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 

Abstract—This paper proposes compact expressions for the 

jitter in clock and data recovery (CDR) circuits based on bang-

bang phase detector including the phase noise of the transmitter 

and receiver oscillators as well as the quantization noise associated 

to the finite number of phases of the phase interpolator that align 

the receiver clock to the incoming data. Different approaches to 

perform the Early/Late detection on deserialized data and edge 

samples are compared: the use of majority voting degrades the 

CDR bandwidth, increasing the impact of the clock jitter on the 

CDR jitter; on the other hand, counting the single Early/Late 

occurrences does not degrade the bandwidth but increases the 

noise related to the finite phases of the phase interpolator. The 

proposed analytical formulas are validated against event-driven 

behavioral simulations of the CDR system including free-running 

oscillators as well as PLL for clock generation.  

 
Index Terms—clock and data recovery, jitter, simulation, high-

speed I/O 

 

I. INTRODUCTION 

HE increasing demand for high-speed I/O in electronic 

systems has pushed the development of high-speed serial 

interfaces operating at rates up to 112 Gb/s [1]. Among the 

different clocking strategies [2], the use of embedded clock 

results in pin and power saving but requires clock and data 

recovery (CDR) systems to align the receiver clock to the 

received data [3]. The alignment is usually performed with a 

phase interpolator (PI) that derives a set of discrete phases from 

the receiver clock [4]. The use of bang-bang phase detectors 

based e.g. on the Alexander algorithm [5] makes the CDR 

system essentially digital [6][7]. 

Being the combination of different sub-blocks, the design of 

a CDR circuit should start from system-level considerations 

before actually placing and sizing the single transistors. In this 

respect, system-level modeling plays an important role in the 

initial design phase. Although faster than circuit level analysis, 

time-domain behavioral simulations [8] still require a level of 

detail that is not needed in the very initial phase of the system 

planning. For this reason, simple analytical formulas can serve 

as a starting point to set the main specs of the system. 

Linearization of the bang-bang characteristic is the first step 

to derive analytical formulas for the CDR system [9]-[12]. 

Having as a target the estimate of the output jitter, a linear 
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model can be used to compute the effect of the single noise 

sources on the overall jitter. A summary of the main approaches 

proposed in the literature is provided in [16]. Most of the works 

focus on the linearization of the phase detector and on the 

inclusion of loop delay (latency). However, in digital PLL/CDR 

other blocks feature quantization effects: [13] includes the 

quantization error of the DCO in a linearized PLL model. 

In this paper, we extend the analyses available in the 

literature by considering a digital CDR with bang-bang phase 

detector and PI with discrete phases. We derive a set of compact 

formulas that include the effect of the phase noise of the 

oscillators (either free-running or PLL) and the finite number of 

phases of the PI on the output jitter. An event-driven, behavioral 

simulator was developed to test our model. These formulas are 

validated over a wide parameter space and provide a useful tool 

to determine an initial estimation of the required number of 

phases of the PI, of the main parameters of the digital control 

algorithm and to set limits to the phase-noise of the oscillators. 

Different strategies to elaborate the Early/Late (E/L) response 

of the Alexander algorithm on deserialized data are analyzed 

and compared. It is found that voting increases the output jitter 

due to the phase noise of the oscillators but keeps the jitter due 

to quantization of the PI under control, provided the loop delay 

is not so large. 

The paper proceeds as follows. The derivation of the 

formulas and the comparison with an event-driven simulator 

(described in appendix B) is shown in Section II, starting with 

E/L detection on the serialized data considering free-running 

oscillators (section II.A) or PLLs (section II.B) as clock 

generators. The models for E/L detection on deserialized data 

are derived in Sections II.C and II.D considering an algorithm 

that accumulates the single E/L occurrence and one based on 

majority voting, respectively. Comparison with circuit-level 

simulations is provided in Section III. Conclusions are drawn in 

Section IV. 

 

II. DERIVATION AND VERIFICATION OF THE 

ANALYTICAL MODEL FOR JITTER 

To derive the analytical formulas for the CDR jitter 

(difference between the timing of the reconstructed clock and 

the received data) we start from the linear model in Fig.1a, 

assuming a system with a single integrator (i.e. a first-order 
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CDR). The applicability of our model to second order CDR will 

be discussed in Appendix C. As far as the phase noise of the 

oscillators is concerned, the linear model of Fig.1a gives: 
𝜙𝐶𝐷𝑅

𝜙𝐶𝐾
=

𝑗𝜔

𝐾+𝑗𝜔
=

𝑗𝑓/𝐵𝑊

1+𝑗𝑓/𝐵𝑊
  ,               (1) 

where the bandwidth is BW=K/(2). The estimate of the K 

parameter depends on the system architecture. Fig.1b considers 

the case where the E/L detection is performed directly on the 

serial data-stream, that will be analyzed in details in the next 

two sections. The case of E/L detection on deserialized data will 

be discussed later in Sections II.C and II.D.  

A. Free-running oscillator and E/L detection on serial data 

The simplest case concerns E/L detection on the serial 

stream, with transceiver and receiver clocks generated by free-

running oscillators. For simplicity, we consider only the noise 

of the transmitter free-running oscillator. Its phase noise power 

spectral density (PSD) as a function of the offset frequency f is 

given by: 

𝑆𝜙𝐶𝐾𝜙𝐶𝐾 =
𝐴

𝑓2
 ,                                (2) 

Where we do not consider flicker noise to simplify the 

analysis and get close-form expressions. The inclusion of 

flicker noise would also require going to a second-order CDR. 

 To determine the constant A, we note that the period jitter 

corresponding to (2) is [15]: 

𝜎𝑜𝑠𝑐,𝑝
2 = ∫ |1 − 𝑧−1|2 (

𝑇

2𝜋
)
2

𝑆𝜙𝜙𝑑𝑓
∞

0
≅

𝐴𝑇3

2
  .        (3) 

We can thus write: 

𝑆𝜙𝐶𝐾𝜙𝐶𝐾 =
2𝜎𝑜𝑠𝑐,𝑝

2

𝑇3𝑓2
 .                              (4)                          

Working with time is easier than using phases: we consider 

the block diagram of Fig.1c corresponding to the architecture in 

Fig.1b 

If we assume for the transmitter oscillator the phase noise 

spectrum of Eq.4, the rms value of the absolute jitter of the 

recovered clock compared to the received signal (i.e. the rms 

value of the variable tCDR in Fig.1c) due to the noise of the 

oscillator only is: 

𝜎𝑟𝑗
2 =

𝑇2

4𝜋2
∫

2𝜎𝑜𝑠𝑐,𝑝
2

𝑇3𝑓2

𝑓2/𝐵𝑊2

1+𝑓2/𝐵𝑊2 𝑑𝑓
∞

0
=

𝜎𝑜𝑠𝑐,𝑝
2

4𝜋𝑇𝐵𝑊
 .         (5) 

Notice that Eq.5 links the absolute jitter of the CDR to the 

period jitter of the transmitter clock. In Fig.1a, consistently with 

the event-driven simulations, the jitter is applied to the 

transmitter clock. However, the jitter of the oscillator in the 

receiver has exactly the same effect (see where the noise of the 

RX oscillator is added in Fig.1c), so that 𝜎𝑜𝑠𝑐,𝑝
2  in Eq.5 is indeed 

the sum of the square of the period jitter of both transmitter and 

receiver oscillators. 

To compute the CDR bandwidth, although the model of the 

accumulator is in the z-domain, since the CDR bandwidth is 

much smaller than the data rate, we can approximate it as: 
1

1−𝑧−1
=

1

1−𝑒−𝑠𝑇
~

1

𝑠𝑇
  .                     (6) 

The block ½ comes from the consideration that, on average, 

we have 01 and 10 transitions only in half of the bit 

periods. Comparing Fig.1a and 1.c and using Eq.6 we get: 

𝐾 = 𝐾𝑃𝐷
1

2𝑁𝑑𝑖𝑣𝑁𝑃𝐼
  .                        (7) 

That implies: 

𝐵𝑊 =
𝐾

2𝜋
= 𝐾𝑃𝐷

1

4𝜋𝑁𝑑𝑖𝑣𝑁𝑃𝐼
   .        (8) 

Linearization of the bang-bang PD characteristic is discussed 

in [9]- [11]. Since we indicate with 𝜎𝑟𝑗 the rms value of the jitter 

out of the PD, we can write [16]: 

𝐾𝑃𝐷 =
2

√2𝜋𝜎𝑟𝑗
  .                         (9) 

Substituting Eqs.8 and 9 into Eq.5 we get 𝜎𝑟𝑗
2  that depends 

linearly on  𝜎𝑟𝑗 itself. We finally get: 

𝜎𝑟𝑗 =
𝜎𝑜𝑠𝑐,𝑝
2 √𝜋/2𝑁𝑑𝑖𝑣𝑁𝑃𝐼

𝑇
  .                            (10) 

The results of Eq.10 are reported by red-dashed lines in Fig.2 

and show that the jitter of the clock generators is the main 

contributor to the CDR jitter when the bandwidth is small (high 

𝑁𝑑𝑖𝑣 and 𝑁𝑃𝐼). On the other hand, for small 𝑁𝑑𝑖𝑣 and 𝑁𝑃𝐼 , Eq.10 

significantly deviates from the results of the event-driven 

simulations (blue curve). This is due to the quantization noise 

associated to the finite number of PI phases [17].  

To model this additional contribution, we consider that the 

desired phase will stay between two of the possible phases 

(a) 
 

 
 

(b) 

 
 

(c) 

 

 
 

Fig. 1.  (a) Linear model in the Laplace domain of a generic CDR with single 
integrator considering the phase of the transmitter clock as input. (b) CDR 

implementation considered in this paper: after the phase detector we have an 

accumulator, a divider (i.e. the output of the accumulator is divided by a given 
factor discarding some of the least significant bits) and then the PI that 

generates the CDR clock from a local oscillator. (c)  Linear model in the z-

domain of the scheme in (b). tCK is the jitter of the transmitter clock, whose 

period jitter is indicated by  in the text for a free-running oscillator, while 

tCDR is the jitter of the reconstructed clock with respect to the timing of the 

received data. Plot c also indicates the other sources of jitter, i.e. the 

quantization of the PI phase (whose rms value is indicated as quant in the text) 

and the noise of the RX oscillator (that in this model is indistinguishable from 

the one of the TX). 
  

𝐾
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provided by the PI. Using time instead of phase, let us say that 

we want a delay “x” with respect to the delay of the n-th phase, 

whereas the (n+1)-th phase is ∆= 𝑇/𝑁𝑃𝐼 from the n-th phase. 

The system will switch between the two phases since one time 

the CDR clock is “late” and the next time it will be “early”. The 

rms error is: 

𝜎2(𝑥) =
1

2
(∆ − 𝑥)2 +

1

2
𝑥2 =

1

2
∆2 + 𝑥2 − ∆𝑥 .         (11) 

In absence of any random jitter, the jitter histogram of the 

CDR clock is composed by two Dirac’s delta spaced by 

∆= 𝑇/𝑁𝑃𝐼, as verified by event-driven simulations (not shown). 

In the presence of random jitter from the oscillators, “x” 

continuously changes over time. The average error is: 

𝜎𝑞𝑢𝑎𝑛𝑡
2 =

1

∆
∫ 𝜎2(𝑥)𝑑𝑥
∆

0
=

∆2

3
   .             (12) 

In other words, the absolute jitter of the CDR due to 

quantization of the PI is: 

𝜎𝑞𝑢𝑎𝑛𝑡 =
𝑇

𝑁𝑃𝐼√3
                                 (13) 

This differs from the formula for jitter associated to PI 

quantization proposed in [17] that has a √12 instead of √3 of 

Eq.13. In fact, the quantization noise of the PI is not the same 

as in an ADC where we approximate a number with the closest 

level: here the PI oscillates between the two phases that are 

around the wanted phase. 

Results of Eq.13 are reported by green lines in Fig.2 and 

reproduce the event-driven simulations (see Appendix B) in the 

regions where the jitter induced by the noisy oscillator (Eq.10) 

is low. Note that the quantization noise of the PI is a white noise 

source that must be added to the output of the PI  (see Fig.1c)  

[17]. In principle Eq.13 gives the rms value of this contribution, 

whose PSD is 2𝑇𝜎𝑞𝑢𝑎𝑛𝑡
2  (i.e. white over the Nyquist 

bandwidth). This noise sees the high-pass transfer function of 

the CDR loop as for Eq.1. However, since the CDR bandwidth 

is much lower than the Nyquist frequency 1/(2T), the integral 

of the PSD over the squared modulus of the transfer function 

essentially gives Eq.13. 

From Fig.2a we see that the jitter increases with 𝑁𝑑𝑖𝑣 (the 

CDR bandwidth is reduced) while the dependence on 𝑁𝑃𝐼 
(Fig.2b) shows that small values increase the jitter due to phase 

quantization; on the other hand, when 𝑁𝑃𝐼 increases, the 

reduction of the jitter induced by PI quantization is then 

accompanied by the increase of the jitter due to the noisy 

oscillator (since the CDR bandwidth gets reduced and is not 

able to track the oscillator jitter anymore). We also see in Fig.2c 

that the CDR jitter goes quadratically with the period jitter of 

the oscillator (i.e. linearly with the phase-noise coefficient A of 

Eq.2, consistently with [13]). In Fig.2 we considered a data rate 

of 10Gbps, but everything scales with T so that the agreement 

between model equations 10, 13 and the simulation is good in 

any range of data rates (not shown). 

Indications about how to combine the results of Eqs.10 and 

13 and include the quantization noise of the bang-bang phase 

detector are provided in Appendix A. Visual observation of the 

figures in this one and in the following sections suggests that 

Eq.10 and Eq.13 can be summed together, an evidence that is 

consistent with [13].  

As a final note, we should mention that simulations run with 

a clock-like ...01010... data sequence provide a jitter that can be 

reproduced by a combination of Eq.13 (the jitter due to PI 

quantization is the same) and Eq.10 divided by two (the 

bandwidth is twice as large since we have a 01 or 10 

transition for each bit period). Simulations with different 

frequency of the transmitter and receiver clock without phase 

noise yield a jitter that can be reproduced by Eq.13 since the 

phase error between data and clock tends to increase linearly 

with time and the “wanted phase” out of the PI moves from 0 

to 2 and experiences the quantization of the PI. 

 

(a) 

 
 

(b) 

 
 

(c) 

 
 

Fig.2. Blue lines with circles: simulated absolute jitter for a CDR operating at 

10Gbps on the serial data considering a free-running oscillator as the 
transmitter clock source. The dashed red and solid green lines refer to Eqs.10 

and 13 respectively. Plots a,b and c show the results as a function of 

respectively the divider ratio, the number of phases of the PI and the period 
jitter of the oscillator.  
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B. Clock from PLL and E/L detection on serial data 

 

The derivation in the previous section can be adapted with 

little effort to a case where the transmitter is clocked by a PLL. 

We approximate the phase noise PSD as: 

𝑆𝜙𝐶𝐾𝜙𝐶𝐾 =
𝐴

𝐵𝑊𝑃𝐿𝐿
2 +𝑓2

   ,                    (14) 

i.e. a flat PSD up to the PLL bandwidth BWPLL and then a 1/f2 

slope. In this case the absolute jitter is given by: 

𝜎𝑃𝐿𝐿
2 = ∫ (

𝑇

2𝜋
)
2

𝑆𝜙𝜙𝑑𝑓 ≅
𝐴𝑇2

8𝜋𝐵𝑊𝑃𝐿𝐿

∞

0
  .          (15) 

 

The analysis starts with Eq.1. If we proceed as in Eq.5 but 

using the phase PSD of Eq.14 instead of the one from Eq.4, we 

get: 

𝜎𝑟𝑗
2 = 𝜎𝑃𝐿𝐿

2 1

1+
1

𝐵𝑊𝑃𝐿𝐿√𝜋/2𝜎𝑟𝑗4𝜋𝑁𝑑𝑖𝑣𝑁𝑃𝐼

 .        (16) 

Where we have used Eqs. 8 and 9 for the CDR bandwidth. 

We can solve Eq.16 and get: 

                           𝜎𝑟𝑗 = −
1

𝐶
+ √

1

𝐶2
+ 𝜎𝑃𝐿𝐿

2    ,                        (17) 

𝐶 =  𝐵𝑊𝑃𝐿𝐿√
𝜋

2
8𝜋𝑁𝑑𝑖𝑣𝑁𝑃𝐼 . 

Results of Eq.17 are reported by dashed red lines in Fig.3 and 

compared with the event-driven simulator. For small 𝑁𝑑𝑖𝑣 

and 𝑁𝑃𝐼 event-driven simulations tend to the jitter provided by 

Eq.13 (quantization of the PI). The trends of CDR jitter vs 

division ratio (Fig.3a), number of PI phases (Fig.3b) and clock 

jitter (Fig.3c) are the same as in Fig.2. Regarding the effect of 

the PLL bandwidth, in Fig.3d we change the BWPLL and, at the 

same time, decrease 𝜎𝑃𝐿𝐿
2   as 1/BWPLL, to describe a situation 

where the VCO of the PLL is the same, but the increase of the 

PLL bandwidth better removes the VCO phase noise at low 

frequencies. In other words, we consider a phase-noise PSD as 

in Eq.14 where A is constant. Since the transfer function 

between the clock jitter and the CDR jitter (Eq.1) is high-pass, 

increasing the PLL bandwidth has a minor effect on reducing 

the overall absolute jitter of the system since it affects the low 

frequency PSD of the clock phase-noise. 

Since the results obtained with the PLL are in line with the 

ones using a free-running oscillator apart from more involved 

formulas, we will consider for simplicity only this latter case in 

the following (although PLL clock may be included also in the 

more complex situations described in the next sections). 

 

C. Free-running oscillator and E/L detection after 

deserialization 

 

We now consider CDR systems where the E/L detection is 

performed after deserialization. Two possible system 

architectures are shown in Fig.4. We start with the case in 

Fig.4a where the E/L detected from deserialized bits are added 

together. In this way, almost no information is lost compared to 

voting where a single E/L is derived from the parallel E/L 

vector instead (Fig.4b). In any case, even with the adder, some 

information is lost: we just cannot perform the E/L detection on 

(a) 

 
 

(b) 

 
(c) 

 
 

(d) 

 
 
Fig.3. Blue lines with circles: simulated absolute jitter for a CDR operating at 

10Gbps on the serial data considering a PLL in the transmitter. The dashed red 

and solid green lines refer to Eqs.17 and 13 respectively. Plots a,b,c and d  
show the results as a function of respectively the divider ratio, the number of 

phases of the PI, the absolute jitter of the PLL and the bandwidth of the PLL. 

In plot d, 𝜎𝑃𝐿𝐿 is scaled as 
1

√𝐵𝑊𝑃𝐿𝐿
. 
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the last bit in the parallel stream since this requires the first data 

sample in the next parallel word and this is why in Fig.4a the 

vector out of the E/L block is NDES-1 bit wide. When the CDR 

works on deserialized data, the PI code is updated only after 

NDES bit periods 

By performing event-driven simulations without transmitter 

jitter, we notice that the phase takes more than two values. In 

fact, the input of the PI is updated by a value that is the output 

of the adder after division. If the division ratio is small and a 

sufficient majority of Early or Late is detected at the same time 

from the deserialized data, the PI phase moves by more than 

one step. The number of lines in the jitter histogram is 

approximately NDES/Ndiv (not shown). This is different from the 

cases analyzed in Sections II.A and II.B where only one E/L is 

added to the accumulator and thus to the PI input.  

Sample simulation results including oscillator jitter are 

reported in Fig.5. We see that for small CDR bandwidth (high 

Ndiv) the jitter is almost the same, whereas working with 

deserialized data is detrimental in the cases where quantization 

of the PI dominates (small Ndiv). 

The results in Fig.5 suggest that Eq.10 can still be used but 

one has to modify Eq.13. The fact that given the target phase, 

the PI switches between more than two phases, led us to propose 

to modify Eq.13 as: 

𝜎𝑞𝑢𝑎𝑛𝑡 =
𝑇

𝑁𝑃𝐼√3
𝑚𝑎𝑥 (1, 𝑓𝑙𝑜𝑜𝑟

𝑁𝐷𝐸𝑆

2𝑁𝑑𝑖𝑣
)  .      (18) 

We recover Eq.13 when NDES<2Ndiv. The results of Eq.18 are 

compared with event-driven simulations in Fig.6a for situations 

with small Ndiv so that the jitter contribution due to the oscillator 

noise is negligible. Fig.6b instead plots the results of Eq.10 and 

Eq.18 vs event-driven simulations for E/L detection after 32-bit 

deserialization, demonstrating that quantization noise due to 

discrete PI phases dominates at small Ndiv (high bandwidth), 

while noise of the oscillator dominates for high Ndiv (small 

bandwidth). This leads to a trade-off in the choice of the divider 

ratio, with the optimum division ratio that depends on NDES and 

on the jitter of the oscillators (compare Fig.6b and Fig.6c). 

(a) 

 
 

(b) 

 
 

(c) 

 
 
Fig. 6. Blue lines: simulated absolute jitter for a CDR operating at 10Gbps 

on the deserialized data (using the scheme in Fig.4a) considering a free-

running oscillator in the transmitter. The red and green lines refer to Eqs.10 
and 18 respectively. Plots a is for varying NDES (parallel bits) while plots b 

and c are for varying divider ratios at fixed NDES. 

  

(a) 
 

 
 

(b) 

 
 

 
Fig. 4.  Example of CDR algorithms performing the E/L detection on 

deserialized data and edge samples. In both cases the PI code is updated after 

NDES data periods. In plot (a) the E/L resulting from the parallel data are 
summed together (with sign) and then accumulated and divided before driving 

the PI. The voting in plot b, instead, produces “up” and “down” signals for the 

counter that drives the PI. 
  

 
Fig. 5.  Results of event-driven simulations for the scheme in Fig.4a 
considering a data-rate of 10Gbps considering a free-running oscillator in the 

transmitter. 
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D. Free-running oscillator and E/L detection after 

deserialization with voting 

 

An alternative scheme for E/L detection on deserialized data 

and edges is depicted in Fig.4b. In this case, majority voting is 

performed on the parallel E/L vector: the output of the voting 

block controls the up and down inputs of a counter that drives 

the PI. This guarantees that the phase is always updated by +/-

1. As a result, the noise related to quantization of the PI is the 

same as when E/L detection is performed on serial data, i.e. 

Eq.13 is valid.  

On the other hand, the voting reduces the bandwidth of the 

CDR, meaning that Eq.10 (jitter due to the noise of the 

transmitter oscillator) has to be modified as follows 

𝜎𝑟𝑗 =
𝜎𝑜𝑠𝑐,𝑝
2 √𝜋/2𝑁𝐷𝐸𝑆𝑁𝑃𝐼

2𝑇
  .                     (19) 

In other words, the bandwidth is reduced by a factor NDES/2 

(we have on average NDES/2 useful transitions but the voting 

counts only one) compared to the CDR working on serial data 

(where ½ of the bit periods show useful transitions). 

Fig.7 compares the model consisting of Eqs.19 and 13 with 

event-driven simulations. In this system architecture, 

deserialization leads to an increase of the impact of the phase 

noise of the oscillators on the overall CDR jitter, while the 

effect of PI quantization is limited.  

Another important aspect related to the digital 

implementation of the CDR is the latency of the loop 

[6][17][18]. In fact, E/L detections as well as voting require 

some clock cycles (at the rate of the deserialized data that we 

denote as Ndel). The associated delay is NDESNdelT. This delay 

has an effect on the loop bandwidth (but small, as we will see). 

The relevant effect is on the noise associated to PI quantization. 

In fact, the outcome of the E/L detection arrives delayed to the 

PI so that the output phase features limit cycles including more 

than two phases, due to outdated control words computed 

previously. Simulations using the event-driven simulator of 

Appendix B when the update of the PI code is delayed are 

reported by blue lines in Fig.8. Even when the jitter of the clock 

is small, the jitter of the CDR increases linearly with Ndel. In 

particular, the jitter contribution due to quantization can be 

modeled  as: 

𝜎𝑞𝑢𝑎𝑛𝑡 =
𝑇

𝑁𝑃𝐼√3
 (1 + 𝑁𝑑𝑒𝑙)  ,                 (20) 

In fact, the state of the CDR evolves in limit cycles whose 

amplitude is proportional to Ndel [19]. As a consequence, the 

output of the PI switches among a larger set of phase values 

centred on the phase to be tracked, thus increasing the 

quantization noise proportionately to Ndel. Therefore, Eq. 20 

should be interpreted as the quantization noise due to the 

intrinsic one-cycle delay of the CDR plus another quantization 

(a) 

 
 

(b) 

 
 
Fig. 7. Blue lines: simulated absolute jitter for a CDR operating at 10Gbps on 

the deserialized data (using the scheme in Fig.4b) considering a free-running 

oscillator in the transmitter. The red and green lines refer to Eqs.19 and 13 
respectively. Plot a is for varying NDES (parallel bits) while plot b is for varying 

period jitter of the transmitter oscillator. 

 
  

(a) 

 
 

(b) 

 
 

Fig. 8.  Blue lines: simulated absolute jitter for a CDR operating at 10Gbps on 

the deserialized data (using the scheme in Fig.4b) considering a free-running 
oscillator in the transmitter. The red and green lines refer to Eqs.19 and 20 

respectively. Plots a and b consider two different values of the period jitter of 

the clock and plot the CDR jitter for varying NDEL (delay of the digital core). 
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noise contribution proportional to Ndel. 

We see that the sum of Eqs.19 and 20 reproduces quite well 

the jitter of the event-driven simulator, suggesting that Eq.19 is 

still valid, i.e. that the additional 𝑧−𝑁𝐷𝐸𝑆𝑁𝑑𝑒𝑙 term in the loop 

transfer functions has a small impact on the transformation of 

the clock jitter into CDR jitter. Notice that a latency of 

approximately 0.5NDEST is in any case present when working 

with deserialized data even if the digital core latency is not 

included. 

The effect of the digital core latency on the CDR jitter is 

severe and requires the inclusion of a divider after the counter 

in Fig.4b. This reduces the noise associated with quantization 

by roughly Ndiv, but unfortunately reduces the bandwidth by the 

same amount, increasing the CDR jitter due to clock jitter. 

III. COMPARISON WITH CIRCUIT-LEVEL SIMULATIONS 

To show the applicability of the models proposed in the 

previous section to realistic situations and validate it against 

schematic-level simulations, we have simulated the digital 

CDR circuit of [20] using the mixed-signal simulator XA-VCS. 

E/L detection is performed after 1:40 deserialization with 

majority voting. Then the output of the voter is deserialized 1:2 

and a further majority voting is implemented. The resulting 

signal changes the phase of the PI by -1,0 or +1. 

Results are reported in Fig.9. The mixed-signal environment 

couples the gate-level analog circuit to the HDL description of 

the digital circuit. The oscillators and their noise are not 

included at schematic level: rather we apply to the CDR 

noiseless clock with jittered edges to implement period jitter 

with rms value 𝜎𝑂𝑆𝐶,𝑝. Due to the non-linearity of the PI, we 

consider different delays between TX and RX clocks to span 

different portions of the PI characteristic and average out the 

effect of PI non-linearity. This is why we have different red 

circles in Fig.9 for the same 𝜎𝑂𝑆𝐶,𝑝 value. The cloud formed by 

the red circles matches quite well the results of the event-driven 

simulator described in Appendix B (that for this analysis has 

been slightly modified to handle the double voting algorithm of 

the CDR considered here).  

Fig.9 also reports the results of the compact formulas 

proposed in Section II.D. Since we have a 1:2 deserialization 

after the 1st voting on the 1:40 deserialized data and edge, in 

Eq.19 we set NDES=80. Concerning the value of Ndel to insert 

into Eq.20, the delay of the digital part of the CDR is about 8 

cycles of the clock that times the 1:40 deserialized data. Since 

the final voting is essentially on 80 bits, Ndel=4 has been 

inserted into Eq.20. We see that Eq.20 gives a quite fine 

estimate of the CDR jitter due to the limit cycle of the PI phases 

(i.e. 𝜎𝑂𝑆𝐶,𝑝 = 0 in Fig.9), while Eq.19 captures the increment of 

the CDR jitter when 𝜎𝑂𝑆𝐶,𝑝 increases. 

 

IV. CONCLUSION 

We have derived a set of simple formulas (summarized in 

Tab.I for the case of free-running oscillator) for a first-order 

estimate of the CDR jitter due to noisy oscillators as well as 

quantization of the PI phases including also effects such as 

voting and loop latency. These formulas match quite well the 

event-driven behavioral simulations. The latter requires in any 

case less than a minute to perform a simulation, so that the main 

advantage of the compact formulas is to show the main trade-

off and guide in the initial phases of the design.   

The analysis identifies a trade-off in the choice of the number 

of PI phases: few phases results in higher quantization jitter, 

whereas a large number of phases reduces the CDR bandwidth. 

When E/L detection is performed on deserialized data and edge 

samples, the use of voting results in a significant bandwidth 

penalization. On the other hand, accumulating the single E/L 

occurrence amplifies the quantization noise of the PI. This latter 

choice is then preferable when the noise of the oscillators is 

large and the bandwidth penalty associated with voting cannot 

be afforded. Care has to be taken since the loop latency 

increases the jitter due to PI quantization. 

The analysis presented here assumed an ideal channel 

without inter-symbol interference and noise. Inclusion of a 

realistic channel response into the model is ongoing.  

Preliminary results point out that the main trends described in 

this paper (effect of PI steps, impact of deserialization) are still 

valid, although the absolute value of jitter shows an additional 

dependence on the channel attenuation. An example of such 

TABLE I 

SUMMARY OF MAIN FORMULAS FOR FREE-RUNNING OSCILLATOR 

Architecture Contribution of 

oscillator jitter 𝜎𝑟𝑗  
Quantization noise 𝜎𝑞𝑢𝑎𝑛𝑡  

 

E/L on serial 
data  

 

𝜎𝑜 𝑐,𝑝
2 √𝜋/2𝑁𝑑𝑖𝑣𝑁𝑃𝐼

𝑇
 

𝑇

𝑁𝑃𝐼√3
 

E/L on 
deserialized 

data with 

adder 

𝜎𝑜 𝑐,𝑝
2 √𝜋/2𝑁𝑑𝑖𝑣𝑁𝑃𝐼

𝑇
 

 
𝑇

𝑁𝑃𝐼√3
𝑚𝑎𝑥 (1, 𝑓𝑙𝑜𝑜𝑟

𝑁𝐷𝐸𝑆
2𝑁𝑑𝑖𝑣

) 

E/L on 
deserialized 

data with 

voting 
 

 

𝜎𝑜 𝑐,𝑝
2 √𝜋/2𝑁𝐷𝐸𝑆𝑁𝑃𝐼

2𝑇
 

 
𝑇

𝑁𝑃𝐼√3
 

E/L on 

deserialized 
data with 

voting 

including loop 

latency 

 

𝜎𝑜 𝑐,𝑝
2 √𝜋/2𝑁𝐷𝐸𝑆𝑁𝑃𝐼

2𝑇
 

 
𝑇

𝑁𝑃𝐼√3
 (1 + 𝑁𝑑𝑒𝑙) 

 

 

 
Fig. 9.  Simulated jitter of the CDR described in [20] operating at 6.25Gbps. 

Mixed-signal simulations are compared with the event-driven simulator of 
Appendix B and with the model in Section II.D. 
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results is reported in Fig.10: when the jitter associated to PI 

quantization dominates (case with Ndel=5 in the figure), the 

impact of the data-dependent jitter introduced by the channel is 

limited (we even see a slight decrease of the total jitter); on the 

other hand, in cases dominated by the oscillator phase-noise, 

the presence of the data-dependent jitter further reduces KPD 

and the overall jitter increases. The small difference between 

model and simulation without channel for Ndel=5 is in line with 

the fact that Eq.(20) is indeed approximated. 

As a final remark, in this paper we limited the analysis to 

1st-order CDR architectures, where closed-form expressions 

can be derived. The applicability to 2nd-order cases is discussed 

in Appendix C, showing that the expressions found here are 

adequate in most cases also to describe 2nd-order CDR 

architectures. 

APPENDIX A: COMBINING THE DIFFERENT JITTER SOURCES 

We have provided formulas for the CDR jitter due to noisy 

oscillators (𝜎𝑟𝑗) and finite PI phases (𝜎𝑞𝑢𝑎𝑛𝑡). The two 

contributions have been derived independently, but since KPD 

depends on the jitter itself, they are interdependent. 

Furthermore, we have neglected the quantization noise due to 

the binary output of the bang-bang phase detector [16]. For 

simplicity, we consider a CDR operating on serial data with a 

free-running oscillator (same as Section II.A). The total CDR 

jitter can be expressed as: 

𝜎𝐶𝐷 ,𝑡𝑜𝑡
2 = +𝜎𝑞𝑢𝑎𝑛𝑡

2 + 𝜎𝑞𝑃𝐷
2   .              (21) 

Where the first term is the contribution to the CDR jitter of 

the oscillator period jitter. It can be computed as in Section II.A 

but considering that KPD would depend on 𝜎𝐶𝐷 ,𝑡𝑜𝑡 instead of 

𝜎𝑟𝑗. So, adapting Eq.5 one finds: 

𝜎𝐶𝐷 |𝑜𝑠𝑐
2 =

𝜎𝑜𝑠𝑐,𝑝
2

4𝜋𝑇𝐵𝑊
=

𝜎𝑜𝑠𝑐,𝑝
2 √𝜋/2𝑁𝑑𝑖𝑣𝑁𝑃𝐼

𝑇
𝜎𝐶𝐷 ,𝑡𝑜𝑡 = 𝜎𝑟𝑗𝜎𝐶𝐷 ,𝑡𝑜𝑡 .        

(22) 

where 𝜎𝑟𝑗 is given by Eq.10.   

The term 𝜎𝑞𝑢𝑎𝑛𝑡
2  in Eq.21 is the square of what is expressed in 

Eq.13. The term 𝜎𝑞𝑃𝐷
2  is the contribution of the quantization of 

the PD output to the CDR jitter. Following [16], we model it as 

a white noise at the input of the accumulator with rms value 

0.5(1-1/). This corresponds to a white PSD on the Nyquist 

band from 0 to 1/(2T) that is filtered by the CDR loop. We can 

compute: 

𝜎𝑞𝑃𝐷
2 =

1

2
(1 −

1

𝜋
) 2𝑇

4

𝐾𝑃𝐷
2 ∫

𝐵𝑊2

𝐵𝑊2+𝑓2
𝑑𝑓

∞

0
= 𝜎𝑃𝐷𝜎𝐶𝐷 𝑡𝑜𝑡 ,    (23) 

where we introduce the term 

𝜎𝑃𝐷 = (1 −
1

𝜋
)

𝑇

2𝑁𝑑𝑖𝑣𝑁𝑃𝐼
√
𝜋

2
   .                  (24) 

By inserting Eqs.22 and 23 in Eq.21, one gets a second order 

equation giving: 

𝜎𝐶𝐷 ,𝑡𝑜𝑡 =
1

2
(𝜎𝑟𝑗 + 𝜎𝑃𝐷 + √(𝜎𝑟𝑗 + 𝜎𝑃𝐷)

2
+ 4𝜎𝑞𝑢𝑎𝑛𝑡

2 )         

(25) 

The results of Eq.25 are compared with the event-driven 

simulations in Fig.11. Comparison between black and magenta 

lines points out that 𝜎𝑃𝐷 has a minor effect on the CDR jitter, 

consistently with [17]. Overall Eq.25 matches the event/driven 

simulations, with some deviation at high division ratios or high 

number of PI steps. On the other hand, the event-driven 

simulations are matched quite well also by the simple sum  

𝜎𝑟𝑗 + 𝜎𝑞𝑢𝑎𝑛𝑡, that is consistent with [13] and can be verified by 

visual inspection of the other figures in the previous sections. 

 

(a) 

 
 

(b) 

 
 
Fig. 11.  Blue lines: simulated absolute jitter for a CDR operating at 10Gbps on 

the serial data (same as in Fig.2a and b). The results of Eq.25 with and without 

the term 𝜎𝑃𝐷 are compared with the sum of  𝜎𝑟𝑗  and 𝜎𝑞𝑢𝑎𝑛𝑡 from Eqs. 10 and 

13. 

  

 
 

Fig. 10.  Jitter for the same situations as in Fig.8b obtained with a simulator 
(under development) that includes effect of channel ISI on the received data. 

The symbols are the results of Eq.19 and 20 summed together. 

 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

 

9 

APPENDIX B: DESCRIPTION OF THE EVENT-DRIVEN SIMULATOR 

We describe here the simple event-driven simulator for CDR 

systems used to verify the proposed models. Each simulation 

time step corresponds to the occurrence of an event, i.e. the data 

and clock transitions, that are computed similarly to what is 

done in [14] for the simulation of PLLs. 

A random sequence of bits is initially generated with an 

associated vector containing the time border between two 

adjacent bit periods. In absence of jitter, such timing samples 

are separated by T seconds, where T is the inverse of the data 

rate. When considering a free-running oscillator, we add to each 

period T a random time 𝑡𝑃𝐸 
∗  normally distributed with variance 

. When considering a PLL, Inverse Fourier transform of 

√𝑆𝜙𝐶𝐾𝜙𝐶𝐾  from Eq.14 with an additional random phase 

(uniformly distributed between 0 and 2) in each frequency bin 

is then used to generate the displacements 𝑡𝐴𝐵𝑆
∗  so that the n-th 

bit transition occurs at 𝑛𝑇 + 𝑡𝐴𝐵𝑆
∗  . 

Two additional vectors are used at the receiver for the clock 

edges where data and edges are sampled, T/2 seconds apart (we 

assume that transmitter and receiver have the same frequency 

and only their phases need to be aligned). As the simulation 

evolves during time, the n-th elements of data and edge clocks 

are determined based on the data and edges sampled in the 

previous instants. 

First, the sampled values of data and edges are found by 

looking at the alignment of data and edge clocks with the 

transmitted data. This implicitly assumes that the channel does 

not introduce any distortion or inter-symbol interference. 

 The sampled data and edges are then used to derive the E/L 

information based on the Alexander algorithm [5]. 

The E/L information is used to update the PI code. When E/L 

detection is performed on the serial data, they are simply 

accumulated, scaled by Ndiv (that is usually a power of two, 

hence truncating some of the accumulator’s least significant 

bits) and used to drive the PI that has NPI phases. Once the phase 

of the PI is known, we can derive the next data and edge 

sampling times: in a nutshell, the phase of the PI determines a 

delay between –T/2 and T/2 in addition to the clock period T. 

Then the algorithm proceeds for a number of time steps 

sufficient to gather enough statistics.   

Implementation of CDR on deserialized data is 

straightforward: the PI code is updated every NDES bit periods 

summing up the E/L values of the last NDES-1 bit periods. 

The jitter histogram is derived by comparing the transmitted 

data transitions with the edge clock. Sample distributions are 

reported in Fig.12: the presence of the oscillator noise 

dominates and makes them fairly Gaussian. Small deviations 

from Gaussian distributions are observed for small Ndiv, where 

quantization noise dominates. 

It would be straightforward to apply jitter also to the receiver 

clock: the distance between two consecutive data (or edge) 

clock samples would not be simply T plus the delay associated 

to the PI, but would also include additional jitter terms as above. 

The effect on the overall CDR jitter is exactly the same as 

above, at least in the cases considered here where there is no 

channel and thus no amplification of the transmitter jitter. 

 

APPENDIX C: VALIDITY OF THE MODEL IN 2ND-ORDER CDR 

 

Although the analysis carried out in this paper has been 

developed for a 1st-order CDR, we have verified (using the 

event-driven simulator described in Appendix B, where adding 

the second integrator is quite trivial) that the jitter is in most 

cases quite similar in 1st- and 2nd-order CDRs. This is 

particularly true when the integral path in the 2nd-order CDR is 

made strong enough to compensate for difference in frequency 

between the TX and RX oscillators as large as 100ppm, but not 

as strong as to affect the loop transfer function experienced by 

phase noise. An integral path stronger than needed may affect 

the CDR transfer function, thus modifying the output jitter due 

to the noisy oscillators. On the other hand, when the jitter due 

to PI quantization is dominant, the effect of the CDR transfer 

function is negligible (the quantization noise is white up to the 

Nyquits frequency that is orders of magnitude higher than the 

CDR bandwidth) and 1st- and 2nd-order CDRs display 

essentially the same jitter, so the expressions for 𝜎𝑞𝑢𝑎𝑛𝑡 

reported in this paper apply to both 1st- and 2nd-order CDRs. 

A compact formula for 𝜎𝑟𝑗 can be obtained only in the 

simplified case of CDR performing E/L detection on serial data 

and featuring a free-running oscillator (i.e. the case analyzed in 

Section II.A). To derive this expression, we consider for the 

2nd-order CDR the same scheme as in Fig.1, but with an 

additional block before the accumulator. This block features a 

direct path with unitary gain (i.e. the gain of the proportional kP 

path will be the factor K from Eq.7) in parallel with an 

(a) 

 
 

(b) 

 
 

Fig. 12.  Sample jitter distributions obtained with the event-driven simulator. 
Plot (a) refers to a CDR on serial data with parameters as in Fig.2, whereas plot 

(b) considers CDR on deserialized data as in Fig.5.  
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accumulator followed by division factor NKI (i.e. the gain of the 

integral path is kI=K/(TNKI)). In this structure, Eq.1 becomes 
𝜙𝐶𝐷𝑅

𝜙𝐶𝐾
=

(𝑗𝜔)2

(𝑗𝜔)2+𝑗𝜔𝑘𝑃+𝑘𝐼
  ,                     (26) 

So that the transfer function for jitter to be inserted into Eq.5 

is given by: 

|𝐻|2 =
𝑓4

𝑓4+𝑓2(
𝐾2

4𝜋2
−

2𝐾

4𝜋2𝑇𝑁𝐾𝐼
)+(

𝐾

4𝜋2𝑇𝑁𝐾𝐼
)
2 =

𝑓4

(𝑓2+𝑓1
2)(𝑓2+𝑓2

2)
  (27) 

where the expressions for 𝑓1
2 and 𝑓2

2 are omitted. 

By inserting (27) into (5) in place of (𝑓2/𝐵𝑊2)/(1 +
𝑓2/𝐵𝑊2) one obtains an integral giving 𝜎𝑟𝑗  that can be worked 

out only assuming that both 𝑓1
2 and 𝑓2

2 are real (i.e. 

K>4/(TNKI)). Surprisingly, the integral gives exactly the same 

result as in (5), that then leads to (10), with no dependence on 

the I-path gain. In other words, if K>4/(TNKI) the 2nd-order CDR 

has exactly the same jitter as the 1st-order one when working on 

data clocked by a free-running oscillator. This is verified by the 

results in Fig.13: the event-driven simulator described in 

Appendix B gives exactly the same results in terms of jitter as 

far as K>4/(TNKI) (vertical dashed line). In that range, the jitter 

is also well descried by (10). Making the CDR work above this 

limit is not a good choice since it corresponds to poles with 

imaginary part resulting in overshooting. 
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Fig. 13.  Absolute jitter of 1st- and 2nd-order CDRs considering free-running 

oscillators and different division ratios. Symbols correspond to the event-driven 
model of appendix B, while symbols are the equation of Section II.A for 

1st-order CDR. The vertical line displays the value of Ndiv corresponding to the 

condition K=4/(TNKI) 
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