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A TRACE THEOREM FOR MARTINET-TYPE VECTOR FIELDS
DANIELE GEROSA, ROBERTO MONTI, AND DANIELE MORBIDELLI

ABSTRACT. In R3 we consider the vector fields

0 0 0

il X = — aZ

ox’ 2T oy + |zl 0z’

where a € [1,+o00[. Let R} = {(z,y,2) € R® : z > 0} be the (closed) upper
half-space and let f € C'(R%) be a function such that Xif, Xof € LP(R%) for
some p > 1. In this paper, we prove that the restriction of f to the plane z = 0
belongs to a suitable Besov space that is defined using the Carnot-Carathéodory
metric associated with X; and X, and the related perimeter measure.

X =

1. INTRODUCTION

By a classical result due to Gagliardo [GaghT7], for any p > 1 and any bounded
open set 2 C R™ with smooth boundary there is a constant C' > 0 such that for any
function f € C(Q) the following trace estimate holds:

/ @) = SO ) yonr(gyanen1(y) < / Vi@)Pdr,  (L1)
oaxon |T—y[rre Q
where s = 1—1/p. The inequality extends to Sobolev functions, showing that traces of
WhP-functions are well defined and have a fractional order of differentiability 1 —1/p
at the boundary 0f).

In this paper, we prove a similar trace estimate in a setting where the gradient
of f in the right-hand side of is replaced by a subelliptic gradient that, at some
point of the boundary, may be “tangential”. In R? we consider the vector fields

0 0 0
X1 =— Xo=— “—
o 2T oy * el 0z’
where a € [1,+00] is a real parameter. When o = 2 the distribution of planes

spanned by X; and X5 is known as Martinet-distribution. We denote the X-gradient
of a function f € C*(R3) by X f := (X1 f, Xof).

Let R? = {(z,y,2) € R®: z > 0} be the closed upper-halfspace and ¥ = R? =
{(z,y,2) € R®: 2z = 0} its boundary. The plane ¥ is characteristic at all points where
x = 0, in the sense that both the vector fields X; and X, are tangent to >, here.

According to a general procedure introduced in [GN96] and studied in [MSCO1], the
vector fields X7 and X5 induce on ¥ a natural surface measure, known as X-perimeter
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measure. In the present setting, this X-perimeter measure is
o= o] 2, (1.2)

where .#? is the Lebesgue measure in the plane.

We denote by d the Carnot-Carathéodory metric on R? induced by X, X, and by
B(g, ) the metric ball centered at ¢ € R?® with radius » > 0. With abuse of notation,
we identify u € R? with (u,0) € R3.

Theorem 1.1. Let o € [1,+o0o[, p € |1, +00[ and s = 1—1/p. There ezists a constant
C > 0 depending on o and p such that any function f € C*(R3) satisfies

|f(u,0) — f(v, 0)[7
/]RQX]RQ (0 )P (B, d(w, 0))) dp(u) du(v) < C/Ri | X f(z,y, z)[Pdxdydz. (1.3)

The Besov seminorm in the left-hand side is defined in terms of the metric d and
of the measure . When d is the standard metric and pu is the Lebesgue measure, the
seminorm reduces to the one in the left-hand side of .

This seminorm was first introduced by Danielli, Garofalo and Nhieu in [DGNO0G],
where a metric approach to the problem is developed. The authors prove trace and
lifting theorems for (e, §)-domains with Ahlfors reqular boundary. The (g, d)-property
is in general difficult to check because of the presence of boundary characteristic
points. For systems of Hormander vector fields with step 3, it may fail even for “flat”
or analytic boundaries, see [MMO05]. In a companion paper [MMI§|, we are able to
show the (g, d)-property for a different family of vector fields related to generalized
Siegel domains. The Ahlfors regularity of the measure p in (|1.2)) will be studied in
Section

The classical proof of by Gagliardo relies on an elegant construction of families
of curves transversal to the surface 92 and connecting pairs of points on the boundary.
The estimate is achieved by an integration of the gradient of the function along such
curves. This technique can be extended to the subelliptic setting if 0€2 does not
contain characteristic points. Indeed, in the noncharacteristic case the construction of
transversal horizontal curves is easy because at any noncharacteristic boundary point
there is at least one vector field transversal to the tangent space to the boundary.
Trace inequalities in this setting are proved by Berhanu and Pesenson in [BP99|, by
Bahoury, Chemin and Xu in [BCX05] for vector fields of step 2 and by the authors
for general Hormander vector fields in [MMO02].

In the characteristic case, the construction of horizontal curves entering the domain
from boundary points is much more delicate. Some trace theorems are known also in
this case, mainly in two classes of examples. The first one is the Heisenberg group,
see the contribution by Bahouri, Chemin and Xu [BCX09] for some characteristic
surfaces. A second class of examples is that of diagonal vector fields, i.e., a system of
n vector fields in R™ of the form X; = wi(x)a%i, i =1,...,n, with suitable weights w;.
See the results of Franchi [Fra86] and the authors [MMO02].

In this paper, we are able to deal with the following three difficulties:



TRACE THEOREM (Wednesday 10" March, 2021) 3

— the plane z = 0 contains characteristic points and actully a whole line, the
y-axis;

— the vector fields can have arbitrarily large step, depending on a > 1;

— the vector fields are not of diagonal type.

In a future work, we plan to generalize our results to more general surfaces and to
more general families of vector fields.

In our proof of (L.3)), it is enough to estimate the difference f(u,0) — f(v,0) for
noncharacteristic points. However, both (u,0) and (v,0) may be arbitrarily close to
the characteristic line. The choice of the curves connecting them is rather delicate and
must take into account “how much” close to the characteristic set the points are. Once
the correct construction is devised, the trace estimate is obtained by integrating the
subelliptic gradient along such curves and using the Minkowski and Hardy integral
inequalities. The correct estimate of the Besov seminorm must be split in several
sub-cases and each of them requires a separate effort.

The argument requires a precise description of the size of the Carnot-Carathéodory
balls of the distance d associated with the vector fields X7, X5. Since a can be non-
integer, we cannot use the ball-box theorems of Nagel, Stein and Wainger [NSWS&5H].
For this reason, in Section [2| we give a self contained proof of the ball-box estimate
for d, which has an independent interest.

Notation. By C, > 0 we denote a constant depending on a > 1 that may change
from line to line. By C,, > 0 we denote a constant depending v > 1 and p > 1
that may change from line to line. For a,b > 0, we use the standard notation a ~ b
meaning that a < Cb and b < Ca for an absolute constant C' that may depend on «
and/or p.

2. STRUCTURE OF THE METRIC

Let d be the Carnot-Carathéodory distance associated with the vector fields X; =
0, and Xy = 0, + |2|*0,. The construction of d is well-known and can by found
in [NSW85].

When o = 2, the vector fields X; and X, span a distribution of 2-planes in R3
known as Martinet-distribution. When « is an even number, the vector fields satisfy
the Hormander condition with step @ + 1 and the structure of metric balls follows
from [NSWRS5].

When « is not even, the results of [NSW85] cannot be used. For this reason, we
give here a self-contained proof of the relevant estimates. The case a = 1 of the
familiar Heisenberg group is not included in our discussion. However, with some
minor adaptations, the results of this section hold verbatim for vector fields of the
form X; = 9, and X, = 9, + |z|*'20,, including the Heisenberg vector fields in the
limit case o = 1.
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By the particular structure of the vector fields, the distance d possesses the following
invariance properties

d((z,y,2), (2,y, 7)) = d((z,y + 1,2+ ), (2, ¢ + 1,2 +()), (2.1a)
d((rz, zy, r**2), (ra vy, vt ) = rd((z,y, 2), (2,9, 7)), (2.1b)
d((—.T, Y, Z)? <_$/> y/7 Z/)) = d((.%, Y, Z)? (xla yla ZI)) (2'1C)

for all (z,y,2),(z',y,2') € R3 n,{ € R and r > 0. In this section, we describe the
structure of d in terms of an equivalent function defined by algebraic functions.
For a > 1, we define the function § : R* x R* — [0, c0)

1/2
A Y AN N DA I : 1/(a+1) ’C’
3,321, &'/ o) = 10—l I = i {0,
where we let ( = z — 2/ + |2|*(y' — y). In the definition above, we agree that the
minimum is ||V if = 0, and is 0 if ¢ = 0.

Theorem 2.1. For o > 1, let d be the Carnot-Carathéodory metric induced on R? by
the vector-fields X1, Xo. There exists a constant Cy > 0, depending on «, such that
for all p,q € R® we have

Co'6(p,q) < d(p,q) < Cod(p, q). (2:2)
Proof. For a > 1, we will use the equivalence
[u® — v*| > Col|u] + [v))* Hu —v|, for all u,v € [0, +o0]. (2.3)

By the translation invariance ({2.1a)), we can assume that p = (z,y, z) = (x,0,0). We
also let ¢ = (2, ¢/, 2').

Step 1. We first show the estimate § < Cyd. Let v : [0,7] — R? be a horizontal
curve with 4(0) = p, ¥(T) = q and 4 = hy(t)X1(y) + ha(t)Xa(7) with [(hy, ho)| < 1
a.e. The functions

t t
x(t) == +/ hi(s)ds =: x + Z(t), y(t) = / ho(s)ds,
0 0
satisfy the estimates |Z(t)| <t and |y(t)| < t, and thus
' — 2| = [z(T) —=(0)| <T  and |y[=[y(T)—y(0) <T.  (24)

The quantity ¢ = z — 2’ + |z|*(y — y) = ||y’ — 2’ satisfies

T T
=] [ (e = laYio)ds] < Co [ (™" + 0 sds < Cual® T2+ 770,

and this implies that either |(| < Cy|z|* 1T or [¢| < C,T**!. This is equivalent to

1/2
min {L ](]1/(0‘“)} <G T,

|| (=12

and this estimate together with (2.4) concludes the proof of Step 1.
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Step 2. We prove the estimate d < Cyd in the case when points are one above
the other. Namely, we claim that d((z,v, 2), (z,v,2")) < Cod((z,y, 2), (z,y,2")) for
all z,y, 2,2 € R. As above, we can assume that y = z = 0.

We prove the claim for z > 0 and z > 0. The cases x < 0 and z < 0 are analogous.
For u > 0, let & : [0, 4u] — R? be the plane curve with unit speed which connects the
points (z,0), (z + u,0), (z + u,u), (z,u) and (z,0), and let x(t) = (x(t),y(t)). This
path encloses a square which we denote by R,. Let t — ~(t) = (z(t),y(t), z2(t)) be
the horizontal lift of x starting from z(0) = 0. By Stokes’ theorem

z(4u) = /fo‘dn = /R g tdédn = u((z + u)* — 2%) > Cou? (1 +u*h),

(2.5)
where we used ([2.3)). By the definition of d, we have

d((z,0,0),(z,0,2")) <4min{u > 0: z(4u) = 2'},
and, by (2.5)), the number u realizing the minimum satisfies
|2']'/?

ugCamm{| =yt

|Z/|1/(a+1)}.

This proves the claim.

Step 3. We prove the estimate d < Cyd for arbitrary points p = (z,0,0) and
q=(2',y,2"). By the triangle inequality we have

d(p, q) < d(p e(m’_m)Xl'Fy’XQ( )) + d( (' —x) X1+y' Xo (P),Q)
< o — 2|+ |y | + d(" XX (p) g) (2.6)
< 5(p, ) + d( (2" —2) X1 4y’ Xz(p)7q)7

where we adopt the standard notation e?(p) or exp(Z)(p) to denote the value at
time 1 of the integral curve of the vector field Z starting from p at ¢ = 0. An easy
computation shows that

1
AN g) = (s [ ok sl = )]s,
0
i.e., the point is above ¢q. By the Step 2, we have
d(e(x’—r)Xler’Xz (p), q) < Cog(e(x’—l‘)wa’Xz (p), q).
Now, letting
1
(=2 —|z|*% and (=2- y’/ |z + s(2' — x)|%ds,
0

to conclude the estimate it suffices to show that

min oy, LN (o min { e, 2
Taf|e-b/2 f = T z|e-Dr2 [ )
2.7)
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First of all we have

1
L=~y / &+ s(a' — x)|"ds
0

(2.8)

<+ [ (1o + s(a’ = D)l = [o1"))ds| < Callc] +4).

where we let w = |y/|(|z| + |2/])*" |2’ — z|. To prove (2.7)) we distinguish the following
two cases:

1/2
Case A: ||+ < |‘y(q—1)/27 or, equivalently, || < [¢[V/(eFD).
z|\*T
1/2
Case B: [¢[V/T) > ‘||(CO|[—_1)/2, or, equivalently, |z| > |¢|/(@+1).
x

In the Case A, the claim ([2.7]) is implied by

1 e} C +w 1/2 o
min { (] + )¢ +1)>(:37|/‘@Tz/2} < Calo =@/ + Iy + ¢

The estimate of [¢|/“TV) is trivial. The quantity w is estimated in the following way:
w < Caly'|(Jo] + |z = 2')* Mo — 2| < Ca(ly17 + 2| + o — /)
< Ca(ly/ I+ I] + [ — 221,
and the claim follows.
In the Case B, the claim (2.7) is implied by

- oty (€] +w)'2 "
mm{(\d +w)'/ “)7%‘,“&—3/2} < Ca<\a:—w'\ + 1y + ¢V || 1)/2).

Sub-case B1: |&' — x| < 3|z|. In this sub-case, we have |#/| ~ |z| and thus the term
[ R [ s
|x/|(a—1)/2 — |x‘(a—1)/2-

We estimate the term with w. From w ~ |z|*7|y/| |z — 2'| we deduce that
Wwl/2 5 (|x’a—1‘y/‘ E _x/‘)1/2 L
2/[@=D72 = 2|12 ~ [y/|

with ( is easily estimated, because

1/2 1/2

|.’L’ _$,| ’

which is smaller than |z — /| + |¢/|, as required.

Sub-case B2: |x — a'| > £]x|. We claim that

|C|1/(a+1) < C (|(E—$/| + |<’1/2 )
- T« ’x‘(afl)/2 )

Indeed, the function h(s) = s + % attains the minimum on (0, 00) at the point
Smin |<’|1/(a+1).
To end the discussion of the Sub-case B2, we estimate the term with w:
w < |y |@2lz] + ]z — ) o — 2| < Cly'l |z — 2|7

and the estimate w'/ @) < Oy (|lz — 2'| + |y/|) follows.
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This concludes the proof of Theorem O

Remark 2.2. For all points (z,y), (z/,y') € R? we have the equivalence

d((2,y,0), (2',/,0)) = |z — 2| + |y — o/ + [« *]y — y|'/*. (2.9)
To prove this, we start from
0((2,y,0), («',y,0) = |z —a'[+|y—y’|+-min { /D |y —y |V @D |12y —y /2]
and we observe that the minimum is equivalent to the second term, because

1/2|y y|1/2 < C <|y y | + |:E|a/ (a+1) | |1/ (a+1) )

|

O

We rephrase the estimates in Theorem as a ball-box theorem. For a fixed point
p = (z,y,z) € R define the mappings ®,(p;-), Po(p;-) : R? — R3:

@1(pr) = @1(w) = (4w, y + s, 2+ 2l us + 2] ug),
o (p;u) = Po(u) = <$+U17?/+U27Z + || ug +U3>-

We let [Jul|11,2 = max{|u], |us|, [us|'/?} and [ull1 1601 = max{|u], Jus], [us['/ D},
and we define the boxes

Bi(p,r) ={®1(p;u) : [Julliaz <7} and  Ba(p,r) = {Pa2(psw) : [Juflipern <7}
Let Cy > 1 be a constant such that C;'6 < d < Cyd globally.

Corollary 2.3. Let n > 0. There are constants bi(n) and be(n) such that for all
p=(z,y,2) € R® and r > 0 we have:

i) if |z| > nr then

Bi(p,Cy'r) C B(p,r) C Bi(p, bi(n)r); (2.10)
i) if r > n|x|, then
By (p,Cy'r) € B(p,r) C Ba(p, ba(n)r). (2.11)

Proof. Step 1. We claim that for all p and r we have:
Bl(p7 Calr) U BQ(pa Cl;lr) - B<p7 7") - Bl(pa CUT) U BQ(p; COT)'
Indeed, letting ( = z — 2’ + [z|*(y’ — y), we have

1/2
(v.y,2) € Bilp,r) & max{lw =l |y =y, <‘xl|il_1> } <,

(@.y,#) € Balpr) & max{le— /|,y -y, 1[0} <

This means that (z',y,2") € (B1 U By)(p,r) if and only if 6((x,y, 2), (2, y,2")) < r.
Then Step 1 is concluded thanks to Theorem The argument also proves the
inclusions in the left-hand side of (2.10)) and (2.11)).
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Step 2. We prove the inclusion in the right-hand side of . Let |z| > nr and
let (¢/,y,2') € B(p,r). By Step 1 we have (2/,y,2") € By(p, Cor) U Bs(p, Cor). To
conclude the proof it suffices to show that there is a constant by(n) > 0 so that the
following implication holds:

x| > nr |2

ML

min {| ml 2 |C|1/(a+1)} < Cor (+) < bi(n)r. (2.12)

|a 1)/2°

If |:c||(€¥‘;*/12>/2 < |¢|¥@*D) | there is nothing to prove and we can choose b; (1) = Cp. In

the case wﬂ;ﬁw > |¢[M/ D) inequality (*) reads [¢]V(*+Y) < Cyr and we have:

a+1)/2
<] e _ Gt
|z|@=D/2 = pla=D/2p(e=1/2 = pla-1)/2

r.

Cle+D/2

The proof of Step 2 is concluded, with b;(n) = max {C’O, W}

Step 3. We prove the inclusion in the right-hand side of (2.11). As in the Step 2, it
suffices to show the implication

r > ||

min 2D 1/2,|C| < Cyr

= ¢V < by(n)r (2.13)

If the minimum is [¢|/(®*Y) | we trivially get the implication with by(n) = Cy. Other-
wise, we have

1/2 1/2 (a—1)/2
Cor > min {L |§|1/(0‘+1)} — —’C’ |C|1/277

|g;|(a—1)/2’ |z |a /2 = (a—1)/2°

. . . C 2/(a+1) ) ' '
which is equivalent to [¢["/(**1) < (n(afi) 72 r, as required. Therefore, implica-
tion (2.13]) holds with by(n) = HlaX{C’O,( e 1)/2>2/(a+1)}‘ 0

Using the previous corollary, it is immediate to get the following estimates of the
Lebesgue measure of the balls B(p, ).

Corollary 2.4. Let n > 0. For all p= (z,y,2) € R® and r € ]0, +o00[ we have:

i) if |x| > nr then ZL3(B(p,r)) ~ r|z|*!;
i) if |x| < nr then £L3(B(p,r)) ~ rot3.

The equivalence constants depend on o and 1.

We omit the proof, which is trivially based on Corollary [2.3]
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3. AHLFORS’ PROPERTY

The boundary of the half-space R? is the plane ¥ = R? = {(z,y, 2z) € R* : z = 0}.
According to the general construction of [GN96] and [MSCO1], the vector-fields X, X
induce on ¥ a Borel measure known as X-perimeter measure. We denote this measure
by p. The integral-geometric formula for this measure is the following:

pu(B) = / VI(X1, N)2 + (X, N)2dady, B c R? Borel set.
B

Above, N = (0,0, —1) is the exterior normal to the boundary of R? and (-, ) denotes
the standard scalar product of R3. In fact, the measure y is simply

p=l|r|*£? onX =R (3.1)

The metric d and the balls B(p,r) can be restricted to 3. With abuse of notation we
let u(B(p, 7)) = w(B(p,r)) NX). The measure p is Ahlfors regular in the following
sense (see [DGNOG]).

Proposition 3.1. There is a constant C,, > 0 such that for any p € ¥ and for all
r > 0 we have

L (Bp.r) LBy, 1)

r

c,! < u(B(p,1)) < C, (3.2)

Proof. Let p = (z,y,0) and r > 0 be such that || > r. The section of the ball
By (p,r) with the plane ¥ is

Bi(p,r)N%
= {(f o, G+ us, 7wz + |70 ug) € R lullie < |7 Mg + (2] g = 0}
= [z —r,z+7] x [§— min{r,r*/|Z|}, 7 + min{r,7*/|z|}].
Then, from .
(B (1)) = 2minr,s?al} [ Jal*do

and from Corollary [2.3] we deduce that when |z| > r we have

27’2 T a 3| mlo—1
p(B(p,r)) ~ p(Bi(p,7)) = ER || d = r7z[*
On the other hand, the section of the ball By(p,r) with the plane ¥ is
Ba(p,r)NY = {(f + Uy, § 4 Uy, | uy + ug) € R - ullypam <7 2 ug +us = 0}
= [z —r2 +r] x [g = min{r,r*"/|2|*}, g + min{r, v+ /|2]}],
and thus e
p(Balp.r)) = 2miin{r 14/ [al"} [ Jafdo.

When |z| < r, from Corollary we deduce that
T+r

(B (p.r)) = u(Ba(p.r)) = 2r / 2] e~ po,

xr—r
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Now the claim (3.2)) is a consequence of Corollary U

4. SCHEMA OF THE PROOF

In this section, we outline the scheme of the proof of Theorem [I.I, We have the
points v = (x,y,0), v = (2/,4/,0) and their distance d = d(u,v). Since B(u,d) C
B(v,2d) C B(u,3d), the integral kernel

|f(u7 O) — f(vv 0)|p
d(u, v)P*u(B(u, d(u,v)))

is “almost” symmetric in 4 and v and we can assume that

y >y and (4.1a)
0 <12 <oo. (4.1b)

Assumption can be made without loss of generality in view of the invariance
property .

We will connect the points u and v by a number of integral curves of the vector
fields X7, X5, or of their sum +(X; + X5). The correct choice depends on the
following cases.

Let g9 € ]0,1[ be a small parameter that will be fixed along Section [f] We have
the following cases:

1) d > go|z| and d > ep|2’|. We call this the characteristic case.

2) d < eo|z| and d < go|2’|. We call this the noncharacteristic case.

3) d < eo|z| and d > gg|2’|, or viceversa.

In the third case, we have |2/| > |z| — |z — 2'| > ¢;'d —d = (5" — 1)d because
|z — 2’| < d. So this case is essentially contained in the second one.

Theorem is then reduced to the proof of when the integration domain
R? x R? is replaced by the case 1) and 2), separately, along with the two condi-
tions . The proof for the characteristic case is in Section 5| The proof for the
noncharacteristic case is in Section [6l

5. CHARACTERISTIC CASE

We connect the points u = (x,y,0) and v = (2/,y,0) with integral curves of the
vector fields +X; and +£X5. Our first task is to fix the order in the sequence of these
vector fields. We start by discussing a first subcase of (4.1b). Namely, we assume
that

0< x| <2 (5.1)

We will explain in Remark (see page how to deal with the second sub-case
case |z| > 2/ > 0. In the following, for u,v € R? we let d = d(u,v). We define the set

A={(u,v) eR*xR*:y < ¢/, 0 < |z| <2’ < d/eo}.
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Starting from wu, we introduce certain intermediate points interpolating u and wv.
Let 7 = 7(u,v) > 0 be the number

22|

"= ) =l v —y). (5.2)

By (5.1) we have
points:

2-(y — y) and in particular 7 < C,d. Then we define the

Ug = U= (I,y,0)7
up = exp ((y' = y)Xa)(uo) = (2,9, [2|*(y' = y)),

wr = exp (2 - 2) ) ) = (g ol — ).

uz = exp(7X)(uz) = <| |,y + 7 |z ( y+2a>)

un=exp ((+f ‘%) ) = (a0 + 7 el (v~ 57) ).

us = exp(—7X3)(uy) = (x v |z|* (y —y+2a>—:c’°‘7'>:(a:,y,0):v.

(5.3)

The last identity is due to . Let y; : [0, Tj] — R3 be the integral curve connecting
uj—1 and u;, where T; > 0 are such that v;(7;) = u;. The support of ~; is contained
in R? forall j=1,...,5.

If (u,v) € A, by we have d(u,v) ~ |x — 2'| + |y — ¢/|. Furthermore, Proposi-
tion [3.1| and Corollary [2.4] give u(B(u,d)) ~ d*™? and so we have

d”*1(B(u, d)) = dP (B (u,d)) ~ d*PT (5.4)

Finally, by (3.1) we have du(u) = |z|*dzdy and du(v) = |2'|“dx'dy’ .
Using these estimates and starting from the inequality

f(u) = F)I <D 1f(uy) = flujz),

we obtain
£ ()~ F)P
By P (©) < Cap 31
where

|I|ax/a

Tj p .
I = Ada+p+l(/o yXf(fyj(t))\dt) dedydr'dy’, j=1,...,5.  (5.5)

We claim that for all 7 =1,...,5 we have

I; < Cajp/ | X f(x,y, 2)[Pdxdyd:z. (5.6)

R3
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Estimate of ;. The curve connecting ug and u; is 1 (t) = e*2(z,y,0) with t €
(0,4 — y]. The corresponding integral is

|l,|ax/a

Y-y »
L= L dotp (/0 | X f(z,y+t, ]:L’|at)\dt) dxdydx’dy'.

Using 2’ < d/ep and 0 < y' — y < d we obtain

| ,
I, <C, / C‘ZpJ’rl / | X f(z,y+t, |$|°‘t)|dt> dxdy dx'dy’

|$|a «@ 1.0 1
<C /R2/ /d y de \Xf(x Y+t |z t)\dt) A (2, y") dr dxedy

< Ca / / / | X f(z,y +1, |$|at)|dt) |x|adxdy—
RQ

We used the coarea formula with |Vd| ~ 1. Now, by the Minkowski inequality we

o 1 r 1/p P
nc [ ([ ][ By tslorisldody) ) an
0 rJo R2

and after the change of variable y — y 4t = 1 we can use the Hardy inequality to get

obtain

B Cop [ [ XSG falor)Pleldsdndr < Coy [ 1Xf0,0. )P dndydz,
0 R2 R

T

by the change of variable r — z := |z|*r. This proves (5.6)) for j = 1.

Estimate of [,. We connect the points u; and uy using the integral curve of X,
e., the curve »(t) = (x — tsgn(x),y, |z|*(y — y)) with ¢ € [0, |x| — x/2]. The
corresponding integral is

|x|o¢x/o¢

I = | dotprl

|z|—a/2
[ s tsga(o). ool — )l dodyr'ay
0

1 e / [0 / p [0} / /
< Ca Ade( i | X f(z —tsgn(x), y, =" (y —y))!dt) %] dzdydz’dy,

where d ~ max{|x —2'|, |[y—v|}. We used 2’ < d/gp and |z] —2/2 < Cd. We perform
the change of variable in time z —tsgnx = s with |s| < |z|+ |t| < Cd. Then, we pass
from the variables (2, y) to the variables ¢ = (§,n) = (¢/ — x,y —y) with d¢ = da'dy
and |¢| ~ d. Finally, we use the Minkowski inequality to interchange integration in
ds and dxdy’ and we obtain the estimate

1/p p dC
L<c, / / X0 f (s, ) Pl dady | ds) 2o
: Ri< |s|s0|c[ A } ) [Sias

where we let A = {(z,y') € R? : |z|] < C|(|}. By symmetry in the variable z, it
suffices to estimate the last integral when z > 0.
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We perform the change of variable x — 2z = nz® with dz ~ nx® 'dx, that is

equivalent to
N Zl/a

In order to apply the coarea formula in the ¢ variable for fixed z and y’, we need the
following estimate.

Lemma 5.1. There exists a constant C' > 0 such that for any r > 0 and z > 0 we
have

Zl/a
where D, (2) ={¢ = (&,n) e RxRT: [{| =71, 0 <z < n|¢|*}.

Proof. We use the max-definition |¢| = max{||, |n|}. The estimate is obvious when
D,(z) = (0. Assume this is not the case, i.e., 0 < z < r®"!. Then by direct calculation

Jo(2) =2 ' ialn—l— ' idﬁ ~ (et )y < Cr
" 2/re ,r](a—i-l)/a —r n(a—l—l)/a - = :

O

We finish the estimate for I, in the following way. Let E, = {(v/,z) € R : 0 <
z < nr*}. Using (5.7)), the coarea formula, the Minkowski inequality and (/5.8)):

o q Zl/a 1/p D
n<c [ on [ () (] XsewanrSdeay) as) a qar
? o TP ICl=r ( [s|<Cr ( Er VA ) )
1/

<, /000 Tfil </|s|g0r [/RQ+ /T(z) IXf(s,y',z)lpn(jﬁmdﬁlg)dy'dz} 1/pd5>p
>~ 1

Ca/o et </|s|§Cr </R

“of (L

<Cu, / IXf(ry,2))Pdndyds.
+

IN

1/p p
X[ (s, 52) " (2)dzdy' ) ds) dr
2
pdr

/ / l/p
Xf(s,y,2)Pdedy’) ds) =

IN

In the last line we used again the Hardy inequality. This proves (5.6) when j = 2.

Estimate of 5. Let v3(t) = X2 <%,g/, |z|*(y — y)) be the integral curve of X,
connecting us and ug, with 0 < ¢ < 7. Recall that the number 7 in (5.2) satisfies

7 < Cd. Also using 0 < z' < d/gg, we obtain

I;<C /m</0d)Xf(|x—| y +t !xlo‘(@/—ynti))‘dt)pdwdydx'dy'
P= e 4 dPTEN g 2’ 7 2¢ |

We perform the change of variable ' — & = 2/ — x and y — n = v — y, so that

I¢| = |(&,n)| ~ d, and then the change of variable in time ¢ — s = n + 5, so that



14 D. GEROSA, R. MONTI, AND D. MORBIDELLI

0 <s<C|¢|]. We get

e /Rz /RQ /CIC| ‘Xf( Y+t ] (7]+ ))‘dt) |z|*dzdy’ |<C|ipg+1
< (Ja/o /QZT/RQ </00| ||Xf(---)\ds> |m|admdy’d%1(g)rf;,

where

2]

XP() = X[ (5 +2°(s = ), Jols).

Next we apply the Minkowski inequality and, after that, we change variable from
Yy tow =y +2%s —n). We obtain

’3<Ca/0:/<;r(/om[/w
<o [ () 1.

saw/ /IXﬂMﬂwMW@Wﬂ%mwm
0 R2

dr

rp+ 1

Xf(%, w, |x|a5> ‘p]x\o‘dxdw] ;ds>pd%1(g“)

Xf(‘x| ,|x|0‘s)‘p|xlo‘dasdw} ds) vdr

by the Hardy inequality.

Estimate of I,. Let 1(t) = ('z‘ v+ 7 z*y —y+ T/Qa)> be the curve

connecting uz and wuy, with 0 <t <2’ — %‘ < ('d. The corresponding integral is

Lzl
|z

_ [l
L= Adp+a+1< ; Xf(?

< Ca/Al;‘:i(/ ‘Xf(s v+, |z <y —y+ ))’ds) dxdydx'dy’

where we used 2’ < Cd and we changed variable t — s = |z|/2 +t using the estimate
0<s<(Cd.

Next we pass to the variables y — n = ¢ —y and 2/ — £ = 2/ — x, where
¢ > |x| — z is nonnegative and observe that |(| := |(£,7n)] = d. We use the following
rule for changing integration variables and order

—+00 “+o00 +00 400 +oo
/ / cooda'dr = / / - dédr = / / o dad€.
—oo  Jlz| —oo Jz|—x £/2

+ty + 1, |z <y —y+ ))‘dt) dxdyda’dy’
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Recall also that |z| < Cd ~ C|¢|. Letting E- = {(z,y) € R* : |z| < C|¢|, v >
—£/2}, we obtain the following estimate

Lo /W W/E /c<| ‘Xf(s Y+, |x]® (n+ )))ds) |z|*dzdy’ |<C|l§+1
x ¢
<[ T Lo rioe oo ) epasad o) i
< CQ/R+><R+ (/OCK [/ ‘Xf(s u, |z]® (77+ ))‘ ]x\ad:vdu} ds)p‘;‘i%.

In the change of variable y' — u = 3’ + 7 we used the fact that 7 is independent of
y' after letting n =y — y, by (5.2). The next step is the change of variable

2%(x + &)

zZ=|x + ) = .
(14 5) = 3t g o
Observe that |z]|*n < z < 72— |z|*n, for all £ > 0 and = € |—£/2, +00[. Note that if
x gets too close to —%5 , then the estimate fails. Furthermore, we have

dZ «@ (I + §>Q—1|x|a—l a+1 @ a+1 a—1 _:
— =a2 — + 2%(x + o~ .
sl (x + &) sign(x)) ~ nla|*" sign(x)

To proceed, we split the integration on F, into the integration on the following two

(5.9)

sets
EEL:{(x,y’)ERQ:OS:CSC’|C|} and EE:{(x,y')ERQ:—§/2<x<O}.

We denote the corresponding integrals I;” and I, respectively.
We estimate I,”. With the change of variable ([5.9)), by the previous discussion we
1/
get x%dx ~ mdz and thus

Ir<c / (/CK[/ X £( NP e dd};d >p d¢
o s, u, 2))|P—————dzdu| " ds
e R+xR+ *Jo 0<z<Cn|¢|o platb/e |¢|P+

and we conclude using (5.8)). The estimate of I, is analogous.

Estimate of 5. The curve 5 connecting u4 to us = v, in a backward parametriza-
tion, gives the following estimate for the integral I5:

||a lo

T P
Is < Ca /A ( /0 X f(x’,y'—l—t,x’o‘t)]dt) e dadyda’dy.

and using 7 < C'd the evaluation of this integral is identical to the one for I;.

Remark 5.2. In this section, we proved the integral estimate 3)) starting from a
couple of points u = (x,y,0) and v = (2/,y/,0) satisfying (4.1a} and (@.1D). Since
(4.1a)) can be always assumed, we briefly discuss the case When ) fails. This can
happen in two situations: either ¢y >y and x > 2’ > 0, or ¢y > y and < —x <0.
In the first case, it suffices to add to the points u = (z,y,0) and v = v’ = (2/,¢/,0) a
third point u” = (2”,y",0) =: (2 —2', 2y’ —y). Both the ordered pairs of points u, u”
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and o/, u” satisfy and (4.1a). Then it suffices to use the triangle inequality and
to recognize that the kernels appearing in the Besov seminorm related to the three
pairs of points (u, ), (u,u”) and (u/,u”) are mutally equivalent.

In the second case, we add a third point v” = (2”,y") := (—xz,2y — y). Both the
ordered pairs (u,u') and (u,u”) satisfy (4.1a) and (4.1b]), and again, since d(u,u’) ~
d(u,u”) ~ d(u',u") and the kernels appearing in the Besov norm related to the three
pairs of points (u,u), (u,u”) and (u',u”) are all equivalent.

6. NONCHARACTERISTIC CASE

We are in the case d < gg|z| and d < gy|2’|, where the constant ey > 0 will be fixed
along the proof. Since |z — 2’| < d we can assume that z’,x > d/eg, i.e., they are
both positive. Without loss of generality, we assume that

y<y and  x>a2'>0. (6.1)

The case y < ¢ and 0 < x < 2’ is discussed in Remark [6.3] If z, 2’ are both negative,
it suffices to apply the transformation (z,y,t) — (—z,y,t), see (2.1d).

With the notation u = (x,y,0), v = (2/,4,0) and d = d(u,v), we consider the
integration domain

B={(u,v) ER*xR?: ¢/ >y, x> 2" >d/sy}. (6.2)

Notice that for g sufficiently small we may also assume that x ~ 2.
Starting from wu, we introduce certain intermediate points interpolating v and wv.
Consecutive points are connected by integral curves of the vector fields £ X5 and +7
Let 0 = o(u,v) > 0 be the number ¢ := 3’ — y + x — 2. We define the points

u =u = (z,9,0)

ur = exp(0Xs) () = (1,9 + 2 — ,2°0)
:L_/a+1 .

xa—i—l
— I Z — / / @ .
uy = exp ((z' — 2)2) (w1) ($ Y, or® + Qa1 )

Notice that uy € R3 | because

I,aJrl - l,laJrl x

/:: o - 00000 I e} o go 6.3
2 =ox e (v —y)x —i—/xl(x t*)dt > 0, (6.3)

as soon as ¢y > y or x > x’ > 0. This inequality may fail if z < 2/, but see Remark[6.3]
Observe also that
7 <ox® < Cda® < Cepr’t, (6.4)

because 2’ > d/ey and © ~ 2.

To reach v starting from us we follow for a positive time an approximation of the
commutator [Xy, Z] = [Xo, X1+ X5| = —Oél’a_I%. In a standard way, we approximate
the flow along this commutator with a composition of flows of the vector fields +7
and £X5.
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Let 7 = 7(u,v) be the positive solution of the equation the equation 2z’ + 72'% —
7(x' 4+ 7)* = 0, that reads
xa+1 _ .CEIQ—H

e ) = (g ©5)

a+1
This equation has a unique positive solution 7 > 0. By (2.3 we have

!/
r e min {4/ VO 2 d((@ g ), (Y 0) < Cd(wv), (66)
i

where we used Theorem [2.1] and the triangle inequality.
Finally, we define the following further points:

uz = exp(7Xs)(ug) = (a:’, y + 7,2 + x’ar)

(I/ 4 T)a+1 _ I/a—H
a+1 )

(33, + T)a+1 _ .CEIQ—H
a+1

Ug = exp(—TZ)(u5) — (ZE’, y/7 Y — (l’/ + T)aT) — (I/,y’, 0)

In the last identity we used (6.5). For i =1,...,6, we denote by v; : [0,T;] — R the

curve connecting u;_1 and wu;, where 7T; is such that +;(T;) = u;.

According to Proposition and Corollary , for points (u,v) € B the kernel in
satisfies

uy = exp(72)(u3) = (x’ + 7,y + 27,2 + 2T +

s = exp(-Xa)(w) = (o' + 7/ 475 7 4 -y

d”*1(B(u, d)) ~ dP22*7 1, (6.7)
and by ([2.9)), the distance function has the structure

d~ o —a'| + ]y =y + VIy — |z = max{le — 2|, /]y — y/'l}.
The last equivalence follows from 0 < |y —y| < /|y —yld < o/ |y — y ||

By the triangle inequality we obtain

|f(u) = f(0)? |
/B on(Bla.d)] dp(u) dp(v) < Cop Z Ji, (6.8)

where

7 ._/ </T X f( -(t)\dt)pﬂdxd dz'dy fori=1,...,6
i = 5 ; Yi dr+2po—1 Yy Y, I A

We claim that the integrals J; satisfy

LSQW/\XN%%@WMWW-
=y

Estimate of J;. Starting from the point uy = (x,y,0), we follow the vector field X5
for a positive time 0 =y’ — y + x — 2’ < d. Using the estimate in (6.7)), we arrive at
the inequality

1 d o
J1 < / W(/ | X f(x,y +t,tx®)| dt)pxo‘x’ dxdydx'dy'. (6.9)
B 0
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We use the coarea formula along with the following lemma.

Lemma 6.1. There exists a constant C' > 0 such that for any x,y € R with z >
r/eo > 0 we have

|2 1 2 1
L i () < Crtae, (6.10)
/[‘)r(x,y) |Vd($ Y )|

where D,(x,y) = {(z/,y') € R* : d = r} with d = max{|z — 2'|, /|y — v'|z}.

Proof. The set D,(x,y) is the boundary of the rectangle [x —r, z+7] X [y — %, Y+ é]
When in the max-definition of d we have d = /|y — ¢/|z, then, on {d = r}, the

gradient of d satisfies |Vd(z',y')| = % = 5. In the corresponding part of the
y—y
integral (6.10)), the function |2’|* is integrated on the interval (z — 7,z + ).
On the set where d = |z — 2’| we have |Vd| = 1 and, in (6.10), the constant
|2/|* = |& 4+ r|* =~ |z|* = 2% is integrated for ¥ € (y — r?/x,y + r?/x). In both cases
the claim follows. O

Starting from , by the coarea formula and inequality (6.10]), by the Minkowski
and Hardy inequalities we obtain

ET d
N = X t,aot)| dt) d ded
1_/gc>0/ /T ’Vd‘ / X f(@,y +1,2%)] ) (2, y) Srdrdy

<C/ / /|Xf:cy+tw )]dt) O‘dxdy—
>0
/P \Pdr
< Py =
_Ca/O (/0 [/x>0 | X f(z,y +t,2°)|Px dmdy] dt) =

Ca,p/ / | X f(z,y +r,ra®)|Pe“dxdydr
0 x>0

IN

< Cuy [ | IX (a0 2))Pdsdyd,
3

R

as required.

Estimate of J;. The integral curve connecting u; and us is

potl (z — t)a+1>
a+1

where 0 =y —y+ 2 —2'. Using (6.7) and 0 < x — 2/ < d, we start from the estimate

e—a pxx'drdydx’dy’
R e

We perform the change of variable from 2’y to h = (hy, h2)

72(t):<x—t,y+0—t,ax°‘— , for0<t<az-—2.

h = (hi,he) = (x — 2", \/(y —y)z) €]0,+00[ X |0, +00]. (6.11)
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Note that |h| >~ d. The Jacobian satisfies dz’dy’ < C %ldh and so we obtain

1 hy rotl (l‘ _ t)aJrl)
< -
2=C [ ()

a+1

where B = {(z,y,h) € RY: hy,hy > 0, x > |h|/eo} and & := h2/z + hy < C|Al.
Now we perform the change of variable in time
or® + ((x — ) — 2™ /(e + 1)

(x —t)e '
By (6.3)), on the integration set we have s > 0. Moreover, it is 0 < ¢t < C|h| and
x > d/eg ~ |h|/eo, with constants independent of £yg. Then, choosing gy > 0 small

2

enough, we have z — ¢t > z/2. Since 7 = % + |hi| < Cd ~ |h|, we conclude that
0 < s < C|h|. An easy computation also shows that, for 0 <t < C|h|,

h 1
!%A6+H§4ﬁs§, (6.12)

Xf(x—t,y—l—&—t,&xa—

dt)pa:o‘d:cdydh,

s = Qoz,h(t) =

for || > |h|/eo and £y small enough. Letting ¢ = @ n(8) € [0, 1] we arrive at the
estimate

Clh| - N . - p dh
JQSCa[§</O Xflx—t,y+0—t s(x—1) )|ds> x dxdy|h|p+1.

Next we use the Minkowski inequality to interchange integration in ds with integration
in dxdy:

Clh| R R R y i
J2 < Cq (/ [/ !Xf(x—t,y—i-&—t,s(x—t)a)|pxadxdy] pds)p—ﬂ.
r2 \Jo {z>|hl/e0} AP

The change of variable 7 = y + 7 — t in the inner integral is elementary because o
and t do not depend on y. Let us consider the transformation x +— T defined by

f:x—%\:x—gpaz}l(s). (6.13)

Note first that T € [x — hq, z], because s € ¢, ([0, h;]). Using the definition of ¢, 4,
and o, we see that (6.13]) can be written in the form

foz—ﬁ—l ma+1

Fi(z) := T ST = T hix®t — ha® = Gu(x). (6.14)

It is easy to see by one-variable calculus that F, : [(a+ 1)s,+oo[ — [0, +00[ is a
strictly increasing bijection with strictly positive derivative. Furthermore, if g; is

small enough then
G - [|h|/e0, +oo] = Gr([|h] /0, +o0[) =: I, C [0, +00]

satisfies G), () > 0 for all x > |h|/ep. Then (6.13) can be written as a true change
of variable x = G, ' (F,(%)), where T € F;1(I},) C [0, 4+oo[ and by (6.14) we have the

following change in the integration element

(T — ast* ) dT = (2* — (v — 1)h32*" % — ahy2® ')dx ~ 2*dx. (6.15)
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Then, z%dx < C,x*dx and the estimate can be finished by the coarea formula and
the Hardy inequality as follows:

1 Clhl I/p \P
< — = =\ | D= T ]
Jo < C, o TH T </0 (/x>0 X f(z,7,sT)PT dxdy) ds) dh

00 Cr 1/p pdr
< Ca/ / / X f(z,y,sT)|Px%dzdy ) ds) —

() (L Wr@sspadag) as) 3
<Cop [ [ IXf@gsaedigar

0 JE>0
< Cayp/ | X f(x,y, 2)[Pdxdydz.

RS

+

Estimate of J;. The curve connecting us and ugz is v3(t) = (2/,y' + t, 2/ + t2'),
where ¢ € [0, 7] and 7 solution of (6.5). The quantity z’ is defined in (6.3)). Using
(6.7) and (6.6)), we can start from the estimate

1 cd / / / 1 p a & / /
J3 < BW< i | Xf(a,y +t,2 +ta )|dt> 2" dedydr'dy’.  (6.16)

Observe that 2/ < ox® < Ca2'®d. So, the change of variable in time 2’ + t2'® = sz’

gives dt = ds and the integration set in s is contained in [0, C'd]. Then we get

1 Cd R »
< Ca | () WG+ Eso®))lds) a"a" dadydo'dy)
3= /de+2xo¢—1 /0 | X f(a', ¢ +t,s2"))|ds) 22" dedydx'dy

Where %\: S — Z//.T,a.

Next we change variables from (z,y) to h = (hy,hg) as in (6.11) with Jacobian
dh = 5-dxdy, and so we obtain xdzdy = [2hy|dh < C|h|dh. Therefore

1 Clhl ~ P
< / / 1 1 / /
Js < C, /R T (/O X f(a,y + 1, s2 ))|ds) 2’ dz'dy' dh, (6.17)

o~ a h2 a Il a+17Ila+1
where t = s — 2/ /2'" = s — #((thl + ) (2 4 hy) = +h1)a+1 )> does not

depend on 7/.
We use the Minkowski inequality to interchange integration in ds and dx'dy’:

J<C 1 Ol X I N Ifet p/ad /dll/pd pdh
3 < a/RzW /0 </$/>0| @y + ¢, s27))Pa" do y) s :

The change of variable § = y + ¢ satisfies dj = dy/, and we finally obtain

nee, [ ok /C'h'( [ xrw s ppraradag) ah
<Cq | —— 2,7, s 2'%dx’dy s .
’ R2 ‘h|]7+1 0 x>0

Ultimately, we conclude using the coarea formula and the Hardy inequality.
Estimate of .J;. The curve connecting us and uy is

@) = (@ +ty + T+t [+ )T =2 (a+ 1), telo,T].
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Using (6.7) and , we can start from the estimate

Cd px®x’ dedydx’dy’
Ty < X f(u(t))] dt . 6.18
v [ (] ooy ) Rt (618)

With the change of variables (6.11]) from variables (z,y) to h = (hq, hy), we obtain
Clhl p2'*da’dy'dh
T N L L e
fa'2Ihl/eo} o [hf7+t

(33/ + t)a'H _ x/a+1>
a+1 ’

where

()= (x’+t,y’+?+t,9+?x’“+
and
(:E/ + hl)a+1 . x/a+1
a+1

Notice that the unique solution 7 = 7(z’, h) of 7((2' +7)* —2'*) = 2’ does not depend
on vy

7 =72 h) = h3(hy + )" + hy(hy +2)* — (6.19)

In the next step, we perform the change of variable in time

2(x' h) 4+ 72 h) 2 + [(2 + )t — 2T /(e + 1)

s = Qwn(t) = o
(v +¢) 1 (6.20)
R ECA R A ey
= xr z\r T\ r —
a+1 ’ ’ a+1

By (6.4), (6.5) and the noncharacteristic case, we have 0 < Z'(2', h) + 7(2', h)z'* <
Cda'* < Cepx’*™. Furthermore, an easy computation furnishes m < P(t) <
-5 forall 0 < ¢t < CJhl, if g is small enough. Therefore, @, : [0,Clh[]] —
0w 1([0,C|h|]) =: Ay C [0,C|h]] is a monotone increasing bijection. Letting ¢t =
@;}h(s), we obtain

1 Clhl R A R N
Jy < Ca/ PP (/ (X[ +ty +T 4+t s(a"+ t)a)\ds>p:r;’ da'dy’ dh.
{2/>Ihl/eo} |17 0

We use the Minkowski inequality to interchange integration in ds and dx'dy’:

Clnl - - - p \p dh
Jy < Ca/ / / | X f(2'+t, ' +T+t, s(2'+)) P2’ A2’ dy’ | ds) ———.
RQ( 0 [ {x/2[hl/e0} } ) AP+

The functions 7 and ¢ do not depend on 4. So the change of variable § = ¢/ +7 + ¢
is a translation and dy = dy'.
Next we look at the transformation z = 2/ +1 = 2’ + gﬁ;}h(s), where we know that
t € [0,7(z',h)] C [0,C|h|]. Such transformation is equivalent to P (T — z') = s.
Since the explicit form of gives
Bualt) = ﬁ{h( ) by )
(& + ) = (@ + by
_l’_
a+1

+7(2, h)x/a},
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the transformation can be written as

. TOH_l N (ZE’ + h1>a+1 o
Fy(z) := P v — h3(2 + hy)* ! (6.21)

— (&' + hy)® — 7(&', )" =: Gy ().

We are in a situation similar to in the estimate of J5, but here the right-hand
side is slightly more complicated. As in the previous case, we see by one-variable
calculus that Fy : [(a+ 1)s,+oo[ — [0,+00] is a strictly increasing bijection with
strictly positive derivative. Concerning the right-hand side, it suffices to show that

Gy : [|h|/20, +00[ = Gu([|h] /0, +00]) =: I, C [0, 400]

satisfies %@h(x’ ) > 0 for all 2’ > |h|/eg. All terms are similar to those appearing in
Jo, but here we need to show the following further inequality:

Lemma 6.2. We have the estimate
0

7x/0‘?($/, h)| < ooz’,  for all &' > |h| /2o,

where the constant oy can be made small by choosing €y small enough.

The proof of the claim is postponed after the end of the estimate of J;. To conclude
the estimate of Jy, as a consequence of Lemma [6.2] we discover that we may write
x = CAJ}:lFs (Z) and the change of variable has strictly positive derivative, the variable
T is nonnegative and differentiating (6.21), we get 2/*da2’ < CzdT.

Ultimately, we obtain the estimate

1 C|h| 1/p P
L <C, | — X f(z, 7, s7%)|Pz%dzdy ) ds) dh,
< /szw(/o (/M| f(z.g.55)Padzdg) " ds)

and the argument is concluded in the usual way.

Proof of Lemma[6.3. To prove claim [6.2] we first get an explicit form of 7. Starting
from
(l’/ + hl)a—i-l _ x/a—i—l

(2 +7)* =2 =72 = h3(a' + h)* P+ hy (2’ + ) — |

(6.22)

and letting v(s) = s((1 + s)* — 1), we see that 5 = v_l(m/jﬁ). Recall that the ratio
a;%lﬂ is close to zero if gy is small (see (6.4))). Furthermore, we have v(s) ~ s* and
v'(s) =~ s for s close to 0. So (6.2 is equivalent to

x/a—l—l a Z/
V(7 /a’) Ox! xetl

0 L § :
‘%(fﬁlv 1<x'a+1>>‘ S oo © ‘(O‘+1>;+ < 0.

The first term is easily controlled. In order to control the second one, observe that

l’/ in ZL’/2 T x/oc-i—l
~

v(t/x)) T T2 = 2 ( )
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by the quadratic behaviour of v calculated on the small argument 7. Then we are

Oy 2 1
G (o — )

2! x/a+1 x/a+2

left to prove that
< 0y. (6.24)

The second term is easily estimated. To conclude, we show that = g—§:| < o0p. By a
direct calculation of 0,.2’, we are reduced to the proof that the inequality

T«a—n@@wwgaﬁﬂmgf+mw1—«f+mw—x%”

/ h a+l _ o+l
S 0'0<h/§(.’17/+h1)a_1+h1(l’/+h1)a— (33 + 10>5—|—1 * )

T(afl)h%(x’+h1)a’2
h2(z'+h1)o 1
this property, by the estimate 7 < Cd < Cepx’. Thus, it suffices to prove the
inequality with hs = 0. This can be achieved by looking at the following Taylor

expansions in hy /2’

holds for some o\ as small as we wish for small 5. The ratio enjoys

-1
JZI(O{]'LI(I'/ + hl)a—l . ((l’/ + hl)a o l,/oa)) — Mx/a—lh% _|_ m/a—lh?O(l)

2
/ h a+l _ o+l
hy(z" + hy)® — (= + 10>H_ : ’ = %x’aflh% + 2" hio(1),

where o(1) — 0 as hy /2" — 0. The proof of Lemma [6.2] is concluded. O

Estimate of J;. The (backward) curve connecting u4 and uj is

(ZL'/ + T)a+1 - xla+1

a+1

B T ' *drdydx’ dy’
so= [ (] Xrsteiar) o

(x/+7_)a+17x/a+1
a+1

~s(t) = (x’+7,y’—|—7'+t, +(x'+7)at), te 0,7,

and we have

We change variable ¢ — s letting (' + 7)%s = (' + 7)* +
7 < Cd, we get 0 < s < Cd and we have

e ~ “Hdzdyds’' dy’
Js S/ (/ ‘Xf(l"+7,y’+7'+t, (a:’—i-T)as)‘ds)px rayer y)
B 0 drt2

Using

1 (:E/+T)O‘+17:B’a+1
atl  (@4ne

Next we pass from variables x,y to variables hy = x — 2’ and hy = /(¥ — y)z.
As in the previous cases, the Jacobian satisfies the estimate xzdxdy < C|h|dh. The

unique solution 7 = 7(2/, h) of (6.22) does not depend on y’. Then, the function

t=s— ﬁ% defined above, depends on z’, hi, ho but not on 3. Thus,

after the Minkowski inequality and the change of variable § = ¢/ + 7 + ¢, we obtain

Clh| y "
Js < Ca/ (/ [/ | Xf(z' +7,7, (' + ?)O‘s)|px'o‘dx’dy} pd8>p—+1.
r2 \Jo @'>|hl/eo |h[P

where ¢ = tA(S, r, 0y —y) =5~
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Finally, we exploit the transformation T = 2’ +7(2’, h). With a slight modification

of the argument used in the estimate of Jy, see especially (6.22)), (6.23) and ([6.24]), we

see that |9, 7(2', h)| < 3, if o is small and &’ > |h|/ey. Therefore we have a correct

change of variable and moreover 2'*dz’ ~ TdZ. The argument is then concluded as
in the estimate of Jy.

Estimate of J;. We have to estimate the integral

AvS

We use 7 < Cd and we change variables from (z,y) to h = (hy, ho) letting hy = x — 2’
and hy = /(¢ —y)2z’ . Then zdxdy < C|h|dh, with |h| ~ d and we get

C|h| (JI/ +t)a+1 - x/a+1 P dh
<O, X ( "ty -t )‘dt) " dax’ dy’ ,
Jﬁ_C/RQ/Eh(/O ’ N\ +hy+ a+1 v xy|h|p+1

where By, := {(2/,y') € R?* : 2’/ > |h|/eo}. Next we perform the change of variable

1 (.Z'/ + t)a—l—l _ x/a—l—l

(! 4+ 1)~ a+1

(2 +t)ott — glot! " prx'*drdydr’dy’
a+1 > ’ ) dpt2ge-1 -

Xf<x’+t,y’+t,

t—s=

=: ().
An explicit calculation gives %gpx/ (t) € [a+r17 1}, for all ¢ > 0. Therefore @,/ (t) ~ t,
on t € [0,C|h]] and ds =~ dt. Denoting t = o' (s), we get

weof [ /C'h' XF@ + Ty + (0 + Ds)lds) ey
°= 7 Jre E, ~Jo ’ , |t

An application of the Minkowski inequality and the change of variable 3y — 7 = v/ +1,
where ¢ does not depend on y, lead us to

dh C|hl R R 1/p P
Js < C, —(/ [/ X[+ ¢y, (2 + t)o‘s)]px'adx’dy] ds) :
w2 [h[PF1\ o B
Finally, we analyze the change of variable T = 2’ + ¢_,'(s). This is equivalent to
¢ (T — 2') = s and using the definition of ¢ we get 2’ = (Z°+! — (o + 1)sz7*)/ (@),
Note that T > 2/. Since s < Cd < Cegr’ < Cegr, if g is small enough, we get
2'*dx’ ~ r*dx and ultimately

C|h| 1/p D dh
neo | ( / [ / IXf(f,y,IEI“S)I”IfI"‘dEd@] ds> A
r2 \ Jo R2 |h|P

The estimate can be concluded as in the previous cases.

Remark 6.3. So far, we assumed that y < ¢ and z > 2/ > 0. If y < ¢/ and
0 < z < 2’ we add to the points u = (z,y,0) and v = « = (2/,y/,0) a third
point v’ = (2x — 2/,2y" — y,0). Then we have d(u,u’) ~ d(u,u”) ~ d(v',v") and
w(B(u,d(u,u'))) ~ p(B(u,d(u,u”))) ~ p(Bw,dw,u"))). Thus, the estimates in
this case can be obtained as explained in Remark 5.2
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