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Abstract—The joint exploitation of Radio over Fiber (RoF) and 

Time Modulated Arrays (TMA) is proposed, showing how, 

particularly within In-Building scenarios, it allows to combine the 

pervasiveness of the first technique with the beam-steering 

capability of the second. A cost-effective 3-element RoF-TMA 

system is presented and investigated, to realize a solution for small 

offices / private houses (SoHo’s). It is confirmed that bringing the 

feed to the antennas through the RoF system keeps the possibility 

for the TMA to radiate power at different frequencies, in each case 

with a steerable maximum direction. Referring to mobile signals 

with RF carriers of few GHz, it is shown that to guarantee, for each 

of the multiple beams emitted by the TMA, a maximum deviation 

of 5° from its ideal direction, it is sufficient that among the output 

branches of the 𝟏: 𝟑 optical splitter utilized the length difference is 

maintained in the range of a few millimeters.  

 
Index Terms—Microwave Antenna Arrays, Optical Waveguides, 

Radio over Fiber, Time Modulated Arrays 

I. INTRODUCTION 

ith the advent of the mobile communication systems of 

the 5th generation (5G) and of the Internet-of-Things 

(IoT), a widespread deployment of radiofrequency (RF) 

systems working from few to tens of GHz is presently taking 

place [1]. Such high frequency bands have the challenge of the 

attenuation, which is experienced by signals when they 

propagate through walls, obstacles and even in free space, 

increasing with the frequency of the utilized RF carrier [2]. On 

the other side the decrease of the wavelength makes possible 

the construction of effective antenna array. 

Beamforming Antennas (BAs) are therefore a flexible option 

which is highly exploited for backhaul application, energy 

transfer and expected to provide a breakthrough in the pico-cell 

management [3]. Their steering capabilities and their high 

directivity offer an additional degree of freedom allowing to  
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selectively direct the RF power to users, on the purpose to 

transmit data [4] or energy [5]. 

The technique conventionally utilized to realize BAs consists 

in obtaining phased arrays through the delicate management of 

the phase shifts among the radiating elements. The cost is at 

present rather high, due to the presence of the phase-shifters and 

the complexity of their design and characterization [6-7]. 

Conversely, given the necessity to guarantee access to 5G 

services also in private houses and apartments, the costs of the 

final global system should be as low as possible. An important 

challenge is therefore to simplify and compact the architecture 

of BAs to make them exploitable more massively at lower cost. 

These inadequacies can however be overcome utilizing a 

beamforming technique based on Time Modulated Arrays 

(TMA) [8]. This technique consists in the time-control of 

switches placed at each antenna port of the array, instead of 

using phase-shifters. The periodic piloting of the switches 

allows the simultaneous availability of multi-harmonic 

radiation patterns, hence the capability to efficiently send the 

signal in different directions at the same time. The radiation 

properties (i.e., the number and the pointing directions of the 

multiple radiation patterns) are easily reconfigurable in real 

time by changing the driving waveforms of the switches. 

Moreover, low-cost is also connected to the use of TMAs, 

because of their simpler array layout and lower amount of 

needed components with respect to standard phased-arrays [9]. 

The challenge of distributing the RF signal into the array is 

however not modified compared to the phased-array-antennas 

Within this context, the described advantages can be further 

enhanced combining TMAs with the Radio over Fiber (RoF) 

technique, i.e. carrying the RF signals into the arrays through 

appropriate optical fiber links [10-11].The RoF technique has 
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indeed been widespread employed for the distribution of radio 

signals within large beamforming antennas [12] or within 

Distributed-Antenna-Systems [13]. Depending on the scenario, 

many consolidated configurations can be utilized, exploiting 

different kinds of fibers and/or optical sources [14-17]. 

The present work tackles the realizability of a RoF-TMA 

system, where the antenna array is reduced to 3-radiating 

elements to ease the development of a simulation-measurement 

comparison and to better analyze the key limiting factors of the 

system, while considering at the same time a possible cost-

effective solution for SoHo scenarios. As will be later 

explained, an important point in the design of these systems is 

that, in the ideal case, the RoF link should be able to supply 

each antenna element with exactly the same replica (in 

amplitude and phase) of the signal to be transmitted. However, 

while it is easy to have similar excitation amplitudes in the 

proposed TMA system thanks to the optical fiber low 

attenuation, it can be challenging to achieve phase-alignment 

for all antenna currents. The investigation proposed in this work 

aims at quantifying how these phase shifts influence the Array 

Factor.  

The paper is organized as follows: firstly, the proposed 

system is described along with an introduction to TMA main 

theory. Subsequently, a complete analysis of the effects of 

unwanted phase differences among the signals feeding the three 

array elements is carried out, allowing to analytically identify 

acceptable intervals of tolerance for the mentioned phase 

differences. 

Finally, the considerations on the phases impact coming from 

the simple analytical relations are confirmed through 

experimental measurements. The generalization to a larger 

number of elements is then discussed in the conclusive part. 

The paper provides also an Appendix section illustrating the 

derivations of the main theoretical results.   

II. DEVELOPMENT OF THE THEORETICAL MODEL 

The proposed system, shown in Fig. 1 is composed of a Radio 

over Fiber (RoF) link conveying the signal to a Time Modulated 

Array (TMA).  

In particular, the RoF link includes an Optical Transmitter, 

modulated by the RF signal to be transmitted, 𝐼𝑅𝐹,𝐼𝑁,followed 

by a span of optical fiber. At its terminal section, the fiber is 

subdivided by an optical splitter into 𝑁𝑎 equal optical paths, 

each one terminating in an Optical Receiver. 

Each Optical Receiver is switched on and off, since its 

control tension 𝑉0 is multiplied by the function 𝑈𝑛(𝑡), with 𝑛 =
1, … , 𝑁𝑎, consisting in a periodical sequence of square pulses of 

period 𝑇𝑀(hence frequency 𝑓𝑀 = 1/𝑇𝑀), as depicted in Fig.2. 

This periodic switching determines in turn a modulation of the 

feeding current of each antenna of the array, 𝐼𝑅𝐹,𝑛, with 𝑛 =
1, … , 𝑁𝑎. As mentioned in the Introduction, for the correct 

operation of the TMA both amplitudes 𝐼𝑅𝐹,𝑛,𝑀𝐴𝑋  and phases 

𝜙𝑛 of the currents 𝐼𝑅𝐹,𝑛 should coincide for all 𝑛’s, the only 

difference among them being the different modulations due to 

𝑈𝑛(𝑡). While the condition can be straightforwardly met for 

𝐼𝑅𝐹,𝑛,𝑀𝐴𝑋 the accomplishment of the condition on the 𝜙𝑛’s can 

be more difficult, e.g. due to slight differences among the 

lengths of the optical splitter branches.  

An unpredictable change in the antenna feeding phase is 

something to be avoided in any kind of radiating system, 

because this can lead to errors in the beam steering accuracy. In 

case of planar RF realizations, mechanical tolerances in the 

feeding lines dimension are in the order of tens of μm, hence 

with negligible impact on the pointing precision of the beam 

(e.g., 100 μm change of the length of a 50 Ω line on RF60A 

Taconic substrate causes 2° of variation of the phase). But even 

if these tolerances cannot be assured, the deterministic 

knowledge of the phase misalignment can be compensated in a 

standard phased-array by properly tune the phase-shifters of 

each feeding branch. Conversely, in the case of TMAs, this 

unwanted effect superimposes to the periodic driving sequence 

effect, i.e., the position of the pulse piloting the generic antenna 

within the driving period. For this reason, the overall effect is 

less predictable, and what’s more, it is different if the 

fundamental carrier or one of the available higher order 

harmonic frequencies is involved. 

As mentioned in the Introduction, purpose of this work is to 

evaluate how these phase shifts influence the Array Factor and 

this is done for the case of a three-element array. The 

generalization to a larger number of elements is then discussed 

in the conclusive part. 

It can be noted at this point that within the general scheme of 

Fig.1, the system can for example be thought as composed by 

an Optical Transmitter (TX) based on a laser of VCSEL type 

emitting at 850 nm [18-20], and a corresponding Optical 

Receiver (RX) based on a Heterojunction Phototransistor 

(HPTs) realized in SiGe technology. In this case, where 𝑉0 

would be the tension between base and emitter of the HPT [21], 

it would/will be possible to exploit the HPTs’ amplifying effect, 

as well as their perspective integrability with CMOS-process 

based antennas. Another possible realization of the system of 

 
 

Fig. 1.  Schematic of the proposed system resulting from the combination of 
RoF and TMA technologies. The reference system in the inset shows the angle 

𝜃 utilized in the representation of the radiation patterns. 𝐼𝑅𝐹,𝐼𝑁: input RF signal 

modulating the Optical Transmitter (TX). Letting 𝑛 = 1, … , 𝑁𝑎, it is 𝑉0, 𝑈𝑛(𝑡): 

respectively control tension and modulating sequence of the 𝑛 − 𝑡ℎ Optical 

Receiver (RX(𝑛) ); 𝐼𝑅𝐹,𝑛: input RF signal feeding the 𝑛 − 𝑡ℎ antenna, with  

phase 𝜙𝑛; 𝐸𝑅𝐹,𝑜𝑢𝑡,𝑛 electric field radiated by the 𝑛 − 𝑡ℎ antenna. 
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Fig.1, which will be utilized in the present work, utilizes typical 

off-the shelf RoF components, namely an Optical TX based on 

a DFB laser and an Optical RX based on a PIN Photodiode, of 

which 𝑉0 is the reverse bias tension. Each element of the 

Antenna Array is then connected to the correspondent 

photodiode in order to be fed by the RF component of its 

detected photocurrent.  

The time-modulation is responsible for a time-dependency of 

the array factor as described in (1) for a linear array of Na 

elements aligned along 𝑎̂ (see inset of fig. 1) [22]:  

 

𝐴𝐹(𝜃, 𝑡)

= ∑ ∑ 𝐴𝑛𝑢ℎ𝑛𝑒𝑗𝑘𝑑(𝑛−1) 𝑠𝑖𝑛(𝜃)𝑒𝑗2𝜋(𝑓0+ℎ𝑓𝑀)𝑡𝑒𝑗𝜙𝑛

𝑁𝑎

𝑛=1

+∞

ℎ=−∞

 
(1) 

 

where 𝐴𝑛𝑒𝑗𝜙𝑛 are the complex excitation currents feeding the 

antennas, 𝑘 is the wavenumber, 𝑑 is the antenna spacing. As 

can be evinced from the formula, the time-periodicity 𝑇𝑀 

imposed by the impulses  𝑈𝑛(𝑡) allows to Fourier-transform the 

AF, given by the superposition of harmonics of the array factor 

itself occurring in correspondence of 𝑓0 + ℎ𝑓𝑀 (where 𝑓0 is the 

RF carrier frequency, 𝑓𝑀 is the modulation frequency, and ℎ is 

an integer assuming positive and negative values). The 

coefficients 𝑢ℎ𝑛 are the complex coefficients of the Fourier 

transformation of the periodic modulating wave 𝑈𝑛(𝑡). 

This phenomenon, peculiar of TMA only, is called “sideband 

radiation” and was considered a drawback when these radiating 

systems were presented to the scientific community [8]. More 

recently, many solutions exploiting this multi-harmonic 

radiation mechanism have been proposed in the literature: 

ranging from harmonic beam forming [23], to beam steering 

[24], and from direction finding [25] to wireless power transfer 

[22] applications. The novel application envisaged in this paper 

mainly pertains to improved communication capabilities of 

existing RoF system: in fact, the almost real time TMA 

reconfigurability is exploited for simultaneously steering the 

available radiation patterns at different harmonics to send the 

modulated signal carrying the data. Note that, being 𝑓0 ≫ 𝑓𝑀 

(i.e., GHz vs. tens/hundred of kHz or few MHz), the antennas 

are still almost resonating at all these frequencies that indeed 

represent efficient radiating opportunities. 

A key role in the piloting mechanism of TMA is played by 

the coefficients uhn whose expression, in case of an ideal 

rectangular pulse as modulating sequence, is usually given in 

dual form as in [8]. However, it can be demonstrated that these 

two expressions are actually the same (see Appendix A), 

leading to the general formula: 

 

𝑢ℎ𝑛 = 𝑐𝑛𝑠𝑖𝑛𝑐(ℎ𝜋𝑐𝑛)𝑒−𝑗ℎ𝜋(𝑐𝑛−2𝑐𝑖,𝑛) (2) 
 

In particular, 𝑐𝑛 and 𝑐𝑖,𝑛, being respectively the duty cycle and 

the rising instant of 𝑈𝑛(𝑡), both normalized to the modulating 

period (as in Fig. 2), become extremely powerful new design 

parameters, allowing an almost infinite (especially for large 

arrays with 𝑁𝑎 ≫ 1) number of possible sequences, and thus an 

unrevealed level of reconfigurability. Consequently, many 

sequence optimization strategies have been proposed in the 

literature [26-28], also taking into account the nonlinear feeding 

network [29], in order to lead the multi-harmonic radiation to 

obey to given constraints.  

For the reasons explained above and for their architectural 

simplicity (no phase-shifters are needed), TMAs are a potential 

candidate for future 5G networks agile exploitation. 

With the aim to describe theoretically the detrimental effects 

of undesired phase shifts due to slight differences in length 

among the branches of the optical splitter, some assumptions 

will be taken, in order to simplify the analysis of the system 

considered: 

• The duty cycles 𝑐𝑛 and the coefficients 𝐴𝑛 are constant, 

so that 𝑐𝑛 = 𝐶 and 𝐴𝑛 = 𝐴. 

• The quantities 𝑐𝑖,1 and 𝜙1 are equal to 0. 

• For every frequency of interest 𝑓0 + ℎ𝑓𝑀, in the 

direction 𝜃 = 𝜃0, defined as the desired Maximum 

Radiation Direction (MRD), the complex vectors 

𝑢ℎ𝑛𝑒𝑗𝑘𝑑(𝑛−1) 𝑠𝑖𝑛(𝜃) of the Array Factor have all the same 

phase for any n. 

• The antenna spacing 𝑑 is equal to 𝜆/2, so that 𝑘𝑑 = 𝜋. 

The first condition limits the degree of freedom in the 

selection of the sequence, because forces all the antennas to be 

“on” for the same amount of the period. At the same time it 

allows to achieve an analytical formulation of the problem, 

which can be usefully exploited as a reference case for the study 

of non-uniform driving sequences. The second condition fixes 

a zero reference for phase shifts and initial delays, due to the 

periodic nature of phases and sequences. The third one implies 

a discrete choice among the 𝑐𝑖,n alternatives, hence it imposes a 

rule similar to the one that the binary optimized time sequences 

(BOTS) [26] and the sub-sectional optimized time steps 

(SOTS) [27] methods suggest for TMA time-sequence 

optimization. Finally, the fourth condition defines a very 

common antenna spacing.  

Given the previous hypotheses, the squared magnitude of the 

ℎ-th harmonic Array Factor |𝐴𝐹ℎ(𝜃, 𝑡)|2, related to the power 

transmitted by a 3-element TMA to the receiver side, can be 

deduced from (1) as:  

 

|𝐴𝐹ℎ(𝜃, 𝑡)|2

= |𝐴𝐶 𝑠𝑖𝑛𝑐(ℎ𝜋𝐶)|2 |∑ 𝑒𝑗(⟨𝑢ℎ𝑛+(𝑛−1)𝜋 𝑠𝑖𝑛(𝜃)+𝜙𝑛)

3

𝑛=1

|

2

= |𝐴𝐶 𝑠𝑖𝑛𝑐(ℎ𝜋𝐶)|2 (3 + 2ℜ𝑒 {(2𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
)

+ 𝑒
𝑗(𝜋 𝑠𝑖𝑛(𝜃0)−𝜋 𝑠𝑖𝑛(𝜃)−

𝜙3
2

)
) 𝑒

𝑗(𝜋 𝑠𝑖𝑛(𝜃0)−𝜋 𝑠𝑖𝑛(𝜃)−
𝜙3
2

)
}) 

(3) 

 
Fig. 2. Generic modulating sequence 𝑈𝑛(𝑡). The square wave oscillates 

between 0 and 1, has period 𝑇𝑀 and is characterized by the duty cycle 𝑐𝑛 and 

the initial delay 𝑐𝑖,𝑛 (both expressed in percentage of 𝑇𝑀). 
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where the last member of the equation is obtained by exploiting 

both the property in (11) of the Appendix C and the phase 

alignment of the vectors in 𝜃0, due to which the difference 

between two complex vectors phases must be zero. The term 

inside the real part operator ℜ𝑒{∙} is the most important and it 

basically determines the shape of the Array Factor. It can be 

straightforwardly shown that, depending on the value of 𝜙2 and 

𝜙3, the MRD 𝜃𝑚𝑎𝑥 and the direction of the main secondary lobe 

𝜃𝑚𝑠𝑙  are located in either two points, corresponding to the 

directions for which the complex exponential is 1 or -1. 

Introducing the angles: 

 

 = 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑠𝑖𝑛(𝜃0) −
𝜙3

2𝜋
− 2𝑚) (4a) 

 = 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑠𝑖𝑛(𝜃0) −
𝜙3

2𝜋
− (2𝑚 + 1)) (4b) 

 

where 𝑚 is an integer value chosen in order to keep the arcsin 

argument in its definition domain [-1;1], it is 𝜃𝑚𝑎𝑥 = , 𝜃𝑚𝑠𝑙 =

 if 𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) > 0, while it is 𝜃𝑚𝑎𝑥 = , 𝜃𝑚𝑠𝑙 =  if 

𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) < 0. This last result explains how the phase 

shifts influence the MRD: changing 𝜙3 directly affects 𝜃𝑚𝑎𝑥 

and 𝜃𝑚𝑠𝑙  in any case, while changing 𝜙2 does not affect 𝜃𝑚𝑎𝑥 

and 𝜃𝑚𝑠𝑙 , unless the sign of 𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) is switched.  

The tolerance of the system with respect to the phase shifts 

can be evaluated in terms of deviation of 𝜃𝑚𝑎𝑥 from the desired 

MRD 𝜃0, which allows to determine an interval of admittable 

values for 𝜙3, and in terms of the ratio 𝑅 between the powers 

emitted in the main and in the secondary lobe directions (𝜃𝑚𝑎𝑥 

and 𝜃𝑚𝑠𝑙 , respectively) which allows to determine an interval 

of admittable values for 𝜙2.  

Indeed, defining a maximum deviation 𝜃𝑡ℎ, the values of 𝜙3 

for which 𝜃𝑚𝑎𝑥 = 𝜃0 ± 𝜃𝑡ℎ, can be determined as:  

 

𝜙3,𝑚𝑎𝑥
+,− = 2𝜋(𝑠𝑖𝑛(𝜃0) − 𝑠𝑖𝑛(𝜃0 ± 𝜃𝑡ℎ)) (5) 

 

so that it must be 𝜙3 ∈ [𝜙3,𝑚𝑎𝑥
− , 𝜙3,𝑚𝑎𝑥

+ ].  

With reference to this result, it can be observed that the 

values of 𝜙3,𝑚𝑎𝑥
+,−

 depend on 𝜃0. The more 𝜃0 approaches ±90° 

i.e., the limits of the half-space available for transmission, the 

lower is the range [𝜙3,𝑚𝑎𝑥
− , 𝜙3,𝑚𝑎𝑥

+ ]. As mentioned above, the 

interval of admittable values for 𝜙2 can instead be determined 

considering the ratio of |𝐴𝐹ℎ(𝜃, 𝑡)|2 evaluated in the directions 

of the main lobe and of the secondary lobe, respectively. 

Referring, without loss of generality, to the case where 

𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) ≥ 0, the correspondent expression can be 

obtained from (3) as:  

 

𝑅 =
|𝐴𝐹ℎ(, 𝑡)|2

|𝐴𝐹ℎ(, 𝑡)|2
=

5 + 4 𝑐𝑜𝑠 (𝜙2 −
𝜙3
2 )

5 − 4 𝑐𝑜𝑠 (𝜙2 −
𝜙3
2 )

 (6) 

where it is 𝑅 ∈ [1,9], according to the value of (𝜙2 −
𝜙3

2
). 

Choosing for example a value 𝑅 ≥ 4.5 as representative for a 

“good” ratio between main and secondary lobe power level, 

leads to approximately 
𝜙3

2
− 37° ≤ 𝜙2 ≤

𝜙3

2
+ 37°.  

Fig. 3(a) represents the contour plot of the MRD deviation 

from 𝜃0 (chosen as 𝜃0=0°) limited to the maximum value 𝜃𝑡ℎ =
30°. It is obtained from (4a) and (4b) by solving for different 

values of 𝜙2 and 𝜙3, thus finding 𝜃𝑚𝑎𝑥 and then computing 

|𝜃𝑚𝑎𝑥 − 𝜃0|. Fig. 3(b) represents instead the contour plot 

surface described by (6), again when 𝜃0=0°. In particular, the 

domain of interest for Fig. 3(b) is for values of (6) greater than 

1. In Fig. 3(c) the intersection of the domains of the two 

previous surfaces is given: it represents the interval of tolerable 

values of 𝜙2 and 𝜙3, for which the MRD deviation is less than 

or equal to 5° and 𝑅 ≥ 4.5, and is shaped as a parallelogram.  

The situation represented in Fig. 3, related to the Radiation 

Diagram emitted at carrier frequency 𝑓0 by the TMA described 

in experimental part of this work (see Fig. 5(a)), has to be 

 

(a) 

 
(b) 

 

(c) 
Fig. 3.  Contour plots of the surfaces determining the phase shifts tolerance 

intervals when 𝜃0 = 0°. (a) is the contour plot of the deviation of 𝜃𝑚𝑎𝑥 from 

𝜃0, given by |𝜃𝑚𝑎𝑥 − 𝜃0|. The domain is limited to values of 𝜙2 and 𝜙3 such 

that |𝜃𝑚𝑎𝑥 − 𝜃0| ∈ [0°, 30°]. (b) is the contour plot of the ratio 𝑅 determined 

by (6). The domain is limited to values of 𝜙2 and 𝜙3 such that 𝑅 ∈ [1,9]. (c) 

is the domain of 𝜙2 and 𝜙3 obtained by intersecting the domains of (a) when 
|𝜃𝑚𝑎𝑥 − 𝜃0| ≤ 5° and (b) when 𝑅 ≥ 4.5. 
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intended as an explicative example that shows how to find the 

intervals of tolerable phase shifts 𝜙2 and 𝜙3 for fixed values of 

𝜃0, 𝜃𝑡ℎ and 𝑅. Once that the modulating sequences are chosen, 

the described procedure must be applied to all frequencies of 

interest irradiated by the TMA, obtaining a parallelogram-

shaped domain for each of them. The intersection of all the 

domains gives the common tolerance intervals of 𝜙2 and 𝜙3 to 

all frequencies of interest. This operation is going to be 

performed in the following Section. 

III. EXPERIMENTAL RESULTS AND COMPARISON 

The experimental set-up adopted to verify the previous 

analyses is shown in Fig. 4 and results composed of a RoF link 

followed by a 3-element antenna array. The low number of 

radiating elements assures cost effectiveness and reduced space 

occupancy, making this solution attractive for indoor SoHo 

scenarios, as mentioned in the Introduction. 

The RoF system consists of an Optical Transmitter based on 

a directly modulated DFB laser, followed by 1 km of single 

mode G652 optical fiber, and by a 1:3 optical splitter, ending in 

three Optical Receivers based on PIN photodetectors followed 

by a RF amplifier. The RoF system is followed by a linear 

TMA, made by three square patch antennas realized on Rogers 

RO4350B (thickness: 1.524 mm, with εr=3.48, tan(δ)=0.0037), 

resonating at 2.45 GHz, separated by 61 mm (about half 

wavelength in free-space), and with a maximum gain of 4 dBi 

[30]. Despite 5G array antennas are mostly operating in the 

upper K-band, the proposed solution exploits the Industrial, 

Scientific and Medical (ISM) band to demonstrate the 

RoF/TMA fruitful coexistence within an operation bandwidth 

of application interest. However, the scaling of the system to 

millimetre frequency is feasible: optical transmitters and 

receivers with appropriate RF bandwidths should in this case be 

employed, to guarantee that the TMA piloting devices are able

 

to work in the K-band, still maintaining the same switching 

frequency [31] [32].  

The DFB laser operates in the second optical window 

(wavelength 𝜆~1310 𝑛𝑚), has slope efficiency 𝜂 = 0.08 𝑊/𝐴 

and modulation bandwidth ranging from 10 𝑀𝐻𝑧 to around 

3.5 𝐺𝐻𝑧. Its 1 𝑑𝐵 input compression point and third order input 

intercept point are 𝑃1𝑑𝐵 = 20 𝑑𝐵𝑚 and 𝑃𝐼𝐼𝑃3 = 33 𝑑𝐵𝑚, 

respectively. Each RoF branch that feeds the single patch 

antenna exhibits a RF Gain of about -23.5dB in the bandwidth 

of interest and same 𝑃1𝑑𝐵, 𝑃𝐼𝐼𝑃3 as the ones of the laser, 

guaranteeing the correct operation of the analog optical link 

[33].   

Through an evaluation board STM32VLDiscovery, time-

varying tensions 𝑉𝑃𝐷𝑈𝑛(𝑡) are generated, where 𝑉𝑃𝐷 is the DC 

reverse voltage of each one of the PINs. The sequences 𝑈𝑛(𝑡) 

present a modulation frequency 𝑓𝑀 = 10 𝑘𝐻𝑧, duty cycles 𝑐𝑛 =
80% and initial delays 𝑐𝑖,𝑛 equal to 0%, 33% and 66% for 𝑛 =

1,2,3, respectively. When 𝑈𝑛(𝑡) = 0, the 𝑛 − 𝑡ℎ photodetector 

is not reversely biased, and its Responsivity at 2.45GHz is very 

low, so that the modulating component of the optical power at 

2.45GHz is practically not detected. Thus, in that time period, 

the level of the RF signal current 𝐼𝑅𝐹𝑛  which goes to the antenna 

is zero. On the contrary, when 𝑈𝑛(𝑡) = 1 the level of the 

reverse biasing voltage is 𝑉𝑃𝐷 = −1.5𝑉, and the response of the 

RoF link at 2.45 GHz increases by about 34 𝑑𝐵 with respect to 

the previous case, so that the RF component which modulates 

the optical power can be detected and the current 𝐼𝑅𝐹𝑛 can travel 

toward the 𝑛 − 𝑡ℎ antenna with amplitude not zero.  

It is worth noticing that the chosen sequences do not 

correspond to the optimum exploitation of the TMA sideband 

radiation as multi-direction beam launcher (e.g. the maxima of 

radiation at frequencies 𝑓0 + ℎ𝑓𝑀 result lower than the one at 

𝑓0), but represent just a significant example on which the 

theoretical considerations exposed in this work are taken.  

As shown in Fig. 4, the radiation diagram is then evaluated 

by rotating the 3-antenna array from -90° to 90° and receiving 

the power emitted with a fixed TDK horn antenna directly 

connected to a spectrum analyser, which performs the 

measurement of the power of each harmonic 𝑓0 + ℎ𝑓𝑀 

considered. The analysed frequencies range from 𝑓0 to 𝑓0 +
4𝑓𝑀. The quality factor 𝑅 expressed by (6) is chosen to be 4.5, 

while the angle shift tolerance 𝜃𝑡ℎ is set to 5°. 

Fig. 5(a) shows the ideal squared Array Factor |𝐴𝐹ℎ(𝜃, 𝑡)|2, 

normalized to the maximum value, obtained by applying the 

test sequence, while Tab. 1 summarizes the different MRD and 

𝜙3,𝑚𝑎𝑥
+,−

 of each harmonic. In order to satisfy the constraint (5) 

for every frequency, 𝜙3 must be −25.2° ≤ 𝜙3 ≤ 24.9°. 

The antenna currents present inherent phase shifts 𝜙𝑛 

deriving from the splitter, which can be changed by putting 

additional strands of fiber to the corresponding splitter outputs. 

In this way, it is possible to measure the received radiation 

pattern in different phase shifts conditions. In particular, three 

different cases are taken into account: 𝜙2 or 𝜙3 out of their 

range of tolerance and the phase shifts in the range of tolerance. 

As described previously, any change in 𝜙3 directly affects the 

MRD, while only significant changes in 𝜙2 can modify the 

MRD.  

Each set of measurements is paired with a Matlab simulation 

of the Radiation Diagram of the TMA. This simulation is a 

 

 
 

Fig. 4 Experimental setup of the RoF-TMA system studied. 𝑉𝐿𝐷, 𝐼𝑏𝑖𝑎𝑠, 𝐼𝑅𝐹,𝐼𝑁: 

direct bias voltage, direct bias current and RF modulating current of the laser 

diode, respectively. Letting 𝑛 = 1,2,3 it is: 𝑉𝑃𝐷, 𝑈𝑛(𝑡): respectively reverse 

bias voltage and modulating sequence of photodiode 𝑃𝐼𝑁𝑛 ; 𝐼𝑅𝐹,𝑛: input RF 

signal feeding the 𝑛 − 𝑡ℎ antenna, with phase 𝜙𝑛.  

Inset: radiation pattern evaluation.  

 

  



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

6 

direct application of the array factor formula shown in (3) 

multiplied by the absolute squared far-field emitted by the 

single antenna, i.e., the Element Factor. The single element 

behavior is modeled as an omnidirectional antenna for 𝜃 

ranging from -90° to 90°, with greater directivity in the 

broadside area, as confirmed also by experimental 

measurements.  

 

A. First scenario: 𝜙3 out of the range of tolerance 

In this scenario, the phase shifts 𝜙2 = 31.2° and 𝜙3 = 58.6° 

are imposed to the system. In this case, only 𝜙3 is out of the 

tolerance range, as the interval for 𝜙2 is bounded by 
𝜙3

2
+ 37° =

66.3° and 
𝜙3

2
− 37° = −7.7°, while 𝜙3 is above the maximum 

upper bound 𝜙3,𝑚𝑎𝑥
+ =31.3° in Tab. 1. Consequently, the MRDs 

at all frequencies under test are expected to be shifted of more 

than the tolerance value 𝜃𝑡ℎ = 5°. 

The resulting simulations and measurements are shown in 

Tab. 2 and Fig. 6. The plots depict the comparison between 

simulation (continuous lines) and measurement (dashed line 

with marker) and are organized in two distinct figures for 

clarity. In particular, Fig. 6(a) is related to frequencies 𝑓0 + 𝑓𝑀 

and 𝑓0 + 2𝑓𝑀, while Fig. 6(b) to 𝑓0 + 3𝑓𝑀 and 𝑓0 + 4𝑓𝑀. All the 

radiation diagrams are normalized with respect to the maximum 

received power at 𝑓0. Tab. 2 shows the measured MRD along 

with the directions  and , obtained with (4a) and (4b) and 

confirmed by the simulation curves. In this case,  is the main 

lobe direction, while  is the secondary lobe direction, due to 

𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) > 0. This is confirmed by considering that the 

 

(a) 
 

 

(b) 
Fig. 5.  (a) shows the simulation of the Radiation Diagrams of the TMA when 

fed with the test modulating sequences, at frequencies ranging from 𝑓0 to 𝑓0 +
4𝑓𝑀 and normalized to the maximum radiated power at 𝑓0. Each curve is 

obtained by multiplying |𝐴𝐹ℎ(𝜃, 𝑡)|2, given by (3), with the absolute squared 

far-field radiated by the single antenna (i.e. the Element Factor). Each color is 

related to a frequency: yellow to 𝑓0, red to 𝑓0 + 𝑓𝑀, blue to 𝑓0 + 2𝑓𝑀, purple to 

𝑓0 + 3𝑓𝑀 and green to 𝑓0 + 4𝑓𝑀. (b) shows the intersection of the phase shift 

domains related to the frequencies of interest, represented by the yellow area. 

The single domains were obtained by considering |𝜃𝑚𝑎𝑥 − 𝜃0| ≤ |𝜃𝑡ℎ| = 5° 

and 𝑅 ≥ 4.5. 

 

 

h 𝜽𝟎 𝝓𝟑,𝒎𝒂𝒙
+

 𝝓𝟑,𝒎𝒂𝒙
−

 

1 34° 26.8° -25.2° 

2 -35° 24.9° -26.5° 

3 -1° 31.3° -31.4° 

4 33° 27.1° -25.6° 

 

Tab. 1. Values of the desired MRD 𝜃0 and of the maximum and minimum 

allowed phase shift 𝜙3 for each frequency 𝑓0 + ℎ𝑓𝑀 related to the test 

modulating sequences when the phase shifts are all 0°. 
 

 

 

(a) 

 

(b) 
 

Fig. 6.  Simulated (continuous line) and measured (dashed line with markers) 

received Radiation Diagrams for the first scenario. (a) shows frequencies 𝑓0 +
𝑓𝑀 (red with diamond markers) and 𝑓0 + 2𝑓𝑀 (blue with circle markers). (b) 

shows frequencies 𝑓0 + 3𝑓𝑀 (purple with triangle markers) and 𝑓0 + 4𝑓𝑀 

(green with square markers). The power values of the simulations and of the 

measurements are normalized to the respective maximum radiated power at 

frequency 𝑓0. 

 
 

h Measured 𝜽𝒎𝒂𝒙 Simulated  Simulated  

1 63° 55.5° -10° 

2 -27° -31° 29° 

3 9° 8° -59° 

4 60° 53.5° -11.5° 

 

Tab. 2. Values of the measured MRD 𝜃𝑚𝑎𝑥 and of the simulated  and  

directions for each frequency 𝑓0 + ℎ𝑓𝑀 related to the first scenario. In this 

scenario, the direction  corresponds to the main lobe direction, while  to the 

secondary lobe direction, due to 𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) > 0. The value of 𝜙3 exceeds 

the limits fixed in Tab. 1, while 𝜙2 is such that 𝑅 > 4.5 for all frequencies. 

The values of 𝜃𝑚𝑎𝑥 and  result to be all shifted of more than 5° (i.e. 𝜃𝑡ℎ) with 

respect to the values of 𝜃0 in Tab. 1. 
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values of the measured MRD are closer to the values of . The 

measurements are in good accordance with the simulations and 

the MRDs are shifted of more than 5°, as shown by comparing 

𝜃𝑚𝑎𝑥 in Tab. 2 with 𝜃0 in Tab. 1.  

 

B. Second scenario: 𝜙2 out of the range of tolerance  

In this scenario, the applied phase shifts are 𝜙2 = 106.6° and 

𝜙3 = −10.2°. In this case, 𝜙3 is in its range of tolerance 

between -25.2° and 24.9° and only 𝜙2 is out of its range of 

tolerance, which is between -42.1° and 31.9°. It has to be noted 

that it also exceeds the limit value 
𝜙3

2
+ 90° = 84.9°, meaning 

that the MRD is actually located in  (from (4b)). In Tab. 3 and 

Fig. 7, simulations and measurements, normalized to the 

maximum received power at 𝑓0, are compared as in the previous 

case, with Fig. 7(a) related to 𝑓0 + 𝑓𝑀 and 𝑓0 + 2𝑓𝑀 and Fig. 

7(b) to 𝑓0 + 3𝑓𝑀 and 𝑓0 + 4𝑓𝑀, while Tab. 3 is the equivalent 

of Tab. 2 for this scenario. The measurements are compliant 

with the simulations and the results match with the 

expectations. In particular, even if 𝜙3 is in the range of 

tolerance, the MRD is not located in  but in , due to 

𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) < 0. This is confirmed by Tab. 3, where the 

measured 𝜃𝑚𝑎𝑥 is closer to the simulated  and shifted of more 

than 5° when compared to 𝜃0 in Tab. 1. As an additional effect, 

the side lobe level and the extinction ratio (ratio between 

highest and lowest value) of the radiation diagrams result to be 

degraded compared to the ideal case.  

 

 

(a) 

 

(b) 
 

Fig. 7.  Simulated (continuous line) and measured (dashed line with markers) 

received Radiation Diagrams for the second scenario. (a) shows frequencies 

𝑓0 + 𝑓𝑀 (red with diamond markers) and 𝑓0 + 2𝑓𝑀 (blue with circle markers). 

(b) shows frequencies 𝑓0 + 3𝑓𝑀 (purple with triangle markers) and 𝑓0 + 4𝑓𝑀 

(green with square markers). The power values of the simulations and of the 
measurements are normalized to the respective maximum radiated power at 

frequency 𝑓0. 

 

 

h Measured 𝜽𝒎𝒂𝒙 Simulated  Simulated  

1 -21° 39.5° -21.5° 

2 15° -45° 17° 

3 63° -2.5° 72.5° 

4 -21° 38° -23° 

 

Tab. 3. Values of the measured MRD 𝜃𝑚𝑎𝑥 and of the simulated  and  

directions for each frequency 𝑓0 + ℎ𝑓𝑀 related to the second scenario. In this 

scenario, the direction  corresponds to the main lobe direction, while   to 

the secondary lobe direction, due to 𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) < 0. The value of 𝜙3 is 

inside the limits fixed in Tab. 1, while 𝜙2 is such that 𝑅 < 4.5 for all 

frequencies. The values of 𝜃𝑚𝑎𝑥 and  are all shifted of more than 5° (i.e. 𝜃𝑡ℎ) 

with respect to the values of 𝜃0 in Tab. 1. 

  

 

(a) 

 

(b) 
 

Fig. 8.  Simulated (continuous line) and measured (dashed line with markers) 

received Radiation Diagrams for the third scenario. (a) shows frequencies 𝑓0 +
𝑓𝑀 (red with diamond markers) and 𝑓0 + 2𝑓𝑀 (blue with circle markers). (b) 

shows frequencies 𝑓0 + 3𝑓𝑀 (purple with triangle markers) and 𝑓0 + 4𝑓𝑀 

(green with square markers). The power values of the simulations and of the 

measurements are normalized to the respective maximum radiated power at 

frequency 𝑓0. 

 
 

h Measured 𝜽𝒎𝒂𝒙 Simulated  Simulated  

1 30° 40° -21° 

2 -30° -44.5° 17.5° 

3 -3° -2.5° 73.5° 

4 33° 38.5° -22.5° 

 

Tab. 4. Values of the measured MRD 𝜃𝑚𝑎𝑥 and of the simulated  and  

directions for each frequency 𝑓0 + ℎ𝑓𝑀 related to the third scenario. In this 

scenario, the direction  corresponds to the main lobe direction, while  to the 

secondary lobe direction, due to 𝑐𝑜𝑠 (𝜙2 −
𝜙3

2
) > 0. The value of 𝜙3 is inside 

the limits fixed in Tab. 1, while 𝜙2 is such that 𝑅 > 4.5 for all frequencies. 

The values of 𝜃𝑚𝑎𝑥 and  are all shifted of less than 5° (i.e. 𝜃𝑡ℎ) with respect 

to the values of 𝜃0 in Tab. 1. 
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C. Third scenario: 𝜙2 and 𝜙3 in the range of tolerance 

In the last scenario, the phase shifts 𝜙2 = −34.8° and 𝜙3 =
−7.4° are applied to the TMA. These phases are within the 

intervals of tolerance −40.7° ≤ 𝜙2 ≤ 33.3° and −25.2° ≤
𝜙3 ≤ 24.9° and ensure that the MRD are not shifted of more 

than 5°. The simulated and measured received Radiation 

Diagrams, shown in Fig. 8, are in agreement, showing that there 

is only a slight degradation in the side lobe level due to 𝜙2. The 

information in Tab. 4 is compliant with the expectations, 

showing that the MRD is located in  instead of  and that the 

deviation from 𝜃0 in Tab. 1 is less than 5°. 

In all the exposed cases, the measurements are in good 

agreement with the simulations in both radiation direction and 

level, confirming the correctness of the theoretical predicted 

impact of 𝜙2 and 𝜙3 on the TMA response given by the 

conditions (5) and (6) shown in Section II. Inaccuracies are 

present in some of the measurements, especially regarding the 

depth of the minima directions or the level at +90° and -90°, 

mainly due to the real environment where they are carried out. 

However, their impact in the overall behavior of the TMA is 

small and there are no major anomalies that need to be 

discussed, thus confirming the model developed in this work. 

IV. CONCLUSION 

Through a detailed theoretical and experimental analysis the 

feasibility of a cost-efficient system for the distribution of the 

wireless signal within in-building environments which 

combines the techniques of Radio over Fiber (RoF) and Time 

Modulation of Antenna Arrays (TMA) is demonstrated.  

With reference to the applicative case considered it has been 

found that a 3-element TMA, in the frequencies ranging from 

𝑓0 + 𝑓𝑀 to 𝑓0 + 4𝑓𝑀, each with a MRD between −35° and 

+35°, can tolerate a phase shift 𝜙3 in the interval −25.2° ≤

𝜙3 ≤ 24.9° and a phase shift 𝜙2 in the interval 
𝜙3

2
− 37° ≤

𝜙2 ≤
𝜙3

2
+ 37°. At the considered frequency, being the 

refractive index of the fiber around 1.47, the length of fiber 

associated to the deviation of  𝜙3 is equal to ±5.8 mm. A 

maximum tolerable difference between the different paths of 

the splitter equal to this quantity represents a fabrication 

constraint which is fairly easy to fulfill. 

Higher precision levels would however be required if the 

highest frequencies of the 5G spectrum were involved. 

Further investigations on the exploitation of the presented 

results to larger arrays have demonstrated the effectiveness of 

the method: from a practical point of view, the satisfaction of 

the phase-conditions (5) and (6) for the first three antennas (thus 

involving 𝜙2 and 𝜙3, only) of a four- or five-element array 

gives the possibility to easily and rapidly select the remaining 

phases (𝜙4 and/or 𝜙5) in such a way to satisfy the maxima and 

side-lobe levels conditions of the multi-harmonic radiation.  

 

APPENDIX 

A. Equation (2) derivation 

In previous works such as [23], 𝑢ℎ𝑛 has two expressions, one 

if 0 ≤ 𝑐𝑖,𝑛 ≤ (1 − 𝑐𝑛) and the other if (1 − 𝑐𝑛) < 𝑐𝑖,𝑛 ≤ 1. The 

following demonstrates that there is no need to make a 

distinction between the two cases. If 𝑐𝑖,𝑛 is the rising instant, 

𝑐𝑓,𝑛 the falling instant and 𝑐𝑛 is the duty cycle, the first case  

0 ≤ 𝑐𝑖,𝑛 ≤ (1 − 𝑐𝑛) implies that 𝑐𝑓,𝑛 ≥ 𝑐𝑖,𝑛 and 𝑐𝑛 = 𝑐𝑓,𝑛 −

𝑐𝑖,𝑛 and 𝑢ℎ𝑛 is 

 

𝑢ℎ𝑛 =
1

𝑇𝑀
∫ 𝑈𝑛(𝑡)𝑒−𝑗2𝜋ℎ𝑓𝑀𝑡𝑑𝑡

𝑇𝑀

0

=
1

𝑇𝑀
∫ 𝑒−𝑗2𝜋ℎ𝑓𝑀𝑡𝑑𝑡

𝑐𝑓,𝑛𝑇𝑀

𝑐𝑖,𝑛𝑇𝑀

=
𝑒−𝑗2𝜋ℎ𝑐𝑖,𝑛 − 𝑒−𝑗2𝜋ℎ𝑐𝑓,𝑛

𝑗2𝜋ℎ

= 𝑒−𝑗𝜋ℎ(𝑐𝑛+2𝑐𝑖,𝑛)
𝑒𝑗𝜋ℎ𝑐𝑛 − 𝑒−𝑗𝜋ℎ(2𝑐𝑓,𝑛−2𝑐𝑖,𝑛−𝑐𝑛)

𝑗2𝜋ℎ

= 𝑐𝑛𝑒−𝑗𝜋ℎ(𝑐𝑛+2𝑐𝑖,𝑛)
𝑒𝑗𝜋ℎ𝑐𝑛 − 𝑒−𝑗𝜋ℎ𝑐𝑛

𝑗2𝜋ℎ𝑐𝑛

= 𝑐𝑛𝑠𝑖𝑛𝑐(ℎ𝜋𝑐𝑛)𝑒−𝑗ℎ𝜋(𝑐𝑛−2𝑐𝑖,𝑛) 

(8) 

 

It was implied in the solution of the integral that 𝑒−𝑗2𝜋ℎ = 1, 

since ℎ is an integer coefficient. While the second case 

(1 − 𝑐𝑛) < 𝑐𝑖,𝑛 ≤ 1 implies that 𝑐𝑓,𝑛 ≤ 𝑐𝑖,𝑛 and 𝑐𝑛 = 1 −

(𝑐𝑖,𝑛 − 𝑐𝑓,𝑛) and 𝑢ℎ𝑛 is 

 

𝑢ℎ𝑛

=
1

𝑇𝑀
(∫ 𝑒−𝑗2𝜋ℎ𝑓𝑀𝑡𝑑𝑡

𝑐𝑓,𝑛𝑇𝑀

0
+ ∫ 𝑒−𝑗2𝜋ℎ𝑓𝑀𝑡𝑑𝑡

𝑇𝑀

𝑐𝑖,𝑛𝑇𝑀

)

=
𝑒−𝑗2𝜋ℎ𝑐𝑖,𝑛 − 𝑒−𝑗2𝜋ℎ𝑐𝑓,𝑛

𝑗2𝜋ℎ

= 𝑒−𝑗𝜋ℎ(𝑐𝑛+2𝑐𝑖,𝑛)
𝑒𝑗𝜋ℎ𝑐𝑛 − 𝑒−𝑗𝜋ℎ(2𝑐𝑓,𝑛−2𝑐𝑖,𝑛−𝑐𝑛+2−2)

𝑗2𝜋ℎ

= 𝑐𝑛𝑒−𝑗𝜋ℎ(𝑐𝑛+2𝑐𝑖,𝑛)
𝑒𝑗𝜋ℎ𝑐𝑛 − 𝑒−𝑗𝜋ℎ𝑐𝑛𝑒𝑗2𝜋ℎ

𝑗2𝜋ℎ𝑐𝑛

= 𝑐𝑛𝑠𝑖𝑛𝑐(ℎ𝜋𝑐𝑛)𝑒−𝑗ℎ𝜋(𝑐𝑛−2𝑐𝑖,𝑛) 

(9) 

 

Thus demonstrating the equivalence of the two cases. 
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B. Phase alignment condition 

The phase alignment in 𝜃0 in the assumptions, requires that 

the complex vectors phases in (1) satisfy 

 

{

⟨𝑢ℎ1 = ⟨𝑢ℎ2 + 𝑘𝑑 𝑠𝑖𝑛(𝜃0) + 2𝜋𝑚1

⟨𝑢ℎ1 = ⟨𝑢ℎ3 + 2𝑘𝑑 𝑠𝑖𝑛(𝜃0) + 2𝜋𝑚2

⟨𝑢ℎ2 + 𝑘𝑑 𝑠𝑖𝑛(𝜃0) = ⟨𝑢ℎ3 + 2𝑘𝑑 𝑠𝑖𝑛(𝜃0) + 2𝜋𝑚3

 

↓ 

{

ℎ𝜋(𝑐1 − 𝑐2 + 2𝑐𝑖,2 − 2𝑐𝑖,1) = 𝑘𝑑 𝑠𝑖𝑛(𝜃0) + 2𝜋𝑚1

ℎ𝜋(𝑐1 − 𝑐3 + 2𝑐𝑖,3 − 2𝑐𝑖,1) = 2𝑘𝑑 𝑠𝑖𝑛(𝜃0) + 2𝜋𝑚2

ℎ𝜋(𝑐2 − 𝑐3 + 2𝑐𝑖,3 − 2𝑐𝑖,2) = 𝑘𝑑 𝑠𝑖𝑛(𝜃0) + 2𝜋𝑚3

 

↓ 

{

𝑠𝑖𝑛(𝜃0) = −2ℎ𝑐𝑖,2 + 2𝑚1

𝑠𝑖𝑛(𝜃0) = −ℎ𝑐𝑖,3 + 𝑚2

𝑠𝑖𝑛(𝜃0) = 2ℎ(𝑐𝑖,2 − 𝑐𝑖,3) + 2𝑚3

 

↓ 

{

𝑠𝑖𝑛(𝜃0) = −2ℎ𝑐𝑖,2 + 2𝑚1

ℎ(2𝑐𝑖,2 − 𝑐𝑖,3) = 2𝑚1 − 𝑚2

ℎ(2𝑐𝑖,2 − 𝑐𝑖,3) = 𝑚2 − 2𝑚3

 

 

((10) 
 

 

where 𝑚1, 𝑚2 and 𝑚3 are integer coefficients added to account 

for the phases 2𝜋 periodicity. The system is formed by 

equalling pairs of vectors phases from Eq. 1.  From the 2nd and 

3rd equations in the final system, the condition ℎ(2𝑐𝑖,2 − 𝑐𝑖,3) ∈

ℤ is necessary to have phase alignment, since ℎ, 𝑚1, 𝑚2 and 

𝑚3 are already integer quantities. To be noted that if 

(2𝑐𝑖,2 − 𝑐𝑖,3) ∈ ℤ, then the phase alignment is guaranteed for 

all frequencies 𝑓0 + ℎ𝑓𝑀, while in the general case only some 

values of ℎ satisfy the condition since 𝑐𝑖,2 and 𝑐𝑖,3 are fixed a 

priori. 

C. Equation (3) derivation 

The following property of complex numbers is exploited to 

derive the final expression of (3): 

 

|𝐶1 + 𝐶2 + 𝐶3|2 = 

 |𝐶1|2 + |𝐶2|2 + |𝐶3|2

+ 2ℜ𝑒{𝐶1𝐶2
∗ + 𝐶2𝐶3

∗ + 𝐶1𝐶3
∗} 

(11) 

 

with 𝐶1, 𝐶2 and 𝐶3 being complex numbers. Equation (11) along 

with the phase alignment condition is then applied to (3) as it 

can be seen in (12) in the footnote. 
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