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A Multi-Scale Spin-Glass Mean-Field Model

Pierluigi Contucci, Emanuele Mingione

Dipartimento di Matematica

Universita di Bologna, 40127 Bologna, Italy

Abstract

In this paper a multi-scale version of the Sherrington and Kirkpatrick model is introduced and studied.
The pressure per particle in the thermodynamical limit is proved to obey a variational principle of
Parisi type. The result is achieved by means of lower and upper bounds. The lower bound is obtained
with a Ruelle cascade using the interpolation technique, while the upper bound exploits factorisation

properties of the equilibrium measure and the synchronisation technique.
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1 The Multiscale SK model

The equilibrium statistical mechanics of a general disordered system can be described in between two
prescriptions known, in the literature, as quenched and annealed. The spin-glass phase, for instance, is
described by the quenched measure where the random coupling disorder is kept fixed while the spins are
thermalised according to the Boltzmann distribution. This perspective is considered physically relevant
because the relaxation time of the disorder interaction variables is much slower than the one for the
spin variables. Conversely in the annealed prescription the disorder variables thermalise together with
the field ones. In a paper by Talagrand [35] on mean field spin glasses it was shown how to define a
generalised equilibrium measure depending on a real positive number ¢ with thermodynamic pressure
1
¢

where Z; is the partition function, a random variable depending on the disorder J obtained integrating

P = —logEZS , (1)

on the spins. The origins of this description are to be found on the replica approach to spin glasses [24]
where ( is an integer. In [6] ( was treated as a scale parameter in the unit interval to interpolate a general

disordered system from the quenched case, obtained when { — 0, to the annealed one reached at { — 1.



In this paper we generalise the idea of ([{]) and consider a multi-scale equilibrium measure obtained by
successive independent integration on suitably defined Gaussian couplings. The idea to study a system at
different energy scales is common in mathematical-physics at least since the early days of the Euclidian
approach to renormalisation group in quantum field theory (see [I7.34]). Recalling the basic concepts,
a single scale model is defined as in (). For two scales {y and (; the model is defined in terms of an

interaction J = (Jy, J1) with independent components:
A (2)

and

eSoP = Fy P (3)
For r scales (o < (1 < ... < (r—1 < ¢ = 1 the recursion relations are
eCzP(lfl) = E eCZP(L) , (4)

where 0 <1<, E, P = 75 and P = P,

The use of a multi-scale decomposition structure in the spin-glass problem made its first appearance
with the celebrated work by Guerra on the Sherrington-Kirkpatrick model [22] where the covariance
of a one-body exactly solvable system is split in many layers. The same method was later used by
Talagrand in his complete proof, the upper bound, of the Parisi formula for the free energy density of
the model [36]. The idea to use the recursive structure introduced above appeared also in the theoretical
physics literature. In [25] the author uses it to investigate the properties of metastable states in a glassy
system. In [I4T5] the authors introduce a multi-bath equilibrium showing that it can be used to describe
the correlations and response functions for a class of dynamical systems in the limit of small entropy
production.

What we propose here is a generalised mean-field model where a multi-scale structure is part of the
model itself and involves the interacting covariance.

A fundamental tool throughout this work, that we will use to study the multi-scale equilibrium
measure defined by ([@l), are the Ruelle Probability Cascades (RPC) [16,27] whose use is consolidated in
the spin-glass literature [7L8T0,28]. A short appendix on RPC is provided at the end to make this work
self-contained.

The main definitions follow.

Given N > 1 let us consider a system of N spins o = (0;) <y € ¥y = {—1,1}". Fix an integer r > 1

and denote by a € N an additional degree of freedom. A configuration of the system is

o= (0,a) e Xy xN' =Xy, (5)

Consider a sequence ¢ = ((;)i<, such that



0=C1<(O<G<...<G1<¢G =1 (6)

and let (Vo )aenr be the random weights of Ruelle Probability Cascade associated to the sequence ¢

(see Appendix B]). For a, 3 € N we denote

aANB =min{0 <l <r|a;=p1,...,00 = B, 41 # Bi+1} (7)

where a A B = r if & = B. It’s useful to think N” as the set of leaves of an infinite tree A =

NOUNUN?2...UN" of depth r and root N° = {()}. Then a A B denotes the level of their common

ancestor, see (I19).

Fix a sequence v = (v;)i<, such that

D=y <m<...<v <o (8)
and let (g(a)) be a family of centered gaussian random variables with covariance
aeN”
2
Eg(a') g(@®) = (Yarnaz) 9)

Consider a gaussian process Hy on Xy, defined by

N
> gij(@)oio; (10)

5,J=1

HN(O') =

2=

where o = (0, ) € ¥y x N” and (g;j(x)) _y is a family of i.i.d. copies of g(cv).

ij=1,..

Given two configurations o! = (0!, at), 0? = (02, @?) € Xy, the covariance of the process Hy is

EHy(o')Hy(6?) = N (c]\m(al,oz))2 (11)
where
Ny (01,0%) = Yatnaz an (o', 0?) (12)
and
| X
(o) = 3 ol (13)

is the usual overlap between two configurations o!,0? € L. Notice that gy (ct,0?) € [-1,1] and

a A a =r imply that ey (0!, %) € [—7,, v, ).

We denote by 8 = (¢,v) the couple of sequences in (@) and (). Given S we by py(8) the quenched
pressure density of the Multiscale SK model, defined as



p(8) = 5 E log Zn(5) (1)

where

ZNB) = Y vae!N@ (15)

oEXN,,
We notice that py(5) in () can be also defined recursively. Let Hy(o,1) be a gaussian process on

(0,1) € Xy x {1,...,r} with covariance

2
E Hy(o', 1)) Hy(02,1') = Ny (,/yf —2 qN(Ul,02)> (16)

Then, by the property (I22) of the RPC, it holds

p(8) = < 1o Zox(5) a7)

where Zy n is obtained recursively in the following way. We denote by E; denotes the average w.r.t.

the randomness in Hy (o, + 1) and starting from

Zen(B) =Y I e (18)

o 1<i<r
we define

Zy ity = B 2y (19)

forany 0 <[ <r—1.

For r = 1 and a generic (p the model was studied and solved by Talagrand in [35]. If (o — 0 we

recover the SK model at inverse temperature ;.

2 Main result

The quenched pressure density py in (I4) is completely determined by the choice of 8 = (¢,~). From
now on 7 denotes the integer that defines the sequences ¢ and v in (@) and (g]).

Consider an arbitrary integer k > r and a sequence & = (§;);<x such that
0= 1 <&H<ba<...<&g =1 (20)

Moreover we assume that



It’s useful to think ¢ as a the image of some discrete distribution function. In other words given an

arbitrary sequence ¢ = (¢;) < such that

0<cp<c <...<cp<00 (22)

we say that a random variable C' taking values on the set ¢ has distribution & if

P(C =¢;) = &~ (23)

for any j < k. Any couple of sequences (, ¢) satisfying (20)) and ([22)) combined with the relation (23]
determines an element of M0, ¢;] where M0, ¢x] denotes the set of all distribution functions on [0, cx].

However in our case the additional condition (21]) implies that we look at a particular subset of M]0, cx].

Definition 2.1. We denotes by M0, ci] the set of all distribution function F on [0, cy] such that the

sequence ( is contained in the image of F.

Notice that if F' is a discrete distribution on [0, cg] then it can be identified with a couple (&, ¢)
satisfying (20) and ([22) and the above definition implies that

FeMd0,ct] & ¢C¢ (24)

Now given the sequence ¢ in ([20) satisfying (2I)) consider the following subset of {0, ..., k}

Ki={j:G-1<§<q,0<j<k} (25)

for any I < r. Given the sequence « in (§) we construct a new sequence ¥ = (7,),<x defining for any
J<k

v = if je K (26)

We also introduce an arbitrary sequence ¢ = (g;); <k such that

Definition 2.2. We denote X the set of all x = (£,7, q) such that § satisfies 20)) and 1)) while ¥ and
q are defined in [26) and 7)) respectively.

Given = = (§,7,q) € Xg, consider the sequence ¢ = (¢;)j<, where ¢; = 7; ¢; for any j < k. Then,
from a physical point of view, the couple (, ¢) associated to a suitable z € Xg, represents the distribution

of the overlap ¢y in (I2) w.r.t. the Gibbs measure in the thermodynamic limit.



Let (Jj)1<j<x be a collection of i.i.d. standard gaussian random variables and define

» " 1/2
Z = 2cosh (V2 3 0, (0~ A2aas ) (28)
1<j<k

and recursively for 0 < j <k —1

Z9) =B 29 (29)

where [E; denotes the average w.r.t. Jj41.

For any = € X3 we define the Parisi functional for the Multiscale SK model the quantity

1 ~ ~
Pola) =log Zo — 5 3. & ((r1a+0)? — (Gja,)?) (30)
0<j<k—1
Using (I22)) one can prove that the Parisi functional (B0) has another useful representation. Let
(Va)wenr the random weights of the RPC with parameter £. Consider two independent gaussian process

2,y indexed by a € NF with covariances

Ez(al)z(a2) - 2(;7011/\042)2 dat e (31)
- 2
Ey(al)y(a2) = (’7011/\012 Qal/\oﬂ) (32)
Hence it holds
Ps(xz) = Elog Z Vo 2cosh z(a) — Elog Z Vo 2expy(a) (33)
aeNFk acNFk

The main result of this work is the following

Theorem 2.1. The thermodynamic limit of the quenched pressure density of the Multiscale SK model
pN(B) in (@) exists and is given by

Jm px(8) = inf Pye) (34)

where Pg(x) is the Parisi-like functional defined in BU) and the set Xp is defined in ([Z2]).

The existence of the thermodynamic limit of py(8) can be proved regardless of [B4]) using a Guerra-
Toninelli argument [21]. Indeed the covariance ¢y, in (I2)depends on N only trough the overlap ¢y in
([@13), namely the covariance of an SK model.

It would be interesting to see if the functional Pg is convex as it has been proved in the case of the
SK model [2].

Notice also that in Talagrand’s paper [35] where the case r = 1,y € (0,1) is considered, the trial
RPC starts from &y = (. Even if this requirement is not present explicitly in the definition [B0) for the
trial functional Pg, it’s possible to show that condition (20) implies it.



3 Upper bound, Guerra’s interpolation

In this section we give an upper bound for the quenched pressure of the Multiscale SK model py
defined in (4. In the proof given here we use RPC formalism. The same result can be obtained working

with the recursive definition (IT) for px(3) and applying Guerra’s methods [T9L22].

Proposition 3.1. The quenched pressure density of the Multiscale SK model pn () satisfies

limsuppy (8) < inf Py(z) (35)
N—o00 re€Xp

where the functional Pg(x) and the set Xg are defined in B0) and (22)) respectively.

Proof. Let (Va)qent the random weights of the RPC with parameter { = (§;);<» in ([20) and consider

two independent gaussian process g, z indexed by a € N* with covariances

Ej@)j(@®) = (Faira)’

Ez(a') z(a?) 2 (Vo na? ) dat na (37)

(36)

where ¢ = (¢;);<x and 5 = (3;),<k are defined in 7) and [28). Consider a gaussian process Hy on
EN,k defined by

N
Hx(o) = %N > Gil@)oi; (38)

where g;;(a) for i,5 =1,..., N are i.i.d. copies of g(a) in (BG).

Consider also a gaussian process Gy on Xy independent from H n defined by

Gn(o) = Z zi(e) o; (39)

where z;(a) for i = 1,...,N are i.i.d. copies of z(a) in ). Given two configurations o! =

(o, al), 0% = (6%, a?) € Ly it’s easy to check that the covariances of the process Gy and Hy are

EGn(0')Gn(0?) = 2Nens(0',0%) Jaina2 Gt nas (40)
EHy(o") Hy(6?) = N (enz(o’,0%)’ (41)

where
eng(01,0%) =Farpaz gy (0!, 07) (42)

For t € (0,1) we define the interpolating Hamiltonian as



Hy (o) = ViHy(o) + V1 —1Gy(o)

and the interpolating pressure as

1
(pN(t) = N E IOg ZN,t

where
ZN,t = § Ve eHN’t(U)

oEXN &
The Gibbs measure on Xy j associated to the Hamiltonian (43)) is

Vo € HN,t(U)

pni(o) = 7

XKoo

(43)

(44)

(45)

(46)

We denote by Qy +(-) the average w.r.t. py and by (-)n,+ the quenched expectation EQp ¢( ).

Keeping in mind that gy (0,0) = 1 and Yara = Yk = 7r, then using integration by parts formula one

obtains

dt

Now using the property (I22) of RPC it’s possible to show that

((atrertainaz) )y, = 2 (& =610 Fe) =9 — Y, & ((%quﬂ)z’ - (%‘%)2)

i<k 0<j<k—1

In particular (7)) implies that

en(1) < on(0) - % g ((%+1Qj+1)2 - (%‘%‘)2)
0<j<h—1

Now since Hy o(o) = Gn(o) it holds

1 . o;
o (0) = 1 E log > va Y. el zi(@) o

aeNFk ocEXN

and using again (I22) one obtains

on(0) = E log Z Vo 2 cosh (z(av))

aeNFk

Hence

o0 5 X & (Ergm) - Ga)) = Pa)

0<j<k—1

d _ " " _ 2
2_</7N = FY]% - 2(’7)% qr + <(7a1/\a2Q¢11/\a2)2>N7t - <(CN,W(0'lao'2) — Yalra? qal/\a2) >
N,t

(48)

(49)

(51)

(52)



On the other hand using the recursion in the property (I22) one can represent ¢ (1) in the following

way. Let Hy (o, ;) be a gaussian process on (0,7) € Sy x {1,...,k} with covariance

~ ~ 2
EHn (0", ) Hx(0%5) = N oy (/32 =721 an(0",0%)) (53)

Then it holds

1 .
en(1) = ~ B log Zo, N (54)

where 207 ~ is obtained recursively starting from

Zk,N — Z H e Hn(0.5) (55)

o 1<j<k

and for 0<j<k-—1

~8i— ~8i—
Zi N = B 25y (56)

where E; averages the randomness in Hy (o, j + 1).
Now the key observation is that by definition the sequence 7 satisfies

v = if je K, (57)

If ¥; = 7j—1 then by (G3)) the random variable H ~n(0o,j) is actually a centered gaussian with zero
variance, namely its distribution is Dirac delta centered at the origin and it doesn’t play any role. By
(I1y) ZO, N can represented using a new Ruelle Probability Cascade (Vg )qent—1 that is obtained from
(Va)aent dropping the point process associated to the intensity ;1. A repeated use of the above

argument implies that

and then we get

pn(B) < Ps(x) (59)

for every choice of the trial parameter x € Xg and then (B3] follows.



4 The multi-scale Ghirlanda-Guerra identities

Consider quenched pressure density py(£) in (). It’s standard to show that

liminf px(8) > liminf Ay (60)
N —o00 N—o0
where
AN = ElOgZN+1—E10gZN (61)

Now the strategy is to compare Z 11 with Zy. This procedure in known in mathematical-physics as

Aizenman-Sims-Starr representation [3L9]. Consider p = (0,¢) € ¥ 41 with (0,¢e) € Zn x {—1,1} then

Hysi(p,a) = Hy(o,0) + 2 2n(0,@) + O <%) (62)
where
1 N
Hy(o,a) = NaES ”zzjl gij(a) 0i0; (63)
and
1 N
zn(o,a) = o ;(gi,NJrl(a) + gny1i(@)) oi (64)
On the other hand
Hy(0,@) £ Hy (0, @) + yn(0. ) (65)
where
1 N
yn(o,a) = \/W ”zz:l gij(a)aigj (66)

1

for some array ¢’ independent copy of g. Given two configurations o!,0? € Xy, the gaussian

processes zy and yy defined in ([64) and (G6) respectively, have covariances

N

Ezy(o') zy(0?) = 2N—+17a1Aa2 cnq (ot o?) (67)
N 2
Eyn(o, @) yn(o',8) = N1 (CN,V(Cfl,O'Q)) (68)
The above relations implies that
An = Elog Qy (2 cosh(zn (o, a)) — E log QQV(eXp(yN(J, a)) (69)

10



where Q) = (W) )®> and w)y is the Gibbs measure on Xy, induced by the Hamiltonian H}; in (63)).

The Aizenmann-Sims-Starr representation Ay in (G9) for the quenched pressure density has the same
structure of the Parisi functional (B33]). Hence the strategy is to show that in the thermodynamic limit
the distribution of ¢y (o', 6?) under the random measure Q can be well approximated by a suitable
RPC. We have two obstacles to overcomes.

The first problem is to understand the joint probability distribution w.r.t. the limiting Gibbs measure
of the two covariances gy (0!, 0?) and yq1 pq2. This situation is very similar to the case of the Multispecies
SK model [5L32] where it turns out that the Hamiltonian can be suitably perturbed in order to satisfy
a synchronization property that allows to generate the joint probability of different overlaps functions
using the same RPC. In addition since the parameter £ associated to the RPC that express the Parisi
functional (B3)) satisfies the condition ¢ C £, then the same must be true for the one that generates the
limiting distribution of the above overlaps.

In this section we show that the Multiscale SK model can be suitably perturbed in order to satisfy

the synchronization property that actually implies the condition ¢ C &.

Let Hy be the Hamiltonian function in (73) with parameters § = (¢,7v) and (vo)aen the random
weights of the RPC associated to the sequence (.

Let us consider a countable dense subset W of [0,1]? and a vector
w = (w5)5:011 ew (7())
For any i € {0,..., N}, w € W let us define

VNuwg if i=0
si(w) = ’ (71)

J/wi otherwise

Let (go(a))a eNr be a family of centered gaussian random variables with covariance
Eg’(a') ¢"(a®) = Yarnas, (72)

Consider a gaussian process hy ., on Xy, defined by

1 w
AN wp(o) = No/Z Z 95,0 i (@) iy siy (W) - 0y, (w) (73)
i1;~~~;ip:0
where 09 = 1 while gf;pzp (a) foriq,...,ip=1,...,N,p>1and w € W are i.i.d. standard gaussian

random variables while if 4, = 0 form some 1 <1 < p then g;"" ; (e) is a family of ii.d copies of ()

in () .

11



Then covariance of this process is

EhNwp(0') hnwp(0?) = (Ryw(o!, o))’ (74)

where

RN,'w (0'17 02) = Wo Yalra? + w; gN (01 ) 02) (75)

We consider a weighted direct sum of the two previous overlaps because in the synchronization mech-
anism that we are going to exploit we need to control all the terms y™¢™ for generic integers m and
n.

Since the set W is countable, we can consider some one-to-one function j : W — N. Consider now

the following gaussian process

hy(o) = Z Z 27 iw)=p (Vrr + 1) P 2w p hvwp(o) (76)

weW p>1
where X = (2w,p)wew, p>1 18 a family of i.i.d. uniform random variables on [1,2].

Notice that the variance of the process h'y is bounded uniformly on X, namely

Ehiy(0)? < 4 (77)

For any o € Xy we define a perturbed Hamiltonian HY™* by

HY" (o) = Hy(o) + sy hiy(o) (78)

where sy is a sequence of positive real numbers. We start observing that (77) implies that H5™*

satisfies a thermodynamic stability condition

E (HY ()" < NA2 4+ 45% (79)

uniformly on X. Consider the random function

¢’I",N _ log Z I/aeHifcrt(U) (80)
oEXN -
Then N~!'E ¢, x is must be think as a small perturbation and the quantity py(3) in (I4). Indeed, it
holds
(B) < 2 Eun < p(f) + 2 (81)
PN =N rN = PN N

Then if sy satisfies

12



lim N~ 's3 =0 (82)

N —o00
the thermodynamic limits of N~'E¢, y and py coincide. Moreover RPC concentration inequality

given in Proposition [5.1] implies that

sup {E|édrn —Egpn| : 1< 2, <2,p>1} <4e(o) (83)

for some constant ¢(¢p) independent of N. Hence Theorem 3.2 in [29] and inequality (83)) implies that
if sy = N9 for 0 < § < 1/2 we get the Multispecies Ghirlanda-Guerra Identities (Theorem 2 of [32]) that

in our setting reads as follows.

Given two configurations o' = (0!, a!),0" = (o', a") € By, we set

Riy(w) = Ryw(ol,o!) (84)
and
’Ya (o7 !
Ry = ZZA ll, (85)
QN(U , 0 )
Given n > 2, let
R" = (Rlvl/)l,l’gn (86)

and for any bounded measurable function f = f(R™) we set

(fin = EQn(f) (87)

where Qn = p5> while py is the random Gibbs measure induced by Hy'" in (78).

For p > 1 and w € W and conditionally on the i.i.d. uniform sequence X = (24 ), c\y,p>1 let

1 1
An(f,n,w,p, X) = | ([ (Rin41(w))? )N — - (fIn ((R(w), - Z (Rig(w))”)n|  (88)
1=2
By Theorem 2 in [32] we have that
lim IEX AN(fvnuwuan) =0 (89)
N—00

where Ex averages the random sequence X.

13



4.1 The Panchenko’s synchronisation property

The synchronisation property is a powerful tool introduced by Panchenko [32] in his derivation of the
lower bound for the multi-specie SK model [5]. It is moreover used in other mean-field settings [23,30,31].

By Lemma 3.3 in [29] there exists a non random sequence Xy = (] ,)wew, p>1 such that (&3) holds

lim Ax(f,n,w,p,Xn) =0 (90)
N—o00

In the rest of the work we assume to have such a sequence X . Consider the overlap function

Quir = Yatpar + av(o',0") (91)
and the following overlap vector
RY, /
1,1 _ Yal Al , (92)
Rll,l’ qnN (Ulv Ul )

Consider also the arrays of the above overlap functions, namely

Q = (Qz,l/) (93)
LU>1

RO _ R}, (04)

Rl Rll,l/ l)l’zl

Let (Nk)r>1 be any subsequence along which the all above overlap arrays converges in distribution
under the measure ()y. Since ([@0) holds, Theorem 3 in [32] implies that the arrays @, R, R' satisfies
the Ghirlanda-Guerra Identities [I8,[28], a factorisation property of the quenched equilibrium state (see
also [IL[I3] for a related factorisation property).

Moreover Theorem 4 in [32] implies that the overlaps R? an R! are synchronized

Proposition 4.1. For for any s = 0,1 there exists a nondecreasing Lipschitz function

Ly : [0777“ =+ 1] — [0777“]5 Ly: [0777“ + 1] — [051]

such that

Rjy = Ls(Qur) (95)

almost surely for all 1,1' > 1

14



Notice that we can consider the domain and the range of L, restricted to the positive real line because
each of the overlap arrays @, R?, R! satisfies the Ghirlanda-Guerra identities and then the Talagrand’s
Positivity Principle holds (Theorem 2.16 in [29]).

The synchronization property of the previous Proposition is already a strong constraint on the limiting
overlap distributions. Moreover by construction the overlap of the Multiscale SK model has an apriori
hierarchical structure encoded in RPC with parameters (. The combination of these properties implies

the following

Proposition 4.2. Let Fg,, be the any weak limit of the distribution of one element of the array Q, then

Fq., € MC[Ov 2'7r] (96)
where M0, 27,] is defined in[21l

Proof. The key observation is that the distribution of R%Q w.r.t. the perturbed Gibbs measure ( )y can
be exactly computed for any N. Indeed by Theorem 3 of [33] it holds

1 al ANa® =1 = — (- 97
< ( ) >N Cl Cl 1 ( )
for any [ <rand N integers.

1
Remark 1. The quantity N E ¢n has a recursive representation analogous to (). In particular working

with this representation (@) follows easily using the methods in [22)].
By definition R}, = 741742 then
T

(1R, e4)) =3 10w} e A) (G —G1) (98)

=0

for any N and measurable set A. Since (@) doesn’t depends on N the limit along any subsequence of
the distribution of R}, w.r.t. ()x is given by ([@8). We denote by () any of the above limiting measure

that satisfies the synchronization property ([@3)). Hence there exists a function L such that

R(1)72 = Lo(QLQ) a.s. (99)

For any [ < r consider the set

A} = Lyt ({m}) (100)

Since Ly is nondecreasing Lipschitz then AY is a closed interval or a single point and

U 47 = supp(Q1.2) (101)

I<r
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Combining (98)) and ([@9) we obtain

(1@aea))) = (LR =w)) = G -G (102)

If we denote by Q; the left extrema of A then (I02) and (I0I]) implies that

FQ12 (Ql_) = Cl—l (103)

for any I < r and this proves the thesis. O

5 Lower bound

Let pn(B) be the quenched pressure density of the Multiscale SK model ([[4]) and replace the original
Hamiltonian Hy with the perturbation H]%ert in ([[8). We already know that this substitution doesn’t
affect the thermodynamic limit of py(8). Moreover it entails a small change in the Aizenmann-Simms-

Starr representation given in section @l Indeed by Theorem 3.6 of [29] we have that

liminf py(8) > liminf Ex Ay + o(1) (104)
N—o0 N—o0

where X = (2p.w)wew, p>1 is the family of random variables in (76) and

Ax = E log Qn (2 cosh(zy (o, a)) — E log QN(eXp(yN(a, a)) (105)

Notice that Ay is the same functional appearing in (69) but now Q is the infinite product of the

random Gibbs measure induced by the Hamiltonian H5y™ in (Z8).

Let us start observing that even if ([I05]) is written in average over X, Lemma 3.3 of [29] ensures that

N
one can choose a non random sequence Xy = (x,(, ))p21 such that

liminf py(3) > lgninf An(Xn) + o(1) (106)
— 00

N—o00

and at the same time the multi-scale Ghirlanda-Guerra Identities ([89) holds.

By (@7) and Theorem 1.3 in [29] An(Xy) is a continuous functional of the overlap array

0
N I By (107)
’
R} ol ol
LU >t an (o', 07) Lir>1

under the measure Eq, . Consider also the array

16



(Ql’l,)l,l'ZI = (Wal/\al/ + qN,V(O'lvo-l/))l)l/Zl (108)

and a subsequence (Nj)>1 along which all the above arrays converges in distribution to some ar-
rays Q, R%, R* w.r.t the measure induce by HY". By construction the above arrays satisfy multi-scale
Ghirlanda-Guerra (89) and then we can apply the results of section L]

In particular by the synchronization property (Proposition [T for any s = 0,1 it holds

Rip = Lo(Qur) (109)

for some nondecreasing Lipschitz function L.

We denote by pqg,, the distribution of one element of the array ). Let k& > 1 be an integer and

consider two sequences & = (§;)j<x and ¢ = (¢;); < k such that

0=¢(1<&H<b<...<&Eau<&G =1 (110)

and

O=cp<c1<...<cp=1+4 (111)

We choose the above couple (£, ¢) such that its associated discrete distribution &, defined by (23] is
close to jiq,, in some metric that metrizes weak convergence of distributions.

Moreover by Proposition 2] we know that the Fg,, € M.[0,1+ ~,] then we can assume without loss
that the above ¢ satisfies the key property

¢C¢ (112)

Notice that (II2)) implies that k& > r. Let (Vo )aent be the random weights of the RPC associated to
¢ in (II0). By (B9) the array @ satisfies the Ghirlanda-Guerra identities and then Theorems 2.13 and
2.17 in [32] imply that its distribution can be well approximated by the RPC associated to the above
sequences ¢ and ¢ . This means that if we consider a family (ay);>1 of ii.d. samples from N* with

distribution given by this RPC we have that the distribution of the array

(Catnat 1V (113)

will be close to the distribution of the array ). For any s = 0,1 we define a sequence

q; = Ls(cj) 0<j <k (114)
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then (I09) implies that for any s = 0, 1 the distribution of the array

Q% = (@ pou 11 (115)
will be close to the distribution of the array R® for any s =0, 1.
We claim that the triple (¢,¢°, ¢') € X where the set X3 is defined in ([Z2). In other words we can

set ¢° =7 and ¢! = ¢ for some sequence 5 and ¢ in ([26) and ([27) respectively.

Since we already know that ¢ satisfies (IT2]) it’s enough to check that go in ([14]) satisfies the condition
206). For a given | < r consider the sets K; and A defined in (Z5) and (I00) respectively. Then with
probability one

;€ A) & jeK, (116)

for any j < k and any [ < r. Hence, combining (II4)) and ([II8) we obtain that with probability one
if j € K; then ¢ =~ which coincides with (2G).

Given the above triple (£,q°,¢') € Xp consider the Parisi functional P(z) in @3). Notice that the
quantity Ay ([I08) and are P(x) represented by the same continuous functional of the distribution of
the arrays (R%, R') in (I07) and (Q°, Q') in (IIH). Since by construction these arrays are close in some
metric that metrizes weak convergence of distributions that one can use Pg(z) to approximate Ay (Xn)

as N goes to infinity (see Section 3.6 in [29]). Hence by (06

l}\rzxiglof pn(B) > mlen)gﬁ Ps(x) (117)

and this conclude the proof of Theorem 2.1

In this work we have analysed a multi-scale spin-glass mean-field model and obtained a variational
principle that provides the solution for the free energy density. As a bypass result we obtained a full
factorisation scheme of ultrametric nature. We plan to investigate how the multi-scale setting works with
other mean-field cases, with hierarchical disordered models [TIL12] as well as to extend its use to finite
dimensional models where alternative notions of equilibrium state, like for instance the metastate [26],

have been advanced.
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Appendix

For the benefit of the reader we summarise the main properties of Ruelle probability cascades used
in the work. Here we follow Panchenko’s monograph on the SK model [29]. For the interested reader we

also mention the following works [4L[8,27] on RPC and its applications to spin glasses theory.

Given an integer r > 1 let A= N°UNUNZ2...UN" be a tree of depth r and root N° = {0}. A vertex

a = (n1,...,n,) € N? for 1 < p < r has children an = (nq,...,n,,n) € NP*1. Therefore each vertex
a = (n1,...,n,) is connected to the root by the path
pa) = {n1, (n1,n2),...,(n1,...,np)} (118)

We denote by || the distance between av and namely the number of coordinates of a, thus by definition

a € Nlol We also use the notation

aAB=|p(a) NpB)| (119)

Let ¢ = ({1)i=o0,....r—1 be a sequence such that

0<<0<<1<...<<r71<1 (120)

We denote by (Vg )aenr the random weights of the Ruelle probability cascade associated to the sequence

¢ (Section 2.3 in [29]).

Consider a family of i.i.d. random variables w = (wp)1<p<, that have the uniform distribution on
[0,1] and some function X, = X, (w) which satisfies Eexp(,_1X, < oo. Let us define recursively for
0<i<r-1

X = Xj(wr,...,w) = élogEl exp (X1 (121)

where E; denotes the expectation with respect to wjyi.

By definition Xy is not random, moreover it can be represented trough Ruelle Probability Cascades.
Let waea\no be a family of i.i.d. uniform [0,1] and set Qo = (wg)gep(a). Theorem 2.9 in [29] reads as

follow

Xo = Elog Z Vo exp Xy (Qo) (122)

acN"

Actually the same argument used in [29] to prove (I22)) leads to a remarkable concentration result for

Ruelle probability cascades.
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Proposition 5.1. For any r > 1 the random variable

¢r =log Y vaexp X, (Qa) (123)
acN"
satisfies
E(¢r —E¢,)* < de(lo) (124)

for some ¢((o) which doesn’t depend on the distribution of X.,..

Proof. Let (Vg )aens be the random weights of the Ruelle Probability Cascade associated to the sequence
¢ in (I20) that we rewrite as
Wey

Vo = =2 — (125)
Y aenr Wa

where the weights wq are defined in section 2.3 of [29]. Let us start with the following lemma.

Lemma 1. Let Z > 0 be a random variable such that EZS 1 < oo and let (Za)aenr be a sequence of

i.9.d. copies of Z independent of all other random variables. For any r > 1 let

Y, =log Y waZaexp X, (Qa) (126)
aeN"
Then the following holds
E(Y, —EY,)” = ¢(¢) < o0 (127)

for some ¢({y) which doesn’t depend on the distribution of X, and Z.

Proof. The proof is by induction on r. Consider the case r = 1 then

Y1 = log Z Wn Zn exp (X1 (1)) (128)

n>1

The invariance property of the Poisson Dirichelet process (Theorem 2.6 in [29]) implies that

S wnZnexp (X1(2) £03 w, (129)

n>1 n>1

1/¢o
where C' = (E(Z exp(Xl))Cf’) . Since

E(Y:—EY1)’ = E [ log»  wnZyexp(X1(Q)) —E log »  wy, Zy exp (X1(2n)) (130)

n>1 n>1
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one can use the invariance property ([I29) in the r.h.s of the above line obtaining

2 2

E(Yi—EY:)® = E | log(C an) — E log(C an) =E longn —-E longn
n>1 n>1 n>1 n>1

(131)
Finally the same argument of Lemma 2.2 in [29] implies that

Elongn<oo , E longn < 00

n>1 n>1
Therefore we can set )
E [ log Z wy, — E log Z wy | = (¢) < o0 (132)
n>1 n>1

for some ¢({p) that doesn’t depends on the distribution of X; and Z.

Now for an arbitrary integer r > 1 consider the quantity

2
E(Y, -EY,)” = E <log > waZaexp X, (Qa) —Elog Y waZaexpX, (Qa)> (133)

aeN” aENT

The invariance property (2.57) in [29] implies that

3" waZaexp (X, () 2C Y walaexp(X,—1(Qa)) (134)

aeN" aEN—1
where C' = (EZCT71)1/<T71 and Ua = Zn>1 Uan with EU&T72 < Q.
Then using ([34) in the r.h.s. of (I34) we obtain

2
E ( Y, — EYYT)2 =E (10g Z wWaUq exp X1 (Qa) — Elog Z wWaUq exp X; 1 (Qa)> (135)

a€eNr—1 a€eNr—1
Finally notice that the above equation is of the same type of (IZ7) with r replaced by r — 1 and Z,
by U4 and this conclude the proof by induction.
O

Let’s go back to the proof of Proposition Bl By (I2H) we can rewrite ¢, as

¢ = ¢r +log > wa (136)

aeN"

where
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& = log Z we €xp (Xr (Qa)) (137)

acN"

Then we can write

2
E (¢, —Eg¢,)* < 2E(5T—Eq~ﬁr)2 +2E <log Z we — E log Z wa> (138)

aeN” aeN”

Notice that we can apply Lemma[I] to compute the two terms in the r.h.s of (I38) and this concludes
the proof. O

In this work we will use (I22)) also in the following particular setting. Let ¢ = (¢1)i=0,... » be a sequence
such that

O=qp<q@<...<qg <o (139)

and let (J;)1<i<, be a family of i.i.d. standard gaussian.

Consider a gaussian random variable

H.= Y G (140)

1<i<r
Gi=Ji (@ —aq1)'"? (141)
The covariance of G is given by
EGIG) = oii(q —qi-1) (142)

Consider the recursive construction (I47) starting from

for some function F' that satisfies Eexp (.1 X, < co. Consider gaussian process g on N” defined by

1/2
g@) = Y Js (ap —ap-1)"” (144)
Bep(a)

where (Ja)aca\ne is a family of i.i.d. standard gaussian random variables. The covariance of the

process g is

Eg(a) 9(B) = qans (145)

Then ([[22) implies that
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Xo = Elog Z vaexp F (g(a)) (146)

aeNr

Suppose that instead of (I39) we have that ¢ = ¢—1 for some [ € {1,...,r}. Then the random
variable G; in ([[4])) is actually a centered gaussian with zero variance, namely its distribution is a Dirac
delta at the origin. This implies that one can set G; = 0 and forget the average E;_; getting X;_1 = X|.
In other words X can represented using a new Ruelle Probability Cascade (Ve )qen-—1 that is obtained
from (vg)aen- dropping the point process associated to the intensity ¢;_1.

Formally we consider the sequence ¢ = ¢ \ {¢i-1} and denote by (Vg )aen-—1 the random weights of
the Ruelle Probability Cascade associated to the sequence 6 . Let ¢ the one-to-one map between the sets
{0,...,7}\{l—1} and {0,...,r — 1} and replace H, in ([A0) with H,_; = > 1< z1<r Gy and starting

from )N(T,l = F(H,_1) we recursively define
- 1 -
Xd)(l/) = ? 10gEl exXp Cl/X¢(l/+1) (147)
l

for any 0 <1’ #1 < r — 1. The it holds

Xo = Xo = Elog Z vaexp F (g(a)) (148)

aeNr—1

where g(a) is defined as in ([Z4]).

References

[1] M.Aizenman, P.Contucci, On the stability of the quenched state in mean-field spin-glass models.
Journal of Statistical Physics, Vol. 92, N. 5/6, 765-783, (1998).

[2] A. Auffinger, A. W. Chen, The Parisi Formula has a Unique Minimizer. Communications in Mathe-
matical Physics, 335, Issue 3, pp 1429-1444 (2015)

[3] M. Aizenman M., R. Sims , S. Starr S., An Extended Variational Principle for the SK Spin-Glass
Model. Phys. Rev. B, 68:214403, (2003)

[4] L.-P. Arguin, Spin glass computations and Ruelle’s probability cascades. J. Stat. Phys., 126(4-5):951-
976, 2007

[5] A.Barra, P. Contucci, E. Mingione, D. Tantari, Multi-species mean-field spin-glasses. Rigorous results.

Ann. Henri Poincaré, 16, 691-708 (2015)

[6] A. Barra, F. Guerra and E. Mingione, Interpolating the Sherrington-Kirkpatrick replica trick. Philo-
sophical Magazine, 92, Tssue 1-3, 78-97 (2012)

23



[7] E. Bolthausen, N. Kistler, On a nonhierarchical version of the Generalized Random Energy Model,
II: Ultrametricity. Stochastic Processes and their Applications 119, Issue 7, 2357-2386, (2009).

[8] E. Bolthausen, A.-S. Sznitman, On Ruelle’s probability cascades and an abstract cavity method.
Comm. Math. Phys. 197(2), 247-276, (1998).

[9] A. Bovier, A. Klimovsky, The Aizenman-Sims-Starr and Guerras schemes for the SK model with
multidimensional spins Electron. J. Probab., 14, Nr. 8, 161-241, (2009)

[10] A. Bovier,I. Kurkova, Derridas Generalized Random Energy models I-II Annals de I’ Institut Henri
Poincaré, 40, 4 (2004)

[11] M.Castellana, A.Barra, F.Guerra, Free-energy bounds for hierarchical spin models Jou. Stat. Phys,
155- 2, pp 211222, (2014)

[12] M.Castellana, G.Parisi, Non Perturbative effects in spin glasses. Scirep, Nature 5, 8697 (2015)

[13] P.Contucci, C.Giardina, C.Giberti, Stability of the Spin Glass Phase under Perturbations FEuro-
physics Letters, Vol. 96, N. 1, 17003-17006, (2011)

[14] L. Cugliandolo, J. Kurchan, Thermal properties of slow dynamics, Physica A: Statistical Mechanics
and its Applications, 263, Issues 14, 242-251, 1999

[15] L. Cugliandolo, J. Kurchan, A Scenario for the Dynamics in the Small Entropy Production Limit
Journal of the Physical Society of Japan 69 (Suppl.A), 247-256, 2000

[16] B. Derrida, E. Gardner, Solution of the generalized random energy model, J. Phys. C' 19, 2253
(1986).

[17] G. Gallavotti, Renormalization theory and ultraviolet stability for scalar fields via renormalization

group methods. Rev. Mod. Phys., 57 471 (1985)

[18] S. Ghirlanda, F. Guerra, General properties of overlap probability distributions in disordered spin
systems. Towards Parisi ultrametricity. J. Phys. A: Math. Gen. 31, 9149-9155 (1998).

[19] F. Guerra, Mathematical aspects of mean field spin glass theory. Proceedings of the ”4th European
Congress of Mathematics”, Stockholm, 2004

[20] F. Guerra, Broken Replica Symmetry Bounds in the Mean Field Spin Glass Model. Comm. Math.
Phys., 233, 1-12 (2003).

[21] F. Guerra, F.L. Toninelli, The thermodynamical limit in mean field spin glass model. Comm. Math.
Phys., 230, 71-79 (2002)

24



[22] F. Guerra, Broken Replica Symmetry Bounds in the Mean Field Spin Glass Model. Comm. Math.
Phys., 233, 1-12, 2003.

[23] A. Jagannath, J. Ko, S. Sen, A connection between MAX k-CUT and the inhomogeneous Potts spin
glass in the large degree limit. https://arxiv.org/abs/1703.03455

[24] M. Mezard, G. Parisi and M. A. Virasoro, Spin Glass Theory and Beyond. World Scientific, 1987

[25] R. Monasson, Structural glass transition and the entropy of the metastable states Phys Rev Lett.,
75(15):2847-2850, 1995

[26] D.Stein, C.Newman, Spin Glasses and Complexity Ozford University Press, 2013

[27] D. Ruelle, A mathematical reformulation of Derrida’s REM and GREM. Commaun. Math. Phys. 108,
225 (1987).

[28] D. Panchenko, The Parisi ultrametricity conjecture. Annals of Mathematics 177, Issue 1, 383-393,
2013.

[29] D. Panchenko, The Sherrington-Kirkpatrick Model. Springer, New York (2013)

[30] D. Panchenko, Free energy in the mixed p-spin models with vector spins. Annals of Probability 46,
Nr. 2, 865-896, 2018

[31] D. Panchenko, Free energy in the Potts spin glass Annals of Probability 46, Nr. 2, 829-864, 2018

[32] D. Panchenko, The free energy in a multispecies Sherringhton Kirkpatrick model. Annals of Proba-
bility, 46, No. 6, 3494-3513, 2015

[33] D. Panchenko, M. Talagrand, https://arxiv.org/abs/0708.3641
[34] J. Polchinski, Renormalization and Effective Lagrangians Nucl. Phys. B,231, 269-295, 1984.

[35] M. Talagrand, Large Deviations, Guerra’s and A.S.S. Schemes, and the Parisi Hypothesis Journal
of Statistical Physics, 126, Issue 4-5, 837-894, 2007

[36] M. Talagrand, The Parisi formula. Annals of Mathematics, 163, N. 1, 221-263, 2006

25



	Copertina_postprint_IRIS_UNIBO
	CMP368-2019
	1 The Multiscale SK model
	2 Main result
	3 Upper bound, Guerra's interpolation
	4 The multi-scale Ghirlanda-Guerra identities
	4.1 The Panchenko's synchronisation property

	5 Lower bound


