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Zero-sum stochastic differential games of
generalized McKean-Vlasov type™

Andrea Cosso®, Huyén Pham®*

% Department of Mathematics, University of Bologna, Piazza di Porta S. Donato 5, 40126 Bologna, Italy
bLPSM, CNRS, UMR 7599, University Paris Diderot, and CREST-ENSAE, Paris, France

Abstract

We study zero-sum stochastic differential games where the state dynamics of the two players is governed
by a generalized McKean-Vlasov (or mean-field) stochastic differential equation in which the distribution of
both state and controls of each player appears in the drift and diffusion coefficients, as well as in the running
and terminal payoff functions. We prove the dynamic programming principle (DPP) in this general setting,
which also includes the control case with only one player, where it is the first time that DPP is proved
for open-loop controls. We also show that the upper and lower value functions are viscosity solutions to a
corresponding upper and lower Master Bellman-Isaacs equation. Our results extend the seminal work [15]
of Fleming and Souganidis (1989) to the McKean-Vlasov setting.

Résumé

Nous étudions des jeux différentiels stochastiques a somme nulle ot la dynamique d’état des deux joueurs
est gouvernée par une équation différentielle stochastique généralisée de type McKean-Vlasov dans laquelle
la loi de I’état et du controle de chaque joueur apparait dans les coefficients de tendance et de diffusion, ainsi
que dans les fonctions de récompense. Nous montrons le principe de la programmation dynamique dans ce
cadre général incluant le cas de controle avec un seul joueur et pour la premiere fois le cas de contrdle en
boucle ouverte. Nous prouvons que les fonctions valeur inférieure et supérieure sont solutions de viscosité
du systeme associé de Bellman-Isaacs. Nos résultats étendent le travail fondateur de Fleming et Souganidis
(1989) au cadre de McKean-Vlasov.

Keywords: Zero-sum differential game, McKean-Vlasov stochastic differential equation, dynamic
programming, Master equation, viscosity solutions
2010 MSC: 49N70, 49125, 60K35

1. Introduction

McKean-Vlasov (McKV) control problem (also called mean-field type control problem) has been knowing
a surge of interest with the emergence of mean-field game (MFG) theory, see [21], [5], [22], [10]. Such a
problem was originally motivated by large population stochastic control under mean-field interaction in
the limiting case where the number of agents tends to infinity; now various applications can be found in
economics, finance, and also in social sciences for modeling motion of socially interacting individuals and
herd behavior.

In this paper, we are concerned with generalized McKean-Vlasov stochastic differential equations con-
trolled by two players with opposite objectives: this problem is then called zero-sum stochastic differential
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game of generalized McKean-Vlasov type. A typical motivation and particle interpretation is the following:
one could think of a game involving two populations of indistinguishable agents obeying two distinct central
planners that are in competition with opposite objective (like e.g. in pursuit/evasion), and one looks for a
Nash equilibrium between the two populations.

The seminal paper [I5] formulated in a rigorous manner zero-sum stochastic differential games, with state
dynamics governed by standard stochastic differential equations. The formulation in [I5] can be described
as non-anticipative strategies against open-loop controls. This distinction of controls type between the two
players is crucial to show the dynamic programming principle (DPP) for the upper and lower value functions
(which coincide, i.e. the game has a value, under the so-called Isaacs condition), as it is known that the
formulation open-loop controls vs open-loop controls does not give rise in general to a dynamic game and a
fortiori to a DPP, see for instance Buckdahn’s counterexample in Appendix E of [23].

Zero-sum McKYV stochastic differential games were recently considered in [20] and [II] in a weak for-
mulation where only the drift (but not the diffusion coefficient) depends on controls and state distribution.
Notice that as the authors work on a canonical probabilistic setting, their game can be seen as a game
in the form feedback controls vs feedback controls. We mention also the recent paper [3], which considers
deterministic mean-field type differential games with feedback controls.

In the present work, we study zero-sum stochastic differential games of generalized McKean-Vlasov type
where all the coefficients of both state dynamics and payoff functional depend upon the distributions of
state and controls (actually, they can also depend on the joint distribution of state and controls, however
under the standard continuity and Lipschitz assumptions, it turns out that the coefficients only depend on
the marginal distributions, see Remark . As in [15], we use a strong formulation with non-anticipative
strategies against open-loop controls. We define the lower and upper value functions of this game, and
our first contribution (Proposition is to show that they are law-invariant, hence can be considered as
functions on the Wasserstein space of probability measures. Notice that this is a nontrivial issue as we do
not restrict to feedback controls.

Our second main result (Theorem is the proof of the dynamic programming principle for the lower
and upper value functions. The key observation is to reformulate the problem as a deterministic differential
game in the infinite dimensional space L? of ¢g-th integrable random variables. Notice that the proof of
the DPP is relevant also for the control case (which corresponds to the special case where the space of
control actions of the second player is a singleton), as a matter of fact in the present paper we consider
open-loop controls, while in the literature the DPP has been proved only for feedback controls, see [22].
Let us mention however the paper [4] which states a randomized DPP for the control case with open-loop
controls (but without dependence on the control distribution). We also show how to recover the standard
DPP in the case without mean-field dependence.

The third contribution of this paper (Theorem is the partial differential equation characterization
of the value functions. By relying on the notion of differentiability in the Wasserstein space due to P.L.
Lions, we prove the viscosity property of the lower and upper value functions to the corresponding dynamic
programming lower and upper Bellman-Isaacs equations. Uniqueness is stated when working on the lifted
Hilbert space L? and consequently, existence of a game value is obtained under a generalized Isaacs condition.

The outline of the paper is as follows. Section [2] formulates the zero-sum stochastic differential game of
generalized McKean-Vlasov type. In Section [3] we show that the upper and lower value functions can be
defined as functions on the Wasserstein space of probability measures. Section [4]is devoted to the rigorous
statement and proof of the dynamic programming principle for both value functions. Finally, in Section
we prove the viscosity property of the value functions.

2. Formulation of the stochastic differential game

Let (Q, F,P) be a complete probability space on which a d-dimensional Brownian motion W = (W;);>0
is defined. Let F° = (F?);>0 be the filtration generated by W, and let F = (F;);>0 be the augmentation
of F° with the family A of P-null sets of F, so that F; = F¢ VN, for every t > 0. Notice that F satisfies
the usual conditions of P-completeness and right-continuity. We also define, for every ¢ > 0, the filtration



Ft = (F. ;)sZt which is the P-completion of the filtration generated by the Brownian increments (Ws —Wy) s>y
(notice that, when ¢t = 0, F© coincides with F). Finally, we suppose that there exists a sub-o-algebra G of F
which is independent of F,, which will be assumed “rich enough”, as explained below.

We fix a positive integer n and a real number ¢ € [1,00). We denote by £, (R") the family of all
probability measures p on (R, B(R")) with finite ¢*"-order moment, i.e. |pullq :== ([ |x|‘1,u(dx))1/q < oo0.
More generally, for any r € [1,00) and m € N\{0} we denote by &, (R™) the family of all probability
measures on (R™, B(R™)) with finite r*"-order moment. We endow &, (R") with the topology induced by
the Wasserstein metric of order 7:

1/r
W, (u, ') = inf { (/ |z — 2'|" p(dx, d:f:’)) i p € Z.(R" x R") with marginals 4 and u’},
R™ xR™

for all p, /' € &, (R™). We assume that the sub-o-algebra G is “rich enough” in the following sense: G
satisfies

Z,(R) = {P.: £€ L'(0,G,PR)}, 2,R") = {P.: £€ LYQ,G,P;R™)}, (2.1)

where P, denotes the distribution of £. We will also suppose, possibly making G smaller (see Remark ,
that there exists a random variable T'9: (Q,G) — (G, ¥), taking values in some Polish space G with Borel
o-algebra ¢, such that I'Y has an atomless distribution and G = o(T9).

Remark 2.1 Tt is well-known (see e.g. Theorem 3.19 in [18]) that the probability space ([0, 1], B([0, 1]), )
satisfies (2.1), with Q,G,P replaced respectively by [0,1],8([0,1]),A (actually, every probability space
(E,&,Q), with E uncountable, separable, complete metric space, £ its Borel o-algebra, Q an atomless
probability, satisfies , this follows e.g. from Corollary 7.16.1 in [6]).

Suppose now that the sub-c-algebra G satisfies (2.1). Denote by A the Lebesgue measure on ([0, 1], 5([0, 1])).
Then, by the left-hand side equality in , there exists a random variable T'Y: (Q,G) — ([0,1],8(0,1))
with distribution A, that is with uniform distribution (so, in particular, I'Y has an atomless distribution). On
the other hand, given p € Z,(R) (vesp. u € Z,(R™)) it is possible to find a random variable n: [0,1] — R
(resp. n: [0,1] — R™) with distribution x. This implies that the random variable & = n(I'9): Q — R (resp.
¢ =n(l9): Q — R™) has also distribution g. As a matter of fact, we have:

P(E1(A) = P(n(T9)"1(4) = PIY en '(4) = A~ (4)),
for every A € B(R) (resp. A € B(R™)). Then, we see that the sub-o-algebra G := o(I'9) C G satisfies (2.1)).
In other words, it is enough to replace G by the possibly smaller o-algebra G. O

Remark 2.2 Let (E,€) and (H,#H) denote two Polish spaces endowed with their Borel o-algebrae. Notice
that the following result, stronger than (2.1)), holds true:

Given any probability m on (E,E), there exists £: (,G) — (E,E) such that P, = 7. (2.2)
Moreover, we have the following result (which will be used in the proof of Theorem :

Given any probability w on the product space (E x H/E @ H) and (: (,G) — (E,E),
with distribution P. equals to the marginal distribution of m on (E,E), (2.3)
there exists a random variable n: (Q,G) — (H,H) such that P ,, = 7.

Proceeding along the same lines as in Remark we see that statement follows from Theorem 3.19
in [I8] when (G,¥) is ([0, 1], B([0,1])) and I'Y has uniform distribution; in general, the claim follows simply
recalling that all atomless Polish probability spaces are isomorphic (see for instance Corollary 7.16.1 in [6]).

Statement follows from Theorem 6.10 in [18] when (G, ¥) is ([0, 1] x[0, 1], B([0, 1] x [0, 1])) and T'9 has
uniform distribution (proceeding as before, we deduce the result for the general case). As a matter of fact,
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given mon (Ex H,EQH), by Theorem 3.19 in [I§] there exists a random vector (z,w): ([0, 1] x [0, 1], B([0, 1] x
[0,1])) — (F x H,E ® H) such that P, ,, = 7. Now, since ¢ is G-measurable, by Doob’s measurability
theorem there exists a measurable map 2: [0,1] x [0,1] — E such that ¢ = (I'9). Notice that 2, as a random
variable from ([0, 1] x [0, 1], B([0, 1] x [0,1]), A® A) into (E, £), has the same distribution as ¢, that is P. = P,
which in turn coincides with the marginal distribution of 7 on (E, £). So, in particular, P, = P.. We can now
apply Theorem 6.10 in [I8], from which it follows the existence of w: ([0, 1] x [0, 1], B([0, 1] x [0,1])) — (H,H)
such that P ;, = m. Define 5 := w(I'Y). Then, 7 is a measurable map from (Q,G) into (H,H), moreover
P, , =, hence holds. O

Let T > 0 be a finite time horizon and let A (resp. B) be the family of admissible control processes for
player I (resp. II), that is the set of all (Fs V G)-progressively measurable processes a:: 2 x [0,7] — A (resp.
B:Qx[0,T] - B), where A (resp. B) is a Polish space. We denote by pa (resp. pp) a bounded metric
on A (resp. B) (notice that given a not necessarily bounded metric d on a metric space M, the equivalent
metric d/(1 4 d) is bounded). Finally, we denote by Z(A x B) the family of all probability measures on
A x B, endowed with the topology of weak convergence.

The state equation of the McKean-Vlasov stochastic differential game is given by:

S
Xz,f,a,ﬁ - §+/ ’y(X}f’g’a’ﬁyPng&a%am5T7P(ar,5r>) dr (2.4)
t

S
+/ o (XL Poreas, ar, By Pra, o) AW,
t

for all s € [t,T], where t € [0,T], £ € L1, F: V G,P;R™), a € A, 8 € B. On the coefficients b and o, and
also on the payoff functions f and ¢ introduced below, we impose the following assumptions.

(A1)

(i) The maps v: R" x 2, (R")x Ax Bx Z(AxB) - R" ¢: R"x 2, (R")x Ax Bx Z(Ax B) — R" 4,
R Z,(R")x Ax Bx Z(Ax B) =R, g: R" x Z,(R") — R are Borel measurable.

(ii) There exists a positive constant L such that

L(lx — ' + W, (. 1))
L(|z — ' + W, (s, 1)),
L,

h(llpll) (1 + |217),

for all (z, u), (', 1) € R® x £, (R™), (a,b,v) € AX B x (A x B).

|’)/(£L', o, a, ba V) - ’y(xlv Mla a, bv v
‘0’(1‘, My @, b7 V) - 0'(.]3/, ,LL/, a, b7 v
|’7(07 60) a, b’ V)| + |0(O> 607 a, b7 v

<
<
<
|f(z, 1, a,b,0)[ + [g(z, p1)| <

)|
)|
)l
)|

Remark 2.3 In equation (2.4) we could also consider the case where v and o depend on the joint law
P teas . 5, rather than on the marginals Pyi¢.a.s and P, 4,. So, in particular, v = y(z,a,b,7) and
o =o(z,a,b,7) for every m € &, o(R"™ x A x B), the set of probability measures 7 on the Borel o-algebra of
R™ x A x B with marginal 7, having finite ¢-th order moment. Notice however that such a generalization
is only artificial, as a matter of fact under the Lipschitz assumption (A1)-(ii), which now reads
(@, a,b,7) = y(2', a,b,7")| + |o (2, a,b,7) — o(z,a,b,7")| < Ll — &'+ W, (T, 7))
for all (a,b) € Ax B and (z,7), (2", 7") € R" x P, ((R" x Ax B), with m, ., =7, _,
it follows that v(z,a,b,7) = v(z,a,b,7’) and o(x,a,b,7) = o(x,a,b,7") whenever 7 and 7’ have the same
marginals on R™ and A x B. In other words, v = y(z,a,b,7) and 0 = o(x,a,b,7) depend only on the
marginals of 7 on R™ and A x B.
Concerning the function f, we get to the same conclusion under the continuity assumption (A2) stated
below. O



Lemma 2.1 Under Assumption (A1), for anyt € [0,T], £ € LYQ, F:VG,P;R™), o € A, B € B, there exists
a unique (up to indistinguishability) continuous (Fs V G)-progressively measurable process (ngﬁvaﬁ)se[m
solution to (2.4), satisfying
E| sup [x:€27|] < ¢, (1+E[g), (2.5)
s€(t,T]

for some positive constant Cy, not depending on t, &, a, . Moreover, the flow property holds: for every
set,T),
tEa
Xbeas — X7 5 ’a’ﬁ, for allr € [s,T], P-a.s. (2.6)

and consequently
Pyireas = szyxg,g,a,gﬂﬁ, for all r € [s,T). (2.7)

Proof. We report the proof only of (2.6)-(2.7]), the rest of the statement being standard. Notice that, by

t,&,a,8
definition, the process (Xf.’X* ,aﬁ)

with initial condition X%&8:

rels, 1) solves the following stochastic differential equation on [s,T]

XT = X‘?&’a’ﬁ—’—/ 7(X27PXz7azaﬁzaP(az,Bz)> dZ+/ U(XZ,IPXZ7O[Z7BZ7P(O<Z,BZ)) sz;

for all € [s, T]. On the other hand, recall from (2.4)) that the process X*¢# solves the same equation on
[s,T], with identical initial condition at time s, that is X*¢#. Hence, by pathwise uniqueness we conclude

that (X, = ’a’ﬂ)re[s 71 and (X16*F), (s 77 are indistinguishable, so that (2.6) holds. We then deduce
the ﬁow property ([2.7] . on the probability law. O

Remark 2.4 Notice that the (open-loop) control processes a € A, 8 € B are measurable with respect to
G, hence may depend on £ € L4(Q, F; V G,P; R™), and thus one cannot claim as in the uncontrolled case or
when using feedback controls that the law Py te.a.s of X L&aB for t < s < T, depends on ¢ only through
its distribution. As a matter of fact, in the uncontrolled case or when using feedback controls, the law
Pyteas of X168 depends on the joint law of & and (W, — Wi)selt,r)- Since they are independent, P teap
depends in fact only on the marginal laws of § and (Ws — W;)sepr, 1 (so that it depends on & only through
its distribution). On the other hand, when using open-loop controls, we can only say that the law P K& aB

of Xt&8 depends on the joint law of £, a, B, (W, — W) sepe,1)- O

The stochastic differential game has the following payoff functional:

T
J(t7§7a7ﬁ) = ]E|:/ f(Xﬁ7§7a’ﬁ7Pxﬁ‘f:(’vﬁyO‘rvﬁ?"ap(ar,[ir)) ds+g(X’§'z£7a767]P)X%€,m/3) ) (28)
t

for all t € [0,T], £ € LY(Q, F: VG, P;R"), o € A, B € B. Notice that the payoff functional in is well-
defined and finite by and the growth conditions on f and g in (A1)(ii). In order to prove the continuity
of the value functions (Proposition , we will need to impose the following continuity assumption on the
payoff functions f and g (in the literature, the Lipschitz continuity of f and g is generally required, which
is however stronger than (A2)). The continuity of the value functions is only used in the last section of the
paper (Section , where we investigate the viscosity properties of the value functions. Notice in particular
that assumption (A2) is not used in the proof of the dynamic programming principle.

(A2) The maps g and (z,u) € R" x Z (R") — f(z,p,a,b,v) are continuous, uniformly with respect to
(a,b,v) € A x Bx Z(A x B), ie. for any sequence (T, fbm)m in R™ x & (R™) converging to (z,u) €
R™ x £,(R™), we have

m—00

Sup ‘f(xmvﬂrru(%va)_f(m>ﬂ7aabvy)| + |g($maﬂm)—9($aﬂ)| — 0.

(a,b,v)EAXBX P(AXB)



We define the upper and lower value functions of the stochastic differential game as in Definition 1.4 of
[15]. In order to do it, we need to introduce the concept of (non-anticipative) strategy (see Definition 1.3 in

[15]).
Definition 2.1
o A strategy af] for player Iis a map af]: B — A satisfying the non-anticipativity property:
P(8, = B, forae re0,t]) =1 = P(a[f], = a[f],, forae rel0,t]) = 1,
for every t € [0,T) and any B, 8 € B. We denote by A.,. the family of all strategies for player I.
o A strategy B[] for player II is a map B[-]: A — B satisfying the non-anticipativity property:
P(a, = a), forae re0,t]) =1 = P(Bla), = Bla'],, for ae. r€0,1]) = 1,
for every t € [0,T) and any a,a’ € A. We denote by B,,, the family of all strategies for player II.

The lower value function of the stochastic differential game (SDG) is given by

) = i 3 &y by ) ) ) syt > 13 ™).
v(t, &) inf sup J(t,¢&, a, Bla]) for all t € [0,T], £ € LYQ, F, vV G, P;R™)
B[‘]EBSU acA

On the other hand, the upper value function of the stochastic differential game is given by

u(t,§) = [?33 gngJ(t,g,a[B],ﬁ), for all t € [0,T), € € LY(Q, F, V G,P;R™).

By estimate ([2.5) and the growth conditions in (A1)(ii) on f and g, we easily see that the value functions
v and u satisfy the growth condition

[(t, ) + [u(t, )] < Cqh(Co(1+ull,)) 1 +E?),  te[0,T], &€ LY Fp VG, PR,

with Oy as in estimate (2.5), and p = P,.

3. Properties of the value functions

The main goal of this section is to prove that the lower and upper value functions v and u are law-
invariant, i.e., depend on £ only via its distribution. We mention that this is a non-trivial issue, as such
property does not hold in general for the payoff functional J, see Remark

Proposition 3.1 Under Assumption (A1), for everyt € [0,T] we have

v(t,€) = v(t.€), u(t,§) = u(t,9),
for any €,€ € LY(Q, F, V G, P;R™), with P, = P;.
Proof. We prove the result only for the lower value function, as the proof for the upper value function can
be done proceeding along the same lines.
Fix t € (0,7, &,& € LY(Q, F, VG, P;R™), with p := P, = P;. Our aim is to prove that:

Given any a € A and B[] € B,,,, there exist & € A and B[] € B,,., with & (resp. 5[-])

possibly depending on €, £, a (resp. €, €, B[-]), but not on B[] (resp. a), such that: (3.1)

(&, a, Bla), W. — W,) has the same law as (€, &, Bla], W. — W),

so that J(t,& . Bla]) = J(t,€, &, Bla)).



Notice that statement (3.1) is equivalent to the existence of two maps ¥1: A — A and ¥s: B, — B..
such that for any o € A and j[] € B..,, the quadruple (&, o, ¥2(8[-])[a], W. — W;) has the same law as

(€1 (), Bl(@)],W. = Wy), so that J(¢,€, a, (B[])]a]) = J(¢,& ¢ (a), Bl ().

Observe that the claim follows if (3.1]) holds true. Indeed, for any fixed 3[-] € B.,, we have

sup J(t, &, a, Y2 (B[])[e]) = zggJ(t,é,w1<a>,B[w1(a>]> < sup J(t,€, &, Blal).

acA acA

Taking the infimum over A3 [[] in B..., we obtain

o(t,€) = inf sup J(t,&a,B[a]) < _inf sup J(t,& o, va(B[])[e])
Bl]€Bstr acA Bl-]€Bstr a€A
< _inf sup J(t,€ & Bla]) = w(t, ).
Bl-1€Bstr €A

Interchanging the roles of £ and &, we get the other inequality v(t, &) > v(t, 3 ), from which the claim follows.

It remains to prove statement . We split its proof into four steps. Notice that Step II is similar to
the proof of Proposition 2.2 in [7], while Step IV can be alternatively addressed using techniques from the
proof of Proposition 3.4 in [7] (see Step IV below for more details).

Step 1. Reduction to a canonical setting. Denote by E}Y := Cy([0,t]; R") the set of R"-valued continuous
paths on [0,t] starting at the origin at time 0. We endow E}¥ with the uniform topology, so that E}V
becomes a Polish space (we denote its Borel o-algebra by £V'). We also denote by P}V the Wiener measure on
(EYV,EW) (recall that the Wiener measure is atomless). Now, consider the filtration F° = (F?)>0 generated
by the Brownian motion W. Notice that there exists a random variable I'}V : (Q,F?) — (E/V, &) with
distribution P}"" and such that F? = o(I'}"). On the other hand, we recall that, by assumption, there exists
a random variable I'Y: (©,G) — (G, %), taking values in some Polish space G with Borel o-algebra ¢, such
that T'Y has an atomless distribution and G = ¢(T'9). Hence, we deduce that there exists a random variable
T (Q,F2VG) — (E,E), taking values in some Polish space E with Borel o-algebra &, such that I'; has
an atomless distribution and 77 V G = o(T'). Finally, recalling that all atomless Polish probability spaces
are isomorphic, we can suppose that the probability space (E,&,Pr,), where Pr, denotes the distribution
of Ty, is given by the space ([0, 1], B([0,1]), A), where A is the Lebesgue measure on [0,1]. So, in particular,
I';: Q — [0,1] and has uniform distribution.

Step IL. Canonical representation of & and o. Fix o € A and B[] € B....

Representation of £. Since & is F; V G-measurable, by Doob’s measurability theorem it follows that

¢ = «(l), Pas.

for some measurable function x: ([0,1], B([0,1])) — (R™, B(R™)). The equality £ = x(I';) holds P-a.s. since
Fy = Ff VN. Notice that we can suppose x to be surjective. As a matter of fact, if this is not the case,
it is enough to modify x on the set ¥'\{0,1} (where % is the Cantor set), replacing x for instance by the
composition of the Cantor function from %\{0,1} to (0, 1) with a continuous map from (0,1) to R™. The x
so constructed remains a Borel measurable function. Moreover, we still have

¢ = x(Ty), Pas

Representation of . Similarly, the map a: Q x [0,7] — A is Prog(F*) vV ((F: vV G) @ {0, [0, T|})-measurable,
where Prog(F') denotes the progressive o-algebra on Q2 x [0, T relative to the filtration F*, while {0, [0, 7]} is
the trivial o-algebra on [0,7]. Then, by a slight generalization of Doob’s measurability theorem (which can
be proved using the monotone class theorem), it follows that « has the form a, = as(-,T'(+)), Vs € [0,T],
P-a.s., for some Prog(F") @ B([0, 1])-measurable function a = as(w,y): 2 x [0, 7] x [0,1] — A. As before, the
fact that the equality as = as(-,T¢()), Vs € [0,T], holds P-a.s. (so, in particular, (as)s and (as(-,T¢(+)))s
are P-indistinguishable) follows from the fact that F; = F7 VN.
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Step IIL. The random variable T'y. Notice that (3.1)) follows if we prove the following:

3 a random variable Ty: (0, F; vV G) — ([0,1],B([0,1])) such that: (3.2)
T, has the same distribution as Ty, o(T;) VN = o(T) VN = F, V G, and £ = x(Ty), P-a.s.

Observe that T, is allowed to be F; V G-measurable (not necessarily just 77 V G-measurable). Suppose that
holds. Since o(T;) VN = F; VG, we can find a canonical representation of 3[-] in terms of T';. More
precisely, since for every @ € A we have that j3 [a] is an element of B, proceeding as in Step II for the
proof of the canonical representation of c, we deduce that S[a] has the form g[a], = be (-, ft(~)), Vs el0,T],
P-a.s., for some Prog(F!) ® B(]0, 1])-measurable function b% = b%(w,y): Q x [0,T] x [0,1] — B. Now, define

(¥r(a) =) & = a.(Tu("), (a(BDI] =) Bla'] = BT 1),

where a’ corresponds to the map a introduced in Step IT when the control « is replaced by a generic control
o/ € A. Notice that & € A and B[] € B...,. We also notice that (¢, a, 8[a], W. — W;) has the same law as

(é,&,ﬁ[d],W — W4). So, in particular, J(t,&, a, Bla]) = J(t,é,d,ﬁ[d]), that is holds.

Step IV. Proof of (3.2). By the Jankov-von Neumann measurable selection theorem (see for instance
Theorem 18.22 and, in particular, Corollary 18.23 in [I]), it follows that y admits an analytically measurable
right-inverse, denoted by ¢: R™ — [0, 1], which satisfies:

1) x(¢(y)) =y, for any y € R";
2) x H¢(AB)) = B, for any subset 2 of [0, 1];

3) (71(%) is analytically measurable in R™ for each Borel subset % of [0, 1]. Recalling that every analytic
subset of R™ is universally measurable (see e.g. Theorem 12.41 in [1]), it follows that (~1(%) €
Z(R™), the Lebesgue o-algebra on R™. Hence ( is a measurable function from (R", #(R"™)) into

([0,1], B([0, 1]))-
Now, define R 5
Ft = C(€)7

and let us prove that I'; satisfies (3.2) (notice that the construction of ['; can be alternatively addressed
proceeding as in the proof of Proposition 3.4 in [7], by means of the regular conditional cumulated distribution
of I'; given both & and (Ws)o<s<t)-

We begin noting that, since ¢ is B([0, 1])/.Z'(R")-measurable, and also the o-algebra F; VG is P-complete,
it follows that I'; is a measurable function from (2, F; V G) into ([0, 1], B([0,1])). Let us now prove that I'
has the same distribution as I';. Fix a Borel subset Z of [0, 1]. Then

P(Ty € #) = P((§) € B) = P(Ee(TH(R)).
Recalling that é has the same distribution as £, and also that £ = x(I'¢), we obtain

P(e(TH(#)) = P((T) €(TH(#)) = P(Lex (1)),
By item 2), we know that x~1(¢~1(%)) = £, hence

P(T, € B) = P(I'; € B).

This proves that I'; has the same distribution as T';. Moreover, by item 1) we have x(I';) = x(¢(€)) = €. Tt
remains to prove the equality (L) VN = o(Ty) VN.

Similarly to &, since 5 is F; V G-measurable, by Doob’s measurability theorem there exists a measurable
function ¥: ([0,1], B([0,1])) — (R™, B(R™)) such that £ = Y(I';), P-a.s.. Hence

ft = C()Z(Ff)), P-a.s.
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So, in particular, ¢(I';) C o(I'y) VN. It remains to prove that o(I';) C o(Ty) V N. Notice that ¢ o ¥ is
a measurable function from ([0, 1],.2(]0,1])) into ([0, 1], B([0,1])). Then, it is well-known that there exists
a Borel measurable function ¢: [0,1] — [0, 1] such that ( o x = ¢, A-a.e. (we need to consider a Borel
measurable version of ¢ o X in order to use Lemma [A7T] which in turn relies on the Jankov-von Neumann
measurable selection theorem). Hence

ft = QS(Ft), P-a.s.

Then, by Lemma it follows that there exists a Borel measurable function p: [0,1] — [0,1] such that
p(d)(y) =y, M-a.e., so that )
Iy = p(Ty), P-a.s.,

from which we deduce the inclusion o(I';) C o(I'y) VN. This concludes the proof. a

It is interesting to notice (even if we do not need such a result in the present paper) that a stronger
result than Proposition holds, namely that the value functions v and u do not depend on the choice of
the o-algebra G, as stated in the next proposition.

Proposition 3.2 Suppose that Assumption (A1) holds and let G be a sub-c-algebra of F satisfying the
same properties as G, namely: G is independent of F, G satisfies , and there exists a random variable
[9:(2,G) — (G,9), taking values in some Polish space G with Borel o-algebra &, such that TY has an
atomless distribution and G = o(T'9). Then, for every t € [0,T] we have

v(t,§) = v(t, ), u(t,€) = u(t,f), (33)
for any € € LY(Q, F; VG, P;R") and £ € LY(Q, F; V G, P;R"), with P, = P;.

Proof. We prove the result only for v, as the proof for u can be done proceeding along the same lines.

Most of the proof proceeds as in Proposition for this reason we report only the main steps.

Fixt € [0,T] and &£ € L1(Q, F; VG, P;R™). First notice that, by Proposition follows if we prove
that there exists some £ € L1(Q, F; V G,P;R™), with P, = IP¢, such that v(¢,£) = v(t,£) holds. As a matter
of fact, it then follows from Propositionthat v(t, &) = v(t,€) holds for any € € LY(Q, F; VG, P;R™), with
P. =P..

In order to specify the random variable &, we need firstly to introduce some notations. Let I'; and x be
the maps introduced respectively in Steps I and IT of the proof of Proposition Let also I'; be the map
introduced in Step I of the proof of Proposition with G replaced by G. Then, we define £ as follows

¢ = x(Ty).

Similarly to the proof of Proposition our aim is to prove the following (when G is replaced by G, we
denote by A, B, A..., B... the sets A, B, A..., B...):

Given any o € A and B[] € B..., there exist & € A and B[] € B.,., with & (resp. B[])
possibly depending on o (resp. B[-]), but not on B[] (resp. «), such that: (3.4)
(&, a, Bla], W. — W,) has the same law as (€, a, Bla], W. — W,),
so that J(t,&, . B[a)) = J(t,&, a, Bla)).
In order to prove (3.4)), let a be the map introduced in Step II of the proof of Proposition Similarly, let

b be the map introduced in Step III of the proof of Proposition with Ty, A, B.,, replaced respectively
by I';, A, B,,.. Then, we set

& = a.(.Ti(), Blo) = 5T Ty,



where a’ corresponds to the map a introduced in Step II of the proof of Proposition when the control
« is replaced by a generic control o € A. It is then easy to see that for such a choice of @ and 3 property
(3-4) holds, which concludes the proof. a

Definition 3.1 By Proposition |3.1), we define the inverse-lifted functions of v and u, respectively:
V(t,p) = v(t,§), U(tp) = ut,§),  forevery (t,p) €[0,T] x Z,(R"),
for any & € LY(Q, F V G, P;R™), with P, = p.

We end this section proving the continuity of the value functions.

Proposition 3.3 Let Assumptions (A1)-(A2) hold. The function (t,§) — J(t,&, o, B) is continuous on
D :={te€l0,T],§ € LYQ,F: VG ,P;R™)}, uniformly with respect to (o, 3) € A x B, and consequently the
value functions v, u are continuous on D.

Proof. (1) Fix0<t<s<T,¢¢Ce LYY F VG PR, a € A 8 € B. By definition of Wasserstein
distance, we have

sup W? (IP’

< IE[ sup |Xﬁ»€va’ﬁfxi7¢’aﬁ|“] (3.5)
s<r<T

P
Xt Xﬁ’c’a’ﬁ) s<r<T

From the state equation (2.4]), and using standard arguments involving Burkholder-Davis-Gundy inequalities,
(3.5), and Gronwall lemma, under the Lipschitz condition in (A1)(ii), we obtain the following estimate
similar to the ones for controlled diffusion processes (see Theorem 5.9 and Corollary 5.10, Chapter 2, in
[19]):

B[ sup [xp6o7 - x26o 0] < C(BIE—¢J7 + (14 Blgl7 + IG5 1), (36)

for some constant C' (not depending on t,s,&,(, a, f5).
(2) Fix t € [0,T] and & € LYQ, F; V G,P;R™). Consider a sequence (t;;)m C [0,T], (&m)m C L1(Q, Ft,, V

m

G,P;R™) such that t,, — t, and &,, — £ in L9 as m goes to infinity. We then have for all « € A, 8 € B,
’J(t'nu £m7 «, ﬂ) - J(ta 57 a, ﬁ)’

tVYL
< IE|:/ |f(X7E7€7a)BvPxf,v&uvﬁ,arvﬁraP(ar,ﬁr))|dT
t
T
* / {f(thﬂ’g’aﬁ7PX$'5‘a’ﬁvO‘Ta Brs Pa,, Br)) - f(Xf’m’gm’a’B’ ]P)X?"’E’"’O"B’ Qs Br, ]P)(““BT)) ‘d?”
t

oK Bygen) = g (X, B )
< Cgh(Co(L+EIE]) (1 +EIE]7) [tm — |

T
+E {/ sup }f(Xﬁ’g’O"ﬂ, Pyicas,a,b, V) —f(Xff”’gm’a’B, Pytm.em.as,a,b, 1/) |dr
t

(r,a,b,v)E[0, TIXAXBX P?(AXB)

t,§,0,8 Lm0 8
+E|:‘9(XT @ JP)X}’&'O"B) —g(XT o 7px¥n,gm,a,5)‘:|.
From ([3.5)-(3.6), and the continuity assumption (A2) on f and g, we deduce that

sup |J(tm7§maa76>_J(t7£7aa6)| — 07
acA,BeB m—00

which implies
’U(tmﬂgm) — ’U(tVé-)’ ’U/(tm,gm) — u(tvf)v

m—r oo m—r oo
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from which the claim follows. O

Corollary 3.1 Let Assumptions (A1)-(A2) hold. The inverse-lifted functions ¥ and % are continuous
on [0,T] x Z,(R").

Proof. The claim follows directly from the continuity of the value functions v and w in Proposition 3.3} and
also by Skorohod’s representation theorem on the Wasserstein space (see Lemma A.1 in [4]). O

4. Dynamic Programming Principle

The main result of this section is the statement and proof of the dynamic programming principle (DPP)
for the lower and upper value functions of the two-player zero-sum McKean-Vlasov stochastic differential
game.

Theorem 4.1 Under Assumption (A1), we have

v(t,§) = ﬂ[-]iggstr 21613 {E{/t f(Xﬁ’g’a’B[a],Pxﬁysya,malyamﬂ[a]mpmmmam) dr} (4.1)

+ v(s,Xﬁ’g’a’ﬁ[a])}
and

u(t,€) = sup inf E[/ f(Xﬁaa[m,B’]pxi,g,am,a[mr,ﬁr,ma[ﬁwﬂ)dr] (4.2)
af]€As: PEB t

+u(s,X§’5’“[m’ﬂ)}a

for allt,s € [0,T], witht < s, and for every £ € L1(Q, F; V G,P;R™).
Proof. We prove the dynamic programming principle (4.1)) for the lower value function v, the proof of (4.2)
being similar.

For any t € [0,T7], £ € LY(Q, F: VG, P;R™), n € LY(Q, F:VG,P;R), a € A, 8 € B, consider the stochastic
process (XL&m@P) 7 defined as

S
X?&m,a,ﬁ = 77—|—/ f(Xi,E,aﬁ,[P’Xi,g,a,ﬁ,ar,ﬂr,}P’(ahﬁN) dr, t<s<T.
t

Notice that, from identities (2.6])-(2.7), we deduce the following flow property: for every s € [t, T,

Xbemas — f(f’X:’E’aﬁ’X?M’aﬁ’a’ﬁ, for all r € [s,T7], P-a.s. (4.3)
Now, we observe that
J(t,6 0, 8) = E[XE500 4 g(Xp8 0 Prrcas)] = QX8 Xp8000),
where G: LY(Q, Fr V G,P;R") x LY(Q, Fr vV G,P;R) — R is defined as
G n) = E[n+g(&P)],  V(&n) € LYY Fr VG PiR) x LY(Q, Fr v G,P;R).
Then, the lower value function of the stochastic differential game is given by
v(t,§) = inf sup G(X;E’a’ma],X;g’o’a’mo‘}).

Bl-1€Bstr ac A
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Let

V(t,&,n) = inf sup @G Xt’E’a’ﬁ[a],Xt’g’n’a’ﬁ[a] .
( € 77) Bl1€Bstr ac A ( T T )

Notice that the following relation holds between v and V:

V(t,&m) = vt ) +Elnl. (4.4)

By (4.4]), we see that the dynamic programming principle (4.1) for v holds if and only if the following
dynamic programming principle for V' holds:

V(t,&n) = inf sup V(s,Xﬁ’g’a’ﬁ[o‘],X;’E’"’“’ﬁ[a]), (4.5)
Bl1€Bstr acA

for all t,s € [0,7T], with t < s, and for every (£,1) € LY(Q, F; V G,P;R™) x LY(Q, F; V G,P;R). Hence, it
remains to prove (4.5). The following proof of is inspired by the proof of the dynamic programming
principle for deterministic differential games, see Theorem 3.1 in [I3].

Fix t,s € [0,7], with t < s, and (§,n) € LY(Q, F; V G,P;R") x LY(Q, F, V G,P;R). Set

At — inf Vs, xt&Blal xt.&maBlaly
S (= X; e )

We split the proof of (4.5) into two steps.
Proof of V(t,&,m) < A(t,&,n). Fix e > 0. Then, there exists 5°[-] € B,,, such that

A(t,&,m) > sup V(s,Xﬁ’f"’"EE[a],Xﬁ’f’"’“”és[“]) — €
acA

> V(s, XL&A el Xtemadlal) _ g for every a € A. (4.6)
Now, notice that for every fixed a € A there exists 37"[] € B.,, such that

V (s, X687 lal gtemadlal)

. inf sup G<X87X§’§’“’BE[”]70/,/3/[6%’] XS,X;,s,a,Ef[a],X;,s,n,a,éf[a]ﬂ/”@v[a/])
B 1€Bstr o’ €A T T

Xt,g,a,ﬁﬁ[a] TR TV - Xt,&,a,ﬁa[a] Xt,&,n,a,ﬁg[a] 1 gresery
Z Squ XS’ s NeuNG] [O‘] st s s Xg o'\ B [a] _ e
e T » AT
«
S7Xt,£,a,55[a]70¢7 AL P S 37X§,£,<x,55[a]7)295,7:,&,55[&]7@7 31y
> G<XT : Frected g X, ‘ Fretlal) _ (4.7)

Define 5¢[-] € B,,, as follows: for every fixed a € A, we set
Bloly = Bl 1o, (r) + 57 [alr 1o my(r),  forall r € [0,7].
Then, we can rewrite in terms of ¢ as
V(s,Xz,ﬁ,aﬁs[a]’X?E,n,aﬂe[a])
=V (s, XtE B[] ghemaflol) > G( x5 XEEm a6 a] Xs,Xﬁ*ﬁ’“'W],Xi*ﬁ’wﬂ”ahaﬂs[a]) e

T AT

By the flow properties (2.6)-(4.3)), we obtain

V(S’X§,§,a,ﬁs[a]7X;,{,n,a,ﬁs[a]) > G(X;&a,ﬁé[@],X;’&n,a,ﬁs[a]) —e.
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Plugging the above inequality into (4.6[), we find
A(t, &) > G(X;ig’a’ﬁs[a],Xﬁ’E’"’a’ﬁs[“]) —2¢, for every a € A.

The claim follows taking the supremum over A and then the infimum over B,,,.

Proof of V(t,&,m) > A(t,&,n). Fix € > 0. Then, there exists 3°[-] € B,,, such that

sup G(X;E’O"BE[&],X;lg’"’a”és[a]) < V(t,&n) +e. (4.8)
acA

We also have

A(t,€,m) < sup V(s,X;’E"’"BE[O‘],Xﬁ’g’"’“ﬂs[o‘]).
acA

So, in particular, there exists a® € A such that
A(t,6,m) < V(s, X060 xtema® Flal) 4 o (4.9)
Now, for every a € A define &° € A by
a; = g 1y g (r) + o 1 (7)), for all r € [0, T7. (4.10)

Then, define 8¢ € B,,, by 55[a] := [3°[&°], for every a € A. Hence

V(S, X?&Oésﬁa[aa]’ X};é,masﬁa[aa])

. S)Xé,s,af,ﬁf[as],a”g[a] ~S)Xg,s,af,BE[aE],X:,g,n,af,ﬁflaf],aﬁ[a]
= sith, 5o i
N str v
< sup G(X;Xﬁ*i"”g"“[‘*e],a,ﬁf[a] X;X?g"’“s‘ge["s],)?2‘5‘”""5’55[“5],a,ﬁg[a]>
—_ )
acA
S)Xzasxéeags[&s]y&E7BE[&E] ~ S,X:,§a&5155[&5]7X:1§,WY&EVBE[&E]75¢E’BE [&E]
= sugG(XT X7 )
aE

where the last equality follows from the definitions of &° and (°. By the flow properties (2.6))-(4.3), we
obtain e n s perse
V(57X;;ﬁ;af,ﬂs[aELX;)g’mas,ﬁs[as]) < sup G(X;EV&E’Q & ],X’?f,n,a B [a ])
acA

Consequently, there exists a®¢ € A, and the corresponding @2¢ defined as in (4.10]), such that
e Fer &1 o~ e mer e ~2c Aer~2,e] ~ ~2c per~2.e
V(s,Xﬁ’f’o‘ B [ex ],X;,f,n,a B [ ]) < G(X;&a B[ ]7X;§m,a B e ]) e
Finally, using inequalities (4.8 and (4.9)), we obtain
A(t,€m) < V (s, Xpoon Tl Xpemat o) 4 ¢
~2,e per~2,e ~ ~2,e pe[~2,e
S G(X;g’a B [a ],X;E,'ﬂ,a B [a ]) +2€

sup G(XLbe el grenadtlely Loe < vt ¢,n) +3e,
acA

IN

which concludes the proof. O

We immediately deduce the DPP for the inverse-lifted lower and upper value functions.
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Corollary 4.1 Under Assumption (A1), we have

“f/(t7 N’) = lnf sup {]E[/ f(X,ﬁ’&’a’B[a],th,&aﬁ[a] , Oy 5[0{],’4,}?(&%;3[&]”) dr] (411)
Bl1€Bstr ac A t "

+ V(S,sz,ﬁ,a,ﬁ[a])}
and

U(t,u) = sup inf{

oo iR E[/ f(Xﬁa&a[ﬂ]wB,Pxf.,g,a[ﬁ],ﬁ,Oé[ﬁ]r,ﬁn]fb(amwﬁr)) dr}
o str

t

T U (5,P 160,001 },

for allt,s € 10,1, witht <s, p € Z,(R"), and any § € LI(Q,G,P;R™) such that P, = p.

The case without mean-field interaction

Let us consider the particular case of standard stochastic optimal control problem (for the case of a standard
two-player zero-sum stochastic differential game see Remark below), where G is the trivial o-algebra and
all coefficients depend only on the state and control (of the first player), but not on their probability laws
(as well as on the control of the second player):

(A3) G={0,9} and vy =(z,0), 0 = o(z,a), f = f(z,a), g = g(z), for every (z,a) € R" x A.

The assumption that G is trivial implies that the lower and upper value functions v = v(¢,£) and
u = u(t,§) are defined only for all ¢t € [0,T], £ € LI(Q, F¢,P;R™) (rather than & € LI(Q, F; V G, P;R™)).
This also reflects on ¥ and %, which now are defined on a possibly smaller set, given by all pairs (¢, ) €
[0,T] x Z,(R™) for which there exists & € L1(Q, F;,IP; R™) such that P, = u. Another consequence of the
assumption that G is trivial is that A (resp. B) coincides with the family of all F-progressively (rather than
(Fs V G)-progressively) measurable processes taking values in A (resp. B).

Under Assumption (A3), denote by X*& the solution to when there is only the control process
«. By an abuse of notation, we still denote by J = J(¢,&, «) the payoff functional, which now depends only
ont, & a:

T
sega) = B| [ F(x0E 00 ds g (xE7)|.

Notice that under (A3), the lower and upper value functions coincide with each other, and are simply given
by:
v(t, ) = u(t,§) = sup J(t, &, a), for all t € [0,T], € € LY(Q, F;, P;R™).
acA
For any t € [0,T], x € R, a € A, denote by X*® the solution to (2.4) when the initial condition at time
t is given by a constant ¢ = x in R”. Similarly, let JB(¢, 2, a) be the payoff functional when ¢ = z, namely
(the capital letter B at the top of J refers to “Bellman”)

T
IB(taa) = B [ an) s+ g (X))
t

So, in particular, JB(¢,x, @) coincides with J(t,, o) whenever ¢ = z in R™. Finally, the value function of
the standard stochastic optimal control problem is given by:

WBlta) = sup JP(t 2, 0),
acA
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forall t € [0,T], z € R™.

The following result makes the connection between the standard value function v” and our value functions
v = u, or the value functions ¥ = % on the Wasserstein space, and show that one can retrieve the standard
DPP in the non-McKean-Vlasov case from Theorem [£.1]

Proposition 4.1 Under Assumptions (A1) and (A3), we have, for allt € [0,T], p € Z,(R"),

”//(t,,u) = ’U(t,{) = U(t,{) = %(t’:u’) = / ’L)B(t,l‘)ﬂ(dl‘) = E[’UB(tvf)]v (412)

n

for any € € LYQ, F;, P;R™), with P, = u. Therefore, we have the DPP for vB:

UB(t7 x) = sup E |:/ f(ijw;Oé’ ar) dr + 'UB (87 ng,a) s
acA t

for all t,s € [0,T], with t < s, and for every x € R™.

Proof. If the sequence of equalities holds true, the DPP for v® is a direct consequence of Theorem
Then, it remains to prove (4.12)).

Fixt € [0,T], p € Z,(R"), and £ € LI(Q, F;,P;R") with P, = p. Equalities ¥ = v = u = % follow
directly from Assumption (A3). Therefore, it only remains to prove the following equality:

o(t,§) = EpP(9)).

Proof of the inequality v(t,¢) < E[vB(t,£)]. We adopt the same notations as in Steps I and IT of the
proof of Proposition So, in particular, we consider a uniformly distributed random variable T';:  — [0, 1]
such that o(T'y) = F?. Moreover

& = x(Ty), P-a.s.,
as = as(,Ti(")), Vs € [0,T], P-as., (4.13)

for some measurable functions x: ([0,1],B([0,1])) — (R™, B(R")) and a: (2 x [0,7] x [0,1], Prog(F') ®
B([0,1])) — (A,B(A)). For every fixed y € [0,1], denote a¥ := a.(-,y). Notice that a¥ € A and, in
particular, it is Ff-progressively measurable.

Similarly, the controlled state process (X£75704)S€[t7T] is F-progressively measurable, so, in particular, it
is Prog(F') v (F: ® {0, [0, T]})-measurable (where {0, [0, 7]} denotes the trivial o-algebra on [0,7]). Then,
X482 has the form

Xpoo = x> (,Ty(), Vs e[0,T], P-as,

for some Prog(F')® B([0, 1])-measurable function x = zL5%(w,y): Qx[0,T]x[0,1] — R". By pathwise
uniqueness to equation (2.4, we deduce that there exists a Lebesgue-null set N € B([0,1]) such that

&,

w’;’g’”‘(',y) = Xﬁ’X(y)’o‘y, Vs e [t,T], P-as.,

for every y € [0,1]\N. Hence, using the fact that o(I';) = F7 is independent of F., by Fubini’s theorem we
deduce that the payoff functional can be written as follows:

1 T .
J(t, & a) = / E[/ FXEXW q¥) ds 4+ g(XEXW | gy (4.14)
0 t
1

= /0 JE(t,x(y),a¥) dy < ; vP(t, x(y)) dy.
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Taking the supremum over « in A, we conclude that
1
w66 < [ Pl xw)dy = BP9
0
Proof of the inequality v(t,&) > E[vE(¢,£)]. Recall that

E[v®(1,6)] = / oB (1, 2) u(de)

and, for every x € R”,
T
W) = sup s (tana) = supE| [ (X0 ds 4 g(X)|.
acA acA t

Notice also that the following equality holds:

sup JB(t,z,a) = sup JB(t,z, ), (4.15)
acA ac At

with A! C A denoting the set of all Ft-progressively measurable processes taking values in A. In order to
see that holds, we begin noting that sup,c 4 JZ (¢, z,a) > supyear JB(t, 2, ) since A* C A, so it
remains to prove the other inequality. Given a € A, recalling that a can be written as in 7 we find
(proceeding as in (£.14))

JB(t,x,a)

1 T
L] [ e anas s gxe)|ay
0 t

1 1
= / JB(t,x,a¥)dy < / sup JB(t,x,a)dy = sup JB(t,z,a),
0 0 acAt acAt

where the inequality follows from the fact that a¥ € A?, for every y € [0, 1]. From the arbitrariness of a € A,
we deduce the other inequality, from which (4.15)) follows.
Given ¢ > 0, for every z € R" let a®¢ € A’ be an e-optimal control, namely

vB(t,x) < JB(t,x,a%F) +e. (4.16)
Suppose for a moment that the composition af := a*¢ belongs to A. Then, from ([4.16]) we get
VB(€) < JP(E a%) + <. (4.17)

Notice that JZ (t,&,a) is a random variable, indeed it is a function of £. We also observe, similarly as in
, that the expectation of JE(t, ¢, a®) coincides with J(, ¢, af). Then, taking the expectation in ,
we obtain

Ep®(t,6)] < E[JP(t,& %) +e = J(t,& %) +e < v(t,€) +e.

From the arbitrariness of ¢, the claim follows. It remains to prove that o belongs to .A. More precisely,
it is enough to prove that for every x € R™ we are able to find an e-optimal control a®¢ € A! such that the
composition o€ belongs to A. This last statement follows easily when the random variable ¢ is discrete.
In the general case, we need to apply a measurable selection theorem. To this end, we define the following
metric on A" (see Definition 3.2.3 in [19]):

T
prr(@,a) == E[/ palas, ) ds],
0
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for any «, o’ € A*, where we recall that p4 is a bounded metric on the Polish space A. We observe that the
metric space (A, pk,) is complete. Let us now prove that (A?, pk,) is also separable, so (A?, pk;) is a Polish
space. Firstly, notice that if A is equal to some Euclidean space R™, then A? coincides with the closed subset
of the space L1(Q x [0,T], Fr @ B([0,T]),dP @ ds; (A, pa)) of all Fi-progressively measurable processes; so,
in particular, (see page 92 in [12] and the beginning of Section 2.5 in [25]) the space (A%, pk;) is separable
since the o-algebra Ft @ B([0,T]) is countably generated up to null sets. When A is a generic Polish space,
the same result holds true. As a matter fact, proceeding as in [12], page 92, we see that the separability of
(A", pky) follows from the following facts: since, up to null sets, the o-algebra Ft @ B([0,77]) is countably
generated, the subfamily of A® of all processes which are equal to an indicator function of a measurable set
in L ® B([0,T7]) is separable; it follows that the subfamily of all step processes taking values in some fixed
countable subset of A is separable; given that A is separable, the subfamily of all step processes is separable;
since this latter subfamily is dense in A%, it follows that A is also separable.

We can now apply the Jankov-von Neumann measurable selection theorem, and in particular Proposition
7.50 in [6]. More precisely, in order to apply Proposition 7.50 in [6], we begin noting that X, Y, D, f, f*
in [6] are given respectively by R", A*, R" x A*, —JB(t,-,-) (the minus sign is due to the presence of the
inf in [6]), vB(¢,-). We firstly notice that —JB(¢,-,-): R x A® — R is a Borel measurable function, so, in
particular, it is lower semi-analytic. Then, by Proposition 7.50 in [6] it follows that: for any € > 0, there
exists an analytically measurable function a®: R® — A? such that

vB(t,x) < JB(t,x, af(x)) +e, for every z € R".

Since every analytic set in R™ belongs to the Lebesgue o-algebra £ (R™), we see that a® is a measurable
function from (R", Z(R™)) into (A", B(A")). Now, it is easy to see that there exists a measurable function
a®: (R", B(R™)) — (A", B(A")) which is equal to a a.e. (with respect to the Lebesgue measure on R™). As
a matter of fact, if @ is a sum of indicator functions on a Lebesgue measurable partition of R", the result
follows from the fact that if Z € Z(R™) then there exists & € B(R") such that the Lebesgue measure
of BAZB is zero; for a general Lebesgue measurable function af, the result follows by an approximation
argument. We thus have

vB(t,x) < JP(t,x,ac () +e, for a.e. x € R".

In order to conclude the proof, we notice that it remains to prove that the composition af := &°(£) belongs
to A. To this end, suppose firstly that &° is a sum of indicator functions on a Borel measurable partition
of R™, namely

da(x) = Zaf 1{7:69&}7 (418)

where {a5}; C A" and {#;}; C B(R") is a partition of R". If & has the form in (4.18), then it is clear that
the composition &°(£) belongs to A, that is &°(€) is an F-progressively measurable process (as a matter of
fact, for every ¢, both af and the indicator function 1{¢cg,} are F-progressively measurable processes). For
a general Borel measurable function, the result follows by an approximation argument. O

Remark 4.1 The extension of Proposition 1] to the case of two-player zero-sum stochastic differential
games presents some difficulties, as we now explain. Consider a standard two-player zero-sum stochastic
differential game, firstly studied in the seminal paper [15], where all coefficients depend only on the state
and controls, but not on their probability laws:
(A3)game G = {0,9Q} and v = y(z,a,b), 0 = o(z,a,b), f = f(z,a,b), g = g(x), for every (z,a,b) €
R? x A x B

The lower and upper value functions of this standard stochastic differential game, as considered in [15],
are defined as follows:

v"S(t,x) = inf sup J7(t, 2,0, o)),
Bl1€Bstr ac A
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uFS(t,x) = sup inf JFS(t,:E,a[B],B),
al €Ay, BEB

for all t € [0,T], x € R™, where

T
Tt 2,0, B) = E{/ Fs, XEDP g, B,) ds + g(XE™*P) |.
i

In order to adapt the proof of Proposition to this context, we need the following generalizations of

equality (4.15):

inf  sup JES(t,z, 0, Ble]) = inf sup JFU(t, x, a, Bla)), 4.19
B[-1€Bstr aea ( 5[ ]) BB, OLE.E\)" ( ﬁ[ ]) ( )

sup inf JFS(t,x,a[ﬁ],B) = sup inf JFS(t,x,a[ﬁ],ﬁ), (4.20)
al]€As, BEB al]eAl, PEB!

where A? (resp. BY) denotes the set of Ft-progressively measurable processes taking values in A (resp. B),
while A% (resp. B)) is defined as A.,, (resp. B..) replacing A and B respectively by A" and B'. The

validity of (4.19)) and (4.20) is however, at least to our knowledge, still not known in the literature, although
we conjecture that relations: v(t,€) = E[p™S(t,€)], u(t,€) = E[ufS(t,£)] hold true, see also Remark[5.3] ¢

5. Bellman-Isaacs dynamic programming equations

This section is devoted to the derivation of the Bellman-Isaacs equation from the DPP for the lower
and upper value functions, and the viscosity PDE (partial differential equation) characterization. We shall
provide a PDE formulation for the value functions on the Hilbert space L?(2,G,P;R") (hence for ¢ = 2) or
alternatively via the inverse-lifted (recall Deﬁnition identification on the Wasserstein space of probability
measures Z,(R").

We shall rely on the notion of lifted derivative with respect to a probability measure and 1td’s formula
along flow of probability measures that we briefly recall (see [I0] for more details). Firstly, we fix some
notations. Given pu € Z2,(R"), for any r € [1,00) and m € N\{0}, we use the shorthand notation Lj,(R™)
to denote the space L"(R™, B(R™), u; R™) of R™-valued r-integrable functions with respect to p. Similarly,
L7 (R™) denotes the space L>(R", B(R"), j1;R™) of R™-valued p-essentially bounded functions.

Let ¥ be a real-valued function defined on &,(R™). Denote by v the lifted version of ¥, that is the
function defined on L?(2, G, P;R™) by v(£) = 9(P,). We say that o is differentiable (resp. C!) on Z,(R") if
the lift v is Fréchet differentiable (resp. continuously Fréchet differentiable) on L%(£2, G, P;R™). In this case,
the Fréchet derivative [Dv](€) of v at € € L?(Q,G,P;R"), viewed as an element Dv(§) of L?(Q,G,P;R")
by the Riesz representation theorem: [Dv](£)(Y) = E[Dv(§).Y] (we denote by . the scalar product on R™),
can be represented as

Du(€) = 9,9(P)(8), (5.1)

for some function 9,9(p) : R™ — R™, with 9,9(u) € LZ(R")7 depending only on the law p = P, of £, and
called derivative of ¥ at p. We say that o is partially C? if it is C!, and one can find, for any u € Z,(R"), a
continuous version of the mapping € R" + 9,9(u)(z), such that the mapping (u, z) € Z,(R™) x R"
0,0(p)(z) is continuous at any point (u,z) such that x € Supp(p), and if for each fixed p € Z,(R™), the
mapping € R™ — 9,9(u)(x) is differentiable in the standard sense, with a gradient denoted by 0,0,9(u)(z)
€ R™*™ this derivative being jointly continuous at any (u,x) € Z2,(R™) x R™ such that € Supp(u). We
say that ¥ € C}(Z,(R™)) if it is partially C?, 8,0,9(u) € L;°(R™*™), and for any compact set K of &2, (R")
we have

sup | [ 0,000 utao) + 0.0, | < .

pner R™ i
Moreover, when the lifted function v is twice continuously Fréchet differentiable, its second Fréchet deriva-
tive D%v(€), identified by the Riesz representation theorem as a self-adjoint (hence bounded) operator on
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L?*(Q,G,P;R™), that is D?v(€) € S(L*(Q,G,P;R")), is given by
E[D?0(&)(ZN).ZN] = E[tx(0,0,0(P.)(€)22")] (5.2)

for every Z € L?(Q,G,P;R"*9) and any random vector N € L?(Q,G,P;R%), with zero mean and unit
variance, independent of (¢, Z).

Finally, we say that a function ¢ € C;’Z([O, T| x Z,(R™)) if ¢ is continuous on [0, T] x Z,(R™), for every
t € [0,T] the map ¢(¢,-) belongs to CZ(#,(R")), and for every pu € 2,(R™) the map (-, i) is continuously
differentiable on [0, T]. Moreover, we say that a function ¢ € C12([0, T x L?(2, G, P; R™)) if ¢ is continuous
on [0, 7] x L*(Q, G, P; R™), for every & € L%(Q,G,P;R™) the map (-, €) is continuously Fréchet differentiable,
for every t € [0,T] the map ¢(¢,-) is twice continuously Fréchet differentiable.

Remark 5.1 The above definition of differentiability in the Wasserstein space, which is extrinsic via the
lifted identification with the Hilbert space of square-integrable random variables, is due to P.L. Lions [21]
(see also [9]), and turns out to be equivalent to a more intrinsic notion (of derivative in the Wasserstein
space) used by various authors in connection with optimal transport and gradient flows (see e.g. [2], [16]),
as recently shown in [I7].

We also recall 1t6’s formula along flow of probability measures for an It6 process
dXt = bt dt + oy th,

where b and o are (F; V G)-progressively measurable processes. Then, for ¢ € CZ(Z,(R")), we have

d 1
a'ﬂapr) = E bt@ﬂ?([@xf)(Xt)+§tr(atag8L3M19(Pxf)(Xt)) .

Let us now introduce the function defined on R™ x 2,(R") x A x B x Z(A x B) x R" x R"*" by
1
H(a:,u,a,b, v, p, M) = ’7(337,1%@7[)7 V)p+ itr(aaT(x,u,a,b, V)M) + f(x,u,a,b, V)'

Finally, we denote by L°(2,G,P; A) (resp. L°(Q,G,P; B)) the set of G-measurable random variables
taking values in A (resp. B).

Lemma 5.1 Suppose that Assumption (A1) holds and fiz p € P,(R™). Consider two maps p: R — R"
and M: R" — R™™" such that p € L?(R™) and M € L;?(R"*"), then

3 inf E|H(P P M
aeLO(ngl,pg,P;A)bGLO(lgllyg,IP’;B) [H (&P, s PIE) )
= sup inf  E[H({P,,a,b,P,, ,p(),M(E))] (5.3)

acLo(Q,G,P;A) bPEL(Q,G,P;B)

and

inf E[H(¢,P,,a,b,P_ . . p(),M
b0 £:5) a0t gy T (6P B Py, PO, ME))]

= inf 5 E[H (¢, P a,b,P_ . .p),M()], 5.4
bGLO(IKIZI,Q,IP’;B)aeLo?Sﬁpgy]P;A) [H (€ o (@ P(E) ©)] (5.4)

for any €,€ € L2(Q, G, P;R™), with P, = P,.

Proof. We only prove (5.3), the proof of (5.4) being analogous. In order to show ([5.3), we can proceed
along the same lines as in the proof of Proposition 3.1} even though in this case the proof turns out to be
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much simpler (here a and b are random variables rather than controls or strategies as in Proposition .
For this reason, we skip the details and only report the main steps of the proof.
Similarly to the proof of Proposition our aim is to prove the following:
Given any a € L°(Q,G,P; A) and be LY(Q,G,P; B), there exist a € L°(Q,G,P; A)
and b € L°(Q,G,P; B), with a (resp. b) not depending on b (resp. a), such that:
(&,a,b) has the same law as (EN, a, B), so that (5.5)

E[H(¢, P, a,b, P, . p(),M(E))] = E[H({P,a,b,P_,p¢),M()]
In order to prove (5.5)), we recall that, by assumption, there exists a random variable I'Y: (Q,G) — (G, 9),
taking values in some Polish space G with Borel o-algebra ¢, such that I'Y has an atomless distribution
and G = o(I'Y). Since all atomless Polish probability spaces are isomorphic, we can suppose that (G, ¥) is

([0,1],B([0,1])) and that 'Y has uniform distribution.
Recalling that £ and a are G-measurable, we have that

¢ = x(I9), a = a(l9), P-a.s.

for some measurable maps x: [0,1] — R™ and a: [0,1] — A. We can suppose, without loss of generality,
that x is surjective. Then, we notice that (5.5)) follows if we prove the following;:

3 a G-measurable random variable TY with values in [0,1] such that: (5.6)
T9 has the same distribution as T9, o(TY)YVN =GV N, and £ = x(T'9), P-a.s.
As a matter of fact, suppose that holds. Since U(fg) VN =G VAN and b is G-measurable, we have
b = b(19), P-a.s.
for some measurable function b: [0,1] — B. Now, define
a = a(T9), b = b(I).

Observe that a € L°(Q,G,P; A) and b € L°(Q,G,P; B). We also notice that (£,a,b) has the same law as
(£,a,b), so that holds.

It remains to prove (5.6). Proceeding as in Step IV of the proof of Proposition by the Jankov-von
Neumann measurable selection theorem we deduce the existence of the analytically measurable right-inverse
¢ of x. Then, we define

9 = ¢(©).
Proceeding as in Step IV of the proof of Propositionwe see that I'Y satisfies (5.6)), from which the claim
follows. 0O

In view of the above Lemma, we can define the lower and upper Hamiltonian functions ¢, ¢, :
P,(R™) x L2(R™) x L2 (R™ ") — R by

- M) = inf E\H b,P M
Ao M) = b ol B (62 B ) p(€, M)
%+ (/~L7 P, M) = inf sSup E[H(& K,a, b, ]P(a,b) ) p(g)v M(f))]

beL%(2,9,P;B) beL0(0,6,P;A)

for every (u,p,M) € Z,(R™) x Li(R”) x Lo (R™*™), with € € L?(Q,G,P;R™) such that P, = p. Then,
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consider the lower Bellman-Isaacs equation on [0, 7] x Z,(R"):

oY

—E(t,,u) — (1, 0,9(t, 1), 0;0,9(t, b)) = 0, (t,p) €10, T) x 2,(R"),
(5.7)
HTop) = / g(a, pp(dr), pe F(R")
and the upper Bellman-Isaacs equation on [0, T] x Z2,(R™):
oY
_E(ta/‘) - %Jr(:u',ayﬁ(tnu)aaraﬂﬁ(tnu)) =0, (tv:u) € [O’T) X 4@2(Rn)7
(5.8)
ITop) = / g(w, p)p(dr), pe Py(R").

The corresponding lifted equation on [0,7] x L?(Q,G,P;R") is formulated as follows in view of the
relations (5.1))-(5.2)) between derivatives in the Wasserstein space and Fréchet derivatives. We define the
functions H_, Hy : L2(9,G,P;R") x L?(Q,G,P;R") x S(L*(Q,G,P;R")) — R by

(£, PQ) = inf E[ P.abP )P
H-(§P,Q) U O V(¢ Pe,a,b, P )

1
+ §Q(J(£7 IPE» a, ba ]P)(a,b) )N)U(é-? ]Pﬁa a, bv ]P)(a’b) )N + f(ga ]PSa a, bv ]P)(a,b) ):| ’

P

inf sup E[7 £ P a, b P
beLO(Q,G,P;B) ac1,0(Q,G,P;A) (&P

1
+ iQ(U(& Piv a, b’ P(a,b) )N)O’(f, P&ﬁ a, b7 P(a,b) )N + f(ﬁ, P&) a, b, P(a,b) ):|

H+(§7 P7 Q)

(a,b))'

where N € L?(Q,G,P; Rd), with zero mean and unit variance, is independent of £. Then, consider the lower
Bellman-Isaacs equation on [0, T] x L?(Q, G, P; R"):

00(1,€) ~ (e, Du(t,€), D*u(1,€)) = 0, (L6 € 0.T) X KR IRRY,
o(T,§) = E[g(&,P)], €€ L*(Q,G,PR")
and the upper Bellman-Isaacs equation on [0, 7] x L?(Q, G, P; R™):
~000,6) ~ Ha (6, Do(t,), D(1,6)) = 0, 1O DT x P@IERY.
o(T,€) = E[g(&,P)], €€ L*Q,6,PR).

Remark 5.2 In the case where the coefficients do not depend on the law of the controls, i.e. v = ~y(x, u, a, b),
o =o(x,pua,b), f= f(x,ua,b),sothat H = H(x,u,a,b,p, M), the optimization over a € L°(2,G,P; A)
and b € L(Q,G,P; B) in the Hamiltonian functions #_ and ., reduces to a pointwise optimization over
A and B inside the expectation operator, namely

H-(pp. M) = E[sup inf H(¢, p,a,b,p(¢). M(©))] (5.11)
acAbEB
(s, P M) = E| nf sup H(r, 1,5, p(€), M(E)]

Indeed, it is clear that for any a € L°(Q, G, P; A),

pepolnt L ETH(E poa b p(6), M€)] > E[ jnf H (€ n.2,b,p(€), M(©))].
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Conversely, by the Jankov-von Neumann measurable selection theorem, for any & > 0, there exists a
measurable function z € R™ — b°(z) € B (depending on a) such that bing H(t,x,p,a,b,p(z), M(z)) >
€

H(t,x, pu,a,b°(z),p(z), M(x)) — ¢, p(dz)-a.e.. By considering b® = b°(¢) € LY(Q, G, P; B), we then have
E[inf H(¢, p,a,b,p(€), M(€))] = E[H(& p,a,b%p(€), M(Q))] —e

> ointB[H(E mab,p(€),M©)] -~

Y]

\%

and thus, by sending ¢ to zero, the equality:

perofl | EIH (€0,b,p(6), M(€)] = E[jnf H(¢,m,,b,p(6), M()].

Next, following the same argument as above, we show that

I vero o o BIH(E mab,p(), M(©)] = E[:glz inf H (&, p, a,b,,p(€), M())].

Similarly, the optimization over a € L%(Q,G,P; A) and b € L°(Q2, G, P; B) in the Hamiltonian functions H_
and H reduces to a pointwise optimization over A and B inside the expectation operator. O

Remark 5.3 (Case without mean-field interaction)

Consider the standard zero-sum stochastic differential game as in [I5] where all the coefficients depend only
on state and controls. Given a function v € C12([0,7T] x R™) with quadratic growth condition on its
derivatives, let us define the function ¢ on [0, T] x Z2,(R™) by

O(t,p) = EpF5(t,6)], pe PR, €€ L*(Q,G,BRY), P, = pu.

Then (¢, -) is partially C2?, while J(-, u) is C*, with

D,0(t,n) = Dyuf3(t,-), 9.0,0(t, ;) = D2F5(t, ),

Moreover, we have (recalling also (5.11))

oY
7(ta /j/) + %— (,U/, 8M19(ta M)? 8wa;t19(ta IU/))

ot
6UFS

= E W(taé) + Hfs (ga Dw'UFS(taf)a DiUFS(t,g))] , (512)

where HY'S (z,p, M) = sup,¢ 4 infoep [¥(2,a,b).p+ itr(co™(z,a) M) + f(z, a,b)] is the lower Bellman-Isaacs
Hamiltonian associated to the zero-sum stochastic differential game as in [I5]. The connection between
the lower Bellman-Isaacs equation on [0, 7] x R™ and the lower Bellman-Isaacs equation on [0, 7] x &2, (R")
shows that v is a (smooth) solution to

o FS
- gt (t,x) — HE® (2, D,v"5 (¢, x), D2v"%(t,2)) = 0, (t,z) € [0,T) x R™,
oIS(T, 2) = g(x), z e R",

if and only if ¥ is a (smooth) solution to (5.7). A similar connection holds for the upper Bellman-Isaacs
equation. Notice that these connections might help proving by PDE methods the two equalities conjectured
in Remark v(t, &) = E[vf5(t,8)], u(t, &) = E[uf"9(t,£)]. For instance, one may attempt to prove that if
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9:[0,T] x Z,(R") — R is a viscosity solution (in the sense of Definition below) of the lower Bellman-
Isaacs equation on [0, 7] x Z,(R™) then the function v'9: [0, T] x R™ — R, defined by vf'3(t, z) = 9(t,d,), is
a viscosity solution of the lower Bellman-Isaacs equation on [0, 7] x R™. Thus, whenever this Bellman-Isaacs
equation has unique viscosity solution in the finite-dimensional (resp. infinite-dimensional) space, hence
equal to the value function on [0,7] x R™ (resp. on [0,T] x Z2,(R™)), this would show the identification
between the value functions: (¢, ) = E[vf5(¢,€)] for p = P,. O

We now consider two definitions of viscosity solution for the Bellman-Isaacs equations, on one hand on
the Wasserstein space Z2,(R") and on the other hand on the lifted Hilbert space L?(Q2,G,P;R"). In the
sequel, the Hamiltonian function .7 denotes either ¢ or %4, and H stands for H_ or H..

Definition 5.1 (Viscosity solution in 42,) A continuous function ¢ on [0,T] x P2,(R™) is a viscosity

solution to (5.7) (or (5.8))) if:

(i) (viscosity supersolution property): 9(T,u) > [on g(x, p)u(dz), p € P,(R™), and for any test function
@ € CP2([0,T] x P,(R™)) such that ¥ — ¢ has a minimum at (t,, p,) € [0,T) x P,(R"), we have

o
_E(toa :uo) - jf(:uo’ 61190(%’ :uo)7 8$6,u90<to ) :uo)) > 0.

(ii) (viscosity subsolution property): H(T,pn) < [o,. 9(z, p)u(dz), p € P2(R™), and for any test function
¢ € CL2([0,T] x P,(R™)) such that ¥ — ¢ has @ mazimum at (t,, 1,) € [0,T) x P,(R™), we have

0
— S s t) = (11, Dupltas 1), DaDiuplty s 1y)) < 0.

Definition 5.2 (Viscosity solution in L?) A continuous function v on [0,T] x L*(Q,G,P;R") is a vis-

cosity solution to (5.9) (or (5.10)) if:

(i) (viscosity supersolution property): v(T, &) > E[g(&,P,)], £ € L2(Q,G,P;R™), and for any test function
¢ € CY2([0,T] x L*(2, G, P;R™)) such that v — ¢ has a minimum at (t,,&,) € [0,T) x L*(Q,G,P;R"),
we have

o

_a(tmgo) - H(£07D¢(t0750)7D2¢(t0a§o)> > 0.

(ii) (viscosity subsolution property): v(T,€&) < E[g(&,P,)], € € L?(Q,G,P;R™), and for any test function
¢ € CH2([0,T] x L*(Q,G,P;R™)) such that v — ¢ has a mazimum at (t,,€,) € [0,T) x L*(Q, G, P;R"),
we have

o

_E(tmgo) - H(£07D¢(t07Eo)vDQ(b(toafo)) < 0.

Remark 5.4 Given these two definitions of viscosity solutions in &,(R") and in L*(Q, G, P; R"), a natural
question is the connection between the viscosity property of ¥ to the Bellman-Isaacs equation (or )
and the viscosity property of its lifted function v to (or (5.10)). Actually, as pointed out in [8] (see
their Example 2.1), for a function ¢ € C’; 2([0,T] x Z2,(R™)) its lifted function ¢ may not be in general
in C12([0,T] x L?*(Q,G,P;R")), which means that we cannot deduce from the viscosity property of v to
(5.9) (or (5.10)) the viscosity property of ¥ to (or (5.8)). On the other hand, since a test function
¢ € CY2([0,T] x L*(2,G,P;R™)) is in general not necessarily the lifted function of a test function ¢ in
[0,T] x Z,(R™), we cannot claim that the viscosity property of ¢ to (or (5.8)) implies the viscosity
property of its lifted function v to (or (5.10)). This would hold true whenever we restrict in Definition
m to test functions ¢ € C12([0,T] x L*(,G,P;R™)) such that ¢(t,£) depends on £ only via its law P,
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hence are lifted from functions in Cy*([0,T] x 2,(R™)). However, in this case, we could not rely on general
comparison principles for viscosity solutions in Hilbert spaces (see [I4]), which is in fact our main motivation
for the introduction of Definition see Remark [5.5 O

From the DPP, we can now prove the viscosity solution property of the lower and upper value functions
to the lower and upper Bellman-Isaacs equations.

Theorem 5.1 Let Assumptions (A1) and (A2) hold.
1) The inverse-lifted lower (resp. upper) value function ¥ (resp. % ) is a viscosity solution, in the sense of

Definition[5.1], to the lower (resp. upper) Bellman-Isaacs equation (5.7) (resp. (5-8)) on [0,T] x Z,(R™).
2) The lower (resp. upper) value function v (resp. u) is a viscosity solution, in the sense of Definition[5.3,

to the lower (resp. upper) Bellman-Isaacs equation (5.9) (resp. (5.10)) on [0,T] x L*(Q,G,P;R™).

Proof. We only prove result 1), that is the viscosity property in &2,(R™) (as the viscosity property in
L?(92,G,P;R") has a similar proof), and for the inverse-lifted lower value function ¥, as the proof for the
inverse-lifted upper value function is analogous. Obviously, ¥ (T, u) = E[g(&,P,)] = [ 9(z, p)u(dz), for p
€ Z,(R") and ¢ € L*(Q,G,P;R™) such that P, = 4.

(i) Viscosity supersolution property. Fix (t,,p,) € [0,T) x Z,(R"), &, € L*(Q,G,P;R") with Pe = o,

and consider any test function ¢ € Cp?([0,T] x Z,(R™)) such that ¥ — ¢ has a minimum at (¢, 1, ), and
without loss of generality ¥ (t,, 1,) = ¢(t,,1,). We argue by contradiction, and assume on the contrary
that

inf E|F,(t b,P > 3
w80 .y s B B ot 2D Pa)] 2 36

for some £ > 0, where we set

dp
ka(tv T, 1 a, ba V) = a(h /”L) + H((E, o, a, bv v, 8#@(157 :U/)(x)7 8ma#£,0(t, /J)(l’)) (513)
This implies that there exists a® € LY(£, G, P; A) such that for all b € L°(Q, G, P; B)
E[Fw(tg,fo,uo,ag,b,P(ae,b))] > 2e. (514)

By Remark it follows that holds for any b € L°(Q), F,P; B). As a matter of fact, take b €
L°(Q, F,P; B) and denote by 7 the distribution on (R” x A x B, B(R") ® B(A) ® B(B)) of the random vector
(&,,a%,b). From Remark (with E, H, ¢ corresponding respectively to R™ x A, B, (§,,a%)) we deduce
the existence of a measurable map b: (Q,G) — (B, B(B)) (the map b corresponds to the map 1 in Remark
such that P .c 5 = 7. So, in particular,

E[Fga(tov§07/~j’07a67b7p(a5,b))] = E[Ftp(toagoa,uovaeaBvP(aE,B))] 2 2e.

Hence, holds for any b € L°(Q, F,P; B). Now, under the continuity assumptions (A1) and (A2), we
easily see that H(x, i, a,b, v, p, M) is continuous in (z, u, p, M ) uniformly with respect to (a, b, v), from which
we deduce, recalling the continuity of 9,,¢(t, 1)(z) and 9,0,¢(t, 1)(z), and by Lebesgue’s dominated conver-
gence theorem, the continuity of (¢,&, ) € [0, T]x L?(Q, FrVG,P; R") x 2,(R") l—ng(t, & 1,a,b,Pap))]
uniformly with respect to a € € L°(Q,G,P; A) and b € L°(Q, F,P; B). From ([5.14)), there is some § > 0
such that for all b € L°(Q, F,P; B)

E[Ftp(svga,uvasabap(as,b))] Z g, Vs € [toato +6]a (57/”') € Bg(fo,/.to). (515)

Here Bs(&,, 1,) is the ball of center (£, i1,) and radius § in the metric space L?(Q, Fr V G, P;R™) x Z,(R™).
From (3.5)-(3.6), we have for all s € [t,,T], « € A, 8 € B,

E[X0 0 P WP g tgmnpty) < C(L+EI[) |s — 1.
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We can then pick some h > 0 small enough so that for all « € A, 5 € B
(s,Xﬁofc),aﬁ’pxzo,go,a,g) € [t,,t, + 0] x Bs(&,,t,), forall s €[t,,t, + hl. (5.16)

Consider the constant control af in A equal to a®, and take an arbitrary g[-] € B,,. By applying Itd’s
formula to o(r, Pxio,go‘aa,maf]) between ¢, and t, + h, we then get by (5.15])-(5.16))

(p(to —+ h7PX"0’50’°‘E’B[°‘E]) - @(to?ﬂo)
to+h

to+h
to,€q,a%,Blaf] € €
= E[/ (F@(S,XSO 0 ,tho,go,as,a[af],a ,ﬁ[a ]S?P(as,ﬁ[ae]s))
¢ s

0

ty,€0,2,B8laf]
— f(Xo% P i gp 0t 801,87, 5[(15]57@(85’%5]5))) ds}

toJrh ty &, 70657/6[‘15] £ €
Z 6h —E / f(XSO 0 ,tho,go,aa,ﬁ[af],a ,,B[Oé ]s,P(ai,ﬁ[aE]S)) dS .
t s

[¢]

Recalling that ¥ (t,, 1) = ©(ty, 1), ¥ > @, and that g is arbitrary in B,,,, we obtain

to-‘rh o8l
qj/(tmp‘o) +eh < inf sSup El:/ f(X;tO’E(ﬁ o ]7]P)Xtoa50va,l3[a]7asaﬁ[a]svp(a,ﬂ[a]s)) ds
f s

ﬁ[']eBstr acA o

+7 (ty + h, tho,sgya,ﬂ[a])} )
t0+h

which contradicts the DPP relation (4.11)).
(i) Viscosity subsolution property. Fix (t,,u,) € [0,T) x Z,(R"), £, € L*(Q,G,P;R") with P, = p,, and

consider any test function ¢ € Cp?([0,T] x 2,(R™)) such that ¥ — ¢ has a maximum at (t,, , ), and without
loss of generality ¥ (t,, pi,) = @(t,, it,). We still argue by contradiction, and assume on the contrary that

EL"(SKIZI% ]p.A)bGLO(i(rllfg P_B)E[Fv(to,fo,uma,b,IP’(ayb))] < -3¢, (5.17)

for some € > 0, where F,, is defined as in . As for , by Remark it follows that still holds
if we take the supremum over all a € LY(Q, Fr V G,P; A) (actually, over all a € L°(Q, F,P; A), but here we
take Fr V G since it is a countably generated o-algebra). As a matter of fact, given a € L(Q, Fr vV G,IP; A)
and b € L°(Q,G,P; B), denoting m = P, a v, by Remark there exists a € L%(Q,G,P; A) such that
P, a1 = m; so, in particular,

E[Fga(tovgovu‘oaaa baP(a,b))] = E[Ftp(tcngoa Mové,b7p(é,b))] .

Taking the infimum over b € LY(£2, G, P; B), and then the supremum over a € L°(Q2, Fr VG, P; A), by (5.17)
we end up with

su inf E|F,(t,, &, 1t,,a b, P, < —3e. 5.18
aeLO(Q,]:fvg,P;A) beLo(Q,G,P;B) [ 90( 0 go Ho ( ,b))} ( )

We can now apply the Jankov-von Neumann measurable selection theorem, and in particular Proposition 7.50
in [6], to deduce the existence of an analytically measurable function ¢: L°(Q, FrVG,P; A) — L°(Q, G, P; B)
such that

E[Fy(ty, & 1o, a,0(a), Pap@y)] < —2¢, for every a € L°(Q, F,P; A). (5.19)

More precisely, in order to apply Proposition 7.50 in [6], we begin noting that X, Y, D, f, f* in [6] are given
respectively by LO(Q, FrvgG,P; A), L°(Q,G,P; B), L°(Q, FrVG, P; A)x LY (Q, G, P; B), E[F,(t,. &, to» - P(.)],
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and

* = inf E|F P .
f (a) bGLO(lgll,g,]P’;B) [ w(tovgoauo7a7b7 (a,b))}

We also introduce the following metric on L°(Q, Fr vV G,P; A):

pro.a(e,o’) = Elpa(a,a’)],

for any a,a’ € L°(Q, Fr vV G,P; A), where we recall that p4 is a bounded metric on the Polish space A.
Notice that the metric space (L°(€2, FrVG,P; A), pro_4) is complete. Moreover, proceeding as for the metric
space (A%, pk,) in the proof of Proposition using that by assumption the o-algebra Fr V G is countably
generated, we can prove that (L°(2, Fr V G,IP; A), pro ) is also separable, so (L°(Q2, Fr vV G,IP; A), pro a)
is a Polish space. Analogously, we introduce a metric pro g on L°(Q2, G, P; B) defined similarly to pro a;
so, in particular, (L°(Q,G,P; B), pro p) is also a Polish space. Then, we notice that the function (a,b)
E[F,(t,,&,, 1o, a, b, Pa1))] is Borel measurable, so, in particular, it is a lower semianalytic function. Then,
by Proposition 7.50 in [6] it follows that: there exists an analytically measurable function ¢: L°(Q, Fr Vv
G,P; A) — L°(Q,G,P; B) such that

E[Fw(tovgoaNoaavw(a)ap(a,w(a)))] < f*(a) +e < —2¢, for every a € LO(Qv-FT \ g,]P), A)v

where the second inequality follows from (5.18). This concludes the proof of (5.19).

Now, by the continuity of the map (¢, &, p) € [0, T|x L*(Q, FrVG, P;R™)x Z,(R™) = E[F(t,&, i, a, b, Pap))]
uniform with respect to a € L°(Q, Fr VG, P; A) and b € L°(2, G, P; B), there exists § > 0 such that, for all
acL'(Q,Frvg,P;A),

E[Fw(s,f,u,a,w(a),ﬂ”(a,w(a)))] < —g, Vse€lt,,t, +96], (& u) € Bs(&,, iy)- (5.20)

As in (5.16)), we can take some h > 0 small enough so that, for all « € A, 8 € B,
(s’X§07§07a7ﬂ7]PX20,£0,a,ﬁ) € [t,,t, + 0] x Bs(&,,,), forall s €[t,,t, + hl.

Now, define .
Blals = ¥(as), for every a € A.

Notice that 8[-] € B.... As a matter of fact, this follows from the following items:
1) For every a € A, the map a: s — ay(+), from [0, 7] to L°(Q, Fr vV G,P; A), is Borel measurable.

2) For any analytically measurable map 3: [0, 7] — L°(Q2,G,P; B), the process 8: Q x [0,T] — B defined
as
Bs(1) = B(s)(), for every s € [0,T1,

is G ® B([0, T'])-measurable; so, in particular, 8 is (F, V G)-progressively measurable, that is § € B.

Suppose that 1) and 2) hold. Then, by 1) and the measurability property of i, for every o € A the map
s +— 1(a,) is analytically measurable from [0,7] to LO(€,G,P; B). Therefore, the fact that 3[] € B..
follows from item 2). Concerning the proof of item 1), notice that when « is a step process the result
clearly holds; for a generic a the claim follows by an approximation argument. Similarly, regarding item 2),
we begin noting that any analytically measurable map 3: [0,T] — L°(Q,G,P; B) is in particular Lebesgue
measurable, that is 3 is a measurable map from ([0, 7], £([0,7))) into (L°(Q,G,P; B), B(L°(Q,G,P; B))).
If, for a moment, we replace (L°(Q,G,P; B), B(L°(Q,G,P; B))) by (R, B(R)), then it is well-known that any
B3 can be approximated by a sequence of step functions {3, },; since L°(£2,G,P; B) is separable, the same
result holds true for a Lebesgue measurable map 3 taking values in L°(£2,G,P; B). As a consequence, it
is enough to prove item 2) for 3 step function, since afterwards the claim follows by an approximation
argument. When (3 is a step function, it is easy to see that the map B(-)(-) is G ® B([0,T])-measurable,
which concludes the proof of item 2).
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Now, by applying Itd’s formula to o(r, IP’X:O,EOVQ,[;[Q]) between t, and ¢, + h, we get by ([5.20)

<p(to + h7pxt0,§0,aﬁ[a]) - (lD(tO’l'LO)

t0+h,

foth ty.Eg-00B0] 5
E /t (Ftp(saXS 7HDX20,§0,(1,B[a]7aS?B[a}S7P(a5,E[a]S))

0

to:€ 0.3 A
— f(Xo0 “ [a],thO,go,u,g[a],O&s, 5[0‘]&1?(%,3[@9)) ds}

IA

t0+h : R
&g r0uBa A
—Eh,—E|:/ f(Xso ° [ ]7]P)Xt0,£0,a,[§[a]vasvﬁ[a]mp(as,é[u]s)) d8:|
¢ s

0

Recalling that ¥ (¢,, 1) = ©(ty, 1), ¥ < ¢, and that « is arbitrary in A, we obtain

tOJrh ~

ty,60 8 A

V(ty, 1) —€h = SEEE[/ f(XSO o [a]’tho,soya,B[a]:Ofsaﬁ[a]svpm,ﬁ[a]s))d3
« tO s

+ 7/(t0 + h, tho,so,aﬁ[a]):| )

to+h

which contradicts the DPP relation (4.11]). a

Remark 5.5 (Uniqueness of viscosity solutions)

Once we have the viscosity property of the value function to the dynamic programming Bellman-Isaacs
equation, the next step is to state a comparison principle for this PDE in order to get the characterization of
the value function as the unique viscosity solution to the Bellman-Isaacs equation. Comparison principle for
PDE in Wasserstein space of probability measures, and more generally on metric spaces, can be found e.g.
in [I6], [I7], but concern first-order equations, and to the best of our knowledge, the proof of a comparison
principle for second-order equations as in (or ) remains a challenging issue. On the other hand,
there is a well developed theory of viscosity solutions for second-order equations of Bellman type related
notably to stochastic control in Hilbert spaces, see the recent book [I4]. In particular, we can use comparison
principle in Theorem 3.50 of this book, and check that the assumptions of this theorem are satisfied in our
context for the lifted Hamiltonian H_ (and Hy) under (A1)-(A2). Assuming that the function i in (A1)(ii)
satisfies a polynomial growth condition, we then deduce from Theorem 3.50 in [I4] and our Theorem [5.1
that the lower (resp. upper) value function v (resp. w) is the unique viscosity solution to the lower (resp.
upper) Bellman-Isaacs equation (resp. (5.10)) on [0, T x L?(2, G, P; R™) satisfying a polynomial growth
condition. O

Remark 5.6 If the Isaacs condition holds, that is H_ = H . (or equivalently .72 = ), then the Bellman-
Isaacs equations and coincide, and by uniqueness of viscosity solutions to these equations (see
Remark , the lower value function v is equal to the upper value function u (and then the inverse-
lifted lower value function ¥ is equal to the inverse-lifted upper value function %), which means that the
McKean-Vlasov stochastic differential game has a value. O

Appendix. A technical lemma

Lemma A.1 Consider a complete probability space (0, H,P), two random variables r,r:Q— [0,1] with
uniform distribution, and a Borel measurable function ¢: [0,1] — [0,1]. Suppose that

I = ¢(I), P-a.s.
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So, in particular, ¢ is a uniform distribution preserving map. Then, there exists a Borel measurable function
p:[0,1] = [0,1] such that p(¢)(y) =y, A-a.e., hence

I = pI), P-a.s.
Proof. We split the proof into three steps, which can be summarized as follows:

e in Step I we consider the analytically (hence Lebesgue) measurable right-inverse 1 of ¢ given by the
Jankov-von Neumann measurable selection theorem; afterwards, we take a Borel-measurable version
1/; of 4, which coincides with ¢ outside a Borel null-set N (we need 15, rather than ¢, in order to apply
once again the Jankov-von Neumann theorem in Step II); we end Step I proving that, as expected,

1 is a right-inverse of ¢ outside of the set N, that is ¢(¢)(y) = y, A(dy)-a.e.; our aim is then to prove

that the claim follows with p := 1 (statement (A.2)), namely that ¢ is also a left-inverse of ¢;

e in Step IT we apply the Jankov-von Neumann theorem in order to construct an analytically measurable
right-inverse ¢’ of v, that is ¥(¢')(y) = y, Vy € [0, 1]; then, we notice that the claim follows if we prove
that ¢ = ¢'; finally, we show that this latter equality follows if ¢’ is a uniform distribution preserving

map, namely (A.4]) holds;

e in Step III we prove that ¢ is a uniform distribution preserving map using that both I" and T has
uniform distribution.

Step I. Borel measurable right-inverse of ¢. Without loss of generality, we can suppose that ¢ is surjective
(otherwise, we proceed along the same lines as for the function y in Step II of the proof of Proposition [3.1]).
Now, using the Jankov-von Neumann selection Theorem (in particular, Corollary 18.23 in [I]), we deduce
the existence of a measurable function ¢: ([0, 1],.£([0,1])) — ([0, 1], B([0, 1])) satisfying:

o(Y(y)) = y, for any y € [0, 1]; ¢~ (v (B)) = B, for any subset B of [0, 1].

It is well-known (see e.g. Exercise 14, Chapter 2, in [24]) that there exists a Borel measurable function

@ ([0,1], B(]0,1])) — ([0,1], B([0, 1])) such that

V(y) = ¥(y),  Ady)-ae. (A1)

So, in particular, there exists a A-null set N € B([0,1]) such that 1 (y) = ¥(y), for any y € [0, 1]\ N.
We conclude this step recalling the following properties of 1, which can be deduced from the properties

of .
1) ¢(4(y)) =y, for any y € [0,1]\N (that is, ¢(1)(y)) = y, A(dy)-a.e.);
2) for any subset % of [0, 1] we have ¢~ ()~ (RB)) = B, for some subset A of [0,1] such that: BAR €
Z(]0,1]) and AR is a A-null set.

Proof of item 2). Fix a subset % of [0,1]. By (A.I) we deduce that there exists a subset Ng C N
(so, in particular, Ng belongs to .Z([0,1]) and is a A-null set) such that »~!(#)Ay~!(#) = Ng. In
other words, there exist two A\-null sets N/, N € .Z([0,1]) such that v (%) = (¢ *(#)\N,) UN,.
Hence

o7 (WTHB) = ¢ ((WTHB)\N) UNG) = (7' (™ (B)\6™ (Ni)) Ud™ (N)
= (B\¢ 7' (Np) U~ (Ng) = #.
It remains to prove that ¢~!(N?,) (and similarly ¢—!(NZ,)) belongs to .Z([0,1]) and is a A-null set.
We begin noting that since N, € Z([0,1]), by definition of .Z([0,1]) (see e.g. Theorem 1.36 in [24]),

there exists a A-null set N, € B([0,1]) such that N/, € N’,. Since ¢~ (N%,) C ¢~ (N,), it is
enough to prove that ¢~'(N’,) belongs to .£([0,1]) and is a A-null set. Actually, ¢~ (N’,) belongs
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to B([0,1]) (so, in particular, to ([0, 1])) since Njy € B([0,1]) and ¢ is a measurable function from
([0,1], B(]0,1])) into ([0, 1], B([0, 1])). Now, recalling that A is the distribution of I' and I', we obtain

Mo~ (N)) = P(T €67 (Ng)) = P(¢(T) € Nig) = P(I' € Nip) = A(Np) = 0.
This concludes the proof of item 2).

Finally, as for ¢, we can suppose 1[) to be surjective (this property will be used in the next step in order to
apply the Jankov-von Neumann theorem).
Our aim is to prove the following:

P(o(w) =y, Aldy)-ae. (A-2)

that is p := 9 is also a A-a.e. left-inverse of ¢.

Step II. The function ¢'. We apply the Jankov-von Neumann measurable selection theorem to the function
1, so we deduce the existence of a measurable function ¢’: ([0, 1],£([0,1])) — ([0, 1], B([0, 1])) satisfying;:

(' (y)) = y, for any y € [0, 1]; U ((¢))"H(AB)) = B, for any subset Z of [0, 1].
The claim follows (see, in particular, ) if we prove that

¢ = ¢, A-a.e. (A.3)
In order to prove , notice that

o(Y(¢' () = oly), forallye|0,1]

and, by property 1) above,

S W) = ¢y),  forall ¢'(y) € [0,1\N.
Hence
¢ = ¢, on{y:¢(y) ¢ N}
It remains to prove that the set {y: ¢'(y) ¢ N} is a A-null set. This holds true if we show that ¢’ is a

uniform distribution preserving map, namely

M(@)HB) = MAB), for every Borel subset % C [0, 1]. (A.4)

Step II1. ¢ is a uniform distribution preserving map. Suppose for a moment that both random variables

P(¢I)  and ¢ (P((I)))

have uniform distribution. Then, for any Borel subset % of [0, 1],

N#) = B¢/ (9(6(D))) € B) = P(((D)) € (¢)"1(#B)) = M) (2)),

which implies that (A.4) holds true. Finally, we report below the proof that ¢(¢(I)) and ¢/ (¢(¢(T))) are
uniformly distributed.

The random variable 1(¢(T')). Since, by assumption, I has uniform distribution, 1(¢(I')) also has uniform
distribution, as a matter of fact

P((o(I) € B) = PT € ¢ (V7 (#)) = PL€B) = N&B) = \%),

where we have used the properties of 2 := ¢~ ()~ (%)) stated in item 2) above.
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The random variable ¢/ (1)(4(T'))). Since, by assumption, I' = ¢(I') has uniform distribution, ¢'(4(¢(I)))
also has uniform distribution, as a matter of fact

P(¢'(d(o(I))) € B) = P(L €4 ((¢) () = P(L € ) = \&).
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