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Onset of Non-Newtonian mixed convection in porous media

Darcy-Carreau-Yasuda rheological model and onset of inelastic
non-Newtonian mixed convection in porous media

P.V. Brandão.,1, a) M.N. Ouarzazi,2, b) S. Hirata,2, c) and A. Barletta1, d)
1)Department of Industrial Engineering, Alma Mater Studiorum Università di Bologna, Viale Risorgimento 2, Bologna 40136,
Italy.
2)Unité de Mécanique de Lille, Joseph Boussinesq, EA 7512, Université de Lille, Bd. Paul Langevin,
59655 Villeneuve d’Ascq Cedex, France.

(Dated: 28 March 2021)

An extension of Carreau and Carreau-Yasuda rheological models to porous media is proposed to study the onset of
mixed convection of both pseudoplastic fluids (PF) and dilatant fluids (DF) in a porous layer heated from below in the
presence of a horizontal throughflow. In comparison to Newtonian fluids, three more dimensionless parameters are
introduced, namely the Darcy-Weissenberg number Wi, the power-law index n and the Yasuda parameter a. Temporal
stability analysis of the basic state showed that in the absence of a throughflow (Wi = 0), the critical Rayleigh number
and the critical wavenumber at the onset of convection are the same as for Newtonian fluids, namely Rac = 4π2 and
kc = π respectively. When the throughflow is added (Wi > 0), it is found that moving transverse rolls (stationary
longitudinal rolls) are the dominant mode of the instability for PF (for DF). Furthemore, depending on Wi, two regimes
of instability were identified. In the weakly non-Newtonian regime (i.e. Wi <Wit ≈ 1) a destabilising effect is observed
for PF while the reverse occurs for DF. These effects are more intense by reducing (increasing) the index n for PF (for
DF). In this regime, a significant qualitative difference is found between the Darcy-Carreau model and the power-law
model. However in the strongly non-Newtonian regime, the two models lead to similar results. A mechanical energy
budget analysis is performed to understand the physical effects of the interaction between the basic throughflow and the
disturbances. It is also shown that the intrinsic macroscale properties of the porous medium may play a key role in the
stabilizing/destabilizing effect. Finally, a comparison is made between the present theoretical predictions and recent
mixed convection experiments in a Hele-Shaw cell.

I. INTRODUCTION

In the last decades, a considerable amount of work has been
done to assess the physical characteristics of the Rayleigh-
Bénard instability in fluid saturated porous media. There are
several surveys on this subject available in the literature. We
mention Chapter 4 of the book by Straughan1, Chapter 6 of
the book by Nield and Bejan2, as well as Chapter 7 of the
book by Barletta3. As is well-known, the driving mechanism
of the Rayleigh-Bénard instability is the upward temperature
gradient imposed across the fluid saturated medium via the
thermal conditions at the plane horizontal boundaries of the
layer. In the classical setup, such conditions entail differ-
ent uniform temperatures at the two bounding planes. Most
studies on the Rayleigh-Bénard instability in porous media
involve a Newtonian fluid whose momentum transfer is mod-
elled by Darcy’s law. However, there has been a significant
and growing interest for the case where the saturating fluid is
non-Newtonian. Either viscous or viscoelastic rheology has
been envisaged4–9. The interest for non-Newtonian fluids is
mainly due to the many applications related to geophysics
or fuel engineering, where the underground fluids seeping
through rocks or sand, in several cases, do not follow the
simple Newtonian rheology. For the special case of viscous
fluids, the simplest non-Newtonian model is power-law. We
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b)Electronic mail: mohamed-najib.ouarzazi@univ-lille.fr
c)Electronic mail: silvia.hirata@univ-lille.fr
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mention that the extension of Darcy’s law to power-law flu-
ids was formulated in the pioneering work by Christopher
and Middleman10. This model has been employed by Bar-
letta and Nield4 in a study of the Rayleigh-Bénard instabil-
ity of both pseudoplastic and dilatant fluids in a porous layer
heated from below in the presence of horizontal throughflow.
The preferred mode of instability was found to be transverse
rolls for pseudoplastic fluids and longitudinal rolls for dila-
tant fluids. In the limit of the Darcy-Bénard problem without
throughflow, the linear stability results showed that the criti-
cal Rayleigh number tends to infinity for shear-thinning fluids
and tends to zero for shear-thickening fluids4. These last re-
sults are simply a consequence of the main drawback of the
power-law model with its intrinsic singularity when the shear
rate tends to zero or, in the case of porous media, when the
seepage velocity tends to zero. We mention that the limits of
power–law model to analyse Darcy-Bénard convection were
pointed out by Nield11,12. To overcome these limits, Brandão
and Ouarzazi proposed in a recent paper13 a novel Darcy-
Carreau rheological model for the viscosity of non-Newtonian
inelastic fluids flowing through a porous medium. In the paper
by Brandão and Ouarzazi13, both linear and weakly nonlin-
ear stability analyses were performed for Darcy-Bénard con-
vection of pseudoplastic fluids and dilatant fluids. It is found
that that the critical Rayleigh number and wave number corre-
sponding to the onset of convection are the same as for New-
tonian fluids. The influence of rheological parameters on the
nature of the bifurcation is discussed by using weakly nonlin-
ear theory. It is found that the bifurcation from the conduc-
tion state to convection rolls is always supercritical for dila-
tant fluids. For pseudoplastic fluids, however, shear-thinning
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FIG. 1. Measured data (points) in experiment 4 extracted from15

and its supplementary material and fitted Carreau-Yasuda rheological
model (continuous line). The dashed line corresponds to the power–
lawer predictions.

character of these fluids may induce a subcritical bifurcation.
We mention that, in a recent paper14, Rees showed that con-
vection of Bingham fluids saturating a porous medium also
appears via a subcritical bifurcation.
From the experimental viewpoint, Petrolo et al.15, conducted
a set of experiments in a Hele-Shaw cell to study the flow pat-
terns in Rayleigh-Bénard instability of pseudoplastic fluids in
the presence of horizontal throughflow. The experiments were
carried out with Xanthan Gum mixtures with different con-
centrations as working fluids. In addition, a two-dimensional
linear stability analysis is proposed in that paper. The fluid is
taken to be of power law nature with temperature dependent
consistency index. Comparison between linear stability analy-
sis and experiments pointed out: i) a good agreement between
theory and experiments concerning the critical wave number
of the instability. ii) the disagreement between experiments
and theory is significant for the critical Rayleigh number, but
the trend is correctly reproduced in particular for the high Pé-
clet number experiments, with the theory overestimating the
experiments by a maximum factor less than two.

The objective of the present work is to revisit the Rayleigh-
Bénard convection problem in the presence of a uniform
cross-flow in porous media as well as in Hele-Shaw cells. The
non-Newtonian fluid rheological behavior is described by em-
ploying the Carreau-Yasuda model16 extended to porous me-
dia. The next section gives more details about this model.
It has the advantage to be a regular model which combines
the power-law region for sufficiently high shear rate and the
Newtonian region of the viscosity curve for weak shear rate.
It also contains five parameters to interpret the rheology of
the fluid and to fit experimental viscosity curves (see section
IV B). Figure 1 shows the viscosity distribution as a function
of the shear rate predicted by both the Carreau-Yasuda and the
power-law models with measured viscosity data15. It can be
seen from this figure that the power law model overestimates
the apparent viscosity in the region of small shear-rate where
the thermal instability was observed experimentally.

A. Darcy-Carreau-Yasuda rheological model

In a fluid medium without a solid matrix, the simplest rhe-
ological model usually employed to describe the behaviour of
non-Newtonian visco-inelastic fluid is the power-law model
given by

τ = η γ̇
n (1)

in which τ [Pa], γ̇ [s−1], η [Pasn] and n are the shear stress, the
shear rate, the consistency factor and the power-law exponent,
respectively. The fluid acts like shear thinning (pseudoplastic
fluid) and shear thickening (dilatant fluid) for n < 1 and n > 1,
respectively, while n = 1 means Newtonian fluid. In the latter
case, η is the Newtonian viscosity µ0.
The expression of the apparent viscosity defined as µa = τ

γ̇
is,

µa = η γ̇
n−1 (2)

For porous media, after integration over a representative ele-
mentary volume, the power–law model introduces the follow-
ing apparent viscosity,

µa = ηe f |V∗|n−1 (3)

where ηe f [Pasn m1−n] is the effective consistency factor and
V∗ is the filtration velocity.
From expressions (2) and (3) of the apparent viscosity µa, we
define a porous shear stress γ̇∗p as

γ̇
∗
p =

(
ηe f

η

) 1
n−1
|V∗| (4)

The ratio ηe f
η

depends in general on the permeability K, the
power–law exponent n and the porosity Φ of the porous
medium. An expression of this ratio was used by many au-
thors as, for example, Pascal et al.18 and Longo et al.19. It
reads,

ηe f

η
= fp (ΦK)

1−n
2 (5)

with fp = 8(−
n+1

2 ) 2( 3n+1
n )n.

Therefore the porous shear rate (4) may be written as

γ̇
∗
p = f

1
n−1

p (ΦK)−1/2 |V∗| (6)

Considering the shear thinning fluid (n < 1 ), one of the prob-
lems dealing with the power–law model is that it gives infinite
apparent viscosity for a vanishing shear stress in a fluid clear
of solid material and for a zero velocity in a porous medium.
In these limits, the power–law model predicts zero viscosity
for a shear thickening fluid (n > 1).
To overcome these singularities in a fluid medium, a regu-
larized form of the power–law model is used, namely the
Carreau-Yasuda model given by

µ−µ∞

µ0−µ∞

= (1 + (λ ∗γ̇)a)
n−1

a (7)
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The positive constant a is the Yasuda parameter that represents
the transition region between the zero shear rate region and
the power-law region. Incidentally, we stress that the rheolog-
ical model adopted in this paper does not include the effect of
temperature variation of the apparent viscosity taken into ac-
count in the paper by Petrolo et al.15. When a= 2, the Carreau
model is recovered. The constant µ∞ is the infinite shear rate
viscosity and λ ∗ is a characteristic time of the non-Newtonian
fluid defined as,

λ
∗ = (

η

µ0
)

1
n−1 (8)

Usually, µ∞ is negligible17 and then the Carreau-Yasuda
model reads

µ

µ0
= (1 + (λ ∗ γ̇)a)

n−1
a (9)

In the same way, the singularities of the power–law model
applied to a porous medium, may be avoided in the limit of
zero filtration velocity V∗ by adopting the following proposed
rheological model:

µa

µ0
=

(
1 +

(
ηe f

µ0

) a
n−1
|V∗|a

) n−1
a

(10)

We note that, in the limit of large |V∗|, the power–law model
(3) is recovered, while the viscosity takes a finite non-zero
value µ = µ0 in the limit of a vanishing |V∗|, independently
of n. In this limit, the fluid behaviour is Newtonian.

By introducing the characteristic time of the fluid λ ∗ de-
fined by (8) and the ratio ηe f

η
defined by (5) for porous me-

dia, equation (10) may be written as a Darcy-Carreau-Yasuda
model similar to (9),

µa

µ0
=
(
1 + (λ ∗ γ̇

∗
p)

a) n−1
a (11)

For practical reasons, the governing equations of the problem
for the non-Newtonian fluid will be formulated based on the
generalized Darcy-Carreau-Yasuda model (11), where we in-
troduce the explicit expression (6). In that case, the general-
ized Darcy-Carreau-Yasuda model (11) yields,

µa

µ0
=

(
1 + (λ ∗ f

1
n−1

p (ΦK)−1/2 |V∗|)a
) n−1

a

(12)

B. Governing equations

Let us consider an isotropic and homogeneous plane porous
channel of height H and of infinite extension in the horizontal
plane where a shear-thinning fluid or shear-thickening fluid
is flowing at a constant velocity U∗0 in the x direction. The
system is heated from below and cooled from above. The
upper and lower horizontal walls are considered imperme-
able and are kept at constant temperatures T ∗1 and T ∗0 , respec-
tively. We assume that the Oberbeck-Boussinesq approxima-
tion holds. The rheological model used for the apparent vis-
cosity is supposed to comply with the Darcy-Carreau-Yasuda

model (12). The continuity, momentum and energy equations,
as well as the Darcy-Carreau-Yasuda rheological model, can
then be written as

∇ ·V∗ = 0 (13)

µa

K
V∗ + ∇P∗ −ρ0 β (T ∗−T ∗1 )g = 0 (14)

(ρc)m
∂T ∗

∂ t∗
+ (ρc) f V∗ ·∇T ∗ = km ∇

2T ∗ (15)

µa

µ0
=

(
1 + (λ ∗ f

1
n−1

p (ΦK)−1/2 |V∗|)a
) n−1

a

(16)

The boundary conditions at the impermeable and perfectly
conducting horizontal walls are:

T ∗ = T ∗0 at z∗ = 0 and T ∗ = T ∗1 at z∗ = H
W ∗ = 0 at z∗ = 0,H

(17)

where (U∗,V ∗,W ∗) = V∗ denote the Cartesian components
of the velocity field, T ∗ is the temperature field, P∗ is
the hydrostatic pressure field, µa is the apparent dynamic
viscosity, µ0 is the dynamic viscosity at the zero shear rate,
km is the effective thermal conductivity, β is the fluid thermal
expansion coefficient, K is the permeability, ρ is the fluid
density, (ρc)m and (ρc) f are the heat capacity per unit
volume of the saturated porous medium and the heat capacity
per unit volume of the fluid, respectively. Finally, g = −gez
is the gravitational acceleration, with g denoting its modulus
and ez the unit vector along the z axis.

According to the energy equation (15) and the boundary
conditions (17), the basic solution for the temperature corre-
sponds to a vertical thermal stratification:

T ∗(b)−T ∗1 = (1− z∗/H)(T ∗0 −T ∗1 ) (18)

A horizontal throughflow is imposed,

V∗(b) = U∗0 ex (19)

which generates, according to (16), a variation of the basic
apparent viscosity,

µa(b)

µ0
=

(
1 +

(
λ
∗ f

1
n−1

p (ΦK)−1/2 U∗0

)a) n−1
a

(20)

According to the definition (6), the term f
1

n−1
p (ΦK)−1/2 U∗0

represents the basic porous shear rate γ̇p(b). Consequently, the

term λ ∗ f
1

n−1
p (ΦK)−1/2 U∗0 is the product of the basic porous

shear rate γ̇p(b) and the characteristic time λ ∗ of the fluid. This
product is known in the literature about non-Newtonian flu-
ids flowing in a cavity without a solid matrix as Weissenberg
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FIG. 2. Apparent viscosity normalised by the viscosity at zero shear
rate µ0 versus Darcy-Weissenberg number for a = 2 and different
values of n: pseudoplastic fluids.

number. As we are dealing with porous media, we define the
Darcy-Weissenberg number as,

Wi = λ
∗

γ̇
∗
p(b) (21)

which may be seen as a measure of the influence of non-
Newtonian forces on the flow saturated a porous medium. By
introducing this number, equation (20) takes the form,

µa(b)

µ0
= (1 + Wia)

n−1
a (22)

The influence of the non-Newtonian nature of the fluid on the
apparent viscosity depends on the three dimensionless num-
bers: Wi, n and a.
The special case of n = 1 or λ ∗ = 0 and then Wi = 0 repre-
sents a Newtonian fluid with viscosity µ0, independently of
U∗0 . As proved by Prats24, in this case, the onset of convec-
tion happens with critical wavenumber and Rayleigh number
independent of the throughflow velocity U∗0 .
It is also important to consider the interesting limit of a zero
throughflow, U∗0 = 0, for a non-Newtonian fluid with n 6= 1
and λ ∗ 6= 0. In this limit, the Darcy-Weissenberg number is
zero, and according to (22), the viscosity is constant and equal
to the viscosity µ0 of the non-Newtonian fluid in the limit of
zero porous shear rate. Therefore, we can expect that, in the
case of U∗0 = 0, the convection for a non-Newtonian fluid may
arise under the same conditions as for a Newtonian fluid.

For the general case, Figs. 2 and 3 show the variation of
µa(b)

µ0
as a function of Wi for a = 2 (i.e. Darcy-Carreau model)

and for different values of n for pseudoplastic and dilatant flu-
ids, respectively. Figure 2 states that the effect of increasing
Darcy-Weissenberg number for a fixed value of n is to de-
crease the apparent viscosity, making then the fluid more shear
thinning, for the pseudoplastic case. The decrease of the ap-
parent viscosity is more effective when n decreases, thus fur-
ther enhancing the shear thinning characteristic of the fluid.
The contrary effect is observed for dilatant fluids.

We note that the influence of the Yasuda parameter a on
the apparent viscosity may be significant in two regions of

n = 1.0,1.2,1.4,1.6,1.8,2.0
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FIG. 3. Apparent viscosity normalised by the viscosity at zero shear
rate µ0 versus Darcy-Weissenberg number for a = 2 and different
values of n: dilatant fluids

the (Wi,
µa(b)

µ0
) plane, namely a region where Wi→ 0 on one

hand and a region where Wi = O(1) on the other hand. When
Wi� 1, Eq. (22) yields,

µa(b)

µ0
= Wi n−1 (23)

In this limit, the apparent viscosity is then given by the power-
law rheological model and it does not depend on the parameter
a.

From Eq.(14), we note that the horizontal basic pressure
gradient is influenced by the non-Newtonian nature of the
fluid,

−
∂P∗(b)
∂x∗

=
µ0

K
(1 + Wia)

n−1
a U∗0 (24)

Furthermore, the buoyancy force generates a vertical pressure
gradient,

∂P∗(b)
∂ z∗

=−ρ0 β (1− z∗/H)(T ∗0 −T ∗1 ) (25)

II. DIMENSIONLESS EQUATIONS AND LINEAR
STABILITY ANALYSIS

A. Dimensionless equations

We choose H, km/(H(ρc) f ), H2(ρc)m/km, kmµ0/(K(ρc) f )
and ∆T ∗ = T ∗0 −T ∗1 , as reference quantities for length, veloc-
ity, time, pressure and temperature (T ∗−T ∗1 ). With this scal-
ing, the following set of dimensionless equations is obtained:

∇ ·V = 0 (26)

(1 + (α |V|)a)
n−1

a V + ∇P − RaT ez = 0 (27)
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∂T
∂ t

+ V ·∇T − ∇
2T = 0 (28)

with α = λ ∗ f
1

n−1
p (ΦK)

−1
2 κm/H, where κm = km/(ρc) f is

the thermal diffusivity of the porous medium. It may be writ-
ten for a non-zero Pe as

α =
Wi
Pe

(29)

The dimensionless boundary conditions are

T = 1 at z = 0 and T = 0 at z = 1
W = 0 at z = 0,1

(30)

The basic state may be written in dimensionless form as,

T(b) = 1− z (31)

V(b) = Peex (32)

∇P(b) = −(1 + Wia)
n−1

a Peex + RaT(b) ez (33)

In addition to the Darcy-Weissenberg number, the power-law
exponent n and the Yasuda parameter a, two further dimen-
sionless parameters are introduced:

• the filtration Rayleigh number

Ra =
ρ0KHgβ∆T ∗

κmµ0
(34)

• the Péclet number

Pe =
U∗0 H (ρc) f

κm
(35)

B. Linear stability formulation

To investigate the stability of the conductive state, infinites-
imal three-dimensional perturbations are superposed to the
basic solution,

V = Pe ex + v(x,y,z, t),

T = T(b) + θ(x,y,z, t), P = P(b) + p(x,y,z, t) (36)

Substituting equations (36) into (26)-(28), we obtain after lin-
earizing the system,

(1 + Wia)
n−1

a

[
v +

(n−1)Wia

1 + Wia
v .ex

]
= −∇p + Raθ ez (37)

∂θ

∂ t
+Pe

∂θ

∂x
−w−∇

2
θ = 0, (38)

Taking the double curl of the momentum equation (37) and
by using continuity equation, one obtains a set of two cou-
pled equations involving the vertical component of the veloc-
ity perturbation w and the temperature perturbation θ , namely

(1 + Wia)
n−1

a

[
∇

2 − (n−1)Wia

1 + nWia
∂ 2

∂x2

]
w−

Ra
[

∇
2
2 −

(n−1)Wia

1 + nWia
∂ 2

∂x2

]
θ = 0, (39a)

∂θ

∂ t
+Pe

∂θ

∂x
−w−∇

2
θ = 0, (39b)

where ∇2
2 is the two-dimensional Laplacian in the (x,y) plane.

These equations are subject to the boundary conditions

w = θ = 0, at z = 0 and z = 1. (40)

C. Dominant mode of instability

The three-dimensional disturbance quantities w(x,y,z, t)
and θ(x,y,z, t) satisfying the boundary conditions (30) are ex-
pressed as

[w,θ ] =
[
w̃, θ̃

]
exp(ikxx + ikyy− iωt)sin(πz) (41)

where kx and ky are the wavenumbers in the x and y direction,
respectively, and ω is the complex frequency. Its imaginary
part Im(ω) and real part Re(ω) represent, respectively, the
temporal growth rate and the frequency of the unstable pertur-
bations.

The neutral temporal stability condition is obtained by im-
posing Im(ω) = 0, which selects dominant modes at the onset
of convection. By substituting equations (41) into (39), we
obtain the dispersion relation

D
(
kx,k2,Ra,Re(ω),Wi,n,a

)
= 0, (42)

where k2 = k2
x + k2

y . The imaginary part of this relation gives:
Re(ω) = kx Pe. By substituting this result into the real part of
the relation, we get

(
k2 +π

2)(1 + Wia)
n−1

a

[
−
(
k2 +π

2) + (n−1)Wia

1 + nWia
k2

x

]
−

Ra
[
−k2 +

(n−1)Wia

1 + nWia
k2

x

]
= 0 (43)

From (43) it is possible to recover an explicit equation for Ra
from the neutral stability condition, namely

Ra = (k2 +π
2)(1 + Wia)

n−1
a

×
(

1+
π2 (1 +nWia)

k2 (1 +nWia)− (n−1)k2
xWia

)
(44)

Equation (44) can be equivalently written in a more generic
way, by adopting the relation kx = k cos(φ). In that case, φ = 0
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.

represents the case of tranverse rolls, φ = π/2 the longitudinal
rolls and 0 < φ < π/2 the oblique rolls. For each parametric
combination, (Wi,n,a), the neutral value of Ra is recovered
for each value of k and φ . In order to have the critical con-
dition one can take the derivative of (44) with respect to k,
assuming kx = k cos(φ), and evaluate the zeros of the result-
ing expression. It yields

kc = π

[
1 + nWia

1 + Wia (n+(1−n)cos2(φ))

] 1
4
, (45)

which, when substituted in (44), yields

Rac = π
2 (1 + Wia)

n−1
a

×
[

1 +

(
1 + nWia

1 + Wia (n+(1−n)cos2(φ))

) 1
2
]2

. (46)

One can observe that, for a given parametric combination, the
critical Ra depends also on the kind of rolls considered. It is
interesting now to discuss the linear pattern selection, that is
which kind of rolls will present the lowest value of Rac. On
account of equation (46), one may realize that the dependence
of the angle φ appears just in one term, and its role will depend
also on the value of n. One may rewrite equation (46) as

Rac = π
2 (1 + Wia)

n−1
a

[
1 +

(
1 + nWia

1 + Wia h(n,φ)

) 1
2
]2

, (47)

where

h(n,φ) = n + (1−n) cos2(φ), (48)

and conclusions regarding the pattern selection can be drawn
by employing this quantity. If n = 1, the results are indepen-
dent of φ and h(n,φ) = 1. For n 6= 1, the lower values of Rac
could depend on the higher values of h(n,φ). Since this func-
tion appears in the denominator, its maximum represents the
minimum of Rac.

Figure 4 shows the dependence of the function h(n,φ) on
n, considering three values of φ : φ = 0 (transverse rolls), φ =

π/4 (oblique rolls) and φ = π/2 (longitudinal rolls). It can
be concluded from the figure that transverse rolls are the most
unstable patterns for n < 1, while for n > 1 longitudinal rolls
become the critical ones. Oblique rolls, represented here by
φ = π/4, are always in between.

The expressions of the critical values of Ra and k can be
simplified for the transverse and the longitudinal cases, re-
spectively, to

RaT
c = π

2 (1 + Wia)
n−1

a

[
1 +

(
1 + nWia

1 + Wia

) 1
2
]2

, (49a)

kT
c = π

[
1 + nWia

1 + Wia

] 1
4
, (49b)

and

RaL
c = 4π

2 (1 + Wia)
n−1

a . (50a)

kL
c = π. (50b)

It is very instructive to inspect the behaviour of RaT
c , RaL

c ,
and kT

c in the limit of a very large Darcy-Weissenberg number
(Wi� 1). Eqs. (49a), (49b) and (50a) yield in the asymptotic
limit of a very large Wi,

RaT
c = π

2
(

1 + n
1
2

)2
(Wi)n−1, (51a)

kT
c = π n

1
4 , (51b)

RaL
c = 4π

2 (Wi)n−1. (51c)

If we replace Wi in Eqs. (51a) and (51c) by its expression,

Wi = λ
∗ f

1
n−1

p (ΦK)
−1
2 U∗0 =

(
ηe f

µ0

) 1
n−1 κm

H
Pe (52)

and defining a power–law Rayleigh number Rapl , commonly
employed by many authors (see for example Barletta and
Nield4 and Petrolo et al.15),

Rapl =
ρ0β gK Hn ∆T ∗

η κn
m

(53)

where K represents a generalized permeability (SI units
mn+1), then Eqs. (51a) and (51c) yield,

Rapl T
c = π

2
(

1 + n
1
2

)2
(Pe)n−1, (54a)

Rapl L
c = 4π

2 (Pe)n−1. (54b)
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The above critical power–law Rayleigh numbers and the cor-
responding critical wavenumbers (51b) and (50b) are exactly
the same as those derived in Barletta and Nield4. Conse-
quently, this result shows that the theoretical predictions stem-
ming from the power–law rhelogical model are recovered by
using the Darcy-Carreau-Yasuda model in the limit of infi-
nite Darcy-Weissenberg number. In this limit, the instabilty
regime will be termed as strongly non-Newtonian.
For a small Darcy-Weissenberg number, a regime that we
identify as weakly non-Newtonian, a Taylor expansion of
RaT

c , RaL
c given respectively by Eqs. (49a), and (50a) yields

RaT
c = 4π

2
(

1 + (n−1)(
1
2
+

1
a
)Wia

)
, (55a)

RaL
c = 4π

2
(

1 +
n−1

a
Wia

)
. (55b)

We note that, for Wi = 0, we recover the classical critical
values Rac = 4π2 and kc = π associated with the Horton-
Rogers-Lapwood problem. This means that, in the absence
of a throughflow and according to the present linear stability
analysis, convection for a non–Newtonian fluid emerges under
the same conditions as for a Newtonian one. In the Rayleigh-
Bénard problem without a porous matrix, among the very few
investigations on the thermal instability for shear thinning flu-
ids, Darbouli et al.20 conducted experiments with Xanthan–
gum solutions at different concentrations. These experiments
concluded that the onset of convection is observed for all the
concentrations used around the Rayleigh value Rac = 1800
which corresponds to the Newtonian value. As thermal insta-
bility in porous media and in a fluid clear of solid material
are qualitatively similar in a number of aspects, it is not a sur-
prising prediction that the onset of convection in porous media
corresponds to Rac = 4π2, independently of the Newtonian or
non-Newtonian nature of the fluid. We note that this result dif-
fers from the one derived in Barletta and Nield4 in the limit of
zero Péclet number, namely Rapl T

c tends to infinity for shear
thinning fluids and Rapl L

c tends to zero for shear thickening
fluids. These results were obtained in the framework of the
power–law model which presents a singularity as Pe becomes
small as it is pointed out in Section I A.

For the general case, the dependence on Wi of the criti-
cal Rayleigh number and the critical wave number at the on-
set of convection is presented for different values of n as-
sociated with pseudoplastic fluids (n < 1) and dilatant flu-
ids (n > 1) and for different values of the Yasuda parameter
a. Variations with Darcy-Weissenberg number of the criti-
cal Rayleigh number at the onset of transverse rolls for New-
tonian (n = 1) and pseudoplastic (n < 1) fluids, with differ-
ent values of n and a = 2, are depicted by solid lines in Fig.
5. Critical Rayleigh number is presented normalized by the
classical value for Newtonian fluids Rac = 4π2 in such a way
that the detachment from Newtonian results can be observed
clearly when Wi increases. Fig. 5 shows that with increas-
ing Wi, RaT

c
4π2 decreases, thus displaying a destabilizing effect.

The observed destabilizing effect is stronger with decreasing
n. A physical interpretation may be related to the reduction of

n = 0.2,0.4,0.6,0.8,1.0
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FIG. 5. Critical Rayleigh number for pseudoplastic fluids, normal-
ized by the critical one for Newtonian fluids (4π2), versus the Darcy-
Weissenberg number. Results obtained for transverse rolls with a= 2
and different values of n. The dashed lines in this figure are relative
to the power-law model.

viscosity with increasing shear-thinning effects, making the
fluid less resistant to thermal buoyancy forces. Dashed curves
in Fig. 5 represent the results obtained by (51a), which co-
incide with results present in the literature when power–law
model is considered. Moreover, as can be seen in this figure,
dashed curves coincide with continuous ones if the Darcy-
Weissenberg number exceeds a special value Wit which de-
pends on n. Without loss of generality, one can approximate
this value by Wit ≈ 1. We also remark that, for Wi < Wit ,
dashed curves tend to infinity, indicating that the power–law
model becomes singular for weakly non-Newtonian fluids in
agreement with what is found in4. Consequently, we can
conclude that the power–law model and the Darcy-Carreau
model lead to similar results in the strongly non-Newtonian
regime (i.e. Wi >Wit ≈ 1) while a significant qualitative dif-
ference between the two models is observed in the weakly
non-Newtonian regime (i.e. Wi <Wit ).
Figure 6 shows that the critical wavenumber for pseudoplastic
fluids is less than kc = π , namely the value associated to New-
tonian fluids. This implies that emerging transverse convec-
tion rolls have a larger cross-section for pseudoplastic fluids
than for Newtonian fluids.

Figure 7 shows the results for the dilatant (n > 1), as well
as for the Newtonian fluids (n = 1). The critical Rayleigh
number is again normalized by 4π2. We can observe that
in this case the effect of increasing Wi generates a stabiliz-
ing effect. Such a result is also expected, since for dilatant
fluids the viscosity increases with Wi, generating more resis-
tance to the destabilizing thermal buoyancy forces. Dashed
curves represent the results obtained by (51c), which are
nearly similar with those of the power-law model provided
that Wi >Wit ≈ 1. On the other hand, for Wi <Wit , the crit-
ical Rayleigh number predicted by the Carreau model (51c)
tends to 4π2, while it goes to zero with the power-law model,
as predicted by4. Finally, we recall that, for the dilatant fluids,
the critical wave number for longitudinal rolls is a constant
(eq. (50b)).
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n = 0.1,0.2,0.4,0.6,0.8,1.0
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FIG. 6. Critical wave number for pseudoplastic fluids versus the
Darcy-Weissenberg number. Results obtained for transverse rolls
with a = 2 and different values of n.

n = 1.0,1.2,1.4,1.6,1.8,2.0
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FIG. 7. Critical Rayleigh number for dilatant fluids, normalized
by the critical one for Newtonian fluids (4π2), versus the Darcy-
Weissenberg number. Results obtained for longitudinal rolls with
a = 2 and different values of n. The dashed lines in this figure are
relative to the power-law model.

The effect of the Yasuda parameter a on the critical
Rayleigh number for both pseudoplastic and dilatant fluids is
illustrated in Figures 8 and 9, respectively, for a fixed value
of n. These two figures show that, as a decreases, the criti-
cal Rayleigh number for pseudoplastic fluids decreases while
it increases for dilatant fluids. The parameter a has then
a stabilizing effect for pseudoplastic fluids and a destabiliz-
ing effect for dilatant fluids. We also note that, for a high
value of Wi, the critical Rayleigh number becomes less de-
pendent on a meaning that, in this limit, there is no significant
difference between the Darcy-Carreau-Yasuda model and the
Darcy-Carreau model.

III. ENERGY BUDGET ANALYSIS

An energy budget analysis is proposed in order to gather
further insights into the physical mechanisms underlying the

a = 0.5,0.7,1.0,1.5,2.0
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FIG. 8. Critical Rayleigh number for pseudoplastic fluids, nor-
malized by the critical one for Newtonian fluids (4π2), versus the
Darcy-Weissenberg number. Results obtained for transverse rolls
with n = 0.5 and different values of a.

a = 0.5,0.7,1.0,1.5,2.0
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FIG. 9. Critical Rayleigh number for dilatant fluids, normalized
by the critical one for Newtonian fluids (4π2), versus the Darcy-
Weissenberg number. Results obtained for longitudinal rolls with
n = 1.5 and different values of a.

instability of shear thinning and shear thickening fluids. The
starting point is the momentum equation (37) written for the
most unstable modes, namely transverse rolls for n < 1 and
longitudinal rolls for n > 1. For the sake of conciseness, the
procedure is illustrated here only for transverse rolls with n <
1,

(1 + Wia)
n−1

a

[
1 +

(n−1)Wia

1 + Wia

]
u = −∂ p

∂x
(56)

(1 + Wia)
n−1

a w = −∂ p
∂ z

+ Raθ (57)

On multiplying by the complex conjugate of u and w equa-
tions (56) and (57), respectively, and by adding the two result-
ing equations, we obtain

(1 + Wia)
n−1

a

[
|u|2 + |w|2 + (n−1)Wia

1 + Wia
|u|2
]
=
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−u
∂ p
∂x
− w

∂ p
∂ z

+ Rawθ (58)

where the overline stands for the complex conjugate.
We integrate equation (58) over the range 0 ≤ z ≤ 1. By

employing both the normal mode formulation (i.e. ∂ p/∂x =
i k p) and the local mass balance equation ( i.e. − i k u =
−∂w/∂ z) , the terms −u∂ p/∂x−w∂ p/∂ z may be written
as −∂ (pw)/∂ z. As the the horizontal boundaries are imper-
meable, the integral of −∂ (pw)/∂ z over the range 0≤ z≤ 1
is zero. Thus, we obtain a relationship for the fluctuating en-
ergy at the neutral stability condition

eth + enN + ed = 0 (59)

where the different contributions are given by

eth = Rac

∫ 1

0
(wθ)dz

enN = (1 + Wia)
n−1

a
(1−n)Wia

1 + Wia

∫ 1

0
|u|2 dz

ed = − (1 + Wia)
n−1

a

∫ 1

0
(|u|2 + |w|2)dz (60)

The energy eth corresponds to the part of the thermal buoy-
ancy contribution due to the imposed temperature gradient,
enN represents a non-Newtonian hydrodynamic energy pro-
duction generated by the interaction of the basic flow with the
horizontal perturbation velocity u and ed is the viscous dissi-
pation energy.

We notice that ed is negative, indicating that the dissipa-
tion contribution produces a stabilization effect. Similarly to
eth, the contribution enN is positive for shear thinning flu-
ids (n < 1) indicating the destabilizing effect of the non-
Newtonian nature of the fluid. This destabilizing effect is
due to the coupling between the throughflow and the non-
Newtonian nature of the fluid.

By normalizing the above contributions with the absolute
value |ed|, the momentum energy budget then becomes,

Eth + EnN = 1 (61)

with Eth = eth
|ed|

and EnN = enN
|ed|

.
The expressions of the perturbations u, w and θ may be ob-
tained analytically by using Eqs. (39), (41) and the continuity
equation. They read,

θ = θ̃ exp(ikT
c x − i kT

c Pet) sin(πz) (62)

w = ((kT
c )

2 + π
2) θ̃ exp(ikT

c x − i kT
c Pet) sin(πz) (63)

u =
iπ
kT

c
((kT

c )
2 + π

2) θ̃ exp(ikT
c x − i kT

c Pet) cos(πz) (64)

By taking into account the above equations with the expres-
sion of the critical Rayleigh number for transverse rolls de-
fined by (49a), yields simple analytical expressions of Eth and
EnN,

Eth =
(kT

c )
2π2

((kT
c )

2 + π2)2

[
1+
(

1 +nWia

1 + Wia

) 1
2
]2

EnN =
π2(1 −n)Wia

(1 + Wia)((kT
c )

2 + π2)
(65)

The two contributions EnN and Eth in the strongly non-
Newtonian regime (i.e. large Wi) and in the weakly non-
Newtonian regime (i.e. small Wi) may be written as,

Eth =
√

n

EnN = 1−
√

n

for Wi� 1, and

Eth = 1− 1
2
(1−n)Wia

EnN =
1
2
(1−n)Wia

for Wi� 1.
In these two limits, we remark that the non–Newtonian hy-
drodynamic energy EnN increases when the index n decreases
from n = 1 to n = 0, while the opposite occurs for Eth. The
reason is that for decreasing n, the shear-thinning nature of the
non-Newtonian fluid becomes predominant.

Figures 10 and 11 show the thermal and non–Newtonian
energy variation with Wi for a = 0.5 and a = 2 respectively.
Three cases of n are considered. We can observe that the non–
Newtonian energy EnN increases as Wi increases, meaning
that more energy is yielded by the basic throughflow to distur-
bances. As a consequence, Eth decreases, indicating that less
thermal energy is needed to trigger the instability. For high
values of Wi, the two energies tend asymptotically to constant
values. The asymptotic value of EnN may be explained phys-
ically by invoking the characteristic time of the fluid λ ∗ and
the characteristic time of the flow which is the inverse of the
porous shear rate γ̇∗p . The Darcy-Weissenberg number is the
ratio between these two characteristic times. As the linear dy-
namics occurs at the smaller time, this dynamics is ruled by
the characteristic time of the flow for large Wi. Therefore,
at this time scale, no interaction may be expected between
the non-Newtonian characteristics of the fluid and the basic
throughflow, leading to a constant energy EnN.

We also observe in figures 10 and 11 that for small values
of n the curves of thermal and non–Newtonian energies inter-
sect. When this occurs, it means that there is a swap on the
dominant disturbance energy. In order to evaluate the exact
value of Wi number for which the curves intersect for each a
and n, one may solve the equation Eth = EnN, yielding to

Wia =
3

1−4n
(66)
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FIG. 10. Energy budget analysis for the case a = 0.5. Upper
curves represent the thermal energy (Eth) and lower ones the non–
Newtonian energy (EnN).

0 2 4 6 8 10
Wi0.0

0.2

0.4

0.6

0.8

1.0

E
th

,E
nN

n=0.1

n=0.3

n=0.5

n=0.7

FIG. 11. Energy budget analysis for the case a = 2. Upper
curves represent the thermal energy (Eth) and lower ones the non–
Newtonian energy (EnN).

considering that Wia may assume just positive values, the
curves will intersect just when n < 1/4, or even for n = 1/4 if
Wi→ ∞.

For dilatant fluids (n > 1), longitudinal rolls are the dom-
inant mode of instability with u = 0. In that case, the fluc-
tuating energies are reduced to ed and eth while the non-
Newtonian contribution enN vanishes. For longitudinal rolls,
ed is defined as,

ed = − (1 + Wia)
n−1

a

∫ 1

0
(|u|2 + |w|2)dz

In that case, the momentum energy balance is

eth + ed = 0. (67)

Equation (67) states that the dissipation energy must be bal-
anced by the thermal buoyancy energy without the contribu-
tion of enN. As ed decreases with Wi, then eth will observe
an increase with Wi, attesting the stabilizing effect for dilatant
fluids as it is predicted by the previous normal mode analysis.

IV. DISCUSSION OF THE RESULTS IN RELATION TO
COMMON POROUS MEDIA AND TO EXPERIMENTS IN
HELE-SHAW CELL

A. Application to common porous media

This section aims to analyse the interplay between the non–
Newtonian nature of the fluid and the intrinsic porous media
characteristics at the onset of mixed convection. We have
shown that the thermal instability threshold Rac depends on
the three dimensionless parameters n, a and Wi. The latter
can be written as

Wi = λ
∗ fp

1
n−1 (ΦK)−

1
2 U∗0 , (68)

with

fp = 8−
n+1

2 2
(

3n+1
n

)n

. (69)

If we introduce the dimensionless time characteristic of the
fluid λ = λ ∗

H2/κ
, the Darcy number Da = K

H2 and the Péclet
number Pe, equation (68) may be written as,

Wi = λ γ̇p, (70)

where γ̇p is the dimensionless porous shear–rate and is defined
as

γ̇p = fp
1

n−1 (ΦDa)−
1
2 Pe. (71)

For shear-thinning fluids, the characteristic time of the fluid,
λ ∗, may vary from 0.1s to 100s. For common porous ma-
terials the values of the permeability K vary widely from
10−20 m2 to 10−7 m2 (see for instance Nield and Bejan2), a
typical value of the porosity φ is 0.35, while the filtration ve-
locity U∗0 may hardly be higher than 4× 10−4 ms−1. If we
fix H = 4×10−2 m and κ = 10−7 m2 s−1, then the dimension-
less characteristic time of the fluid λ may vary approximately
from 10−5 to 10−2, while the product of Darcy number Da
and the porosity Φ may vary from 10−5 to 10−18. The im-
pact of the porous properties on the onset of convection may
be examined by fixing λ , n and Pe and by varying the prod-
uct (ΦDa). While the effect of the throughflow may be iden-
tified by fixing λ , n and (ΦDa) with a variable Pe. Figure
12 shows the dependence on (ΦDa) of RaT

c associated with
pseudoplastic fluids for a prescribed value of Péclet number
Pe = 4 corrresponding to U∗0 = 4× 10−5 ms−1. We can ob-
serve that the effect of the term φDa is to increase the critical
Rayleigh number. Physically, it means than a more perme-
able porous material may delay the onset of mixed convec-
tion. On the contrary, for a fixed value of (ΦDa), the critical
Rayleigh number decreases as n decreases, attesting that the
shear-thinning charater of the fluid enhances the onset of con-
vection. On the other hand, the effect of Pe on RaT

c may be
seen in Figure 13 for (ΦDa) = 10−5. The effect of varying
Pe for a fixed (ΦDa) is qualitatively the same as varying Wi.
For both figures, data used for n and λ ∗ were extracted from
Darbouli et al.20. These authors conducted experiments in a
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FIG. 12. Critical Rayleigh number for pseudoplastic fluids as a func-
tion of φDa. Results obtained for transverse rolls with a = 2 and
different values of n.
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FIG. 13. Critical Rayleigh number for pseudoplastic fluids as a func-
tion of Pe. Results obtained for transverse rolls with a = 2 and dif-
ferent values of n.

Rayleigh–Bénard configuration without a solid matrix, in or-
der to investigate the onset of convection in shear–thinning
fluids.

As already discussed before, two regimes of instability
can be identified from the critical conditions at the onset of
mixed convection. A strongly non–Newtonian regime and a
weakly non–Newtonian one exist depending on the Darcy-
Weissenberg number. The first is the one in which the
power–law model and the Carreau model results almost co-
incide, while the second is the one in which these models dis-
agree significantly. As an approximate value of the Darcy-
Weissenberg number, and without any loss of generality, we
here set Wi ∼ 1 as a special value where a transition occurs
between the two regimes. From equation (70) it is possible
to know, for each value of γ̇p, the value of λ in which this
transition should occurs, and it is given by equation

λ =
1
γ̇p

. (72)

Figure 14 shows the characteristic time of the fluid as a
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FIG. 14. Transition map between the weakly and the strongly non-
Newtonian regimes of instability.

function of the porous shear–rate with the transition curve be-
tween weakly and strongly non–Newtonian regimes.

B. Comparison with experiments in Hele-Shaw cell

In this section some experimental data for the onset of con-
vection present in literature are compared with the present the-
oretical results based on Darcy-Carreau and Darcy-Carreau-
Yasuda rheological models. Recently, Petrolo et al.15 inves-
tigated theoretically and experimentally the onset of convec-
tion under a horizontal throughflow of pseudoplastic fluids in
a Hele–Shaw cell. In order to make possible such a compar-
ison, it is necessary to reformulate the results in terms of the
Rayleigh number used in Petrolo et al.15, denoted here as Ra∗

and defined by

Ra∗ =
ρ0β gK∗Hn ∆T ∗

η κn
m

, (73)

where K∗ = ( b
2 )

n+1( n
2n+1 )

n is the permeability used in exper-
iments to evaluate the Rayleigh number, b being the small
width of the Hele–Shaw cell.
The relation between Ra∗ and our Ra, evaluated by equation
(49a) may be written as,

Ra∗ = ΦRa (74)

with

Φ = 12
(

H
κ

)n−1
µ0

η

bn−1

2n+1

(
n

2n+1

)n

(75)

Except for µ0, all data needed to evaluate Φ and Darcy-
Weissenberg number Wi are reported in Table 1 in Petrolo et
al.15. The data related to µ0 are not documented in Petrolo
et al.15. Nevertheless, in supplementary material of Petrolo et
al.15, the variations of the apparent viscosity µa as a function
of the average shear rate are represented for both experiments
4 and 7. Estimation of µ0 is then possible by fitting the ex-
pression of µa given in the present study by Darcy-Carreau
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TABLE I. Estimated coefficients of the Carreau–Yasuda model using
data for experiment 4 in Petrolo et al.15.

Exp. Estimate Standard Error
µ0 4 0.135022 0.001362
a 4 0.586851 0.00920399
µ0 7 0.583125 0.050362
a 7 2.89781 0.83957

and Darcy-Carreau-Yasuda rheological models with the re-
sults associated to experiments 4 and 7. A similar approach is
not possible for some other experiments conducted in Petrolo
et al.15, due to lack of information on the behavior of the ap-
parent viscosity µa as a function of the average shear rate.

Having in mind the expression (9) of the apparent viscos-
ity given by the Carreau–Yasuda model, where λ ∗ and γ̇p are
given by (8) and (4), respectively, and where

ηe f

η
= fhs K

1−n
2 (76)

with fhs = 3(−
n+1

2 )( 2n+1
n )n, K = b2

12 , one may recover µ0 and
the Yasuda parameter a based on the experimental data of the
evolution of the apparent viscosity with the average shear-rate.

For the experiment 4 the fluid properties are given in
Petrolo et al.15 and read n = 0.66 and η = 0.07. Consider-
ing the experimental data given by the authors on the suple-
mentary material the parameters µ0 and a are estimated. Fig-
ure 1 in section I shows the experimental data (dots) and the
Carreau–Yasuda model fit (continuous line) for the best-fitted
a.

Table I show the parameters recovered from the experimen-
tal data. We note that the properties of the fluids used in ex-
periments 4 and 6 in Petrolo et al.15 are similar. Therefore,
the estimated value of µ0 is also taken to be the same for both
experiments 4 and 6.

For experiments 7 and 2, the fluid characteristics are n =
0.55 and η = 0.1. Figure 15 shows the theoretical fit of the
Carreau–Yasuda model over the experimental data. Table I
shows the result for µ0. In this case, we observed that varia-
tions of a have no significant effects on the results. For this
reason the parameter a was fixed to a = 2 without any loss of
generality.

In table II, we report the discrepancy between the measured
values of critical Rayleigh number Ra∗,Ec for the experiments
analysed here and the theoretical values Ra∗,Tc . The values of
Wi here were calculated based on the definition (21) by using
the experimental data.

A rapid inspection of Table II shows that the discrepancy
between theory and experiments 2 and 7 is relatively large.
We note that their respective values of Darcy-Weissenberg
number are also large, meaning that we are dealing with a
strongly non-Newtonian regime. In this regime, as reported
in Table II, we found that the theoretical value of the criti-
cal Rayleigh number Ra∗,pl

c associated to power-law model is
almost equal to Ra∗,Tc . Therefore, we concluded that tempo-
ral linear stability predictions stemming from both rheological
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FIG. 15. Data from experiment 7 of15 and fitted model, for a = 2.

TABLE II. Critical Rayleigh number Ra∗,Ec , index n and Pe
as determined experimentally in15 and the corresponding Darcy-
Weissenberg number Wi estimated by considering experimental data.
Ra∗,Tc and Ra∗,pl

c are respectively the critical Rayleigh number deter-
mined in the present work and the one obtained by using power law
model4.

Exp. n Pe Wi Ra∗,Tc
Ra∗,Tc −Ra∗,Ec

Ra∗,Ec
Ra∗,pl

c
Ra∗,pl

c −Ra∗,Ec

Ra∗,Ec

2 0.55 52 14.96 5.06 −18% 5.05 −19%
4 0.66 52 2.03 8.52 2.6% 8.46 1.9%
6 0.66 34 0.88 7.14 13% 9.77 55%
7 0.55 34 6.52 6.13 30% 6.12 30%

models, namely Darcy-Carreau-Yasuda and power-law mod-
els present the same discrepancy with experiments for rela-
tively high values of Darcy-Weissenberg number. On the other
hand, Table II shows that the observed discrepency between
theory and experiments is significantly reduced for experi-
ments 4 and 6 with the respective Darcy-Weissenberg number
Wi = 2.03 and Wi = 0.88 respectively. As reported in Ta-
ble II for both experiments, theory overestimates the critical
Rayleigh number by 2.6% and 13%. In contrast to Darcy-
Carreau-Yasuda model, we noticed that the power law model
predictions lead to a large discrepancy between theory and ex-
periments for Wi = 0.88.

Table III shows a good agreement between the criti-
cal wavenumber determined experimentally and the critical
wavenumber predicted by temporal linear stability analysis.

Before the end of this section, a discussion is made on the
comparison between experimental results and the predictions
of the present temporal linear stability analysis. We raise some
questions that may lead to interesting future paths of investi-
gation. They are:
• The reasonable theoretical overestimation of the critical
Rayleigh number compared with experiments 4 and 6 may
be attributed to the the subcritical bifurcation nature at the on-
set of mixed convection. It is then necessary to investigate
the contribution of the nonlinearities by conducting at least a
weakly nonlinear stability approach.
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TABLE III. Critical wave number from experimental results (kE
c ) and

theory (kT
c ).

Exp. kT
c

kT
c −kE

c
kE

c

2 2.71 −9.4%
4 2.71 −5.2%
6 2.97 −2.6%
7 3.01 8.3%

• As we are dealing with an open flow configuration, the ab-
solute and convective nature of the instability must be taken
into account (see the recent book by Barletta21). The con-
vective or absolute nature of the instability was studied by
Delache et al.22 in convection under an imposed throughflow
in porous media for Newtonian fluids. In relation to experi-
ments, the most interesting result stemming from Delache et
al.22 is that the border between the convective and the absolute
instability of moving transverse rolls corresponds perfectly to
the experimentally observed transition from transverse rolls
to longitudinal rolls and vice versa. At the threshold of ab-
solute instability, the emerging transverse rolls are found to
oscillate with a selected unique frequency. Moreover, by us-
ing a weakly nonlinear approach, Delache and Ouarzazi23

showed that in the convectively unstable region, permanent
disturbances may trigger the instability with a broad band of
frequencies that may be amplified. Therefore, and from ex-
perimental point of view, the distinction between convective
and absolute instability may be realized by inspecting the fre-
quency spectrum at the onset of the instability: a peak of fre-
quency is a signature of absolute instability while a broad fre-
quency spectrum is associated to convective instabilities. Un-
fortunately, we emphasize that there is no information avail-
able in Petrolo et al.15 about the frequency spectrum of the ob-
served moving transverse rolls. Such information is necessary
to discriminate between the self-dynamic of mixed convec-
tion patterns in the absolute instability regime and the trans-
verse rolls actually observed in experiments that may arise
from spatial amplification of some persistent perturbations
of the flow in the convectively unstable regime. Therefore
and in order to well understand the experimental results, a
spatio-temporal stability approach is needed and compared
with more experimental data that include the frequency spec-
trum.
• Finally, we emphasize that the theoretical model developed
here does not take into account the influence of the yield stress
effects observed in Petrolo et al.15 .

V. CONCLUSION

The motivation of the present paper arose from the study
by Barletta and Nield4 on the linear stability problem of a
non-Newtonian inelastic fluid in porous media subject simul-
taneously to a negative vertical temperature gradient and to
a horizontal throughflow and also from recent experiments

conducted by Petrolo et al.15 for shear-thinning fluids in a
Hele-Shaw cell. In Barletta and Nield4, the non-Newtonian
fluid is assumed to be of power–law type. The present pa-
per improved their work by introducing a new rheological
model, namely a Darcy–Carreau–Yasuda model which ex-
tends to porous media the well known Carreau–Yasuda model,
usually employed in a non-Newtonian fluid clear of solid
material. Unlike the power–law model, the Darcy–Carreau–
Yasuda model has the advantage to describe in a regular man-
ner the behaviour of the fluid viscosity at low shear rate to
high shear rate regions. Five dimensionless parameters are in-
troduced: The Darcy–Rayleigh number Ra, the Péclet number
Pe, the Darcy-Weissenberg number Wi, the Yasuda parameter
a and the power-law exponent n. A temporal stability anal-
ysis indicates that the form of the most amplified instability
depends on the nature of the fluid. For shear thinning fluids
(n < 1), the oscillatory transverse rolls are favored above any
other structures. While the most unstable disturbances are sta-
tionary longitudinal rolls for shear thickening fluid (n > 1).
By considering the limiting case of infinite Wi (i.e. strongly
non-Newtonian regime), our rheological model is reduced
asymptotically to the power–law case and the results are com-
pared with those presented in Barletta and Nield4. It is
then observed that comparison of the linear characteristics
at the the onset of mixed-convection is in very good agree-
ment. However, when considering the limit of small Wi (i.e.
weakly non-Newtonian regime), a significant qualitative dif-
ference between the Darcy–Carreau–Yasuda and power–law
models is observed. In this limit, the power law model pre-
dicts that pseudoplastic fluids are always linearly stable (i.e.
Rac → ∞), while dilatant fluids are always linearly unstable
(i.e. Rac = 0). On the other hand, results stemming from
the Darcy–Carreau–Yasuda model showed that the classical
critical value Rac = 4π2 associated with the Horton-Rodgers-
Lapwood problem in recovered in the limit of zero Wi. In
the weakly non-Newtonian regime (Wi < 1), it is observed
a significant drop in critical Rayleigh number for pseudo-
plastic fluids as the Darcy-Weissenberg number Wi increases.
This destabilizing effect becomes more effective as the non-
Newtonian parameters n and a decrease. An energy analy-
sis showed the existence of two energy contributions in addi-
tion to the dissipation energy. The first is the thermal buoy-
ancy contribution due to the imposed temperature gradient
and the second is the non-Newtonian hydrodynamic energy
production due to the coupling between the throughflow, the
non-Newtonian nature of the fluid and the x-component of
the disturbed velocity. For small values of Wi, the domi-
nant disturbance energy is the thermal buoyancy contribution,
meanig that the instability has nearly the same characteris-
tics as a Newtonian fluid. While for high values of Wi, the
non-Newtonian hydrodynamic energy production dominates
indicating that the instability is mainly due to shear-thinning
effects. For moderate values of Wi, a competition is ob-
served between the two instability mechanisms. In the case
of shear thickenig fluids, the stabilizing effect of the Darcy-
Weissenberg number may be explained physically as follows.
Unlike the shear thinning fluids, there is no x-component of
the disturbed velocity for longitudinal rolls. Consequently,
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the non-Newtonian hydrodynamic energy production is zero
and the thermal buoyancy contribution must balance the dis-
sipation energy. As in shear-thickening fluids the viscosity
increases with the magnitude of the imposed throughflow, it
results an increase in the dissipation energy which induces
an increase of the thermal buoyancy contribution. Therefore,
more heating is needed to trigger the thermal instability.
The relevance of the theoretical results obtained in this paper
is examined by giving realistic values of the imposed hori-
zontal velocity, the characteristics of the porous medium and
the rheological parameters to observe thermal instabilities of
non-Newtonian inelastic fluids. Moreover, a discussion of the
results is made in connection with experiments conducted by
Petrolo et al.15 for mixed convection of shear-thinning flu-
ids in Hele-Shaw cell. Available data for some experiments
in Petrolo et al.15 and its supplementary material allowed to
evaluate the critical Rayleigh number and wave number at
the onset of mixed convection as predicted by the Darcy–
Carreau–Yasuda and the power-law models. In this regard, a
deep discussion about the comparison between theory and ex-
periments is conducted in section IV B. We showed that, for
both rhelogical models, the discrepancy between theory and
experiments is relatively large for high values of the Darcy-
Weissenberg number. On the other hand, the Darcy–Carreau–
Yasuda model showed that the observed discrepency between
theory and experiments is significantly reduced for small to
moderate values of Darcy-Weissenberg number. In these con-
ditions, we observed a reasonable theoretical overestimation
of the critical Rayleigh number compared with experiments.
Although these encouraging results which showed the rele-
vance of the the Darcy–Carreau–Yasuda for moderate values
of the Darcy-Weissenberg number, we believe that a weakly
nonlinear study is necessary to evaluate the nonlinear effects
on the supercritical/subcritical nature of the bifurcation in
mixed convection of shear–thinning fluids. The weakly non-
linear stability analysis in the framework of Darcy–Carreau–
Yasuda model is under consideration and will be the the sub-
ject of a future paper. We also mention that the net flow rate
associated with the basic flow may yield a discrepancy be-
tween the convective instability threshold and the transition
to absolute instability. Such a behaviour may add interesting
new elements to the analysis of the comparison between the
theory and the experiments. This task is also an opportunity
for future developments of this research.
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