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Wong-Zakai approximations for quasilinear systems of
[to’s type stochastic differential equations

Alberto Lanconelli* Ramiro Scorollif

July 1, 2021

Abstract

We extend to the multidimensional case a Wong-Zakai-type theorem proved by
Hu and Oksendal in [8] for scalar quasi-linear It stochastic differential equations
(SDEs). More precisely, with the aim of approximating the solution of a quasilinear
system of Itd’s SDEs, we consider for any finite partition of the time interval [0, T']
a system of differential equations, where the multidimensional Brownian motion
is replaced by its polygonal approximation and the product between diffusion
coefficients and smoothed white noise is interpreted as a Wick product. We remark
that in the one dimensional case this type of equations can be reduced, by means
of a transformation related to the method of characteristics, to the study of a
random ordinary differential equation. Here, instead, one is naturally led to the
investigation of a semilinear hyperbolic system of partial differential equations that
we utilize for constructing a solution of the Wong-Zakai approximated systems.
We show that the law of each element of the approximating sequence solves in the
sense of distribution a Fokker-Planck equation and that the sequence converges to
the solution of the Itd6 equation, as the mesh of the partition tends to zero.
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1 Introduction and statement of the main results

Let {B(t)}ico,m be a standard one dimensional Brownian motion and, for a given finite
partition 7 of the interval [0, 77, denote by {B™(t)}cjo,r) its polygonal approximation.
Then, under suitable conditions on the coefficients b : [0, 7] xR — Rand o : [0,7] xR —
R, the solution {Y7(t)}.cjo,r of the random ordinary differential equation
dY™(t) dBT7(t)
=b(t, Y™ (t t,Y™(t))  ———= 1.1

by oty - Y, (1)
converges, as the mesh of 7 tends to zero, to the strong solution {Y'(t)}.co,r) of the
Stratonovich stochastic differential equation (SDE, for short)

dY (t) = b(t, Y (t))dt + o(t, Y (t)) o dB(t), (1.2)

or equivalently (see [10]) of the It6 SDE
dY (t) = |b(t, Y (1)) + %a(t, Y(t)0,o(t,Y(t))| dt +o(t,Y(t))dB(t).

This is the famous Wong-Zakai theorem [15],[16] whose extension to the multidimen-
sional case can be found in [I3].

In [8] the authors suggested how to modify equation to get in the limit the Ito’s in-
terpretation of (1.2): they considered the case with o(¢,z) = o(t)z, where o : [0,7] — R
is a deterministic function, and proved that the solution {X™(t)}icjo,r of the differential
equation

dX7(¢) dB™ (1)
at it

converges, as the mesh of 7 tends to zero, to the strong solution {X(#)}scp, of the Ito
SDE

= b(t, X™()) + () X" (1) o

(1.3)

dX (t) = b(t, X(£))dt + o(t) X (t)dB(t). (1.4)

Here, the symbol X7 (¢) ¢ dB;(t) stands for the Wick product between X™(t) and dB;(t).
(We postpone to the next section all the necessary mathematical details for the tools
utilized here). Observe that the achievement of [§] is twofold: existence of a solution
for and its convergence towards the solution of (see also the related works
[1] and [4]). As far as the existence is concerned, equation is not a standard ran-
dom ordinary differential equation but instead an infinite dimensional partial differential
equation. In fact, via equality
dB7(t)

X*(t)o :X”(t)dBC;<t>

where K7 (t,-) is a deterministic function that verifies the identity

— Doyt X™ (1), (1.5)

B(t) = /0 K™(t, 5)dB(s),
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while Dy, k=) stands for the directional Malliavin derivative along the function s
0, K™(t,s), one recognizes equation as a nonlinear evolution equation driven by
an infinite dimensional gradient. Nevertheless, the particular form of o(t, z) considered
in [§] allows for a reduction method which transforms that into a random ordinary
differential equation. We now briefly describe such method: we Wick-multiply both

sides of ([1.3)) by

K ™ 2
- fot J(S)%S(S)ds—%E{(fg U(s)%s(s)ds) }

E"(0,t) ==  telo,T),
to obtain
%T;(t) OE™(0,t) = b(t, X™(t)) ©E™(0,t) + o (t) X" () © dBC;(t) S E™(0,1),
or equivalently,
”‘;2;“) o E"(0,8) = b(t, X7 (t)) 0 E"(0, 1) — X"(t) o %;”)

Here, we utilized the identity

dE™(0,1) dB™(t)

= ET .
— o(t) == o E"(0,1)

Rearranging the terms and exploiting the Leibniz rule for the Wick product we can write

%(X”(t) o E7(0,4)) = b(t, X™(£)) o E™(0, ). (1.6)

Now, if we set
X7 (t) .= X™(t)oE"(0,¢), te0,7T],
and recall that

E"(0,t) 0 E™(0,t) =1, forall ¢t €[0,T],

where
t o) 4B o 1 t o(s) 4B g 2
E™(0,t) = gl W@ 2]E{<f0 ) L t € [0,T],
we can reduce (1.6]) to
dX™(t
®) =0b(t, X™(t) o E™(0,t)) ©E™(0,1). (1.7)

dt

Equation (1.7) doesn’t look simpler than ((1.3)); however, in (1.7)) one can apply the
so-called Gjessing’s Lemma which produces a Wick product-free expression. First, we
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observe that resorting to the definition of {B™()};cjo.77 (see equation ([2.1)) below) one

gets the representation
t Bﬂ' T
/a(s)d d(s)ds:/ o™ (t,s)dB(s),
0 8§ 0

for a suitable ¢™ : [0, 7] x [0,7] — R. With this notation at hand, Gjessing’s formula
can be simply stated as

Z0E™(0,t) =T_pr@)Z - E7(0,1), (1.8)
and
Z oE™(0,t) = Tor(t,)Z - E7(0,1), (1.9)

for a general random variable Z belonging to L?(€2), for some p > 1. Here, T; denotes
the operator that translates the Brownian path by the function [ f(s)ds (see formula
below). An application to equation of the last two identities leads to the
random ordinary differential equation

dX"(t)

dt

standard assumptions on the coefficients ensure the existence of a unique solution { X7 (t) }+cpo,1
which, together with equality X™(t) = X™(t) © £7(0,t), provides a unique solution also
for . It is important to remark that the success of this reduction method is due to
the opposite signs appearing in front of o™ (¢, ) in equations and ; this results
in the disappearance of the translation operator, and hence of the Wick product, from
equation (|1.7)).

=b(t, X™(t) - (E™(0,¢))"") - E™(0, 1); (1.10)

Aim of the present paper is the extension to the multidimensional case of the existence
theorem for (1.3) and its convergence to (1.4) proven in [§]. More precisely, for each
finite partition 7 of the interval [0, 7] we introduce the Cauchy problem

de;(t) = bi(t, X7(1)) + o3 () XT(t) o %’;(07
for t €]0, 7] and i = 1, ..., d; (1.11)

X'0)=c¢eR, fori=1,..,d,

where {B7(t) = (B (), ..., B} (t))" }co,r] stands for the polygonal approximation, rel-
ative to the partition m, of the standard d-dimensional Brownian motion {B(t) =
(Bi(t), ..., Ba(t))* }eqo.r); the functions by, ..., b4 : [0,T] x R* — R and o7, ..., 04 : [0,T] —
R are measurable while ¢ € R? is a deterministic initial condition. System ([1.11]) should
be thought as a Wong-Zakai-type approximation for the system of Ito’s SDEs

dX;(t) = bi(t, X (t))dt + o;(t) X;(t)dB;(t),
for t €]0,T] and i =1, ..., d; (1.12)
X;(0)=¢ eR, fori=1,..,d.

We will assume throughout the paper the following regularity properties for the coeffi-
cients: they guarantee the existence of a unique strong solution for ((1.12)).
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Assumption 1.1.
o The functions b(t,x), 0., b(t,x),..., 0z,b(t,x) are bounded and continuous;
e the functions o1(t), ...,04(t) are bounded and continuous.

Our first main theorem concerns the existence of a solution for . It is worth
mentioning that the reduction method described above doesn’t apply to such systems,
unless very particular cases are considered. In fact, the disappearance of the translation
operator mentioned before takes place only when the same one dimensional Brownian
motion drives all the equations in and moreover oy(t) = - - - = 0gy4(t), for all
t € [0,T]. Therefore, to prove the existence of a solution for (1.11)) we have to employ a
different approach which can be summarized as follows.

Using identity ((1.5) we rewrite (1.11)) as
® Ui(t)D(i)

axy x 7/ dBT i
ét(t) = bi(t, X7 (t)) + o3(t) XT (t) =2 K’T(t,-)Xi (1),
for t €]0,7] and i =1, .., d; (1.13)

XF'0)=¢€eR, fori=1,..,d.

)

(Here, D® gstands for the Mallivian derivative with respect to the i-th component of
the multidimensional Brownian motion {B(t)}:>0). If we now divide the interval [0, 7]
according to the partition m = {t,...,txy} and search on any subinterval |t, ;1] for a
solution to ([1.13]) of the form

X7 (t) == wi(t, B™(tg41) — B™(t)), L EJtp,toa],i=1,....d

1

where u; : [0, 7] x R — R are deterministic functions, we see that u = (uy, ..., uq) has
to solve a semilinear hyperbolic system of partial differential equations of the type

Owui(t, x) = —0i(t)0y,ui(t, x) 4 05(t) T (L, ) + bi(t, u(t, x)),
for t €]ty tr1],x € R and i = 1,....d; (1.14)

ui(r,r) =z, forze€R%andi=1,..,d.

Here, h denotes the mesh of the partition 7 while aq, ..., a4 are suitable deterministic
initial conditions. This link to the theory of partial differential equations allows us to
state our first main result whose proof can be found in Section [3] We will deal with
a weak notion of solution, see Definition below, that doesn’t require any Malliavin
differentiability property of the solution (as it should be implied by the last term in
(1.13)).

Theorem 1.2 (Existence). Under Assumption equation possesses a mild
solution { X7 (t) }icor) in the sense of Definition below.

Our second main result shows that system (|1.11f) is naturally connected with a Fokker-
Planck-type equation which is solved in the sense of distributions by the law of the
mild solution {X7(t)}scp,m. This establishes a further similarity between the Wong-
Zakai approximating equation and its exact counterpart . This theorem

5



generalizes the one obtained in [I1] for the scalar problem (1.3)). The proof is postponed
to Section Ml

Theorem 1.3 (Fokker-Planck equation). The law
pm(t, A) =P(X™(t) € A), t€][0,T],Ac B(R?

of the random vector X7 (t) solves in the sense of distributions the Fokker-Planck equation

d *
(8,5 + Z oi(t)z;g:5(t xz)ﬁim + Zbi(t,x)8$i) u(t,r) =0, te€0,T],x€R™

1,j=1 i=1

(1.15)

Here, g;; : [0,T] x R — R is the measurable function defined in and below.

Lastly, we present the convergence of { X7 () }+cjo,r) towards the solution of the It6 equa-
tion (|1.12)), as the mesh ||7|| of the partition 7 tends to zero. For the proof the reader
is referred to Section [l

Theorem 1.4 (Convergence). The mild solution {X7(t)}scpm converges, as the mesh
of ™ tends to zero, to the unique strong solution { X (t)}cp,r of the Ito SDE . More
precisely,

lim Z]E | X7(s) — Xi(s)]] =0, forallte[0,T).

|7T||—>0

Remark 1.5. We believe that the idea and approach of this work may be applied to Ito-
type stochastic differential equations driven by fractional Brownian motions (see Section
6.1 in [7]).

The paper is organized as follows: in Section 2 we describe our framework and formal-
ize all the mathematical concepts utilized in the introduction to present the problem:;
Section 3 contains the most novel part of our paper that consists in the link between
the Wong-Zakai equation and the semilinear hyperbolic system of partial differ-
ential equations ; here, we describe in details the construction of the mild solution
{X™(t) }sejo,r); in Section 4 the proof of Theorem on the Fokker-Planck equation
passes through a careful interplay between the Gaussian nature of the noise and struc-
ture of the hyperbolic system; Section 5 concludes the manuscript with the proof of
Theorem which greatly benefits from the notion of mild solution introduced in Sec-
tion 2.

2 Notation and preliminary results

In this section we set the notation and prepare the ground for proving our main theorems.
We fix a positive time horizon T" and a dimension d € N. Let (2, F,P) be the classical

6



Wiener space over the time interval [0, 7] with values on R? (see for instance [2] or [12]);
we denote by {B(t) = (Bi(t), ..., Ba(t))* }+epo,r) the coordinate process, i.e.

B(t): Q= R?
w— B(t)(w) := w(t);

by construction, {B(t)}icpor] is a standard d-dimensional Brownian motion.
We choose a finite partition 7 := {to, ..., ¢ty } of the interval [0, 77, i.e.

O=to<ti<---<ty=T,

and set ||7|| := maxyeqo,1,. N} |tk — te—1|. The real number ||7| is called mesh of the
partition w. We will assume without loss of generality that the partition is equally
spaced, i.e. t, = %, for all £ € {0, ..., N}; in this case we simply have ||r|| := % but we

will continue to use the notation m = {to,...,tx} and ||7||.
We associate to the partition 7 the polygonal approximation of the Brownian motion

{B() }rep,m:
t—t t—t
B™(t) := (1 — —’“) B(ty) + ——"B(tis1), ift € [te, ti] (2.1)
tpi1 — Ly tpy1 — Tk

and B™(T) := B(T). It is well known that for any ¢ > 0 and p > 1 there exists a positive
constant C), 7. such that

<E

We refer the reader to Lemma 11.8 in Hu [6] for a sharper estimate. For i = 1,...,d, we
set

sup |B(t)" — B(¢t)|
te(0,7)

1/p
) < Corellm||V?~.

t
Yi(s,t) = / oi(r)dr, 0<s<t<T, (2.2)
and observe that

/s tm-(r)f???(r)dr: / ’ oi(r)B] (r)dr + /t o oi(r) BT (r)dr + -+ - + /t:ai(r)BZr(r)dr

B;(t;) — Bz’(tj—Jl) Bi(tjy1) — Bi(t;)
h

- + Xi(tj, tje1)

B;(t) — B;(t

4+ .. 4 Ei(tht)u?
h

when ¢;,_1 < s <t; <--- <t <t for some j <Fkin {1,...,N —1}. In particular, if

$,t € [ty, tgr1] for some k € {0, ..., N}, the last expression simplifies to

JRGLACIE O Billieer) = Blte)

:EZ‘(S, tj)

(2.3)

7



It is important to remark that according to 1) the quantity | " 0:(r) B (r)dr is a linear
combination of independent Gaussian random variables with

and

E [/t Ji(r)Bf(r)dr} ~0

E

(/t Oi(T)BZr(T)dT) ] - % (Zils,15)% + Bilty, ti0) + - - -+ Biltn, 1)°)

We now set

g.ﬂ—(s t) = efst Ui(T)BZr(T)dT*%E[(f; Ui(r)BZr(T)drf]

and observe that if s,t € [ty, tx 1], for some k € {0,..., N}, we get

B;(t )—B;(tg)
[3 k+1h i\'k 7ﬁ2i(s»t)2.

EF (s,1) = ™Y

It is easy to verify, using the independence of Brownian increments on disjoint subinter-
vals [ty, tgi1], that

E (5, tx)E (th ) = EF (s, 1) (2.4)

when s < ¢, <t for some k € {1,..., N — 1} and s,t € [0, T].

A key role in the following will be played by the notion of Wick product. The Wick
product can be defined for any couple of random variables X and Y belonging to LP(€2),
for some p > 1 (see for instance [6],[5] or [9]). Nevertheless, it is enough for our purposes
to discuss the following two particular cases:

e if X belongs to the Sobolev-Malliavin space D'?, for some p > 1 (see [12]), and

f € L*([0,T)) is a deterministic function, then
T T ,
X <>/ F)Bi(t) == X - / f(t)dBi(t) — DY X, (2.5)
0 0
with D;i) being the directional Mallivian derivative with respect to the i-th com-

ponent of the multidimensional Brownian motion {B(t)};>¢ in the direction f;

if X € LP(Q), for some p > 1, and s,t € [t, ty41], for some k € {1,...; N — 1}, we
set

X o0& (s,t) =T_, 1 X - & (s,1), (2.6)

where T_,, 1, stands for the translation operator

(T o b X)) = X <w e E"(;’ t) /0 | l[tk,tkﬂ](r)d?“) | (2.7)

Here, {e1, ..., e4} denotes the canonical bases of R? (recall that we are working with
a d-dimensional Brownian motion and hence T_,, ;, acts only on the i-th component

of {B (t) }tE [0, 7] ) .




We observe that both definitions and are actually consequences of the general
definition of Wick product: the first one being related to the interplay between Wick
product and Skorohod integral and the latter being nothing else than Gjessing’s Lemma
(recall the use we made of that in the introduction). Proofs of these facts as implications
of the general definition of Wick product can be found in [5].

It is known (see for instance Theorem 14.1 (vi) in [9]) that the translation operator
maps LP(€2) into LI(2), for all ¢ < p; therefore, since E7(s,t) € LP(Q2) for any p > 1,
we conclude that X o E7(s,t) belongs to LI(R2), for all ¢ < p. It is immediate to verify
using definition that

EF(s,1) 0 EX(s,1) = E7(s,1) - EX(s,1), i i # ],
and
5?(8,1516) ngr(tk,t) = gzr(s,tk) : gzr(tk,t) = 5?(3,75), if s <t <t< tk—i—l-

By means of the last identity we can extend definition (2.6 to the case where s and
t do not necessarily belong to the same subinterval [ty,tr1]. In fact, assume that
th1 <8 <t <t <ty then,

X o & (s,t) =(X o0& (s,tr)) 0 ET (tx, 1)
=(T_p; k-1 X - EF (5, t)) 0 ET (tg, 1)
=T o, k(Tog, 1 X - ET (8, tk)) - ET (tr, )
=T o, 4k T—o, 61X - E (s, k) - ET (th, 1)
=T o, kTos k—1X - ET (5, 1).

The transformation ([2.6)) inherits from the translation operator a monotonicity property:
if X <Y, then Xo&(s,t) <Y o0& (s,t).
In particular,

X 0 & (s,1)] < |X| 0 &7 (s,1). (2.8)

We are now able to formalize the solution concept that we utilize for solving (1.11]).

Definition 2.1. A d-dimensional stochastic process {X™(t)}iepo,r is said to be a mild
solution of equation if:

1. the function t — X™(t) is almost surely continuous;

2. fori=1,...d and t € [0,T], the random variable X;(t) belongs to LP(Q) for some
p>1;

3. fori1=1,....,d, the identity
t
X7 (t) =& (0,1) +/ bi(s, X™(s)) o0& (s, t)ds, te[0,T], (2.9)
0

holds almost surely.



Remark 2.2. The way one can go from to is pretty similar to the reduction
method described in the introduction for the scalar case. Namely, if we Wick-multiply
by ET(0,t) both sides of

dXT(t)
dt

dBr(t)
dt

= by(t, X7 (1)) + 03 () XT(t) o

and employ the properties of Wick product mentioned there, we will end up with the
corresponding multidimensional analogue of , i.€e.
ax7 (1)
dt

=b;i(t, X™(t) 0 ET(0,t)) ©EF(0,1), (2.10)
where
XT(t) .= XT(t)oEl(0,t), tel0,T].

(2

We now write in the integral form
t
XT(t) =¢; + / bi(s, X" (s) 0 ET(0,5)) ©ET(0,s)ds;
0

this identity together with
X7 (t) = &7 (t) 0 £7(0,1),

gives
t
X7 (t)oET(0,t) = ¢ +/ bi(s, XT(t)) ©ET(0, s)ds.
0

If we now Wick-multiply both sides above by ET(0,t), we obtain (2.9). We recall that the
application of Gjessing’s Lemma here doesn’t reduce the previous equation to a random
ordinary differential equation and hence to prove the existence of a solution for (@) we
have to resort to the technique described in the next section.

3 Proof of Theorem 1.2

3.1 An auxiliary semilinear hyperbolic system of PDEs
To prove the existence of a mild solution for equation ([1.11)) we introduce the following

auxiliary semilinear hyperbolic system of partial differential equations

Owui(t, x) = —0i(t)0p,ui(t, x) 4 04(t) T (L, ) + bi(t, u(t, x)),
for t €]r,Rl,x € R and i = 1, ..., d; (3.1)

ui(r,x) =z, forzx € R¥andi=1,..,d,

10



where aq, ..., g are constant initial conditions and h denotes the mesh of the partition
under consideration. The validity of Assumption [I.1] implies the existence of a unique
classical solution for the Cauchy problem (3.1)) (see for instance [3] and [14]).

Now, if u solves , then from the trivial identity

|| 2z |2

o, (uxt, >) T P

we can argue that the function

v(t,z) = u(t,x)e_%, ter,R],r € R (3.2)

is a classical solution of

xQ x2
Ov;i(t, x) = —0;(t) 0y, vi(t, ) + b; (t,v(t,x)e%> 6_%,
fort €r, R],z € R¢and i = 1,...,d; (3.3)

|2

vi(r,z) = e 2, forz € RTandi=1,...,d.

Rewriting system ({3.3]) in the mild form

2
|[z—%;(rt)e;|
2h

vi(t, ) = aze”

z—3,;(s, ei2 z—3,; (s, ei2
—i—f: b; (t,v(s,x — Ei(s,t)ei)e‘ S )e‘ St
forte[r, R,z € R¥andi=1,..,d,

(recall the definition of ¥;(s,t) in (2.2))) and using identity (3.2]), we obtain that u solves

|| _le=Si(rt)e;]?
2h

w;i(t,x)e 2 = aue

+ f: bi (t,u(s,z — (s, t)e;)) e
forter, R,z €Randi=1,...,d,

Je=3(s,t)eq]?
2h S

or equivalently,

u’b(ta :L‘) = Olie%zi(ri)_ﬁzi(r,t)?
)bt uls,@ = Bi(s, )e)) e T (3.4)

forte[r,Rl,z€R%andi=1,...,d.
Note that from the previous identity we get the estimate

|Ul(t, I)| §|al|€ h Ei(T,t)—ﬁEi(r,tf

t .
" / 1b; (8, uls, @ — Ei(s,1)e;)) |€#Ei(s’t)fﬁzi(s’t)2ds

11



t
< e D=3 4 5 / i)~ g (Bi(st)? g
xz; t x; '
S\Ozi\e’fzi(r’t)+M/ en Xl s, (3.5)

Here, M denotes a positive constant satisfying |b;(t,z)| < M, for all t € [0,T], z € R?
and 1 =1,...,d.
3.2 Construction of a mild solution for ((1.11])

In the sequel, in order to stress the dependence on specific initial conditions, we will
write

u(t,z;r, o) = (uy(t, 257, a), ..., ug(t, z;m, @), t € [r,R],z € R?

to denote the unique classical solution of (3.1). We define the process {X™(¢)}icio,r
inductively:

U(t,B(tl),O, C), ift € [O,tl],
t, B(ty) — B(t1):t1, X™ (1)), if ¢ €]t tol;
X™(t) = u(t, B(ts) 1); (t1)) if ¢ €ty 1] (3.6)
u(t, B(T) — B(tN_l); tn_1, Xﬂ<tN_1)), if ¢ E]tN_l, T]
We now verify that X (¢) is a mild solution of (1.11)), that is we check the conditions of
Definition 2.11

The almost sure continuity of ¢ € [0,7] — X (¢) follows immediately from the continuity
of t € [r,T] = u(t,z;r, ), for all z € R? and o € R? (u is a classical solution of (3.1)))
and the fact that for all k£ € {1,..., N — 1} we have by construction

lim X™(t) = lim X7 ().

- +
t—t; t—t)

We now verify that X7 (t) € LP(R2), for some p > 1 and all ¢ € [0,T]. If ¢ € [0,¢], then
by the definition of X™(¢) and estimate (3.5 we can write

[ X7 (@) =[u(t, B(t1);0,¢)|

t
Bi(t1) v Bi(t1) 5.
S'Cile h E,(O,t) + /\4/ e h Ez(svt)d57
0

and hence

B, (¢

t
)y, Bi(t1) .
X7 @)y <leille™ ZI(O’t)llpJ“M/ le™ =D ds
0

12



%,;(0,6)2 z(stﬁ
=|c;ileP~ 2 + M ep

R +Mteﬁsupse[ovt12i(5’“2. (3.7)

This proves the membership of X7 (t) to LP(Q), for all i = 1,...,d, t € [0,¢;] and p > 1.
Let us now take t €]t, t5]; again, by the definition of X™(¢) and estimate (3.5)) we can
write

| X7 (1)

=lu(t, B(tz) — B(t1);t1, X" (t1))]

<_|X¢7r(t1)IeiBl(th’(tl)Ei(tl’t) + M/ eBl(thl(tl)Zi(s’”ds,
and hence, using Holder inequality,

wW@Mﬂwmmﬁ@ﬁwmmm+M/Hﬁ@fwmwww
t1

t
B;(tg)—B;(t1) s B;(ta)—B;(t1) s
gwﬂmww“%tWM@w+M/ne”h“&wmw
t1

z( t)2

< X7 ()] g€ B —|—M/ e? ds

/z( )
<IXF(t)le” ™3 + M(t = ty)edi Pecten %007

This last estimate combined with (3.7)) provides the desired upper bound for || X7 (¢)||,
on the interval |t;,t5]. It also clear that in a similar manner one obtains analogous esti-
mates for the IL?(2)-norm of X;(¢) on any subinterval |ty, tx 1] for k =2,..., N — 1.

We are left with the verification that {X™(¢)}icpo,m as defined in (3.6) satisfies identity
(2.9). To this aim we prove the following auxiliary result.

Proposition 3.1. Identity 15 equivalent to

XT(t) = XF(teor) © EF (b, t) + /t bi(s, X™(s)) 0 EF(s,t)ds, t€ [tyi_t,t], (3.8)

te—1

forall k € {1,...,N}.
Proof. Assume identity (2.9)) to be true; then, for ¢ €]ty_1,t;] we can write
t
X7 (t) =¢ET(0,1) +/ bi(s, X7 (s)) o E (s, t)ds
0

te_1 t
=¢;ET(0,t) + / bi(s, X" (s)) o0& (s,t)ds + +/ bi(s, X" (s)) o & (s,t)ds
0

th—1

13



te—1
=c;ET(0,tk—1) 0 ET (L1, )+/ bi(s, X™(8)) 0 EF (s, tp_1) 0 E (t_1,t)ds
0
t
+ bi(s, X7 (s)) o E (s, t)ds
tr—1

€70, b 1) 0 EF (e 1ot + (/Ot bi(s, X7(5)) © E7 (s, b1 )ds ) o E7 (b1, 1)

bi(s, X7(s)) o E (s, t)ds

tr—1

+
tk—1
= <Cl(€lﬂ-(0,tk1> +/ bi(S,XTr(S)) O(C/‘Zr(s,tkl)dé’) <>(C: (tk 1, )

0

+/ bi(s, X7(s)) o E (s, t)ds

te—1

=XT(tgy_1) 0 E" (tkl,t)—i—/t bi(s, X™(s)) o ET(s,t)ds.

te—1

This proves (3.8). If we now start from (3.8) and replace iteratively X[ (¢x—1) with

th—1
X[ (th—2) 0 E (tr—a2, th—1) + / bi(s, X™(s)) o0& (s,t)ds

tk—2

and then replace X[ (tx_2) with

te—2
X7 (tr—3) 0 & (th-3, tr—2) +/ bi(s, X™(s)) o & (s, t)ds

lk—3

and so on, we will end up with (2.9)). O

Remark 3.2. We observe that according to the definition of X™(t) in (@, for any
ke {l,..,N} and t < ty_y the random vector X™(t) depends only on the Brownian
increments on the intervals [0,t1],...,[tx—o,tx_1]. Therefore, the term

X (tg—1) 0 E (tg—1,t), t EJtp_1,1x
mn (@ can be rewritten for our particular mild solution as

X (te1)E (tp_1,t), 1t EJtr_1,tx].
In fact, according to (@ one has

X (1) 0 & (th-1,1) = T, k1 X7 (th—1)ET (th-1, 1)
= X7 (tr—1)E7 (tr-1,1).

(The translation acts on a part of Brownian path which is disjoint from the increments
on which X[ (t;_1) depends).

14



We are now ready to prove that X™(¢) defined in (3.6|) verifies identity (2.9) through the
equivalent equalities (3.8]). Let ¢ € [0,¢]; then, identity (3.4) and definition ([3.6]) give
X7 (t) =ui(t, B(t1); 0, ¢)

Bi(t1) 1 2
e B 00) = g 2i(00)

+ /0 by (1 u(s, B(t) — Za(s, )es; 0, ) €252 B30 g
=;ET(0,t) + /Ot b; (t,u(s, B(t1) — Xi(s,t)e;;0,¢)) EF (s, t)ds
=¢;ET(0,t) + /Ot T_4,.00i (t,u(s, B(t1);0,¢)) ET (s, t)ds
=¢;ET(0,t) + /Ot b; (t,u(s, B(t1);0,¢)) o ET(s,t)ds

t
=¢;E(0,t) + / b; (t, X" (s)) 0 E (s, t)ds.
0
This corresponds to (3.8)) for ¢ € [0,¢;]. Let us now consider the general subinterval
|tk tera], with & € {1,..., N — 1}; identity (3.4) and definition (3.6]) give
X7 (t) =uy(t, B(tys1) — B(tw); te, X7 (tk))

Bi(tg4+1)—Bitg) 1 2
:Xzﬂ'(tk)e 7 Zi(tw:t) thz(tk:t)

+ /t b, (t,u(s, B(tk_H) — B(tk) — Ei(s,t)ei;tk,X”(tk))) X

B(tg41)—B(ty) ) 1. 2
X 6 h El(s7t) 2h22(87t) ds

=X7 ()& (s 1)
—I—/ b; (t,u(s, B(trs1) — B(tr) — Xi(s, t)es; te, X (L)) ET (s, t)ds

ty

:Xfak)giﬂ(tk’ t) + /t T*Uzﬁkb’i (t7 u(s, B(tk+1) - B(tk); lg, Xﬂ(tk))) SZT<3> t)ds

23

=X (eot) + [ by (1 (s, Blten) — B(t): ey X™(0))) o E7 (s, )ds

173

=X (t)ET (t, t) + / b (t, X7 (s)) o £ (s, t)ds.

tg

This corresponds to (3.8)) and the proof is complete.

4 Proof of Theorem 1.3l
Let ¢ € C2([0,T] x R?); then,
0 :SO(Ta XW(T)) - @(07 C)

15



WMz ||FH42 ™=

(p(tk, X™(tr)) — p(tr—1, X" (th-1))

d

[amxr D)+ D2 et X7(0) S X7 (1) d

i=1

/ ot ult, B(t) — Blte 1):te 1, X (b 1))t

/ Zaxz (t,u(t, B(ty) — B(tp—y):tn1, X" (tr_1)))x

k=1 7 th—1 j=1

X 8tui(t, B(ty) — B(tp—1);tp—1, X" (tp—1))dt.

To ease the notation, we now suppress the explicit dependence on the initial conditions
in the function u and set Z (k) := B(tyx) — B(tx_1); therefore, the previous identity reads

0= Z/t“atwutZ(k dt+ZZ/ O, p(t, ult, Z(k)))Opui(t, Z(k))dt. (4.1)

k=1 i=1

We recall that u; is a classical solution of (3.1) and hence we get

Oyus(t, Z(k)) = —oi(0)0nus(t, Z(k)) + 0s(1) Zil(lk)ui(t, Z(K)) + bt u(t, Z(k))).
Substituting this identity into yields
0= Z atgp (t,u(t, Z(k)))dt
—ZZ/ Or,p(t, u(t, Z(K)))or(6),,ui(t, Z(K))dt
k=1 i=1
" ;Zl/ 0. p(t.utt. 2o () 21, 2kt
S [ sttt @) ute, 20
_A-B+C+D,
where
A= [ Opltult. Z(k))

B = zz / Ouplt,ut, Z(k))os(8) O st Z ()

k=1 i=1

16



= /mamtutz<mmwzf%w2®mw
>

k=1 1

D:

2
Z/ Dot ult, Z () bi(t, u(t, Z(k)))dt.

We now take the expectation of the first and last members above and get

0 = E[A] — E[B] + E[C] + E[D]. (4.2)
Let us analyse E[C]:
B =) /1t B [amp(t, ult. 2060 21, z@))] it

/ttlj E [E {&W(W(t’Z(’m)"i(t)z;f)uz (t, Z(k ‘J-}k 1” dt;  (4.3)

here {F;}icpo,m stands for the natural filtration of the Brownian motion {B(t)}icpon-
We remark that u(t, Z(k)) depends implicitly also on the increments Z(1),...., Z(k — 1)
through the initial condition; however, these increments are measurable with respect
to the sigma-algebra F;, ,. Therefore, the conditional expectation can be computed as
follows

Zi(k)
Tui(t, Z(k))

E [0 pttult, 200 Fi

; . el
_/Rd xi(p(t,u(t,x))ai(t)ﬁui(t,$) (27h)d/2 !

, , o—lzl2/2h ]
= - /Rd ngp(@u(t,x))al(t)ul(t,l’) Zi (27Th)d/2 X
o—lzl2/2h

- /Rd 0i(t) 0y, (O, 0(t, u(t, x))u;(t, v)) de

6_‘x|2/2h
= /Rd Ui(t)axja:ci@(t,U(tﬂ?))axiuj(t,ﬂf)ui(t,x)wdiﬁ

7=1
o~ lzl2/2h
+ /Rd g; (t)@ngo(t, U(t, x))alzu’l <t7 l’) (27Th)d/2 diC

=K

Y 0i(0)0s,0r ot ult, Z(K)))Orus (, Z (k) Juilt, Z(K)) ftH]

Jj=1

+ B 0:(6)0h, ot ult, Z (k) 0suilt, Z (k)

-Ftk_l} )

17



in the third equality we performed an integration by parts. Inserting the last expression

in gives
5 =% [ BB [ouetute 200)m0 % e 20| 7, |
:Zz/tk E Zal D)0, Oyt ult, Z(K))) 0,y (1, Z(k)us(t, Z(K)) | dt

S [ Blo00u et ult, Z(0))0u it Z(k))] dr

k=1 i=1 7 thk—1

Note that last term above coincides with E[B] which appear with a negative sign in

[E-2); hence,

Before recollectmg all the parts of our computation, we make a further step; if we denote
by QZ ¢ the sigma algebra generated by the random variable w;(t, Z(k)), for t € [ty_1, tx],
k= 1 ., N and i =1,...,d, we can rewrite the expectation inside the integral above as

E [Ui(w?wj 81?1@(757 u(tv Z<k)))azzu] (t7 Z(k))ul<t7 Z(k))]
= E [E [0:(6)0s, 00, ot u(t, Z())0r, 5, Z(R))ui(t, Z (1)) |17
al

= B [0:(t)02, 00, 0(t, ult, Z(0))us(t, Z(0)g'y ¢, e, Z())]

= E [01(6)0s, 00, p(t, u(t, Z(K)))ui(t, Z(R))E |92, Z(K))

where gi(f) s [tk—1,tx] X R — R is a measurable function, whose existence is guaranteed

by Doob’s Lemma, chosen to satisfy

90 (& wi(t, Z(R))) = E 00,058, Z(K))

G|, (4.4)

Now, starting from (4.2]) and using the last two identities we obtain

/%Eh@%%mmmmwmwﬂmﬁwaﬂm>ﬁ

k=1 i,j=1" k-1

18



Yy / " E[0, (b ult, Z(K))bilt, ult, Z(k)))]dt

1 i=1 Ytk—1

£33 [ B[00, 0uplt X)X (00 (. X0

k=1 ij=1" k-1

where g;; : [0,7] x R — R is defined by

gii(t.y) =g (ty), it € [t tal. (4.5)

Observe that the last member above contains expectations of functions of the random
vector X7 (t), for t € [0, T]; therefore, writing the law of this random vector as

p(t, A) :=P(X"(t) € A), A< B(RY),

we can write

0 :/ 8tg0(t x)dp™ (t, x)dt + Z/ / £)0y, 0, (L, ) 23935 (t, x5)dp™ (L, z)dl
0

i,j=1

d 7
T 21/0 /Rd Oz, (L, )i (t, 2)dp™ (t, x)dt
- /0 /Rd [atsp(t’ ) + Z Ui(t)agixj ot m)xigij (t,x;) + (b(t,z), Vo(t,x)) | du™(t, z)dt.

The last equalities hold for any test function ¢ € C2([0,T] x RY) and this completes the
proof of Theorem [1.3|
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5 Proof of Theorem 1.4

The aim of this section is to prove that the mild solution of

S = it X7 (1) + oi) X7 (1) 0 TP
for t€]0,T) and i =1,..,d; (5.1)
XF0)=c¢eR, fori=1,...d,

(2

as defined in (3.6]), converges in IL*(€2) to the unique strong solution of the It6 SDE

for t €]0,T] and i =1, ..., d; (5.2)
X;(0)=¢ eR, fori=1,..,d.

First of all, by means of the It6 formula we rewrite equation ({5.2)) in a form that resembles
identity (2.9). In fact, setting

Ei(s,t) := e*fst oi(r)dBi(r)—3% [J oi(r)2dr 0<s<t<T

and
Ei(s,t) == els 0i(ndBi(r) =3 J ‘”(T)er, 0<s<t<T,
we write
d (Xi(t) 0 E;(0,1)) =d(Ty, Xi(t) - E4(0, 1))
=E;(0,1) - dT,, X;(t) + T,, X;(t) - dE;(0, )
4 dT,, X (t) - dEi(0, 2).
Now,
dTJlXZ(t) = [bz(t7 TUZX(t)) + O'Z(t)2TUIXZ(t)]dt + O'Z<t)TUZXZ(t)dBZ(t),
and hence
d (X;(t) ©E;(0,1))
— [bi(t, Ty, X (£))E:(0, 1) + ol-(t)QTUZXl( JE;(0, £)]dt + o;(t) T X (£)E; (0, £)dB; (t)
— 0i() T4, Xi (H)E:(0,)dBi(t) — 03(t)°To, X (H)E: (0, t)dt
= bi(t, T, X (£))E;(0, )dt

)
= bi(t, X (1)) 0 E;(0, £)dt.

This is equivalent to

Xi(t) 0E;(0,t) = ¢; + /Ot bi(s, X(s)) ©E;(0, s)ds,

20



Xi(t) = es&:(0,8) + /t bi(s, X () 0 Bi(0, 5) o £:(0, £)ds

= ¢;&(0,t) + /Ot bi(s, X (s)) o E(s,t)ds.

Here, we utilized the equality
E(0,t) 0 &(0,t) =1, forallte[0,T].

Therefore, the solution of the It6 SDE (j5.2]) verifies the integral identity
t
Xz<t) = cZ-EZ»(O, t) + / bz-(s, X(S)) & gi(S, t)dS, (53)
0

for all ¢ € [0,7] and i = 1, ...,d. We are now ready to prove the convergence:

| X7 (1) — Xi()]

e (E7(1,0) — £(0,1)) + /Ot bi(s, X7(5)) & E7(s,1) — bi (5, X (5)) 0 Ei(s, £)ds

<l [E7(0,8) — £:(0,)] + /Ot bi(s, X7(5)) © E7(5,8) — by (5, X (s)) 0 Ex(s, )| s

< el 1€7(0,8) = &(0,2)] + /Ot |bi(s, X7 (s5)) © E7(s,t) — bi(s, X(s)) 0 & (s, 1)| ds
" /Ot bi(s, X(5)) 0 E7(5, 1) — bi (5, X (5)) 0 Ex(s,1)| ds

<l [€7(0,8) — £:(0,)] + /Ot bi(s, X7 (5)) = bi(s, X ()] 0 E7(s, £)ds

—i—/o 1b;(s, X(5)) 0 &ET(s,t) — bi (s,X(s)) ©&(s,t)|ds
<16l €70, = £0.0+ L | 37 |X7(5) = X5(5)| o £7(s. s

+/0 |bi(s, X (5)) o (EF(s,t) — Ei(s,1))| ds;

In the last two estimates we utilized inequality (2.8)) together with the Lipschitz conti-
nuity of b, which is implied by Assumption We now take the expectation of the first
and last members above to get

E[|XT (1) = Xa(®)]]

<JalB(E70.0 = §0.00+ L [ SE[X7() = X(5)]]

J=1
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+ / E[|bi(s, X (5)) o (E7(s,1) — E(s.,))[] ds.

The previous inequality is valid for all i = 1,...,d and t € [0, T]; therefore, summing over
¢ and setting

d

X"(1) == Y E[IX7(s) — Xi(s)[],

i=1

we obtain

d t
0 < Il IE7(0,0) — £(0,0)] + Ld / X" (5)ds

n Z / E [|bi(s, X (s)) © (E7(s,1) — Ei(s, )] ds

=M"(t) + Ld /t X"(s)ds,

with
d

MT(t) = |alB[IE7(0,t) — £(0,1)]]

i=1
d t
+ Z/ E[|bi(s, X(s)) o (EF(s,t) — Ei(s,1))]] ds.
i=1 70
According to Gronwall’s inequality the previous estimate yields
t
X"(t) < M™(t) + Ld/ M (s5)el =) gs; (5.4)
0

the proof will be complete if we show that M7™(¢) is bounded for all ¢ € [0, 7] and any
finite partition 7 and that

lim M™(t) =0, foralltel0,T7;

fl7ll—0

this will allow us to use dominated convergence for the Lebesgue integral appearing in
(5.4) and conclude that

= lim ZE X7 (s) — X;(s)|] = 0.

H7rH—>0 ||7T||—>0

We start with the boundedness:
<Z |ci] (EIET(0, )] + E[|€(0,1)[])
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-I—Z/O E|bi(s, X(s)) o E(s,t) — bi(s, X (5)) © E(s,1)|] ds
D
§2Z|Ci| —i—Z/ E[|bi(s, X (s)) 0 E (s, t)|]] + E[|bi(s, X (s)) ¢ Ei(s,t)]] ds
<QZ|CZ|+Z/ [b:(s, X (5))| 0 EF(s,t)] + E[|bi(s, X (5))| ¢ Ei(s,t)] ds

322 |e;| + 2dMt.
=1

We now check the convergence:

lim M™(t) = ”}SHmOZ’CZ'E [1€7(0,8) = £(0,1)]]

[[7][—=0

W—)OZ/ [[bi(s, X (5)) o (€ (s,t) — &Ei(s,1))]] ds
d

ZZ 1im/0 [16:(s, X (5)) © (ET(s,1) — Ei(s,1))]] ds.

We now prove that we can take the last limit inside the integral; first of all, note that
the integrand is bounded: in fact,

E{|bi(s, X(s)) © (€] (s, 1) — Ei(s, 1))} =E[|bi(s, X (s)) 0 £ (s, 1) — bi(s, X(s)) ¢ Ei(s, 1)]]
<E [[bi(s, X (5)) © & (s, )[] + E[[bi(s, X (s)) o Ei(s, 1)]]
<E [[bi(s, X (s))] o & (s, 8)] + E[[bi(s, X (s))] © Eils, )]
=E[[bi(s, X (s))[] + E[[bi(s, X (s))]]
<2M.

We proceed by proving that

lim_E [b,(s, X(s)) o (67 (s.1) — Ei(s, )] = 0.

[[]|—0

Let us rewrite the expected value as follows:

E{[bi(s, X(s)) o (& (5,1) = Eils, 1))]

E[[bi(s, X (s)) o & (s,t) — ( X(5)) o (s, )]
E [T, xbi(s, X ())& (5, 1) = Tobils, X (s))Ei(s, 1)]]
S E(|To, bi(s, X())E] (s, )—T b (S X(s)&] (s, 1))
+E[[To.bi(s, X(5))E (s, 1) — s, X (5))&i(s, 1]
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= E[[bi(s, To; n X (5)) = bils, To, X (5))|E] (5, 1)]
+E[|bi(s, To, X (8))[|E7(s, 1) — Eils, 1)]]

< LE[|To, x X (5) = T, X ()| €] (5, 1)]
+ ME[|E] (s,t) — &Ei(s,t)]] .

Hence,

lim E[|b;(s, X(s)) o (E7(s,t) — E(s,1))]]

|7l =0
< Jim LE(Ty, x X (s) = To X (5)I€7 (s, 1)]
+ lim ME[|E(s,t) — Ei(s,t)]].
[=ll—0

By the properties of the translation operator,

lim T, .X(s) =T, X(s), inLP(Q) forall p>1;

on the other hand

lim &7 (s,t) = &(s,t), in LP(Q) for all p > 1.

[[7[[—0

These two facts imply

lim LE[|T,, X (s) — T, X(s)|E(s,t)] =0,

[[7[[—0

completing the proof.
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