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ABSTRACT: We present and study a 4-d Chern-Simons (CS) model whose gauge symmetry
is encoded in a balanced Lie group crossed module. Using the derived formal set-up recently
found, the model can be formulated in a way that in many respects closely parallels that
of the familiar 3-d CS one. In spite of these formal resemblance, the gauge invariance
properties of the 4-d CS model differ considerably. The 4-d CS action is fully gauge
invariant if the underlying base 4-fold has no boundary. When it does, the action is
gauge variant, the gauge variation being a boundary term. If certain boundary conditions
are imposed on the gauge fields and gauge transformations, level quantization can then
occur. In the canonical formulation of the theory, it is found that, depending again on
boundary conditions, the 4-d CS model is characterized by surface charges obeying a non
trivial Poisson bracket algebra. This is a higher counterpart of the familiar WZNW current
algebra arising in the 3-d model. 4-d CS theory thus exhibits rich holographic properties.
The covariant Schroedinger quantization of the 4-d CS model is performed. A preliminary
analysis of 4-d CS edge field theory is also provided. The toric and Abelian projected
models are described in some detail.
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1 Introduction

There are several reasons why the formulation and study of 4-dimensional higher Chern-
Simons (CS) theory is an interesting and worthwhile endeavour. Some have to do with
physics, other with mathematics.

4-dimensional BF theory is an instance of 4-dimensional CS theory. Though as a
topological quantum field theory (TQFT) it involves no metric and possesses no local
degrees of freedom, it yields however general relativity when the basic fields are suitably
expressed in terms of or related to metric data. This has been done in two independent
ways [1, 2] which differ by the choice of the gauge group. A 4-dimensional gravitational
CS model was worked out in ref. [3] by Kaluza-Klein compactification of a 5-dimensional
(anti) de Sitter gravitational CS model. Specific instances of 4-dimensional CS theory have
appeared as topological sectors of CS modified gravity [4, 5] and string based cosmological
models [6] describing axion-like fields and their coupling to gauge fields.

In refs. [7-10] the three types of solutions of the Yang-Baxter equation, rational,
trigonometric and elliptic, and their properties were obtained from a 4-dimensional CS
model compactified down to 2 dimensions. The model is defined on a 4-fold of the form
X x (', where X is a 2-fold and C is a Riemann surface, and involves a background meromor-
phic (1,0)-form on C. So, it is only partially topological, the 4-dimensional diffeomorphism
symmetry being broken to the 2-dimensional one.

There exist two main quite different approaches to the construction of CS type TQFTs:
the algebraic-topological approach and the differential-geometrical approach. These frame-
works are related. It is possible to identify a TQFT defined in the former combinatorial
approach and another TQFT defined in the latter continuum one if the partition func-
tions of these TQFTs can be proven to be equal for appropriate assignments of input data.
This correspondence is well understood in three dimensions. The Turaev-Viro-Barrett-
Westbury model [11, 12] is a combinatorial model of 3-dimensional quantum gravity with
cosmological constant known to be equivalent to 3-dimensional BF theory with cosmo-
logical term [13—15] when their underlying Lie groups are the same and the quantum
group parameter and cosmological constant are properly related. The Reshetikhin-Turaev
model [16] is a 3-dimensional combinatorial TQFT believed to be equivalent 3-dimensional
CS TQFT [17, 18] under similar conditions. The Dijkgraaf-Witten model [19] is another
combinatorial TQFT that can be related to a 3-dimensional Abelian BF theory (being in
fact viewable as a special case of a general Turaev-Viro-Barrett-Westbury construction).
The correspondence is not as well understood in its details in four dimensions. The 4-
dimensional counterpart of the Turaev-Viro-Barrett-Westbury model is the Crane-Yetter-
Broda model [20-22], which is identified with 4-dimensional BF theory with cosmological
term for equal underlying Lie groups and related parameters [23]. Likewise the Yetter
model [24], a 4-dimensional higher analogue of the Dijkgraaf-Witten model, can be related
to a 4-dimensional Abelian BF theory. All 4-dimensional geometrically defined continuum
TQFT mentioned above are again instances of 4-dimensional CS models.

At low energy, topologically ordered phases of matter are described by TQFTs. In
3-dimensional spacetime, many fractional quantum Hall states as well as lattice models



such as Kitaev’s toric code model can be explained by suitable CS models [25-27]. In this
cases, fractional braiding statistics between quasiparticles emerges through the correlation
functions of a pair of Wilson loops forming a Hopf link. It is expected that fractional
braiding statistics has a 4-dimensional spacetime analog. Since particle-like excitations do
not braid and have only ordinary bosonic/fermionic statistics in this case, fractional statis-
tics can only arise from the braiding of either a point-like and a loop-like or two loop-like
excitations. This has been adequately described through BF type TQFTs [28-30] through
the correlation functions of Wilson loops and surfaces, pointing again to 4-dimensional
CS theory.

Wilson lines [31] are relevant in the study of confinement in quantum chromodynamics,
loop quantum gravity, symmetry breaking in string theory and, as we have just seen,
condensed matter physics. They depend on the topology of the underlying knots and, as
shown in Witten’s foundational work [17], they can be used to study knot topology in
3-dimensional CS theory using basic techniques of quantum field theory. CS correlators of
Wilson line operators provide knot and link invariants. The 4-dimensional counterpart of
Wilson lines, Wilson surfaces, are expected to be relevant in the analysis of non perturbative
features of higher form gauge theory and quantum gravity. They also should be a basic
element of any field theoretic approach to 4-dimensional 2-knot topology [32]. Based on
Witten’s paradigm, it should be possible to study surface knot topology in 4-dimensions
computing correlators of Wilson surfaces in an appropriate 4-dimensional version of CS
theory using again techniques of quantum field theory [33-38].

The holographic principle [39, 40] has emerged as one of the most far reaching theo-
retical ideas in the last two decades. The first known occurrence of holography in quantum
field theory is the correspondence discovered by Witten [17] between 3-dimensional CS
theory with gauge group G as the bulk field theory and the 2-dimensional Wess-Zumino-
Novikov-Witten (WZNW) model [41, 42] with target group G as the boundary field theory,
manifesting itself as an equivalence between the space of quantum states of the CS model
on a 2-fold S and the space of conformal blocks of the WZNW model on S. The holographic
principle has also allowed for an effective 3-dimensional CS description of edge states in
the fractional quantum Hall effect [43, 44]. Little is known, to the best of our knowledge
on the holographic features of 4-dimensional CS theory.

1.1 Outline of the paper

The above considerations support our claim that the study of 4-dimensional CS theory is a
worthy undertaking. In this paper, following the differential-geometric approach to TQFT,
we shall formulate a 4-dimensional CS theory as a certain kind of strict higher gauge theory.
In fact, as ordinary CS theory exists only in odd dimensional manifolds, 4-dimensional CS
theory must be necessarily built in the framework of higher gauge theory (see [45] for a
review). Such theory has been already considered in refs. [46-48] also in the semistrict
case on 4-folds without boundary. Here, we shall study it on 4-folds with boundary. As we
shall see, it is precisely in this case that the theory exhibits its most interesting holographic
features. Below, we outline briefly the construction of the 4-dimensional CS model we have
carried out.



The higher gauge symmetry of our 4-dimensional CS model is encoded by a Lie group
crossed module. Various relevant topics of crossed module theory are discussed in section 2.
Here it is enough to recall that a Lie group crossed module M consists of two Lie groups
E, G together with a Lie group action p: G x E — E of G on E by automorphisms and an
equivariant target map 7 : E — G satisfying a certain identity [49, 50].

On general grounds, in order to construct the kinetic term of the Lagrangian of a
field theory, a non singular bilinear pairing invariant under the symmetries of the theory
is required. In the 4-dimensional CS model, a crossed module M with invariant pairing
(;+> : g x ¢ > R carries out this task. In fact, invariant pairings in higher gauge theory
play a role similar to that of invariant traces in ordinary one. An invariant pairing selects
further isotropic crossed submodules of M as a distinguished subclass of submodules. These
correspond to standard choices of linear boundary conditions for CS gauge fields and gauge
transformations.

In section 3, we introduce the formal set-up of derived Lie groups and algebras orig-
inally worked out in refs. [51, 52]. This is essentially a superfield formalism providing an
elegant and convenient way of handling certain structural elements of a Lie group crossed
module by organizing them as functions of a formal odd variable & € R[—1]. The derived
Lie group DM of a crossed module M consists of superfields of the form P(a) = e p,
where p € G, P € ¢[1], with certain group operations determined by M. Its Lie algebra
Dm, the derived Lie algebra, consists similarly of superfields of the form U(a) = u + aU,
where u € g, U € e[1], with the associated Lie bracket.

The relevant fields of the 4-dimensional CS model are based on a 4-fold M. They
are crossed module valued inhomogeneous form fields. More formally, they are maps from
the shifted tangent bundle T[1]M of M into either the derived group DM or the derived
algebra Dm or a shifted version of this. They are thus representable as derived superfields,
functions of a formal odd variable a € R[1].

The derived superfield formalism is particularly suited for our 4-dimensional CS model
because of its compactness and capability of presenting it as an ordinary CS theory with
an exotic graded gauge group, the derived group. Indeed, by making evident the close rela-
tionship of higher to ordinary gauge theory, it allows importing many ideas and techniques
of the latter to the former. In particular, the gauge fields and the gauge transformations
of the 4-dimensional CS model can be treated in this fashion in the derived set-up.

In section 4, we present the 4-dimensional CS model as a strict higher gauge theoretic
model using the derived superfield formalism. In this way, if M is the gauge crossed module,
the gauge field of the model is a superfield of the form

Q) =w — al?, (1.1)

where w € Map(T'[1]M, g[1]), 2 € Map(T[1]M,¢[2]). w, §2 represent the usual 1- and
2-form components of a gauge 2-connection in higher gauge theory. The 4-dimensional CS

action reads as

k

CS(Q) = L[HM on (€2,dQ + [, Q)), (1.2)



where k is a constant, (-,-) is a certain degree 1 invariant pairing derived by the invariant
pairing (-, -), d is a special degree 1 nilpotent differential extending the de Rham differential
d and gy is the Berezinian of M. CS is formally identical to the 3-dimensional CS action.
It is 4-dimensional however because of the 1 unit of degree provided by the pairing (-, ).
CS can be expressed in components as

_ k 1 1 k
CS(w,2) = 5 JTU]M oar {dw + Y, w] — 14(2), 2) 474

oont {w, 2y, (1.3)
T[1)0M

This can be described as a generalized BF theory with boundary term and cosmological
term determined by the Lie differential 7 of the target map 7 of the crossed module M.
The higher gauge symmetry of the 4-dimensional CS model can also be described in
the derived set-up. Analogously to a gauge field, a gauge transformation is a superfield
expression of the form
U(a) = eV u, (1.4)

where u € Map(T'[1]M,G), U € Map(T[1]M,¢[1]). u, U represent the usual 0- and 1-form
components of a 1-gauge transformation in higher gauge theory. U acts on the higher gauge
field 2 as

QU = AdUH(Q) + U~ ldU. (1.5)

This gauge transformation action is formally identical to that of ordinary gauge theory, but
it yields when expressed explicitly in components the usual gauge transformation relations
of higher gauge theory.

In spite of the formal resemblance of 4- and 3-dimensional CS theory when the derived
formulation is used, the invariance properties of the higher CS model differ in several
important aspects from those of the ordinary CS one, especially in relation to the effect of
a boundary in the base manifold. Unlike its 3-dimensional counterpart, the 4-dimensional
CS action CS is fully gauge invariant if the 4-fold M has no boundary. When M does have
a boundary, the action is no longer invariant, but the gauge variation is just a boundary
term. The gauge invariance of the 4-dimensional theory depend therefore in a decisive way
on the kind of boundary conditions which are imposed on the gauge fields {2 and gauge
transformations U. These are discussed in section 4.

To quantize higher CS theory, proceeding as in the ordinary case, one should pre-
sumably allow for the broadest gauge symmetry leaving the Boltzmann weight exp(iCS)
invariant possibly restricting the value of the CS level k as appropriate. On a 4-fold M
with no boundary, the theory is fully gauge invariant and so there are no restrictions on
either the gauge symmetry or the level. On a 4-fold M with boundary, one should impose
on the relevant higher gauge fields €2 and transformations U the weakest possible boundary
conditions capable of rendering the gauge variation an integer multiple of 27. These are
also discussed in section 4. Depending also on crossed module M and the invariant pairing
(-, -, level quantization can occur.

In section 4, a canonical analysis a la Dirac of the 4-dimensional CS model is carried
out. The close relationship of the canonical formulations of 4- and 3-dimensional CS theory
is again especially evident in the derived framework. The results of the ordinary theory



generalize to the higher one, but in a non trivial way. The Hamiltonian generators of
the gauge symmetry which through their weak vanishing define the physical phase space
of flat gauge fields of the theory are determined. They are first class only if appropriate
boundary conditions are obeyed by the gauge fields and the gauge transformations. It is
found that, depending again on these boundary conditions, there exist generically surface
charges obeying a non trivial Poisson bracket algebra. This is a higher counterpart of
the familiar WZNW current algebra arising in the corresponding canonical analysis of
3-dimensional CS model.

Gauge theories defined on manifolds with boundaries may exhibit emergent boundary
degrees of freedom called edge modes. In fact, boundaries normally break gauge invariance
transforming in this way gauge degrees of freedom into physical ones. In section 4, we
outline a canonical theory of the edge modes of 4-dimensional CS theory and their physical
symmetries, extending the corresponding analysis of the 3-dimensional theory [53-57].

In section 4, we finally show how the covariant Schroedinger quantization of 4-dimen-
sional CS theory can be carried out on the lines of the 3-dimensional case [58]. Among
other things, we obtain the higher analogue of the WZNW Ward identities obeyed by the
wave functionals and an expression of the higher WZNW action, which turns out to be
fully topological.

In section 5, we finally illustrate a few field theoretic models which are interesting
non trivial instances of 4-dimensional CS theory, in particular the toric and the Abelian
projection models.

1.2 Outlook

There remain to ascertain to what extent the 4-dimensional CS theory presented in this
paper is capable to reproduce various ‘disguised’” CS model that have appeared in the
literature and yield new interesting ones.

Our analysis of the edge sector of 4-dimensional CS theory is still incomplete. Although
we have identified the edge fields and the physical edge symmetry group, there remain basic
problems to be solved such as the lack of a Lagrangian and Hamiltonian description of the
dynamics of edge fields and the identification of the edge modes observables. A viable edge
field theory of the 4-dimensional CS model is a topic certainly deserving an in depth study.

In this paper, we have not discussed the incorporation of Wilson surfaces in the theory.
This can be done in the standard framework of strict higher gauge theory along the lines
of refs. [34, 35]. There is however another so far unexplored route to dealing with this
problem. In a series of papers [59-62] (see also ref. [63] for a review) a geometrical action
capable to compute Wilson lines in 3-dimensional CS theory was obtained and studied.
Given the formal similarity of 4- and 3-dimensional CS in the derived formulation, it is
conceivable that a formally analogous geometrical action may be found that is capable of
computing Wilson surfaces in 4-dimensional CS theory. This is a promising line of inquiry
deserving to be pursued.

All the above matters are left for future work [64].



2 Lie crossed modules and invariant pairings

Lie group and algebra crossed modules constitute the type of algebraic structure on which
the higher CS theory elaborated in this paper rests. In this section, we review this topic,
with no pretence of mathematical rigour or completeness, dwelling only on those points
which are relevant in the following analysis. The theory of crossed modules is best formu-
lated in a categorical framework. However, we shall not insist on the categorical features
of these algebraic structures. See refs. [49, 50] for an exhaustive exposition of this subject.

The subject matter covered in this section is disparate and has been gathered mainly
for later reference. Subsection 2.1 is a review of the theory of Lie group and algebra crossed
modules serving also the purpose of setting the notation used throughout this paper. The
material of subsection 2.2 is required mostly from subsection 4.1 onwards. The material of
subsection 2.3 is used primarily in subsects. 4.2, 4.3, 4.6.

2.1 Lie group and algebra crossed modules

Crossed modules encode the symmetry of higher gauge theory both at the finite and the
infinitesimal level. Our path toward 4-dimensional CS theory must necessarily start with
them. In this subsection, we review the theory of Lie group and algebra crossed modules
and module morphisms. The precise definitions and properties of crossed modules are
collected in appendix A.1.

Lie group crossed modules. The structure of finite Lie crossed module abstracts and
extends the set-up consisting of a Lie group G and a normal Lie subgroup E of G acted
upon by G by conjugation. A Lie group crossed module M consists indeed of two Lie groups
E, G together with a Lie group action p: G x E — E of G on E by automorphisms and an
equivariant Lie group map 7 : E — G rendering p compatible with adjoint action of E (cf.
egs. (A.1), (A.2)). E, G and 7, u are called the source and target groups and the target and
action structure maps of M, respectively. Below, we shall write M = (E, G, 7, 1) to specify
the crossed module through its data.

A morphism of finite Lie crossed modules is a map of crossed modules preserving
the module structure expressing a relationship of sameness or likeness of the modules
involved. More explicitly, a morphism 3 : M’ — M of Lie group crossed modules consists
of two Lie group morphisms ¢ : G — G and @ : E' — E intertwining in the appropriate
sense the structure maps 7/, ', 7, u (cf. egs. (A.3), (A.4)). We shall normally write
B : M — M= (P,¢) to indicate constituent morphisms of the crossed module morphism.

Taking the direct product of the relevant constituent data in the Lie group category,
it is possible to construct the direct product M; x My of two Lie group crossed modules
M1, Ms and the direct product 81 x B2 of two Lie group crossed module morphisms i,
B2 in straightforward fashion. Complicated crossed modules and module morphisms can
sometimes be analyzed by factorizing them into direct products of simpler modules and
module morphisms.

There exist many examples of Lie group crossed modules and crossed module mor-
phisms. In particular, Lie groups and automorphisms, representations and central exten-
sions of Lie groups can be described as instances of Lie group crossed modules. Lie group



morphisms can be employed to construct morphisms of such crossed modules. There are two
basic model crossed modules to which a broad range of crossed modules entering in the for-
mulation of higher CS theory can be related to. They are defined for any Lie group G. The
first is the inner automorphism crossed module of G, INN G = (G, G,idg, Adg). The second
is the (finite) coadjoint action crossed module of G, AD* G = (g*, G, 1g, Adg *), where g is
the Lie algebra of G and its dual space g* is viewed as an Abelian group and 1g : g* — G is
the trivial Lie group morphism. A crossed module morphism p : INN G’ — INN G reduces
to a group morphism y : G — G. A crossed module morphism « : AD*G' — AD*G is
specified by a group morphism A : G — G and an intertwiner A : g’* — g* of Adg * to
Adg* o A

Lie algebra crossed modules. The structure of infinitesimal Lie crossed module axiom-
atizes likewise the set-up consisting of a Lie algebra g and a Lie ideal ¢ of g equipped with
the adjoint action of g. It is therefore the differential version of that of finite Lie crossed
module. A Lie algebra crossed module m consists so of two Lie algebras e, g together with
a Lie algebra action m : g x ¢ — ¢ of g on ¢ by derivations and an equivariant Lie algebra
map ¢ : ¢ — g making m compatible with adjoint action of e (cf. eqs. (A.7), (A.8)). e,
g and t, m are called the source and target algebras and the target and action structure
maps of m, respectively. Below, we shall write m = (e, g,¢,m) to specify the crossed module
through its data.

A morphism of infinitesimal Lie crossed modules is a map of crossed modules preserving
the module structure describing a way such crossed modules are congruent. It is therefore
the differential version of that of morphism of finite Lie crossed module. More explicitly, a
morphism p : m’ — m of Lie algebra crossed modules consists of two Lie algebra morphisms
h:g — gand H : ¢ — ¢ intertwining in the appropriate sense the structure maps ¢, m/, t,
m (cf. egs. (A.9), (A.10)). We shall use often the notation p : m" — m = (H, h) to indicate
constituent morphisms of the crossed module morphism.

Similarly to the Lie group case, taking the direct sum of the relevant constituent data
in the Lie algebra category, it is possible to define the direct sum m; @ms of two Lie algebra
crossed modules m1, msy and direct sum p;@po of two Lie algebra crossed module morphisms
p1, p2 in obvious fashion. These notions answer at the differential level to those of direct
products of finite crossed modules and module morphisms. They allow to analyze crossed
modules and module morphisms by decomposing them as direct sums of more elementary
modules and module morphisms as we shall see in particular in subsection 2.2 below.

Many examples of Lie algebra crossed modules and crossed module morphisms are also
available. They pair with the basic examples of Lie group crossed modules and crossed
module morphisms recalled above. Ordinary Lie algebras and derivations, representations
and central extensions of Lie algebras can be described as instances of Lie algebra crossed
modules and Lie algebra morphisms can be assembled variously to construct morphisms of
such crossed modules. In particular, there are two basic model crossed modules defined for
any Lie algebra g corresponding to the inner automorphism and coadjoint action crossed
modules introduced above. The first is the inner derivation crossed module of g, INN g =
(9,9,idg,ady). The second is the (infinitesimal) coadjoint action crossed module of g,



AD*g = (g%, 9,0q,adg *), where g* is regarded as an Abelian algebra and 04 : g* — g is the
vanishing Lie algebra morphism. A crossed module morphism r : INN g’ — INN g reduces
to an algebra morphism z : ¢’ — g. A crossed module morphism a : AD*g’ — AD*g
is specified by an algebra morphism [ : g — g and an intertwiner L : g”* — g* of ady *
to adg* ol.

Lie differentiation plays the same important role in Lie crossed module theory as it does
in Lie group theory. With any Lie group crossed module M = (E, G, 7, ) there is associated
the Lie algebra crossed module m = (e, g, 7, i), where ¢, g are the Lie algebras of Lie groups
E, G respectively and the dot notation ~denotes Lie differentiation along the relevant Lie
group (cf. appendix A.2) for more details), much as a Lie algebra is associated with a Lie
group. Similarly, with any Lie group crossed module morphism §: M' — M = (@, ¢) there
is associated the Lie algebra crossed module morphism ﬂ m - m= (d5, d)), just as a Lie
algebra morphism is associated with a Lie group morphism.

As examples, we mention that the Lie algebra crossed modules of the Lie group crossed
modules INN G and AD* G we introduced above for any Lie group G are precisely INN g
and AD"* g, respectively, as expected.

2.2 Crossed modules with invariant pairing

Crossed modules with invariant pairing are an essential ingredient of the construction of
4-dimensional CS actions. Indeed, invariant pairings in higher gauge theory play a role
similar to that of invariant traces in ordinary gauge theory. We introduce and discuss this
topic in this subsection.

On general grounds, in order to construct the kinetic term of the Lagrangian of a
field theory, a non singular bilinear pairing is required. Further, when the field theory is
characterized by certain symmetries, the same symmetries must be enjoyed by the pairing,
which so is in addition invariant.

The field content of 4-dimensional CS gauge theory whose symmetry is described in-
finitesimally by a Lie algebra crossed module m = (e, g,¢,m) comprises a g-valued 1-form
gauge field w and an e-valued 2-form gauge field {2. The bilinear pairing entering in the
kinetic term of the gauge fields, thus, must be defined on either g x g or g x ¢ or ¢ x e.
The CS kinetic term, which must be of derivative order 1 in order the field equations to
be equivalent to the flatness conditions for the gauge fields, can take thus three forms

Ky = (dw,w),  Ki={dw,2), Ks=/{d0Q,0), (2.1)

These are a 3-, 4-, 5-form yielding a 3-, 4- and 5-dimensional CS model respectively. As we
are interested in a 4-dimensional one, it is the second form of the pairing that is relevant
for us. So, the pairing will be a non singular bilinear form {-,-) : g x ¢ > R.

The infinitesimal higher gauge symmetry described by m is ultimately codified in the
adjoint action of g on itself and the module action m of g on e. The kinetic term will so
have the required invariance properties if the pairing (-, -) obeys

(ad z(z), X) + (z,m(2,X)) =0 (2.2)



for z,x € g, X € ¢. It remains to clarify how the pairing {:,-) behaves with regard to the
module target map ¢t. This boils down to find an appropriate requirement for the difference
A(X),Y)—(Y),X) with for X,Y € e. The minimal choice avoiding introducing further
structures consists in demanding that

X)), Y) = (Y), X). (2.3)

Lie algebra crossed modules with invariant pairing. A Lie algebra crossed module
with invariant pairing is Lie algebra crossed module m = (e, g, ¢, m) equipped with a non
singular bilinear form {-,-) : g x ¢ — R enjoying properties (2.2), (2.3).

A crossed module m with invariant pairing is balanced, which means that dimg =
dim e, because of the non singularity of the pairing. This is not as strong a restriction
as it may appear at first sight. It can be shown that any Lie algebra crossed module m
can always be trivially extended to a balanced crossed module m’, for which depending on
cases one has either ¢ = e@p and g’ = g or ¢/ = ¢ and g’ = g @ q for suitable Abelian Lie
algebras p, q.

A morphism p : m" — m = (H, h) of Lie algebra crossed modules with invariant pairings
(-, Y, (-, ) is naturally defined as a crossed module morphism that preserves the pairings
(cf. eq. (A.25)). Such a morphism describes a stronger form of sameness or likeness of the
crossed modules concerning not only their algebraic structures but involving also to their
invariant pairings.

We shall now explore the implications of having an invariant pairing structure attached
to the crossed module.

Core and residue of a crossed module with invariant pairing. If mis a Lie algebra
crossed module, then kert is a central ideal of ¢ and rant is an ideal of g. Using these
properties, one can show that with m there are canonically associated two further Lie
algebra crossed modules.

The first one, which we shall call the core of m in the following, is the crossed module
Cm = (¢/kert,rant, tc, mc), where

to(X + kert) = t(X), (2.4)

me(z, X +kert) = m(z, X) + kert (2.5)

for x € rant, X € ¢. It can be verified that the structure maps t¢ and m¢ are well

defined and satisfy the required properties (A.7), (A.8). The core crossed module Cm is
characterizing by the invertibility of ¢c.

The second one, which we shall call the residue of m, is the crossed module Rm =

(kert,g/rant,tg, mg), where

tr(X) = rant, (2.6)

mp(z +rant, X) = m(z, X) (2.7)

for x € g, X € kert. Again, it can be verified that the structure maps tg and mg are well

defined and satisfy the properties (A.7), (A.8). The characterizing property of the residue
crossed module Rm is the vanishing of tR.

~10 -



If m is in addition equipped with an invariant pairing {-,-), then Cm and Rm are
equipped with induced invariant pairing (-, )¢ and {-,-)gr. For Cm, we have

(x, X + kertyc =z, X) (2.8)

where z € rant, X € e. It is straightforward to check that (-, )¢ is well defined and obeys
conditions (A.23), (A.24). For Rm, we have similarly

(x +rant, X)p = (x, X) (2.9)

where z € g, X € kert. Again, (-, )R is well defined and satisfies properties (A.23), (A.24).

In subsection 2.1, we introduced two basic model Lie algebra crossed modules, the
inner derivation crossed module INN g and the infinitesimal coadjoint action crossed module
AD* g of a Lie algebra g. They are evidently both balanced and they can both be equipped
with invariant pairings, as we shall show momentarily. They are indeed prototypical crossed
modules with these properties.

The inner derivation crossed module of g is INN g = (g, g,idg, ady). INN g carries no
canonical invariant pairing, but any ady invariant symmetric non singular pairing of g can
be used as one. INN g is characterized by the following property. If m = (e, g,t,m) is a
Lie algebra crossed module with invariant pairing such that ¢ is invertible, then there is
an invariant pairing on INN g such that m is isomorphic to INN g, the isomorphism 4 of m
onto INN g being given by the pair (¢,idg) and the invariant pairing on INN g being related
to that of m by (z,t~ (X))~ = (z, X).

The infinitesimal coadjoint action crossed module of g we consider next is AD*g =
(g%, 9,0q,adg *). Unlike the inner derivation crossed module discussed above, AD* g carries
a natural invariant pairing, the duality pairing of g and g*. AD* g enjoys the following
property. If m = (e, g,t,m) is a Lie algebra crossed module with invariant pairing with ¢
vanishing, then m is isomorphic to AD* g, the isomorphism j of AD* g onto m being given
by the pair (J,idy), where J is the linear isomorphism of g* onto e such that (z, J(X)) =
(x, X)ap* with (-, )ap* the duality pairing of g and g*.

The decomposition theorem. Consider again a generic Lie algebra crossed module
m = (e,g,t,m) with invariant pairing, The characterizing property of Cm is tc being a
linear isomorphism. This makes Cm isomorphic to the crossed module INN ran ¢ equipped
with a suitable invariant pairing. Likewise, the characterizing property of Rm is tg vanish-
ing. Rm is in this way isomorphic to the crossed module AD*(g/rant) with the canonical
invariant pairing.

The following decomposition theorem is key to understanding relevant aspects of the
gauge symmetry of 4-dimensional CS theory studied later on. Consider a balanced crossed
module m = (e, g,t,m) with invariant pairing. Suppose that there exists an ideal h of g
such that rant n h = 0 and

g~rant®h. (2.10)
Then, m decomposes as

m>~Cm®Rm. (2.11)
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in the category of crossed modules with invariant pairing. The proof of the theorem requires
in an essential way the use of the invariant pairing (cf. appendix A.4). By the isomorphisms
noticed earlier, we could write (2.11) as

m ~ INNrant@® AD*(g/rant). (2.12)

This means that in the analysis of the following sections, under weak conditions, we can
assume that the relevant Lie algebra crossed module m with invariant pairing is of the
form INN g. @ AD* g, for certain Lie algebras g., g, with the direct summands equipped
respectively with the appropriate and the canonical invariant pairings.

Lie group crossed modules with invariant pairing. The subtlest features of 4-
dimensional CS theory emerge when the underlying higher gauge symmetry is considered
at the finite level through the appropriate Lie group crossed module. Invariant pairings
are naturally defined only on Lie algebra crossed modules. It is possible however to attach
an invariant pairing also to a Lie group crossed module by endowing the associated Lie
algebra crossed module with one. However, upon doing so, it is necessary to strengthen
the invariance condition of the pairing by requiring invariance to hold at the finite and not
only infinitesimal level.

We shall thus define a Lie group crossed module with invariant pairing as a crossed
module M = (E, G, 7, ) such that the associated Lie algebra crossed module m = (e, g, 7, 1)
(cf. appendix A.2) is a crossed module with invariant pairing (-, -) enjoying the property that

(Ada(x),pm(a, X)) ={x, X) (2.13)

for a € G, x € g, X € ¢ (cf. appendices A.2, A.3) Notice that (2.13) implies (2.2) with
m = "u via Lie differentiation with respect to a, while (2.3) holds with ¢t = 7.

Again, the non singularity of {-,-) implies that M is balanced, dim E = dim G. Analo-
gously to the Lie algebra case, it can be shown that any Lie group crossed module M can
always be trivially extended to a balanced crossed module M’, with either E' = E x P and
G =Gor E = Eand G = G x Q for suitable Abelian Lie groups P, Q, depending on cases.

For a Lie group crossed module M = (E,G, 7, ) with invariant pairing {-,-), iden-
tity (2.13) implies the relation

<$7H(y7"4)> = <y’.:u<$vA71)>v (214)

where x,y € g and A € E, under mild assumptions on the Lie group E. Specifically, (2.14)
holds when E is connected and also when E is not connected in the connected component
of the identity of E and in any connected component of E where it holds for at least one
element. Eq. (2.14) holds also when 7 is invertible with no restrictions on E. Property (2.14)
in a sense completes (2.13). We shall call the crossed module M fine if (2.14) holds. The
seemingly technical condition plays in fact an important role in the analysis of the gauge
invariance of 4-dimensional CS theory, as we shall see in due course.

If M = (E,G,7,u) is a Lie group crossed module with invariant pairing such that a
direct sum decomposition of g of the form (2.10) is available, then the direct sum decompo-
sition (2.11) of the associated Lie algebra crossed module m = (e, g,7, 1) into its core and
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residue Cm, Rm holds. One does not expect a corresponding direct product factorization
of the module M to occur in analogy to what happens in the akin setting of Lie group
theory. It is nevertheless instructive to examine this issue is some detail.

Similarly to the Lie algebra case, it is possible to canonically associate with M two
Lie group crossed modules with invariant pairing, its core and residue crossed modules,
relying on the properties that ker 7 is a central normal subgroup of E and ran 7 is a normal
subgroup of G, in analogy with the Lie algebra case.

The core of M is the crossed module CM = (E/ ker 7,ran 7, 7¢, pc), where

Tc(Akert) = 7(A), (2.15)
puc(a, Aker ) = p(a, A) ker 7 (2.16)

for a € ranT, A € E. It can be verified that the structure maps 7¢ and uc are well
defined and satisfy the required properties (A.1), (A.2). The core crossed module CM is
characterized by the invertibility of 7¢c. The Lie algebra crossed module associated with
CM is precisely the core Cm of m defined in (2.6), (2.7). The invariant pairing {-,-) of m
provides Cm with the invariant pairing (-, -)c defined by eq. (2.8). {:,-)¢ in turn satisfies
property (A.27) as a consequence of {-,-) doing so. CM is in this way a crossed module
with invariant pairing. CM is fine, even if M is not, as 7¢ is invertible.
The residue of M is the crossed module RM = (ker 7, G/ran 7, 7, ur), where

TR(A) =ranT, (2.17)
pr(arant, A) = u(a, A) (2.18)

for a € G, A € ker7. Again, it can be verified that the structure maps g and ugr are
well defined and satisfy the properties (A.1), (A.2). The residue crossed module RM is
characterized by the vanishing of 7. The Lie algebra crossed module associated with RM
is precisely the residue Rm of m defined in (2.8), (2.9). The invariant pairing {-,-) of m
provides Rm with the invariant pairing (-, -)r defined by eq. (2.9) and (-, -)r obeys (A.27)
since (-, -y does. So, RM too is a crossed module with invariant pairing. RM is not fine in
general, but it is fine if M is.

In subsection 2.1, we introduced two basic model Lie groups crossed modules, the inner
automorphism crossed module INN G and the finite coadjoint action crossed module AD* G
of a Lie group G. Since their associated Lie algebra crossed modules are respectively INN g
and AD* g, they are both balanced and they can both presumably be equipped with the
invariant pairings of these latter.

The inner automorphism crossed module of G is INNG = (G, G,idg,Adg). The Lie
algebra crossed module associated with INN G is the inner derivation crossed module of
INN g which we discussed earlier. If g is equipped with a Adg-invariant symmetric non
singular pairing, INN g gets endowed with an invariant pairing obeying (A.27). In this way,
INN G becomes a crossed module with invariant pairing. Since idg is trivially invertible,
INNG is fine. INNG is characterized by the following property. If M = (E,G,7,u) is a
crossed module with invariant pairing such that 7 is invertible, then there is an invariant
pairing on INN G such that M is isomorphic to INN G. The isomorphism £ of M onto INN G
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is given by the pair (7,idg). Its Lie differential f is precisely the isomorphism 4 of m onto
INN g, which we described in the Lie algebra case. Note that if M is a crossed module with
generic 7, then its core CM is isomorphic to INN ran .

The finite coadjoint action crossed module of G is AD*G = (g*,G,1g,Adg*). The
Lie algebra crossed module associated with AD* G is the infinitesimal coadjoint action
crossed module of AD* g which we also discussed above. AD* G is endowed with a natural
invariant pairing obeying (A.27), since AD* g is equipped with the Adg-invariant duality
pairing of g and g*. AD*G is fine, since g* is clearly connected. Contrary to what one
may expect, if M = (E, G, 7, 1) is a crossed module with invariant pairing with 7 vanishing,
then M is not necessarily isomorphic to AD* G. The isomorphism j of INN g onto m we
defined above, given by the pair (J,idg) with J the linear isomorphism of g* onto ¢ such
that (x, J(X)) = {(x, X )ap*, does not integrate in general to an isomorphism 7 of INN G
onto M, because J does not integrate to an isomorphism of g* onto E. As a consequence,
when M is a crossed module with generic 7, its residue RM is generally not isomorphic to
AD*(G/ranT).

From the above discussion, it is now not surprising that M % CM x RM in general
for the reason that the Lie algebra isomorphisms h : g — ran7 @ (g/ran7) and H : ¢ —
(e/ ker 7) @ ker 7 underlying the crossed module isomorphism (2.11) (cf. appendix A.4) in
general cannot be lifted to corresponding Lie group isomorphisms ¢ : G — ran7 x (G/ran 1)
and @ : E — (E/ker7) x ker 7 unless all Lie groups involved are connected and simply
connected.

2.3 Crossed submodules and isotropy

The concept of crossed submodule of a Lie group crossed module answers to the familiar
concept of subgroup of a Lie group and similarly in the Lie algebra case. In this subsection,
we shall define and study submodules of a given crossed module and their associated nor-
malizer and Weyl crossed modules. When the crossed module is equipped with an invariant
pairing, isotropic crossed submodules can be considered and constitute a distinguished sub-
class of submodules with special features. Before proceeding to detailing the properties of
these substructures, however, we shall explain in simple elementary terms why they are
relevant in the construction of 4-dimensional CS theory.

In 4-dimensional CS theory, the higher gauge field {2 and infinitesimal gauge transfor-
mations © are non homogeneous forms on the underlying 4-fold valued in the Lie algebra
crossed module m of the symmetry Lie group crossed module M (cf. subsection 3.3).

When the base manifold has a boundary, as we generally assume in 4-dimensional CS
theory, boundary conditions must be imposed on the gauge field €2 and infinitesimal gauge
transformations © ensuring that the variational problem is well-posed on one hand (cf.
subsection 4.1) and that gauge invariance is preserved on the other (cf. subsection 4.2).
The boundary condition on €2 must be such to make the boundary integral yielded by the
variation of the CS action vanish. Since the boundary integrand involves the invariant
pairing (-, -) of the crossed module m, this can be achieved by demanding the field 2 to
be valued on the boundary in a crossed submodule m’ of m isotropic with respect to (-, ).
Requiring this boundary condition to be gauge invariant forces also the transformations ©
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to be valued in m’ on the boundary. Such particularly simple choice of boundary conditions,
which we shall generally adopt in the following, is called isotropic linear for evident reasons.

Infinitesimal gauge transformations form a Lie algebra. In particular, the Lie bracket
[©,0'] is defined for any gauge transformation pair ©, ©’. In the canonical formulation of
4-dimensional CS theory (cf. subsection 4.5), the action of the gauge transformations © is
generated by Hamiltonian functionals Q(0) of the gauge field 2 (not explicitly shown here).
The functionals Q(©) span under Poisson bracketing a centrally extended representation
of the gauge transformation Lie algebra. Explicitly,

{Q(O),Q(0)} =Q([6,0]) + k- c(0,0), (2.19)

where ¢ is a certain 2-cocycle of the gauge transformation Lie algebra.
The physical higher gauge field phase space is defined by the constraints

Q(®) ~ 0, (2.20)

with © any gauge transformation, according to naive Dirac theory. However, the Q(©) do
not form a first class set of phase space functionals because of the central term appearing
in the right hand side of (2.19). Furthermore, the vanishing of the Q(©) by itself does not
select the functional submanifold of flat gauge fields €2, as one would like to in CS theory.

Both the 2-cocycle ¢(©,0) in (2.19) and the obstructing term of Q(©) prevent-
ing (2.20) from singling out the flat gauge field space are given by certain boundary
integrals. The above problems can therefore be solved by imposing suitable boundary
conditions on the gauge field ) and gauge transformations © making those integral expres-
sions vanish. Since the integrands involve the invariant pairing (-, -) of the crossed module
m, this can be achieved by requiring both € and the © to be valued on the boundary in a
crossed submodule m’ of m isotropic with respect to {-,-), i.e. by imposing again isotropic
linear boundary conditions. When  and the © obey these conditions, as we suppose, (2.20)
becomes a set of genuine flatness enforcing first class constraints.

If © is a gauge transformation such that

{Q(0),Q(0)} ~0 (2.21)

for any gauge transformation ©’ obeying the isotropic linear boundary condition, then
Q(O) represents a physical symmetry surface charge. Comparing (2.21) to (2.19), we
see that for this to be the case, © must itself obey a boundary condition ensuring that
[©, O] satisfies the isotropic linear boundary condition and ¢(©,0’) = 0 for any such ©'.
This condition consists so in requiring © to be valued on the boundary in the orthogonal
normalizer crossed module ONm' of m’, that is the maximal crossed submodule of m that
normalizes m’ in the appropriate sense and is orthogonal to m’ with respect to the invariant
pairing {-,-). However, as Q(©) is weakly invariant under the shift @ — © + 0’ with ©’
obeying the isotropic linear boundary condition by virtue of (2.20), © is effectively valued
on the orthogonal Weyl crossed module OWm’ = ONm’/m’ of m. The boundary condition
is therefore called orthogonal Weyl linear.
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Having motivated the consideration of crossed submodules, in particular isotropic ones,
in 4-dimensional CS theory, we now proceed to describe these structures in more precise
terms. Albeit the above discussion has been carried out mostly at the infinitesimal level,
we shall examine first the finite case.

Lie group crossed submodules and their normalizer and Weyl modules. The
notion of crossed submodule of a finite Lie crossed module is analogous to that of subgroup
of a Lie group. A crossed submodule M’ of a Lie group crossed module M is indeed a
substructure of M which is itself a Lie group crossed module. More formally, given two Lie
group crossed modules M = (E, G, 7, u), M = (E',G', 7/, i), M" is a submodule of M if E/,
G’ are Lie subgroups of E, G and 7/, 1/ are the restrictions of 7, u to E/, G’ x E/, respectively.

The concept of normalizer crossed module of a submodule of a finite Lie crossed module
corresponds in turn to that of normalizer group of a subgroup of a Lie group. The normal-
izer NM’ of a crossed submodule M’ of a Lie group crossed module M is the largest crossed
submodule of M normalizing M’ (cf. appendix A.1). NM’ can be described rather explicitly
as follows. Let M = (E,G, 7, u), M = (E/,G', 7', /). The normalizer of G’ in G, NG/, is the
set of all elements a € G such that aba=!,a"'ba € G’ for b e G'. Similarly, the p-normalizer
of E' in G, uNFE’, is the set of all elements a € G such that u(a, B),u(a™!, B) € E’ for
B € E'. The p-transporter of G’ into E' in E, y Tg E' is the set of all elements A € E such
that u(b, A)A™, A= u(b, A) € E' for be G'. NG’ and u NE’ turn out to be Lie subgroups of
G and likewise 1 T/ E' a Lie subgroup of E. Then, NM’ = (uTg E',NG' n u NFE', 7'n, p'n),
where 7'y, p/N are the restrictions of 7, i to uTg B/, NG’ n u NE' x T B/, respectively.
It can be verified that the structure maps 7'y, p'n are well defined and satisfy the required
properties (A.1), (A.2). NM’ is so a Lie group crossed module. By construction, NM’ is a
crossed submodule of M containing M’ as a crossed submodule and normalizing it and is
maximal with these properties.

The Weyl crossed module of a submodule of a finite Lie crossed module is much like
the Weyl group of a subgroup of a Lie group. For a crossed submodule M’ of a Lie
group crossed module M, this is just the quotient WM’ = NM’/M’ removing from the
normalizer crossed module NM’ of M’ the trivially normalizing submodule M’. Specifically,
let again M = (E, G, 7, u), M = (E/,G, 7/, 1/). Tt can be shown that G, E’ are normal Lie
subgroups of NG’ n u NE’, 1 T/ E’, respectively. We have then WM’ = (1 Tg E'/E', NG’ n
uNE' /G 7'y, i'w), where the structure maps 7'vw, p'w, are given by

T'w(AE") = 7(A)G/, (2.22)
ww(aG', AE") = u(a, A)E (2.23)

for a e NG n uNE', A e uTg E'. It can be verified that the structure maps 7’w, u'w are
well defined and obey relations (A.1), (A.2). WM’ is therefore a Lie group crossed module
as required.

There are plenty of examples of crossed submodules of Lie group crossed modules,
in particular of the model ones described in subsection 2.1. They are illustrated next,
but before doing so we introduce some notation. Let G be a fixed Lie group H, K be Lie
subgroups of G. We denote by [H, K] the commutator subgroup of H, K in G. We denote
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further by Ty K the transporter of H into K, the largest subgroup L of G such that [H, L]
is contained in K. This coincides with the Ad-transporter Ad Ty K, the p-transporter for
the action structure map p = Ad as defined two paragraphs above.

Let G be a Lie group, H be a subgroup of G and K be a normal subgroup
of H. Then, INNyK = (K,H,idy|k,AdH|nxk) is a Lie group crossed module,
called inner H-automorphism crossed module of K, and is a crossed submodule of
INNG = (G,G,idg,Adg), the inner automorphism crossed module of G. The normal-
izer crossed module of INNy K is a crossed module of the same kind, viz NINNyK =
INNnp~Nk TH K. Tt is easily verified that Ty K is a normal subgroup of NH n
NK as required. The Weyl crossed module of INNyK is therefore WINNyK =
(TK,H; NK,HvidNKH ‘TK,H7AdNK,H ‘NK,HXTK,H>7 where TK,H = TH K/K, NK,H = NH n NK/H
(Here, idny , [Txy> AdNgy INgyxTyy denote abusively the natural map Tk — Nk p and
the maps induced by Ady, , upon composition with it, respectively.)

Let G be a Lie group and H, K be subgroups of G with H € NK. Then, ADy*K =
(£, H, Thleo, Adn *[xo), €0 S g* being the annihilator of & is a Lie group crossed mod-
ule, called the finite coadjoint H-action crossed module of K, and is a crossed submod-
ule of AD*G = (g%, G,1g,Adg*), the finite coadjoint action crossed module of G. If
H, K are connected, the normalizer crossed module of ADy*K is a crossed module of
the same kind, as NADy *K = ADnp~nk *[H,K]. Again, it can be straightforwardly
verified that NH n NK < N[H,K] as required. Above, connectedness is assumed only
for the sake of simplicity. The Weyl crossed module of ADy *K then is WADy*K =
(b, NKGHS I s AdNg gy “INg i x ) Where ey = [h,€]°/89, Nk y = NH n NK/H.

Lie algebra crossed submodules and their normalizer and Weyl modules. As
it might be expected, there are infinitesimal counterparts of the Lie group theoretic no-
tions introduced above. Albeit it is not difficult to guess them, we report them below for
completeness.

The concept of crossed submodule of a infinitesimal Lie crossed module is inspired by
that of subalgebra of a Lie algebra. A crossed submodule m’ of a Lie algebra crossed module
m is indeed a substructure of m which is itself a Lie algebra crossed module. Specifically,
given two Lie algebra crossed modules m = (e, g,t,m), m’ = (¢/, ¢/, ¢',m’), m" is a submodule
of mif ¢/, g’ are Lie subalgebras of ¢, g and ¢/, m’ are the restrictions of t, m to ¢/, g’ x ¢,
respectively.

The notion of normalizer crossed module of a submodule of a infinitesimal Lie crossed
module correlates with that of normalizer algebra of a subalgebra of a Lie algebra as
expected. The normalizer Nm’ of a crossed submodule m’ of a Lie algebra crossed module
m is the largest crossed submodule of m normalizing m’ (cf. appendix A.1). Explicitly,
Nm’ can be specified as follows. Let m = (e, g,¢,m), m" = (¢/,¢’,t',m’). The normalizer
of g’ in g, Ng/, is the set of all elements u € g such that [u,v] € g’ for v € g’. Similarly,
the m-normalizer of ¢/ in g, mN¢’, is the set of all elements u € g such that m(u,V) € ¢
for V e ¢/. The m-transporter of g’ into ¢’ in e, m Ty ¢’ is the set of all elements U € ¢
such that m(v,U) € ¢/ for v € g. Ng’ and m N¢' turn out to be Lie subalgebras of g and
likewise m Ty ¢’ a Lie subalgebra of e. Then, Nm’ = (m Ty ¢/, Ng’ nm N¢', t'y, m/n), where
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t'n, m/n are the restrictions of ¢, m to mTy ¢/, Ng’ n mNe' x mTy ¢, respectively. It
can be verified that the structure maps t'n, m’yn are well defined and satisfy the required
properties (A.7), (A.8). Nm’ so turns out to be a Lie algebra crossed module. By the way
we have designed it, Nm’ is a crossed submodule of m containing m’ as a crossed submodule
and normalizing it and is maximal with these properties.

The Weyl crossed module of a submodule of a infinitesimal Lie crossed module is
now conceived similarly to the Weyl algebra of a subalgebra of a Lie algebra. For a
crossed submodule m’ of a Lie algebra crossed module m, this is just the quotient Wm’ =
Nm'/m’ removing from the normalizer crossed module Nm’ of m’ the trivially normalizing
submodule m’. Concretely, let again m = (e, g,t,m), m’ = (¢/, ¢/, ¢/, m’). It can be shown
that g¢’, ¢/ are Lie ideals of Ng’ n mNe¢/, mTy ¢/, respectively. We have then Wm' =
(mTye'/e/,Ng' nmN¢e /g t'w, m'w), where the structure maps t'v, m'w, are given by

tlw(U + 6/)
m'w(u+ ¢, U +¢)

t{U) +¢, (2.24)
m(u,U) + ¢ (2.25)

for u e Ng’ nmNe¢/, U e mTye. It can be verified that the structure maps t'w, m'w
are well defined and obey relations (A.1), (A.2). W' is therefore a Lie algebra crossed
module as required.

We present next a class of examples of crossed submodules of the model Lie algebra
crossed modules of subsection 2.1, matching those introduced above in the finite case, after
recalling a few basic notions of Lie theory. Let g be a Lie algebra and b, £ be Lie subalgebras
of g. We denote by [bh, £] the commutator subalgebra of b, £ in g. We denote further by Ty €
the transporter of b into £, that is the largest subalgebra [ of g such that [, [] is contained
in €. This is just the ad-transporter ad Ty €, the p-transporter for the action structure map
1 = ad as defined earlier.

Let g be a Lie algebra, h be a subalgebra of g and ¥ be an ideal of . Then,
INNy € = (& b,idp |¢, ady |yxe) turns out to be a Lie algebra crossed module, called the inner
h-derivation crossed module of ¢, and is a crossed submodule of INNg = (g, g,idg, adg),
the inner derivation crossed module of g. The normalizer crossed module of INNy ¢ is
a crossed module of the same kind as it, since we have NINNy ¢ = INNyp~ne Ty €, Ty €
being an ideal of Nh n Nt. The Weyl crossed module of INNp € is hence WINNy ¢ =
(tﬂhﬂné,b’idﬂé,h |t(,7h,adnm |“e,b><te,h)’ where t”) = Tf) E/E, Ny = Nf] N NE/[) (Here, idﬂé,h |t?7h’
adng o [nexte, denote abusively as before the natural map t¢y — ngj and the map induced
by ady, , upon composition with it, respectively.)

Next, let g be a Lie algebra and b, ¥ be subalgebras of g such that h < N¢. Then,
ADy *t = (€9, b, 0y |0, ady, “pxe0), t0 < g* being again the annihilator of ¢, is a Lie algebra
crossed module, the infinitesimal coadjoint h-action crossed module of £, and is a crossed
submodule of AD* g = (g*,g,04,ady*), the infinitesimal coadjoint action crossed module
of g. The normalizer crossed module of ADy *¢ is again a crossed module of the same kind,
NADy *¢ = ADnp~ne *[b, €], where one has Nh n N¢ < N[h,€]. The Weyl crossed module
of ADy "t is in this way found to be WADp "t = (te, nejp, Ong g [ty @dng y “Ingy xte), Where
tep = [0,€]°/8°, ney = Nb n NE/b.

~ 18 —



The above constructions are of course designed to be compatible with Lie differentia-
tion. If M, M’ are Lie group crossed modules with associated Lie algebra crossed modules
m, m’ and M’ is a crossed submodule of M, then m’ is a crossed submodule of m. Further,
the Lie algebra crossed modules of the normalizer and Weyl crossed modules NM’ and
WM’ of M are precisely the normalizer and Weyl crossed modules Nm’ and Wm' of m'.

Reconsider the model examples INNy K € INN G, ADy *K < AD* G of crossed sub-
modules described earlier in this subsection defined for a Lie group G and subgroups H,
K of G satisfying the stated conditions. Then, the Lie algebra crossed module of INNy K,
ADy *K are INNy £, ADy *€, respectively, as it might be expected.

The orthogonal case. We now consider the case where an ambient Lie algebra crossed
module is equipped with an invariant pairing (cf. subsection 2.2). This allows us to consider
isotropic crossed submodules.

Let m = (e, g,t,m) be a Lie algebra crossed module with invariant pairing {-,-) (cf.
subsection 2.2) and let m’ = (¢/,¢/,t',m’) be a crossed submodule of m. m’ is said to be
isotropic if ¢/ < g/, where - denotes orthogonal complement with respect to oo ml s
said to be Lagrangian if it is maximally isotropic, i.e. if ¢/ = g’*. When m’ is isotropic,
dim g’ + dim ¢’ < dim g = dim ¢, the bound being saturated when m’ is Lagrangian.

When m’ is an isotropic submodule, it is possible to define the orthogonal normalizer
ONm’ of m’ refining the normalizer Nm’. ONm'’ is the orthogonal complement of m’ in
Nm' with respect to the pairing {-,-) in the appropriate sense. More formally, ONm' =
(mTy e n g, Ng' nmNe n et ton, mon), where ton, mon are the restrictions of ¢, m

to mTy e’ ngt, Ng’ nmNe' et

x mTy ¢ N g'*, respectively. ONm’ turns out to be
a crossed submodule of Nm’ and so m itself. Further, ONm’ contains m’ as a submodule.
The orthogonal Weyl crossed module is the quotient module OWm’ = ONm’/m’. ONm’
reduces to m’ and OWm' vanishes when m’ is Lagrangian.

Suppose that M is a Lie group crossed module with invariant pairing (-, -) (cf. subsec-
tion 2.2) and that M’ is a Lie group crossed submodule of M and that m, m’ are the Lie
algebra crossed modules of M, M/, respectively. M’ is said to be an isotropic submodule
of M if m’ is an isotropic submodule of m in the sense defined above and similarly in the
Lagrangian case.

When M’ is an isotropic crossed submodule of M, it is possible under certain conditions
to define an orthogonal normalizer ONM’ of M’ refining the normalizer NM’ introduced
above. ONM' is a crossed submodule of NM’ having ONm’ as associated Lie algebra crossed
module and containing M’ as a crossed submodule. Because of its defining properties, ON M’
normalizes M’ and so the orthogonal Weyl crossed module OWM’ = ONM’/M’ of M" can
be defined. We shall not investigate here the precise conditions ensuring the existence of
ONM’. In the following we shall tacitly assume that they are satisfied. For instance, if G/,
E’ are connected a choice of ONM’ exists.

We now examine whether the model crossed submodules introduced above turn out to
be isotropic in the presence of an invariant pairing.

Let g be a Lie algebra equipped with an invariant symmetric non singular bilinear form
(+,-). With this extra datum, the inner derivation crossed module INN g = (g, g,idy,ad)
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of g is a Lie algebra crossed module with invariant pairing (cf. subsection 2.2). Let h be
a subalgebra of g and € be an ideal of h such that £ € . Then, the inner h-derivation
crossed module INNy € = (& b,idy |¢, ady |px¢) of € which we defined above is an isotropic
submodule of INN g. The orthogonal normalizer crossed module of INNy £ is ONINNy £ =
INNNpANenet (Th €N bh*) and is once more of the same kind. The orthogonal Weyl crossed
module of INNy € is OWINNy € = (oty, ong, idon, oty s> @ong s |ong  xote,)s Where otg =
Tyt hL/E, ongp = NbnNEn EL/F). We remark here that under the stated hypotheses the
subalgebra b is isotropic in g. We also note that INNy ¢ is Lagrangian precisely when £ = ht.

* renders the

Next, let g be a Lie algebra. Then, the duality pairing {-,-) of g, g
infinitesimal coadjoint action crossed module AD* g = (g*,g,04,ad4*) of g a Lie algebra
crossed module with invariant pairing (cf. subsection 2.2). Let b, £ be subalgebras of g with
h < €. Then, h < Nt and the infinitesimal coadjoint h-action crossed module ADy "¢ =
(89, b, Op|eo, ady *|px¢0) of € which we defined above is an isotropic submodule of AD* g. The
orthogonal normalizer crossed module of ADy *¢ is ONADy *¢ = ADny~e *([h, €] + b), and
so is of the same kind too. The orthogonal Weyl crossed module of ADy *¢ is OW ADy *¢ =
(Ot'&,hy ongp, 00“37h|0t37hva‘d0n37h *|ong,h><utg,;,) with oty = ([[],?] + h)O/EO7 ongy = Nbhn E/h We
note that ADy *¢ is Lagrangian precisely when € = b.

3 Higher gauge theory in the derived formulation

In this section, we formulate higher gauge theory in a novel derived formal framework
worked out in refs. [51, 52], that we shall adopt in the construction of 4- dimensional
CS theory. The framework has the distinguished merit of showing that the relationship
of higher to ordinary gauge theory is much closer than it was hitherto thought. It also
provides an elegant graded geometric set-up for the manipulation of crossed module valued
non homogeneous forms. There are two versions of the derived set up, the ordinary and
the internal.! The former, suitable for the conventional formulation of 4-dimensional CS
theory studied in this paper, is illustrated in this section. The latter, required in the
Batalin-Vilkovisky (BV) [65, 66] formulation, will be presented elsewhere.

3.1 Derived Lie groups and algebras

The derived Lie group of a Lie group crossed module and the corresponding infinitesimal
notion of derived Lie algebra of a Lie algebra crossed module were originally introduced
in refs. [51, 52]. In the 4-dimensional CS theory we present, they pay a role analogous to
that of the gauge group of ordinary gauge theory.

Before proceeding to the illustration of this topic a few introductory comments are
useful. The formal set-up of derived Lie groups and algebras is an elegant and convenient
way of handling certain structural elements of the Lie group and algebra crossed modules

'We recall briefly the difference between ordinary and internal maps. Consider a pair X, Y of graded
manifolds and a map ¢ from X to Y. When expressed in terms of local body and soul coordinates z* and
€" of X, the components of one such function with respect to local body and soul coordinates y* and n"
of Y are polynomials in the £" with coefficients which are smooth functions of the z*. If ¢ is an ordinary
map, these coefficient have degree 0 If instead ¢ is internal, the may have non zero degree.
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entering in the formulation of higher gauge theory. In practice, it is a kind of superfield
formalism not dissimilar to the analogous formalisms broadly used in supersymmetric field
theories. It is particularly suited for applications to 4-dimensional CS theory because of
its compactness and capability of presenting it as an ordinary CS theory with an exotic
graded gauge group or algebra.

It must be made clear that the derived Lie group of a Lie group crossed module does not
fully encode this latter, but it only describes an approximation of it in the sense of synthetic
geometry. In fact, the target map of the crossed module is not involved in the definition of
the derived group, nor could it be because, roughly speaking, the approximation is such to
push the range of the target map away out of reach. Similar considerations apply to the
derived Lie algebra of a Lie algebra crossed module. The reader is referred to ref. [51] for
a more precise formal elaboration of this point.

The deep reasons why the derived set-up allows for such a natural formulation of
4-dimensional CS theory are still not completely clear.

Consider a Lie group crossed module M = (E, G, 7, ). The derived Lie group DM of
M consists of the internal maps from R[—1] to the semidirect product E x, G of the Lie
groups E and G with respect to the G-action p of the form

P(a) =e"p (3.1)
with & € R[—1], where p € G, P € ¢[1] with the following operations. For any P,Q € DM
with P(a) = e* p, Q(a) = e®? ¢, one has
PQ(a) = P HP.Q)) g (3.2)
P (@) = e @ WTHP) o1 (3.3)
DM is a graded Lie group. The graded Lie group isomorphism
DM =~ ¢[1] x,; G (3.4)

holds, where e[1] is regarded as a G-module through the G-action p and ¢[1] %, G denotes
the associated semidirect product Lie group. The operator D has nice functorial properties.
A morphism 8 : M’ — M of Lie group crossed modules induces through its constituent Lie
group morphisms @ : E' — E, ¢ : G’ — G a Lie group morphism D3 : DM’ — DM. Further,
if My, My are Lie group crossed modules, then D(M; x My) = DM; x DMs.

The notion of derived Lie group has an infinitesimal counterpart. Consider a Lie
algebra crossed module m = (e, g,¢,m). The derived Lie algebra Dm of m consists of the
internal maps from R[—1] to the semidirect product ¢ x,, g of the Lie algebras ¢ and g with
respect to the g-action m of the form

U(a) = u + aU, (3.5)

with & € R[—1], where u € g, U € ¢[1] with the obvious linear structure and the following
Lie bracket. For any U,V € Dm such that U(a) = u+ aU, V(a) = v + &V, one has

[U,V](a) = [u,v] + a(m(u, V) — m(v,U)). (3.6)

- 21 —



Dm is a graded Lie algebra. The graded Lie algebra isomorphism
Dm =~ ¢[1] X, g (3.7)

holds, where ¢[1] is regarded as a g-module through the g-action " and e[1] %, g denotes
the associated semidirect product Lie algebra. As in the finite case above, the operator D
has functorial properties. A morphism p : m’ — m of Lie algebra crossed modules induces
via its underlying Lie algebra morphisms H : ¢/ — ¢, h : g’ — g, a Lie algebra morphism
Dp : Dm’ — Dm. Further, if my, my are Lie algebra crossed modules, D(m; @ mg) =
Dm1 &) Dmg.

In the above constructions e behaves as if it were an Abelian Lie algebra, albeit in
general it is not. This can be understood in two interrelated ways. First, if ¢ were not
regarded as Abelian, the expression (3.2) of the group product of DM and (3.6) of the
bracket of Dm would have to incorporate extra terms belonging to the spaces ¢[n] with
n = 2 incompatible with their being valued in DM and Dm, respectively. Second, the
elements of ¢[1] always multiply the degree 1 parameter a. Thus, the Lie bracket of any
pair of elements of ¢[1] necessarily multiplies @ and so is effectively zeroed out.

The derived set-up introduced above is fully compatible with Lie differentiation. If
M = (E,G,7,u) is a Lie group crossed module and m = (e,g,7, ) is its associated Lie
algebra crossed module (cf. subsection 2.1), then Dm is the Lie algebra of DM. Further, if
B : M — M is a Lie group crossed module morphism and ﬁ :m’ — m is the corresponding
Lie algebra crossed module morphism, then DB =D B .

The derived set-up is also consistent with the submodule structure of the underlying
crossed module (cf. subsection 2.3). If M is a Lie group crossed module and M’ is a crossed
submodule of M, then DM’ is Lie subgroup of DM. Further, if the Lie group E' of M’
is connected, then the normalizer and Weyl crossed modules NM’ and WM’ of M’ satisfy
DNM’ = NDM’ and DWM’ = WDM’, where NDM’ and WDM’ = NDM’/DM’ are the
normalizer and Weyl Lie groups of DM’. The reason why E’ is required to be connected
is that NDM’ normalizes only the Lie algebra ¢’ and so only the connected component of
1g in E/ upon Lie integration. Likewise, if m is a Lie algebra crossed module and m’ is a
crossed submodule of m, then Dm’ is Lie subalgebra of Dm. Further, the normalizer and
Weyl crossed modules Nm’ and Wm' of m’ have the property that DNm’ = NDm’ and
DWm' = WDw/, where NDm’ and WDm’ = NDm'//Dm’ are the normalizer and Weyl Lie
algebras of Dm’.

Suppose that m is a Lie algebra crossed module with invariant pairing (-, -) (cf. sub-
section 2.2. Then, Dm is equipped with an induced symmetric non singular bilinear form
(,+) : Dm x Dm — R[—1] defined by

(U, V) = (u,aV + (v, 0U (3.8)

for any U,V € Dm, where o : ¢[1] - R[—1] ® ¢ is the natural 2-fold suspension map.
o serves the purpose of identifying Dm with the internal map space Map(*, Dm), where
* is the singleton, since Map(*,v[p]) is isomorphic to R[—p] ® v for any vector space v.
The identification in turn is necessary for the right hand side of (3.8) to make sense. The
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pairing (-, ) is invariant as
([W,U],V) + (U,[W,V]) =0 (3.9)

for U, V, W e Dm.

Let m’ be a crossed submodule of m. Then, (-, ) restricts to a symmetric bilinear form
(,-)" : Dm’ x Dm’ — R[—1], which however is not non singular any longer in general. m’ is
an isotropic crossed submodule of m (cf. subsection 2.3) precisely when Dm’ is an isotropic
subalgebra of Dm. In that case, dim Dm’ < %dim Dm = dimg = dime, the bound being
saturated when m’ is Lagrangian.

If m’ is an isotropic crossed submodule of m, the orthogonal normalizer and Weyl
crossed modules ONm’ and OWm’ of m’ turn out to be DONm’ = ONDm’ and DOWm' =
OWDm' respectively, where ONDm’ = NDm’ n Dm’t and OWDm/ = ONDm’/Dm’ are
the orthogonal normalizer and Weyl Lie algebras of Dm/, Dm/+ denoting the orthogonal
complement of Dm/'.

3.2 Derived superfield formulation

In this subsection, we shall survey the main spaces of Lie group and algebra crossed mod-
ule valued fields using a derived superfield formulation. This allows for a very compact
geometrically transparent formulation of 4-dimensional CS theory studied in later sections.

We assume that the fields propagate on a general manifold X. Later, we shall add
the restriction that X is orientable and compact, possibly with boundary. To include also
differential forms, using however a convenient graded geometric description, the fields will
be maps from the shifted tangent bundle T'[1]X of X into some graded target manifold 7.
Below, we denote by Map(T'[1]X,T) the space of ordinary maps from T[1]X into 7. The
broader space of internal maps from T'[1]X to T required to incorporate ghost-like fields
in a BV set-up can also be considered, though we shall not do so in this paper.

The fields we shall consider will be valued either in the derived Lie group DM of a Lie
group crossed module M = (E, G, 7, i) or in the derived Lie algebra Dm of the associated Lie
algebra crossed module m = (e, g,7, 1) (cf. subsects. 2.1) and 3.1). A more comprehensive
treatment of this kind of fields is provided in ref. [51].

We consider first DM-valued fields. Fields of this kind are elements of the mapping
space Map(T[1]X,DM). If U € Map(T'[1]X,DM), then

U(a) = ey (3.10)

with a € R[1], where u € Map(T[1]X,G), U € Map(T[1]X,e[1]). u, U are the com-
ponents of U. Map(7T[1]X,DM) has a Lie group structure induced by that of DM: if
U € Map(T[1]X, DM), V € Map(T[1]X, DM), then

UV(a) = eUHHV)) 4y, U o) = e (uThU)) =1, (3.11)

Next, we consider first Dm-valued fields. Fields of this kind are elements of the mapping
space Map(7T[1]X,Dm). If ® € Map(7[1]X,Dm), then

O(a) =+ ad (3.12)
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with « € R[1], where ¢ € Map(T[1]X,g), ¢ € Map(T[1]X,¢[1]). Again, ¢, ¢ are the
components of ®. Map(7T'[1]X,Dm) has a Lie algebra structure induced by that of Dm: if
® € Map(T[1]X,Dm), ¥ € Map(7T'[1]X,Dm), then

[, V](a) = [¢, 9] + a(4(d, &) = p(¢, D)) (3.13)

Map(T'[1]X,Dm) is the virtual Lie algebra of Map(T[1]X,DM). (For an explanation of
this terminology, see ref. [51]).

As it turns out, the Dm-valued fields introduced above are not enough for our proposes.
One also needs to incorporate fields that are valued in the degree shifted linear spaces Dm|[p]
with p an integer. If ® € Map(7T'[1]X, Dm[p]), then

®(a) = ¢+ (—1)Pad (3.14)

with components ¢ € Map(T[1]X,g[p]), ¢ € Map(T[1]X,¢e[p + 1]). There is a bi-
linear bracket that associates with a pair of fields ® € Map(T[1]X,Dm[p]), ¥ €
Map(T'[1]X,Dm[q]) a field [®, ¥] € Map(T[1]X,Dm[p + q]) given by

(@, 9](e) = [6,¢] + (—1)"a(u(¢,¥) — (=1)"74i(s, D)) (3.15)

Setting ZDm = @®,_ _,, Dm[p], Map(T[1]X,ZDm) is a graded Lie algebra. This contains
the Lie algebra Map(T[1]X,Dm) as its degree 0 subalgebra.

An adjoint action of Map(7'[1]X,DM) on the Lie algebra Map(7'[1]X,Dm) and
more generally on the graded Lie algebra Map(T'[1]X,ZDm) is defined. For U €
Map(T[1]X,DM), ® € Map(T[1]X, Dm|p]), one has

AAU@®)(0) = Adu(9) + (—1Pali(u, ) — W(Adu(6).0)),  (316)
AdUY(®)(a) = Adu (o) + (—D)Pap(u™t, & + 1(0,U)). (3.17)

The adjoint action preserves Lie brackets as in ordinary Lie theory. Indeed, for U €
Map(T[1]X,DM), ® € Map(T[1]X,Dm[p]), ¥ € Map(T[1]X,Dm[q]),

[AdU(®), AdU(¥)] = Ad U([®, ¥]). (3.18)

As is well-known, in the graded geometric formulation we adopt, the nilpotent de
Rham differential d is a degree 1 homological vector field on T[1]X, d*> = 0. d induces
a natural degree 1 derived differential d on the graded vector space Map(T[1]X,Zm).
Concisely, d = d + 7d/da. In more ore explicit terms, for ® € Map(7T[1]X, Dm|p]), the
field d® € Map(T'[1]X,Dm[p + 1]) reads as

d®(a) = dop + (—1)P7(P) + (—1)P L add. (3.19)
It can be straightforwardly verified that
d[®, V] = [dP, ¥] + (—1)P[P,d V] (3.20)
for ® € Map(T'[1]X,Dm[p]), ¥ € Map(T[1]X,Dm|[q]) and that
d*=0. (3.21)

In this way, Map(7T'[1]X,ZDm) becomes a differential graded Lie algebra.
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On several occasions, the pull-back dUU™!, U~'dU e Map(T[1]X,Dm[1]) of the
Maurer-Cartan forms of DM by a DM field U € Map(7'[1]X,DM) will enter our con-
siderations. For these, there exist explicit expressions,

dUU Y (a) = duu™" + 7(U) — a(dU + 3[U, U] = w(duu" + 7(U),U)), (3.22)
U~ ldU(a) = Adu™t (aluu_1 +7(0)) — au'(u_l, dU + 3[U,U]) . (3.23)

By the relation d = d + 7d/dc, (3.22), (3.23) follow from (3.10) and the variational identi-
ties § X e7X = %5(0{X), e” X §eX = %5(&)&') with § = 7d/da,
owing to the nilpotence of a.

Next, we assume that the Lie group crossed module M is equipped with an invariant
pairing (-, -). A pairing on the graded Lie algebra Map(7T[1]X, Zm) is induced in this way:
for ® € Map(T'[1]X,Dm[p]), ¥ € Map(T[1]X,Dm[q])

(®,0) = (&, ¥) + (=1)", D). (3.24)

Note that (®,¥) € Map(T[1]X,R[p+ ¢ +1]). The field pairing (-, -) therefore has degree 1.
(+,-) is bilinear. More generally, when scalars with non trivial grading are involved, the left
and right brackets (‘and ) behave as if they had respectively degree 0 and 1. For instance,
(c®, ) = ¢(®, V) whilst (®, ¥c) = (—1)%(®, ¥)c if the scalar ¢ has degree k. (-,-) is further
graded symmetric,

(®,0) = (—1)PI(V, D). (3.25)

(+,-) is also non singular.

The field pairing (-,-) has several other properties which make it a very natural ingre-
dient in the field theoretic constructions of later sections. First, (-,-) is DM invariant. If
® € Map(T[1]X,Dm[p]), ¥ € Map(T'[1]X,Dm[q]), we have

(AdU(®), AdU(T)) = (@, D) (3.26)

for U € Map(T[1]X,DM). By Lie differentiation, (-,-) enjoys also Dm invariance. This
latter, however, admits a graded extension, because of which

([, @], ) + (-1)P"(2,[E,¥]) =0, (3.27)

for = e Map(T[1]M,Dm][r]).
Second, (-,-) is compatible with the derived differential d, i.e. the de Rham vector field
d differentiates (-,-) through d,

d(®,T) = (d®, T) + (—1)2(D, dD). (3.28)

Let M, M’ be Lie group crossed modules with associated Lie algebra crossed modules
m, m’. Suppose that M’ is a submodule of M and that, consequently, m’ is a submodule of m
(cf. subsection 2.3). As DM’ is a Lie subgroup of DM, Map(T'[1]X,DM’) is a Lie subgroup
of Map(T[1]X,DM). Similarly, as Dm’ is a Lie subalgebra of Dm, Map(T[1]X,Dm) is
a Lie subalgebra of Map(7T'[1]X,Dm). What is more, Map(7T[1]X,ZDm’) is a differential
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graded Lie subalgebra of Map(7T'[1]X,ZDm), since it is invariant under the action of d as
is evident from (3.19). If M is also equipped with invariant pairing {,-) with respect to
which M’ is isotropic (cf. subsection 2.3), then m’ is isotropic and thus the Lie algebra
Map(T'[1]X,ZDw’) is isotropic, that is (®,¥) = 0 for ® € Map(T[1]X,Dm/[p]), ¥ €
Map(T[1]X, D'[q]).

3.3 Higher gauge theory in the derived formulation

In this subsection, we present a formulation of higher gauge theory based on the derived
superfield formalism of subsection 3.2. The framework we are going to devise has the virtue
of showing the close relationship of higher to ordinary gauge theory and allows so to import
many ideas and techniques of the latter to the former. The benefits of this approach will
become evident in section 4 below, where 4-dimensional CS theory is worked out.

In higher gauge theory, one should specify to begin with a Lie group crossed module
M and a higher principal M-bundle P on some base manifold X. In this general setting,
higher gauge fields and gauge transformations consist in collections of local Lie valued
map and form data organized respectively as non Abelian differential cocycles and cocycle
morphisms [67, 68]. For the scope of the present paper, this level of generality is not
necessary. It is enough that P be the trivial M-bundle for which gauge fields and gauge
transformations turn out to be maps and forms globally defined on X. We shall however
come back to this topic in greater detail in subsection 3.5 below.

The basic field of higher gauge theory is the gauge field, which in the derived framework
is a map Q € Map(7'[1]X,Dm[1]). In components, this reads as

Qa) =w —al?, (3.29)

where w € Map(T'[1]X, g[1]), 2 € Map(T[1]X,¢[2]) (cf. eq. (3.14)). w, {2 are nothing but
the familiar 1- and 2-form gauge fields of higher gauge theory.
The higher gauge field € is characterized by its curvature ® defined by

® = d0 + 1[0, 0, (3.30)

where the Lie bracket |-, -] and the differential d are defined by (3.15) and (3.19), respec-
tively. The expression of ® is otherwise formally identical to that of the curvature of a
gauge field in ordinary gauge theory. By construction, ® € Map(T'[1]X, Dm[2]). Expressed
in components, ¢ reads as

O(a) = p+ a?, (3.31)

where ¢ € Map(T[1]X,g[2]), © € Map(T'[1]X,¢[3]). ¢, @ are just the usual higher gauge
theoretic 2- and 3-form curvatures. They are expressible in terms of w, {2 through the
familiar relations
¢ = dw + 3[w,w] — 7(£2), (3.32)
& =d + u(w, ). (3.33)
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The higher curvature ® satisfies the higher Bianchi identity
d® + [Q,®] =0 (3.34)

which follows from (3.30) in the usual way. This turns into a pair of Bianchi identities for
the curvature components ¢, @, viz

do + [w, 9] + 7(P) =0, (3.35)
d® + p(w, ) — (e, 2) =0. (3.36)

A higher gauge transformation is codified in a derived Lie group valued map U €
Map(T'[1]X,DM). U acts on the higher gauge field Q as

QY = AdU}(Q) + U ldU (3.37)

where the adjoint action and pulled-back Maurer-Cartan form of U in the right hand side
are defined in egs. (3.17) and (3.23), respectively. Again, in the derived formulation the
higher gauge transformation action is formally identical to that of ordinary gauge theory.
The higher curvature transforms as

oY = AdU (D), (3.38)
as expected. The gauge transformation U can be expressed in components as
U(a) = eV u (3.39)

with u € Map(T[1]X, G), U € Map(T[1] X, ¢[1]) according to (3.10). In terms of these, using
systematically relations (3.17), (3.23), it is possible to write down the gauge transform of
the higher gauge field components w, {2,
w = Adu™! (w + duu + 7(U)), (3.40)
QWY = (w2 + p(w,U) +dU + 3[U,U]), (3.41)

as well as those of the higher curvature components ¢, @,

oY = Adu=t(9), (3.42)
oY = i (uw, @+ u(g,U)). (3.43)

These relations are the well-known gauge transformation expressions of the 1- and 2-form
gauge fields and the 2- and 3-form curvatures of higher gauge theory.

An infinitesimal higher gauge transformation is a derived Lie algebra valued map O €
Map(T'[1]X,Dm). The © variation of the higher gauge field Q is

560 = d6 + [0, 6], (3.44)

where as before the Lie bracket [-,-] and the differential d are given by (3.15) and (3.19),
respectively. In the derived formulation, the infinitesimal higher gauge transformation
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action is again formally identical to that of ordinary gauge theory, in particular it still is
the linearized form of its finite counterpart. As expected, so, the © variation of the higher

curvature reads as

0P =[P, 0]. (3.45)
The gauge transformation © can be expressed in components as

O(a) =60+ aB (3.46)
with § € Map(T[1]X,g), © € Map(T[1]X,¢[1]) according to (3.10). In terms of these,

exploiting relations (3.17), (3.23), we can write down the infinitesimal gauge transform of
the higher gauge field components w, {2,
dpow = db + [w, 0] + 7(O), (3.47)
69,90 =dO + ‘,LL'(W, @) - :U’ (07 Q) ) (348)
as well as those of the higher curvature components ¢, @,
59,@¢ = [¢7 9]7 (349)
b0.00 =4 (6,0) — 4 (6,8). (3.50)
Again, these are the infinitesimal gauge variation expressions of the 1- and 2-form gauge
fields and the 2- and 3-form curvatures in higher gauge theory.
A gauge transformation U is special if its components u, U have the form
u=T1(A), (3.51)
U=—dAA™ —pu(w, A) (3.52)
where A € Map(T[1]X,E). Note the dependence on the underlying gauge field Q. TIts
action on the higher gauge field components w, {2 is particularly simple,
wl = w. (3.53)
WYV = 2 4 u(p, A7, (3.54)
Therefore, w is invariant. (2 is not except for when the curvature component ¢ vanishes.
The requirement ¢ = 0 is known in higher gauge theory as vanishing fake curvature con-
dition. A special gauge transformation is one related to the trivial gauge transformation 1
by a gauge for gauge transformation. The latter is codified in the group valued map A.
A special infinitesimal gauge transformation © has components 6, © given by
0=17(5), (3.55)
O=—d= -1 (w,5) (3.56)
where = € Map(7T'[1]X,¢). In keeping with (3.53), (3.54), the corresponding variations of
the higher gauge field components w, {2 are
dpow = 0, (3.57)
o092 = =i (¢, 5), (3.58)

with {2 invariant for ¢ = 0.
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We introduce some notations that will be used frequently in the following. The
field space of higher gauge theory consists of the higher gauge field manifold Cy(X) =
Map(T[1]X,Dm[1]). The higher gauge transformations constitute an infinite dimensional
Lie group Gm(X) = Map(T[1]X,DM) acting on Cu(X) according to (3.37). Similarly
the infinitesimal higher gauge transformations make up an infinite dimensional Lie algebra
®m(X) = Map(T[1]X,Dm) acting variationally on Cpm(X) through (3.44). The special
gauge transformations form a subgroup Gm(X,w) of Gum(X) depending on an assigned
gauge field Q through its component w with associated Lie algebra Gy (X,w).

3.4 The derived functional framework of higher gauge theory

In field theoretic analysis, one deals with functionals of the relevant higher gauge field on
some compact manifold X. These are given as integrals on the shifted tangent bundle
T[1]X of X of certain functions of Fun(7T'[1]X) constructed using the gauge field. Integra-
tion is carried out using the Berezinian ox of X.

In higher gauge theory, the relevant field manifold is the higher gauge field space
Cm(X) = Map(7'[1]X,Dm[1]) introduced in subsection 3.3. The field functionals we will
consider belong to the graded algebra 0*\(X) = Fun(T[1]Cu(X)). O*m(X) is a com-
plex, its differential being the canonical homological vector field ¢ of T[1]Cm(X). In more
conventional terms, the field functionals algebra &*\(X) envisaged here is that of non
homogeneous differential forms on the space Cv(X) and § is the corresponding de Rham
differential. Below, we shall set .#\(X) = 0"\ (X) for convenience.

The graded algebra F*(X) = Fun(T[1]X) is also involved in the considerations be-
low via the spaces Map(T[1]X,Dm[p]). It must be kept in mind here that the grad-
ing of 0*w(X) is distinct from that of F*(X). We adopt the convention by which
OV = (—1)PIHIRYe for d € FP(X)® OI(X), ¥ e FI(X)® O (X).

The differential of the higher gauge field 2 € Cy(X) can be formally viewed as a special
element 6Q € Map(T[1]X,Dm[1]) ® O 'm(X). If F € Fy(X) is a given field functional, its
differential 6 F can be written as

oF
OF = J <6Q, ) 3.59
TD}XQXV o0 (3.59)

where 6F /02 € Map(T'[dx — 2]X,Dm[1]) ® #m(X) with dx = dim X, because of the non
singularity of the field pairing (-,). This relation defines the functional derivative dF /€.
We can write relation (3.59) formally as

)
OF = J 0 (59, > F. 3.60
TX * o (3.60)

This relation defines in turn 6/62 as a formally Dm[d x —2] valued functional differentiation
operator. It is simple to check that §/0€2 obeys the Leibniz property.

Let #m(X) = Vect(Cm(X)) denote the Lie algebra of the functional vector fields of
Cm(X). A vector field V € #(X) can then be expressed as

1)
vzf 0 (V) 3.61
T[1X * 682 (3.61)
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where V € Map(T'[1]X,Dm[1]) ® #m(X). The contraction operator associated with V/, vy,
is characterized by the property that

Ly f Qx(5Q,E) = f Qx(V,E>. (3.62)
T[1]1X T[1]1X

for = € Map(T[1]X,Dm[dx — 2]).
On account of (3.29), the differential 092 of the higher gauge field  introduced above
has the component expression

0N(a) = dw — adf? (3.63)

Correspondingly, the functional differentiation operator /02 defined through rela-
tion (3.59) can be written in components as
0

5%(@) B 5% + (—1)6%4E (3.64)
where 0/082, §/dw are gldx — 2], e[dx — 1] valued functional differentiation operators,
respectively. Using these expressions and employing relations (3.24), (3.59), (3.61), it is
possible to obtain component expressions of the functional derivative §F /62 of a functional
F € Zm(X) as well as that of a vector field V € #u(X).

Above, we did not define the precise content of the functional algebra &*\(X). Doing
so is a technical task beyond the scope of this paper and moreover is not required by the
formal developments of later sections. There are however variations of the derived func-
tional framework expounded above based on modifications of that content, which we shall
refer to in the formulation of 4-dimensional CS theory presented in the next section. First,
one could replace the smooth function space F*(X) = Fun(7T'[1]X) by its distributional
extension F™*(X) = Fun/(T[1]X). This would lead to a larger functional algebra ¢"*\(X)
of functionals whose integral expressions allow for distributions in addition to smooth func-
tions. Second, one could add the field theoretic constraint of locality, obtaining the local
versions O*pioe(X) and 0" pioc(X) of the previous two functional algebras. Let us recall
how these are defined. By pointwise local smooth functional 1 we mean an element of
F*(X) ® 0*\m(X) that can be expressed at each point of T[1]X as a polynomial in the
higher gauge field €2 and its differential 02 and a finite number of derivatives of € but
none of 2. Similarly, by pointwise local distributional functional 1) we mean an element
of F*(X) ® 0" m(X) that can be expressed as ¥ = >, ¥;dx,, where the 1; are pointwise
local smooth functionals and the dx, are Dirac distributions supported on certain subman-
ifolds X; of X. An element ¥ € 0*\joc(X) is one that can be expressed as an integral
over T[1]X of some pointwise local functional 1. Likewise, an element ¥ € 0" ppoc(X) is
one that can be expressed as an integral over T[1]X of some pointwise local distributional
functional .

3.5 Derived description of non trivial higher principal bundles

In this subsection, we shall show that the derived set-up can be used to describe higher
gauge theory on a non trivial higher principal M-bundle P for any Lie group crossed
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module M = (E, G, 7, ). Albeit we shall not encounter this situation, it is still important
to examine this issue in order to ascertain whether the derived formulation is capable to
efficiently handle this more general case.

In what follows, we shall describe higher gauge fields and gauge transformations by
certain local data and their global definedness through matching data. For this reason, we
pick an open covering {O;} of the base manifold X of the bundle P. For conciseness, we
shall denote by O;; = O; N O}, O;x = O; N1 O; N O, ete. the non empty intersections of
the covering’s opens.

At a most basic level, a higher gauge field Q is a collection {€;} of local maps Q; €
Map(T[1]O;,Dm[1]). €2; can expanded in components

QZ(OJ) = W; — Oé\QZ‘ (365)

in keeping with (3.14), where w; € Map(T'[1]0;, g[1]), £2; € Map(T'[1]O;, ¢[2]).

In order the local gauge field data €2; to describe a globally defined entity, the data
must match on any double intersection O;; in a way governed by a collection F of local
matching data {F;;}, where F;; € Map(T'[1]O;;, DM). In accordance with (3.10), F;; has
the component structure

Fij(a) = e fi, (3.66)

where f;; € Map(T'[1]0;;,G), Fj; € Map(T'[1]O;j,¢[1]). The matching of gauge field data
Q; then read as
Q; = 1iQ; = AdF;;(Q;) — dF;;Fy; L (3.67)

Note the formal analogy of these relations to the corresponding one of ordinary gauge
theory. Using (3.65), (3.66), eq. (3.67) takes the component form

wi = Ad fij(w)) — dfij fi 7 — T(Fy), (3.68)

2 = p(fi5, 125) — dFyj — 5[Fij, Fij] = w(wi, Fij). (3.69)

We recover in this way the well-known gluing relations of higher gauge field components
in higher gauge theory [67, 68].

Consistency of the matching of local gauge field data §2; on the triple intersections
O;ji, does not require simply that F;, = Fy;Fi, as is the case in ordinary gauge theory,
but more generally that

Fir = HijiFiiFjp, (3.70)

where H;j;, € Map(T'[1]O;;,, DM) such that
H”’“QZ = Ad Hzgk(Qz) - dHiijijkil = ;. (371)
Again, these identities read more explicit in components. Let

Hijk(a) = eaH”k h‘ijka (372)
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where hij, € Map(T'[1]Oyj, G), Hijr € Map(T[1]O;jk,¢[1]). Using (3.66), (3.72), rela-
tions (3.70) take the form

fit = hijifij fin, (3.73)
Fy, = Hyji, + 1 (hiji, Fij + 1(fij, Fj))- (3.74)

Using (3.72) once more, conditions (3.71) become

hijk’Hijkwi = Ad hijk(wi) — dh,;jkhijkil — T(szk) = Wy, (375)
PaiiHidk Q= 1(hijr, ) — dHiji, — Y[ Hijis Higr] = 10(wi, Hijr) = ;. (3.76)

In refs. [67, 68], it is shown that the higher gauge field Q being fake flat,
dw; + gwi,wi] = 7(£) =0, (3.77)

is a necessary and sufficient condition for the well-definedness of higher holonomies. It can
be checked that this requirement is compatible with the matching relations (3.68), (3.69). In
this case, the data h;;,, H;ji, obeying (3.75), (3.76) are of the special gauge transformation
form of egs. (3.51), (3.52),

hije = T(Tij), (3.78)
Hijr = —pl(wi, Tije) — dTyeTijr " (3.79)

where Tjj;, € Map(T'[1]O;jx, E). Relations (3.73), (3.74) then get

fik = 7(Tiji) fij fiks (3.80)
Fye = Ad Ty (Fyj + p(figs Fie)) — 1lws, Tige) — dT T3 (3.81)

The collection H = {H;j;;,} of Lie valued data must itself satisfy a set of consistency
conditions on the quadruple intersections O;ji,

HipHijr = HijiFijHFy (3.82)
On account of (3.66), (3.72), the component form of (3.82) read as

hikihije = hijifijhjifi; " (3.83)
Hig + p(hirg, Hijre) = Hiji + 1 (hijifig, Hjga) + p(hijis Fij) — p(higihije, Fij). (3.84)

A straightforward calculation shows that when the data h;j,, H;j, have the special
form (3.78), (3.79) of refs. [67, 68], conditions (3.83), (3.84) reduce into

T(TitiTijr) = T(Tijip( fig, Tima)), (3.85)
w(wi, T Tigr) = mwis Tijip(figs Tikr))- (3.86)

Both of these are fulfilled if
TitaTijie = Tijip(fiz, Tina)- (3.87)
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The collection of Lie valued data f = {f;;}, T = {T};x} obeying (3.80), (3.87) defines
a non Abelian cocycle [69]. It describes the background higher principal M-bundle P on
X supporting the higher gauge fields.

The collection of Lie valued data w = {w;}, 2 = {2}, f = {fi;}, F = {Fi;}, T =
{T;1} obeying (3.68), (3.69), (3.80), (3.81), (3.87), constitutes a non Abelian differential
cocycle [70]. It encodes a higher gauge field as a globally defined 2-connection of the
bundle P.

At a basic level, a higher gauge transformation U is a collection {U;} of Lie valued
mappings U; € Map(7T'[1]O;, DM). In components, these maps read as

Uj(a) = Vi, (3.88)
by (3.10), where u; € Map(T'[1]0;, G), U; € Map(T[1]O;,¢[1]). U acts on a higher gauge
field Q yielding a gauge field Y2 locally given by

U, =ViQ; = AdUy(Q;) — dU,U; 7L (3.89)

Note that this gauge transformation action is related to the one defined in (3.37) by YQ =
QU™ We use here the left form of the action to comply with the most common convention.
In components, (3.89) reads
Wi = Adug(w;) — dugu;—+ — 7(U), (3.90)
WY = (i, $2) — dU; — §[Us, Ui] = (Y wi, Uy), (3.91)
the local component form of higher gauge transformation of refs. [67, 68].

The local data of a higher gauge transformation U must satisfy certain matching
relations implied by the gauge transform Y of a higher gauge field Q being itself a gauge
field. In this regard, one must keep in mind that the matching data collection F depends
on the underlying gauge field 2, as F is constrained by relations (3.70) in which the data
collection H depending on (2 via condition (3.71) appears. So, the matching data collections
UF, UH of the transformed gauge field V) are generally different from the corresponding
collections F, H of the given gauge field Q. The fact that YQ obeys the same kind of
matching relations as 2, viz (3.67), entails that the local data U; satisfy relations of the form

U, = A;;UF,; U F; (3.92)
on the double intersections O;;, where A;; € Map(T'[1]O;;, DM) such that
AU, = AdA;(YQ) — dAA,; =Y, (3.93)
Again, these identities read more explicit in components. Let
Aij(Oé) = eaAij Qg (3.94)
where a;; € Map(T'[1]0;5,G), A;j € Map(T'[1]O;j, e[1]). Using (3.66), (3.88), (3.94), condi-
tions (3.93) lead to
Uj = Qi u’Ufiju]‘fijil, (395)

Ui = pi(aij “Ufi;, Uj) + Aij — i (ug, Fij) + p(aig, “UEy). (3.96)
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Using (3.94) again, conditions (3.93) get

aij’Aiju’Uwi = Ad aij(“’Uwi) — daijaij_l — T(AU) = u’Uwi, (3.97)
iU = pilai, “U6%) — dAi; — [ Aig, Aig] = 1(“Yr, Ayy) = 010 (3.98)
In the formulation of refs. [67, 68] in which the gauge field Q is assumed to be fake

flat, the data a;;, A;; obeying (3.97), (3.98) are of special gauge transformation type of
egs. (3.51), (3.52))

aij = 7(Bij), (3.99)
Ayj = =p("%i, Bij) — dByBy; . (3.100)

The matching relations (3.95), (3.96) then read as

wi = 7(Bij)"Yfijui fi; ' (3.101)
U, = Ad Bij (,u( u’UfZ'j, U]) + U’UFij) — ,u'(ul-, F; ) — .M(U’Uwi, Bzg) — dBijBij_l. (3102)

Relations (3.92) can be used to express the gauge transformed matching data UFij
in terms of the original data F;; and the gauge transformation data U;. Similarly, rela-
tions (3.95), (3.96) allow to write the gauge transformed matching data components “V f;;,
“’UFij through the matching data components f;;, F;; and the gauge transformation data
components u;, U;. This is a simple exercise that we leave to the reader.

The collection A = {A;;} of Lie valued data must itself satisfy a set of consistency
conditions on the triple intersections Ojjy,

A = Ul U A VF A VU (3.103)

By (3.66), (3.72), (3.88), (3.94), the component form of (3.103) read as

air, = wihigrwi " ag U fijag U fiy T hi Tt (3.104)
Aige = Ui — p(uihijrouwi ™ Us) + p(uihijrui ™ agg, VFy) (3.105)
— p(uihijru ai; Y ag VLT UG + i (uihijru T Agy)

+ i (wi hijrws ™ aiy Vg, Ajr) + (i, Higr)

— p(uihigpui " ai Y figag Vi Vhip T SV ).
These relations are rather messy, but it is still possible to find a simple solutions in the
framework of refs. [67, 68]. So, we assume again that the underlying gauge field Q is fake
flat and that the data hyji, H;ji, and agj, A;; obeying (3.75), (3.76) and (3.97), (3.98) are

of special gauge transformation type (3.78), (3.79) and (3.99), (3.100), respectively. Then,
a straightforward calculation shows that conditions (3.104), (3.105) reduce to

7(Bir) = 7(p(us, Tyji) Bij (Y fig, Biw) Y Tij ™), (3.106)
1u(“Ywi, Bix) + dBi By~ = (Y wi, pu(ws, Tyji) Bij (Y fig, Bjr) YTy ™) (3.107)
+ d(p(us, Tyg) Big (Y fig, Byw) Y Tige ™)
x (pu(us, Tiji) Big (Y fig Bjw) Y T ™) ™!

~34 -



Both of these are fulfilled if
_ u,U u,U —1
B, = p(us, Tii) Bij (" fij, Bjg) ™" Tiji (3.108)

This is almost the property such data are required to have in the formulation of refs. [67, 68].
We shall come back to this point momentarily.

Relations (3.103) combined with the (3.86) can be used to express the gauge trans-
formed matching data UHijk in terms of the original data H;j; and the gauge transforma-
tion data U;. Similarly, relations (3.104), (3.105) together with the (3.95), (3.96) allow to
write the gauge transformed matching data components “’Uh,-jk, “’UH,-jk through the given
matching data components h;;i, H;jr, and the gauge transformation data components u;,
U;. This is again left to the reader.

The collection of Lie valued data v = {w;}, U = {U;}, B = {Bj;} obey-
ing (3.101), (3.102), (3.108) is an equivalence of the non Abelian differential cocycle pair
W= {wi}v 2 = {‘Ql}a f= {fij}7 F = {Fij}7 T = {Tiﬂf}7 wly = {%Uwi}v wU() = {u7U“Qi}’
COf =Y Sy}, WUF = {#UF;}, WUT = {*V Ty} [70].

As we have seen above, the collection of Lie valued data f = {fi;}, T = {Ti;x} obey-
ing (3.80), (3.87) define a non Abelian cocycle describing the background higher principal
M-bundle structure for the gauge fields. It is natural to require that such data be gauge
invariant

wUp _ fo (3.109)
iik = Tijk. (3.110)

u,Ur

This is in keeping with the analogous requirement imposed on the matching data f;; in ordi-
nary principal bundle theory. It ensures that the M-bundle structure constitutes the back-
ground for the gauge transformations too. With (3.109), (3.110) holding, conditions (3.108)
take the form they have in the framework of refs. [67, 68].

In conclusion, the derived set-up can be used to describe rather compactly a higher
principal M-bundle and the gauge fields and gauge transformations it supports. It further
renders manifest the formal analogy of higher to ordinary principal bundles, gauge fields
and gauge transformations. However, to make certain implicit constraints explicit, it is
unavoidable to resort to a component analysis.

We end this subsection with a discussion shedding light upon a basic difference exist-
ing between the nature of higher gauge field and gauge transformations in a non trivial
higher principal bundle background and of their ordinary counterparts. This diversity is
responsible for making the construction of 4-dimensional CS theory in such a background
problematic. (More on this in subsection 4.4.)

For a full global description of the higher gauge field €2, its local data €2; are not suffi-
cient. The data €2; match through certain data F;; obeying consistency conditions involving
further data H;j;, depending in turn on the €2; (cf. egs. (3.67), (3.70), (3.71), (3.82)). Thus,
it is not possible to organize all these data in a hierarchy and consider in particular the
F;; as those encoding a fixed higher principal bundle structure independent and preexist-
ing any gauge field superimposed to it, as is the case in ordinary gauge theory. Only the
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components f;; and h;j, of Fy;, Hijp can be assumed to be independent from the gauge
field data €2; and therefore be ascribed to a fixed bundle background. The components Fj;
and H;j;, conversely cannot and might be considered as part of the data of a 2-connection
on the same footing as the components w;, §2; of the §2;.

Similarly, for a full global description of a higher gauge transformation U, its local data
U; are not enough. The data U; match through the data I;; associated with some assigned
gauge field data 2; and further data A;; obeying compatibility conditions involving the 2,
U; and also H;j, (cf. egs. (3.92), (3.94), (3.103)). Again, it is not possible to organize all
these data in a hierarchy and consider in particular the U; as those representing a gauge
transformation standing independently from the gauge fields it acts on, as in ordinary
gauge theory. Only the components a;; of A;; can be assumed to be independent from the
gauge field and gauge transformation data €2; and U;. The components A;; instead cannot
and might considered part of the data defining an equivalence of two 2-connections on a
par as the components u;, U; of the Uj.

To allow for the well-definedness of higher holonomies, the gauge field components w;,
§2; are required to obey the vanishing fake curvature condition (3.77). The components h;j,
H;ji, and a;;, A;j then have the structure shown in (3.78), (3.79) and (3.106), (3.107) with
conditions (3.87) and (3.108) satisfied. Conditions (3.109), (3.110) are further imposed.
However, again, the matching data are or obey condition depending on the gauge field data.

As a concluding remark we notice that the subtleties of the global description of higher
gauge fields and transformations discussed above do not show up for Abelian INN U(1)-
bundles, corresponding essentially to bundle gerbes [71], since in this case the matching
data fi;, Fij, hijk, Hijk, aij, Aij turn out to be independent from the gauge field and
transformation data w;, €, u;, U;.

4 4-dimensional Chern-Simons theory

In this section, we introduce and study the 4-dimensional higher CS model, which is the
main topic of this paper, focusing in particular on its gauge symmetries. We illustrate
further its Hamiltonian formulation.

As we shall see, 4-dimensional CS theory exhibits its most interesting features when
the underlying 4-fold has a boundary. This fact highlights its rich holographic properties,
which we shall describe in great detail.

As already anticipated in section 2, we shall work in a graded geometric setting where
forms are ordinary maps from the shifted tangent bundle T[1]X of a relevant manifold X
to some target graded manifold. Integration will be implemented through the Berezinian
0ox of X.

The basic algebraic structures of the model are a Lie group crossed module M =
(E,G,7,u) and the associated Lie algebra crossed module m = (e, g,7, ') (cf. subsec-
tion 2.1). We assume that M is equipped with an invariant pairing {-,-) and that M is
fine and that the conditions sufficient for the direct sum decomposition (2.11) to hold are
verified (cf. subsection 2.2), though some of our results do not hinge on this restriction.
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All the fields occurring in the theory are valued either in the derived Lie group DM of M
or in the derived Lie algebra Dm of m (cf. subsection 3.1). The derived superfield formalism
of subsection 3.2 is employed throughout. The field pairing (-,-) induced by {-,-) (cf.
eq. (3.24)) is used systematically in the construction. The higher gauge theoretic framework
of subsect 3.3 conjoined with the derived functional framework of subsection 3.4 allow for
a particularly geometrically intuitive formulation highlighting the close relationship of the
higher CS theory to the ordinary one.

4.1 4-d Chern-Simons theory

In this subsection, we present the 4-dimensional higher CS model, which is the main topic
of this paper. In component form, this model first appeared in [46] and was further studied
in [47, 48] on 4-folds without boundary.

Below, we assume that M is an oriented, compact 4-fold, possibly with boundary. No
further restrictions are imposed.

The action of 4-dimensional CS theory is

Cs(Q) — % meM 031 (2,492 + 1[0, ). (A1)

where 2 € Cm(M) is a higher gauge field (cf. subsection 3.3) and k is a constant, the CS
level. Formally, the expression of the higher CS action put forth here is identical to that
of familiar CS theory with the pairing (-,-) in place of the usual Lie algebraic invariant
quadratic form. However, since the latter has degree 1 rather than 0, the Lagrangian has
degree 4 instead than 3. It is precisely for this reason that the present higher CS theory
works in 4 dimensions.

Expressed through the components w, 2 of the higher gauge field €2, the 4-dimensional
CS action CS reads as

k k

CS(w, ) = f om {dw + 3[w,w] — 37(12), 2) — J oom {w, 2). (4.2)
21 Jrpm AT Jrem

The boundary contribution, absent in (4.1), is yielded by an integration by parts. So,
higher CS theory can be described as a generalized BF theory with boundary term and
cosmological term determined by the Lie differential 7 of the target map 7. This way of
regarding it is however somewhat reductive. 4-dimensional CS theory is characterized by
a higher gauge symmetry which places it safely in the realm of higher gauge theory. We
shall analyze this matter in greater detail in subsection 4.2 below.

The variation of the 4-dimensional CS action CS under a variation of the higher gauge
field Q2 is given by

k k
5C5—J om (692, @ +f 0 09,Q), 4.3
27 Jrpm ml ) AT Jrem on ) (4.3)

where @ is the higher gauge curvature defined in eq. (3.30). (Here and below, the variational
operator ¢ is defined as in subsection 3.4.) If a suitable boundary condition is imposed on
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) which makes the boundary term in (4.3) vanish, rendering CS differentiable in the sense
of refs. [73, 74], the field equations read

d = 0. (4.4)

These can be written in terms of the components w, {2 using relations (3.32), (3.33). In
this way, as in ordinary CS theory, the higher CS field equations enforce the flatness of 2.

If no boundary condition is imposed, the 4-dimensional CS action CS belongs to the
distributional extension .#'pioc(M) of the local smooth functional space .#wioc(M), as the
variation 6CS of CS given in (4.3) contains a boundary term

k

r=—_"
AT Jrem

oom (692,9) (4.5)
that cannot be turned into a legitimate bulk one using Stokes’ theorem (cf. subsection 3.4).
Imposing an appropriate boundary condition eliminates the offending boundary contribu-
tion and makes CS belong to .# wmioc (M) with a well defined variational problem leading to
the field equations (4.4).

The choice of the appropriate boundary condition to be prescribed to the higher gauge
field © depends on the type of physics the higher CS theory is meant to describe. To
analyze this matter in full generality within the scope of local field theory, we proceed as
follows.

First, to have available the broadest possible range of boundary conditions, we allow
for the addition to the action CS of a local boundary term ACS independent from any
boundary background field. The resulting modified CS action is then

CS' = CS + ACS. (4.6)

The inclusion of ACS provides the variation 6CS’ of CS’ with a boundary contribution
that is added to the problematic boundary contribution I” yielded by dCS. Note that the
two boundary contributions cannot cancel out since the former is §-exact in " moe(M)
while the latter is not.

Second, we impose a local boundary condition on the higher gauge field 2. The most
general such condition is specified by a local functional submanifold £ of the boundary
higher gauge field space Cy(0M), that is one defined by means of local constraints in
Cm(0M), and takes the form

Qlrom € L. (4.7)

The boundary condition must by such to completely cancel the boundary contribution to
the variation 6CS’ of CS’.

The above two step procedure ensures that CS’ does indeed belong to local smooth
field functional space .7 mioc(M ), making the associated variational problem well defined,
as we now show. The assumed qualifications of the boundary term ACS guarantee the
existence of a boundary local smooth functional ACS; € % pmioc(0M) independent from
any boundary background field such that ACS(Q2) = ACS@(Q@)|96:Q|T[1]3M. (
below we denote boundary fields and field functionals thereof by a subscript ¢ for clarity.)

Here and
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The boundary contribution to the variation 0CS of CS in (4.3), I, is similarly related to
the boundary local functional 1-form ;€ 0 yoe(OM),

k
lo=—1- oom (80€2,92) , (4.8)
T JT[1]oM

as ['(2) = '5(20)]0,=0/ 110y, - Hence, the total boundary contribution to 0CS’ is going to

vanish if ACS and £ are such that
Fog —0sACS; =0 in L. (4.9)

This can be achieved by suitably adjusting either ACSs or £ or both.

A functional submanifold £ of Cpm(0M) will be called admissible if it can be employed
to define a viable boundary condition. The boundary term ACS as well as the associated
modified action CS’ are fixed once a choice of one such submanifold £ is made. We shall
denote them as ACS, and CS’, when it is necessary to indicate such dependence. The
problem of classifying the possible choices of boundary conditions reduces in this way to
that of classifying the admissible submanifolds.

In the spirit of the covariant canonical approach (see e. g. ref. [72] for a standard
review), the boundary functional 1-form [ given in eq. (4.8) provides the expression of
the appropriate symplectic potential of the higher CS model field space Cpm(0M). The
associated symplectic form 75 € 0%\ioc(0M) thus is

To =00l = J oom (0692, 0090) - (4.10)

The admissible submanifolds £ of Cy(0M) which describe the higher CS theory boundary
conditions then constitute a distinguish subset of isotropic submanifolds with respect to
T, that is the submanifolds £ such that

Toe=0 in £ (4.11)
In terms of the gauge field components w, {2 the symplectic form reads
k
To = o oom {Oowa, 00825 . (4.12)
T Jr(1]oM

The local boundary condition classification problem is therefore similar enough to that of
the description of isotropic submanifolds in ordinary Hamiltonian mechanics. We shall not
tackle this issue in full generality and for the time being content ourselves with a basic
class of such conditions.

With any isotropic submodule M’ of the Lie group crossed module M, (cf. subsec-
tion 2.3), there is associated the submanifold Cy/(0M) of Cm(0dM). By virtue of the
isotropy M, Cpmr(0M) is a local submanifold of Cy(dM) such that I; = 0 on Cy(0M),
hence an admissible submanifold of Cm(0M) with ACS¢, ,(aar) = 0 and CS'c ,anry = CS.
Cwmr(0M) thus defines a special choice of boundary condition for 4-dimensional CS theory.
In the following we shall refer mostly to this kind of boundary condition, which we shall
call isotropic linear of type M’ for reference. The most permissive isotropic linear bound-
ary condition is that for which M’ is Lagrangian. This will be called Lagrangian linear
of type M’.
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4.2 (Gauge invariance of the 4-d Chern-Simons model

In this subsection, we analyze in some detail the gauge symmetry of the 4-dimensional
CS model introduced in subsection 4.1. In spite of the formal resemblance of higher to
ordinary CS theory when the derived formulation is used, the invariance properties of the
4-dimensional CS model differ in several important aspects from those of the 3-dimensional
one, especially in relation to the effect of a boundary in the base manifold.
For a higher gauge transformation U € Gy (M) (cf. subsection 3.3), the 4-dimensional
CS action (4.1) varies as
CS(QY) = CS(Q) + A(Q; U) (4.13)

for Q € Cpm(M), where A(€; U) is given by

k

247
k

_|_ -
A Jrmom

A(Q;U) = — on (dAUUTY, [dUUE, dUUH))

oon (2,dUUTY) (4.14)

The gauge variation term A(; U) is formally identical to that of ordinary CS theory: a
bulk WZNW-like term plus a boundary term.

The real nature of the gauge variation term (4.14) emerges when it is expressed through
the components w, 2 of the higher gauge field €2 and u, U of the higher gauge transformation
U. Using (3.22), it can be verified that the bulk term is exact and hence reduces to a
boundary term, yielding the expression

A(w, 2;u,U)
= 43 gaM[<+(U), dU + § [U,U]) — {duww"" + 7(U),dU + 3[U,U])
T JT[1)oM
+ {w,dU + YU, U] = i(duu™ + #(U), U)) — {duu™ + #(U), Q>]. (4.15)

In particular, A = 0 identically if 0M = (). In this sense, in the higher theory, the gauge
non invariance of the CS action is ‘holographic’ in nature. This property distinguishes
4-dimensional CS theory from its 3-dimensional counterpart.

When a boundary term ACS is added to the basic higher CS action CS, a modi-
fied action CS’ is obtained (cf. eq. (4.6)). ACS is generally non invariant under gauge
transformation. One hence has

ACS(QY) = ACS(Q) + AA(Q,U) (4.16)

where AA is a boundary gauge variation. The modified gauge variation A’, the variation
of the modified action CS’, is therefore given by

A = A+ AA. (4.17)

Depending on the form of ACS, A’ may differ considerably from A.
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The gauge invariance properties of 4-dimensional CS theory depend to a large extent
on the kind of boundary condition one imposes on the higher gauge fields €2 to render the
CS variational problem well-defined.

As we have explained in subsection 4.1, in 4-dimensional CS theory a choice of bound-
ary condition is specified by an admissible submanifold £ of Cpm(0dM). The boundary
condition requires that ) satisfies Q|T[1]5M € L. With the boundary condition, further,
there is associated a boundary term ACS, that is to be added to the basic CS action CS
yielding the appropriate variationally well-behaved modified CS action CS’/ (cf. eq. (4.6)).

When a certain boundary condition is prescribed for the higher gauge fields Q a cor-
responding boundary condition must be imposed to the higher gauge transformations U:
they must preserve £. The boundary condition can therefore be expressed as the require-
ment that

Ulrpom € Ze (4.18)

where Z is the invariance subgroup of £ in Gy (0M), the subgroup formed by the boundary
gauge transformations Uy € Gy (0M) such that £Y = L.

Since the modified action CS’/ results from adding the boundary term ACS, to the
basic CS action CS according to (4.6), the boundary gauge variation AA, is added to
the basic gauge variation term A to yield the modified gauge variation term A’, given
by (4.17). As we shall see momentarily, the expression A'; may take a simpler form when
the boundary conditions obeyed by both the gauge fields and transformations are taken
into account.

For the isotropic linear boundary condition of type M’ (cf. subsection 4.1), where M’
is an isotropic crossed submodule of M, more detailed information can be provided. In this
case, the condition is specified by the admissible submanifold Cy/(0M) of Cm(0M). The
precise content of the invariance subgroup Z¢, ,onr) of Cw(0M) is not straightforward to
describe in simple terms, but it is not difficult to identify a broad distinguished subgroup
INCM,((;M) of Z¢,,, (am)- INCM,(aM) consists of the boundary gauge transformations Uy €
Gnwmr (OM) satisfying

dougus™' +7(Us) =0 mod Map(T[1]0M, g'[1]), (4.19)
doUps + 5[Us,Us] =0 mod Map(T[1]0M, ¢'[1]), (4.20)

where NM’ is the normalizer crossed module of M’ (cf. subsection 2.3). INCM,(a M)
being contained in Z¢ ,onr) follows from (3.40), (3.41) and the defining properties of
Gnwr (OM). Tt can be further shown that INCM,((; )y contains G (0M) as a subgroup and
that INCM,(aM) = T¢,,(om) if the groups G', E are connected.

Since the boundary term ACS¢, ,(anr) = 0 identically for the isotropic linear boundary
condition, the modified action CS’ ¢,y (oM) and the associated gauge variation term A Cypr (OM)
are equal to their basic counterparts CS and A, respectively. If U is a higher gauge trans-
formation obeying the boundary condition U|r(1jans € ZNCM,((; ), the gauge variation (4.15)
takes the CS form

k

Alwo, Qiu,U) = f oot (H(U),dU + 1[0, UT), (4.21)
A Jrijem
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by the isotropy of M. A(w, 2;u,U) is so independent from the higher gauge field compo-
nents w, 2. Note that A(w, 2;u,U) = 0 when U|ppjon € G (OM).

4.3 Level quantization

To quantize 4-dimensional CS theory, one should allow for the widest gauge symmetry
leaving the Boltzmann exponential exp(:CS) invariant possibly restricting the value of
the CS level k. In ordinary CS theory, this permits the incorporation of large gauge
transformation in the symmetry, when the CS level is suitably quantized. One wonders if
something similar happens in our higher setting.

By (4.15), when the boundary dM of M is empty, the higher CS theory enjoys full
higher gauge symmetry and there is no problem. When 0M is non empty, one should
impose on the relevant higher gauge fields {2 and transformations U the weakest possible
boundary conditions capable to render the gauge variation term A an integer multiple of 27.
Given the varied form such conditions can take, here we can only examine basic examples.

If an isotropic linear boundary condition of type M’ is implemented, where M’ is an
isotropic crossed submodule of M, the higher gauge fields Q2 € Cy(M) and gauge trans-
formations U € Gu(M) must satisfy Q|rpjon € Cw(0M) and Ulppjon € Ze,, o) (cf
subsects. 4.1, 4.2). We identified a subgroup INCM,(aM) of Z¢,,, (am) essentially exhausting
it formed by the boundary gauge transformations Us € Gaymr (0M) obeying (4.19), (4.20).
For the gauge transformations U such that U|ppjon € INCM,@M), the gauge variations A
has the simple CS form (4.21). This however neither vanishes nor enjoys any quantization
property a priori. We are thus forced to consider a more restrictive boundary condition
for the U. An option is replacing the invariance subgroup INCM/(aM) by its orthogonal
subgroup IONCM,@M), where ONM’ is the orthogonal normalizer crossed module of M’
(cf. subsection 2.3). IONCM/((;M) is constituted by the boundary gauge transformations
Us € Gonwmr (0M) satistying (4.19), (4.20). For the gauge transformations U such that
Ulrpom € IONCM,(aM), the gauge variation A takes the form

k

A(w, £2; -

oom <T(U), [U, U]). (4.22)

This can be roughly viewed as a kind of winding number of a Lie group valued map,
since by (4.19) 7(U) can be identified with duu~! on the boundary T[1]0M up to a term
belonging to Map(T'[1]0M, g'[1]).

As explained in subsection 2.2, under weak assumptions the Lie algebra crossed module
with invariant pairing m is isomorphic to the direct sum of the Lie algebra crossed module
INNran7 with a suitable invariant pairing and AD*(g/ran7) with canonical invariant
pairing. Having this in mind, we are going to find out which form the expression (4.22) of
the gauge variation A takes in the cases where the Lie group crossed module M is either
INN G with a suitable invariant pairing or AD* G with the canonical duality pairing, where
G is a Lie group, and M’ is an isotropic crossed submodule of these for which the orthogonal
normalizer crossed module ONM’ exists, such as the submodules INNy K or ADy *K studied
in subsection 2.3 with H, K suitable connected Lie subgroups of G.
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We consider first the case where M = INN G and M’ = INNy K. We have then E =

G and 7(X) = X for X € g. The less restrictive boundary conditions on the gauge

transformation U are those for which the gauge variation A is an integer times 27w. The

weakest conditions one can envisage are as follows. The boundary gauge transformations

Us e IONCINNH «(on) such that there is a boundary gauge transformation Vi € Ginny, k (0M)
obeying

da’Uan)il +Ve=—Ad uafl(dauauafl + Ua) (4.23)

form a distinguished subgroup ION*CINNHK(aM) of IONCINNHK(t? a)- For a transformation
Us e IONCINNH «(oM), one has

1

- = oom Ua, |Us, Up
247 oo Ua, [ D

1 o o o
=J oom 5 {dotiatio™ ", [datiotia ™", datiatio ' ]) (4.24)
T[ijon 24w

where @y = ugvp. If the closed form @ (K, [k, k]) of G, where k is the Maurer-Cartan
form, is a representative of an integer cohomology class, the above expression takes integer
values times 27. Let us assume this is indeed the case. By virtue of (4.22), if U is
gauge transformation obeying the boundary condition U|z(ijans € ION*CINNH «(oM)s A takes

the form
k

_ 1 (g1 g -—1
= i T[l]aMgaM<duu ,[duu ,dut ]> (4.25)

where @ = uwv, v being an extension to a neighborhood of dM of the component vy of a
boundary gauge transformation Vy € Ginn,, k(0M) satisfying condition (4.23) with Up =
U|T[1]3M. If the level k is an integer, A is integer values times 27 as desired, much as in
ordinary CS theory. Level quantization so occurs.

We consider next the case where M = AD*G. We have then E = g*, viewed as an
Abelian group and 7(X) = 0 for X € g*. By (4.22), A then vanishes,

A=0. (4.26)

In this case, level quantization of course does not occur.

The isotropic linear boundary conditions considered above serve the purpose of ren-
dering the CS variational problem well-defined and gauge covariant. By virtue of their
origin, they suit the perturbative semiclassical limit £ — oo in which k can be considered
as a continuous parameter regardless its integrality. Below, we envisage other types of
boundary conditions are appropriate for the opposite non perturbative quantum finite k
regime.

The boundary condition we shall study is best expressed in components. We require
that the higher gauge fields 2 € Cy(M) to be fake flat on the boundary

¢=dw+ 3[w,w] —7(2) =0 on T[1]oM (4.27)
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(cf. subsection 3.3). We require further that the allowed gauge transformations U € Gy (M)
are special on the boundary, that is of the form

u=T1(B), (4.28)
U=—-dBB™' —u(w,B) on T[1]0M, (4.29)

where B € Map(T[1]0M,E) (cf. egs. (3.51), (3.52)). Note that the 2 are not fake flat
in general, as the fake flatness condition (4.27) is required to hold only on the boundary
OM of M. Likewise, the U are not special in general, as they are required to be of the
form (3.51), (3.52) only on M. Finally notice that by (3.53), (3.54) we have w"V = w,
2wV = (2 on T[1]0M. These gauge transformations so leave the boundary values of the
gauge field components fixed.

The boundary fake flatness condition (4.27) can be enforced by adding to CS action
CS a boundary term of the form

k
acs@m) = - [ oo o), (4.30)
AT Jrem

where A € Map(T[1]0M, e[1]) is an auxiliary boundary field. By (2.13), (3.42) and (4.28),
ACS is invariant under any gauge transformation U with the boundary form (4.28), (4.29)
provided A transforms as

AY = Ad B71(A). (4.31)

When the relevant higher gauge field w, {2 and the gauge transformation u, U obey
the boundary conditions (4.27) and (4.28), (4.29), the gauge variation term (4.15) takes

the form
k

=— -(dBB™'),[dBB~,dBB7!]). 4.32
247 Jrpom or (7 -1 b (452

2 This can again viewed as a kind of the winding number of a Lie group valued map. A is
a homotopy invariant, as one might expect. Indeed, under a variation 6 B of B, the varia-
tion of the integrand in the right hand side of (4.32) is 3d{(7(0BB~'),[dBB~',dBB™'])
entailing that 6A = 0.

For reasons we explained earlier, we are going to obtain the form the expression (4.32)
of the gauge variation A takes when the Lie group crossed module M is either INN G
with a suitable invariant pairing or AD* G with the canonical duality pairing, where G is
a Lie group.

We consider first the case where M = INN G for which E = G and 7(X) = X X € g.
By (4.32), A takes the form

k

= dBB~',[dBB~',dBB7']). 4.33
27 by oo < | % (4.33)

2The full expression of A contains in the integrand a term —6{¢, u(w, B)) which vanishes by (4.27) and
a further term ([w,w], u(w, B)) — {w, pu ([w,w], B~")) which vanish by (2.14) which in turn holds by the
assumed fineness of the crossed module M.
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Again, if the closed form 55— (k, [k, k]) of G with  the Maurer-Cartan form is a represen-
tative of an integer cohomology class, as we assume presently, A takes integer values times
27 provided the level k is integer. Level quantization once more occurs.

We consider next the case where M = AD*G. We have then E = g*, viewed as an
Abelian group and 7(X) = 0 for X € g*. By (4.32), A then vanishes

A=0. (4.34)

In this case, again level quantization does not occur.

The calculations carried out above show that level quantization, when it occurs, is a
boundary effect. This remarkable property markedly distinguishes higher CS theory from
its ordinary counterpart.

4.4 Global issues in 4-d Chern-Simons theory

In this subsection, we examine the issue whether it is possible to give a reasonable definition
of 4-dimensional CS theory on a non trivial higher principal bundle. We refer the reader
to subsection 3.5 for a preliminary discussion of this matter.

The components w, {2 of the higher gauge field {2 are only locally defined when the
underlying higher principal bundle is non trivial. Consequently also the 4-dimensional
CS Lagrangian density is only locally defined and formula (4.1) giving the CS action is
unusable. This is only the first of a number of subtle points which must be settled before
attempting a definition of 4-dimensional CS theory on a non trivial background. We leave
a more thorough analysis of these issues for future work and here we shall limit ourselves
to tackle the problem from a different more elementary perspective.

We look for an expression of the 4-dimensional CS action CS on a trivial higher gauge
principal bundle that can be sensibly extended also on a non trivial one. To this end, we
try to adapt a strategy that has shown itself to be successful in the familiar 3-dimensional
case. We write the gauge field  as the sum of a background gauge field Q and a deviation
W, viz

Q=0+W. (4.35)

We assume furthermore that € is flat
¢ =dQ+ 3[9,Q] = 0. (4.36)

This is not done only for mathematical convenience, but also because it allows for a more
precise characterization of the CS action CS(f2), as shown momentarily. We also assume
that Q obeys an isotropic linear boundary condition (cf. subsection 4.1) and require that
W also does. In this way, Q will satisfy it too.

The Lagrangian of 4-dimensional CS theory can now be expressed as

(2,dQ + [, Q]) = (2,d2 + 1[Q,Q]) + (W, DW + {[W,W]) —d (0, W),  (4.37)

where we have conventionally set

D=d+adQ. (4.38)
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Upon integration on T[1]M, the last term in the right hand side of (4.37) gives a vanish-
ing contribution because of the isotropic boundary conditions obeyed by both Q and W.
From (4.1), we find so that

k

CS(Q) = CS@) + - JT[I]M or (W, DW + 1[W, W]). (4.39)

We now concentrate on the background CS action CS(€2).

Denote by § a variation with respect to the background gauge field Q respecting both
the flatness requirement (4.36) and the given isotropic linear boundary condition. Then,
since the flatness condition (4.36) coincides with the CS field equation (cf. subsection 4.1),
we have

5CS(Q) = 0. (4.40)

CS(Q) is therefore constant on each connected component of the space of flat background
gauge fields Q. If M has no boundary, CS(Q) is also fully gauge invariant. In such a

case, CS(§2) represent a locally constant function on the moduli space of flat gauge fields
Q. If conversely M has a boundary, then CS(f2), or more precisely ¢/°S() s a section
of a flat unitary line bundle on the moduli space whose matching data are defined by the
exponentiated gauge variation (4.21).

When M has no boundary, CS(Q2) can be evaluated by a method borrowed once more
from the 3-dimensional case. Suppose that the 4-fold M is the boundary of a 5-fold M.
We extend the background gauge field Q to a gauge field Q on M such that Q’T[l]ﬁ = Q.
Since

d(©,d0 + 1[0, Q)) = (,9), (4.41)

where ® is the curvature of € defined according to (3.30), we have

CS(Q) = ki(), (4.42)
where / M(ﬁ) is given by
- 1 o~ ~
1~(Q) :J 0~ (D, d). 4.43
M( ) A T[1]1\7 M( ) ( )

The value of / M(ﬁ) does not depend on the choice of ) as

~ o~ 1 o~~~ 1 o
51(0) = — —(6Q,3) = — 5Q,3) =0 4.44
() =5 T[l]aMQM( ) 2 b on ( ) (4.44)

by (4.36). The value of /M(KNZ) does not depend also on the choice of M because (5, CT))
is exact by (4.41). It is interesting to notice here that quadratic curvature polynomial
# (&), &)) is formally analogous the familiarN Chern 4-form. It has however degree 5. Ex-
pressed through the curvature components ¢, @, | ]\7[((71, 2) reads in fact as

~ 1 ~ ~
I~ (&, 2 :J ~ (b, D). 4.45
M( ) o T[I]M QM <¢ > ( )
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Suppose now that the background principal bundle is non trivial. We pick again a
background gauge field specified, as explained in subsection (3.5), by a collection of local
data ;. The €; relate via matching data F;; as in (3.67). The F;; adapt in turn via
the consistency data H;j; as in (3.70) with the H;j; obeying conditions (3.71) and (3.82).
Because of (3.67), the integrand of the second term in the right hand side of (4.39) will be
globally defined if the local data W; of the deviation field match according to

W; = AdF;;(W;). (4.46)

Integration on T'[1]M is then possible. In this respect, the context is formally similar to
that of the 3-dimensional theory. If (4.46) holds, the local data of the gauge field are
Qi = Q; + W;. The corresponding matching data F;; and consistency data H;ji so equal
their background counterparts F;; and H;j,. However, the data H;;;, will obey (3.71) only if

Ad (W) = W, (4.47)

This is a constraint on the deviation data W; whose implementation in the classical as well
quantum theory is problematic. Alternatively, we can disregard (4.47) giving up (3.71),
but then the gauge field data §2; no longer can be considered as specifying a 2-connection.
Leaving aside these issues, when the background principal bundle is non trivial other
problems arise with regard to the proper definition of the background CS action CS(Q)
using the procedure outlined above valid for a base 4-fold M with no boundary. To begin
with, we have to extend the background bundle and 2-connection structure on M, glven
by the data €, F;;, H;;x, to one on the chosen 5-fold M given by the data QZ, Fw, H”k
Assuming that this is indeed possible, the extended higher curvature data ®; match as

&; = AdF;;(d;). (4.48)

By virtue of this, the integrand in the right hand side (4.43) is globally defined and its
integration over T[l]]\7 can be carried out. The problem arising here is that the quadratic
curvature polynomial # (&), &>) has no a priori integrality properties and so the value of
/ M(Q) depends in principle on the choice of the extending 5-fold M by an amount that
does not vanish modulo 27Z. The quantization of the level k as integer is of no avail here
in sharp contrast with what happens in the corresponding 3-dimensional setting.

We conclude this subsection with one more remark pointing to a further problem. To
allow for the well-definedness of higher holonomies, in turn necessary for the incorporation
of Wilson surfaces in 4-dimensional CS theory, the gauge field components w;, {2; are
required to satisfy the vanishing fake curvature condition (3.77). The fake flatness condition
is however one the field equations of the CS model. So, it should emerge from the classical
variational problem and should not be assumed from the onset.

4.5 Canonical formulation

In this subsection, we shall illustrate the canonical analysis of the 4-dimensional CS model
introduced and studied in the previous subsections. The close relationship of the canonical
formulations of 4- and 3-dimensional CS theory is again especially evident in the derived
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framework. We shall describe the phase space of the model in the derived set-up and obtain
compact derived expressions of its Poisson bracket. We shall further identify the model’s
phase space constraint manifold as the vanishing higher curvature locus and describe the
reduced phase space and its Poisson bracket. The results of the ordinary theory generalize
however to the higher one only up to a certain extent, which we shall make precise in
due course.

To carry out the canonical analysis, we assume that M = R! x S, where S is an
oriented compact 3-fold possibly with boundary, viewing the Cartesian factors R! and S
respectively as a time axis and a space manifold. M of course is not compact, as we
assumed earlier, making it necessary imposing integrability conditions on fields to have a
finite action integral. Alternatively, when S is compact, one may compactify R! into the
circle S' requiring fields to be periodic.

In the canonical formulation, it is natural to rely on a hybrid geometrical frame-
work whereby the function algebra Fun(T[1]M) of M is viewed as the algebra
Map(7T[1]R!, Fun(T[1]S)) of maps from the shifted tangent bundle T[1]R! of R! into
the internal function algebra Fun(T'[1]S) of S. Proceeding in this way, a generic derived
superfield field ¥ € Map(7T[1]M,Dm[p])) decomposes as

U = dtW, + Vg, (4.49)

where WU, € Map(R!, Map(T[1]S,Dm[p — 1])), ¥s € Map(R!, Map(T[1]S, Dm[p])) and ¢
and dt denote conventionally the base and fiber coordinates of T[1]R!. Similarly, the
differential d of T[1]M decomposes as

d = dtd; + dg (4.50)

in terms of the differential dg of T[1]S, where d; = d/dt and both d and dg are defined
according to (3.19).

A higher gauge field Q € Cuy(M) can so be expressed in terms of components
Q0 € Map(R!, Map(7[1]S,Dm[0])), Qs € Map(R!, Map(7[1]S,Dm[1])) in accordance
with (4.49). Its curvature ® can be similarly decomposed in components ®, €
Map(RY, Map(T[1]S,Dm[1])), ®s € Map(R!, Map(T[1]S,Dm[2])). Geometrically, g5 €
Map(R!,Cm(S)) is to be regarded as a time dependent higher gauge field on S. ®g is then
identified with the curvature of Qg, since ®g is given by (3.30) in terms of dg and Qg.

Expressed in terms of the higher gauge field components €2, 2g, the 4-dimensional CS
action (4.1) takes the form

k
CS(,Qg) = e f dtf [(de€2s, Qg) + 2(24, Pg)] J dtf (Q,Qg). (4.51)
Rl 118 R!

It is natural to interpret the component ; as a Lagrange multiplier implementing the
vanishing curvature constraint

Dg = 0. (4.52)

upon variation of the action CS. However, CS is not differentiable with respect to €); in
the sense established in refs. [73, 74] because of the presence of the boundary term.
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Naively, it would seem that the problem could be solved by requiring that
Qlrpjes = 0. (4.53)

A similar boundary condition was imposed in ref. [75] to cope with the analogous issue
arising in the canonical formulation of 3-dimensional CS theory. The question of the
stability of a boundary condition of this sort under gauge transformation is however quite
different in the ordinary and higher cases. In the ordinary theory, the condition is preserved
by gauge transformations which are time independent on the boundary, which constitute
a tractable subgroup of the full gauge group. In the higher theory, the condition (4.53) is
preserved by gauge transformations obeying a complicated boundary condition involving
also g, as emerges by inspection of the component expressions the transformations of
egs. (3.40), (3.41), leaving doubts about the eventual viability of the whole approach.

It seems more natural to resort to a boundary condition of the isotropic linear kind
introduced in subsection 4.1. We thus demand that the higher gauge field Q € Cy(M)
satisfies the requirement that Q|ppij0as € Cw(0M ), where M’ is an isotropic submodule of M.
When (2 is expressed in terms of the components ), g, the boundary condition constrains
Qlrpyes, Qslrpjes to be Dm[0], Dm[1] valued respectively, making the problematic
boundary term in the right hand side of (4.51) vanish. For (g, the condition can be cast
transparently as

QS‘T[l]&S S Map(Rl, CM/(aS)) (4.54)

Next, we examine the issue of higher gauge symmetry. In the hybrid geometrical frame-
work we are employing here, a higher gauge transformation U € Gy (M) factorizes as U =
U;Ug, where U; € Map(T[1]R!, Map(T[1]S,DM)) is a gauge transformation of the form
U(a) = e*®Ut with U; € Map(R', Map(T[1]S, ¢[0])) and Ug € Map(R!, Map(T[1]S, DM)).

The isotropic linear boundary condition which we have imposed on the higher gauge
field Q, viz Q|ppja0 € Cwr(0M), is stable under the gauge transformations U € Gum(M)
which satisfy the boundary condition U|T[1](;M € INCM,((?M), where INCM,(aM) is the invari-
ance subgroup of Cy/(0M) introduced and studied in subsection 4.2. When U is expressed
in terms of its components U;, Ug as indicated above, this condition can be written sug-
gestively as

Uslrijes € Map(R', I, (25)); (4.55)

There is however a further restriction involving both U; and Ug following
from (4.19), (4.20). It ensures that the boundary condition obeyed by 2 is stable un-
der gauge transformation. For fixed Ug, this restriction may fail to be satisfied by any Uy
unless Ug is further delimited. For this reason, in (4.55) it may be necessary to replace
the invariance subgroup INCM,(aS) with a proper subgroup of it. However, in the canonical
set-up illustrated below both €; and U; do not appear and we may therefore disregard this
extra limitation.

In canonical theory, we replace the higher gauge field component Qg with a time in-
dependent gauge field Q viewed as a point of an ambient functional phase space Cw(S),
where we suppress the subscript S for notational simplicity. Similarly, we replace the
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higher gauge transformation component Ug with a time independent gauge transforma-
tion U of an ambient phase space gauge group Gm(S) acting on 2 according the familiar
prescription (3.37). No boundary conditions on either  or U are imposed at this stage.

The physical phase space Cmpn(S) is the functional subspace of the ambient phase
space Cm(S) defined by the flatness constraint corresponding to (4.52)

d ~ 0, (4.56)

where @ is the curvature of 2 defined according (3.30). Cm(S) is invariant under the action
of the ambient gauge transformation group Gm(S). The reduced physical phase space
Cmph(S) is the quotient of Cvph(S) by Gm(S),

Coph (S) = Crpu (S)/Gm (). (4.57)

All this is rather formal, since the above quotient turns out to be singular. It therefore calls
for a more precise formulation of the symplectic structure of Cy(S), which we provide below.

The short action term in the right hand side of (4.51) indicates the appropriate ex-
pression of the symplectic potential I~ € &'\ (S) as the 1-form

k

=
4T Jrs

05 (£2,69) (4.58)

(cf. eq. (4.8)). The symplectic 2-form 7" € &%y (S) yielded by I is

k

T =0 =—
4m T[1]S

05 (092,00) (4.59)

(cf. eq. (4.10)). The non singularity of 7" follows from that of the field pairing (-,-). The
higher gauge field manifold Cp(S) is in this way equipped with the appropriate symplectic
structure. Our task now is expressing the associated Poisson bracket.

For any functional F € #\(S), the Hamiltonian vector field Hg € m(S) of F is
characterized by the property that

T+ 0F = 0. (4.60)

From (3.59), Hg is given by relation (3.61) with V replaced by

2 6 F
Hf = ——. 4.61
F= 250 (4.61)
The field functional algebra %y (S) is so equipped with the Poisson bracket
2m 0F 4G
F,G} = G=— —, 4.62
(F.6)=meac =" [ os(5550) (1.62)

for F,G € #m(S). The basic Poisson bracket of the theory is in this way

_27r

{L[I]S Qs(&Z),LmS 0s(9, z')} == Lms 05(5,5) (4.63)
with 3, %" € Map(7T'[1]S, Dm[1]).
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We consider next the field functionals

k
Q) = o [ | ypes@or=| e @)] . (464

where © € &) (S) is an infinitesimal gauge transformation and ® is the curvature of higher
gauge field Q given by (3.30) as before. The boundary term is added to render Q(O)
differentiable in the sense established in ref. [73, 74], as is evident by writing Q(©) in

the form .
QRO) = —
2m T[1]S

Q(O) is the Hamiltonian of ©,

{0(9)7 meS 0s(Q, E)} = Lms 05(6692,%). (4.66)

for ¥ € Map(T[1]S,Dm[1]), where the gauge variation dgf? is given by (3.44). Under
Poisson bracketing, the Hamiltonians Q(©) form a centrally extended representation of

0s [(©2,d0) + 3([2,Q],0)] (4.65)

the gauge transformation Lie algebra. Specifically, we have
k
{Q(6),Q()} = Q([6,0]) + 5-¢(8,8) (4.67)

with ©,0" € B\ (S), where c is the 2-cocycle
c©.6)= | os(0,08), (4.68)
T[1)08

The Poisson bracket relation (4.67) describes a higher 3-dimensional current algebra anal-
ogous to the 2-dimensional current algebra appearing in the canonical formulation of ordi-
nary CS theory. More on this in the next subsection.

We now write the above results in terms of the components w, {2 of the higher gauge
field Q for the sake of concreteness. The symplectic form 7" defined in eq. (4.59), has a
simple component expression,

T - ﬁﬂ 05 (60,602, (4.69)

21 Jrpys

which shows that w, {2 are canonical conjugate fields. The component expression of the
Poisson bracket (4.62) takes so the familiar canonical form

=5 e lGon) - Gem)l o

The basic Poisson bracket (4.63) reads in this way as

{ jT[l]S 0s{w, X, JT[I]S os (o, Q>} = 2% L[I]S 0s{a, %) (4.71)

for o € Map(T[1]5,g[1]), X € Map(T[1]S,¢[2]).
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To write down the component expressions of the gauge transformation Hamiltonians,
we need the components ¢, @ of the higher gauge curvature ® given by (3.32), (3.33).
From (4.64), the Hamiltonian of an infinitesimal higher gauge transformation of compo-
nents 6, O is

Qw,@):’“f 05 [(6.0) + (0,8 - f 0o [, @) + 0. D] 4. (472)
2 T[1]S T[1]0S

The component form of the Hamiltonian relation (4.66) is then

Q(8, @),f 0s{w, X = f 0s {6g.ow, X, (4.73)
T[1]S T[1]S

Q0,0), f 05 (o, 2\ — f 05 (0, 56.60), (4.74)
s T[1]S

where the gauge variations dp gw, 09 o2 are given by (3.47), (3.48).
In components, the Q generator Poisson bracket (4.67) reads as

k
{Q(0,0). (0,0} = Q([6. 0. 4(6,8") = u(¢,0)) + (6,66, 6) (4.75)
and that of the occurring 2-cocycle (4.68) as
c(6.0:6,0") = —f 005 [(d0,0' — (a8, ©) + (+©).0)].  (476)
T[1]0S

As we have already stated, the physical phase space Cmpn(S) of higher CS theory is the
functional hypersurface in the ambient phase space Cy(.S) defined by the flatness condition
® ~ 0 (cf. eq. (4.56)). As the bulk contribution to the Hamiltonian functionals Q(©) is
proportional to @ (cf. eq. (4.64)), it seems plausible that the constraint may be expressed
through the weak constraints

Q) ~ 0 (4.77)

with © € By(S), in analogy to ordinary CS theory. There are a number of problems
with this approach. First, the Q(0©) contain also a boundary proportional to €2, making
the use of (4.77) as definition of the physical phase space doubtful. Second, since the
Q(©) generate infinitesimal gauge transformations (cf. eq. (4.66)), they should be first
class functionals, while they are not because of the 2-cocycle c(©,0’) appearing in the
Poisson bracket relations (4.67).

Both the term proportional to 2 in the Q(O) and the 2-cocycle c(O, ©') are supported
on the boundary 0S5 of S. They could be removed by imposing appropriate boundary
conditions on 2 and ©. Requiring that 2 € C(S) obeys

Qlrpyes € Cwr (05) (4.78)
and that © € B (09) satisfies

Olrpjes € Gm (09), (4.79)
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where M’ is some isotropic submodule of the crossed module M, eliminates at once the un-
wanted term in Q(©) and the 2-cocycle c(0, ©'), rendering the Q(O) honest first class func-
tionals defining the physical phase space via (4.77) as desired. Note that (4.78) precisely
answers to the boundary condition (4.54) discussed earlier, while (4.79) is compatible with
the boundary condition (4.55), since G/ (0M) < INCM,(aM). Below, we shall so refer to the
boundary conditioned phase space Cy m/ (S) < Cm(S) formed by those gauge fields € which
satisfy (4.78) and similarly to the boundary conditioned gauge algebra &p m/(S) < &m(S)
formed by those infinitesimal gauge transformations © which satisfy (4.79). We notice here
that while the boundary conditions (4.79) is essentially mandated by the requirement of
first class nature of the functionals Q(©), the boundary condition (4.78) could be weakened
by requiring less restrictively that Q|rjog € Conm(0S), where ONM’ is the orthogonal
normalizer of the isotropic crossed submodule M’ (cf. subsection 2.3). More on this point
in subsection 4.6.

All field functionals F € #y(S) we consider are defined on the full phase space Cpu(S)
containing all higher gauge fields 2 obeying no preassigned boundary condition. The
boundary condition (4.78) is implemented by restricting the functionals to the conditioned
phase space Cv m(S). The calculation of the relevant Poisson brackets is correspondingly
performed employing the unrestricted phase space canonical framework described above.
The boundary condition (4.78) is imposed at the end. Doing so before that may lead to
inconsistencies since smooth functionals generally involve boundary terms and for these
differentiation and imposition of the boundary condition may not commute.

On the basis of the above analysis of boundary conditions of gauge fields and gauge
transformations, it appears that the physical phase space may be described as the subman-
ifold Cwvi mrphys(S) of Cymwme(S) defined by the weak constraints

L~0 (4.80)

with L € Zm Mmrtriv(S), FmMiv(S) being the ideal of .#y(S) generated by the Hamiltoni-
ans Q(©) with © € &y m(S). Fmmuiv(S) codifies the infinitesimal higher gauge symme-
try action associated with the Lie subalgebra &y m/(S). The reduced physical phase space
5M7M/phys(5) is the quotient of Cm m/phys(S) by this gauge symmetry. The physical field
functional algebra is the algebra of field functionals on 5M,M/phys(S). As is well known,
5M7M’phys(5 ) is a complicated non local object that is problematic to describe in local field
theory. Moreover, by (3.57), (3.58), special gauge transformations in &y w/(S) are inert on
the flat gauge fields © which constitute Cym miphys(S). Thus, CNM,M'ph(S) is also a singular
manifold. Consequently, also the field functional algebra of 5M7prh(5) is problematic to
describe. A proper treatment of C~M7M1ph(5) and its field functionals in local field theory
requires the full apparatus of BRST-BV theory for reducible gauge symmetries. For the
time being, it is enough to adopt a more modest stance and proceed as follows.

Since these Hamiltonians Q(©) with © € &y w/(S) obey a Poisson algebra of the
form (4.67) with vanishing central extension by the isotropy of M’, the constraints (4.80)
are first class, as indeed

(L,M} ~0 (4.81)
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for L,M € P\ miriv(S). A physical field functional F is represented by a gauge invariant
functional F € #u(9), that is one such that

(F,L} ~0 (4.82)

for L € Fymmuiv(S). The representative F is not unique however being modifiable by
the addition of any functional AF € .y muiv(S), so that F, F + AF can be considered
as physically equivalent. Let us denote by Fm minv(S) the subalgebra of Zy(S) of the
functionals F satisfying (4.82). Then, the algebra of physical functionals is the quotient

§M,M/phys(5) = IMMinv (S)/ FMMtriv (S). (4.83)

§M7M/phys(5') supports the induced Poisson bracket. If F , Ge L;J‘\:MM/phys(S) are physical
functionals represented by gauge invariant functionals F,G € Fm miny(S), then {/} , G }is
represented by the gauge invariant functional {F,G}.

The above has a mathematical formalization. Let Sy m/(S) be the ideal of .F#u(S)
generated by the Hamiltonians Q(©) with © € &p w(S). Awm (S) is a Poisson subalgebra
of #m(S), but not a Poisson ideal. We consider so the Poisson normalizer Np %y m (S)
of Aum(S), the set of all functionals F € F#\(S) such that {F,L} € Fym(S) for all
L e Aum(S). NpAym(S) is both a subalgebra and a Poisson subalgebra of .7\ (S). The
Poisson Weyl algebra of .y wm (5)

Wp I () = No I (S)/ I (S) (4.84)

is then defined. Wp %y m/(S) is both an algebra and a Poisson algebra with the induced
Poisson bracket

{F+ 2mm(S), G+ Auwm(S)} = {F,G} + Auwm(S)- (4.85)

It should be apparent that #ym (S), Npmm (S) and Wp Ay m (S) correspond respec-
tively to Fmmiriv(S), Fmminy(S) and ﬁM,M’phys(S) in the previous more conventional
characterization.

The constraints (4.77) are not independent though, as we show next. Recall that a
special infinitesimal gauge transformation ©* is an infinitesimal gauge transformation de-
pending on the underlying gauge field 2 that in component form reads as in (3.55), (3.57)
for some map = € Map(T[1]S,¢). Such a ©* must hence be regarded as a functional of
Q and 2. O* will obey the boundary condition (4.79), if Q and = satisfy respectively
the boundary condition (4.78), reading in components as wlrpjas € Map(T[1]0S, g'[1]),
Q| rpjes € Map(T[1]08,¢'[2]), and =105 € Map(T'[1]0S,¢'). Using the component ex-
pression (4.72) of Q(©*) and the Bianchi identity (3.35), it is found that

QO*) =0 (4.86)

when Q and = are restricted as indicated above. Consequently, Q(©*) = 0 strongly. For
varying =, the (4.86) represent a set of relations obeyed by the Q(©) for general infinitesimal
gauge transformations © showing their non independence. The higher gauge symmetry is
so reducible signaling a higher gauge for gauge symmetry of the theory.

~ 54 —



4.6 Surface charges and holography

In this subsection, we analyze one of the most interesting holographic properties of higher
CS theory: the existence of surface charges obeying under suitable conditions a non trivial
Poisson bracket algebra that is a higher counterpart of the familiar Kac-Moody current
algebra.

The canonical framework of subsection 4.5 turns out to be particularly suited for
this purpose. For any infinitesimal gauge transformation ©" € &y w (S), the Hamiltonian
Q(O") € A m (S), where Ay mr(S) is the constraint ideal. For a generic infinitesimal gauge
transformation © € &y (S), though, the Hamiltonian Q(©) ¢ Np v m/(S), Np A m (S)
being the Poisson normalizer of %y m/(S), as we have {Q(©),Q(0")} ¢ HAuwm(S) for
©' € &m m(S) in general. In order Q(O) € Np Ay m(S), the gauge transformation © must
be suitably restricted and since what distinguishes the gauge transformations ©" € &y v (.5)
is only their obeying the boundary condition (4.79), it is a boundary condition that presum-
ably has to be imposed on ©. A detailed analysis shows indeed that Q(©) € Np Iy w (S) if
© € Bm onw (S), where ONM’ is the orthogonal normalizer of the crossed submodule M’
(cf. subsection 2.3) and &y onw (S) is the subalgebra of &y (S) of the infinitesimal gauge
transformations © satisfying the boundary condition

Olr[1j0s € Bonm (05) (4.87)

analogously to the subalgebra &y w (S). To see this, we note that ONm’ being a crossed
submodule of Nm’ ensures that for © € &y w/(5), [0,0'] € &y w(S) by (3.15). Further,
by the expression (4.68) of the 2-cocycle ¢, ONm’ being the orthogonal complement of m’
in Nm’ and (3.19) imply that for ©’ € &y (S), c(©,0") = 0. It follows by virtue of (4.67)
that {Q(0O),Q(O")} € A m (S), as required.

Since m’ is a crossed submodule of ONw/, for © € &y onw (S), ©' € By m (S) one
has © + ©' € By onw(S). The identity Q(© + ©') = Q(O) + Q(O’) shows then that
QR(O+0') and Q(O) are equivalent modulo #y m(S) and so define the same element Q(©+
Smm (S)) € Wp Iy w (5), the reduced gauge invariant functional algebra, as explained in
subsection 4.5.

Remarkably, the reduced Hamiltonians Q(© + &wv wm(S)) € Wp Ay m (S) with © €
&m.onm (S) form a subalgebra of the reduced Poisson algebra Wp £y m/(S), as we now
show. Pick ©1,02 € &y onm(S). ONm’ being a crossed submodule of Nm’ implies
by (3.15) that &pm m/(S) is an ideal of the Lie algebra &wm onm(S). So, the Lie bracket
[©1,02] depends on the choice of ©1, ©2 mod Sy w(S) only mod &y m(S). Further,
as ONm’ is the orthogonal complement of m’ in Nm’, ¢(©1,03) is independent from the
choice of ©1, ©2 mod &y w(S) and may be denoted as c(O1 + Sy w (S), O2 + Emm (5))-
By virtue of (4.67), the Poisson bracket of Q(©1 4+ &m m/(5)), Q(O2 + Bpm(S)) thus read

{Q(O1 + Emwm (9)), RQ(O2 + v m (5))} (4.88)
= Q([01 + Bmm (S), 02 + Bmm (9)]) + %C(@ + Bum (S), O2 + Gy m(9)).

This is the Poisson subalgebra of Wp %y m/(S) sought for.
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As &y w(S) is an ideal of the Lie algebra &umonm(S), the quotient Lie alge-
bra &m onm (S)/Gmm () is defined. The reduced Hamiltonians Q(© + &y m/(S)) are
parametrized by the cosets © + &y m/(S) € Bmonm (S)/Emm (S). By (4.88), the re-
sulting map Q : &v onm (S)/Bmm (S) — Wp Ay mr(S) is a Lie algebra morphism. This
morphism is projective because of the central extension term.

The Lie algebra &y onm (S)/Smm (S) is non trivial only if M’ is isotropic but not
Lagrangian. In fact, when M’ is Lagrangian, one has ONm’ = m’ and hence &y onw (S) =
&mm (S). The same thus holds for the reduced Hamiltonians Q(© + &y wm/(S)) and their
Poisson bracket algebra (4.88),

From (4.65), it is apparent that on the constraint submanifold, where ® ~ 0, the
Hamiltonians Q(© + &y w(S)) reduce to the surface term supported on dS. For this
reason, the Q(© + &y w/(5)) are identified with the surface charges of higher CS theory.
The nature of these charges, in particular their non triviality, depends on the boundary
conditions imposed on the higher gauge field €.

If we required the gauge field €2 to obey the boundary condition (4.78), the surface
charges Q(O+ &y w(S)) would vanish since the crossed submodule ONm’ is the orthogonal
complement of m’ in Nm'. If we want as we do the Q(0 + &y w (S)) to be non trivial a less
severe boundary condition is required. We have already anticipated in subsection 4.5 that
in order the Hamiltonians Q(©’) with ©' € &y w(S) to define through the weak constraints
Q(O') ~ 0 the flat higher gauge functional submanifold ® ~ 0, it is enough to require that

Q7105 € Conm (0S) (4.89)

This boundary condition is weaker than (4.78) and subsumes it. Further, it is invariant
under the infinitesimal gauge transformation action of &y m(S) (cf. egs. (3.47), (3.48)) and
when the Lie group G’ in M’ is connected also under the finite gauge transformation action
of Gmm (S) (cf. egs. (3.40), (3.41)), where Gy m(S) is the subgroup of Gu(S) of the gauge
transformations U such that U|z[jjss € Gw(0S). Finally, it makes the boundary term of
the Q(O’) with ©’ € By w/(S) vanish identically ensuring that the constraints Q(©') ~ 0
are equivalent to ® ~ 0 as required.

The Poisson algebra (4.88) bears striking formal similarities to the 2-dimensional cur-
rent algebra known also as Kac-Moody algebra in mathematics [76], which occurs also in
ordinary CS theory in an analogous context [77-80]. The structure of 2-cocycle ¢ given in
eq. (4.68) shows this rather clearly. So, (4.88) can be considered a higher current algebra
hinged on a Lie algebra crossed module rather than an ordinary Lie algebra.

The occurrence of a non trivial Poisson algebra of surface charges is a holographic
feature that 4-dimensional CS theory shares not only with its familiar 3-dimensional coun-
terpart but also with other 4-dimensional theories, notably electrodynamics and general
relativity. (See ref. [81] for a review.) 4-dimensional CS theory might so provide an ideal
testing ground for studying holography in 4 dimensions.

4.7 Toward the edge field theory of 4-d Chern-Simons theory

Gauge theories, including topological ones, on manifolds with boundaries normally exhibit
emergent boundary degrees of freedom called edge fields. In this subsection, we outline a
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canonical theory of the edge modes of 4-dimensional CS theory and their physical symme-
tries, extending the corresponding analysis of the 3-dimensional theory [53-57]. Although
there still remain basic issues to be clarified, as discussed shortly, it is already possible
to shed light on some of its main features. A more in-depth analysis will be provided
elsewhere [64].

We follow the method originally worked out in ref. [56]. In the canonical framework
of 4-dimensional CS theory, where the underlying 4-fold M = R! x S with S a 3-fold, it is
possible to construct an extended phase space Py (S), which comprises extra degrees of free-
dom localized at the boundary besides the interior ones. Edge fields are in this way added
to the original bulk gauge fields. Gauge invariance dictates the nature of the edge modes
and the form of their Poisson brackets by the requirement that Py (S) be invariant under
the group Gu(S) gauge transformations of the original system, inclusive of those which are
effective at the boundary, on the physical shell. In addition, the edge fields are acted upon
by another set of Hamiltonian transformations. This form an infinite dimensional bound-
ary symmetry group Kp(0S) emerging as a consequence of the original gauge invariance.
The boundary symmetry and gauge transformations reciprocally commute. Therefore, the
charges generating Iy (0S) are gauge invariant, i.e. physical boundary observables.

The way gauge invariance is implemented in the extended phase space is a bit subtle.
The bulk and edge symplectic 2-forms, 7" and 73, are not separately invariant under bulk
gauge transformations. The gauge variation of the former is however a boundary term
which is cancelled by that of the latter. For a mechanism like this to work out for a given
bulk field content, gauge transformation prescription and symplectic structure, the edge
field content and its gauge transformation properties and symplectic structure must be
suitably adjusted. There is no a priori guarantee that this is possible at all, but happily it
is in our case.

We shall now describe the above construction in more precise terms. We utilize the
derived formalism of subsection 3.3 for convenience and frame our analysis in the covariant
canonical theory [72]. On the 3-fold S with boundary 05, the interior fields are just the bulk
gauge fields Q € C(S) already considered. The boundary fields comprise the edge gauge
fields Q5 € Cm(0S) and Stueckelberg fields Hy € Gy(0S), boundary gauge transformations
promoted to dynamical edge fields. The extended phase space Py (.S) is the submanifold of
the product field manifold Cu(S) x Cm(0S) x Gm(0S) defined by the condition Q|71105 = Q0
imposing the compatibility of the bulk and edge gauge fields.

Under a bulk gauge transformation U € Gy(S), a bulk gauge field Q transforms as
in (1.5), while a edge gauge field Q2 and Stueckelberg field Hy transform as

Q;Y = AdUH(Q,) + UTldU, (4.90)
H,V = U 'H,, (4.91)

where U is tacitly restricted T[1]0S. Notice that the expression of QY is dictated by the
gauge covariance of the compatibility requirement Q’T[l]as = Q5.

As we found in subsection 4.5, the bulk field symplectic 2-form 7" and Poisson brackets
{-,-} are given by expressions (4.59) and (4.63). The edge field symplectic form 7, and
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Poisson brackets {-, -}5 cannot be assigned independently being determined by the require-
ment of the full gauge invariance of the total symplectic 2-form Tiot = 7 + 75 and Poisson
brackets {-, -}tot thereof on the shell (4.56). This can be stated more precisely as follows.
Let gau : Pu(S) x Gm(S) — Pm(S), pr : Pm(S) x Gm(S) — Pm(S) be the gauge
transformation action and projection maps, respectively. On the shell (4.56), the pull-
backs gau®7T, pr*7 of the bulk symplectic 2-form 7" are found to differ by a boundary
term. A straightforward analysis shows however that the edge symplectic 2-form 7 can
be defined such that gau*7T — pr*7T ~ —gau*715 + pr*71,. Setting Tiot = 7 + 15, one has
therefore
gau Vit ~ pr*Tiot. (4.92)

In this sense, 110t is gauge invariant.

The above result can be understood intuitively as follows. A Stueckelberg field Hy €
Gm(0S) can be extended non uniquely in the interior of S to a field H € Gu(S). If H
is an extension of Hy and U € Gy (S) is a gauge transformation, then HY = U~!'H is an
extension of the gauge transform HyU of Hy. We view HY as the gauge transform of H, in
keeping with (4.91). If Q € Cu(9) is a bulk gauge field, its gauge transform QY depends
on the extension H used, but for a fixed choice of H it is gauge invariant. The 2-form 7}t
obtained from 7" by replacing  with Q! in (4.59) is by construction gauge invariant. On
the shell (4.56), Tiot turns out to equal the sum of 7" and a boundary term 77, depending
on the edge fields 25, Hp but not on the chosen extension H of Hy, which is precisely the
edge symplectic 2-form.

The procedure described in the previous paragraph provides a practical way of com-
puting the edge symplectic 2-form 7. The expression of T that we find reads as

_k
27 Jr(1jes
— 1 (d(6oHoH, 1), 6sHaHa 1) — 3 (Q, [65HaHs ™, 65HaH, )]

Te 00s [ (6aHoHo ™", 652) (4.93)

From this expression, the edge Poisson brackets {-,-}5 can be determined. In particular, it
is found that edge Poisson brackets of functionals of the Stueckelberg field Hy only Poisson
commute.

As we found in subsection 4.5, the bulk gauge transformation action on bulk fields
is Hamiltonian. For an infinitesimal gauge transformation © € By (S), the associated
bulk Hamiltonian functional Q(©) is given by eq. (4.64) and the gauge transformation
action on bulk fields can be expressed through the Poisson bracket (4.66). Remarkably,
the bulk gauge transformation action on edge fields is Hamiltonian as well. For the gauge
transformation O, the associated edge Hamiltonian functional Qz(0©) reads as

k
Qa(0) = - f 005 (25,0). (4.94)
2m T[1]0S

and the gauge transformation action on edge fields can be cast as

{Qa(©), Fao}, = defFa, (4.95)
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where Fp is an edge field functionals and dg denotes variation with respect the infinitesimal
form of the gauge transformation (4.90), (4.91).

The Poisson bracket algebra (4.67) of the bulk Hamiltonian functionals Q(©) features
a central extension with a ®y(S)-2-cocycle ¢ given by (4.68). The edge Hamiltonian
functionals Q5(0) obey a totally similar Poisson bracket algebra,

{@5(0), Qa(6")}, = @1([0,07)) ~ o-c(6, ) (4.96)

with the same central extension up to sign.
For an infinitesimal gauge transformation ©, the total bulk plus edge Hamiltonian
functional is

Qur(©) = Q(6) + Q1(6) = [  as(®,0). (197)
T[1]S

By virtue of (4.67), (4.96), the Hamiltonian functionals Q. (©) obey a centerless Poisson

bracket algebra,

{Quot(0), Quot (O} = Quor ([0, O)). (4.98)

Thanks to (4.97) and (4.98), the physical on-shell condition (4.56) can hence be consistently
cast in the form

Qtot(@) ~0 (499)

with no need to impose any boundary conditions on either the bulk gauge field Q or O, as
we were forced to in subsection 4.5.

As we outlined at the beginning of this subsection, the extended phase space enjoys
a second physical non gauge surface symmetry. We now describe it in greater detail. A
surface transformation is specified by an element Ty € Gu(0S). It acts on the bulk gauge
fields 2 trivially and on the edge fields as follows,

QT = Qp, (4.100)
H,T?e = HyT,. (4.101)

As for the bulk gauge symmetry, the form of Q;T? is dictated by the surface symmetry
covariance of the compatibility requirement Q|71j05 = Qo-

The surface symmetry turns out to be Hamiltonian. For an infinitesimal surface trans-
formation Ay € &\ (0S), the associated edge Hamiltonian functional Cy(Ay) has the sim-
ple form

__k H,
Colha) = —o5 Tmas@as (Qa ,Aa> (4.102)

and the surface transformation action on edge fields takes the expected form

{Co(Aa), Faty = 0a,Fa, (4.103)

where F; is an edge field functionals and d,, denotes variation with respect the infinitesimal
form of the transformations (4.100), (4.101).
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The surface edge Hamiltonian functionals C5(Ap) obey a Poisson bracket algebra for-
mally identical to that of the gauge edge Hamiltonian functionals Q(©) shown in eq. (4.96).
One has indeed,

{Ca(Aa), Ca(Aal)}a = C;}([Aa,/\a/]) — %C(Aa,[\@l) (4.104)

where the ®y(0S5)-2-cocycle ¢ is given again by expression (4.68) with ©, ©’ replaced by
Ay, Ay throughout.

An important property of the surface Hamiltonians Cy(Ap) is their Poisson commuting
with the gauge Hamiltonians Q(0),

{Qa(©),Ca(Ad)}, = 0. (4.105)

That a relation like the above must hold is evident also from the fact that Cy(Ap) is
defined in (4.102) through the gauge invariant combination Q,2. Relation (4.105) proves
further the physical nature of the surface symmetry. The Cy(Ap) are the associated charges.
Surface symmetry is therefore infinite dimensional.

By (4.104), the surface charges are in involution if the infinitesimal surface transfor-
mations Ay € By (0S) are restricted in such a way to make the central term vanish. An
inspection of (4.68) shows readily that there are several ways in which this can be achieved.
For instance, we may require that Ay € B (0S), where M’ is an isotropic crossed submod-
ule of M (cf. subsection 2.3), or that Ay € Bp(05), the Lie subalgebra of & (0S) spanned
by those elements Ay which satisfy the equation dAs = 0.

The above account of the edge sector of 4-dimensional CS theory is still incomplete.
There remains a basic problem to be solved: the lack of a Lagrangian and Hamiltonian
formulation describing the dynamics of edge fields, if any. In fact, the corresponding
analysis for 3-dimensional CS theory (see e.g. [57] for a discussion of this point) shows
that the edge dynamics of topological gauge theories may be non trivial as that of non
topological ones. Whether this is the case also for out 4-dimensional model is an issue
deserving further investigation.

4.8 Covariant Schroedinger quantization

In this final subsection, we study the covariant Schroedinger quantization of 4-dimensional
CS theory. Although there still are points requiring clarification and a more in-depth
analysis, in particular in connection to the edge field theory of the model discussed in
subsection 4.7, it is still possible to elucidate its outlines to a considerable extent.

The covariant Schroedinger quantization scheme of 4-dimensional CS theory is based on
its covariant phase space. This is the space Cy(0M) of boundary gauge field configurations
wa, {25. A straightforward analysis totally analogous to that of subsection 4.6 shows that the
symplectic form of 77, the associated Poisson bracket {-, -}, the Hamiltonians Q5(0s, ©p) of
the boundary infinitesimal gauge transformations 65, ©g, their Poisson action and Poisson
bracket algebra are given respectively by relations (4.69), (4.70), (4.71), (4.72), (4.73), (4.74)
and (4.75) with S = oM, 0S = &, w, {2 replaced by wy, 25, 0, © by 05, Oy and ¢ = 0. In
this case, so, the Qs Poisson algebra features no central extension.
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The Hilbert space of 4-dimensional CS theory consists of complex wave functionals
on Cv(@M) obeying a polarization condition, that is annihilated by the vector fields on
Cm(0M) belonging to an integrable Lagrangian distribution of T'Cy(0M). There are two
obvious choices of the distribution. The first is spanned by the vector fields §/0(25 and
produces wave functionals ¥(wg) of wy. The second is generated by the vector fields §/dwy
and leads to wave functionals W({25) of £25. Although these two alternatives are defined in
a seemingly symmetrical manner, only the first one is viable once gauge transformation is
implemented. In fact, inspection of (3.40), (3.41) shows that under gauge transformation
wy does not mix with 25 whilst 23 does with wj.

In the following, we therefore consider only the first choice of polarization. In this
canonical quantum set-up, the Hilbert space inner product reads as

<W1, LD2> = JDW@ Wl (w,;)* Wg ((,Ua), (4106)
where Dw; is a suitable formal functional measure. Further, the operators &g, (AZw quan-
tizing wgp, 2, take the familiar form

Bo = wa -, (4.107)

A 2w 6

2= ———. 4.108
0 W 5o ( )

They are formally selfadjoint with respect to the inner product structure (4.106).

The infinitesimal gauge transformation Hamiltonians Q4 (65, ©p) constitute a set of first
class covariant phase space functionals. Since the Qa(6p, @p) are linear in the curvature
components ¢, Py, the physical phase space is defined by the constraints Qa(6s,05) ~ 0.
At the quantum level, the constraints translate into a set of linear conditions the wave
functionals must satisfy,

Qa(02,05)T = 0. (4.109)

Here, the 66(957 O,) are operators quantizing the phase functionals Q4(0s, @p). The quan-
tization must be such that the commutator algebra

[Qa(02,64), Qa(0a',04')] = iQa([0a.02'], 18, O5') — 4i(65', ©3)) (4.110)

is obeyed in conformity with (4.75). This guarantees in particular the consistency of the
conditions (4.109).

Conditions (4.109) imply that the wave functional ¥ satisfy a pair of functional differ-
ential equations,

1 27t ./ 6

2mi 0 0
Opy—— |d— + 1 — 1 = 0. 4.112
fy 2o (o= 50+ ) |y =0 @
On account of (3.47), these identities imply that
ik

590790!7((4)5) = o JT[l]aM 0oM <dw(9 + %[wa,w(}], @a>&p(w(9). (4.113)

— 61 —



Therefore, the variation of ¥ under a finite boundary gauge transformation up, Uy is given
by a multiplicative factor

T (wp"2V?) = exp(iWZs(up, Up; wa) )W (wp). (4.114)

By the very structure of this relation, the functional WZs(ug, Us; wy) appearing in it is a
U(1)-valued cocycle for the boundary gauge transformation action on the degree 1 boundary
gauge field component,

WZ5(uove, Us + 11 (ua, Va); wa)
= WZ5(up, Usiwa) + WZ5(ve, Vaswp"P?)  mod 27Z. (4.115)

To reproduce the infinitesimal variation (4.113), WZs(up, Up; wp) must further satisfy the
normalization condition

N k
09,,0,WZo(ug,Up; @p) = — f oonr {dwa + wa,wo], 00y, (4.116)
T[1]oM

27
where the tilde indicates that &g, @, is inert on wy. Properties (4.115), (4.116) determine
the cocycle WZy up to a trivial cocycle,

k

WZa(uo, Usiwe) = L[l]aM QaM[<T'(Ua), dUs + 5 [Ua, Usl) (4.117)

+{wa, [Ua, Ua]) + 2 {dwa + §[wa,ws], Ua>] + Ko(wa"V?) — Ko(wa),

where Kp(wp) is a local boundary functional which cannot be determined in the present
method. We expect K3 to be generated by quantum effects as we shall discuss in greater
detail momentarily.

At this point, it is important to remark that the above Schroedinger quantization
scheme of 4-dimensional CS theory mirrors closely the Bargmann one used in ordinary
3-dimensional CS theory [58]. In particular, relations (4.111), (4.112) are the higher coun-
terpart of the familiar WZNW Ward identities, the cocycle WZ; appearing in (4.114) is a
higher gauged WZNW functional and the cocycle relation (4.115) is just a higher version
of the Polyakov-Wiegmann identity [82]. However, unlike its ordinary counterpart, the
WZNW functional WZ; is fully topological, being independent on any background met-
ric structure. Further, it depends only on the second component of the underlying gauge
transformation, Uy, but not on the first one, ug.

The issue of the cohomological triviality of the cocycle functional WZy, the property
that WZ5(wp) = Sa(waY?) — Sy(wa) mod 277 for a local boundary functional Ss(wp), is
relevant. When it occurs, the modified wave functional

' (wg) = €52(90) W(w)) (4.118)
is fully gauge invariant so that

WZy =0 mod 2rZ. (4.119)
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It is interesting to illustrate this point by some examples. Consider the case where
M = INN G is the inner automorphism crossed module of a Lie group G with an invariant
symmetric non singular bilinear form {-,-) on g. Then, a simple calculation shows that the
WZNW functional WZ, can be cast as

k _ _ _
WZ5(up, Usswo) = 5~ oom {dugua™", [dugus ™, dugus™])
T Jr[1]oM
+ CSa(waua’Ua) — CSs(wp) + Ka(cuaua’Ua) — Ko(wa), (4.120)

where CSp(wp) is the boundary CS action

k
CSo(wp) = — fT[l](aM 0oM <w(9, dwe + % [(,Ua,w(a]>. (4.121)

4
If G is a compact semisimple Lie group, {-,-) is the suitably normalized Killing form of
g and k is an integer, then the first term in the right hand side of (4.120) vanishes mod
277 and so WZ; is cohomologically trivial. When M = AD*G is the coadjoint action
crossed module of G with the canonical duality pairing or a generic crossed module, WZy
is cohomologically non trivial.

In 4-dimensional CS theory on a 4-fold M, a wave functional W,;(wy) is yielded by
path integration over all gauge field configuration w, {2 such that w|r[1jans = wa. Formally,
one has

s (wp) = J DwD2 'S (@) (4.122)
w|T[1]aM:Wa

leaving aside such relevant issues such as normalization and gauge fixing. The consistent
quantization of the theory requires however that the CS action CS’ employed be differen-
tiable in the sense of refs. [73, 74] under the boundary condition enforced.

As explained in subsection 4.1, the variation §CS of the CS action CS, given by
eq. (4.3), exhibits a boundary contribution showing that CS is not differentiable as it
is. To obtain a differentiable CS action, it is necessary to i) replace CS by a modified the
CS action CS’ obtained by adding to CS a suitable boundary term ACS as in eq. (4.6)
and 47) impose a boundary condition on the gauge field components w, 2 such that the
variation §CS’ of CS’ is given by the bulk contribution in the right hand side of eq. (4.3)
only, once the boundary condition is enforced. For the boundary condition used in (4.122),
the expression of the appropriate boundary term ACS is readily found,

k
ACS(w, 2) = — J oon {w, 2). (4.123)
AT Jrem

With this choice, the modified CS action CS’ is given by the right hand side of (4.2) with
the boundary term removed. The boundary part of the variation §CS’ of CS’ then turns out
to be 0CS boundary = % ST[l] ong QoM (0w, §2). This vanishes when the boundary condition
w\T[l]a M = wp with assigned wy is imposed, rendering CS’ differentiable as required. Here,
it is appropriate to recall that the above procedure has a well-known counterpart in 3-
dimensional CS theory. In that case, however, the boundary term depends on the choice of
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a conformal structure on the 2-dimensional boundary, since the two boundary gauge field
1-form components are canonically conjugated [58]. In the present case, conversely, since w
is canonically conjugate to {2, there is no need to introduce a new structure in the theory
and so the boundary term is fully topological.

In section 4.2, we found that the gauge variation A’ of the modified CS action CS’
is given by (4.17) in terms of the gauge variations A and AA of the CS action CS and
the boundary term ACS. Using relations (4.15) for A and computing ACS from (4.123)
employing (3.40), (3.41), it is straightforward to obtain

k .
A/(W;U7U)_4J QaM[<T(U),dU+%[U,U]>
T JT[1]eM

+w, [U, U]y + 2 {dw + [w,w], U>]. (4.124)

Comparing (4.117) and (4.124), we find that A’(w;u,U) reproduces the first term in the
right hand side of (4.117) when ulrpjon = uas Ulrpjamnr = Us, wlrpjom = wo. On
account of (4.122), this shows that such term is the full classical contribution to W.Z;. The
remaining terms, therefore, if they arise at all, are of a quantum nature.

5 Sample applications

In this section, we illustrate a few field theoretic models which are interesting instances of
4-dimensional CS theory: the toric and the Abelian projection models. Here, our aim is
showing by direct construction that 4-dimensional CS theory can find explicit realizations
related to various areas of theoretical research on one hand and prepare the ground for a
more systematic study of the models presented to appear in future work on the other. So,
this last section should also provide an outlook for perspective applications of the theory
which we have developed.

5.1 The toric 4-dimensional CS model

Dijkgraaf-Witten theory [19] is known to classify symmetry protected topological phases
without fermions in low dimension. 4-dimensional Dijkgraaf-Witten theory in turn has a
continuum description in terms of toric 4-dimensional CS theory [83-85].

The Lie group crossed module of the toric model is the toric crossed module M =
(T, T,s,w), where T is a torus, that is a compact connected Abelian group, ¢ : T — T is
an endomorphism and zo : T x T — T is the trivial action of T on itself. The associated
Lie algebra crossed module is m = (,,<,@).

The torus T can be represented as the quotient t/A, where A is the integral lattice of
T defined by the property that e = 11 for [ € A. ¢ being an endomorphism of T entails
that ¢ : A — A is a lattice endomorphism.

Let (-,-) : t x t > R be a symmetric non singular bilinear form on t. Since the Lie
algebra t is Abelian and the action ‘w is trivial, the form (:,-) satisfies the invariance
property (2.2) trivially. {-,-) satisfies the symmetry property (2.3) if the endomorphism ¢
is symmetric with respect to (-,-», which we assume henceforth to be the case.
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It is natural to suppose that the form (-, -) restricts to a lattice bilinear form {-,-) :
A x A — Z, which we denote by the same symbol for the sake of simplicity. ¢: A — A is
then a symmetric lattice endomorphism.

The toric higher gauge field components are w € QL (M, t), 2 € Q*(M, t). The toric CS
action is

CS(w, ) = % JM {dw — £6(2),02) — % LM {w, 2 (5.1)

A toric gauge transformation consists of a map v € Map(M,T), U € Q' (M, t). Its action
on the toric gauge field is according to egs. (3.40), (3.41),

WY = W+ duu~t 4+ ¢(U),
2wV = 0+ dU.

These transformations are gauge symmetries only if M is empty as we have seen.
If we identify t @~ R" and A ~ Z" for some integer r, then we have

(r,yy = 20 o Kigwiys, (5.4)
where K is an r x r matrix of the form
Kij = nidi; (5.5)
with n; € Z, n; > 0. The endomorphism ¢ is similarly expressed as

Gi(z) = 2 _15i7), (5.6)

where s is a certain r x r matrix. Requiring that is a symmetric lattice endomorphism
leads to the property that s;; € Z and the condition

nisij — anji = 0. (57)
In the toric models of refs. [83, 84], one has
nisij = —pijlem(ng, nj) — Xipiinidij, (5.8)

where p;; is a symmetric integer matrix and x; = 0 or 1 according to whether n; is even or
odd respectively. It is immediately checked that the matrix s furnished by (5.8) is integer
and satisfies (5.7).

The Lie group crossed submodules of M, which as we have seen in section 4 are
the basic datum of linear boundary conditions, have a simple structure in toric CS the-
ory. The most general one is of the form M’ = (V,U,<|y,@|yxv) where U, V are sub-
groups of T such that ¢(V) € U. The corresponding Lie algebra crossed submodule
is therefore m’ = (v,u,<|y, @|uxp). Thus, m’ isotropic if v < u' and Lagrangian if
v = ut. The associated orthogonal normalizer and Weyl crossed modules are respectively
ONm’ = (ut, 0b,¢|y1, @yt xyr) and OWm' = (ul/t),Ul/u,§'|uL/n,'w'\nL/uxul/u).
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5.2 The Abelian projection model

Abelian projection [86] is a theoretical framework for investigating the properties of confin-
ing gauge theories. It consists in a gauge choice reducing the gauge symmetry from a non
Abelian group to a maximal Abelian subgroup. Abelian gauge fields emerge then from the
non Abelian background and with these magnetic monopoles presumably responsible for
confinement. In this subsection, we show how a kind of Abelian projection can be imple-
mented in 4-dimensional CS theory, even though no Higgs field is provisioned by it, leaving
to future work the exploration of possible physical applications. Cartan-Weyl theory of
semisimple Lie algebras is used throughout. See appendix A.5 for a brief review of some
of basic facts and notation used.

We begin by showing that we can associate a toric 4-dimensional CS model (cf. sub-
section 5.1) to a maximal torus F of a compact semisimple Lie group E whose Lie algebra
¢ is endowed with an invariant symmetric non singular bilinear form. The model’s toric
crossed module Mg = (T, T,¢,w) is defined as follows. The torus T is just U(1)", where r
is the rank of E. Below, we shall view the elements T as ordered r-uples (€*)qerr, of U(1)
elements indexed by a set I, of simple positive roots of ¢, where x, € {R. The target map
¢ is given by

§((exa )aeH+) = ( eZﬁEH+ oo )

where Cy is the Cartan matrix of e defined by (A.40). Note that ¢ is well defined because
(' is a matrix with integer entries. The action map w is trivial. Mg can be further equipped

(5.9)

OzEH+7

with an invariant pairing. Writing the elements of t as ordered r-uples (24 )aerr, of u(1)
elements indexed by II, analogously to the finite case, this reads

< (xa)ael_[+ ) (yoé)ael'hr > = ZaEH+ RaZlalo, (510)

where K, is the inverse half lengths square of the root « defined by (A.41). The symmetry
property (2.3) is fulfilled as can be easily checked upon noticing that <( (izq) aeH+) =
(i ZB€H+ Cﬁamﬁ)aemr and using the identity kKoCgo = £gCags-

In the above formal framework, the components of a toric higher gauge field are ordered
r-tuples (Wa)aerl, » (2a)aerr, with we € QL(M,R), 2, € Q2(M,iR). The CS toric model
action (5.1) then reads explicitly as

k
CS((wOL)OLEH+7 (‘QCY>OCEH+) = % JM ZQEH_'_HO‘ (dwa - %Zﬁen_'_cﬂagﬁ) Qa

k
_ MLMZaGHJrKO‘waQa' (5.11)

The components of a toric higher gauge transformation are similarly ordered r-tuples
(efa)aen+, (Ua)aen+ with f, € Q°(M,iR), U, € Q'(M,iR). Here, the functions f, are

generally multivalued and thus properly defined on the universal covering M of M. The
integrality condition

1
— | dfu ez, (5.12)

27 J,
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where ¢ is a 1-cycle of M must be satisfied in order efe to be a well defined element
of Map(M,U(1)). In accordance with (5.2), (5.3). the gauge transformed gauge field
(w(ef)’(U)a)aeH+, (h(Z(ef)’(U)a)aeH+ reads as

D = o+ dfe + X gerr, Csals, (5.13)
Q(ef)’(U)a =0, +dU,. (5.14)

Again, these transformations are gauge symmetries only if dM is empty.

The Abelian projection associates a CS toric model of the type just described with
a CS model based on a Lie group crossed module M = (E, G, 7, 1) whose source group E
is a compact semisimple Lie group and a choice of a maximal torus F of E. Its explicit
construction goes through a few steps detailed next.

The source ¢ of the Lie algebra crossed module m = (e, g, 7, 1) is a compact semisimple
Lie algebra. Hence, 3(¢) = 0. So, since ker 7 is a central ideal of ¢, we have ker 7 = 0.

Suppose M is equipped with an invariant pairing {-,-). Then, m is balanced so that
dime = dimg. Since ker7 = 0 as seen above, we have ranT = g. 7 is therefore a Lie
algebra isomorphism and ¢ ~ g. g is consequently also a compact semisimple Lie algebra.

7 being a Lie algebra isomorphism allows us to define a distinguished invariant sym-
metric non singular bilinear of the Lie algebra ¢, namely

(X, V), ={7(X),Y), (5.15)

which we shall tacitly employ in what follows.
A higher gauge field w, {2 induces a toric higher gauge field (wa )aerr, , (2a)aert,

wa = {w, Hy), (5.16)
¢ ={T(Hy+), 12), (5.17)

where H,, Hy € if are the root and weight Cartan subalgebra generators associated with
the roots and weights «, a*. We shall call (wa)aert, » (2a)aer, the Abelian projection of
w, §2. In turn, with any toric higher gauge field (wa)aetr, ; (f2a)aer, there is associated a
higher gauge field w, {2 of the form

W= pert, WaT (Harv ), (5.18)
2 =23 e, PaHav, (5.19)

where Hyv, Hyxv € if are the coroot and coweight Cartan subalgebra generators associated
with the coroots and coweights o, a*¥. We shall call a gauge field of this form Abelian
projected. It is immediately verified that the Abelian projection of the Abelian projected
gauge field corresponding to the toric gauge field (wa)aerr,, (f2a)acm, equals this latter.
See appendix A.5 for some technical details.

The CS action of an Abelian projected higher gauge field w, {2 equals precisely the
toric CS action of the underlying toric higher gauge field (wa)aert,, (2a)aerr, given by
eq. (5.11),

CS(w,2) = CS((wa)aen+, (Qa)aelh). (5.20)
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The Abelian projection involves a reduction of the higher gauge symmetry similarly
to ordinary gauge theory. The residual gauge symmetry is described by the normalizer
crossed module NMg of a certain crossed submodule Mg of M depending on the maximal
torus F (cf. subsection 2.3).

The characteristic crossed module of F is Mg = (F, 7(F), 7|, tt|-(F)xF)- MF is a crossed
submodule of M. Mg is toric as F, 7(F) are maximal tori of E, G, respectively, and
- (FyxF is trivial. It is simple to show that the normalizer crossed module of Mg is
NMg = (NF, uNF, 7|nF, pt|unFxnF).  The Weyl crossed module of Mg so turns out to
be WMg = (NF/F, u NF/7(F), 7|nF/Fs il NF/r(FyxNF/F)- WME s a finite discrete crossed
module. Indeed, NF/F = WE, the familiar Lie theoretic Weyl group of E. Furthermore,
since it turns out that uNF = N7(F), as is straightforwardly shown, uNF/7(F) = WG,
the Weyl group of G. Notice that WG ~ WE, since g ~ e.

As already mentioned, NMg is the crossed module of the residual higher gauge sym-
metry left over by the Abelian projection. Therefore, to implement the projection, we
restrict to the subgroup of NMg-valued higher gauge transformations, that is, by what
found in the previous paragraph, the gauge transformations u, U, with u € Map(M, uNF)
and U € QY(M,§). u, U have for this reason a special form. Since uNF is a disjoint union
of finitely many cosets of 7(F), on each connected component of M, one has

U = Uca, (5.21)
where u. € Map(M, 7(F)) and a € pNF is constant. u. can thus be expressed as

Ue = eZaEH+fa+(Ha*v) (522)

with f, € QO(M ,iR) through the coweight generators H,«v € if. As before, the f, are
generally multivalued functions. The well-definedness of the exponential in the right hand
side of (5.22) requires that
1
2mi

f > aert, HaHar € Af (5.23)

for any 1-cycle c of M, where A; is the integral lattice of f. Condition (5.23) is compatible
with (5.12) since the integral lattice A; is a sublattice of the coweight lattice Acyj. However,
the integer values which the periods of df,, can take are restricted unless Aj = Acyj, which
happens when the center Z(E) of E is trivial, as Z(E) = Acwj/A;. Finally, U can be
expanded as

U= e, UaHov. (5.24)

with U, € Q'(M,iR) in terms of the coroot generators H,v € if. In this way, we can
associate with an NMg-valued gauge transformation u, U a toric gauge transformation
(efa)a€H+’ (Ua)pen, satistying (5.23), the Abelian projection of u, U. This can be defined
alternatively through

dfo = {duu™t, H,), (5.25)
Uy = (F(Hy), U, (5.26)
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analogously to (5.16), (5.17) projecting on the root and weight generators H,, H,+ €

if.  Viceversa, with any toric gauge transformation (efa)aen+, (Ua) satisfy-

a€ell
ing (5.23), we can associated an Abelian projected NMg-gauge transformat;on Ue, U
through (5.22), (5.24). Note that in performing the Abelian projection of a NMg-valued
gauge transformation u, U all the information about the discrete factor a € 4 NF appearing
in (5.21) is lost. Correspondingly, for the Abelian projected gauge transformation u., U
yielded by a toric gauge transformation we have u. € Map(M, 7(F)) only.

For a € uNF, the y'(a,-) are automorphisms of the Lie subalgebra f. The findings of
the previous paragraph indicate that their action on the root, coroot, weight and coweight
lattices Ay, Acrf, Awj, Acws of f may be relevant to the analysis of the gauge invariance of

Abelian projection. One finds

pla, Ha) = 2 gerr, Xgala)Hg, (5.27)
pi(a, Hov) = X gen, X" ala)Hp, (5.28)
p(a, Hor) = 2 e, X apla™ ) Hx, (5.29)

pi(a, Hav) = 3 gerr, Xap(a™ ) Hgev, (5.30)

where x : uNF — GL(r,Q), x¥ : uNF — GL(r, Q) are certain group morphisms. In fact,
xY, x are simply related

x(a) = rkx¥(a)™, (5.31)
where x € GL(r,R) is the diagonal matrix
RaB = /{aéaﬁa (532)

Ko being defined by eq. (A.41). These relations follow form observing that the u'(a,-) are
automorphisms of both the integral lattice A; of § and its dual lattice A;* and that the
root and coroot generators span A;*, A; over Q, since the root and coroot lattices Ay,
Ao are sublattices of As*, As respectively. Note also that, as Aut(F) is a discrete group,
X" (a) = x(a) = 1, for a € 7(F). So, recalling that 4 NF/7(F) ~ WE, we have induced
group morphisms y : WE — GL(r,Q), x¥ : WE — GL(r,Q), which we denote by the same
symbol for simplicity.

Let u, U be a NMg-valued higher gauge transformation with associated toric
gauge transformation (ef&)aeny (Ua) acrr, and discrete factor a as defined by
egs. (5.21), (5.22), (5.24). If w, £ is a higher gauge field and w*V, NV is the gauge trans-
formed gauge field, the toric higher gauge fields (wa)aerr,, (2a)aer, and (WY ) et e
(Q“’UOZ)O((;HJr associated to w, 2 and w®V, %YV by Abelian projection according to
egs. (5.16), (5.17) are related as

u ef

W = Z,@emxﬁa(a)w( )’(U)Ba (5.33)
U \ — ef

? ’Ua = ZB€H+X aﬁ(a 1)“(2( )7(U)ﬁa (534)
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where in accordance with egs. (5.13), (5.14) (w(ef)’(U)a)a€H+, (_Q(ef)’(U)oé)mgH+ is the toric
gauge transform of (wa)aerr,, (f2a)acm,. Correspondingly, if w, (2 is an Abelian pro-
jected higher gauge field and w*Y, 2%V is again the gauge transformed gauge field, then
whV WU is also Abelian projected and the toric gauge fields (wq)aer +» (£20)aem, and
(WY W)aert, s (£2%Y4)aenr, underlying w, 2 and w®Y, 2%V in egs. (5.18), (5.19) are again
related as in (5.33), (5.34).

Hence, the toric gauge transformation (ef“)a6H+7 (Ua) induced by the gauge

OlGH+
transformation u, U does not exhaust its action. There is a residual finite discrete WE
action. This constitutes an extra Weyl group symmetry of the toric CS action (5.11) for
Abelian projected gauge fields w, {2 in addition to the toric higher gauge symmetry (for

oM = ).

A Basic mathematical definitions and results

The following appendices collect basic results and identities used repeatedly in the main
body of the paper and provided also the proofs of a few basic statements relevant in our
analysis, which are original to the best of out knowledge.

A.1 Basic definitions and identities of crossed module theory

In this appendix, we collect a number of basic definitions and relations which are assumed
and used throughout the main text of the paper. This will also allow us to set our nota-
tion. A part of this material is fairly standard [49], the rest is original to the best of our
knowledge.

Lie group crossed modules and module morphisms. A Lie group crossed module

M consists of two Lie groups E and G together with Lie group morphisms 7 : E — G and
i G — Aut(E) such that

7(u(a, A)) = ar(A)a™?, (A.1)
w(r(A),B) = ABA™1 (A.2)

for a € G, A, B € E, where here and below we view y : G x E — E for convenience. 7 and p
are called the target and action maps and (A.1), (A.2) are called equivariance and Peiffer
properties, respectively. As a rule, we write M = (E, G, 7, u) to specify the crossed module
through its constituent data.

A morphism 3 : M’ — M of Lie group crossed modules consists of two Lie group
morphisms ¢ : G — G and @ : E' — E with the property that

7(2(A4)) = ¢(7'(4)). (A.3)
D1 (a, A)) = p(¢(a), 2(A)) (A.4)

for a € G', A € E/. The morphism [ is an isomorphism precisely when @, ¢ are both iso-
morphisms. We normally write 5 : M' — M = (@, ¢) to indicate the constituent morphisms
of the crossed module morphism.
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There are obvious notions of direct product My x My of two Lie group crossed modules
Mi, Mg and direct product 51 x B2 of two Lie group crossed module morphisms S5y, B2
consisting in taking the direct product of the corresponding constituent data in the Lie
group category.

Lie group crossed modules and morphisms thereof with the direct product operation
constitute a monoidal category.

Lie group crossed submodules. Let M, M’ be Lie group crossed modules. M’ is a
submodule of M if E’, G’ are Lie subgroups of E, G and 7/, i/ are restrictions of 7, pu,
respectively or, equivalently, if there are inclusion Lie group morphisms E' € E, G’ < G
which are the components of an inclusion Lie group crossed module morphism M’ € M.

Let M/, M” be crossed submodules of a Lie group crossed module M with M’ a sub-
module of M”. M” is said to normalize M’ if the following conditions are met. For a € G”,
be G, one has aba—! € G'. For a € G”, B € E/, one has u(a, B) € E’. Finally, for b € G/,
A€ E” one has u(b, A)A~L e E.

If M” normalize M’, it is possible to define the quotient crossed module M”/M’. By
the condition listed in the previous paragraph, G, E/ are normal Lie subgroups of G”, E”
respectively, making it possible to construct the quotient Lie groups G”/G’, E”/E’. Then,
M /M = (B"/E',G" /G, 7", "), where 77\, 1\ are the structure maps defined by

"W (AE") = 1(A)G, (A.5)
W' mr(aG'y AE') = p(a, A)E' (A.6)

for a € G”, A € E”. It can be verified that 7"y, p”w are well defined and obey rela-
tions (A.1), (A.2).

Just as the notions of Lie algebra and algebra morphism and Lie subalgebra are the
infinitesimal counterpart of those of Lie group and group morphism and Lie subgroup, so
the concepts of Lie algebra crossed module and module morphism and Lie algebra crossed
submodule are the infinitesimal counterpart of those of Lie group crossed module and
module morphism and Lie group crossed submodule.

Lie algebra crossed modules and module morphisms. A Lie algebra crossed mod-
ule m consists of two Lie algebras ¢ and g together with Lie algebra morphisms ¢ : ¢ — g
and m : g — Der(e) such that

t(m(u,U))
m(t(U),V)

= [u, t(U)], (A.7)
=[U,V] (A.8)
for ue g, U,V € ¢, where here and below we view m : g x ¢ — ¢ for convenience. t and m
are called the target and action maps and (A.7), (A.8) are called equivariance and Peiffer
properties, respectively, in analogy to the group case. Again, we write m = (e, g,t,m) to
identify the crossed module through its defining elements.
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A morphism p : m’ — m of Lie algebra crossed modules consists of two Lie algebra
morphisms H : ¢/ — ¢ and h : g’ — g with the property that

tH(U)) = h{t'(U)). (A.9)
H(m/(u,U)) = m(h(u), HU)). (A.10)

for u € g/, U € ¢/. The morphism p is said to be an isomorphism if and only if H, h are
both isomorphisms. Again, we write as a rule p : m’ — m = (H, h) to specify the crossed
module morphism by means of its defining morphisms.

Similarly to the Lie group case, there are obvious notions of direct sum m; @my of two
Lie algebra crossed modules my, mo and direct sum p;@p2 of two Lie algebra crossed module
morphisms p1, ps consisting in taking the direct sum of the corresponding constituent data
in the Lie algebra category.

Lie algebra crossed modules and morphisms thereof with the direct sum operation
constitute a monoidal category.

Lie algebra crossed submodules. Let m, m’ be Lie algebra crossed modules. m’ is
a submodule of m if ¢/, g’ are Lie subalgebras of ¢, g and ¢/, m’ are restrictions of ¢, m,
respectively or, equivalently, if there are inclusion Lie algebra morphisms ¢/ C ¢, g’ < g
which are the components of an inclusion Lie algebra crossed module morphism m’ € m.

Let m’,; m” be crossed submodules of a Lie algebra crossed module m with m’ a sub-
module of m”. m” is said to normalize m’ if the following conditions are met. For u € g”,
v € ¢, one has [u,v] € ¢’. For u e g¢g’, V € ¢, one has m(u,V) € ¢’. Finally, for v € ¢,
U € ¢”, one has m(v,U) € ¢'.

If m” normalize m’, it is possible to define the quotient crossed module m”/m’. By
the condition listed in the previous paragraph, g’, ¢ are Lie ideals of g”, ¢” respectively,
making it possible to construct the quotient Lie algebras g”/g’, ¢”/¢’. Then, m”/m’ =
("/¢, 9" /g t" ,m" ), where t” s, m” v are the structure maps

t" (U +¢)=tU) +
m"w(u+g,U+¢)=mu,U

for u € g”, U € ¢”. It can be verified that t”,/, m”, are well defined and obey rela-
tions (A.1), (A.2).

A.2 Lie differentiation of crossed modules

From what shown in appendix A.1, it is apparent that the Lie algebra crossed module
category is the infinitesimal counterpart of the Lie group crossed module one. As it might
be expected, they are related by Lie differentiation.

As a convention, whenever a Lie group theoretic structure S and a Lie algebra theoretic
structure s denoted by the same letter appear in a given context, it is tacitly assumed that
s is yielded by S via Lie differentiation, unless otherwise stated.
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Lie differentiation. Let M = (E,G,7,u) be a Lie group crossed module. With the
structure map 7 : E — G, there is associated its Lie differential 7 : ¢ — g. Likewise, with
the structure map u : GXE — E, there are associated three distinct Lie differentials, namely
p:Gxe—e p:gxE—eand p:gxe— e Since 7 is a Lie group morphism, 7 is a Lie
algebra morphism. Similarly, since u encodes a Lie group morphism p : G — Aut(E), x and
‘1" encode respectively a Lie group morphism y : G — Aut(e) and Lie algebra morphism
1 : g — Der(e). The interpretation of u is less obvious: as it turns out, u : g — Caq'(E,¢)
is a linear morphism of g into the linear space of adjoint action 1-cocycles of E on ¢. The
precise definition and main properties of these objects are provided below.

Let B: M — M = (&, ¢) be a Lie group crossed module morphism. The Lie differentials
of the Lie group morphisms @ : E' — E, ¢ : G — G are then Lie algebra morphisms
b >e,d:g — g

Given a Lie group crossed module M = (E, G, 7, ), the data m = (e, g,7, ') define a
Lie algebra crossed module. m is in this way associated with M much as a Lie algebra
is associated with a Lie group. Similarly, given a Lie group crossed module morphism
B:M — M = (&,¢), the data 8 : m’ — m = (&, ¢) define a Lie algebra crossed module
morphism. Again, 6 is associated with 8 just as a Lie algebra morphism is associated
with a Lie group morphism. The Lie algebra crossed module associated with the direct
product M; x My of two Lie group crossed modules M1, Ms is the direct sum my @my of the
associated Lie algebra crossed modules my, mo. Similarly, the Lie algebra crossed module
morphism associated with the direct product 81 x B2 of two Lie group crossed module
morphisms (1, 9 is the direct sum Bl &) BQ of the associated Lie algebra crossed module
morphisms ,5’1, ,6’2.

The map that associates with each Lie group crossed module M its Lie algebra crossed
module m and with each Lie group crossed module morphism 3 : M’ — M its Lie algebra
crossed module morphism ﬁ :m’ — m is a functor of the Lie group into the Lie algebra
crossed module monoidal category.

Let M, M, be Lie group crossed modules with associated Lie algebra crossed modules
m, m’. If M’ is a crossed submodule of M, then m’ is a crossed submodule of m. Next,
let M” be a Lie group crossed module with Lie algebra crossed module m”. If M” is a
crossed submodule of M normalizing M’, then m” is crossed submodule of m normalizing
m’. Moreover, the Lie algebra crossed module of the quotient crossed module M”/M’ is
precisely m”/m/’.

Basic Lie theoretic identities. The relevant differentiated structure mappings 7 : ¢ —
g 4 :Gxe—e u:gxE —>cand i : gxe — ¢ of alie group crossed module
M = (E, G, 7, u) which we introduced above satisfy a host of identities often used in detailed
calculations and analyses.

1 obeys the following algebraic identities:

N.(abﬂ X) = /j(aa M.(b, X))? (Al?’)
,LL.((I,'M'(I‘,X)) = ./L.(Ada(m)a/‘.(aa){)% (A'14)
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where a,be G, x € g, X € e. i in turn satisfies the following relations:

7(pu(z,A)) =z — Ad7(A)(z), (A.15)
wr(X),A) =X —Ad A(X), (A.16)
wlz,y], A) = "w(z, wly, A) = (y, w(x, A)) = [ u(z, A), wly, A)l, (A.17)
‘w(x, AB) = u(z, A) + Ad A( ‘u(x, B)), (A.18)
b (a, (e, 4)) = p(Ada(e), pla, 4)), (A.19)
where a,be G, A,BeE, z,yeg, X e
The following variational identities hold:
Sp(a, Ap(a, A~ = i (a, u(a " oa, A) + 6AAY), (A.20)
Sp (a, X) = i (a, 1 (e oa, X) + 6X), (A.21)
6wz, A) = u(dx, A) + ' (x,6AA™Y) — [ ‘u(x, A),6AA™Y, (A.22)

where a € G, AeE,zeg, Xee.

A.3 Crossed modules with invariant pairing

In this appendix, we provide the definition and main properties of Lie group and algebra
crossed modules with invariant pairing used in the main text. We also provide details on
isotropic crossed submodules.

Lie algebra crossed modules with invariant pairing. A Lie algebra crossed module
with invariant pairing is a Lie algebra crossed module m = (e, g, ¢, m) endowed with a non
singular bilinear map (,-) : g x ¢ — R enjoying the properties that

ad z(z), X) + {(z,m(z, X)) =0 (A.23)
for z,x € g, X € ¢ and that

HX),Y) = CHY), X) (A.24)

for X,Y € ¢. The non singularity of (-, -) implies that m is balanced, dim ¢ = dim g.
A morphism p : m" — m = (H, h) of Lie algebra crossed modules with invariant pairing
is a crossed module morphism that respects the pairing, that is

(W(z), H(X)) = {x, X) (A.25)

forzeg, Xed.
If my, my are Lie algebra crossed modules with invariant pairing, then their direct sum
m =m; @my is a crossed module with the invariant pairing

(1 @ w2, X1 @ X2y = (x1, X1 )1 + (@2, X2)2, (A.26)

where x1 € g1, X1 € ¢1, x2 € g2, X3 € ¢2.

Lie algebra crossed modules with invariant pairing and morphisms thereof with the
direct sum operation constitute a monoidal category that is a subcategory of the monoidal
category of Lie algebra crossed modules and module morphisms.
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Lie group crossed modules with invariant pairing. A Lie group crossed module with
invariant pairing is a crossed module M = (E, G, 7, u) such that the associated Lie algebra
crossed module m = (e, g, 7, ) (cf. appendix A.2) is a crossed module with invariant pairing
(-, - satisfying

(Ada(x),pu(a, X)) ={x, X) (A.27)

for a € G, z € g, X € e. Note that (A.27) implies (A.23) with m = ‘u through Lie
differentiation with respect to a. Again, the non singularity of {-,-) implies that M is
balanced, dim E = dim G.

A morphism 3 : M’ — M of Lie group crossed modules with invariant pairing is a
morphism of the underlying crossed modules such that the induced Lie algebra crossed
module morphism B :m/ — m is a morphism of crossed modules with invariant pairing as
defined earlier (cf. eq. (A.25)).

If My, My are Lie group crossed modules with invariant pairing, then their direct
product M = M; x Mg is a crossed module with the invariant pairing, since the associated
Lie algebra crossed module m = m; @ my is endowed with the invariant pairing (A.26)
satisfying (A.27).

Lie group crossed modules with invariant pairing and morphisms thereof with the direct
product operation constitute a monoidal category that is a subcategory of the monoidal
category of Lie group crossed modules and module morphisms.

Fine crossed modules. Let M = (E, G, 7, 1) be a Lie group crossed module with invari-
ant pairing (-,-). M is said to be fine if for z,y € g and A € E one has

(e, ply, A)) = (y, pl(z, A7), (A.28)

This property is a sense dual to (A.27). M is fine under mild assumptions on the Lie group
E. In particular, M is fine when E is connected and also when E is not connected in the
connected component of the identity of E and in any connected component of E where it
holds for at least one element. M is fine also when 7 is invertible with no restrictions on E.

A.4 Proof of the decomposition theorem

In this appendix, we provide a sketch of the proof of the decomposition theorem (2.11) of a
Lie algebra crossed module with invariant pairing m satisfying the hypothesis (2.10). The
theorem states the isomorphism

m=>~Cm®Rm, (A.29)

where Cm, Rm are the core and residue of m, the Lie algebra crossed modules with invariant
pairing defined by (2.4), (2.5), (2.8) and (2.6), (2.7), (2.9), respectively.
By the assumption (2.10), we have the Lie algebra direct sum decomposition

g=rant@®h, (A.30)

where b is an ideal of g with rant nf = 0. The projector 7 : g — rant¢ associated with the
decomposition is a Lie algebra morphism.
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The duality pairing of g and e established by the invariant pairing (-, -) entails the Lie
algebra direct sum decomposition

¢ =kert@ht, (A.31)

where ht, the orthogonal complement of h with respect to the pairing, an ideal of ¢ with
kert n ht = 0. The projector IT : g — kert associated with the decomposition is again a
Lie algebra morphism.

We define mappings h : g — rant @ (g/rant) and H : ¢ — (¢/kert) @ kert by

h(z) =7(z)® ((1 —7)(x) + rant), (A.32)
HX)=((1-HIO)(X)+kert)®II(X) (A.33)

with z € g, X € ¢. h, H are the components of a Lie algebra crossed module isomorphism p :
m — Cm@Rm Indeed, as it is straightforward to verify, h, H are Lie algebra isomorphisms.
Further, by virtue of the relations,

h, H obey the required conditions (A.9), (A.10). Property (A.25) is immediately checked.

A.5 Basic results of Cartan-Weyl theory

In this appendix, we review the basic notions of the Cartan-Weyl theory of lie algebras
used in section 5. A standard reference is [87].

Let E be a compact semisimple Lie group and F a maximal torus of E. Then, ¢ is
a compact semisimple Lie algebra and f is a maximal toroidal Lie subalgebra of ¢. The
integer r = dim f is the rank of E.

The structure of the Lie algebra ¢ is best analyzed by complexification. We let ec =
C®e and fc = C®f, the Cartan subalgebra of ec. Then, ec has the vector space direct
sum decomposition

ec = Doenta Oc, (A.38)

where A < fc* is set of roots of ec, the eigenvalues of adfc, and the ¢, are the root
subspaces, the associated eigenspaces of ad fc. The e, can be shown to be all 1-dimensional.

ec admits an invariant symmetric non singular bilinear pairing {-,-)x unique up to
normalization in each simple component of ec. (-, )i restricts to a non singular pairing on
fc. Through (-, )k, each element k € fc* is then identified with a unique generator H, € fc.
An symmetric non singular bilinear pairing (-, -)x on fc*, defined by {k, \)x = (H,, H)\ i
for k, A € fc*, is so induced.

The roots o € A are in this way identified with generators H,, of fc. With the «, there
are further associated the coroots a¥ € fc* given by oY = 2a/{a, @), which in turns are
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identified with generators H,v of fc. It can be shown that H,, H,v € if. Unlike the H,,
however, the H,v do not depend on the normalization of (-, -)x. Besides these, there exist
normalized generators X, € ¢, such that the basic Lie brackets of ec read as

[Hov, Xia] = 22X10,  [Xay X_a] = Hov (A.39)

The root set A is spanned over Z by a set of positive simple roots Il < A. Note that
I+ | = . The Cartan matrix

Ao Bk _ oY Bk
Cog = o 00K BV Br a, B elly (A.40)

is independent from the normalization of the invariant pairing (-, )x. C is an invertible

r X r matrix with integer entries in the range —3,—2,—1,0,2 completely codifying e as
a Lie algebra. In particular, C' determines essentially all the ratios of the normalization
dependent simple root inverse half lengths squares

_ 2 B (¥, 0" )k
N {a, a)g N 2 ’

Rq [eAS H+. (A41)

For non orthogonal roots «, 8 € 114, ko/kg = Cop/Csa = 1,2,3,1/2,1/3 depending on
cases.
The real subspace if  fc is characterized by six lattices:

o the root lattice A, the lattice of if generated by H, with o € IL,
« the coroot lattice Ay, the lattice of if generated by H,v with o € IT,
o the integral lattice A, the set of all X € ¢f such that e2mMX — g,
and their dual lattices with respect to (-, )x:
o the weight lattice Ay; = Ay,
« the coweight lattice Acws = A",
o the dual integral lattice Aj*.

The weight and coweight lattices can also be defined through generators. The simple roots
« € 114 can be paired with the fundamental weights and coweights o, a*¥ efc* defined by

(", ")k ={a"", B)k = dag. (A.42)

The weight and coweight lattices Ays, Acw; are then the lattices of if generated by H-,
Hy+~v with a € II;, respectively. Explicitly, we have Hy+ = 25€H+ C’lgaHﬁ, Hy =
Zﬁel’h_ CilaﬁHfgv. It is known that Acrf c Af - Acwf and Arf c Af* c Awf. While the
lattices Acrf, Acwi Avf, Aws depend only on the Lie algebra ¢ and are therefore the same for
all Lie groups E which share ¢ as their Lie algebra, the lattices A;, Aj* do depend on E. In
this regard, one has Z(E) o Acwf/Af ~ Af*/Arf and 7T1(E) &~ Af/Acrf ~ Awf/Af*.
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