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PRIMITIVE PERMUTATION IBIS GROUPS

ANDREA LUCCHINI, MARTA MORIGI, AND MARIAPIA MOSCATIELLO

ABSTRACT. Let G be a finite permutation group on 2. An ordered sequence of elements of €,
(w1,...,wt), is an irredundant base for G if the pointwise stabilizer Gy, .. . v,) is trivial and no
point is fixed by the stabilizer of its predecessors. If all irredundant bases of G have the same size
we say that G is an IBIS group. In this paper we show that if a primitive permutation group is IBIS,
then it must be almost simple, of affine-type, or of diagonal type. Moreover we prove that a diagonal-
type primitive permutation groups is IBIS if and only if it is isomorphic to PSL(2, 2f) x PSL(2, 27%)
for some f > 2, in its diagonal action of degree 2/ (2%f — 1).

1. INTRODUCTION

Let G < Sym(2) be a finite permutation group. A subset B of 2 is a base for G if the pointwise
stabilizer G ) is trivial and we denote by b(G) the minimal size of a base for G. An ordered sequence
of elements of Q, ¥ := (w1,...,wt), is @rredundant for G if no point in ¥ is fixed by the stabiliser
of its predecessors. Moreover ¥ is an irredundant base of GG if it is a base and it is irredundant.
In particular, such an irredundant base provides the the following decreasing chain reaching the
identity

G > Gw1 > G(wl,wz) > > G(wl,...,wtfl) > G(wl,...,wt) =1,

where the inclusion of subgroups are strict.

Determining base sizes is a fundamental problem in permutation group theory, with a long history
stretching back to the nineteenth century. Since the knowledge of how an element g € G acts on a
base B completely determines the action of g on {2, bases plays an important role in computational
group theory. The smaller the base, the less memory is needed to store group elements, so there
are practical reasons for trying to find small bases.

Irredundant bases for a permutation group possess some of the features of bases in a vector space.
Indeed, B is a basis for a vector space V if and only if it is an irredundant base for the general
linear group GL(V) in its natural action on V. However, some familiar properties of bases in vector
spaces do not extend to bases for permutation groups: irredundant bases for groups in general are
not preserved by re-ordering, and they can have different sizes.

In [2], Cameron and Fon-Der-Flaass showed that all irredundant bases for a permutation group
G have the same size if and only if all the irredundant bases for G are preserved by re-ordering.
Groups satisfying one of the previous equivalent properties are called Irredundant Bases of Invariant
Size groups, IBIS groups for short. Moreover, Cameron and Fon-Der-Flaass [2] also proved that
for a permutation group G to be IBIS is a necessary and sufficient for the irredundant bases of G
to be the base of a combinatorial structure known as matroid. If this condition hold, then G acts
geometrically on the matroid and when G acts primitively, and is not cyclic of prime order, then
the matroid is geometric (see [2] for more details). This brought Cameron to ask for a possible
classification of the IBIS groups. As explained by Cameron himself in [1, Section 4-14], there is
no hope for a complete classification of IBIS groups when the cardinalities of the bases are large.
However it might be reasonable to pose this question for primitive groups.

2010 Mathematics Subject Classification. 20B15.
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It is easy to observe that the symmetric group Sym(k) in its natural action on [k] := {1,...,k}
has base size k — 1, and that all subsets of [k] with size kK — 1 are irredundant bases for Sym(k).
Similarly the base size for the action of the alternating group Alt(k) acting naturally on [k] has
base size k — 2 and all subsets of [k] with size k — 2 are irredundant bases for Alt(k). There are only
finitely many values of k for which Sym(k) or Alt(k) acts as a primitive IBIS group not in its natural
representation [2, Theorem 3.5]. In particular if the action of Sym(k) and Alt(k) on m-sets of [k]
is IBIS, then k& < 12 and m < 5. In this context, it is worth remembering that Sym(6) and Alt(6)
act as primitive IBIS groups on 2-sets (with degree 15) and on partitions into 2-sets of size 3 of [6]
(with degree 10). There exist other almost simple primitive groups that are IBIS, e.g. PSL(2,q)
and PGL(2, q) on their action of degree ¢+ 1, PSL(2,27) acting on the cosets of a dihedral subgroup
of order 2(2/ + 1), PSL(3,2) in degree 7, and Alt(7) in degree 15. In another direction, it is not
difficult to observe that Frobenius groups are IBIS groups with base size 2. Hence, the affine group
AGL(1,p) is a primitive IBIS group with base size 2 for every prime p. More in general, AGL(d, p)
is a primitive IBIS group with base size d 4+ 1 for every prime p, and for every natural number d.

Therefore we have quite a few examples of almost simple and affine-type primitive groups that
are IBIS. So before launching in a complete classification of primitive IBIS groups, we decided to
start the investigation of primitive permutation groups that can be IBIS in the classes of diagonal-
type, product-type and twisted wreath product-type. The main result of this paper is the following
theorem, that we prove in Section 6.

Theorem 1.1. Let G be a primitive permutation IBIS group. Then one of the following holds:

1. The group G is of affine type.
2. The group G is almost simple.
3. The group G is of diagonal type.

Moreover, G is an IBIS primitive group of diagonal type if and only it belongs to the infinite
family of non-monolithic diagonal type groups {PSL(2,2f) x PSL(2,2/) | f > 2} having degree
| PSL(2,27)| = 2f(22f —1).

It is not difficult to see that there are no primitive permutation IBIS groups having non-abelian
socle and base size 2 (see Lemma 2.3). This could lead to expect that there are not examples of
IBIS groups with non-abelian socle and small base size. However, in Proposition 3.4, we prove
that PSL(2,2/) x PSL(2,2f) in its diagonal action of degree | PSL(2,2f)| is an IBIS group with
base size 3. In Propositions 3.2, 3.1 and Theorem 3.19, as already mentioned in Theorem 1.1, we
show that there are no other diagonal-type primitive permutation groups that are IBIS. During our
investigation, we prove some results regarding non-abelian simple groups (see Subsection 2.1) and
about the base size of primitive diagonal-type permutation groups (Lemma 3.7 and Lemma 3.14).
Finally, in Sections 4, 5, we prove that there are no IBIS primitive groups that are of product-type
nor twisted wreath product groups.

2. PRELIMINARIES

The socle of a finite primitive group is a non-trivial direct product of simple groups that are
pairwise isomorphic. The essential tool for study primitive permutation groups depending on the
group and the action of the socle is the O’Nan-Scott Theorem. In [12], Liebeck, Praeger and Saxl
gave a self-contained proof of such theorem. There, precisely five types of primitive groups are
defined, namely the affine-type, the almost simple, the diagonal-type, the product-type, and the
twisted wreath product-type and it is shown that, every finite primitive group belongs to exactly one
of these types. We refer the reader to [12] for the precise definition of the classes.

Now, we state and prove same preliminary results regarding bases.
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Remark 2.1. Since a base of G with minimal size b(G) is clearly irredundant, then a permutation
group G is IBIS if and only if all its irredundant bases have size b(G).

The proof of the following lemma is straightforward.

Lemma 2.2. Let G be a transitive permutation group on a set Q. Then B C Q is a an irredundant
base if and only if B9 C Q is an irredundant base for every g € G.

Lemma 2.3. Let G < Sym(Q2) be a primitive group with non-abelian socle and let M be a normal
subgroup of G containing the socle of G. If M is not regqular, then M has an irredundant base of
size at least 3. In particular there are no IBIS primitive permutation groups G with non-abelian
socle and b(G) = 2.

Proof. Let w € €. The point stabilizer G, normalizes M,, = M NG, hence G, < Ng(M,,). Since M
is not regular, M, is not normal in G, so G, < Ng(M,,) < G. On the other hand G, is a maximal
subgroup of G, so G, = N¢g(M,,) and consequently Nps(M,,) = M,,. Now assume by contradiction
that M, N M2 =1, for every x € M \ M,,. Then M would be a Frobenius group with kernel K and
complement M, (see [13, 8.5.5]). In particular K = soc(M) would be a nilpotent normal subgroup
of G (see [13, 10.5.6]), in contradiction with the fact that soc(G) is a direct product of isomorphic
non-abelian simple groups. O

2.1. Results on finite non-abelian simple groups. In this subsection, the finite non-abelian
simple CT-groups are characterized.

Definition 2.4. A finite group G is said to be a CT-group if commutativity is a transitive relation

on G\ {1}.

Lemma 2.5. A group G is a CT-group if and only if for every x,y € G\ {1}, either Cg(x) = Cq(y)
or Ca(x) N Ca(y) = 1.

Proof. First, let assume that G is a CT-group. Moreover assume that ¢ is a non-identity element
of Cq(x) N Cq(y). Since t commutes with both z and y, then every element commuting with =
commutes with ¢ and consequently with y. Similarly every element commuting with y commutes
with ¢ and consequently with z. That is Cq(z) = Ca(y).

Conversely assume that for every z,y € G\ {1}, either C(x) = Ca(y) or Ca(x)NCq(y) = 1. Let
a,b,c € G\ {1} and assume that a commutes with b and b commutes with ¢. Then a € Cg(a)NCeq(b)
and b € Cg(b) N Ca(c), so Ca(a) = Cq(b) = Ca(c). O

Lemma 2.6. The group T = PSLy(2f), with f > 2 is a CT-group.

Proof. Let © € T. If x is not the identity, the minimal polynomial of = coincides with its charac-
teristic polynomial. In the latter case, the matrices that commute with = are all polynomials in =,
so they all commute with each other. That is C'r(x) is an abelian subgroup of 7. Now let a,b, and
t be non-trivial elements of 1" such that a commutes with ¢ and ¢t commutes with b. Since a and b
are elements of C'r(t) that is an abelian group, then a and b commute. O

In 1957, Suzuki [14] showed that if G is a finite non-abelian simple CT-group then G is isomorphic
to some PSL(2,2/) with f > 2. Hence the following result holds true.

Theorem 2.7. A finite non-abelian simple group is a CT-group if and only if it is isomorphic to
PSL(2,2/) for some f > 2.
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3. DIAGONAL TYPE

Let k > 2 be an integer, and let 7" be a non-abelian simple group. We set [k] := {1,...,k} and
W(k,T) :={(x1,....,25)m € Aut(T) 1 Sym(k) | z1 = x; mod T for all i € [k]},

D(k,T) :=A{(z,...,x)m € Aut(T) 1 Sym(k)},
Q(k,T) := D(k, T)/W(k T), the set of the right cosets of D(k,T') in W (k,T)
A(k,T) := W (k,T) N Aut(T)*.

Observe that W (k,T) = A(k,T) x Sym(k) = T*.(Out(T) x Sym(k)). The group G is of diagonal
type if there exists an integer k > 2 and a non-abelian simple group 7" such that 7% < G < W(k,T)
and G acts primitively on Q(k,T). Throughout this section we will assume that G is a primitive
permutation group of diagonal type. Note that G has socle T* and degree |T'|*~1. Moreover G is
primitive on Q(k,T") when

Pg :={m € Sym(k) | (g1,...,9r)™ € G for some (g1,...,9x) € A(k,T)} < Sym(k)

is primitive on [k] or k = 2 and Pz = 1. Recall that a group is monolithic if it has a unique minimal

normal subgroup. If £k = 2 and Pg = 1 then G has two minimal normal subgroups, hence the group

is non-monolithic. In all other cases, the primitive diagonal-type groups are monolithic.
Throughout the section, we shall use the following notation without further comment. Given

t,so,...,5, €T, we set

H:={zecAut(T) | (z,...,z) € G}, C(t):=Cg(t), and [1,s2,...,sk] := D(k,T)(1,s2,...,5sk).
From Remark 2.1, it is clear that the study of primitive permutation IBIS groups is intimately

related to the base sizes. For primitive diagonal groups, the minimal base size has been studied in

[4]. In the following proposition, we summarize the results proved in [4] which we shall use in this
section.

Proposition 3.1. [4] The following hold true.

(1) If the top group Pg does not contain Alt(k), then b(G) =

(2) If k =2, then b(G) = 3 when Pg =1, and b(G) € {3,4} otherwise.

(3) If Po = Alt(k), then b(G) = 3 when k =2, and b(G) = 2 when k is 3 or 4.

(4) If Po = Sym(k), then b(G) € {3,4} when k =2, and b(G) € {2,3} when k is 3 or 4.
3.1. Diagonal non-monolithic primitive groups. In this subsection, £k = 2 and Pg = 1.

Here we will prove that G is IBIS if and only if G = (PSL(2,2/))2, for some f > 2.

It is not difficult to observe that the sequence ([1,1],[1,¢1],[1,%2],...,[1,¢,]) is an irredundant
sequence for G if and only if the following hold true:

e t1,...,1, are non trivial elements of T’
for 1 <i <r—1, the sub M C(t ly contai N Ot
o for i<r e subgroup Lk (tj) properly contains L<idi (t5)
1 Ct;) =1.
¢ 1<j<r (])

Proposition 3.2. If k = 2, Pg = 1 and G is an IBIS group, then T = (PSL(2,27))2, for some
f>2.

Proof. If soc(G) is not isomorphic to (PSL(2,2/))2, then by Theorem 2.7 we can choose two non
trivial elements of T', s and ¢, such that C(t) N C(s) # 1 and C(t) # C(s). Then ([1,1],[1,s],[1,¢])
is an irredundant sequence that is not a base. In particular we can complete ([1,1],[1,s],[1,¢]) to
an irredundant base of GG, thus there exists an irredundant base of G with size at least 4. Since
b(G) = 3 by Proposition 3.1, it follows from Remark 2.1 that G is not IBIS. Therefore we conclude
that soc(G) = T? = (PSL(2,2/))2. O



Proposition 3.3. If k=2, Pg =1, T = PSL(2,2/) and G is IBIS, then G = soc(G) = T?.

Proof. Let ¢ € Aut(T) be the automorphism induced by the Frobenius automorphism of the field
Fyr, so that Aut(T) = (¢)T. If G # T*, then there exists ¢’ € Aut(T') such that (¢', ') € G. That
is, ©* € H. Consider the following elements of T":

(0 (1L
w = 10 anda z = 0 1/

Note that w € C(w)\C(z). Moreover, it is clear that w¥" = w and 2¥" = z, that is ¢’ € C(w)NC(z).
Hence ([1,1],[1,w],[1,%]) is an irredundant sequence that is not a base. Hence there exists an
irredundant base of G with size at least 4. Since b(G) = 3 by Proposition 3.1, it follows from
Remark 2.1 that G is not IBIS. Therefore we conclude that G = T? = (PSL(2,2/))2. O

Proposition 3.4. Let G = T? = (PSLy(27))2, where f > 2. Then G is an IBIS group.

Proof. Since b(G) = 3 by Proposition 3.1, it suffices to show that each irredundant base has size 3.
Denoting by B an irredundant base, by Lemma 2.2 we can assume that [1,1] is the first element
of B. Since |B| > 3, there exist two different non-trivial elements s and ¢ of T, such that [1,¢] and
[1, s] are in B. Moreover, since B is irredundant, then Cr(t) # Cr(s). Hence from Theorem 2.7, we
deduce that Cr(t) N Cr(s) =1 and so B has size 3. O

3.2. Diagonal monolithic primitive groups. In this section we show that the monolithic prim-
itive groups of diagonal type are not IBIS groups. Recall that if a group G of diagonal type with
TF < G < W(k,T) is monolithic, then Pg is primitive on its action on k points. Throughout the
subsection, we shall assume that G is monolithic without further mentioning.

First we assume k = 2. In this case T? < G < W(2,7T) and Pg = (o), where o := (1,2). Note
that there exists y € Aut(7) such that (y,y)o € G. Recall that H = {z € Aut(T')|(z,2) € G} and
consider the coset Hy. Since ((y,y)0)? = (32,%?), we have that y> € H. For any = € Aut(7T), we
get that (z,z)o € G if and only if Hx = Hy. Further, notice that Hy = H if and only if o € G.

For any t € T', define

I(t):={z cyH |z 't =t71}.
Lemma 3.5. Let t1,...,t, € T and B = ([1,1],[1,t1],...,[1,t;]). Then B is a base for G if and
only if

N Ct)=1and (1 I(t;) = 2.

1<e<r 1<e<r
Moreover, B is an irredundant sequence if and only if t1,...,t, are non-trivial elements of T and,
for 1 < j < r—1, either the set () C(t;) properly contains [ C(t;) or the set [\ I(t;)
1<i<j 1<i<j+1 1<i<j

properly contains () I(t;).

1<i<j+1
Proof. We have G|y 1) = {(h,h),(z,z)0 | h € H,xz € yH}. To conclude it is suffices to notice that
(h,h) € G1 4, if and only if h € C(t;), while (z,7)0 € G4, if and only if = € I(t;). O

The following result will play an important role in investigating the case k = 2.
Theorem 3.6. [11, Theorem 1.1] Let T' be a non-abelian finite simple group, that is not Alt(7),
PSL(2, q), PSL(3,q) nor PSU(3,q). Then there exist x,t € T such that the following hold:
(i) T = (z,t);
(i) t is an involution;
(iii) there is no involution o € Aut(T) such that x* = =1, t* = t.

Lemma 3.7. Assume that T? < G < W(2,T), with T as in Theorem 3.6. Then b(G) = 3.
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Proof. Let T' = (z,t), with z,¢ as in Theorem 3.6 and let B := ([1,1],[1,],[1,]). Note that
Cauw(r)(®) N Cauyr)(t) = 1 and I(z) N I(t) = &, so by Lemma 3.5 B is a base for G, that is
b(G) < 3. By Proposition 3.1, b(G) > 3, so the result follows. O

Proposition 3.8. Assume that T?> < G < W(2,T), with T # PSL(2,2) for every f > 2. If
b(G) < 3, then G is not an IBIS group.

Proof. By Theorem 2.7, there exist two nonidentity elements s and ¢ in 7" such that Cr(t)NCr(s) # 1
and Cr(t) # Cr(s). Then ([1,1],[1,s],[1,?]) is an irredundant sequence that is not a base. In
particular we can complete ([1,1],[1,s],[1,]) to an irredundant base of G, thus there exists an
irredundant base of G with size at least 4. Since we are assuming b(G) < 3, the result follows from
Remark 2.1. 4

Combining Lemma 3.7 and Proposition 3.8 we get the following:

Corollary 3.9. Let T? < G < W(2,T), with T as in Theorem 3.6. Then G is not an IBIS group.

In what follows, we are going to show that also when 7" € {Alt(7), PSL(2, ¢), PSL(3, q), PSU(3,q)},
the group T2 < G < W(2,T) is not IBIS.

Although the results for Alt(7) and Alt(5) follow straightforwardly from a GAP [6] computation,
we prefer to keep them so detailed as we believe that such easy constructions help the reader to
handle subsequent arguments more easily.

Proposition 3.10. If (Alt(7))* < G < W(2,Alt(7)), then G is not an IBIS group.
(

2
Proof. If (1,2) € yH then ((1,2),(1,2))c € G. In this case, consider s; = (1,2)(3,4), s2 =
(1,2)(3,5) and s3 = (1,2)(3,6). Since (1,2) € I(s1) N I(s2) N I(s3) and Capr)((s1,52,53)) <
Cae(r) ({81, 52) < Canry (1)), then ([1,1],[1, s1], [1, s2],[1, s3]) is an irredundant sequence of G that
is not a base.

Notice that (1,2) ¢ yH if and only if H = Alt(7) = Hy. In this case, consider t; = (1,2,3),
ta = (1,2,4), and t3 = (1,2,5). Since (1,2)(6,7) € I(tl) N I(tg) N I(t3) and CAlt(7)(<t1,t2,t3>) <
Care(ry({t1,t2)) < Canry(t1), then ([1,1], [1,#1], [1,%2], [1,%3]) is an irredundant sequence of G' that
is not a base.

In particular, in both cases, completing the irredundant sequences to a base of G, we find an
irredundant base of G with size at least 5. By Proposition 3.1 b(G) < 4, hence the result follows
from Remark 2.1. O

For T' = PSL(2, q) we need to work differently according to the parity of ¢q. Since PSL(2,4) =
PSL(2,5) = Alt(5), in order to simplify the investigation, we deal with 7" = Alt(5) separately.

Proposition 3.11. Let T = Alt(5) and let T < G < W(T,2). Then G is not an IBIS group.

Proof. We prove the result by considering different cases and, in each of them, we set a := (1,2, 3).

First, let yH # H. Under this assumption we have that H = T = Alt(5) and so, without loss of
generality, we can assume that y = (1,2). Let ag := (1,2,3,4,5) and let By := ([1,1],[1,a], [1,a2]).
Note that a € C(a) \ C(az2), C(a) N C(az) = 1, and I(a) N I(az) = @. By Lemma 3.5 then By is
an irredundant base of size 3. Now, let bs := (1,2,4). Note that a € C(a) \ C(b2) and (1,2) €
I(a) N I(b2). Hence ([1,1],[1,a],[1,b2]) is an irredundant sequence that is not a base. Completing
this to an irredundant bases of GG, we produce an irredundant base of size at least 4. By Remark 2.1,
G is not IBIS in this case.

Let yH = H =T, let ¢o := (1,2)(3,4), and let S; := ([1,1],[1,a], [1,c2]). Since C(a) N C(c2) =1
and I(a) N I(c2) = @, then S; is an irredundant base of size 3. Let d2 := (1,2)(4,5). Then
a € C(a)\C(d) and dg € I(a)NI(dy). Consequently ([1,1],[1,al,[1,ds2]) is an irredudant sequence
that is not a base and we can conclude as in the previous paragraph.
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Finally, we need to consider the case yH = H = Sym(5). Here, let ¢t := (3,4,5), s1 := (1,2) (3,4),
and sy := (1,2) (4,5). Since t € C(t) \ C(s1), s1 € (L(t) N I(s1))\ I(s2), and (1,2) € C(t)NC(s1)N
C(s2), then ([1,1],[1,¢],[1, s1],[1, s2]) is an irredundant sequence of G that is not a base. Thus
completing the irredundant sequences to a base of G, we find an irredundant base of G with size at
least 5. By Proposition 3.1 b(G) < 4, hence the result follows from Remark 2.1. O

Proposition 3.12. Let T = PSL(2,q). If ¢ > 5 is odd and T? < G < W(2,T), then G is not an
IBIS group.

Proof. The conjugacy classes of subgroups of T'= PSL(2,q) are well-known (see for instance [9]).
Among them there are a conjugacy class of dihedral groups of order g—1 (in Aschbacher class C3) and
a conjugacy class of dihedral groups of order g+1 (in Aschbacher class C3). We can choose € € {£1}
such that a = %re is odd. Let b= 45°. In T there is just one conjugacy class of involutions and the
centralizer of an involution is a dihedral group Dy, of order 2b. Note that |T'| = %q(q2 — 1) = 2qab.
Thus the total number of involutions is qa. There are gb subgroups isomorphic to a dihedral group
Do, of order 2a and each of them contains a involutions. Hence every involution is contained in
b different subgroups of type Ds,. In particular, there exist two different subgroups M; and Ma,
both isomorphic to Dy, such that M; N My contains an involution x.

First, assume ¢ > 11. In this case the dihedral groups of order 2a are maximal in G. Let y; € M;
be an element of order a such that M; = (y;,x) and yf =y, 1 for i = 1,2. Since there is no maximal
subgroup of T' containing both y; and y2, we have that T = (y;1,y2). The previous argument does
not work if ¢ € {7,9,11} but it can be easily checked that, also in these cases, T' contains two
elements y1,y2 of order a and an involution z such that y{ = y; L Yy =Yy L and (y1,y2) = T.

Note that if z € Aut(T) is such that y? = y; ', for i = 1,2, then 227! € Caut(r)((y1,92)) = 1,
hence z = .

Assume that x ¢ yH. Then we have that I(y;) N I(y2) = @ and C(y1) N C(y2) = 1, thus, by
Lemma 3.5, B = ([1,1],[1,v1],[1,y2]) is an irredundant base for G of size 3. Hence, by Proposition
3.8, G is not IBIS.

Now, assume that = € yH, so that y € Hx = H. Note that there exists a subgroup of type Dy
containing x and r such that r has order b and 7* = r~!. From q # 5, it follows that b > 2 and r #
r~1. Moreover we have that T' = (xz, y1,7), where x € C(x)\ C((z,7)), rs e C((z,r))\ C({x,r,y1)),
and x € I(z)NI(r)NI(y1). Hence ([1,1],[1, 2], [1,7],[1,v1]) is an irredundant sequence that is not a
base, so G has an irredundant base of size at least 5. As usual, the result follows from Proposition 3.1
and Remark 2.1. g

Lemma 3.13. Let T = PSL(2,2f) with f > 3. Then there exists two mazimal subgroups K1, Ky of
T such that K1 = Ky = Dy_1y and [K1 N Ka| = 1.

Proof. Let ¢ = 2f. In T there is just one conjugacy class of involutions and the centralizer of an
involution is a Sylow 2-subgroup of order q. Note that |T'| = ¢(¢?> — 1). Thus the total number of
involutions is ¢ — 1. There are g(g + 1)/2 maximal subgroups isomorphic to Dy(4—1y (all conjugate
in T'). Denote by 2 the set of these subgroups. Any element of €2 contains ¢ — 1 involutions. Hence
every involution is contained in ¢/2 different subgroups of Q2. Now, fix D € Q. If K € Q and K # D,
then |[DN K| < 2. Let Qp = {K € Q| |[DnN K| = 2}. For any involution z € D, there are exactly
q/2—1subgroups K € Qp with DNK = (z), hence |Q2p| = (¢—1)(¢/2—1) < |Q|—1 = q(q+1)/2—1.
Thus there exists K # D with K € Q\ Qp. O

Lemma 3.14. Assume that T> < G < W(2,T), with T = PSL(2,2/) and f > 3. If either yH # H
oryH = H =T, then b(G) = 3.

Proof. First, we assume that yH # H. Since ¢ = 2/, we have that PSL(2,¢) is isomorphic to
SL(2, q), so we may deal with 7" = SL(2, q). Let a be an element of multiplicative order ¢ — 1 in the
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field F,. Consider the following elements of 7" :

_fa 0 (01 P
x = 0 a-! , W= 10 , and z = wr = a 0 .

Then N := (w, z) is a dihedral group of order 2(¢ — 1). As Cp(x) = (z), it follows that Cp(N) = 1.

We are going to show that Cyyg(s) (N) = 1. Denote by ¢ € Aut(T) the automorphism induced
by the Frobenius automorphism of the field F,. Let s € T, let 1 <7 < f, and let assume that ¢'s
centralizes N. In particular, ©'s centralizes =, and so 29 =25 and x are conjugated. Therefore
{a,a™ '} = {a*,a"?'}.

Ifa = afzi, then a?iH =1andsoq—1=2—1 divides 2 + 1, contradicting the assumption
f > 3. Hence a = a*, that is ¢’ is the identity. Consequently s € Cp(N) = 1. This proves that
Caut(s)(N) = 1 and in particular that C'(z) N C(w) = 1.

If I(w)N1(z) # @, then there exist i € N and s € T such that ¢'s € I(w) N 1(2). Since w and z
are involutions, then ¢'s € C Aut( 5)(IN) = 1. Consequently 1 € yH, that contradicts yH # H.

Hence I(w) NI(z) = @ and, from Lemma 3.5 , ([1,1],[1, 2], [1,w]) is a base for G. Combining
this and Proposition 3.1, we deduce that b(G) = 3.

Now, assume that yH = H = T. By Lemma 3.13, G contains two subgroups H; and Hs isomor-
phic to a dihedral group of order 2(q¢ — 1), with H; N Hy = 1. Take 1 € Hy,z2 € Hy, both of order
g — 1. There is no maximal subgroup containing both x; and z2, so T' = (z1,z2). In particular,
C(z1) N C(xz2) = 1. Moreover, if z is an involution inverting x1, then z € H;. Hence, there are no
involutions in T inverting both z1 and 5. Therefore ([1,1],[1, z1], [1, z2]) is an irredundant base of
size 3. Combining this and Proposition 3.1, we deduce that b(G) = 3. U

Proposition 3.15. Let T = PSL(2,2/), with f > 3. If T?> < G < W(2,T) then G is not an IBIS
group.

Proof. As above, we work in T = SL(2, 2/). First, assume that yH # H. Without loss of generality,
denoting again by ¢ the automorphism induced by the Frobenius automorphism of the field Iy, we
can say that y = ¢!, for some ¢t € N. Since y?> € H, then f = 2r is even. Moreover, we can assume
that ¢ divides 7. Since 2¢ + 1 divides 2f — 1, there exists a nonzero element ¢ € For of multiplicative
order 2! + 1. Consider the following elements

_fc 0 d'—01
=\ 1) andw:={, o).

Note that z € C(z) \ C((z,w)). Further, 2¥ = 2¥' = 2! and w¥ = w¥ = w = w™!, so that
y € I(z)NI(w) # @. Hence ([1,1],[1, ], [1,w]) is an irredundant sequence that is not a base. From
Lemma 3.14, we have that b(G) = 3, hence the result follows from Remark 2.1.

Therefore we can assume that yH = H, so that o € G. o
Let assume that there exists 1 # ¢* € Aut(T) such that (¢*,¢") € G, that is H > T. Consider
the following elements of 7T :

(11 (01 gL (1
x.flo,w.floanz.f()l.

Note that N := (z,w) is a dihedral group of order 2|z| and w inverts z. In particular x € C(z)\C(w),
w € I(z) N I(w), and w ¢ I(z). Moreover, it is clear that ¥ = x, w¥ = w, and 2% = z, that is
¢t € O(x) N C(w) N C(z). Hence ([1,1],[1,z], [1,w],[1,2]) is an irredundant sequence that is not a
base. This produces a base of G with size at least 5. Since b(G) < 4 by Proposition 3.1, the result
follows from Remark 2.1.

Finally, assume Hy = H = T. Notice that T contains two involutions z1, zo generating a dihedral
group of order 2(2f + 1). Since C(z1) N C(z2) = I(21) N I(22) = 1, for every x € T with |z| >
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2, ([1,1],[1, 21],[1, 22],[1,2]) is an irredundant base of size 4. Now, the result follows combining
Lemma 3.14 and Remark 2.1. O

Proposition 3.16. If T = PSL(3,q) and T?> < G < W(2,T), then G is not an IBIS group.
Proof. Let ¢ = p7, let

1 =z
N := 0 1 z ‘x,y,zelﬁ'p C SL(3,q),
0 0
and consider the following elements of N :
110 1 00 1 01
a:=10 1 0),b:={0 1 1]),c:=10 1 0
0 01 0 01 0 01

Since N intersects the center of SL(3, ¢) trivially, we may identify N with a subgroup of 7. Note that
N is non-abelian of order p3, Z(N) = (c), and N is isomorphic to a dihedral group of order 8 when
p = 2, and it has exponent p when p is odd. In particular a € Cr(c) \ (Cr(c) NCr(b)), b € (Cp(c)N

Cr(D)\ (Cr(c)NCr(b) N Cr(a)) and ¢ € (Cp(c) NCp(b) NCr(a)). Thus ([1,1],[1,],[1,0],[1,a]) is
an irredundant sequence that is not a base. By Proposition 3.1 we have that b(G) < 4, hence by
Remark 2.1, G is not IBIS. O

Proposition 3.17. Assume that S? < G < W(2,5), with T = PSU(3,q). Then G is not an IBIS
group.

Proof. Let q = pf, with p prime, and let a be the automorphism of order 2 of the field Fg with
¢? elements defined by a(x) = 29. All a-Hermitian forms in a vector space of dimension 3 over

F,2 are equivalent, so we may assume that GU(3, ¢) is the isometry group of the form B such that
B((z1,z2,%3), (Y1, Y2, Y3)) = 2194 + 22yd + x3y] associated to the matrix
0 01
010
1 00
Let
1 —a? B
M = 0 1 « !a,BEFq2,5+Bq+aaq:0
0 0 1

It is not difficult to prove that M is a subgroup of the special unitary group SU(3, ¢), and since M
intersects the center of SU(3, ¢) trivially, it can be identified with a subgroup of 7' = PSU(3, ¢). We
shall use without further comment the fact that the trace map from F . to IF, given by tr(8) = 8+ 3¢
is surjective. Taking a non-zero element y € F 2 such that v +~+? = 0, then

1 0 v
c:=10 1 0
0 01

is a non-trivial central element of M. Denote by w a primitive element of F 2, then witl F, and
consequently there exists § € Fp2 such that § + 9 = —ww?. Hence we can consider the following
elements of M :

1 -1 0 1 —w? 6

a=[0 1 1]anddb:=|0 1 w

0 0 1 0 0 1
Since w? # w, then a and b do not commute. Hence, we have that a € C(c) \ (C(c) N C(b)),
b e (Ce)NC )\ (C(e)NC(b)NC(a)), and ¢ € (C(c)NC(b)NC(a)). So ([1,1],[1,¢], [1,0],[1, a]) is an
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irredundant sequence of size 4 that is not a base. Now, the result follows combining Proposition 3.1
and Remark 2.1. g

So far, we proved that when G is monolithic primitive, then 72 < G < W(2,T) is a non IBIS
group. Hence we need to consider the case k > 3.

Proposition 3.18. Let k > 3 and let T < G < W (k,T). Then G is not an IBIS group.

Proof. First, let k = 3 and assume by contradiction that G is an IBIS group. By Proposition 3.1 and
Lemma 2.3 we can assume Py = Sym(3). In particular o := (1,2) € Pg, so there exist y € Aut(T),
s2, 83 € T such that (y, sey, ssy)o € G. That is (y,y,y)o € G for some y € Aut(T). It follows from
the Classification of Finite Simple Groups that there exists a non-trivial element ¢ in Cr(y) (see for
example ([7, 1.48]). So we have that (y,y,y)o € G(j1,1,1,[1,1,¢)), While (y,y,y)0 & G144 If s ¢ Cr(2),
then (s, s,5) € G[1,1,1]\G[1,1,4- Moreover, (t,t,t) € G[1,1,1),[1,1,4,[1,¢,))- Hence ([1,1,1],[1,1,¢], [1,¢,1])
is an irredundant sequence that is not a base. In particular G has an irredundant base of size at
least 4. Now, the result follows combining 3.1 and Remark 2.1.

Now we can assume that k£ > 4. If Pg does not contain Alt(k), then b(G) = 2 by Proposition 3.1,
hence the result follows from Lemma 2.3. So we can assume that Alt(k) < Pg. Let (uq,...,u;) €
TF < G. Recall that g = (y,...,y)o stabilises [u1, ..., u] if and only if

gleets) ™ = (uyyur) L ugu Do € Dk T),

i.e. if and only if

(3.1) wyuy) = = upyug L.

Consider in particular (uq,...,ux) = (t1,t2,1,...,1) where ¢; and to are chosen so that they are
not conjugate in Aut(7") and T" = (t1,t2) (choose for instance an involution t;, then the existence
of ty follows from the results in [8]). Let 7 := [u1,...,u;]. We are going to deduce from (3.1) that
g = (y,...,y)o stabilises 7 if and only if 1 and 2 are fixed by o and y = 1. Let w; := ulyu;gl,1 with
u; = t; if i <2, u; = 1 otherwise. Assume 1lo~! = j > 2. Then wj = ytl_l, and w; € {y,ytz_l}, when
i >3 and i # j. This would imply w; # w; in contradiction with (3.1). So we must have lo~! €
{1,2}. A similar argument shows that 20~! € {1,2}. If follows that w; = wy = w3 = - - = wy, = .
If 10 = 2, then tlth_I =y, l.e. t2 = ¢! in contradiction with the assumption that ¢, and t2 are not
conjugate in Aut(7'). So we must have 1o = 1 and 20 = 2. This implies tlytfl = tgytgl =y, hence
Y € Cauyr)((t1,t2)) = Cauy(r)(T) = 1.

Let ¢ := [(1,...,1)]. We have proved that G(, ;) = {0 € G | 1o = 1,20 = 2}. Since Alt(k) < Pg,
there exists a € Aut(T') such that z = (a,...,a)(1,2)(3,4) € G. Let 1 # s € Cr(a) and consider
n:=I[s,81,...,1]. Clearly G(, ;) < G, and z € G(, ) \ G(,,r)- Further, there exists b € Aut(T)
such that v := (b,...,b)(1,2,3) € G. If follows from (3.1) and the fact that s # 1, that v € G, \ G,.
So we have G, > G(, ;) > G(,p,r) = G(,,r) and therefore G is not IBIS. O

Combining Propositions 3.9, 3.10, 3.11 , 3.12, 3.15, 3.16, 3.17, 3.18, we finally deduce the following
result.

Theorem 3.19. FEvery monolithic primitive group of diagonal type is a non IBIS group.

4. PRODUCT TYPE

Let H < Sym(I") be a primitive group of almost simple type or of diagonal type with socle T'.
For k > 2, we consider W = H ! Sym(k) acting on Q = I'*, with its natural product action. Then
G is of product type if 7% < G < W and the group P of the elements o € Sym(k) such that
(h1,...,h;)o € G for some h; € H is transitive. Write  =T'; x .-+ x I'y where I'; = T for each .
By a result of Kovécs [10] we may assume that G induces H on each of the k factors I'; of Q. In
the whole section we will assume that G is a primitive permutation group of product type.
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Theorem 4.1. The group G is not an IBIS group.

Proof. To show this result, let assume by contradiction that G is an IBIS group. We are going to
construct two irredundant bases of G and we will compare their lengths.
Let S := (70,71, - - -,7r) be an irredundant base of T' < Sym(€2). By Lemma 2.3 we deduce that

(4.1) r>2.

Let a; = (Vi,...,7) be a k-tuple with 0 < 4 < r and let f;; be the k-tuple having the i-th
component equal to v; and the others equal to g, for 1 < i < k and 1 < j < r. The following
sequences

BS = (060,051,.. -7047") and Bl = (a07/81,17--- 761,%52,17-- : 7/82,7'1" -aﬁk,la"wﬁk,r)

are irredundant sequences of GG, and B has size r + 1, while B; has size 1 + kr. Indeed, from
the choice of S, for every 1 < a < r — 1, there exists u, € T that stabilizes ~g,...,7, but does
not stabilize 7,41, and consequently (ug,uq,...,us) € G stabilises ag, aq,...,a, but not ag4q.
Moreover (uq,1,...,1) € G stabilises o, 51,1, ..., 81,4 but not Bi g1, (1,uq,...,1) € G stabilises
a0, B1,1, -5 B P21, -, P24 but not B2 441 and proceeding with this argument we finally get that
(1,1,...,uq) € G stabilises a, Bi,1,. -, B, P21y -3 825 Bre1y - - s Biar DUt DOt B g 41

Let X := G N H”. Tt is not difficult to observe that
X(BS) = X(Bl) = {(hl,. . .,hk) e X | hy € H(S), e hy € H(S)}

Now, let A = (d1,...,d) be a base of minimal size of X5,y = X (5,). Hence BsU.A and B; LI A are
still irredundant sequences for G, where U denotes the concatenation of the two sequences.

Here, let 61,...,60. and vq,...,vy be elements of G such that the sequences By = B L AU
{01,...,6.} and By = By LU AU {v,...,vs} are irredundant bases of G. Since G is IBIS, then
Bi|=r+1+b+c=1+rk+b+c =By Hence

(4.2) rtk—1)=c-cd <ec.

Note that G(BsuA) NX =1, then G(BSuA) = G(BSuA)/(G(BSuA) NX)= G(BSuA)X/X < Sym(k). So,
denoting by ¢(Sym(k)) the maximal length of a chain of subgroups of Sym(k), we can estimate ¢
with ¢(Sym(k)). From (4.2) and (4.1) we deduce that

(4.3) 2(k — 1) < £(Sym(k)).

By [3] we have that ¢(Sym(k)) < 3k/2, hence (4.3) yields k¥ < 4. Since ¢(Sym(2)) = 1 and
£(Sym(3)) = 2, (4.3) allows us to exclude also k = 2 and k = 3. This contradicts the assumption
k > 2 and the result follows. O

5. TWISTED WREATH PRODUCT TYPE

Let T be a non-abelian simple group, and let k& be an integer that is at least 2. A group G of
twisted wreath product type with socle T* acts primitively on a set |Q| with degree |T*| and is also
a twisted wreath product, which is a split extension of T* by a transitive subgroup P of Sym(k). In
the whole section we will assume that G is a primitive permutation group of twisted wreath product

type.
Theorem 5.1. The group G is not an IBIS group.

Proof. We may identify G with a subgroup of the wreath product W = Aut(S) P, with the
property that soc(G) = T* and T* has a maximal complement, say H, in G, which is isomorphic to
P. In particular for every o € P there exists a unique element (ay,...,a;) € (Aut(T))* such that
(a1,...,a;)o € H.

By [5, Theorem 5.0.1], if P is a primitive subgroup of Sym(k), then b(G) = 2. In this case, since
soc(G) is non-abelian, the result follows from Lemma 2.3. So we may assume that k is not a prime.
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Since P is transitive, it contains a fixed-point free permutation o. Either o or one of its powers (in
the case when o is a k-cycle) admits at least two orbits of size at least 2. So it is not restrictive to
assume that P contains an element

(5.1) p=1,....")(r+1,r+2,...,r+ )T

for some r,s > 2 and 7 € Sym(k) which pointwise fixes the set {1,...,r + s}. There exists a
unique element (ai,...,ax) € (Aut(7T))* such that h := (ay,...,ar)p € H. It follows from the
Classification of Finite Simple Groups that Cr(a;---a,) # 1 ([7, 1.48]). In particular there exists
t € Cr(ay---ay) of prime order, say p. Choose u € T of prime order ¢, with ¢ # p, and consider
the following elements of T%: y; = (t,t%,t®%2 t@e2ar—1 1 1) gy = (1,...,1,u,1,...,1),
where u is the entry in position r 4+ 1, and y = y1y2. We have that h € Cy(y1) = Cr(y?) but
h ¢ Cy(y). Hence HNHY' N HY = HNHY = Cy(y) < Cu(y9) = HN HY < H and therefore G is
not IBIS. O

6. PROOF OF THEOREM 1.1

We work through the non-affine and non-almost simple classes of the O’Nan-Scott Theorem. If
G is of diagonal type, as showed in Propositions 3.4, 3.2, 3.1 and Theorem 3.19, there is a unique
infinite family of IBIS groups. If GG is of product action type or twisted wreath product, then the
result follows immediately from Sections 4 and 5 respectively. Hence the proof is complete.
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