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THE MONOID OF MONOTONE FUNCTIONS ON A POSET
AND QUASI-ARITHMETIC MULTIPLICITIES FOR UNIFORM MATROIDS

WINFRIED BRUNS, PEDRO A. GARCIA-SANCHEZ, AND LUCA MOCI

ABSTRACT. We describe the structure of the monoid of natural-valued monotone func-
tions on an arbitrary poset. For this monoid we provide a presentation, a characteriza-
tion of prime elements, and a description of its convex hull. We also study the associ-
ated monoid ring, proving that it is normal, and thus Cohen-Macaulay. We determine its
Cohen-Macaulay type, characterize the Gorenstein property, and provide a Grobner ba-
sis of the defining ideal. Then we apply these results to the monoid of quasi-arithmetic
multiplicities on a uniform matroid. Finally we state some conjectures on the number of
irreducibles for the monoid of multiplicities on an arbitrary matroid.

1. INTRODUCTION

Natural-valued monotone functions are ubiquitous in mathematics, and as we will see,
they are tightly related to monotone Boolean functions. The study of monotone Boolean
functions goes back at least to Dedekind [7], and was continued by Church, Ward and
others (see [27] and the references therein). This paper is devoted to the structure of the
monoid of natural-valued monotone functions on an arbitrary finite poset P (partially or-
dered set).

If instead of monotone functions we consider order-reversing functions, then we come
to the concept of P-partitions, that were studied by Stanley [25, Chapter II], [26, Sec-
tion 3.15] and later by many other authors (see [11] and the references therein). The study
of both concepts, natural-valued monotone functions on a finite poset P and P-partitions,
is essentially equivalent. In [11], the complete intersection property of the monoid ring of
P-partitions was characterized in terms of forests with duplications, the graded ring of the
monoid ring was described, and generating functions counting P-partitions were com-
puted.

Our motivating example comes from matroid theory. Matroids axiomatize the linear
algebra of lists of vectors. For instance, the uniform matroid U(r, n) encapsulates the linear
dependencies of a list of n vectors in generic position in an r-dimensional space, that is, all
the sublists of cardinality smaller than or equal to r are linearly independent. Arithmetic
matroids were introduced in [6], in relation with an invariant called the arithmetic Tutte
polynomial [19], and since then proved to have a wide number of applications. Recent
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2 BRUNS, GARCIA-SANCHEZ, AND MOCI

advances in understanding their structure have been achieved in [10, 22, 23]. A quasi-
arithmetic matroid is a matroid together with a suitable function called a multiplicity; it
is called arithmetic if it satisfies an additional axiom. In [9], Delucchi and the last author
remarked that the set of quasi-arithmetic multiplicities on a given matroid M is a monoid
2 (M), and proved that arithmetic multiplicities form a submonoid <« (M) of 2 (M).

In this paper we describe the structure of the monoid 2 (M), with a special focus on
the case of uniform matroids. Via an appropriate prime-wise slicing of the monoid, we
can translate the problem of studying multiplicities on a given uniform matroid to the
study of additive submonoids of a cartesian product of copies of the monoid (N, +). These
submonoids are isomorphic to the set of monotone functions over a partially ordered set.

The paper is organized as follows. In Section 2] we study the structure of the monoid of
natural-valued monotone functions on an arbitrary finite poset, describing its set of irre-
ducibles (Proposition , a presentation of the associated monoid (Theorem {4, which is
similar to [11, Theorem 2.1] for P-partitions), and the cone arising as its convex hull (The-
orem|[7). We provide a Grébner basis for its defining ideal (Theorem 5), characterize the
Gorenstein property (Theorem[9), and describe the Cohen-Macaulay type of the monoid
ring for certain posets (Proposition . An irreducible monotone function over a par-
tially ordered set rarely is a prime element of the monoid: in Theorems[13and[17]we give
a characterization of irreducible monotone functions that are prime.

In Section 3 we focus on the monoid of quasi-arithmetic multiplicities of a matroid.
First we describe its structure in general, as a direct product of simpler monoids (Propo-
sition; then we describe every factor in the case of uniform matroids (Proposition.
Then, by applying results of Section 2, we determine when a slice of the set of multiplic-
ity functions over an uniform matroid is Gorenstein (Theorem[29), and also compute the
Cohen-Macaulay type in some extremal cases. Furthermore, in Theorem[30]we character-
ize the irreducible and the prime elements of this monoid.

We finish our work by providing a couple of conjectures on the number of irreducibles,
for which we have some experimental evidence.

Acknowledgements. We are grateful to Marco D’Anna, Vic Reiner and Fengwei Zhou for
helpful conversations. We also wish to thank an anonymous referee for many valuable
remarks.

Experiments were performed with the help of Normaliz [5], NormalizInterface [15]
and NumericalSgps [8] (the last two are GAP [14] packages). With these, we were able to
run batteries of examples to foresee the results we proved later.

2. MONOTONE FUNCTIONS ON A PARTIALLY ORDERED SET
Given a partially ordered set (P, <) and a subset X < P, set
tX={yeP|x<yforsome x € X}.

An upper set in a partially ordered set (P, <) is a subset U with the property that 1U = U.

For an ordered set (P, <), a function f : P — N is monotone if f(a) < f(b) whenever
a < b (N denotes the set of nonnegative integers). By M(P) we denote the set of monotone
functions over P.
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Clearly, if U is an upper subset of P, then yy € M(P). Here yy is the indicator function
of U: yy(x) =1for x € U, and yy(x) = 0 otherwise.

We can define on M(P) addition as (f + g)(p) = f(p) + g(p) for all p € P. Under this
binary operation, M(P) is a commutative monoid.

A nonempty upper set is irreducible if it is not the union of two disjoint upper sets.

Lemma 1. Let (P, <) be a finite partially ordered set, and let U be an upper set of P. Then U
can be expressed (uniquely) as the disjoint union of irreducible upper sets of P.

Proof. We proceed by induction on |U]|. If U is not irreducible, then it is the union of
two disjoint upper sets, which are disjoint union of irreducible upper sets by inductive

hypothesis.
The uniqueness of the decomposition is obvious: an irreducible upper set V is only
contained in the disjoint union of upper sets W; if V < W; for some i. 0

Foramap f: P — N, its support is defined as

supp(f) ={peP| f(p) #0}.

Clearly, if f is monotone, then supp(f) is an upper set of P. This fact, together with
Lemmall} is the key to see what the irreducibles of M(P) are, that is, monotone functions
over P that cannot be expressed as the sum of two other nonzero monotone functions over
pP.

Proposition 2. Let (P, <) be a finite partially ordered set. The monoid (M(P), +) is minimally
generated by

{x1 1 irreducible upper set of P}.
Its rank is | P|.

Proof. Let f be a monotone function over P. We already know that supp(f) is an upper
set. By Lemmal 1, there exists a family .# of upper sets such that supp(f) = Ujc.»I (disjoint
union). Then Ysupp(f) = X1e.s X1- Clearly, f' = f — Ysupp(s) is @ monotone function over P.
We can repeat the process with f’ until we reach the zero function (this process will stop
since P has finitely many elements and the values of f are nonnegative integers).

This shows that M(P) is generated by the set of elements y; with I an irreducible upper
set. It is also clear that every y;, with I an irreducible upper set, is an irreducible. Being
contained in N'*!, the monoid M(P) is minimally generated by its irreducibles. This can be
seen as follows. We set

deg(f) = ) f(x.

xepP
If f #01is notirreducible, then f = g+ h with g, h # 0. Since deg(g),deg(h) < deg(f), it fol-
lows by induction that the irreducibles generate M(P), and it is clear that the irreducibles
are contained in every system of generators (see also [24, Chapter 3, Exercise 6]).

Since M(P) c 7Pl its rank is at most |P|. On the other hand, there is a strictly ascending
chain of upper sets of length |P|: we take a linear refinement of the partial order that lists
P ={a,...,a,} in ascending order, and consider the upper sets {a;,...,a,}, i € {1,...n}.
Their characteristic functions are linearly independent. 0J
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We can sharpen this last proposition to obtain a canonical expression of a monotone
function in terms of the y; with I an irreducible upper set. To this end we need to intro-
duce the concept of near-chain.

2.1. Near-chains. A near-chain of irreducible upper sets in a partially ordered set (B, <)
is a set & = {I1,..., I} of irreducible upper sets such that one of the following relations
holds forall I;,Ij € #: I; < I;, Ij < I; or I; nI; = @. In [11], the corresponding concept of
near-chain for order ideals is a multiset of nonempty connected order ideals that pairwise
intersect trivially. The following result has an analogue for P-partitions; see Section 1.2 in
[L1].

Proposition 3. Let (P, <) be a finite partially ordered set. Let f € M(P). Then there exist a
unique near-chain .¢ and uniquely determined positive integers ay, for I € .#, such that
f = Z a])( I-
Ieg
Proof. Let S = supp(f). Then S has a unique representation as the union of disjoint irre-
ducible upper sets, say S = Ujc.z J (Lemma. Thus ys =3 jer XJ-

For f =0 we take .# = @. For f # 0 we can assume that the assertion on existence holds
for f — xs since deg(f — xs) < deg(f) where deg is defined as above. Any irreducible upper
set appearing in the representation f — ys = ¥ jc.o» @} ¥ must be contained in one of the
disjoint irreducible upper sets J € %, and therefore .# = # U.#’ is a near-chain. Set a; = 1
ifle #\I',ar=a,forle $'\ X anda;=a;+1forle £ ng'.

Uniqueness is proved similarly. If we have a representation f =} ;¢ s a;y; with a near-
chain .#, then S is the union of the maximal elements in .#. Therefore they form the set
A from above, and we are again done by induction. 0

2.2. Relations and defining ideal. We already know the generators of M(P) for P a finite
partially ordered set. Let us now describe this monoid in terms of generators and relations.

Let Z be the free monoid on the irreducible upper sets of P. Then the morphism ¢ from
& to M(P) induced by I — y; is an epimorphism, and M(P) is isomorphic to %/ker ¢,
where ker ¢ is the kernel congruence of ¢, that is, the set of pairs (x, y) such that ¢(x) =
@(y). A system of generators of ker¢ is known as a presentation of M(P). A system of
generators that solves the word problem for a given admissible total order on & is known
as a canonical basis of ker ¢ (see [24]).

Let .# be a family of irreducible upper sets, and let a; be a positive integer for all I € .#.
We define the degree of the expression ) ;c s a;xr as

deg(zm arxr) = Y. aplll.
les

In particular we have deg(y ;) = |I|. Note that this definition of degree is consistent with the
one in the proof of Proposition 2} when we specialize the formal expression to a function
on P, the degree stays the same.

We fix a total order < of all y; with I irreducible such thatdeg y; < deg xy implies y; < x;.
We then extend it to an order on the set of all formal expressions ) ;c s ary;. We write
Yies arx1 = Lje g ajyy with # and ¢ sets of irreducible upper sets and a;, a; positive
integers, whenever
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(1) deg(Xje.s aryr) <deg(Xjes asxy), or

(2) deg(Xres arxr) =deg(Xje g ajxy) and Y je s ary;issmaller thanorequalto ) je g ayx;

with respect to the reverse lexicographical order induced by the order of the y;.

In total we have defined a degree reverse lexicographical order. Note that degree is evalu-
ated first. For example, if |I| < |J| < 2|1|, then y; < xj <2x7.

Let I and ] be two irreducible upper sets such that one is not contained in the other and
they have nonempty intersection, that is, {I, J} is not a near-chain of (P, <). Then y;+ x; =
XinJ + X1uj- We can then express I n J as a disjoint union of irreducible upper sets, say
InJ=Uyeq U, and the same for IU J = Jyey V. Then

(1) Xi+xs= Z)(U"‘ZXV-
Uea Vey

Notice that yj+ y; is larger than } yeq Yu + X vey xv With respect to =, since for all
Ue€,|U| <min{|1|,|]]}.

If f € M(P), with (P, <) a partially ordered set, then by Proposition[2} f admits an expres-
sion of the form f =) ;¢ s a;y; for some set of irreducible upper sets .# and some positive
integers a;. If .# is not a near-chain, then there is some I,J € .# such that I nJ is not
empty and neither I < J nor J < I. We can replace y;+ s in the expression ) ;c 4 ary; with
Y uew XU + Xvey Xv- With the new expression we repeat the process. Every time we ap-
ply a substitution we are replacing a sum of two irreducibles by another sum with smaller
order. Thus, after a finite number of steps, this process will stop, obtaining the canonical
expression of f given in Proposition[3} which is the normal form with respect to =.

This in particular shows that the set of pairs (I + J,)_yeq U + Y vey V) corresponding
to (1) solves the word problem in %: in order to decide if two expressions ) ;¢ s a;y; and
2 je ¢ aj )X represent the same element in M(P) (they map to the same element via ¢), we
only have to compute their canonical expressions and see if they coincide. Thus we have
shown the following theorem.

Theorem 4. Let (P, <) be a finite partially ordered set. Let & be the free monoid on the
irreducible upper sets of P. Then the morphism ¢ from & to M(P) induced by I — x; is an
epimorphism. Moreover, the set of pairs

(I+], Y Uu+d VvV

Ueu Vey

)

for every I and ] with {1, ]} not being a near-chain, where I n ] and 1 U ] decompose as a
disjoint union of irreducibles as N ] = Uyeq,U and I U ] =Uyey V, is a canonical basis for
the kernel congruence of ¢ for the order <.

Let K be a field, and let ¢ be a symbol. The monoid ring of M(P) is defined as K[M(P)] =
D remp) K t/, where addition is performed component-wise and multiplication is deter-

mined by the rule ¢/ 8 = t/*& and the distributive law. For every irreducible upper set I,
take a variable x;, and let R be the polynomial ring on these variables with coefficients in
K. Then we can define the ring homomorphism determined by the images of x; for all 1

¥ :R— KM(P)], x;— 1,
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The kernel of ¢ is known as the ideal associated to K[M(P)], denoted Iy p). By Herzog’s
correspondence, [16],

b b
IM(P) = {x?ll ...x?nn _x]ll ,,.x]r:ln | (alxll + .4 an)(ln’bl)(h + .-.+me]m) eker(p}.
We can define the degree of x; as |I|, and if two variables have the same degree, we can
arrange them as we arranged y; above. Then < translates to a monomial ordering on R,
and the paragraphs preceding Theorem 4] prove the following result.

Theorem 5. Let (P, <) be a finite partially ordered set. Let B be the set of binomials

XrXjy— l_[ Xy l_[ Xv,

Ueu Vey

such that {1, ]} is not a near-chain of (P, <), and %/ andV are partitions of irreducible upper
setsof IN J and I U ], respectively. Then B is a Grobner basis of the ideal I\yp) with respect
to the order <.

Let .4 be the monomial ideal generated by the x;x; with {I, J} not a near-chain. The
complementary set of monomials in R are exactly those whose support is a near-chain.
Moreover these monomials are linearly independent (as a consequence of Proposition[3).
This gives an alternative proof of Theorem|5| In [I1, Theorem 1.2] a system of generators
of the ideal associated to the monoid ring of P-partitions is given.

The upper sets in P form a distributive lattice £ with respect to intersection and union.
With such a lattice one can associate its Hibi ring K[Z] [17] that as a K-algebra is defined
by the generators x;, I € £, and the relations

X[X] = XInjX1uj-

The Hibi ring is standard graded with degx; = 1 for all I since all its defining relations are
homogeneous of degree 2.

Theorem 6. Let (P, <) be a finite partially ordered set. Then the following hold:

1. K[M(P)] is an integral domain of Krull dimension equal to | P|.
2. K[M(P)] is the dehomogenization of K[£] with respect to the degree 1 element x4, that
is, KIM(P)] = K[ZL]/(xg —1).

Proof. The first statement follows from the general fact that the K-algebra K[M] for an
arbitrary affine monodid M is an integral domain of Krull dimension equal to rank M.
That rank M (P) = |P| has been stated in Proposition

For the second statement we observe that in K[M(P)] we have X X/ = gXinJ gXivJ  and
tX? = 1. The substitution x; — t*! therefore induces a surjective algebra homomorphism
K[Z] — K[M(P)] whose kernel contains x4 — 1. Some immediate observations: (i) xy —1 #
0 since it is the difference of elements of different degrees; (2) it is even a nonzerodivisor
since every zerodivisor in the graded ring K[.Z] is annihilated by a nonzero homogeneous
element, and such an element would have to annihilate 1 (see [3, 1.5.6]).

The main point: x4 — 1 generates a prime ideal of height 1 in the integral domain K[.Z]
by the general properties of dehomogenization (for example, see [3, p. 38]), and since the
Krull dimensions of K[Z] and K[M(P)] differ by 1, one has the isomorphism K[M(P)] =
K[Z]/(xg—1). Infact, in any Noetherian ring of finite Krull dimension and for every prime
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ideal Q of R one has dimR = dimR/Q + height Q. This excludes the possibility that the
kernel of the homomorphism K[£] — K[M(P)] properly contains (x4 — 1). U

2.3. Convex hull. Let (B, <) be a finite partially ordered set. We say that y € P is a cover of
x € P if x < y, but there is no z € P such that x < z < y. Let C(P) be the set of monotone
functions f: P — Q.

Observe that M(P) < C(P), and that for every g € C(P), there exists a positive integer n
such that ng € M(P). Thus C(P) is the convex closure of M(P) in Q.

We can identify M(P) with the set of vectors (y,) pep € NPl such that Vp < yq Whenever
p < q. Thus M(P) can be seen as a normal submonoid of NPl and C(P) corresponds to the
cone spanned by it in QI”!. We now list the extremal rays and the support hyperplanes of
C(P), a fact that implicitly appears in [1, Section 7], but we include here with our notation
for sake of completeness.

Theorem 7. The set of extremal rays of C(P) is
{x1 1 irreducible upper set of P}.

Moreover, the cone C(P) is cut out from the space of all functions f : P — Q by the inequali-
ties

(2) f(x) =0, x € B, x minimal in P,
(3) f@=f), X,y € P yisacoverofx,
and this description is minimal.

Proof. Since the set {y; | I irreducible upper set of P} generates M(P), its Q* -linear span is
C(P). We must show that an equation

-
XI1=) aixn, a; >0forall i,
i=1
with I, I, ..., I; irreducible is only possible with I; = I for all j. (Clearly I; = I for all j.)
Assume the contrary. Then there is k € I such that k ¢ I; for some j. We can assume
kel,...,I;, k¢ I;1,...,I.. By looking at the value of y; in k, we see that

t
Z a; =1.
i=1

Let J = ﬂle I;. Then at each element j in J the sum Zlf:l a;x1;(j) = 1. But this implies that
JnUpu---Uly) =@ Infact,if he Jn Iy U---UT,), then y(h) =X  aix;;(h) > 1, a
contradiction.

We see now that I = JU (I;4+1U---U [;). Namely, if h € I, h ¢ ], then not all axi; jE€
{1,..., t}, contribute to the value of y; in h. So atleast one of the y;, with £+1 < u < r must
beequalto 1in i, and so h € I,,.

This contradicts the irreducibility of I, since J and I;+; U--- U I, are nonempty upper
sets, so the first statement is proved.

As for the support hyperplanes, it is evident that exactly the monotone functions with
nonnegative values satisfy the set of inequalities (2) and (3), and that one cannot omit any
of the inequalities in (2). Only minimality of the inequalities in (3) could be an issue. To
this end, let us fix x and y such that y is a cover of x, and define the function f: P — Q by
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f(z)=1forall z€ {x}, z # y, and f(z) = 0 elsewhere. Then f is not monotone, but satisfies
all inequalities except f(x) < f(y). U

For anear-chainI' = {I;,..., I;;} of irreducible upper sets we take

or=Lo,{xn,-- X1,

the set of all -linear combinations with nonnegative coefficients. We have already seen
that yr,,..., 1, are linearly independent (as a consequence of Proposition [3). Therefore
or spans a simplicial cone.

Corollary 8. Let (P, <) be a finite partially ordered set. Then the collection (or), I' a near-
chain of irreducible upper sets, is a unimodular triangulation of C(P).

This follows from Theorem 5|by the Sturmfels correspondence (4, Corollary 7.20]). It is
also an immediate consequence of Proposition[3]

In the terminology of toric algebra, Proposition [2| says that the functions y;, for irre-
ducible upper sets I, form the Hilbert basis of C(P).

2.4. Cohen-Macaulay type. One says that P is graded if there exists a level functiony : P —
Z such that (i) y(x) = 1 if x is a minimal element of P and (ii) y(y) = y(x) + 1 whenever y is
a cover of x. (It is more customary to assume that y(x) = 0 for minimal x, but the two cases
are equivalent since we can add a constant without changing condition (ii).) Evidently y
is uniquely determined. An equivalent condition is that all maximal chains connecting an
element y and any minimal element x < y have the same length.

Theorem 9. Let (P, <) be a finite partially ordered set. Then the following hold:

1. thering K[M(P)] is a normal Cohen-Macaulay domain;

2. it is Gorenstein if and only if P is graded;

3. under the equivalent conditions of[2, the generator of the canonical module is the level
function.

Proof. Already by its definition, the monoid M(P) is the set of lattice points in a rational
cone. Therefore it is normal, and the algebra K[M(P)] is Cohen-Macaulay by Hochster’s
Theorem [18].

The Gorenstein property of K[M(P)] is equivalent to the existence of a functiony: P — Z
such that all linear forms in the inequalities (2) and () that represent the support hyper-
planes of C(P) have value 1 on y (see [4, Theorem 6.33]), that is, y(x) = 1 for every x mini-
mal in P, and y(y) —y(x) = 1 if y is a cover of x. But this is exactly the condition that y is a
level function on P.

The last statement follows from the theorem of Danilov and Stanley that we briefly dis-
cuss for the general case below. 0

Since the Gorenstein property depends only on M(P) (and not on K) we say that M(P)
is Gorenstein if K[M(P)] is a Gorenstein ring. The same convention can be used for the
type that we discuss now. The Cohen-Macaulay type of a normal monoid is the cardinality
of the set of minimal generators of the interior of the cone defining it. In fact, the type
is the minimal number of generators of the canonical module [3} Prop. 3.3.11], and by a
theorem of Danilov and Stanley the canonical module is in our case the ideal generated
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by the monomials that correspond to lattice points in the interior of the cone [4, Theorem
6.31]. The interior of the cone is an ideal of the monoid, and itis determined by turning the
defining inequalities of the monoid into strict inequalities. So the type is the cardinality
of the set Minimalsx,, ,, (int(C(P)) nM(P)) for which the order <jy(p) is defined as follows:
f =M & ifg—f e M(P).

Example 10. Consider the poset P with Hasse diagram

Then M(P) is generated by

{Xe Xder Xcer Xcde» Xbeer Xbeder Xabeer Xabedel -

While the interior is
{81, 82, g3} + M(P)

where g, =(1,2,3,1,4), g0 =(1,2,3,2,4), and g3 = (1, 2,3, 3,4). So the Cohen-Macaulay type
of M(P) is 3.

For the application in Theorem[29we describe the minimal set of generators of int(C(P))n
M(P) for a special type of poset that generalizes Example It uses the length of a chain
in a poset, which for us is the number of elements in the chain.

Proposition 11. Let P be a poset satisfying the following conditions:

1. forall x € P, all inextensible chains ascending from x have the same length;
2. for all maximal elements x € P the maximal length of a chain descending from x is inde-
pendent of x.

Then a strictly monotone functiony : P — N\ {0} is minimal in int(C(P)) N M(P) if and only
ify(x;) =i forall chains x; < --- < xp, of maximal length.

Proof. First we show sufficiency. By 2 all chains of maximal length have the same length

m that appears in the conclusion. For a chain x; < --- < x;,;, we must have y(x;) = i since

v is strictly monotone and y(x;) =1. Therefore the value y(x;) = i is the smallest possible.

By 2 this implies y(x) = m for all maximal elements x. It follows immediately that y — 6 ¢

int(C(P)) n M(P) for nonzero 6 € M(P) since §(x) = 1 for at least one maximal element x.
In order to prove necessity, we define the coheight of y € P by

coht(y) = max{k | there exists a chain y < x; <--- < x; in P}.
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Every maximal element has coheight 0. Suppose that x > y is a cover of y. Then coht(y) =
coht(x) + 1, as follows from condition 1: every inextensible chain joining x to a maximal
element z extends to such a chain from y to z. The length of the chain increases by 1.

We must show that y(z) = m for all maximal elements z of P if y —§ is not in the interior
of C(P) for any nonzero monotone §. Assume that y(z) > m for at least one maximal
element z. Then the set

U={xeP|yx) >m-coht(x)}

contains z and is therefore nonempty. We claim that U is an upper set. Suppose that x € U
and y > x. We must show that y € U as well. It is enough to consider a cover y of x. Then

Y() > y(x) = m— coht(x) + 1 = m —coht(y).
Next we claim that y(x) = y(y)-2ifx¢ U, x < yand y € U. In fact,
Y(x) < m—coht(x) < m—coht(y) -1 <y(y) - 2.

It follows that y — yy is still strictly monotone. It takes only positive values since m —
coht(x) = 1 for all x € P, and therefore x ¢ U if y(x) = 1. Thus y — yy belongs to the in-
terior of C(P). O

In [11] a characterization of the complete intersection property of the monoid ring of
P-partitions is given.

2.5. Prime elements. Let (M, +) be a commutative monoid. We say that a <, b if there
exists ¢ such that a+ ¢ = b (recall that we already defined this relation for M = M(P)). If
the monoid M is cancellative (a + b = a + ¢ implies b = ¢) and reduced (a + b = 0 implies
a = b = 0; no nontrivial units), then <), is an order relation. We will say that a divides b if
a<uyb.

An element a in M is a prime if whenever a <,; (b + ¢), with b, c € M, then either a <),
b or a <); c. Observe that prime elements are irreducible, while in general irreducible
elements do not need to be prime.

If (P, <) is a finite partially ordered set, we can define on M(P) the following order rela-
tion: f < gif f(a) < g(a) for all a € P. Notice that

f=mp) g implies f=g.
Example 12. Let P be the partially ordered set with Hasse diagram

We identify each monotone function over P with a tuple (a, b, ¢, d), where each coordi-
nate is the corresponding value of the function in the node. The set of monotone functions
can then be viewed as the set of nonnegative integer solutions to the inequalities

a<c,a<d,b=<c b=d.
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(See [26} Section 4.5] for an approach for P-partitions with the use of slack variables.) The
set of irreducibles is

{(0,0,0,1),(0,0,1,0),(0,1,1,1),(1,0,1,1), (1,1, 1, )},
which correspond respectively to the characteristic functions of the irreducible upper sets
{d}, {c}, {b,c,d} {a, c,d}, {a, b, c, d}.

Notice that {{a, ¢, d}, {b, c, d}} is not a near-chain, and so we get an expression like in Equa-

tion
(1,0,1,1)+(0,1,1,1) = (1,1, 1,1) + (0,0,1,0) + (0,0,0, 1).

As all the irreducibles appear in one of the two sides of the above equality, we deduce that
M(P) has no primes.

This example motivates the following characterization of prime elements: a prime ele-
ment cannot appear in any of the sides of Equation (I).

Theorem 13. Let (P, <) be a finite partially ordered set, and let I be an irreducible upper set
on P. Then x is a prime element if and only if the following conditions hold:

1. x1r£mp) Xoul and x1 £mp) X6nu for any irreducible upper sets G, H with G # 1 # H;
2. if ] is an irreducible upper set other than I, then {1, ]} is a near-chain.

Proof. Let us first show the necessity of the conditions.

1. We have
XGtXH=XGnHt XGuH-

Therefore, if y; divides one of the two “factors” on the right hand side, it must divide y g
or y g, which is impossible since they have no proper divisors.

2. Assume to the contrary that there exists an irreducible upper set J # I such that {1, J} is
not a near-chain. Then we can find an expression like (1), Y7+ X7 = Xyew Xu+Xver Xv-
This means that y; <mp) Y vew Xu+2vey Xv, butthen y; <mp) y g forsome H € 2 U7V,
which is impossible.

Now we turn to sufficiency. Assume that y; <m(p) f + g, for some f,g € M(P). Then
there exists h € M(P) such that y;+h = f+g. Write h =) yc » ag )y g with # a near-chain
(Proposition[3). By condition 2, we have that A U{I} is a near-chain. Thus the normal form
of yr+his (ar+ 1D xr+ X gese\in auxa (Where we set a; = 0 in case I ¢ #°). Assume that
X1 appears neither in any expression of f nor in any expression of g (if this is not the case,
then we are done). In light of Theorem |4} by applying replacements like the ones given
in Equation (I), we should be able to go from the expression of f + g to the normal form
(ar+1)x 1+ gese\iny au X u- But this implies that at some point y; will divide either y gy or
Xconp for some H, G irreducible upper sets different from I, contradicting condition 1. [J

Example 14. Let P be the partially ordered set with Hasse diagram
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As in Example we identify each monotone function over P with a tuple (a, b, ¢, d). In
our example the set of monotone functions corresponds to the set of nonnegative integer
solutions to the inequalities

as<b,asc, b=d, c=<d.
The set of irreducibles can be computed by using Proposition[2} and is
{0,0,0,1),(0,0,1,1),(0,1,0,1),(0,1,1,1),(1,1,1,1)}.

These correspond, respectively, to the characteristic functions of the irreducible upper
sets
{d},{c,d},{b,d},{b,c,d},{a,b,c,d}.

The only prime elementis (1,1,1,1). Notice that {a, b, ¢, d} is the only irreducible upper set
fulfilling conditions 1 and 2 in Theorem|[13]

Another way to see that (1,1,1,1) is prime is by observing that it is the only irreducible
with the first coordinate not equal to zero. So if it divides an expression, that expression
must include (1,1, 1, 1). This means that (1,1, 1, 1) is prime.

Proposition 15. Let f be an irreducible monotone function over a finite partially ordered
set P. Assume that the support of f is not contained in the union of the supports of the other
irreducible monotone functions on P. Then f is prime.

Observe that if P has a minimum (a single minimal element), then P is an irreducible
upper set. In this case P fulfills conditions 1 and 2 of Theorem[13} and consequently yp is
a prime element of M(P). This is precisely the prime element that appears in Example

Corollary 16. Let (P, <) be a finite partially ordered set. If P has a minimum, then yp is a
prime element of M(P).

Indeed, any prime element of M(P) comes from an irreducible upper set with a mini-
mum and some extra conditions, as we see next.

Theorem 17. Let (P, <) be a finite partially ordered set and let I be an irreducible upper set
of P. Then yx is a prime element of M(P) if and only if

1. thereis v € P such that I = 1{v},

2. ifxe P\l issuch that{ix}nI# @, thenx<v,

3. theset{xe P\ 1| {x}nI# @} is either empty or has a maximum.

Proof. Necessity. Assume that [ is not principal, that is, there exist disjoint nonempty sub-
sets A,B< Psuchthat (AuB)=1,1A#I,1B# 1. Let J=1Aand H = {B. Then y divides
X7+ xu, butit does not divide either y; or y .
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If x € P\ is such that f{x} n I # @, then by condition 2 of Theorem it follows that
I < f{x}, and thus x < v.

Now assume that {x € P\ I | f{x}nI # @} is not empty and that there are at least two
maximal elements in this set, say a and b. Let J = l{a} and H = {{b}. Both are principal
and therefore irreducible upper sets. Then, again by condition 2 of Theorem 13} it follows
that I c Jand I < H. Take ce Jn H)\I. Then a < c and b < ¢, and so f{c} n I must be
empty, since otherwise neither a nor b would be maximal elements. This implies that
K = (JnH)\Iis an upper set. Then y;ng = xx + x1, and x; <mp) XjnH, contradicting
condition 1 in Theorem[13]

Sufficiency. If {xxe P\ 1| H{x}n I # @} is empty, then P\ [ is an upper set, and P is the
disjoint union of I and P\ I. Therefore Proposition[I5|implies that y; is prime.

Now assume that {x € P\I| {{x}nI # @} is nonempty. Assume further that y; <mp) f+§
with f,g € M(P). Then y;+ h = f + g for some h € M(P). Let w be the maximum of {x €
P\I|1{x}nI# @}. Clearly y;(w) = 0. Write y 1+ h— Ysupp(p) = f' + & with f' = f — Ysupp(f)-

We claim thatt & — ysupp(r) € M(P) if f(w) # 0, and prove it below. Assume for the mo-
ment that the claim holds. Then we can repeat the process until y;+ h' = f' + g/, with
' <mwp [, & <mp) gand f'(w) = g'(w) =0. As x;(v) = 1, either f'(v) =1 or g'(v) =1 (or
both). Assume without loss of generality that f'(v) = 1. Then I < supp(f’). If I = supp(f”),
then y; <mp) f' <mp) f, and we are done. So assume that supp(f’) \ I is not empty.
Take x in this set. Then x € supp(f’), and as f’ is a monotone function on P, we have
1t {x} < supp(f'). Also 1 {x} n I is empty, because otherwise, x < w, and thus w € supp(f),
which is impossible. Hence 1 {x} < supp(f’) \ I, and this means that J = supp(f’) \ I is an
ideal. Hence Xirtxsj= Xsupp(f)» and XI=M(P) Xsupp(f") =M(P) f

It remains to prove the claim above. The first step is that /2 — ysupp(r) has nonnegative
values. By assumption f(w) > 0, and since w ¢ I, we have h(w) > 0 as well. If follows
that h(z) > 0 for all z € I since I c {(w). Pick x € supp(f). If x ¢ I, then h(x) > 0, since
xi+h=f+g. If xel, then h(x) > 0 as well, as just seen.

Now we turn to the monotonicity of ' = h — ysupp()- It is enough to check that 1'(x) <
K (y) if y is a cover of x. Since

W=f+g—xi, [ =F—Xsupp(s) € M(P), g€ M(P),

we can further assume that x ¢ I, y € I. But this reduces the question to the case in which
x=w and y = v. The assumption f(w) > 0 implies that ysuppf) (W) = Ysupp() (V) = 1, and
we are done. O

Observe that we can recover Corollary[16]easily with this new characterization.

3. THE MONOID OF ARITHMETIC MULTIPLICITIES

3.1. Recap on matroids and arithmetic matroids. We collect here some basic definitions
in order to set some notation. For background on matroid theory we refer, for instance, to
Oxley’s textbook [21], while our presentation of arithmetic matroids follows mostly [2].

A matroid is given by a pair (E,1k), where E is a finite set and rk : 2f — N is a function
such that, forall X, Y € E,

(R1) rk(X) =|X],
(R2) X <Y implies rk(X) <rk(Y),
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(R3) tk(XuY)+1k(XNnY) < rk(X) +1k(Y).

Given an element e € E, we can define two matroids on the set E \ {e}: the deletion M;
having rank function rk; which is simply the restriction of rk, and the contraction M, hav-
ing rank function rk, defined as rky(A) = rk(A U {e}) —rk({e}).

A moleculeis a triple (R, F, T) of pairwise disjoint subsets of E such that, for every AC E
with RE A RUFUT,

rk(A) = tk(R) + |ANF|.

As remarked in [2], (R,F T) is a molecule if and only if, after deleting the elements in
E\(RUFUT) and contracting the elements in R, F becomes a set of coloops and T becomes
a set of loops. We say that a molecule is nontrivial if both T and F are nonempty.

A quasi-arithmetic matroidis a triple (E, 1k, m) where (E, k) is a matroid, and m : 2FE LN
is a function satisfying the following axioms.

(Al) Forall Ac Eandalle€ E,

if rk(Au {e}) > 1k(A), m(A) divides m(AuU {e});
if rk(Au {e}) =1k(A), m(Au{e}) divides m(A).
(A2) For every molecule a = (R, F, T) of (E,rk),

mRYMRUFUT)=mRUF)mRUT).

A function m for which these axioms hold is known as a multiplicity function on (E, k).
An arithmetic matroid is a quasi-arithmetic matroid satisfying the following additional
axiom:
(P) For every molecule a = (R, F, T) of (E,rk),

(—1)!T! y (=1)IRUFUTNAL 4y 5 .
RS ASRUFUT

Axiom (P) was introduced to assure the positivity of an invariant called the arithmetic
Tutte polynomial, and is motivated by applications to geometry, while axioms (A1) and
(A2) have a more algebraic nature. Given a matroid M = (E,rk), we denote by 2 (M) the
set of quasi-arithmetic matroids of the form (E, 1k, m), and by « (M) the set of arithmetic
matroids of the form (E, rk, m).

Given two (possibly different) functions m', m — N, let us consider their (point-
wise) product m, i.e. the function defined as m(A) := m'(A)m" (A) for all A< E. Clearly if
m', m" satisfy axioms (A1) and (A2), also their product m does. So 2 (M) is a commutative
monoid, whose unit is the multiplicity identically equal to 1. Although it is less obvious,
also the axiom (P) is preserved by the product, that is, the following result holds.

//:2E

Theorem 18 (Delucchi-Moci [9]). Ifboth (E,rk, m') and (E,rk, m") are arithmetic matroids,
then (E,tk, m'm") is also an arithmetic matroid. In other words, </ (M) is a submonoid of
2 (M).

We will now make the first steps towards understanding the structure of these monoids.

3.2. Slicing quasi-arithmetic matroids. For any (E, 1k, m) in 2(M) and every prime p, set
vp(m(A)) to be the exponent of p in the decomposition of the integer m(A), with Ac E.
The set
2,(M) ={vy,om| (E,tk, m) € 2(M)}
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is an additive submonoid of I\IZE. Following the approach of [12, Section 5] one can view
2, (M) as the localization of 2(M) at the prime p.

Remark 19. After this slicing, axiom (A1) consists of inequalities that cut out a polyhedral
cone, while axiom (A2) is made of equalities that determine a vector subspace, intersect-
ing the cone into a polytope, whose set of points with nonnegative integer coordinates
is 2,(M). It would be interesting to understand the properties of this polytope, and its
relation with the polytope described in [13].

Clearly, for every two primes p and ¢, the monoid 2, (M) is isomorphic to 2,(M). So
we get the following result.

Proposition 20. For every matroid M, the monoid 2 (M) is the direct product of monoids
2, (M) (one for each prime number p), which are all isomorphic to each other. The projec-
tions of every element of 2 (M) on the factors 2,(M) are nontrivial only for a finite set of
primes.

Remark 21. Unfortunately, the same slicing approach does not work in general for the
submonoid «/(M). Indeed, an inequality of type (P) is not equivalent to the system of
inequalities given by its p—slices.

3.3. The digraph associated to a matroid. Let M = (E,rk) be a matroid. Define the graph
Gy as the (oriented) simple graph with vertices 2 = 22(E). Two subsets are connected by
an edge if and only if they differ from each other by adding one element: there is an edge
directed from A to AU {e} if rk(A) < rk(A U {e}), and otherwise there is an edge from AU {e}
to A.

This graph gathers the inequalities on v;, o m derived from (Al). In this way, we get an
acyclic directed graph G),. The sinks of G, are precisely the bases of the matroid. More-
over, since the graph is acyclic and finite, for any vertex there exists a (non unique) directed
path leading to a sink. Given a subset, a possible choice of such a path corresponds to
removing elements until getting an independent set, and then adding elements till com-
pleting this independent set to a basis. By (A1), each of these operations corresponds to
an edge oriented in the correct direction.

Lemma 22. A subset B of E is a basis for M if and only ifit is a sink in Gy,.

Proof. Bases are sets such that whenever we add a new element the rank does not increase,
and if we remove an element, then the rank decreases. This means precisely that the cor-
responding vertex in Gy, is a sink, that is, there are only incoming edges arriving toit. [J

Lemma 23. The graph Gy, is acyclic.

Proof. Assume that A= Ay,..., A, = Aisacycle startingin A. Then rk(4;) <1k(A;4;) forall
possible i. Thus rk(A;) = rk(A) for all i. But then A;;; must have one element fewer than
A; for all i, and this is impossible, because we are starting and ending in A. O

Example 24. Let E = {a, b} and let rk(A) = 1 if a € A and 0 otherwise.



16 BRUNS, GARCIA-SANCHEZ, AND MOCI

N

? {a, b}
NS
{b}

Observe that in the above example, if v, (m({a})) = 0, then (A1) implies that v, (m(A)) =0
forall Asuch thatthereisa path from Ato {a} in Gy, M = (E,1k). Thus in this case all nodes
have v, o m equal to zero. Also v, (m(@®)) = 0 or v,(m({a, b})) = 0 force v, (m({b})) = 0.

Remark 25. Since Gy is acyclic, its reflexive-transitive closure induces a partial order on
2. The monoid of monotone functions over this poset is naturally isomorphic to the
monoid of functions {v, o m} where m ranges over all the functions m : 2F — N for which
axiom (A1) holds.

3.4. Uniform matroids. From now on we focus on uniform matroids. The uniform ma-
troid U(r, n) is the matroid having |E| = n and for every A ¢ E, rk(A) = min(|Al,r). Itis
realized by n vectors in generic position in an r—dimensional vector space. This class of
matroids is fundamental in matroid theory; moreover in this case quasi-arithmetic ma-
troids are simpler to study, since an axiom becomes redundant, as the next results show.

Lemma 26. A matroid is uniform if and only if it has no nontrivial molecules.

Proof. Necessity. Let a = (R, F, T) be a molecule. It is well-known that the contraction of
a uniform matroid by any subset is a uniform matroid. Thus, after contracting a uniform
matroid by R, we get a uniform matroid that by definition either has no coloops (if its rank
is 0) or has no loops (otherwise). So either F or T is empty.

Sufficiency. If a matroid of rank r is not uniform, then by definition there exists a subset
A of cardinality r that is not a basis. Then we can extract from it a maximal independent
subset I. So A = IuU{xy,...x;}. Furthermore I can be completed to a basis, that is, there
exist elements y; such that IU{yy,...y} isabasis. Then (R= I, F = {y1, ...y}, T = {x1,...Xx})
is a nontrivial molecule. 0J

This lemma has a remarkable consequence: for uniform matroids axiom (A2) becomes
redundant. Then a multiplicity function m gives a quasi-arithmetic matroid if and only
if it satisfies (Al). Therefore we can slice “prime by prime” the monoid 2 (U(r, n)) like in
Proposition[20} and Remark[25]yields the following result.

Proposition 27. For every prime integer p, 2,(U(r,n)) is isomorphic to the monoid of
monotone functions on 2 with the order induced by Gy, n).

Note that axiom (P) yields nontrivial inequalities also for trivial molecules. Hence, for
the reasons explained in Remark 21} the slicing approach does not apply to < (U(r, n)).
Hence the following problem is left for future work.

Problem 28. Describe the structure of the submonoid </ (U(r, n)) of 2(U(r, n)).
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3.5. The Gorenstein property and the Cohen-Macaulay type. We can now apply the re-
sults proved in Section [2|to obtain a description of 2, (U(r, n)).

Theorem 29. Let n be a positive integer.

1. 2,(U(k, n)) is Gorenstein if and only if k € {0, n/2, n}.
2. If n =2, then the type of 2,(U(n—1,n)) isn—1.

3. Ifn=4, the type of 2,,(U(n -2, n)) is Z?:_f’(n -2-0)".

Proof. By Theorem |§] 2,(U(k, n)) is Gorenstein if and only if there exists a level function,
and this is equivalent to the property that all maximal chains that connect minimal and
maximal elements have the same length. This property is satisfied exactly in the cases
listed in 1.

For 2 we apply Proposition[l11Jwhose hypotheses are evidently satisfied. In the particular
case of 2,,(U(n—1, n)), the chains joining the empty set with the sets of n—1 elements (the
bases) must have values starting with 1 in the empty set, and ending with 7 in the sets of
n—1 elements. So the only value left to be assigned is that on the whole set. Since it must
be less than n, the possibilities are in the set {1,...,n—1}. Fori € {1,...,n— 1}, define f; as
fi(A) = |A|+1if Aisapropersubsetof{l,...,n}, |A| < n,and f;({1,...,n}) = i. The functions
fi are exactly those that appear in Proposition[11} and we have n — 1 of them.

For U(n—2, n) and n large enough, we have chains joining the empty set with subsets of
size n — 2, all with the same length, and then chains joining the whole set with sets of size
n—1 and sets of size n — 2. Thus for the chains joining the empty set with subsets of size
n — 2 the minimal generators of the interior of the cone must have values ranging from 1
to n— 1. The value of these maps in the whole set can be between 1 and n — 3. Assume
that f is one of the generators and that its value in the whole setis i € {1,...,n—3}. Then
the value in the 7 different sets of n — 1 elements must be in {i + 1,...,7n —2}. So we have
(n—2-1)" possibilities. This makes Z;?:'f (n—2-1i)". Again one must of course argue that
these functions generate the interior minimally. OJ

Since 2,(U(k,n)) = 2,(U(n - k, n)), Proposition 29| gives the types of all 2,(U(k, n))
with n <6.

3.6. Irreducibles and primes. For every S < 2%, let ys be the indicator function of S. A
function mg : 2F — N such that Xs = Vpomg is, for example, the function defined as
mg(A) =pif Ae S, mg(A) =1 otherwise.

The results proved in Section[2]allow us to deduce the following facts.

Theorem 30.

1. The irreducible elements in the monoid 2,(U(k, n)) are the elements x s, where S ranges
over the upper irreducible sets.

2. The monoid 2,(U(k, n)) has no prime elements for k # 0, n.

3. The only prime element in 2,(U(0, n)) is the element xy1,n); the only prime element in
2,(U(n, n)) is the element x4 .

Proof. The first statement follows immediately from Proposition 2. The second and third
statements are a consequence of Theorem[17} indeed this criterion is clearly satisfied by
the element y4 if kK = n and by the element y 5 if kK = 0; moreover it is clearly violated
by any other element. 0J
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k=0 1 2 3
n=1 2
2 5 5
3 19 20
4 167 228 290
5 7580 13727 47507
6 | 7828353 | 15568259 | 242938059 | 1604376245

TABLE 1. Number of irreducibles for U(k, n).

Remark 31. When the rank of the uniform matroid is 0 (or dually, when it is maximal)
then the irreducible monotone functions on the directed graph are simply what are called
monotone Boolean functions. Hence the sequence of the number of irreducible multiplic-
ities for the uniform matroid U(0, n) is given by the so-called Dedekind numbers: see [7] or
the OEIS [20] sequence A014466:

{1,2,5,19,167,7580,7828353,2414682040997,56130437228687557907787,...}.

(The following terms of the sequence are unknown.)

However, the number of irreducibles for U(k, n), k ¢ {0, n} seem not correspond to any
known OEIS (bi)sequence. For n < 6 the numbers are given in Table[I| (up to the symmetry
between U(k, n) and U(n -k, n)). These numbers where computed with Normaliz [5] and
a special program for n = 6.

Despite many efforts, a closed formula for Dedekind numbers has never been found.
Then it seems hopeless that a closed formula could be found for the number of irre-
ducibles of 2, (U(k, n)). However, it would be interesting to give some estimates or bounds.

Problem 32. Provide upper and lower bounds for the number of irreducibles of 2, (U (k, n)).

The following two conjectures were checked for all the matroids on n < 4 elements.
Beyond experimental evidence, the intuition is that matroids having more bases are likely
to give rise to monoids with more irreducibles.

Conjecture 33. The number of irreducibles of 2,(U(Ln/2], n)) is an upper bound for the
number of irreducibles of any uniform matroid on n elements.

Conjecture 34. The number of irreducibles of 2, (U(k, n)) is an upper bound for the num-
ber of irreducibles of 2,(M), where M ranges over all matroids of rank k on n elements.
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