-agent problem in (3), for which the
iterative scheme in (2) is not guaranteed to converge,



and apply this time our algorithm. Note that the optimal
solution of (3) is given by

" [ 0.5
" = Plo.5,12 [gQ en +Q2)} = l 1 ]

where Py 5,172 [-] represents the projection onto the feasi-
ble set of problem (3). Pictorially 2* is shown in Figure 1.
To illustrate the convergence properties of Algorithm 1
we monitor the evolution of \/Zle @i (k) — |3,
where (z;(k))ken, ¢ = 1,2, are the iterates generated
by Algorithm 1. We use ¢(k) = \/klﬁ similarly to [20],
A = 1117 and z;(0) = &, where &}, i = 1,2, are de-
fined in Section 2.2. Observe that our initial condition
is the same as in Proposition 1. In contrast, as shown in

Figure 2, the iterates generated by Algorithm 1 converge
to the optimal solution of (3).

0 5000 10000 15000
Tteration (k)

Fig. 2. Evolution of \/Zle lzi (k) — x*||3 for (3), where

(zi(k))ken,i = 1,2, are the iterates generated by Algo-
rithm 1.

5.2 Ezample 2: robust linear regression

We consider the problem of estimating an unknown (but
deterministic) vector x € R™ from m noisy measure-
ments y; by means of the linear model

T .
yi=b;jr+wv, i=1,...,m,

with b; € R”, and v; are independent random variables
drawn from a Laplacian distribution, that is, for each i

the density of v; is given by h,, (2) = & exp~#l/¢, for
all z € R.

A common strategy is to impose a norm constraint of
the form ||z||2 < ¢, for some ¢ > 0, to reflect some
prior knowledge on the unknown vector x, and solve the
second order conic program

& € argmin ||y — Bzl];. (5)
llzll2<e

Typically, (5) is referred to as robust regression in the
literature, as the f1-norm penalises relatively less out-
liers than other convex metrics (e.g., quadratic penal-
ties). In our set-up, we consider the case where data are
collected locally and agents are not willing to share their
measurements with a central processing unit.

Observe that (5) has the format of (1) by setting X; =
X = {z € R : [lof, < 5} and fi(x) = |yi — bal,
i =1,...,m. Moreover, the constraint sets X; and the
objective functions f;, i = 1,...,m, trivially satisfy As-
sumption 1. Hence, we can apply the proposed scheme to
obtain a solution to (5). We consider m = 30 and n =4
and generate y independently from a standard Gaussian
distribution, and matrix B from a uniform distribution
with support [0, 1].

We solve (5) in a distributed manner, and compare Al-
gorithm 1 with the one proposed in [20] under four dif-
ferent network connectivity structures: 7) complete net-
work graph (which corresponds to the centralised ver-
sion of the problem); i7) line network graph; ¢ii) sparse
network graph with sparsity degree d = 0.3; iv) sparse
network graph with sparsity degree d = 0.8. We say that
a network with m agents has a sparsity degree d € (0, 1)
if the number of connections among the network nodes
is given by dm?, where m? indicates the number of con-
nections of a complete graph.

We assess the performance of Algorithm 1 for each of the
aforementioned networks in Figure 3. Solid lines corre-
spond to Algorithm 1, whereas dashed lines correspond
to the algorithm proposed in [20]. Different colours cor-
respond to the different network connectivities. For each

|22 Filwmai(k) =]
f*

case, we monitor the evolution of

where f* is the optimal value of (5). The proposed
scheme exhibits similar and often favourable perfor-
mance with the one in [20], in particular for cases
where the underlying graph is not sparse. It should be
noted, however, that Algorithm 1 possesses more gen-
eral convergence properties, i.e., the proposed scheme is
guaranteed to converge under non-identical local sets.

Note that due to the fact that Algorithm 1 requires two
rounds of communication per iteration, the results pre-
sented in Figure 3 should be rescaled by a factor of two
if we use communication rounds instead of the iteration
index.

—— Complete
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—— Sparse (d = 0.3)
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Fig. 3. Evolution of w for Algorithm 1 (solid
lines) and the one in [20] (dashed lines) when applied to the

robust regression problem given by (5). The different colours
correspond the different network connectivities.

5.8  Ezample 3: {5 linear regression with reqularisation

In this example, we consider a variation of the regression
problem where we assume v;, ¢ = 1,...,m, to be inde-
pendent and Gaussian, i.e., the density function is given



by hy,(z) = \/%76_7, forallz e R, foralli=1,...,m,

and we assume that z is sparse. A common relaxation
of this problem is to choose the maximum likelihood es-
timator & such that

& = argmin ||y — Bz|3 + M|z, (6)
reX

where X can be interpreted as a set including prior be-
liefs, e.g., ||z]]2 < cor z < x < T for some vectors
z,Z € R™. The estimator & obtained by solving (6) de-
pends on the value of the parameter \. In fact, the larger
the value of A\, the worse the performance is in terms of
the error and the sparser the obtained solution is.

In this example, we aim to verify the performance of Al-
gorithm 1 under step size choices c(k) o k_Jlrl and a time-

varying communication network. Similar to the previous
example, the vector y is generated according to a stan-
dard normal distribution and matrix B from a uniform
distribution on the interval [0, 1]. We assume m > n and
consider the case where agents possess prlvate local in-
formation, encoded by X; = [z;,Z;] i = 1,...,m, such
that X =N, X; = [z, 7]

The algorithm presented in [20] does not necessarily con-
verge in the set-up of problem (6), as we have different
constraint sets per agent. We thus compare our algo-
rithm against the one proposed in [8], which converges
under similar conditions but does not leverage on sub-
gradient averaging. This allows us to assess the impact
of averaging subgradients on practical convergence.

==
—— Algorithm 1
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Fig. 4. Evolution of the average distance to the optimal so-
/S~300 *

lution given by 2isi ”xlo(k) Gl for Algorithm 1 (solid-red

line) and that of [8] (dashed-blue line).

We now investigate the behaviour of the proposed al-
gorithm in the presence of time-varying communication
networks. To this end, we set m = 300 and n = 10, and
generate four network configurations with different spar-
sity patterns alternating cyclically among these. We also
set ¢(k) = k+1 for both Algorithm 1 and the one in [8].

Figure 4 shows the evolution for the average distance
to the optimal solution for Algorithm 1 (solid-red line)
and the one in [8] (dashed-blue line). We observe that
Algorithm 1 consistently outperforms the one proposed
in [8]; this is mainly due to the sub-gradient averaging
step of Algorithm 1.

6 Conclusion

In this paper we proposed a subgradient averaging al-
gorithm for multi-agent optimisation problems involv-
ing non-differentiable objective functions and different
constraint sets per agent. For this set-up we showed
by means of a geometric construction that available
schemes involving subgradient averaging cannot be
used. For the proposed scheme we showed convergence
of the algorithm iterates to some minimiser of a cen-
tralised problem counterpart. Moreover, we have also
established a convergence rate under a particular choice
for the underlying step size. The performance of our
approach was illustrated by means of several numerical
examples, quantifying also the improvement in terms of
practical convergence with respect to other algorithms
that are not based on (sub)gradient exchange.

Future work will concentrate towards replacing the di-
minishing step size employed by our approach with a
constant one, showing convergence rates to a neighbour-
hood of the set of optimal solutions. A more detailed
study on the communication requirements, and an in-
vestigation on how we could reduce the two rounds of
communication required by the proposed algorithm is
also a topic of current work.

7 Appendix
7.1  Proof of Lemma 1

We start by proving item 7). Consider the continu-
ous mapping ¢ : R™ x []"", R" — R", defined as
¢('Y,SC1, ceey Z'm) = 2211 Yili, where Y= (717 s 7’7m)
belongs to the simplex in R™, denoted by I'. Consider
K = ¢, T, X;), and note that K is compact, as it
is the image of the compact set I' x []!", X; under the
continuous map ¢. Moreover, note that by definition we
have K C conv(U", X;), as any element in K is a con-
vex combination of elements in Ui ; X;. To conclude the
argument, we need to show that conv(U2; X;) C K. To
this end, it suffices to show that K is a convex set, due
to the fact that the convex hull is the smallest convex set
containing a given set. Let z,w € K,ie.,z=> 1" vz
and w = >, Biw;, with z,w; € X;, and v =
M1y vm), B = (B1,...,Bm) € T. Fix an a € (0,1),
and note that az+ (1 —a)w = > (ay; + (1 — a) Bi)wi,
where x; = ¢;z;+ (1 —c¢;)w; € A;, with ¢; = m
Since z; € A; due to convexity of A; and ay+(1—a)f €
T', we conclude that az+(1—a)w € K for any a € (0, 1),
thus showing that K is a convex set. This implies then
that K = conV(U;ilXi) as we have established that
K C conv(U™,X;) and conv(U?,X;) C K. Since K
was shown to be compact, we have that conv (U™, X;)
is also compact. This concludes the proof of item ). An
alternative proof can be found at [35, Prop. 1.2.2]. The
proof of item i) follows from Proposition 5.4.2, p. 186,
n [35], and is omitted for brevity. This concludes the
proof of the lemma.

7.2 Sufficient condition for Assumption 1, item tii).

The goal of this subsection is to provide a sufficient con-
dition for Assumption 1, item 7). The subsequent ar-



guments can be found in standard optimisation books,
such as [36, Theorem 24.7]; however we present here a
more direct proof.

Assumption 5 Let X;,i=1,...,m, be the level sets of
problem (1) and domf the domain of f. We suppose that:

i) The distance between the set U™, X; and the comple-
ment of the interior of the domain of f (which is closed
and convex) is strictly greater than zero, i.e.,

dist( U™, X, (int(domf))c)

= inf |z —yl3 > 0.

zeU™, X,
. c
IS (mt(domf))

1) X; C N2 yint(domf;) for eachi=1,...,m.

As a consequence of Assumption 5, and since domf =
N domf;, ri(domf) = N, ri(domf;) and ri(domf;) C
domf; we have that the subdifferential Jf(z) is non
empty for each z € NI, X;, as by item 4i) of Assump-
tion 5 every feasible solution of (1) belongs to the inte-
rior of the domain of f. Furthermore, 0f(x) is compact
by [35, Proposition 5.4.1] since the affine hull of domf
has dimension n due to Assumption 1, item 7).

We use this fact to show that Uzcconv(ux,)0.f(z) is a

bounded set, that is, ||g||2 < L, where g € 0f(x) for any
x € U™, X;. This result is formally stated in the next
lemma.

Lemma 2 Under Assumptions 1, items i) and ii) ,
and 5, we have that the set Uyecconv(ux,)0f () is non-
empty and bounded.

PROOF.

The proof of the lemma relies on Assumption 5, item
ii), that is, X; C N7L ri(domf;), for all 7 = 1,...,m.
This implies that conv(UX;X;) C N7 ri(domf;), as
Ny ri(domf;) is convex and contains U™ ; X;. Suppose,
by contradiction, that U, ecconv(ux,)0f () is unbounded.
Then there exists a sequence (rg)ren C conv(U™, X;)
such that (gi)ren, with gi € 0f(xy), satisfies ||gx|l2 <
lgr+1ll2, VE € N.

Notice that x € N, int(domf;) by Assumption 5, item
11). By item ¢) of Assumption 5, we can construct a se-
quence (Bg)ken such that xy + Brdi € N domf;. with
di = gk/”ngQ. Let 8 = infrcn Br and notice that § > 0
(i.e., it is bounded away from zero) due to Assumption 5,
item ). By the definition of g5 we have that

[y + Bdy) — f(xr)
B

2 lgkll, VE € N (7)

As inequality (7) is valid for all k& € N, we take the limit

superior on both sides to obtain

lim sup ||gx||2 < lim sup f(@i + yde) = (o) < oo, (8)
k—o0 k— o0 Y

where the right-hand side of (8) is finite as the sequences
(2x)ken and (dg)gen are bounded (notice that dj is a
normalised subgradient), and since f is continuous on its
domain (f is convex). This establishes a contradiction,
as we assumed (g, ) ren were unbounded, thus concluding
the proof of item ii).

7.8 Proof of Proposition 1
The proof is based on an induction argument.

Base case

We show that z;(1)"(¢ — &) > 0, for all { € X, for
all 4,7 = 1,2, and also that x;(1) = *, for all i = 1, 2.
Consider the inequalities

Fix ¢ = 1. The first inequality in (9) holds due to optimal-
ity of 27 [35]. To show the second inequality observe that

V fo(d3) = [13.68,—3.94]" | and that £ — 2% = [a1, as]”
with a; > 0 and as < 0, for all £ € X;.

Since Vf1 (&%) = [12, —4]" , using a symmetric argument
we show that

Vf2(25)" (€ — #3)
V@) —3)

By (2a), and under our choice for A,

5(1) = 3 (VAGD) + VAED) +VAGE), ()

for ¢ = 1,2, hence inequalities (9) and (10) imply that
zi(1)T(€E—a7) >0, V€ € X, for all 4,5 =1,2.

We will now prove that z;(1) = &7, for i = 1,2. Fix

i =1. Since z1(1)T¢ + CQk) |€]|3 is strictly convex, there

is a unique point satisfying

(21(1) n 2x1(1))T(§ —a1(1) >0, Vee Xy, (12)

where (z1(1) + 221(1)) is the gradient of the objective

function in (2b) evaluated at 1 (1), with ¢(1) = 1. There-
fore, it suffices to show that

() +281) (- #) >0, weexi  (3)



By substituting (3) into (11), we observe that z;(1) +

237 = [22.8414, —5.9708]T , and due to the structure of
& — 27, (13) holds, thus proving that z;1(1) = &}. A
symmetric argument yields that z5(1) = 3.

Induction hypothesis

Assume that z;(k)T (¢ — #5) > 0 for all £ € , for
i,7 = 1,2, and that x;(k) = zF for i = 1,2. Weannto
show that the aforementioned relations remain true for
the step k + 1.

Proof for iteration k + 1

Fix ¢« = 1. Following a similar reasoning with the base
case, observe that 1 (k + 1) = af if

T
[zl(k +1) + i@{] (E—37)>0, V&€ Xy (14)

c(k)

As the sequence (z;(k))ken is generated by (2a), we prop-
agate the dynamical system in (2a) by k + 1 steps to
obtain

sk +1) = 2 (VAGD + VA(3)) (k1) + VA1),

Where we have used the fact that A = L117 and c(k) =
th—k"{ A sufficient condition for equatlon (14) to hold is
a

S (VAGD +VRGED) ¢+ 1)
€120,

28V + 1 Ve e Xy, (15)

since V£1(21)T (¢ — #7) > 0 by optimality of £7. Recall
that (£ — 27) = [a1,a2] with a1 > 0 and ag < 0 for all
¢ € Xy. To prove (15) we will show that the left-most

vector in the same equation can be written as [by, bo] for
some b; > 0 and by < 0. To achieve this, notice that

E+1>V2Vk~+1, for all k > 1, and let e; denote the
unit vector with 1 in the i-th position, ¢ = 1,2. We then
have that

¥ 5 (vA@n + V)| 6+
\/_

> o [ (VAGE) + V@) | VAT (6)

and

2eF#tVEk+1 < V2elit(k +1), (17)
since the first component of the averaged gradient and
the second component of 2 are both positive. Therefore,
for all k € N,

b1 > 16.1604VE +1 >0, by < —2.5566(k +1) < 0. (18)

Z) Let (xi(k))keN; 1= 1, ey

’LZ) Let (-Ti(k))keN; 1= 1,...,

Inequalities (16), (17) and (18), together with the struc-
ture of & — 2%, imply that (15) holds, so we can conclude
that 21 (k + 1) = #}. A symmetric argument shows that
wo(k + 1) = 73

To complete the proof it remains to show that z;(k +
nTeE - #7) > 0 for all £ € Xj, for all i,j = 1,2,
where z;(k + 1) = 2 (21(k) + zg(k:)) + Vfi(zi(k)), due
to (2a) and our choice for A. By our induction hypothe-
sis, z;(k)(§—27) > 0, forall i, j = 1,2, hence it suffices to
show that V f;(x;(k))T (€ —#%) > 0, V€ € X, Vi=1,2.
Since z;(k) = & for i = 1,2, due to our induction hy-

pothesis, the claim follows from (9) and (10), thus con-
cluding the proof.

7.4 Auziliary Lemmas for the proofs of Theorem 1
and 2.

Let
==Y k) (19)

be the average of the agents’ estimates at time k. Since
this quantity might not necessarily belong to the feasible
set N2, X;, we define

(k) = v(k) + z, (20)

where 7 is a point in the interior of the feasible set (which
is non-empty by Assumption 1, item ii)), p > 0 is such
that the 2-norm ball of centre T and radius p is contained
in N, X;, and (k) = >, dist(v(k), X;). As shown
n [14], v(k) € N, X;, for all k& € N. We also define
e;(k+1) = z;(k+1)—z;(k), and note that the z;-update
in Algorithm 1 can be written as

m

= AR iwi(k) +ei(k+1).  (21)

j=1

xz(kz + 1)

Lemma 3 The following relations hold.

m, be the sequences gener-
ated by Algorithm 1, and (v(k))gen and (0(k))ken de-
fined by (19) and (20), respectively. Under Assump-
tion 1, we have that for all k > 0,

S sk + 1) — (k)2 < uZH-’vz B)ll2,
=1

where p = %mD + 1, and D is the diameter of the set
U, X, (which is well-defined by Lemma 1, item i) ).
m, and (v(k))gen be as in

item 1). Under Assumption 2, we have that for all i =
1,....,m, forall k >0,



lzi(k + 1) — vk + )H2</\quHx] )2

Jj=1
k—1
+lleik+ Dl + > A" IZHeJ (r+ 1)
r=0 =1

1 m
+— > lles(k + 1]z,
j=1

where A = 2(1 +n~(m=UT) /(1 — nm=DT) € R, and
¢ = (1= UT)TEIT € (0,1).

iii) Given a non-increasing and non-negative sequence
(¢(k))ken, and a scalar L > 0, we have that

m

N
EZ ZH% kE+1)—o(k+ 1)
k=0 i=1

N m
<B DD ek +

k=01i=1

N

D3+ B2 (k) + Bs,

k=0

where B1 € (0,1), and B2 and B3 are positive constants.

PROOF. The proof of item i) is presented in [8,
Lemma 1]. For item i), see [8, Lemma 2]. Finally, the
proof of item ii) follows the line of [8, Lemma 3].

Observe that the values of A and ¢ in Lemma 3, item
11), depend on the parameter T' that characterises the

uniform bound in Assumption 2, item ¢); and on 7, the
lower bound for the elements of A(k), Assumption 2,
item 4i). The following lemma is instrumental for the
proof of Theorem 2. In particular, Lemma 4, item ii),

constitutes a non-trivial extension of the result in [8],
allowing some sequences to be iteration-varying.

Lemma 4 Let ( (k’))keN,( (k))keN and (d (k))keN7
i=1,...,m, be the sequences genemted by Algorithm 1,
and =¥ by any optimal solution of (1). Under Assump—
tions 1 and 2, we have that:

i) Forallk € N,

m

20(k) 3 () (sl +1) =) + D fles (b + D)3
£ 3 loll+ 1) =" < D lulh) (22

—z*|3.

1) For any By € (0,1), there exist sequences (a1 (k))ren
and (as(k))ken such that, for allk € N, a1 (k) € (0,1),
as(k) € (0,1), 1 —B1 — al(k) — Oég(k) >0 and

10

Qéc i o(k +1)) — fi(z"))
+§(1—a1(k)—a2() ﬂnimmnn%
+§§Hxlk+ x*||§_§:f s (k) — I3
+ i (mLQW + ﬁz)c(k)2 + Bs. (23)

x>
Il

0

PROOF. Item i): Fix any ¢ € {1,...,m} and consider
the sequence (z;(k))ken. By optimality of x;(k+ 1) (see
Algorithm 1), for any £ € X,

—= (zi(k) = zi(k + 1) wi(k + 1)

zi(k+1))"¢, (24)

where d; (k) — le) (zi(k) —x;(k+1)) constitutes the gra-
dient of the objective function in the x; —update of Algo-

rithm 1, evaluated at x;(k+1). Fix any optimal solution
of (1), z* € N, X;, and consider the following identity

1 T . _x*
—m( zi(k) = zi(k + 1)) (ﬂcz(k+1) )
1 * (|2
= sl 1) = 5 I + gl 1) -
1 *
- 5o =0 = =7l (25)
Combining (25) and (24) with £ = 2*, we obtain
4R mulk+ 1) + o o+ 1) = () 3
1 * 12
+ Tllxi(k”r 1) —a7|2
1
< di(h)Ta 2C(,@)nzl( )~ 1B
1 i * (|2
< A" + g S IARL o)~ (20

where the last inequality follows from double stochastic-
ity of A(k) and convexity of || - [|.

We now multiply both sides of (26) by 2¢(k) and sum
the result for all = 1,...,m, to obtain



Tri(k+1 +Z|\x, k+1) = zi(k)|3

m

£ stk 1) — 2" < 20() S ()T

i=1 i=1

+ > k) — a3, 2)

where 7%, 57 [AGK)]E | ()~

||

w13 = i (k) -
2 by exchanging the order of summation, and due to
double stochasticity of A(k). The result follows from (27)
by recalling that e(k+1) = x;(k+1) — z;(k) and moving
the first term in the right-hand side of (27) to the left
one. This concludes the proof of item 7).

Item i7): Consider the first term in the left-hand side
of (22), and rewrite it as

m

2¢(k) Z di(k)T (zi(k+1) —2*) =
2¢(k) Z di(k)" (x5 (k 4+ 1) — 5(k + 1))

+2¢(k) Z di(k)" (o(k +1) — z¥) (28)

by adding and subtracting o(k + 1). We next consider
the terms in the right hand-side of (28) separately. First,
observe that

m

2c(k) > di(k)" (zi(k + 1) — v(k + 1))

i=1

> = 2e(k)L Y |lws(k+ 1) — o(k + 1)||2,

=1

(29)

by the Cauchy-Schwartz inequality, where L =
maxeeum | X, llg;i (€)|l2, which is well-defined due to
Lemma 1. Using the definition of d; (k) — see Algorithm 1
— into the second term in the right-hand side of (28),
we then have that (via double stochasticity of A)

2¢(k) Zdz(k) (O(k+1) —z*)
= 2¢(k) Zgi(a(k))T(@(k +1) —z%). (30)

Moreover, by adding and subtracting a;(k+1) and z;(k)
for alli =1,...,m, into the right-hand side of (30) we
obtain

11

m

2¢(k) D gi(zi(k)" (0(k +1) —a)

=1

=2c T@(k+1) — zi(k+ 1))

(
+2c 2i(k) —z%).

(k) D> gizi(k)"(
+2¢(k) Z gi(zi (k)" (wi(k + 1) — 2i(k))
(k) D gil=i (k)" ( (31)

Consider now the right-hand side of (31). The left-most
term can be lower-bounded as

m

2e(k) Y gi(=i (k)" (0(k +1) = wi(k + 1))

i=1

2 *2C(k)LZII@(k+ D) —zi(k+ D2, (32)

by the Cauchy-Schwartz inequality. As for the middle
term, we have that

m

2e(k) Y gi(=i(k)" (@ilk +1) = zi(k))

i=1

> —2c(k)LZ llei(k + 1)l

ua L
k) Z llei(k + D)5 —m
=1

mc(k) (33)

where the first inequality follows from the Cauchy-
Schwartz inequality and the definition e;(k) in (21).
For the second inequality, we employed the rela-
tion 2ry < 22 + y? with * = \/(imc(k) and
y = +ay(k)|ei(k+ 1)|2 for some a;(k) € (0,1), k € N,

Similarly, the right-most term of (31) can be manipu-
lated to yield

= 2(k) Y (i (k) — fulo(k +

1)

+20(k) Y (i@ +1) = fiah))  (39)

@
Il
-

where the inequality follows from the definition of the
subgradient for a convex function, and the equality by



adding and subtracting f;(v(k + 1)). The first term in
the right-hand side of (34) can be lower bounded as

B3 (filah) -
szz

(Z (lles(k + Dll2 + llzi(k +1) — o(k + 1)]|2 ))

fi(o(k +1)))

> —2c(k o(k +1)||2

> —aa(k) Y lles(k+ 1|13 ~

i=1

—2¢(k)L Z l|lzi(k+ 1) —v(k+1)||2

3

(35)

where the first inequality follows from the relation z >
—|x|, for all x € R, and from item iii) of Lemma 1,
and the second inequality by adding and subtracting
x;(k+ 1), for all i = 1,...,m, and then using triangle
inequality. The last inequality follows from 2y < 22432

with z = W ) and y = /aa(k)|[ei(k + 1)|]2 for
some as(k) € (0,1), k € N. Substituting (35) into (34)

2e(k) ) gi(zi(k)" (zi(k) — 2"

=1
m 5 12

—2e(k)L Y [lzi(k + 1) = o(k + 1)]2

i=1

c(k)?

+2¢(k Z( ~ fil@"): (36)
Substituting (28), (29), (32), (33), (36) into (22)
2c(k)Z(fZ(17(k+ +Z|\xl (k+1) —z*|3
(1= (k) — as )Zna (k+ D)3
- 2 (ai(k) + a2 (k) 2
<3 ) = I+ mL (ot )e®
+6c(k)L Y flwi(k +1) — o(k + 1)|2. (37)

=1

Summing (37) from k£ = 0 to & = NV, and using Lemma 4,
item 4i7), with L = 3L, the desired inequality (23) fol-
lows. This concludes the proof of item 7).
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it) Foralli=1,...

iii) Foralli=1,...

Note that for any 8; € (0,1), the sequences (a1 (k))ken
and (az2(k))ken can be chosen to guarantee that 1 —
a1 (k) — az(k) — f1 > 0 for all k € N. For instance, one
particular choice is aq(k) = ag(k) = a with 1 — 31 —
2a¢ > 0. Three immediate consequences of Lemma 4 are
presented in the following proposition.

Proposition 2 Consider Assumptions 1-3. The follow-
ing statements hold

i) We have that > 5o o S |les (k|13 < oo;

,m, we have that limy_,« ||€;(k)||2 =

—v(k)|l2 =0.

)

,m, limk_mo H.Tl(k/’)

PROOF. Item 4): Consider Lemma 4, item 4:). Note
that YN0 S [l (k1) —a* 2 and S0 0 ST (k) —
x*||2 form a telescopic series, so they can be replaced
by 37, llea(N + 1) — 2* o and Y7, [Jas(0) — * 2, re-
spectively. Let 81 € (0, 1), choose ay (k) = aa(k) = a so
that 1 — 2« — 81 > 0. Observe that >, (fi(0(k+1)) —
fi(x*)) > 0 for all k € N, due to optimality of x*, so this
term can be dropped from (23). Besides, we can also
drop the term Y1, [|a;(N 4+ 1) — 2*||3 > 0 since it is
non-negative and appears in the left-hand side of (23).
This yields

N m
(1—2a—B1) ZZ”Q (k+1 ||2<Z||x1 0) — z*[|3
k=0 i=1 =1
N
+ <mL2a +Bg> > e(k)? + Bs.

k=0
Letting N — oo, we conclude that > po o S |les (k)3
is finite since the sequence (Cgk»keN is square-summable
under Assumption 3 and the feasible set is compact. This
concludes the proof of item 7).

Item 47): Follows directly from item ).

Ttem 44i): This proof follows directly from the arguments
presented in [8, Proposition 3], and is omitted for brevity.

7.5 Proof of Theorem 1

We are now in a position to prove Theorem 1. To this
end, we use the inequality (37) and leverage on Lemma
3.4 in [37] to establish convergence of the sequences
(J|lzi(k) — *||2)ken, ¢ = 1,...,m, to zero for some min-
imiser 2* of (1). We first present Lemma 3.4 in [37].

Lemma 5 ( [37]) Consider non-negative scalar se-
quences (L(k))ren, (u(k))ken and (C(k))ren that sat-
isfy the recursion £(k + 1) < L(k) — u(k) + (k). If
Y oneo C(k) < oo, then the sequence (£(k))ren converges
and the sequence (u(k))gen is summable.

Consider inequality (37), and choose oy (k), az(k) and
B1 as in the proof of Proposition 2 item 7). We now



drop the term involving (1 — 2a) Y ", [le;(k + 1)||3 as
it appears on the left-hand side of the inequality and is
non-negative so that we obtain

D lwik+1) — 2|3 < Z [lazs (k) — ™13
i=1
e . omL? .,
—2¢( 1)) 4
c(k ; ok +1)) = fiz") + ——c(k)
+6c(k)L > |lza(k + 1) — 0(k + 1)]2. (38)
i=1

With reference to Lemma 5 and considering inequal-
ity (38), we set (k) = 31", [Jai(k) — 2*||3, and

G0 = 22 () + 6L Y s+ 1) — ok + Dl
(k) = 2(8) (£(0(0k + 1)) = (@)). (39)

By Lemma 3, item iii), with L = 3L, and by Proposi-
tion 2, item 1), it follows that 6L Y ;- | c(k) >iv; ||z (k+
1) — o(k + 1)|| < oo, hence, Y72, ((k) < oo, as (k) is
square-summable due to Assumption 3, which implies
that the assumptions of Lemma 5 hold.

Therefore, we have that the sequence (Y..", ||zi(k) —
z*||3)ken converges, which implies that (3, ||z (k) —
2*||2)ken also converges. To see this, note that, by
continuity of the square-root function, (3 .-, |lz;(k) —
2*||3)ken being a convergent sequence implies that
(| X (k) — 2* ® 17||p)ren also converges, where, for a
fixed k € N, X(k) is a n x m matrix whose i-th col-

umn is given by x;(k), and ® represents the Kronecker
product. Moreover, note that the set of n X m matri-
ces can be equipped with the norm Y_." | ||z;||2, where
zi, © = 1,...,m, is the i-th column of a generic ele-
ment X € R™ . Since all norms in finite-dimensional
spaces are equivalent, we conclude that the sequence
(3o Jwi(k) — 2*||2) ke also converges. An alternative
but more tedious justification of this argument can be
found in [8].

By Lemma 5, we also have that Y~ (k) (f(v(k+1))—
f(2*)) < 00.The latter implies that lim inf oo (f(0(k+
1)) — f(z*)) = 0. Therefore, there exists a subse-
quence of (f(o(k + 1)) — f(2*))ken that converges
to zero. Since the function f(x) is continuous (by
convexity) there exists some minimizer * such that
a subsequence of (||o(k) — 2*|2)ken converges to
zero. Moreover, we obtain Y .* [lzi(k) — x*[2 <
S 5(8) — ¥l -+ S () — v(J)z- by adding
and subtracting o(k), then applying triangle inequality
and invoking Lemma 3, item 7).

Note that (||o(k) — 2*||2)ken converges to zero across a
subsequence and (>, ||z;(k)—v(k)||2) ken converges to

“|
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zero (due to Proposition 2, item #i7)) hence we can find a
subsequence of (31" | ||z;(k) — 2*||2)ken that converges
to zero. However, we have shown by means of Lemma 5
that the sequence (3", |lzi(k) — 2*||2)ken converges;
as a result it should converge to zero since every Cauchy
sequence has a unique limit point. To conclude the proof,
note that, forallk € Nand forallj = 1,...,m, ||z;(k) —
o < 30 wi(k) — 2¥||2, so we conclude that the
sequences (||z;(k) —x*||2)ken, j = 1,...,m, converge to
zero. This concludes the proof.

7.6 Proof of Theorem 2

Consider Assumption 4. We drop the constant 7 for sim-
plicity of exposition, but general choices \/gﬁ, n > 0,
are also applicable. Let (0(k))gen be the running average
sequence associated with (0(k))ken (definition is analo-
gous to (&;(k))ken in (4)). Note that since N, X is as-
sumed to be convex, we have that (k) is feasible for all
k € N (see also the discussion below (20)). We have that

i(k+1))

Z fi(@

+ LZ |2 (K +

i=1

= f(&")| < fo(k+ 1) — f(27)

1) — ok + 1ll2, (40)

which follows from triangle inequality and Lemma 1,
item 477). Note that the first term in the right-hand side
of (40) does not involve an absolute value due to feasi-
bility of the sequence (9(k))ren, which in turn implies
that f(o(k + 1)) > f(a").

To facilitate subsequent statements, we change the no-
tation in Lemma 4, item 47), by replacing k by r, and N
by k. The inequality with this modified notation is re-
peated here for clarity. Indeed, we have that for all k € N

k m
Z Z o(r+1)) — fi(z"))

k m
Zl—ocl ) — aa(r —ﬁl)Z||€i(7“+1)||§

k m
ZZH%(T“ )—zT IIz<ZZsz ) — "3
k
sar(r) + az(r) o(r)2
(et )

r=0

where (a1 (7)) ren and (a2 (7)) ren are sequences such that
1— 61 —ai(r) —az(r) >0 for all r € N.

The proofs of items i), #4) and éii) of Theorem 2 are
intertwined and will be composed into two parts: we first
assume that there exist constants dy, ds, d3, ds > 0 such
that (42) and (43) bellow are satisfied, and on this basis

prove the claims of the theorem; we then return to (42)



and (43), and prove the existence of such constants. To
this end, consider

X . 1 Sorooc(r)?
PO+ 1) = Fa*) < digry +d ST (42)
Li||§:-(k+1)—ﬁ(k+1)|lz< 44y 2z’

T *S(k+ 1) S(k+1)

(43)
Note that S(k 4 1) can be lower-bounded as
k+1 k+3
S(k +1) Zm 2/2 i
=2VE+3-V2) > vk +3> vk + 1, (44)

with v = 2 — /2, and where we employed monotonicity

Vz+3—V2
of Jotl for x > 1. Moreover, we have that

Pg?r
Il
M=

k+1
1 1
r—&—li;;

k1 g
/ ;dx+1§1n(k+1)+1.
1

~z
Il
<}
N

S
5
Il
<)

IN

(45)

The result of the Theorem 2, item 7ii), follows then
from (40) by substituting (42)—(45), and setting B; =
Zf L% and By = 2 + 44 Since (43) is valid for all
i=1,...,m, we have that (via a direct application of
triangle inequality) ||Z;(k) — &;(k)|l2 < D0, [|#:(k) —
o(k)||+>0 |2, (k) —0(k)|, which due to (44) and (45)
then implies that the sequence (||&;(k) — &, (k)||2)ken
converges to zero at a rate (9(1\’;5) This concludes the

proof of item 7).

Moreover, these relations also imply that the set of accu-
mulation points of the sequence (v(k))ren coincides to
that of the sequences (&;(k))ken, @ = 1,...,m. Hence,
we conclude that all accumulation points of (acz(k:))keN
are feasible due to the fact that all accumulation points
of (0(k))ken are in NI, X; and the latter is a closed set,

thus concluding the proof of item 7). This concludes the
proof of Theorem 2.

Derivation of (42)

We first construct an upper-bound for the term on the
left-hand side of (42). In fact, observe that
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k+1
Jetkr ) =g =1 (S(lir 5 c(r)v(r)) )
k41 o(r) ) "=
= 2 S(k+1)f(v(r))ff(:v )
_ cr+1) o=, , .
=2 5y LAE0 D) A6
= ; S(z(:) 1) Z:I(fl(@(r +1)) = fi(z")), (46)

where the first equality follows by definition of o(k + 1),
the first inequality by convexity of f, the second equality
by using the fact that f = >_" | f; and changing the
summation index, and the second inequality by using
the fact that c(r+ 1) = \/— < \/_ = ¢(r) for all r € N.

In light of (41), for any 81 € (0,1), a valid choice for
the sequences (a1 (k))ren and (ag(k))gen is ag(k) =
as(k) = a(k), where a(k) = a(l - ﬁ
that 1 — 1 —as (k) —az(k) > 0 as required by Lemma 4,

item 1), it suffices to set @ = (1 — $1)/2. Under these
choices we have that

) ; to ensure

1= B — 2a(k) = % — (1= B)elk).  (47)

Consider now (41) with the above choices for a; (k) and
as(k). Note that the series 3¢ S [|lai(r+1) — 2*|o
and YF_ S [|ai (1) — ¥ |2 ave telescopic, thus all in-
termediate terms cancel. We now drop the terms involv-
ing |le;(r +1)||3 and ||2;(k + 1) — 2*||2 as they are non-
negative, and then divide the resulting expression by

25(k+1)=2 Zfﬂ \/— to obtain the following upper

bound on the right-hand side of (46)

2,0
 llzi(0) — 2|3
25(k + 1)

(r+1)) = fi(="))

B3
S(k 1)

7‘:0 k) + 1)
>

k
+mL2 k+ Z(

r=0 r=0

(48)

By the right-hand side of (48), we obtain (42) with

4mD? 4 s
d1:m2637 d2:

tion 1, >, [|2;(0)

(
in Lemma 3, item

5—22 + %f. where, by Assump-
%3 < 4mD?, with D defined as

i). Moreover, we used the fact that

2 _ 1 11
(;S(Lr)) = E\/#i_—lﬁ < 2¢(r)?, due to monotonicity of
Vr+1l
Ve+1-1°



Deriwation of (43)

Similarly to the derivation of (42), we apply the defi-
nition of both Z;(k), ¢ = 1,...,m, and ©(k) to upper-
bound the left-hand side of (43) as

EY s 1)~k + D)l
- m k+1

=13 sy L (e
<S(kLij—Z iIxz

where the inequality follows from convexity of the norm.
We will now construct an upper-bound on the right-hand
side of (49). To this end, note that

%))

7)]l2,

(49)

L,u k+1
Luc

= Z [li (1 D2
k41

L
+ ﬁz ZH-’EZ 7)||2.

We now invoke Lemma 3, item 4i) — with 7 in the place
of k, and t in the place of r — for the last term on the
right-hand side of (50) so that

(50)

i Z i (r 7)l2

r=2

k m
=> clr+ 1) ll(r+1) —v(r+ 1)
r=1 i=1

k m k
<2) e(r) Y fles(r +1 Hz+mAZsz Mz elr)a”
r=0 i=1 r=0

m

r—1
+mA Z cr+1)Y q Y et + 1)
r=1 t=0 i=1

where we added the term corresponding to » = 0 and
used the fact that ¢(r + 1) < ¢(r) for all » € N, in first
two terms on the right-hand side of (51). We analyse
each term in the right-hand side of (51) separately. First,
observe that

(51)

23 e(r) Y llestr + lla < 30 ()’ + 3 lleer + D3,

(52)

using the identity 2zy < x? +%2. The intermediate term
in the right-hand side of (51) can be manipulated to yield
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k

m2\D
2D elr)g” < =g

r=0

(53)

m)\z [l (0

since ¢(r) < 1 for all » € NU {0}, ||z;(0)|]2 < D
(Lemma 1) for all ¢ = 1,...,m, and using the closed-
form expression for the sum of geometric series as
€ (0,1). We deal with the last term in (51) in several
steps. We start by expanding the terms to obtain

k r—1 m

ZC(T+1)Zq77t712|\6i(t+1)H2
leez Iz + <( )<q2|lez ||2Z|lez ||2>

ookt D) <qu tzuez |2>4

(54)

We now collect the terms containing the error vector
ei(r), r=1,...,k, to obtain

m

k r—1
mAY e(r+1)Y ¢ Y et + 1)z
r=1 t=0 i=1

=mAY fleD)ll2(e(2) + ge(3) + - .

b ek 1 ) +Z”€Z Yze(k + 1)
P "
< 7 2o+l
A r: - - mA - 2
<1, ;c(ﬂ;Hez(r)Hz <o ;c(r)
m\ k. m )
+ 30 —q) ZZ||€1’(T+1)H2 (55)

where in the first inequality we used the fact that g <
ﬁ and 1 < ﬁ for any ¢ € (0, 1), while in the second
inequality we used the fact that ¢(r+1) < ¢(r). To obtain
the last inequality we applied the relation 2zy < 22 + 1
with 2 = ¢(r) and y = |le;(r + 1)||2, and then added
the non-negative terms involving ¢(0)? and 3", ||e;(k+
1)||3. Substituting (50)-(53) and (55) into (49) we have
that



LY |l#i(k+1) = o(k + 1)

=1

mA Zf:o C(’")Q
= Lp (“ 2(1—q>> SG+ 1)
(a2 ) 222

Ly
Sk +1)

+ J(r+1D35. (56)

<1+2(1—q) i

To obtain the result, we need to manipulate the last term
in the right-hand side of (56). To this end, we invoke (41)
with the same /3 as in (47), but with (aq(k))gen and
(a2 (k))ken such that o (k) = as(k) = a, for all k € N,
following the same rationale as in Proposition 2 to obtain

k. m m * (12
< 2z [#(0) — 2712 + Bs
;;Heerrl 11—51—204
+;(mL22+B)Xk:c(r)2
1—- 051 — 2« « 2 =
4mD2+53
- l—ﬂl—QOé
P S (mL22 +5 ) zk:c(r)Q (57)
1-— 61— 2« « ? ’

r=0

Substituting (57) into (56) we obtain (43) with constants
AmD? + f33

=)
2(l—q) ) 1—p1 — 2«

d4_L“<1+ g(fqu)> <1+ 1—ﬂ11—2a(mL2§+62)>’

thus concluding the proof of Theorem 2.

ds = Lu
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