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ONTO INTERPOLATION FOR THE DIRICHLET SPACE AND
FOR H,(D)

NIKOLAOS CHALMOUKIS

ABSTRACT. We give a characterization of onto interpolating sequences with finite
associated measure for the Dirichlet space in terms of condenser capacity. In the
Sobolev space Hy (D) we define a natural notion of onto interpolation and we prove
that the same condenser capacity condition characterizes all onto interpolating se-
quences. As a result, for sequences with finite associated measure, the problem of
interpolation by an analytic function reduces to a problem of interpolation by a
function in H; (D).

1. INTRODUCTION

Interpolation problems by analytic functions is a subject of more than a century
old that is rich of interesting and deep results but also continues to stimulate new
research. Interpolation has come a long way since the fundamental papers of Pick
[24] and Nevanlinna [23], but the spirit of the problems is invariant. One is given a
subset of analytic functions in the unit disc ¢ C Hol(D), a sequence (finite of infinite)
{z;} C D of interpolating nodes and a target space X, i.e. a set of sequences to be
interpolated. The problem is then to determine whether or not for any data {w;} € X
there exists a function f € e such that

f(z) = w;, Yi.

Before entering into the particulars of the interpolation problem that we will consider
let us mention that such problems are ubiquitous in analysis, with applications for
example to the theory of Banach algebras (Corona theorem for H>° [12], analytic discs
in the maximal ideal subspace [26] etc), but also in applications (if one is interested
in the latter aspect we recommend the survey paper [21]).

Let us now take a brief look at the interpolation theory for the Hardy space H?
and H*, the algebra of bounded analytic functions which as we shall see are closely
related.
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2 NIKOLAOS CHALMOUKIS

1.1. The Hardy space case. Consider the Hardy space H?, the Hilbert space of
analytic functions in the unit disc equipped with the norm

1 2w )
£l = sup Py |f(re™)|?de.
0<r<1 &7 Jo
The Szego kernel,
1
Sy(z) = ,
(2) 1—z2w

plays the role of the reproducing kernel for the Hardy space, meaning that for any
fe H?
f(’LU) = <f78w>H2, Yw € D.

The (commutative) Banach algebra H* is in fact closely related to H? since it is
isometric and weak* homeomorphic to the algebra of multiplication operators on H?
[2, Theorem 3.24]. By a multiplication operator we mean a bounded linear operator
M, where g is the symbol of the operator, defined by the relation

Myf:=gf, Vf e H?.

Going back to interpolation, for H* the interpolation problem seems quite natural.
Given a sequence of nodes Z = {z;} is it always possible to solve the interpolation
problem for bounded data {w;} € ¢*° by a function in H>* ? This problem has already
been considered by Carleson [I1].

About the corresponding interpolation problem for H?, the target space seems less
obvious. Following Shapiro and Shields [27] we define the target space to be sequences
{a;} of complex numbers such that

> a1 = |z]?) < +oo.
=1

Therefore Shapiro and Shields ask for which sequences the weighted restriction oper-
ator

T(f) = {f(z:)(1 = |=]})2}

satisfies
(Ulye) T(H?) =/¢?
(OIy) T(H?) D ¢*.

If (U1p2]) happens we say that the sequence is universally interpolating, and if (0>
happens we call it onto interpolating. Notice that a difficulty that arises is already

reflected in the terminology we have choosen. A priori it is not clear if one should
ask for the restriction operator to be bounded or just that it is possible to solve the
interpolation problem for any given data in the target space. Fortunately, for H? this
ceases to be a concern, since both notions turn out to be equivalent. This is part of
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the results of Carleson [11] and Shapiro & Shields [27] summarized in the following
theorem.

Theorem 1 (Carleson [I1], Shapiro & Shields [27]). Let Z := {z;} a sequence in the
unit disc. Then, the following are equivalent.

(1) Z is interpolating for H®,

(2) Z is universally interpolating for H?,

(3) Z is onto interpolating for H?,

(4) Z is separated in the hyperbolic metric and

(CMpz2) Z|f 2)|(1 = |al*) < Cz|| flli, Vf € H,

for some positive C'z depending only on Z.

From the above conditions, probably the most enigmatic one is (C'My=|). Another
way to formulate it is by saying that the atomic measure

Hz —25 |Zz

zEZ

is a Carleson measure for H?, i.e
H? C L*(uz,D).

Such measures have a neat characterization due to Carleson. Let z € D we denote by
S(z) the region enclosed by the unit circle T and the hyperbolic geodesic which passes
from z and is perpendicular to the radius which is defined by z. Then a measure p is
Carleson if and only if there exists C'(u) > 0 such that

p(S(2)) < C(p)(1 —[2]), vz eD.

This completes the picture of interpolation for H? and H®. At this point it is im-
portant to mention that Shapiro and Shields consider similar weighted interpolation
problems for the whole range of Hardy spaces HP,1 < p < oo, but for the purposes
of this paper we are interested only in the Hilbert space case.

1.2. Reproducing kernel Hilbert spaces. As noted already by Shapiro and Shields
[27] similar interpolation problems make sense in a much more general setting. Most
of the material in this section can be found in [2].

Suppose we are given a Hilbert space H of analytic functions on the unit disc. We
say that it has a reproducing kernel if there exists a k : D x D — C such that

k., =k(,z)eH, V2D

and

f(Z) = <f7 kz)’)—t; vf € H
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To such a space we can associate the multiplier algebra
MH) ={g:D—C:gf eH, VfecH}.

It can be proven that equipped with the natural norm, M(#) is a commutative
Banach subalgebra of H>. A sequence {z;} is usually called multiplier interpolating,
or interpolating for M(H) if the restriction operator

TM M(H) — 0
(MI) 9= {9(z)}

is surjective.
In analogy to the Hardy space we can define a weighted restriction operator on H
as follows

Ty H -+ 2
f(=)
[ = {m}

The dashed arrow indicates the fact that without further assumptions on {z;}, Ty
might not be defined everywhere.

Definition 1. Let Z = {z;} a sequence. We say that Z is

e Onto interpolating (OI) if Ty is surjective,
e Universally interpolating (UI) if it is onto interpolating and Ty is bounded
as linear operator.

The boundedness condition can be tautologically translated to a Carleson measure
condition, specifically that the measure

(M) p= Y o

2Tl

is a Carleson measure for H, i.e. H C L*(D, pz).

The separation condition appearing in the theorem of Carleson is a more delicate
matter. We shall say that the sequence Z is weakly separated if there exists ¢ > 0
such that

(k= oz, |
1B |21 112

In the literature appears also a stronger notion of separation. We say that Z is
strongly separated if there exists Cz and {f;} C H such that

| fillllk= ]| < Cz
(S5) fi(zj) = 0ij, Vi, .

(WS) <l-—eg, Vi#j.
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It is by now known that in a large class of spaces, including the Hardy space, the
Dirichlet space (see next section) and certain weighted versions of them that

(MI) < (UI) < (CM)+ (WS).

In fact in a recent breakthrough paper [3] Aleman, Hartz, McCarthy and Richter
prove this result for all spaces satisfying the so called complete Nevanlinna Pick prop-
erty E| The Dirichlet space is one of the most prominent examples of spaces satisfying
this property [28]. We can therefore say that we understand universally interpolating
sequences very well. The problem reduces in each concrete case to the problem of
describing the Carleson measures of the space. See also [9] for developments regarding
this problem prior to [3].

1.3. Onto interpolation and the Dirichlet space. The situation regarding onto
interpolating sequences is more intricate. For one thing, in the Hardy space, such
sequences are automatically universally interpolating. On the other hand, one would
be wrong to believe that this happens in every complete Nevanlinna Pick space. It is
time to introduce the main actor of this paper.

The Dirichlet space D is defined as the space of analytic functions f in the unit
disc D such that

1713 = £ + / F2dA < o0,

where || - ||gz is the Hardy norm and dA = dzdy/7. It can be veryfied that with this
norm D is a reproducing kernel Hilbert space, with reproducing kernel

1
—, z,weD
1 —wz

which has the complete Nevanlinna Pick property [2, p. 58]. The norm of the kernel
vectors is

1

1 1
kD = — log ——— =:d(2).
H HD |Z|2 og 1 — |Z‘2 (Z)
If we write dy,(-, ) for the hyperbolic distance in the unit disc

1+7r
dp(r,0) = log, 1

, D0<r<1,

one can see that

d(z) = dp(0,z) + 1.
The first to study interpolation problems in the Dirichlet space have been Bishop
[8] and Marshall & Sundberg [19]. Their work, unfortunately, remains unpublished
but most of their results can be found also in other sources. As it is to be expected
universally interpolating sequences are characterized by the weak separation condition

Here we will not enter into the details about spaces with the complete Nevanlinna Pick property
but the interested reader can find more information on such spaces in the monograph [2].
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and the Carleson measure condition. In this concrete situation weak separation is
equivalent to say that there exists ¢ > 0 such that

(WSD) dh(Zi, Zj) > e’f(dh(Zi, 0) + 1), W) # j

About strong separation what can be said is that it is equivalent to the fact that
there exists a sequence {m;} € M(D), uniformly bounded in the multiplier norm,
such that

m,-(zj) = 5ij7 \V/l,]

The classical characterization of Carleson measures for the Dirichlet space in terms
of logarithmic capacity given by Stegenga [29] is the following. We denote by ¢
the logarithmic capacity of compact subsets of T and we also adopt the notation
I, := 5(2) N'T. Then a measure is Carleson for the Dirichlet space if and only if it

satisfies the following sub-capacitary condition, i.e. there exists C,, > 0 such that for
any zi,...z € D

(SC) M(QS(%)) < CNC<Q[ZZ,).

Already Bishop notes that if the measure associated to the sequence satisfies the one
box sub-capacitary condition (k =1 in ) the sequence is onto interpolating, and
he constructs a sequence which is onto but not universally interpolating (looking back
it is clear that the same result is implicit in the work of Marshall and Sundberg). The
one box sub-capacitary condition was also noted by Bge [15, Corollary 5.1]. Bishop
also proves that strong separation is equivalent to onto interpolation.

Another contribution comes from the work of Arcozzi Rochberg and Sawyer [4],
which can be found in a published form in [5]. They prove that not only the one
box sub-capacitary condition together with weak separation is not necessary for onto
interpolation but they even construct sequences Z such that the associated measure
is infinite.

To see why this result is somewhat surprising, it helps consider the connection with
zero sets in the Dirichlet space. A sequence Z is called a zero set for the Dirichlet
space if there exists f € D not identically zero, such that f(z) = 0,Vz € Z. A
characterization of zero sets is a notoriously difficult problem (see [10] [28] [25] [I§]
and [20]). Nonetheless, every onto interpolating sequence {z;} is automatically a zero
set. That is because we can find an f € D such that f(z9) = 1, f(z;) = 0,Vi > 1,
then the Dirichlet function (z — zp) f(2) is not identically zero and it vanishes on Z.

One of the most general sufficient criteria is the following due to Shapiro & Shields
[28]. A sequence {z;} is a zero set for D if

=1
Z d(zi) < +00,

=1
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Or in our language, has a finite associated measure E| Furthermore this result is sharp
in the sense that any other sufficient criterion for a zero sequence must depend not
only on {|z;|} but also on their argument [22]. So, if a sequence has infinite associated
measure is not always clear if it is a zero set, let alone an onto interpolating sequence.

1.4. Main results. In this direction we prove a capacitary characterization of strongly
separated sequences and therefore onto interpolating sequences, in the Dirichlet space,
under the additional assumption that the associated measure is finite. Due to the
aforementioned results of Arcozzi Rochberg & Sawyer [4] this does not constitute a
full characterization of onto interpolating sequences.

Our result involves an interesting condenser capacitary condition which we will now
discuss.

Suppose z € D\ {0}, as we saw earlier the Carleson boxes S(z) fit well with the
geometry of the Hardy space, but often for the geometry of the Dirichlet space space
one needs to modify them. Let 0 < n < 1 and z* := z/|z| we define the blow up of
the Carleson box

SN z):={weD:weS("(1—-(1—]z|)"),|w| > |z}

Consistently with our previous notation we write /7 := S"(z) N'T. Note that ev-
erything reduces to the standard situation when n = 1. We denote by A,(z) the
hyperbolic disc or hyperbolic radius r centered at z. See also Figure [I}

As mentioned already our condition involves the capacity of a condenser Capy(E, F')
for two disjoined F,, subsets of D. Its definition is classical but we recall it in Section
2

We can now formulate our condition. We say that a weakly separated sequence
Z := {z} satisfies the capacitary condition if there exist constants K > 0,7 < 1,
depending only on Z such that,

(CC) Caps (M=), | L) < K v.ez

z€87(z;)NZ d(zz)

The meaning of this otherwise obscure inequality is physically quite simple. If one
considers a condenser with one plate a hyperbolic disc of constant radius around a
point of the sequence, and as second plate the union of the intervals I, for all other
points in the sequence in the “vicinity” of z;, then an electric charge of one unit in
one plate, creates an electric field of total energy which bounds asymptotically the
hyperbolic distance of z; to the origin.

The plates of the condenser in Figure [I] are marked with grey and bold intervals
respectively.

%In fact the analogous condition in the Hardy space H? is exactly the Blaschke condition which
characterized completely the zero sets in the Hardy space
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FIGURE 1. A possible configuration of points.

Theorem A. Let {z;} be a sequence in the unit disc which has finite associated
measure, i.e. y .-, 1/d(z;) < +o0o. Then, {z} is onto interpolating for the Dirichlet
space iff it 1s weakly separated and satisfies the capacitary condition.

The proof of Theorem[Alis constructive in the sense that for given data we construct
a function which solves the interpolation problem. In the literature there are two
main ways to construct Dirichlet functions which solve interpolation problems, either
of universal or onto type. They are both based on some kind of building blocks
but the constructions are quite different. The first one, initiated by Bge in [I5] was
used to solve the universal interpolation problem in Besov spaces, and later exploited
further by Arcozzi Rochberg and Sawyer in [4] to give sufficient conditions for onto
interpolation in the Dirichlet space. It should be mentioned that traces of Bge’s
construction can be found in the work of Marshall and Sundberg [19]. The second
construction is due to Bishop [§], and makes use of conformal mappings. In this work
we combine both approaches and we construct building blocks that have the best of
both worlds, in the sense that the relevant error terms arising are easier to control.
We should also mention that the abstract approach of Aleman Hartz McCarthy and
Richter [3], does not seem to be able to give any advantage in this concrete situation.

Another feature of our construction is that we use an iterative scheme of interpo-
lation which is based on a quantitative version of the Theorem

(SS) <= (OI)

of Bishop [8]. To be more precise we should first quantify the conditions (SS) and
(OI). Let Z, as always, be a sequence in the unit disc, we define its strong separation
constant, denoted by StrongSep(Z) as the infimum of all Cz > 0 such that (SS)
holds. Similarly for weak separation, we call weak separation constant the supremum
over all € such that holds. If Z is onto interpolating an application of the closed
graph theorem provides a constant C'z > 0 such that for an o € ¢? there exists f € D
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such that
Tpf =
[ fllp < Czllale-

Again the infimum over all such constants we call it the onto interpolation constant
of Z and we write OntoInt(Z). We are justified therefore to call the next theorem a
quantitative version of Bishop’s Theorem.

Theorem B. Let Ky > 0. If a sequence Z satisfies StrongSep(Z) < K, then
Ontolnt(Z) < Ck,,
where Ck, depends only on Ky and not on Z.

The proof of this theorem depends largely on the original proof of Bishop [§], but
it requires a careful extraction of the relevant constants.

1.5. Connections with non analytic interpolation in H;(D). Next we consider
the problem of onto interpolation in the Sobolev space H;(D), the space of L?(D)
functions on the unit disc with weak partial derivatives of first order also in L*(DD).
In this space pointwise evaluations are not well defined, therefore the definition of
interpolation has to be somewhat different. We shall say that a sequence {z;} is onto
interpolating for H; (D) if there exists ¢ > 0 such that for any o = {a;} € (*(N), there
exists u € Hy(D) such that u|a .,y = /d(z) - a;. We choose the weights d(z;) in the
definition of (OI) sequences for H;(D) in analogy with the holomorphic case.
In this case we have a complete characterization of onto interpolating sequences.

Theorem C. A sequence {z;} C D is onto interpolating for Hy(D) iff it is weakly
separated and satisfies the capacitary condition.

From this theorem we can derive a useful corollary.

Corollary 2. Suppose that Z is a sequence of points in the unit disc with finite
associated measure. Then it is onto interpolating for the Dirichlet space if and only
if it is onto interpolating for Hi(DD).

1.6. Other results about onto interpolation. In order to illustrate the power of
our results we will prove a sufficient condition for onto interpolation which generalizes
the so called weak simple conditionﬂ of Arcozzi Rochberg and Sawyer |4, Theorem A
which in its turn generalizes the Bishop’s one box subcapacitary condition.

In analogy with the weak simple condition of Arcozzi et al, given a sequence {z;}
and v < 1 we shall say that z; has y-uninterrupted view of z; if there exists no
other point z; € S7(z;) in the sequence such that S7(z;) D S(z;). Therefore the next
theorem implies [4, Theorem A] for v = 1.

3Not to be confused with the weak separation condition which in [ is called just “separation”.
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Theorem D. Let {z;} a weakly separated sequence with constant of weak separation
e > 0. Assume also that there exists a v € (1 — e, 1] such that

> it S

d(zj) ~ d(z)’

where the sum is taken over all z; in the sequence such that z; has v - uninterrupted
view of z;. Then it satisfies the capacitary condition.

In analogy with the case of universal interpolation, a natural property for the ca-
pacitary condition that one could ask is to respect unions. More precisely, if {z;}, {w;}
are universally interpolating sequences such that their union is weakly separated, then
{z;} U{w;} is also universally interpolating, simply because the sum of two Carleson
measures is a Carleson measure. We prove that not only this is not true in the case
of onto interpolating sequences but we have the following stronger failure.

Theorem E. There exist sequences {z;},{w;} in D such that {z} is universally
interpolating and {w;} is onto interpolating for the Dirichlet space both with finite
associated measures, their union is weakly separated but it is not an onto interpolating
sequence.

1.7. Organization of the paper. Section [2|is a collection of definitions and known
results together with some elementary estimates on capacities of condensers that will
be used throughout. In Section [d we give the proof of Theorem [C] that introduces
some of the techniques that will be used later without involving the complications of
analyticity. In Section [5| we present a proof of the quantitative version of Bishop’s
Theorem . In Section [0 using the quantitative version of Bishop’s Theorem we provide
the proof of Theorem [A] Finally in Section [7] we give the proofs of Theorems [D] and

[El

1.8. Notation. For two quantities M, N > 0 which depend on some parameters we
write M < N, if there exists some constant C' > 0, not depending on the parameters,
such that M < C - N. We will also write M ~ N if M < N and N < M. In
statements of lemmas, propositions or theorems the dependence of constants on the
parameters is denoted by subscripts. We usually write ¢y for an absolute constant.
When we write C' we mean a general positive constant which might change from
appearance to appearance, but it always depends on the same parameters.

2. CONDENSERS AND CAPACITY.

In this section we take a close look to the capacitary condition that appears in
Theorem [A] The basic idea is that the capacitary condition can be stated equivalently
in terms of logarithmic capacity. This is the content of Proposition [11].

Another tool we will develop in this chapter is a number of stability results. We
would like to know that under certain operations on a condenser the capacity remains
essentially the same.
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We start with the standard definition of a plane condenser.

Definition 2. Let B be a Jordan domain in C and E, F C B compact disjoint sets.
We call the triplet (B, E, F') a condenser with field B and plates E, F. Its capacity is
defined as

u

Capy(E, F) = inf/ |Vul?dA
B\(EUF)

where the infimum is taken over all functions u € C(B) which are uniformly Lipschitz
continuous on compact subsets of B and u|g = 0,ulp = 1, we will call such functions
admissible for the condenser (B, E, F). If there exists a minimizer for the Dirchlet
integral, i.e. Capg(E, F) = fB\(EUF) \Vu|?dA and u is admissible, we shall call it the
equilibrium potential of the condenser.

For more details on condenser capacities and equilibrium potential the reader is
referred to [14].

In case that E N F # () we employ the convention Capp(F, F') = 400, although
we will take care so that the plates of our condensers do not intersect. In the general
case that E, F are I, sets we consider F,, F,, increasing sequences of sets such that
UnE, = E, U,F, = F and we define Capp(E, F) := lim,, Capp (E,, F},).

The capacity of a condenser is conformaly invariant in the sense that if £ is holo-
morphic in B and continuous and injective on B, Capg(E, F) = Capg(p) (E(E), §(F)),
because every admissible function u for the second condenser gives an admissible
function u o ¢ for the first one with the same energy and vice versa.

For a set £ C T we shall write ¢(FE) for its logarithmic capacity. For our purposes
logarithmic capacity is defined as follows

c(E) := Capp(A1(0), E).

It can be proven [I] that this definition gives rise to a capacity which is comparable
to the standard logarithmic capacity that one can find in the literature.

We now turn to the condensers appearing in the capacitary condition and some
variants. Suppose that we have a base point z € D and a finite sequence of points
z1,...2zy € ID. One can associate a number of condensers to this configuration of
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points. We are interested in three types of condensers

ID) Al US ZJ
7j=1
N

(D, Ay (= U
N

(D, Ay (2 Ulz]

Some justification is necessary. First of all let us mention that although such type of
condensers do not appear explicitly in the literature, one can trace this construction
back in the work of Bishop [8, Theorem 1.2], although the condensers appearing
there is of “analytic nature” meaning that the admissible functions are required to
be analytic. On the other hand, in the work of Arcozzi Rochberg and Sawyer[4] the
authors characterize onto interpolating sequences for a Dirichlet type space defined
on a tree in terms of a discrete condenser capacity reminiscent of our definition (see
the tree capacitary condition [4, p.6]).

Initially we will work with condensers of the third type, but as it turns out, under
the separation hypothesis all condensers have comparable capacity.

2.1. Condensers and capacity blow up. We proceed now to the first of our sta-
bility results. Suppose we are given an arc I C T,k > 0,0 < n < 1 then we define
k- I as the arc having the same midpoint with I and length x|I]”. Then, in general
if G C T is an open set we define the “blow up” x - G naturally as

k-G i= Um[”.
jae]

Note that when 1 < 1 the “exponential blow up” due to n has a far bigger effect
that the “scalar blow up” due to k. The following observation is due to Bishop
[8]. Another proof of this fact using potential theory on trees exists implicitly in [6),
Lemma 2.7].

Lemma 3. Let G C T an open set k > 0, 0 < n < 1. There exists a constant C,, ,, > 0
such that
c(k-G") < Cppe(G).

In the next lemma w stands for the harmonic measure.

Lemma 4. Let I C T, z € D,|z| > 1/2 and 0 < n < 1. If |[I|° < 1 — |z| for some
0<d<n<1 then,

w(z, 1", D) < Csw(z,1,D)*,



ONTO INTERPOLATION FOR THE DIRICHLET SPACE AND FOR H;(D) 13

for some o > 0 which depends on § and n but not on I,z. In fact the estimate is true

. . 77—6
if we choose o = 1=.

Proof. Without loss of generality we can assume that [ = [0, 0] := {e®™ : 0 < 0 < o}.
Since I" C [0,0" U [0 — 0", 0] := Il UI" it suffices to prove the inequality only for
the interval Il

Now let z = re’ as in the statement. We can write 1 — r = ¢” for some 0 < p <
0 <n,and 0 = o, x € R. The standard estimate for the harmonic measure of an arc
gives

0

oN—P_gT—pP

(1) w(z, I, D) ~ / (1+ s*)"ds.

—gT—p

And similarly

ol=P—_gT—p

(2) w(z1,D) ~ / (14 52)"'ds.

—gT—p

We have to distinguish two cases. First consider the case x < p. Since o7 P —g** < 0,
estimate becomes

gﬁ*ﬁ

< O.'r]+p—2m )

W(Za ]—7-71[)) 5 1+ (077_9 — O'z_p)Q ~

In a similar fashion

O.Ct(l*p)
w(z I D)a >_ Y > O_cx(1+p—2z)'

The last quantity is always bigger than o7~ if o = ;’%g > 0.

For the remaining case x > p, first we estimate (1 + s?)™' by 1 and we get
w(z, I1,D) < o™ For the reverse estimate for w(z,I,D) we estimate again in
the simplest way, because in that case [—0" 7, o' — ¢* ] C [—1,1], and since
(1+s%)~' > 1 on this interval

w(z, I, D)™ > g@1=m > gn=r,

. . . =5
The last inequality is true for all 0 < p < § if @ = {=.

O

Proposition 5. Let z,z; € D, i € N,|z| > 1/2 and suppose that there exist o >
1,0 < B < 1 such that (1 — |z])? < (1 — |2])*. Then,

Capyp (Al(z), D If) < Cyup - Capp <A1(z), G Izi>.
i=1 =1
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Proof. Let us denote by ¢, the disc automorphism which interchanges 0 and z. By
Lemma , there exist constants C,n > 0, depending only on «, 3, such that |¢z([£>| <

C - |p.(I,,)|". Since ¢,(I,,) C (Z)Z(IZ,), we get that qbz(ffi) CC-o, (L)
In this case we can estimate as follows, for NV € N fixed.

N N

Capp (M=), J22) = Capp (A1(0),J 0:(22))

i=1 i=1

IN
Q
Q
&
3
S
/N
I'g
e
=
-
P
=
=

ﬁ
Il
—

=
o~
$

s
I
—

= C Capy (A (2),

The result follows by letting N go to infinity. O

2.2. Hyperbolic geometry in the disc and stability of Carleson boxes under
automorphisms of the unit disc. One obstacle we will have to overcome when
dealing with the capacitary condition is the fact that it involves an intrinsically con-
formally invariant quantity (the condenser capacity) and a geometric object (Carleson
box) which is not defined in terms of hyperbolic geometry of the disc.

A manifestation of this phenomenon is in the following observation. Suppose we
consider an arc [,, C T corresponding to a point w in the unit disc. Then in general,
under a disc automorphism ¢,

(bz([w) 7£ [¢>z(w)-

One way to get around this problem is to ask for the point z to be closer to the
origin than w is. In such a case we can expect a stability of the geometry of Carleson
boxes under a disc automorphism.

Lemma 6. Let z € D and
G=|JL,
an open set. Suppose also that
|z| < |w;l|, Vi.

Then, there exists an absolute constant k > 0, such that

= 0:(6) € U ) € 1 0:(6)
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Proof. Notice that since an automorphism of the unit disc extends to a homeomor-
phism on the boundary it suffices to prove the claim when G is a single interval
L.

It suffices to prove the claim when |z| > 1/2. Even more, it is always true that
¢-(Iw) N Iy () 7 0, therefore our claim will follow if we prove that their lengths are
comparable. To this end, consider a ¢ € I, and suppose first that |2*—(| > 27 (1—|z|).
Consequently,

2" —w[ = 2" = (] = [¢ = w]
> |27 = (| = m(1 = [w])
> |25 = (| =m(1—2])
> m|z* = (|
Hence, for z,w € D and ¢ € I, as before, we have that
11— 2] ~ max{1 — |z|,1 — |w|,|z* —w*|} 2 max{1l — |z|, |2* — ¢|} ~ |1 — 2(|.
But this last estimate remains true also in the case |2* — (| < 27(1 — |2]).

As a matter of fact, the converse inequalities follows by a similar consideration,
examining the cases |z* — w*| > 27(1 — |w|) and |2* — w*| < 27(1 — |w]).

Hence,
1—2? (1 — [z (1 — [w])
(1) = ————|d(| =~ ~ | I, (w)-
o)l = [ gt~ SR ol

0

2.3. Stability of condenser capacity under perturbation of plates. In this
point we introduce a tool which proves to be critical for our constructions. We
introduce it here because it will come handy in the proof of the next lemmas, but we
will use it again in Section [5| as a building block for our interpolating functions.

First a bit of notation. For an interval I C T we write S([) for the Carleson box
S(w) such that [, = I and also if G C T is an open set on the circle we use the
notation

c@
Let now G C T then there exists an equilibrium measure pg for G (as defined for
example in [16, p.19]) and an associated holomorphic potential defined as

e

va(z) == /Tlog ! Zd,uG(C).

—z

This function has some useful properties.

Proposition 7. [13| Lemma 2.3] Let G and p¢ as before, then the following is true.

(1) |Tmpg(2)| < ™9 vz e D,
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(2) 0 < Re(pg)(z) <1, VzeD,
(5) lec| < 5 Rel(eq),

(4) ‘QOG(Z)’ 2 €, Vz e S(G)7

(5) lecllp < coc(G),

(6) pe is univalent.

The fact that it is univalent comes from the observation that it has a derivative
with positive real part.

Lemma 8. Suppose that (D, E, I) is a condenser and 0 < a <b. Also u € Hi(D) N
C(D) such thatu < ain E, w>bin F. Then

1
< 2 .
Capy(E, F) < (b_a)Q/D|Vu| dA

Proof. Define the function

u—a
0}, 1}.
b _ a’ }’ }
Then g is an admissible function for the condenser (D, E, F'), hence,

Capy(B, F) < [ |VgPdA < o [ [Vuaa,
D (b—a)? Jp

g := min{max{

O

Lemma 9. Suppose that w € D, d,(w,0) > 2 and u is the equilibrium potential for
the condenser (D, A1(0), Ay(w)). Then u(z) > 1/2 for every z such that dy(z,w) <
dn(z,0), where d is the hyperbolic distance in D.

Proof. First consider ¢ an automorphism of the unit disc such that ¢(0) = —r, p(w) =
r,r > 0. By conformal invariance, v := wu o ¢ is the equilibrium potential for the
condenser (D, Ay(—r), Ai(r)). Also by symmetry, v(—x+1y) = 1—v(z+iy), therefore
v(iy) = 1/2. Suppose now that at some point zp € D, Re(z9) > 0, v(29) < 1/2. In
that case the function h defined by

v(z), if Re(z) <0,
h(z) == 1/2+v(20) .
max{ =", v(z)}, if Re(z)>0,
is admissible for the condenser and has strictly smaller Dirichlet integral, which con-
tradicts the fact that v is the minimizer. O

We can now prove the following.

Proposition 10. Suppose that z € D and z,...,zy € D, such that |z;| > |z| and
dp(z,z;) > 3. Then,
N N

Capyp (Al(z), CJ S(zﬁ) ~ Capp (Al(z), U Al(zi)) ~ Capy, <A1(z), U Izi>.

i=1 i=1
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Where the implied constants are absolute.

Before going into the proof, let us remark that the assumption dj(z, z;) > 3 is indeed
necessary (although the particular constant is not essential) because otherwise even
for N = 1 it might happen that the capacity of the first and second condenser goes to
infinity while the capacity of the third one remains bounded. Since we are interested
in comparability of the capacities only when they tend to zero, this is not a major
issue for us.

Proof. Trivially the first capacity is bigger than the third one.

To prove the other estimates we first examine the case z = 0. Consider the set
E = UjV: , I;. Consider the equilibrium potential g and apply to it Lemma [§ in
order to get

N

Capy, (A1<o>7uls<zi>) < ﬁ / Veon(2)2dA(2)
S o(E)

— Capy (A4(0), LNJ ).

Without loss of generality in the above estimate we assumed that ¢(E) is sufficiently
small, otherwise the estimate is trivial.
Before we proceed let us note that by Dirichlet’s principle [19] the equilibrium

potential u for the condenser <A1(2), Uy, Al(zi)) is harmonic in the domain ) :=
D\ {A1(21), A1 (22) .-, Ar(zn)}

For a fixed i € {1,..., N} let u; be the equilibrium potential for the condenser
Capyp (Al(O), Al(zi)>. Then by the maximum principle

u > u; on ).

By appealing to Lemma @, we get u > u; > 1/2 on I,,. Hence,

Capy (A1(0), LNJ I.,) < 4 Capy (A4(0), Cj (=)

Suppose now that z is not necessarily zero. By the stability Lemma [6] we can find
t > 0 such that
N N

i=1
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Applying this we get
N
Capp(A1(2), | S(2)) < Capp(a Un S(6:(2)))

=1

< Capp(A U KTy (z)
< CapID) U ¢z zl
=1

= Capyp <A1 QJ )

The remaining estimates

Capyp (Al(z),ﬂlzi) < Capp < U Aq(z; ) < Capp(A US zi))
i=1

can be handled in much the same way, therefore the proof will be omitted. O

The following proposition allows us to express the condenser capacity appearing in
Theorem [A] in terms of logarithmic capacity.

Proposition 11. Suppose that z, zy,...zx € D such that 1 — |z;| < (1—|z|)/2. Then

N N
C( U I¢z(zi)> ~ Cap]]]) (Al('z)v U Izz)a
i=1 i=1
where the implied constants are absolute.

Proof. We have that

N

Capy <A1(2), L_J I) = Capp <A1(0)7 CJ ¢Z(Izi)>
~ Capy (Al(O), L_]j [¢>z(zz-))

N
= C( U ]¢z(zz‘)>'
=1

The second estimate is justified with an argument identical to the one in the proof of
Proposition |10} U
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2.4. Strong separation and condensers capacity. At this point let us introduce
the following notation. If Z is a sequence and v < 1 we write

V,(2) = {2 € Z: S1(:) N S(=)) # ]2 = |21}
This is a slightly bigger neighborhood of points than S7(z)NZ but nonetheless triangle
inequality gives
V,(2) C (2L
As a consequence we get that the capacitary condition does not change substantially
if we ask a bit more.

Lemma 12. If a weakly separated sequence satisfies the capacitary condition with
constants K,1 >~ > 0 then for 1 > n > v it satisfies the condition

Caps (M), U 1) < 5

2;€Vn(2:)
with possibly a finite number of exceptions.

Proof. As already noted, excluding possibly a finite number of points close to the
origin
Vy(2i) € S(2I7) € S7(z).

O

The following is a simple lemma about the geometry of weakly separated sequences.
A proof of it (actually a stronger statement) can be found [19]. We provide a proof
of the part that we are going to use for completeness.
Lemma 13. Suppose that {z;} is a weakly separated sequence, with separation con-
stant €. Then if 1 > v > 1 — ¢, with finite exceptions, if z; € V(2;)
1 — |z
(1l < =55

Proof. The proof of this lemma is nothing more than the simple geometric fact that
for z € D and ¢y > 0 the region

{web:jwl > [2],2(1 - Jw]) <1T—|z], |27 —w'[ < co(l —|2])7}

is contained eventually (for z close to the boundary) in any hyperbolic disc with
center z and radius (dp(z,0) + 1)/e, since 1/ > 1/(1 — 7). O

Proposition 14. Suppose that {z;} is a K— strongly separated sequence in the unit
disc. If v <1 as in Lemmal[l3, there exists C > 0 depending only on K such that,

Capyp (Al(zi), U [ZJ) = Ciiz;’

2;E€V (24)

for all but finitely many z;.
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Proof. For a fixed point z; then there exists a function f; € D, such that f;(z;) =
1, fi(z;) =0 for i # j and ||fi||p < K/d(z;). By the standard oscillation estimate for

Dirichlet functions |f(z) — f(w)| < || f|lpCo/dn(z, w), we have that

|f(w) — 1] < co/Vdn(2:,0), we Ai(z),
and

|f(w)| < CO/\/ dh(Zi,()), w e A1(Zj), j #i.

Therefore by Lemma, [§ applied to f;

Capp(Ai(z), | Ai(z) <
JFi
Which gives the estimate

Capy <A1(zz‘)7 Uﬁl(zj)> < 2K/d(z),
j#i

1
"2dA.
(L= 2o/ ) [

for all but finite many z;.

Now notice that if again we exclude from the sequence a finite number of points,
because of Lemma[L3] it is true that z; € V,(z;) implies that (1 —[z;]) < (1— |z])/2.
And therefore the result follows from Lemma [10l

O

3. CONSTRUCTING INTERPOLATING BUILDING BLOCKS

As we have already mentioned our interpolation theorems are constructive in the
sense that interpolating functions are constructed by pasting together functions that
behave essentially as “bump” functions. If one requires these bump functions to be
holomorphic is clear that they cannot vanish in any non discrete set, therefore our
goal is to make them very small outside a certain region, in a sense to be made precise
. Here we will preset two complementary constructions. We start with the first one
due to Bge |15, Lemma 4.1].

Lemma 15 (Bge [15]). Suppose that z € D and o < 1. Then there exists a function
f = fra, such that

(1) f(z) =1,

(2) |If|Ip < Ca/d(z),

(3) I flloc < Ca,

(4) |f(w)| < Coe ) and,

(5) |f'(w)] < Cae™®) for all w & S°(2).

We will refer to the function f, , as the Bge’s function associated to z and S*(z).
The second construction is essentially due to Bishop [8, Lemma 2.13]. Here we give
a construction which is based on holomorphic potentials. Bishop’s original idea was to
use conformal mapping and extremal distance techniques based on a result of Marshall
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and Garnett [I7, Theorem 4.1]. We shall do a very similar construction but based
on logarithmic potentials instead. In many ways the two constructions are equivalent
but our has some slight advantages. First, using the machinery developed in Section
we can prove a conformal invariant version of the construction and secondly we are
able to control the dependence of our constants on the parameters which is crucial
for proving the quantitative estimate that Theorem [C] requires.

We start with a simple lemma for harmonic measure.

Lemma 16. Let I be a closed arc in T. For 0 < n < 1 we have the following
elementary estimate

w(z, T\ 17, D) :/1r

1— |z

\I7 ¢ — 22

|d¢| < Gy - e(]),

for z € S(I).

Proof. Without loss of generality S(I) C{(=re? eD:0<0<|I|,1—r <|I|}. In
this case we have

1 [ 1- 17
it ,TNIT. D / —d < C'/ ——ds.
w(re \ )= o 1 lets — reit|? I |s — t|?

This last integral can be seen to be of the right magnitude

1y 1—7 ||
— ds<(C—<(——mm—< C’|[|1_77 < Cc(I).
/un s —t? || —t |7 — |1

O

The following lemma is essentially the conformal invariant version of [8, Lemma
2.13].

Lemma 17. Let z, 21,29, ... 2y € D, such that 1 — |z;| < (1 —|z])/2, and

Capy (A1 UI ) < K/d(2).

Where K < Ky. Set F := UYI,.. Then there exists a constant C, depending only
on Ky, and a function g, € D such that

(1) g-(2) =1,
(2) JoldlPdA < 365,
(3) lg:lloc < C

(4) |gz(UJ)| S Ce_Gd(Z); w € S(F)7
(5) Jo |9L1PdA < Ce69Co).
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Proof. Throughout the proof C' denotes a positive constant depending only on K. If
a constant depends on some other parameter we will denote it by an index.

Fix some arbitrary n < 1, and apply to our assumption first Proposition and
then Lemma |3 with parameter 7 to arrive at

0o , C

Set £ := Y, ¢.(I.,)". Let also g the holomorphic equilibrium potential associated
to E and ¢ := 1 — (1 — ¢(E))pg. Our building block will be the function

where A > 0 is a constant to be specified. By the properties of holomorphic potentials,
it is clear that

], VzeD.

At this point some elementary euclidean geometry on the image of ¥g gives
™
Vel < 5 Re¢p.

This is the crucial estimate that will allow us to derive the desired properties of fg.
Clearly fg is bounded by 1 because the real part of the exponent is positive.
The Dirichlet integral of fz can be estimated as follows

/ 2 )
/|ffE|2dxdy:A2/ w_g‘ o—2ARe Y /[6pl? g 4
D D ¢E

< A / T aa

N o |Jvelt TP
4N\41

< (=) — /2

- <7T€> AQ/DWE| dA

c(E)

A

< ¢

With ¢y absolute positive constant.
On the other hand the value of fr at the origin remains bounded below.

F5(0)] = ¢ FTED > oY
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Suppose now that w € Ul]il S(¢.(1,,)). Let J; = ¢,(I.,). Then w € S(J;) for some
1, recalling Lemma,

2
Revs(u) = [ =g Rev(Q)lid
2
< [ el e
=w(w, T\ J", D)+ c(E)|J]]
< ¢oc(J;)
< ¢oc(E)
< ¢
T d(z)
Ad(z)

Hence, |fp(w)| < e 20 .
Finally, using the conformality of logarithmic potentials,

/12
Jy A= [ e et
i=171 i=1 71

< A2 LefZARez/MQdA(Z)
Ui, ve () |2

c(E) Cc(E) e—A/m
< A? / —dxdy
0 o(E) x

Ad(z)

SCAB c .

Set A =12C.

We claim that g, = fr o ¢./fr(0) satisfies the required conditions. Properties (1)-
(3) and (5) are invariant under Mobius transformations, we get property (4) after an
application of Lemma [6] O

4. ONTO INTERPOLATION IN H;(DD)

The idea of the proof is to interpolate every value separately with functions in H; (D)
that have disjoint supports. The simple minded idea to take functions constant on
A1(z;) that vanish outside a bigger hyporbolic disc does not work, so we have to
construct the disjoint regions in a slightly more sophisticated way.

After a series of elementary lemmas we will proceed to the proof.

Let v as in Lemma (13| Then let us define the regions S; associated to the sequence

Si=5"z)\ |J S7(z)

25 €V (2:)
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Lemma 18. The regions S; are pairwise disjoint and, for all but finitely many z;, we

that Ay(z;) € S; and Ay(z;) CD\ S; for all j # 1.

Proof. Let i # j. Without loss of generality |z;| > |z;|. Hence, either S7(2;,)NS7(z;) =
0 or z; € V,(2). In both cases S; N.S; = 0.

From Lemmait follows that Ay(z;) C S;, if 2; is sufficiently close to the boundary.
Since S; are pairwise disjoint, A;(z;) C DD\ S;, for any j # i. O

Lemma 19. A sequence {z;} C D is onto interpolating for Hy(D) if a cofinite subse-
quence of it is.

Proof. Tt suffice to show that if {z;}5°, is an onto interpolating sequence then {z;}2,
is. Fix ¢ > 0 such that A.(z;) are pairwise disjoint, and such that for all a = {a;} € £2
there exists u € H;(ID) such that u|a_(.,) = \/d(zi)a;,7 > 1. Let also €’ > 0 such that
A.(z) € A(z) and AN Uiz, A.(z;) = 0. Then there exists £ € C>(D), such that
E=0onA.(z)and £ =1on D\ A.(z). Let a = {a;}32, € £* and u as before. The
function

vi=E&u+ ap(l =),

is the interpolating function for the sequence {z;}:°, and the data {a;}3°,. O

Theorem 20. A sequence {z;} C I is onto interpolating for Hy(D) iff it is weakly
separated and satisfies the capacitary condition.

Proof. We will start with the more involved direction which is the sufficiency of the
conditions in the statement. Notice that if the capacitary condition is satisfies for
some « < 1, then it is satisfied for all v, < < 1. Therefore we can assume that it
is satisfied for 7 as large as the one in Lemma[I3] Assume without loss of generality
that Aq(z;)NA1(z;) = 0,4 # j. The estimates that we state next might fail for a finite
number of points in our sequence but in that case Lemma allows us to initially
disregard any finite number of points.

Then suppose that f; := f,, , is Boe’s function for z; and S7(z;). There exists a
constant Cp > 0 such that |fi(2)] < Coe 84=) for all z € S7(z;) and |1 — fi(2)] <
C(]/d(ZJ, z € A1<Zi>. Set

—6d(z;
Al G2 oy,
1— Co/d(zl) — Coe 6d(zi)
The function just constructed satisfies wila,z) = 1, uilp\svz) = 0, [ulld, @) <
C/d(z) and ||u;]|e < C.
Next we apply Lemma to the stronger version of the capacitary condition in
Lemma [12 and we arrive at

u; := min{max{



ONTO INTERPOLATION FOR THE DIRICHLET SPACE AND FOR H;(D) 25

Hence by definition of condenser capacity there exists v; € Hy(ID) such that v;|a, (z,) =
1, vilgv(z;) = 0 for all z; € V,(z;) and Hvinl(D) < C/d(z;). Without loss of generality
we can also assume that [|v;]/e <1

Our interpolation building blocks will be the functions w; := u; - v;. Notice that
by construction suppw; C Sj, hence, wi|a,(-;) = i by Lemma Furthermore
il < /(=) and o < C.

This observation clearly suggests that, if & = {a;} € ¢*(N), the obvious candidate
for interpolation is the function F := > " a;1/d(z;)w;. It takes the right values on
hyperbolic discs Aj(z;). It remains to show that is is actually in H;(DD).

Let N € N. Fy := Zfil a;+/d(z;)w;. Then,

QWWWHMWWM
SZWW@/NMWM@+ZWMMLM@Ww)

< szz’ d(z; sz”Hl +Z|a1] d(z)|[wil|%|Si]

=1

N
<Ol + 3l - )
=1 i=1
S C i |ai |2.
i=1

Now we turn to the necessity of the conditions. Without loss of generality 0 € {z;}
and € = 1. We should notice that also here there exists a weighted restriction operator,
defined on the subspace of H;(ID) of functions constant on hyperbolic discs Aj(z;).
Hence if a sequence is onto interpolating as in the Dirichlet space we can solve the
interpolation problem with “norm control”, meaning that we can find u € H;(ID) such
that

u|A1(zi) = 1/ d(ZZ')CLi

lullZ, @y < Cllallz-

Considering such a u; which interpolates {;;};, then u is also an admissible function
for the condenser (A1(z;), A1(z;)), for any i # j. It is immediate that

C
d(z;)

Capp (A1(2), A1(z)) < |lullf, @) <
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Since also by conformal invariance of condenser capacity we have

11
1 ~~
log 7y dalGin )

Capy (A1(2), Ai(z)) ~

the sequence is weakly separated. The capacitary condition then follows by the defi-
nition of condenser capacity and Lemma [10]
O

5. A QUANTITATIVE VERSION OF BISHOP’S THEOREM

We are now in a position to prove Theorem [B] The only substantial difference
with the proof of the non holomorphic case is that the function v; which in the proof
of Theorem |C| (that exist by our assumptions on the condenser capacity) they can
no longer be used since they are not holomorphic. Their role will be played by the
functions constructed in Lemma [I7]

Proof of Theorem [B, We will denote by C' a general constant depending only on Kj.
Suppose that {z;} is K — strongly separated. Let us exclude initially a finite number
of points from the sequence such that Lemmas [I3] and Propositions o], [14] apply. We
can always add these points in the sequence in the end.

In our construction we will need three types of building blocks. The functions
constructed by Bishop, Bge and the sequences of functions guaranteed by the strong
separation hypothesis. First we perform a simple trick so that the sequence of func-
tions coming from strong separation are uniformly bounded in modulus. We know
that there exist multipliers m; € M(D) such that |[m;||smpy < K and m;(z;) = 0.
Consider the functions f; := ZL(SZ) It is immediate that || f;||% < K/d(z), fi(z;) = 0y
and | fil < C.

The sequence is also weakly separated by a constant ¢ = ¢(K) > 0. Let y =1—¢/4
so that Lemma [13| applies. We know that Z satisfies the condition in Proposition
for v as defined here, hence by applying Proposition |5| (for f =y and a =1+ ¢/4)
we get

Capy <A1(Zi)a U Qj)Sd(CZ;)'

2 €V (2:)
Let now g; be the functions that we get if we apply Lemma to the condenser
(Al(zl-), U ev.20) IV). Finally, let h; be Bge’s function associated to z; and S7(z;).

%
Multiply these functions together to get w; := f;g;h;.
Suppose we are given a sequence « = {a;} € ¢*(N). As in the non holomorphic case
the obvious choice for the interpolating function would be F':= > a;1/d(z;)u;. At
least formally F' assumes the correct values, the problem now being that u; do not

have disjoint supports. Nevertheless u; are small outside the regions 5;, as defined
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in Lemma [18] in the following sense. Assume z ¢ S;, then |u;(z)| < Ce 64=) and if
S(El) = UZ]'EV»y(Zi) SV(’ZJ)

/ 2dA < 3 / Flgihil2dA
S(Ey) S(Ey)

+3/ Ifig§h¢|2dz4+3/ | figibi|?dA
S(E;) S(E;)

7

< Ce 0= / f{[PdA
S(Ei)

+C / lg![2d A 4 Ce=0dG0) / W 2dA
S(E;) S(E;)

(3 k3

< Cle0d(zi)
In the same way

/ uf|2PdA < Ce 084G,
]D)\S'Y(Zi)

Set Iy = Ef\il a;\/d(z;)u;. And estimate as follows
N N .
[ 1Epia< 2y o) [ pipdaso( Sl VaE][ [ wraa]’)
. =1 Si i—1 D\S;
N N 2
<23 faidten) [ A+ e 3 eVt )
=1 D i=1
N N N
< C’Z las|? + OZ la;|? Z d(z;)e~ 1246
=1 i=1 i=1

0o
S CZ |a,i|2.
=1

The constant C' above is independent of N because every weakly separated se-
quence satisfies Y o0, d(z)e 124#) < 400 (see for example []). Hence, ||Fy|lp <
C >, la;]*. By choosing a weak — * cluster point of the sequence we have a func-
tion f which solves the interpolation problem. Since C' depends only on K, the
interpolation constant can be chosen uniformly, as in the statement. O

6. ONTO INTERPOLATION IN D FOR FINITE MEASURE SEQUENCES

The necessity of the capacitary condition comes from Proposition together with
Lemma The other direction follows from the next proposition.
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Proposition 21. If {z;} has finite associated measure, then,
(WS)+(CC) = (OI).

Proof. Since this proof requires an inductive argument on finite subsets of the se-
quence we will be more careful with our constants.

Let {z;} be a sequence as in the statement. We can choose a constant Cy > 1,
which depends only on the sequence, that is large enough such that for all z; E {zl}
there exists f; € D with ||fil|3 < Co/d(2), fi(z) = 1 and |fi(2;)]? < Coe™=) if
J # t. The functions f; are constructed by multiplying Bge’s function f., , with the
function g,, from Lemma Also, by the quantitative version of Bishop’s Theorem,
there exists a constant C'; > 1 such that for every sequence of points £ C ID which is
K — strongly separated, K < 4Cj + 1, satisfies OntoInt(€) < C;. By deleting a finite
number of points in the sequence we can ensure that

(1-1/v2)? 1

—d(z) < for all 1 € N
= 40102 d(zz-)’ or all 1 € IN,
and
Z <!
j=1
For some N € N set
(3) My := sup StrongSep(£), Ay := sup Ontolnt(&).
EC{zi} EC{z}
I€]=N IE]=N

Notice that M; < 1, but a priori we don’t even know if My < oo for N > 1. We
claim that My < 4Cy + 1, for all N > 1. Suppose the statement is true for some
N > 1. Consider any € C {z;} such that || = N + 1 and fix some z; € €. Let f; be
the function as defined above. By the induction hypothesis we have Ay < C, hence,
there exists g; € D such that g;(w) + fi(w) = 0, for all w € £\ {2} with

1 - 1
lgallp <G Y ’f((w;| < GoCre™ ™ Z_; d( zj) = Jd(z)

weE\{z;}

Furthermore,

19:(2)|* < llgillpllE=]15
< CoCre ) Chd(2)
< C1C2d(z)e~ =)
<(1-1/v2)%
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Finally, consider the function h; := (f;+¢:)/(fi(z)+9i(2:)). By definition h;(z;) = 1
and h;(w) =0 for all w € €\ {z;}. Also,
ac, 1

1fi + aillp 2 2
7z + gz = M Al = G5+ g
Since z; was arbitrary by definition of My, we have that My, < 4Cy + 1. The
induction is complete and it gives that limsupy_,., My < 4Cy + 1 < oo. Therefore
{z;} is strongly separated.

I1hill5 =

U

7. SOME REMARKS ON THE CAPACITARY CONDITION
7.1. A stronger condition implying the capacitary condition.

Proof of Theorem [D. The idea of the proof is an old one, originally due to Shapiro
and Shields, and it amounts to use Nevanlinna-Pick property in order to compensate
for the lack of Blaschke products in the Dirichlet space. Let z; a point in the sequence.
Let S7(z;) the set of points z; in the sequence such that z; has y-uninterrupted view
of z;. For each z; € SJ(z;) consider the multiplier ¢;; € M;(D) := {m € M(D) :
|m|| amepy < 1} which vanishes at z; and maximizes Re;(2;). Due to the Nevanlinna
Pick property of D (see [2, Theorem 9.43],

(e Koz 2
162 Ipll&=: 115
Then consider a weak — * cluster point of the sequence ¢ 17, ... ¢7 , where

SY(z:) = {2+ %jy, - - - } Let’s call this cluster point ;. Obviously it vanishes on all
points in S7(z;) and at z; takes the value

bz = [ 1 Al

- -
2, €57 (2;) szz D”km’ D

Yij(zi) =1 —

To estimate this infinite product we use our hypothesis

2
R

TeZlolk. T ~

z; €57 (2

Considering also that the sequence is weakly separated, hence every individual term
of the infinite product is bounded away from zero in modulus we can conclude that
|1i(z;)| is bounded below by a constant independent of . Consider the functions
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fi = kotbi/ (|| ki 15 1905(2:)]). The same argument as in the proof of Lemma [14] applied
to the functions f;, shows that

Capp (Au(z), |J 1) <

szSZ(zi)

d(z)

But then the estimate for the capacitary condition is immediate by Proposition [5|and
Lemma [13]

Capﬂ)(Al(zi), U Izj>§CapD(A1(zi), U I;)

2;€57(2) z;€53 (2:)
< Capy, (Al(zi)a U IZj)
2;€59 (2)
< C/d(z)

D

7.2. A negative result. In order to construct the counter example in Theorem [E]
we will exploit the standard Bergman tree in the unit disc and the relevant analysis
of onto interpolating sequences in the Dirichlet space of the Bergman tree carried by
Arcozzi Rochberg and Sawyer in [4].

Forn € Nand k = 1,2,...2", let z(k,n) = (1 — 27)e*"27 and denote by 7 the
collection of all such points. For a = z(k,n) € 7 we will refer to n as the level of
a and denote it by d,(a). The set 7 can be given a structure of a rooted tree by
declaring the origin to be the root of the tree and if o, f € 7, we say that a directed
edge connects a to g if d,(a) +1 = d.(5) and S(«) 2 S(B). In this case we say that
3 is a child of a. Each « has two children o a, oc_« and a unique predecessor a?.
The tree is partially order by the relation o < g iff S(«) C S(5).

The tree model is convenient because it gives a necessary condition for interpolation
in the Dirichlet space in terms of capacities defined on trees, which are highly more
computable with respect to their continuous counterparts. In fact, in [4], Arcozzi
Rochberg and Sawyer gave the following necessary condition for onto interpolation.

Proposition 22 (Tree Capacitary Condition). Suppose that {z,} C T is an onto
interpolating sequence for the Dirichlet space. Then

inf{ S VB fir > Cfla)=1f(7)=0 7\776{21‘}\{6%}}Si

BEn(0) d(e)

for all a« € {2z;}. Where Vf(B) := f(B8) — f(B7"). We will denote the quantity on the
left by Cap,(a: {z:} \ {a}).

Lemma 23. d.(z)+ 1~ d(z), z € T.
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Proof. Let z = z(n, k), then |z| = 1—27". Without loss of generality n # 0. Therefore
dn(0,2) =logy(2"™' — 1) < n+1. On the other hand log, (2" — 1) > log,(2" + 1) >
n. U

The tree capacitary condition is much easier to analyse, mainly because there exists
a recursive formula for its computation [4], p. 32].
Given a, f € 7, « < f and Uy C S(0+f) N7 we have
Cap‘r(a7 U+) + CapT(a, U*)
T+ (o, B)[Cap, (@, U+) + Cap, (o, U]

where d.(a, () is the graph distance of the points «, 3.

Proof of Theorem[E. Let zy € 7, and set N = d,(z). Assume for simplicity that v N
is an integer. Consider also the points {wl}l 0, where wy = z and w;;; = oyw;, and

the points z; = o) w;, 0 <7 < vN. Due to the shape of the representation of this
configuration of points as a graph we shall write comb(zo) := {z1,..., 2 x5 }-
Let us start with an estimate of Cap,. (2o, comb(zp)). This can be done by applying

the recursive formula (7.2). Let ¢; = Cap.(w;, {zi41,.. ., 25}), i < VN and ¢ 5 =
0. Then the recursive formula gives

_+CZ L
Ci— N
Tl iy p( %+1) ci)-
a
c

Where p is the map p : My(C) — Mob, ( Z) AN (z — w) Since p is a

Cap, (o, Uy UU_) =

cz+d
homomorphism we conclude that

Cap, (20, comb(z)) = co = p (1 %i 1)ﬁ)(0).

After diagonalizing the matrix we get

1 LAYV s, A\ (1A 0 5y A\
1 ++1 —\1 1 0 (1—6)YM ) \1 1 ’
AR e

A simple algebraic mampulatlon of the previous expression leads to

where

_A\VN
o _aga 220 pavepeol
1/VN A |- A (=YY 24177

Because A/dy — —1, (%’?)\/ﬁ — e~2. Hence, for N sufficiently big ¢y > ﬁ.
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Also we can calculate the total mass that each comb(zg) carries

1 1
= dr(z) T N VN ™ /d(z0)

A last remark is the following. There exists an 1 < 1, which can be chosen inde-
pendently of N such that if 1 <i # j < /N then S"(z;) N S"(z;) = 0.

Consider now a new sequence of points {w;} such that for any o € comb(w;), €
comb(w;) S"(a)NS™(B) = 0 for i # j and some 0 <7 < 1, and also >_.°, 1/+/d(w;) <
oo. By a theorem of Axler [7] {w;} has a universally interpolating subsequence. We
can assume without loss of generality that {w;} itself is universally interpolating. Set
{w;} = U2, comb(w;). It is clear that the union of the two sequences it cannot be
onto interpolating because it fails the tree capacitary condition

1
10\/d, (%)

Nevertheless {w;} is onto interpolating by Theorem [A| because there exists n < 1
such that S"(w;) N S"(w;) = 0, it has finite associated measure and it is weakly
separated. O

Cap, (zj, {#i}jz U{wi}) > Cap, (25, comb(z;)) >

Concluding remarks. If we have a sequence {z;} C 7, it would be interesting to
know whether the tree capacitary condition implies the capacitary condition, for that
would mean that the onto interpolating sequences for the tree coincide with the onto
interpolating sequences for the Dirichlet space, at least for finite measure sequences,
which are much easier to understand mainly due to the recursive relations for tree
capacities.

Another question which remains open is if the characterization of onto interpolating
sequences carries over to the case of infinite associated measure, something that is
suggested by the analogous result for H;(ID). In fact if one examines the proof of
Theorem [A] can see that that would be true if /*(N) C {{f(2;)} : f € D} for every
onto interpolating sequence. There are even some questions in H;(ID)—interpolation
which remain open. For example in our definition we introduced a parameter ¢ and
it is not clear at all how the interpolation constant depends on the parameter e.
Moreover our definition of H; (D) interpolation, although fit for our purposes, is only
one of the natural definition that one could come up with for example, instead one
could ask only that the interpolating function u € H; (D) is only on average equal to

the data, i.e.
1
—_— udA = +\/d(z)a;.
|A(2)] Ac(2)

Such questions have not been investigated, but it is the authors opinion that it would
be very interesting to explore them further.
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