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subgroups

Michele Costa
Department of Economics, University of Bologna,
Bologna, Italy

Abstract: This paper illustrates two contributions given by Gini to the study of inequality: the famous Gini inequality
index and the analysis of overlapping between subgroups. The link between these topics is provided by the decom-
position of the Gini index and the measurement of the contribution to total inequality attributable to the differences
between subgroups of the population. These differences can be evaluated on the basis of the subgroup means or by
referring to all the characteristics of the subgroup distributions: we evaluate and compare the two approaches, stressing
strengths and weaknesses of both. The usefulness of the joint use of Gini index decomposition and overlapping eval-
uation is demonstrated in the analysis of gender gap, complemented with a case study related to the Italian personal
income by gender.

Keywords: Gender income inequality; Gini index; Inequality between subgroups; Inequality decomposition; Over-
lapping; Transvariation.

Subject Classifications: 91B82; 91C99; 62A01; 62P20.

1. INTRODUCTION

A century after the introduction of the Gini index, the topics related to inequality measurement are central in
the political and economic debate. Financial crises are over quite all around the world, aggregate production
and income are at the pre-crisis levels, stock markets indexes hit new records, but the mood is far distant
from the enthusiasm which usually characterizes post crises periods. A persistent gloom hampers entire
countries, insecurity is a global and dominant feeling, protectionisms condition world trade, nationalisms
are at the rising, countries like UK prefer individual to common path.

Inequality, a rising inequality, is the key to reconcile these two situations. Production, income and wealth
are grown, but their growth is unequally shared. If we look only at the GDP, or at the DowJones index, we
don’t get a fully informative picture, while the basic information set should be improved by adding also an
inequality measure.

The debate about GDP, the contributions by the Sarkozy commission, or similar committees, the pro-
posals related to alternative GDP evaluation systems are an important, but still insufficient step. Starting
from the daily public information provided by newspapers and televisions, and moving to all the actors of
the society, up to the targets of the national and supranational political strategies and to the data elaborated
by the statistical agencies, we need to include also inequality at the first positions of our priorities.

An increase of the GDP is a good news only if its growth is not too unequally shared, while the combi-
nation of an increase of both GDP and inequality would represent a bad news for most people.
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If the overall inequality level represents a fundamental reference, the information in it included can be
successfully exploited by means of inequality decomposition. Inequality decomposition allows to provide
insights about the inequality structure, ranking the different inequality factors and assessing their relevance.
At this regard the aspect of interest refers to the measurement of the inequality between subgroups, for
which the literature presents many contributions, thus requiring a critical comparison.

An issue strictly connected to the inequality between subgroups is the overlapping between subgroups,
a topic which Gini studied with his usual strong interest and determined motivation. While in the absence
of overlapping we do not encounter particular difficulties, its presence complicates the measure of the con-
tribution to the overall inequality related to the differences between the subgroups.

In the following we propose a joint analysis of Gini index decomposition and overlapping, by devel-
oping a comparison between two different approaches: from one side the methods based on the subgroup
means, and from the other the evaluations performed on the basis of all the characteristics of the subgroup
distributions. The combination of the two approaches allows to overcome the disadvantages of the single
proposals, thus avoiding the risk of underestimating the real effect of the inequality factors under study.

The next Section outlines the issues related to overlapping and its measurement, while Section 3 presents
the main aspects of the Gini index decomposition. Section 4 illustrates a development of overlapping and
Gini index decomposition focused on gender gap analysis, with a case study related to the Italian personal
income. From Section 2 to Section 4 an illustrative example is carried out, which works as a guideline for
the reader, attempting to make clearer the indicators and the measures presented in the paper. Section 5
concludes.

2. OVERLAPPING

Overlapping represents a real challenge when measuring inequality, its presence increases the complexity
and the difficulties of the measurement process and makes the interpretation of the final results more slippery.
However, as frequently happens when challenges are involved, it also leads to innovative proposals and
original solutions.

How to deal with the presence of overlapping is the main argument in the debate on the inequality
decomposition, it represents one of the pillars of the classification into additively and non additively de-
composable indices (Shorrocks (1980)), it is the motivation of the plurality of contributions on inequality
decomposition.

Overlapping has a direct effect on the interpretation of the inequality structure and, consequently, on the
inequality decomposition.

When we divide the total population in subgroups (for example by gender, educational level, etc.) the
case of non overlapping subgroups allows an immediate evaluation of the contribution to overall inequality
attributable to the factor used to partition the population into subgroups. The absence of overlapping indi-
cates in itself a strong inequality factor. Depending on the size of the differences between the subgroups,
we can rank the related factors and thus achieve the inequality structure. In this case overall inequality
can be successfully decomposed in only two components, the inequality within and the inequality between
subgroups, without any question on the additivity of the decomposition.

Factors able to originate non overlapping subgroups, or real data situations in which this is possible,
are extremely rare, while a certain degree of overlapping represents the most usual and consolidated case.
Increasing levels of overlapping indicate a weaker influence of the factor on inequality until, when the
subgroups completely overlap, the influence of the factor on inequality reaches its minimum. In this case,
the two previous components, the inequality within and the inequality between, are no longer sufficient to
decompose overall inequality, and we need to introduce a third term, able to take into account the presence
of overlapping units and their effect on inequality.

In the decompositions based on only two components, the third terms is obtained as a residual, while, in



the decompositions developed on three components, the third term evolves accordingly to the expressions
proposed by the different Authors.

Overlapping is also strictly connected to the effectiveness of the economic policy actions implemented
to reduce inequality.

The absence of overlapping allows to operate directly on the poorest (or the richest) subgroup, within a
simplified framework where the effects of any economic policy are quite easily detectable.

From the other side, in presence of overlapping, it becomes fundamental to disentangle the effects related
to the overlapping units, which could strongly influence the final results of the policy action. The overlapping
units of the richer subgroup would suffer a disadvantage compared to the overlapping units of the poorer
subgroup, reducing the effectiveness of the intervention.

Being within the celebrations of the Gini’s centenary, a last, but not least relevant feature of overlapping
refers to the interest given to this topic by Gini. During his long polyhedral research activity, Gini dealt
with numerous subjects, among which there is also the overlapping, which Gini called “transvariazione” in
1916 (Gini (1959)). An anthology of the Gini’s works on overlapping was published in 1959 (Gini (1959)),
almost unnoticed being written in Italian (Deutsch and Silber (1997)).

2.1. The Measurement of Overlapping

Given the importance of overlapping, it follows that its measurement plays a key role.

We need, first of all, to define the notion of overlapping. Given two subgroups j and h, with n; and ny,
respectively the sizes of the two subgroups, let \; and A, be two synthetic indicators (usually the mean or
the median) of the two subgroups. Overlapping occurs when \; > )y and, at least for one pair of units, we
have y;; < yp,; following the Gini definition of transvariation, we have that the differences between the A
and the units have opposite sign:

(Aj—An) >0

(Yji — ynr) <O

Besides the concept of overlapping (or transvariation), Gini (1959) introduced also the notion of iper-
transvariation ("ipertransvariazione” in Italian), which occurs when \; > )\, and two further conditions are
verified: for at least one unit of the j-th subgroup, y;; < A, and, for at least one unit of the h-th subgroup,
Yhr > Aj:

()\j — >\h) >0
(yji — An) <O
(ynr — Aj) > 0.

Ipertransvariation represents a special case of overlapping, a situation which so far has not been given
much importance, but which deserves more attention and could lead to interesting results (Deutsch and
Silber (1997)).

In order to introduce a measure of overlapping, it is useful to start from the minimum and the maximum
between which the measure ranges.

The minimum of any overlapping measure is naturally identified as zero and it corresponds to the case
of absence of overlapping. The evaluation of the differences between two non overlapping subgroups is
quite simple and the subgroups means are the first and most natural candidate. If the subgroup distributions
are skewed and characterized by fat tails (as usually happens for income and wealth distributions), it can be
necessary to appropriately weight the subgroups means. Overall inequality is then perfectly decomposable
into two components, inequality within and inequality between, where the inequality between captures the
contribution to overall inequality attributable to the differences between the subgroups, that is the relevance
of the underlying inequality factor.



The maximum of overlapping is not so easily assessed. When two subgroups completely overlap, with
Aj = Ap, we have two possible interpretations.

First, we can consider the two subgroups as perfectly equivalent, without any difference between them.
Second, we can still calculate the differences (yj;—ypn,) and attribute the positive differences to the inequality
between and the negative ones to the overlapping.

The first solution is more suitable in an explorative framework, where we need to assess the existence
of the two (or more) subgroups, that is, when we do not know a priori the inequality factors and we analyse
the data looking for clusters or subgroups of specific interest. In this case, a complete overlapping implies
that the underlying inequality factor no longer affects the inequality, which is completely explained by the
inequality within and by the overlapping (o residual) component, while the inequality between is equal to
ZeTo0.

If we already know the subgroups, that is when we have a priori knowledge of the underlying inequality
factor, we work in a confirmative framework, where we want to assess the relevance and rank the inequality
factors, and where the second approach can be more useful. In this case, the subgroups and the underly-
ing inequality factor maintain a minimum effect on overall inequality also when overlapping reaches its
maximum, and the inequality between still plays a role in the inequality decomposition.

It follows that, in order to evaluate the situation of complete overlapping, we need to deal also with the
measurement of the inequality between the subgroups, deciding if maximum overlapping implies a zero or
positive inequality between. We must be aware that this choice is not neutral, but has consequences on the
evaluation and the ranking of the inequality factors, and it may be appropriate to evaluate inequality in both
cases. The two possible interpretations of the case of maximum overlapping play an important role also in
the Gini index decomposition and will represent a key issue in the next Sections.

Among his contributions to the study of overlapping, Gini introduced two indicators, the probability and
the intensity of transvariation, which are briefly summarized in the following and which still now represent
the basic indicators for overlapping measurement.

2.1.1. The Probability of Transvariation

The probability of transvariation refers to the case in which A is the median, that is to the overlapping which
occurs when

(Qmej - gmeh) 2 0
(Yji — ynr) <0

Given two subgroups j and h, of size respectively n; and nj,, we have that the the number of possible
differences |y;; — ynr| is njny. Within the njny, possible differences (y;; — ynr), we can determine

1M1, the number of positive differences,

2N jp, the number of null differences, and

3njp, the number of negative differences, such as

175n +2 Njp +3 Njp = NjNp.

The evaluation of overlapping is naturally related to the number of negative differences 31, while the
onjp, null differences are assigned by Gini for one half to the negative differences and for one half to the
positive differences.

In order to derive a normalized indicator, Gini proposed to obtain the probability of transvariation as the
ratio

2 % (27’Ljh/2 +3 njh) _2njp + 2 %3 njp

Dtin =
Tgnp ninp



Probability of transvariation ranges between 0, when the subgroups do not overlap, and 1, when the
overlapping is perfect.

Probability of transvariation reflects the frequentist view of probability, based on the ratio between
favourable to possible cases, and it allows a first evaluation of the degree of the overlapping between the
subgroups j and h.

2.1.2. The Intensity of Transvariation

The intensity of transvariation refers to the case in which A is the arithmetic mean, that is to the overlapping
which occurs when

(% —4n) = 0
(yji - yhr) <0
With respect to the probability of transvariation, which takes into account the number of overlapping

differences, the intensity of transvariation is based on their size. Gini proposed to calculate the sum of
overlapping differences T, with

nj np

Tin = lysi—vnel (W5 — ynr) <0,

i=1 r=1
and to derive the intensity of transvariation as the ratio of T, to the sum of all differences |y;; — yn»|
2x Ty,

2?271 ?21 ’yji — Yhr|

As the probability of transvariation, also the intensity of transvariation ranges between 0, when the
subgroups do not overlap, and 1, when the overlapping is perfect.

Usually intensity of transvariation is lower than probability of transvariation, since overlapping mainly
occurs for observations located in a narrow range. By increasing overlapping, the difference between the
two indicator decreases, up to reach the same value, the unit, when overlapping is maximum.

The joint combination of probability and intensity of transvariation allows to evaluate both the frequency
and the relevance of overlapping, thus providing a powerful insight on this aspect of inequality.

itjp =

2.2. An Illustrative Example

In order to illustrate the different cases related to overlapping, we include an example where we observe a
variable y which assumes values from 1 to 10. The overall n = 90 observations are divided in 2 subgroups,
A and B, withn4 = 60 and np = 30.

Four different situations, representing the four main overlapping typologies, are reported. In the first
case, the subgroups A and B are not overlapping, in the second there is a low overlapping between A and B,
in the third we observe an high overlapping level, while, in the fourth case, the overlapping is complete.

The y values for the four cases are presented in Table 1 and in Figure 1.

Table 2 shows the mean, the median, the coefficient of variation cv; = o; / 1/;, the probability and the
intensity of transvariation for the four cases illustrated in Table 1 and in Figure 1.

Given nanp = 60 x* 30 = 1800 possible differences (yp; — yar), in the first case, where y,ep = 7,
Umea = 2 and (Gmen — Ymea) = (7 —2) = 5, all 1800 differences are positive and, since both the null and
the negative differences are zero, snp4 = 0 and 3np4 = 0, also the probability of transvariation is zero:

_onpat2x3npa 0+0x2
N npna ~ 60%30

ptA



Figure 1. Example of overlapping: 90 observations are divided in two non overlapping subgroups (1), two
weakly overlapping subgroups (II), two highly overlapping subgroups (III) and two perfectly overlapping
subgroups (IV).
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Table 1. Example of overlapping: 90 observations are divided in two non overlapping subgroups (I), two
weakly overlapping subgroups (II), two highly overlapping subgroups (III) and two perfectly overlapping

subgroups (IV).
tot I II 111 v
A B A B A B A B
Yi Mo Yo My Y My Y Ny Y Ny Y Ny Yo Ny Yo Ny Ypo Ny
1 6 1 6 1 0 1 6 1 0 1 6 1 0 1 4 1 2
2 15 2 15 2 0 2 15 2 0 2 14 2 1 2 10 2 5
3 18 3 18 3 0O 3 18 3 0O 3 16 3 2 3 12 3 6
4 12 4 12 4 0 4 10 4 2 4 9 4 3 4 8 4 4
5 9 5 9 5 0 5 6 5 3 5 5 5 4 5 6 5 3
6 6 6 0 6 6 6 3 6 3 6 3 6 3 6 4 6 2
7 9 7 o0 7 9 7 2 7 7 7 3 17 6 17 6 7 3
8 6 8 0 8 6 8 O 8 6 8 2 8 4 8 4 8 2
9 6 9 0 9 6 9 0 9 6 9 2 9 4 9 4 9 2
M 3 10 o0 10 3 10 0 100 3 10 O 10 3 10 2 10 1
90 60 30 60 30 60 30 60 30

The intensity of transvariation is based on the difference between the subgroup’s means, that is (yp —
ga) = (7.70 — 3.05) = 4.65, and on Tp 4, that is the sum of the negative differences (yp; — ya,): without
negative differences, since snpa = 0, also Tp4 = 0 and consequently the intensity of transvariation is zero

; 2xTpa 2% 0
itpa = = —0.00
BA T SNBSS Typi — yar|  2587.50

In the second case, still with §ep = 7, Umea = 2 and (YmeB — Umea) = D, the presence of some
overlapping units leads to snps = 61 null and to snp4 = 43 negative differences (yp; — ya,); the
corresponding probability of transvariation results

2NBA +2*3npBA _61+2*43

nBNA 60 %30 = 0.08.

ptpa =

The difference between the subgroup’s means is (yp — 1) = (7.40 — 3.20) = 4.20 and T 4, that is the
sum of the snp4 = 43 negative differences is equal to 63; the related intensity of transvariation is calculated
as

1itpa = 2* 154 = 2+ 63 = 0.04
SorB YA lyBi —yar|  3262.80

In the third case, an higher level of overlapping between the subgroups A and B leads to onps = 136
null and to 3np4 = 226 negative differences (yp; — yar), with a probability of transvariation given by

_onpa+2x3npa 136 + 2% 226
- npnA - 60 * 30

ptpA =0.33.

The difference between the subgroup’s means is (yp — y4) = (6.60 — 3.60) = 3 and the sum of the
snpa = 226 negative differences is g4 = 515; the intensity of transvariation results
” 2xTga 2 %515
VA BA = 0 =
SoB > A lyBe —yarl 4320

=0.24.

The fourth case refers to the situation of maximum overlapping, where the subgroup’s medians have the
same value ¥,,eB = Ymea = 3 as holds for the subgroup’s means yp = y4 = 4.60.



Table 2. Sample size, mean, median, coefficient of variation, probability of transvariation and intensity of
transvariation for the subgroups A and B in the four cases (zero, low, high, maximum overlapping) reported
in Table 1.

tot first second third fourth
A B A B A B A B

n; sample size 90 60 30 60 30 60 30 60 30
1/; mean 460 3.05 770 320 740 3.60 6.60 4.60 4.60
Umej median 400 200 7.00 200 7.00 2.00 6.00 3.00 3.00
cv; 055 042 0.16 053 020 0.61 0.31 0.55 0.55
1B A h. positive differences 1800 1733 1212 788
onpa n. null differences 0 61 136 224
3npa n. negative differences 0 43 226 788
ptpa prob. transvariation 0 0.08 0.33 1.00
Tpa 0 63 515 2540
it g4 Int. transvariation 0 0.04 0.24 1.00

In this extreme case, the number of positive differences (yp; — yar), 1mBA, is 788, while the null
differences are snp4 = 224 and the negative differences snp4 = 788: when the overlapping is maximum,
with ¥meB = Umea, it follows that the number of positive differences is equal to the number of negative
differences: 1np4 =3 npa. The property 1np4 =3 npa represents the basis for assigning, in the case of
maximum overlapping, the difference between the subgroups in equal parts to the inequality between and to
the overlapping component.

Starting from onpa = 224, snpa = 788, ng = 60 and np = 30, the probability of transvariation

results
oNBA + 2*3nBA - 224 + 2 x 788

npng 60 * 30
The sum of the snp 4 = 788 negative differences is g4 = 2540, which is the same value as the sum of
the 1np4 = 788 positive differences, thus leading to the maximum of the intensity of transvariation:

ptpa = = 1.00.

2 % 2540
5080

. 2*T A
itna = 5 b = 1.00.

=1 |yB'L yAr’
As expected, probability of transvariation pt g 4 is always lower than the intensity of transvariation itz 4,
except in case IV, when the two indicators are equal to one.

3. THE GINI INDEX DECOMPOSITION

The Gini index (Gini (1914)) during its over 100 years of life has known many different expressions and
applications.

For the case of a population disaggregated into & subgroups of size n;, with Z?:
index G can be expressed as follows

1n; = n, the Gini

nj np

k k
Z Z |yJZ yhr

j:1h:12 1r=1

G = 3.1

where ¥ is the arithmetic mean of y in the overall population, y;; is the value of  in the -th unit of the j-th
subgroup and, accordingly, ¥y, is the value of y in the r-th unit of the h-th subgroup.



A further expression of the Gini index which is extremely useful for the index decomposition is

k k
G=> Y Ginpjsn (3.2)

j=1h=1

where
G ; is the Gini index of the j-th subgroup,
G jp, is the Gini index between subgroup j and subgroup h, with

.7 U
Gjn = Z > " lyii — ymal, (3.3)

ninp y]"'yh i1 r—1

pj = n;/n is the population share of the j-th subgroup, and

sj = (n;y;)/(ny) is the income share of the j-th subgroup.

The literature on the Gini index (Dagum (1987), Dagum and Zenga (1990)) and on its decomposition
is quite extensive and cannot be easily summarized, however for a detailed discussion of the Gini index we
can look at the studies by Giorgi (see, e.g., Giorgi (2005), Giorgi (2011b), Giorgi and Gubbiotti (2017)), a
researcher living in the same city of Gini, working at the same university of Gini and who has devoted a great
portion of his studies to the dissemination, and in some cases to the rediscovery, of Gini’s contributions.

Also the decomposition of the Gini index is the object of uncountable studies and researches, which
belong to the more general discussion about the decomposition of inequality measures. Among the differ-
ent proposals, Podder (1993) analyses the contribution of each subgroup to total inequality, avoiding the
traditional distinction between inequality within and inequality between, but focusing on the Gini index
elasticities with respect to the subgroups distributions.

In the following we do not propose an exhaustive review of the methods of decomposing the Gini index,
but we suggest to distinguish the various proposals in two classes, one based on subgroup means, and which
does not explicitly consider the overlap, and one based on all the characteristics of the subgroup distributions,
including the overlap. For each class a proposal is identified and a comparison between the two approaches
is provided.

3.1. Inequality Within

The measurement of the inequality within, although not being free of criticism (see, e.g. Frosini (2012)), is
the object of a certain consensus among the different contributions to the Gini index decomposition.

Our focus is on the inequality between and the overlapping component, while for the inequality within
we directly use the measure usually adopted in the literature, where (G, is obtained as a weighted sum of
the Gini index of each subgroup and its expression is

k
Gw = ZGjijj (34)

The component of inequality within GG, allows to evaluate the relevance of the variability of the sub-
groups on the overall inequality: more variable, that is unequal, subgroups lead to an higher GG,,,, while less
variable, that is more equidistributed, subgroups indicate lower values of the inequality within.

3.2. Inequality Between and Overlapping Component

Most of the debate about inequality decomposition, and specifically about the Gini index decomposition,
revolves around the measurement of the effects on overall inequality related to the differences between sub-
groups. In particular, the key point refers to the evaluation of the effects related to the overlapping between



subgroups and most of the differences among the many contributions to the Gini index decomposition can
be traced to this issue.

3.2.1. Mean-Based Evaluations

A milestone in the literature on the Gini index decomposition is represented by the pioneering contribution
by Bhatthacharya and Mahalanobis (1967) who proposed to evaluate the inequality between on the basis of
the subgroup means as

k kK
Gy=_> pipalgi—wnl/25  j#h (3.5
j=1h=1

Overlapping is not explicitly evaluated by Bhattacharya and Mahalanobis, their decomposition is exact
when the subgroups do not overlap, while the presence of overlapping requires to add to the decomposition
a residual third term, so that

G -Gy =Gy + R.

When the subgroups completely overlap, with i; — ¥, 4,5 = 1,..., k, the inequality between G} is
equal to zero and G = G, + R. Maximum overlapping is therefore addressed in the framework of the first
of the two interpretations outlined in Section 2.1.

The proposal by Bhattacharya and Mahalobis has had a great impact on the discussion about the Gini
index decomposition. Many empirical researches and theoretical works (see e.g. the famous contribution
by Rao (1969) and the interesting decomposition proposed by Pyatt (1976), where the Gini index is treated
as a statistical game) refer to Bhattacharya and Mahalanobis decomposition, which can be assumed as
a benchmark for the decompositions where the measurement of the inequality between is based on the
subgroup means.

3.2.2. Distribution-Based Evaluations

A significant step forward in the Gini index decomposition is made in 1991 thanks to Yitzhaky and Lerman
(Yitzhaki and Lerman (1991), Yitzhaki (1994)), who introduced a decomposition of the Gini index where
overlapping is explicitly taken into account. Moreover, their contribution is not constrained to use only the
subgroup means, but it moves towards the use of the whole distribution. Within their proposal, the inequality
between subgroups is evaluated as

Gy, = 2c00(5;, F) /7 (3.6)

where F indicates the cumulative distribution, estimated in the sample by the rank of the observation; there-
fore Fj is calculated as F; = R;/n and R; is the average rank of the j-th subgroup in the overall population.
Yitzhaky and Lerman also introduce an overlapping component, which is measured on the basis of

Ojn = covy(y, Fj(h))/covn(y, Fr(y)) (3.7)

where the numerator is the covariance over the h-th subgroup between y and the rank of a unit of subgroup h
in the subgroup j, while the denominator is the covariance over the h-th subgroup between y and the ranking
in the h-th subgroup.

The overlapping component is then included in the decomposition as

k k
G = Z snGh, ijth + Gy (3.8)
h=1 7j=1

10



When the subgroups completely overlap, with §j; = 73, j,h = 1,...,k, the inequality between G,
is equal to zero. As in the decomposition by Bhattacharya and Mahalanobis, maximum overlapping is
addressed following the first of the two interpretations of Section 2.1.

To Yitzhaki and Lerman, and to their school (see, e.g., Frick et al. (2006)), we owe many papers on the
topic of the Gini index decomposition, which allow a strong progress of the inequality studies and start a
line of research followed by several other authors.

Still in the framework of the three-terms decompositions of the Gini index, and of the distribution-based
evaluation of the inequality between, in 1997 Dagum proposed a further contribution (Dagum (1997)),
building on a previous work by Mehran (1975). The Dagum’s proposal is characterized by a specific at-
tention given to the overlapping between subgroups; the attention paid to overlapping in the framework of
the Dagum’s decomposition is certainly not an accident, but it represents the result of a precise choice and
derives from the studies made by Dagum on this topic during the fifties (Dagum (1959)), when he worked
in Rome with Gini.

Dagum suggests to evaluate the contribution to overall inequality related to the differences between the
subgroups as

ko k
G—Guw=GCy+G =Y > Gipjsn  j#h
j=1h=1
The original proposal for the expressions of GG, and G requires an intensive computational effort, but it
is possible (Costa (2008), Costa (2009), Costa (2016)) to derive simplified formulas for both the components.
More specifically, we can express G and G as

Gy =G} +0.5(G — Gy —GY) (3.9)

and
G; = 0.5(G — Gy — G}) (3.10)

where
k

k—1 * *
Z Z Phj — Sy
GZ: * * * * (ijh—l-pth),
D7 S +p. ST .
j=1 h=j+1“hi"jh JhZhj

In this way we are able to obtain G and G on the basis only of the G, p; and s;, overcoming most of
the computational efforts related to the 1997 version.

The Dagum’s contribution is able to be both simple and intuitive at the same time, since, by referring
to the basic expression (3.1) of the Gini index, it essentially suggests to divide the sum of the differences
|yji — Yns| into three parts:

first, the sum of the differences in which j = h,

second, the sum of the differences in which j # h, ¥; > Un, Yji > Ynr

third, the sum of the differences in which j # h, ¥; > Yn, Yji < Ynr-

The first part is interpreted as the inequality within G, the second as the inequality between G, and
the third as the overlapping component G.

The Dagum’s decomposition differs from many of the other contributions as regards the situation of
maximum overlap. In this case, in fact, the inequality between is not equal to zero, as usually happens,
but has the same value of the overlapping component, and it results G = Gw + G} + Gy, with G = Gi.
Maximum overlapping is therefore addressed in the framework of the second of the two interpretations
presented in Section 2.1.
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The work by Dagum inspired many other Authors, in particular Mussard (Mussard (2004), Mussard et
al. (2006)) extensively studied the decomposition, linked (Mussard and Richard (2012)) the Dagum’s and
Yitzhaki’s decompositions, with Mornet et al. (2013) proposed a multi-level generalization, and also stressed
the role of overlapping (Mussard and Savard (2012)). Building on the contributions by Mussard, Mussini
(2013) developed a matrix approach which allows to investigate the role of interaction between subgroups.
A further contribution is given by Giudici and Raffinetti (2011), who propose a Gini index decomposition in
terms of concordance and discordance shares. Still in the framework of distribution-based evaluation, and
building on the Dagum’s contribution, Ogwang (2014), Ogwang (2016) decomposes the Gini index by using
an interesting regression approach.

Overall, the contributions developed within the framework of distribution-based evaluations are strictly
linked to the overlapping measurement and stress this point as fundamental in inequality analysis. In
the following, the Dagum’s decomposition is used as the reference for the decompositions developed in
a distribution-based framework.

3.3. The Comparison of Decompositions

The analysis of the links between different decomposition methods represents the topic of interest for several
Authors (see, e.g., Mussard and Richard (2012) and Radaelli (2010)) who investigate the common aspects
and the differences which characterize the many decompositions proposed over more than 50 years.
Mean-based decompositions, such as the Bhattacharya and Mahalanobis’s proposal, are naturally equiv-
alent to distribution-based decompositions, such as the Dagum’s method, in absence of overlapping.
Starting from the simplest case of two non overlapping subgroups, with §; < %2, we have for the
decomposition by Bhattacharya and Mahalanobis

Goam = 2p1p2(Y2 — U1)/2Y = p2p1Y2/Y — p1p2y1/y = p1S2 — P2s1 =

=p1(1 —51) = (1 = p1)s1 =p1 —p1s1 — 51 +P1S1 = p1 — 81
and for the decomposition by Dagum

nip n2

p182 + p2s1 Z

yz' —WYin) =
nin2 (g1 + o) / )

Gpp = Gi2p152 + Gaipas1 = Gia(p1s2 + p2si) =
7j=1h=1
_ opisatpest o pip2(y2 — 1)

nina (g1 + ¥2)
=pi(1 —51)— (1 —p1)s1 =p1 — s1.

= p1p2y2/y — P1p2y1 /Y =

In absence of overlapping, as intuitive, the inequality between has the same value in both decomposi-
tions, and it results G, = (p1 — $1)-
The extension to the case of k non overlapping subgroups, with §; < §2 < ... < ¥, is available by
using to the quantities
Prj =Pu/(Ph +p5),  sp; = sn/(sn+ 55),

which allow to normalize the population share and the income share with respect to the sizes of the subgroups
h and j.

By means of pj j and sj ; we have that, for both the decompositions, the inequality between G, can be
obtained from the differences (ij — S;;j) as

k k k—1 k p;; _ S;;
=D D omnldi —ml/25 =) D P (psn + pnsy) 3.11)
j=1h=1

j=1 h=j+1 phj Jh +p]h hj

12



When the subgroups overlap, to the mean-based decompositions, such as the one by Bhattacharya and
Mahalanobis, is added a third residual term, while the measure of (G}, is not modified.

From the other side, the distribution-based decompositions, such as the proposal by Dagum, have a
different development, the overlapping component assumes a positive value, which increases by increasing
levels of overlapping, and also the measurement of (& can be influenced.

Starting again from the case of k£ = 2 subgroups, for Bhattacharya and Mahalanobis we have

G—GwZGbBM+R=(p1—81)+R
while in the Dagum’s decomposition it results
G—-—Gyu=Gyp+G = (p1—81+Gt)+Gt.

The third residual term in the decomposition by Bhattacharya and Mahalanobis is then equal to twice
the overlapping component in the Dagum’s decomposition, with the relevant difference that in the Dagum
decomposition also the inequality between is influenced by the presence of overlapping.

The extension to the case of k overlapping subgroups leads, for Bhattacharya and Mahalanobis, to

k
G—Guw=GCpn+R=0_> pjpls; — Unl/20) + R
7j=1h=1

while, for the Dagum’s decomposition, we have

k— s*
Dhj = Shj
G—Gy=Gpp+ G = Z Z e o (Pish tpusg) + Gy + Gy
j=1 h= ]+1ph3 Sin T Pjnsh;

where G is obtained as in (3.10).
The comparison between the two approaches is still based on the relation (3.11) and the result

R:2*Gt

holds also for the case of k overlapping subgroups, thus allowing to easily compare the two decompositions
of the Gini index.

The relation between R and G can also be exploited in order to derive a relation between the expressions
of the inequality between subgroups in the two decompositions. Since

G -Gy =Gy + R=Gpp + Gy
by using R = 2G}, we obtain
Gym + 2G = Gyp + Gy
Gvem = Gpp + G — 2Gy = Gyp — Gy

which provides a further element of comparison both between the two decompositions and between the two
approaches.

In absence of overlapping, the subgroups means, appropriately weighted, are fully informative, while the
presence of overlapping could reduce the relevance of the subgroups means as a reference for the inequality
between subgroups, depending on how we consider and treat the overlapping units.
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Table 3. Population share, income share, Gini index for the subgroups A and B in the four cases (zero, low,
high, maximum overlapping) reported in Table 1.

tot first second third fourth

A B A B A B A B
p;j populations share 1.00  0.67 033 0.67 033 067 033 0.67 0.33
sj character share 1.00 044 056 046 054 052 048 0.67 0.33
G Gini index 031 022 0.09 025 0.13 030 0.19 031 031

3.4. An Illustrative Example

In this Section we follow the example previously introduced, where four different overlapping typologies
are analysed and compared. Our purpose here is to study the Gini index decomposition with respect to
different degrees of overlapping.

Table 3 reports the population share p;, tha character share s; and the Gini index for the subgroups
A and B in the four cases analysed. The p; values are constant, as n4 and np are always the same (60
and 30 respectively) in all 4 cases. The s;, on the contrary, show the usual dynamic which characterizes
the overlapping: initially, when overlapping is absent or low, the s; are quite different from the p;, while
increasing levels of overlapping lead the s; to converge to the p;, until, when the overlapping is complete,
the character share s; equal the population share p;. A similar behaviour interests the Gini indexes, which
are different in absence or low overlapping, while are coincident in the fourth case.

The Gini index decomposition for our four cases is illustrated in Table 4, for the mean-based evaluations
we adopt the Bhattacaria and Mahalanobis’s proposal, while for the distribution-based evaluations we resort
to the Dagum’s contribution.

Without overlapping, in case I, the Gini index is perfectly decomposable as the sum of GG, and G}, with
R = G = 0, and the two decompositions lead to the same results.

The presence of overlapping introduces some differences between the two decompositions, and the
results shown in Table 4 allow to highlight three effects related to increasing levels of overlapping between
the subgroups.

The first obvious effect refers to R and G, which, reflecting the importance on overall inequality related
to overlapping units, steadily increase from case I to case I'V. Furthermore, by comparing R with G, we can
observe the relation R = 2 * Gy illustrated in the Section 3.3.

The second usual effect related to an increasing overlapping is a growing inequality within, as it is clearly
shown in Table 4: in the first case, G, is the 26.8% of total inequality (G,,/G = 0.0821/0.3067 = 0.2677),
value which increases to 32.8% in the second case, to 43.8% in the third, up to the 55.6% in the fourth last
case.

The third effect, consequence of a greater inequality within and an higher overlapping, is a reduced
importance of inequality between on overall inequality. The decrease is not the same for the two decompo-
sitions, as it is fully detectable by comparing the third and the sixth column of Table 4. From Table 4 we can
also observe the relation Gygyr = Gpp — G, shown in Section 3.3, and therefore obtain the third column
as the difference between the sixth and the seventh.

The case IV, that is the situation of maximum overlapping, allows to highlight one of the main differences
between the two decompositions and the two possible ways to address perfect overlapping highlighted in
Section 2.1.

Following Bhattacaria and Mahalanobis, in the fourth case the inequality between reaches its minimum,
which is equal to zero, and all differences between the two subgroups are attributed to the overlapping
component, in their case the residual term R.

In the framework of Dagum’s decomposition, the maximum overlapping is evaluated by giving the same
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Table 4. Gini index decomposition by Bhattacaria-Mahalanobis and by Dagum for the subgroups A and B
in the four cases (zero, low, high, maximum overlapping) reported in Table 1.

Bhattacaria Mahalanobis Dagum
Gw Gb R Gw Gb Gt
I 0.0821 02246 O 0.0821 0.2246 O
I 0.1005  0.2029  0.0034 0.1005 0.2046  0.0017
111 0.1342  0.1449 0.0276 0.1342  0.1587  0.0138
v 0.1704 0 0.1363 0.1704  0.0682  0.0682

importance to the negative (overlapping) and positive (non overlapping) differences (y5; —y ), which have
the same number 1np4 =3 npa = 788, and also the same intensity, Tg4 = 2540, as shown in the last
column of Table 2. It follows that the differences between the two subgroups are equally assigned to the
inequality between and to the overlapping component, G, = Gy = 0.0682, and the minimum of G}, is not
zero but Gy.

4. INEQUALITY DECOMPOSITION, OVERLAPPING AND POLITICAL ECONOMY:
THE ANALYSIS OF GENDER GAP

The joint combination of inequality decomposition and overlapping measurement allows many interesting
developments. Among the many possibilities, in the following it is illustrated how both the Gini index
decomposition and the overlapping evaluation can improve gender gap analysis.

Gender gaps are the focus of many political and social actions and represent worldwide one of the main
concern of national and supranational agencies. Interest for gender gaps motivated many researches, which
in recent years have grown at an ever faster rate, producing an impressive quantity of studies and reports
(see, e.g., Gender Equality Index Report (2013) and references therein).

Issues related to gender inequalities are particularly suitable to illustrate the necessity to move from
mean-based measures to distribution-based evaluations.

Traditionally gender inequalities are firstly evaluated on the basis of the difference between the mean of
the female subgroup 7y and the mean of the male subgroup #,,, and the size of the gender gap is evaluated
by referring to this difference, or absolute

gap1 = (:’jm - gf)a

or in some relative form, such as
gapz = (Ym — Ur)Yf
or
gaps = (gm - gf)/'!j
Besides the difference (7, — 7¢), we can resort to the difference between the population share and the
income share of the female subgroup
gaps = (py — sy),
which refers to the equidistribution case (ps = s¢) and still evaluates gender gap in a mean-based framework
where overlapping is not taken into account.
The informative content of the subgroup means becomes here a key point, and the obvious risk is to
underestimate the real size of gender gap if the subgroup means are not fully informative.

At this regard it is crucial to assess the degree of overlapping, since the informative content of the
subgroup means is inversely related to the degree of overlapping: increasing levels of overlapping reduce
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the information provided by the subgroup means, thus leading to a possible underestimation of the gender
gap.

By resorting to the Gini index decomposition, and by dividing the total population in two subgroups
by gender, we are able to evaluate the relevance of gender on overall inequality, thus providing a further
measurement of gender gap.

With respect to the general case, here we have k = 2 subgroups, constituted by the female () and male
() units respectively. By using formula (2) we can express the Gini index as

G= Gfpfsf + GmpmsSm + Gfmpfsm + Gmfpmsf
where the first two terms refer to the component of inequality within
Gy = Gfpfo + GinPmSm.

By referring to the proposal by Bhattacharya and Mahalanobis, the component of inequality between
(see Section 3.3) is calculated as

Go = 2ppm(Um — Yf)/20 = pf — ¢
and the related decomposition of the Gini index results
G=Gu+Gy+ R=(Gyprsy + Gupmsm) + (py — s5) + R.

In the framework of the Dagum’s decomposition, the component of inequality between can be expressed
as
Gy=0p f—Sf+ Gy

and we can obtain the overlapping component by using the simplified version of the Dagum’s decomposition
applied to the case of k=2 subgroups

G =Gy + G+ Gy = (Gppysy + Gupmsm) + (pp — 55+ Gi) + Gy
where G is calculated on the basis of G ¢, Gy, Py, Pm, ¢ and sy, as
Gy =(G—Gw—pfr—sy5)/2.
Within the Gini index decomposition we can evaluate the gender gap on the basis of the ratio

gaps = Gp/G

which measures the contribution of gender as inequality factor to overall inequality.

The approach developed on the basis of the inequality decomposition also allows to detect the contribu-
tion of overlapping to the evaluation of gender gap by comparing (py — sy + G¢)/G to (py — s5)/G, that is
the Dagum’s proposal to the contribution by Bhattacharya and Mahalanobis.

In the evaluation of gender gap by means of inequality decomposition, the ratio of the inequality between
to overall inequality, that is gaps, calculated with respect to different measures of G}, allows to achieve a
variety of further indicators about the gender gap.

From gap; to gaps we have indicators exclusively based on the subgroup means, which are simple to
calculate, easy to understand and immediate to communicate. With gaps we enter the analysis of inequal-
ity, without considering the presence of overlapping, and with gaps we add the information related to the
decomposition of the Gini index, where the overlapping component can have different roles depending on
the type of decomposition.
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Table 5. Gender gap evaluation for the four cases illustrated in Table 1.

gapi gapz gaps gapy4 gaps gaps
(uB—ya) (UB—9a)/a (WB—9a)/§ (pa—sa) Gipm/G Gpp/G
I 4.65 1.53 1.01 0.23 0.73 0.73
1I 4.20 1.31 0.91 0.20 0.66 0.67
III 3.00 0.83 0.65 0.15 0.47 0.52
v 0.00 0.00 0.00 0.00 0.00 0.22

Overall we obtain a series of indicators, all useful: in the case that they provide different indications, it
is opportune to consider them all, so as to avoid to leave out important information on the structure of the
inequality.

The literature on gender gap, although still largely focused on average values, starts to take an interest
in distribution-based evaluations (see, e.g., Bonnet, Meurs and Rapport (2018), Larraz (2015), Goraus et al.
(2017), Selezneva and Van Kerm (2016) and references therein), pointing to this direction as a promising
line of future development.

4.1. An Illustrative Example

In the following we apply the different evaluations of gender gap introduced in Section 4 to the four over-
lapping typologies illustrated in Table 1 and in Figure 1. Subgroup B, the most affluent, acts as the male
subgroup, while the subgroup A acts as the female subgroup; that is, gender gap evaluation starts from the
difference (gp — y4).

In Table 5 are reported the values of the different gap; calculated for the four cases analysed in our exam-
ple. In the first case, all methods indicate the highest gap: the values on the first row are always the largest.
Furthermore, it is interesting to observe how, in absence of overlapping, mean-based and distribution-based
indicators lead to the same results: gaps = Gpprr /G = Gpp /G = 0.73.

Increasing levels of overlapping lead to smaller gaps, up to reach the minimum in the fourth case. For
all methods the minimum is equal to zero, except for gaps in the Dagum version, which, consistently with
the evaluation of Gp shown in Table 4, is not zero even in case IV. Maximum overlapping is addressed,
from gap; to gaps in the Bhattacaria and Mahalanobis version, in the framework of the first interpretation
proposed in Section 2.1: the two subgroups are considered as perfectly equivalent and the gap is 0. On the
contrary, gaps in the Dagum version refers to the second interpretation of maximum overlapping, where the
inequality factor still plays a role and the gap reflects the importance of the inequality factor.

The efficient comparison of the different measures can be achieved by referring to the dynamic observ-
able with respect to increasing levels of overlapping.

Gap, shows, from case I to case 11, a decrease of 9.7%, and, from II to III, a reduction of 28.6%. The
strongest decreases (-14.4% and -36.6%, respectively) are indicated by gapo, while gaps and gap4 provide
intermediate evaluations between gap, and gaps.

Gaps, in the Bhattacaria and Mahalanobis’s version, shows a dynamic almost equal to gap; and gaps,
perfectly aligned with mean-based evaluations. The lesser decreases are suggested by gaps calculated in the
Dagum’s version, thus indicating that, by using a distribution-based method, the decrease of the gap is not
so strong as predicted by mean-based methods.

4.2. A Case Study: the Italian Personal Income by Gender

As a case study to illustrate the evaluation of gender gap, we analyse the Italian personal income and compare
the approach based on all the characteristics of the subgroup distributions to the approach related to the
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Table 6. Population share, income share, mean, median, coefficient of variation and Gini index for the
Italian personal income by gender, 2006 and 2016.

2006 2016
female male tot female male tot
n; sample size 6234 7194 13428 5826 6064 11890

pj population share  0.462  0.538  1.000 0.483 0.517 1.000
sj income share 0.345 0.655 1.000 0.399 0.601  1.000

Uj 13887 22701 18628 15742 22140 19052
Umej 12200 18341 15333 14560 19002 16900
cvj 0.739  1.097 1.076 0.699 0.820 0.812
G; 0.351 0352 0372 0.345 0350 0.358

Table 7. Probability and intensity of transvariation for the Italian personal income by gender, 2006 and
2016.

2006 2016
Py 0.592 0.725
ity 0422 0.564

subgroup means. The data are provided by the Bank of Italy by means of a biannual multidimensional
survey on the income and wealth of the Italian households. In the following are analysed the waves related
to 2006 and 2016.

The basic descriptive statistics for Italian personal income by gender are reported in Table 6. The
population share of the female subpopulation moves from 46.2% to 48.7%, with an increase of 2.1 points,
while the related income share changes from 34.5% to 39.9%, with an increase of 5.4 points, which indicates
a stronger similarity to the case of equidistribution, where py = s;.

As typical for income distribution, the mean and the median are quite different, thus suggesting that the
income distribution is characterized by high levels of skewness.

Besides the skewness, a further element of interest refers to the coefficient of variation cv; = 0;/7;,
which indicates that male and female subgroups have a different variability.

Overall, high skewness and different variability suggest that mean-based indicators should not be a
preferred tool for the analysis of our data, and point to the need to combine mean-based indicators with
other methods, such as the Gini index, robust with respect to skewness and different levels of variability.

Given the strategic role played by overlapping, it becomes relevant to include in our analysis also some
measures of overlapping, namely the probability and the intensity of transvariation, whose results for Italian
personal income divided by men and women are reported in Table 7.

Both indicators show, from 2006 to 2016, an increase of around 10 points and both indicate, during the
period analysed, a stronger overlap between female and male subgroups. As expected, the probability of
transvariation is higher than the intensity of transvariation, thus suggesting that overlapping mainly occurs
in areas of the income subgroups distributions, where the differences between incomes are contained.

The analysis of the data shown in Tables 6 and 7 confirms how the income distributions of women and
men differ in many aspects, but also share a large area of overlap. It follows that in our analysis it could be
useful, if not necessary, to explicitly take into account also the presence of overlapping units.

The results of the Gini index decomposition related to the partition in 2 subgroups by gender are illus-
trated in Tables 8 and 9. As outlined in Section 3, we use the proposal by Bhattacharya and Mahalanobis
for the mean-based methods, and the Dagum’s decomposition for the distribution-based evaluations. Table
8 reports the basic ingredients for deriving the components of the two Gini index decompositions, which
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Table 8. Information set for the Gini index decomposition by gender, Italian personal income 2006 and
2016.

2006 2016
f m tot f m tot
pjs;G prsiGr = PmSmGm = Gy = prsiGyr = PmsSmGm = Gy =
0.056 0.124 0.180 0.066 0.109 0.175
|5~ 9 =9m| _  |gm=ysl  _ 5 =Fm| _  |gm=ysl _
2y 2y 2y 2y 2y
0.237 0.237 0.168 0.168
PRI 0,237 = prpr0.237 = Gy = ppm0.168 = pp;0.168 = G, -
0.059 0.059 0.118 0.042 0.042 0.084
Gin Gim = Gnf = Gm = Guy =
0.393 0.393 0.368 0.368
PisnGin Pr5mGim = PmStGmp= G — Gy = prsmGrm = DPnsfGmp = G — Gy =
0.119 0.073 0.192 0.107 0.076 0.183

Table 9. Personal income inequality decomposition by gender, Italy 2006 and 2016.

Bhattacaria Mahalanobis Dagum
Gw Gb R Gw Gb Gt
2006 0.180 0.118 0.074 0.180 0.155 0.037

2016 0.175 0.084 0.099 0.175 0.133  0.049

we are analysing. The first row refers to the inequality within and allows to distinguish the contributions
of the female and male subgroups. Initially, the contribution of the mal subgroup is predominant, with
PmSmGm/Gw = 0.124/0.180 = 0.689 in 2006, but we can observe, from 2006 to 2016, a substantial
rebalancing, with p,, 81, G /G = 0.109/0.175 = 0.623 in 2016.

The second and the third rows of Table 8 refer to the measurement of the inequality between following
Bhattacaria and Mahalanobis, while the last two rows provide the elements to obtain (G — G,,) according
to the Dagum approach.

By using the data of Table 8, we can calculate the components of the Gini index decompositions by
Bhattacharya and Mahalanobis and by Dagum, which are shown in Table 9. The inequality within G,
seems quite stable from 2006 to 2016 and accounts for around 49% of total inequality.

The remaining 51% of inequality can be attributed to the differences between the female and male sub-
groups. Within this 51%, we can observe, for the proposal by Bhattacharya and Mahalanobis, a decrease
of 3.4 points of the inequality between and an increase of 2.5 points of the residual caused by the pres-
ence of overlapping. For the Dagum’s proposal, the inequality between decreases of 2.2 points, while the
overlapping component increases of 1.2 points. By comparing R to G} it is possible to observe the relation
R = 2 x Gy, derived in Section 3.3 and which links the two decompositions. It follows that the two eval-
uations of G, differ for the quantity G, that is we can obtain the third column of Table 9 as the difference
between the sixth and the seventh column: Gy = Gypp — Gt.

The general decrease of G, represents a positive signal, since it indicates a reduction of the gender gap,
but it becomes crucial to assess the relevance of the decrease, that is the reduction of the gender gap.

Our evaluations of gender gap, obtained by means of the different measures introduced in Section 4,
are shown in Table 10. For the gaps two versions are calculated, one for the proposal by Bhatthacharya
and Mahalanobis and the other for the Dagum’s decomposition. All indicators suggest a decreasing income
gender gap from 2006 to 2016, but the decreasing rate is not uniform across the gap;. The greatest reduction
is indicated by gap2 and is equal to 36%; in all other cases we observe decreases of more than 25%, with the
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Table 10. Gender personal income gap evaluation, Italy 2006 and 2016.

gapy gap: gaps gapy gaps gaps

Ym = 7)) Gm—=9p)/95  Gm—9s)/y (py —5s5) Gesm/G  Gpp/G
2006 8813 0.635 0.473 0.118 0.316 0.416
2016 6398 0.406 0.336 0.084 0.234 0.372
A0616 -27.4% -36.1% -29.0% -28.8% -25.9% -10.6%

only exception of gaps for the Dagum’s contribution, which indicates a variation of -10.6%. By comparing
the last two columns of Table 10 we are able to perceive and to quantify the effect of overlapping in the
evaluation of gender gap: its inclusion leads to a strong reduction of the improvement in terms of gender
equality.

The indicators gapi, gaps and gaps, exclusively based on the subgroup means, suggest the strongest
decreases in the gender gap. As part of the analysis of inequality, and referring to measures such as gapy
and gaps calculated following Bhattacharya and Mahalanobis, that is without considering overlapping, the
reduction of the gender gap is slightly less accentuated, while, if we consider the role of overlapping, the
decrease in the gender gap is extremely reduced.

In presence of overlapping, mean-based indicators could lead to an underestimation of gender gap, and
an increasing role of overlapping points to an increase of the underestimation. In order to avoid the risk to
underestimate the effect of the inequality factor, in our study the gender, it is extremely useful to include in
the analysis also evaluations, as gaps in the Dagum version, which exclude the possibility to underestimate
the source of inequality.

5. CONCLUSIONS

If Gini’s most famous contribution is certainly the measure of inequality that bears his name, this does
not exhaust the incredible wealth of ideas and proposals formulated by Gini in the course of his scientific
activity. Among Gini’s other contributions, a non-secondary place is occupied by the study of overlapping,
a topic to which Gini worked for several decades, starting from 1916.

Inequality and overlapping are closely interconnected and the evaluation of only one of them cannot be
separated from the analysis of the other. Overlapping greatly influences the inequality structure and can be
extremely useful into the assessment and the ranking of the different inequality factors.

In the work we schematize two different approaches to the study of inequality and overlapping: on
the one hand the methods based on the subgroup means, on the other hand those developed on all the
characteristics of the subgroup distributions. As representative examples of the two approaches we use
two decompositions of the Gini index, the one proposed by Bhattacharya and Mahalanobis and the one
proposed by Dagum, respectively. The comparison between the two decompositions and the analysis of one
of the possible applications of the decomposition of the Gini index, the study of the gender gap, allow us to
underline the usefulness of these methods and the importance of the overlapping component.

Depending on our choice about the role of overlapping units, we can get different evaluations of the
inequality between the subgroups, and, consequently, of the importance of the underlying inequality factors.
It is therefore necessary to be fully aware of the fact that the choice is not neutral, but can lead to an
even significant underestimation of the inequality factors, as illustrated in the case study on the gender gap
evaluation illustrated in Section 4.

The contributions by Gini to both inequality and overlapping measurement are still relevant and surpris-
ingly actual, and building on them it is possible to derive an impressive quantity of information about the
sources of the inequality, thus providing a solid base for any social, economic and politic action aimed at
alleviate poverty and reduce social inequalities.
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