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REDUCIBLE M-CURVES FOR LE-NETWORKS IN THE
TOTALLY-NONNEGATIVE GRASSMANNIAN AND KP-II MULTILINE
SOLITONS

SIMONETTA ABENDA AND PETR G. GRINEVICH

ABSTRACT. We associate real and regular algebraic-geometric data to each multi-line soli-
ton solution of Kadomtsev-Petviashvili II (KP) equation. These solutions are known to be
parametrized by points of the totally non-negative part of real Grassmannians Gr™ ™ (k,n).
In [3] we were able to construct real algebraic-geometric data for soliton data in the main cell
Gr™ (k,n) only. Here we do not just extend that construction to all points in Gr TN (k, n), but
we also considerably simplify it, since both the reducible rational M—curve I' and the real regular
KP divisor on I' are directly related to the parametrization of positroid cells in GrTNN(k, n)
via the Le—networks introduced in [62]. In particular, the direct relation of our construction to
the Le—networks guarantees that the genus of the underlying smooth M—curve is minimal and
it coincides with the dimension of the positroid cell in GrTNN (k,n) to which the soliton data
belong to. Finally, we apply our construction to soliton data in GrTP (2,4) and we compare it

with that in [3].
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1. INTRODUCTION

The deep relation between the asymptotic behavior of real bounded multi-line KPf] soliton
solutions, asymptotic web networks and total positivity has been unveiled in a series of papers
(see [11], 12, 17, [18), 20}, 44, [45] [46], [47, [72] and references therein). On the other side, real regular
KP finite-gap solutions are associated to M—curves [25], and soliton solutions can be obtained as
degenerations of complex finite-gap ones, when some cycles on the spectral curves shrink to double
points. As pointed out by S.P. Novikov, it is natural to check whether real regular degenerate
solutions may be obtained by degenerating real regular finite-gap solutions. In particular, in
the case of real bounded multi-line KP solitons, this means to investigate whether they can

be obtained by degenerating smooth M—curves to rational (reducible) ones. Therefore we have

*Throughout the paper, we always use the notation KP for KP II, with the heat conductivity operator in the

Lax pair.
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started to search for new relations between total positivity in Grassmannians [52), 53], 62} 63, 64]
and M—curves [38, 37, 59l [70], by connecting two relevant approaches used in KP theory to
classify solutions, the Sato Grassmannian [65] and KP finite-gap theory [48], 49, 25], and in [3]
we have succeeded in establishing a new connection between classical total positivity [42] 61]
and rational degenerations of M—curves when the KP soliton data belonging to the main cells,
Gr™(k,n) c Gr™N(k,n).

Here we construct an analogous connection between all positroid cells in Gr™N(k,n) and
M—curves. More precisely, we provide a new interpretation of minimal parametrizations of g—
dimensional positroid cells SN C Gr™N(k,n) via degree g real and regular KP divisors on
reducible M—curves which are rational degenerations of genus g M—curves, using the Le—networks
introduced in [62]. To the Le-graph representing S{i™ [62], we canonically associate an universal

STNN

reducible curve I' = I'(S{ ") with g+1 ovals which is a rational degeneration of a genus g smooth

STNN

M-curve. Then we establish a canonical relation between points in §;" parametrized by Le-

networks and degree g divisors on I'. Since such networks provide a minimal parametrization of
positroid cells [62] and the degree of the KP divisor coincides with the dimension of ST, our
parametrization is optimal for generic soliton data.

The starting point is the fact that regular multi-line KP solitons are obtained in well-defined
finite-dimensional reductions of the Sato Grassmannian [65]. More precisely, each family of
KP real regular multiline soliton solutions corresponds to soliton data in a uniquely identified d—

SN in a totally non-negative Grassmannian Gr ™" (k, n)m

dimensional irreducible positroid cell
(see [18], 146}, [47] and references therein). In this setting, the soliton data are a set of ordered phases
K ={k1 < -+ < kn} and a point [A] € S{F'N. Then the corresponding KP multiline soliton
solution is real regular for real times and the direct spectral approach provides a k point divisor
on a rational curve I'g with n marked points corresponding to the phases K and a marked point
corresponding to the essential singularity of the normalized KP wave function [54]. However,
these spectral data are, in general, insufficient to reconstruct soliton data varying in S/T/TN since
max{k,n —k} <d < k(n—k).

On the other side, in principle, soliton solutions can be obtained by degenerating finite-gap

solutions on smooth curves in the limit when some gaps degenerate to double points, as it was

TEach family of soliton solutions is also realized in an infinite number of d-dimensional reducible positroid cells

in GrI™NN(&/ n') with k' > k and n’ > n.
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first observed in [60] for the case of the Korteweg—de Vries equationﬂ In particular, finite-gap KP
solutions were constructed in [48], [49]: they are parametrized by degree g non-special divisors on
genus g Riemann surfaces with a marked point. Real regular finite-gap KP solutions correspond
to algebraic data on genus g M-curves satisfying natural constraints [25]: by definition, the curve
has g + 1 real ovals, and one of them contains the marked point, while each other oval contains
exactly one divisor point.

Therefore, in order to obtain a one—to—one correspondence between soliton data varying in a
given positroid cell and KP divisors, it is natural to impose that I'g is an irreducible component
of a reducible spectral curve. This approach is fully justified analytically by the extension of
finite-gap theory to degenerate solutions, like solitons, on reducible curves in [50]. However, as
remarked in [50], the finite-gap approach on reducible curves is ill-defined, in the sense that,
due to degeneracy, there is not a unique way to extend the Baker—Akhiezer function. It is then
relevant to search for canonical constructions compatible with the degeneration from regular
finite—gap solutions. Since real regular quasi—periodic KP solutions are parametrized by real and
regular divisors on smooth M—curves [25], we construct reducible curves I', which are rational
degenerations of smooth M—curves, and KP divisors satisfying reality and regularity conditions
compatible with those settled in [25]. The relevance of the construction proposed in this paper
relies on the fact that, on one side, it perfectly matches the reality problem for KP finite—gap
theory and, on the other side, provides a canonical parametrization of positroid cells. More
precisely, in this paper:

(1) We associate a canonical reducible M—curve I' to the Le-graph G describing the corre-
sponding cell and we prove that it is a rational degeneration of a smooth M-curve of
genus equal to the dimension g of the positroid cell. This curve I' contains the rational
curve ['g coming from the direct spectral analysis as one of its irreducible components;

(2) We then provide a parametrization of each g—dimensional positroid cell by real regular

degree g non-special divisors Dkp . The Sato divisor coincides with Dgp r N .

We have decided to treat the Le—network case separately both because the reducible curve for
the Le—network is the rational degeneration of a smooth M—curve of minimal genus equal to the

dimension of the positroid cell S{i™ and because we get a parametrization of S{™ via degree g

i Using other degenerations analogous to those in [23], one can construct other interesting classes of KP
solutions, including the rational ones. For additional information about singular spectral curves in soliton theory

see [67].
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non—special KP divisors. Moreover, the explicit use of Le—networks is directly connected to the
construction proposed in [3] for the case S{™ = Gr'"(k,n) and it also considerably simplifies
it. Finally, throughout this paper, we carry out explicitly the construction for the usual acyclic
orientation of the Le—network and we postpone to [4] the proof of the invariance of the KP divisor
with respect to changes of orientation of the network and the generalization of this construction

to all Postnikov networks.

Before outlining our construction, we would like to point out that there are other well-known
relations of different nature between networks, algebraic curves and integrable systems in litera-
ture. In dimer models with periodic boundary conditions (models on tori) the Riemann surfaces
arise as the spectral curves for operators on networks on tori [43], and such spectral curves,
which are generically regular, may be associated to classical or quantum integrable systems [35].
Another big area of activity is currently associated with the use of planar networks in the disk
for the computation of scattering amplitudes in N = 4 super Yang-Mills on-shell diagrams, see
[7, 8, @] and references therein. We have noticed an analogy between the momentum-helicity
conservation relations in the trivalent planar networks in the approach of [7, [§] and the relations
satisfied by the vacuum and dressed edge wave functions in our approach. Consequently, a rel-
evant open problem is whether our approach for KP may be interpreted as a scalar analog of a
field theoretic model. Finally another relevant open problem is the connection of our construc-
tion to that in [47] where the asymptotic behavior of the multiline KP soliton solutions in the
(z,y)-plane for large time ¢ are shown to give rise to soliton webs interpreted in terms of real
tropical geometry [40] and cluster algebras [28]. In our approach the KP solution plays the role
of a potential in the spectral problem and its asymptotic behavior should be put in relation to
that of KP zero divisors on I'.

Total positivity itself, since its appearance in [66], naturally arises in many applications in
connection with some reality properties of the system. In particular, important connections
between positivity and oscillatory properties of mechanical systems were found in [30, B1]. The
extension of the positivity property to integral kernels was investigated in [42]. Extension of
total positivity to split reductive connected algebraic groups and flag manifolds was developped
in [52], 53]. Total positivity in classical and generalized sense is also one of the basic concepts in
the theory of cluster manifolds and cluster algebras [27) 28], see also the book [32]. Applications
of the theory of total positivity in Lie groups to the study of homomorphisms of the fundamental

group of a closed surface into a Lie group is considered in [26]. Non-negativity of systems of
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modified Bessel functions of the first kind arising in the solutions to a model of overdamped
Josephson junction was studied in [13] [14]. Of course, this list of literature is far from being
complete.

Finally the positroid stratification of Gr™N(k n) [62] is naturally related to the Gelfand-
Serganova stratification of the complex Grassmannian Gr(k,n) [33,34]. As observed in [62], the
real positivity condition essentially simplifies the problem, whereas the geometrical structure of
the strata for complex Grassmannians can be as complicated as essentially any algebraic variety
[55]. Let us point out that full Gelfand-Serganova stratification corresponds to the action of all
complex KP flows on the Grassmannians. In particular, the factor-space of the Grassmannians
by the action of compact tori corresponding to pure imaginary times has interesting topology

studied in [15] [16].

Outline of the main construction. In this paper, to any given ordered n-set of real phases
and g-dimensional positroid cell in S{ '™ € Gr™N(k,n), we associate a canonical curve I" which
is a rational degeneration of a smooth M-curve of minimal genus g, and we parametrize these
cells via real regular KP divisors on these curves. For any soliton data (K, [4]), [4] € SA™,
the divisor can be made non-special by a proper choice of the normalization time #y. In our
construction an essential tool is the parametrization of all positroid cells in Gr™N(k, n) by the
Le—networks introduced in [62], which, in particular, guarantees both the non-specialty of the
divisor and the minimality of the genus.

Indeed, given K and the planar trivalent bipartite Le-graph G in the disk representing Siy'™,
to such data we associate a unique reducible rational curve I' = I'(G, K) using the following

natural correspondence:

(1) The boundary of the disk corresponds to the rational component I'y containing the es-
sential singularity of the KP wave function and the Sato divisor, while the n boundary
vertices correspond to the n marked phases x; on I'p;

(2) Each bivalent or trivalent internal vertex corresponds to a rational component of I'. The
black and white colors are related to the different analytic properties of the KP wave
function on the corresponding rational components. The divisor points are associated to
white trivalent vertices through linear relations;

(3) Each edge corresponds to a double point of I' where different components are glued.

Thanks to the trivalency assumption, each CP! component carries three marked points
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and we avoid the introduction of parameters marking double points, and the curve I' is
the same for all points in S{™;

(4) Faces of the graph correspond to ovals of T

(5) The canonical acyclic orientation of the Le—graph in [62] is associated to a well-defined

choice of coordinates on the rational components of I'.

We remark that the above correspondence is a minor modification of a special case in the rep-
resentation of reducible curves by dual graphs (see, for example, [6], Section X). Non rational
components are allowed in degenerate finite—gap theory on reducible curves as well; however, the
rational ansatz for I'\I'y considerably simplifies the overall construction.

By our construction, I' is a real curve with g+ 1 ovals and is the rational degeneration of an M—
curve of genus g. If the soliton data belong to the top cell Gr™ (k,n), then g = k(n — k) and the
curve I'(§) constructed in [3] corresponds to a particular desingularization of I'(G) which reduces
the number of rational components to k + 1. We thouroughly discuss such desingularization in
the simplest non-trivial case of soliton data in Gr™¥(2,4).

Then, we fix a point [A] € SN and extend its KP wave function from I'g to I'. We must
control that at each pair of double points the values of the normalized KP wave function coincide
for all times. In particular, this requirement has to be satisfied at the double points connecting
components to I'g. Moreover, if we have linear relations between the values of the normalized
KP wave function at the marked points of any given component, then its meromorphic extension
to the whole curve is canonical. To define the wave function at all double points, we use the
canonically oriented Le-network N representing [A].

On N we first construct a system of edge vectors satisfying linear relations at the vertices.
Each component of a given edge vector coincides, up to a sign, with the sum of the weights of all
paths starting at the given edge and ending at the same boundary sink vertex. We remark that,
for soliton data in Gr™F(k,n), the recursive construction of such system of vectors generalizes
the algebraic construction in [3].

We then use this system of vectors to construct both a vacuum edge wave function ®(f) and
its dressing \ll(f) on the Le—network. At this step, we modify the original network adding an
univalent internal vertex next to each boundary source vertex using Postnikov move (M2) in
order that the vacuum edge wave function satisfies Sato boundary conditions on I'g and an edge
vector corresponds to each Darboux point in I'. Then, using the linear relations satisfied by

the vacuum edge wave function at the vertices, we associate a canonical real number, which we
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call vacuum network divisor number, to each trivalent white vertex of the modified network A/”.
Similarly, using the same linear relations for the dressed edge wave function, we also associate
another canonical real number, which we call dressed network divisor number, to any trivalent
white vertex of N’ not containing a Darboux edge.

Moreover, thanks to these linear relations, the normalized dressed wave function admits degree
one meromorphic extension on each component corresponding to a trivalent white vertex of N,
and admits constant in the spectral parameter extension on each other component. The dressed
network divisor numbers become the coordinates of the divisor points on the corresponding
components. The full KP divisor is the sum of these points on I'\I'g and the Sato divisor on Ty,
it is effective, non-special and has degree g. Finally, we check that each finite oval of I" contains
exactly one divisor point.

We would like to remark that the divisors on networks introduced in our text are different from
the commonly used divisors on graphs, see for example, [I0]. To each trivalent white vertex we
associate not only the multiplicity of divisor (it is always 1 in our setting), but also its position

on the real part of the corresponding rational component, which is a real number.

Plan of the paper: We did our best to make the paper self-contained. In Section [2] and in
Appendix [A] we briefly present a review of the necessary results respectively for KP soliton
theory and totally non—negative Grassmannians. In Section [3| we outline the main construction
and state the principal theorems. In Section 4] we link the main algebraic construction in [3]
to the Le—networks and extend it to any positroid cell. The construction of the system of edge
vectors on the Le—networkn and the proof of the main Theorem on the characterization of the
vacuum divisor is carried out in Section[5] In section [6] we apply our construction to soliton data
in Gr'™(2,4) and compare it with [3].

Notations: We use the following notations throughout the paper:

(1) k and n are positive integers such that k < n;

(2) for s € Nlet [s]| ={1,2,...,s};if s, € N, s < j, then [s,j] = {s,s+1,s4+2,...,5—1,7}

(3) t = (t1,t2,t3,...), where t; = x, to = y, t3 = t. Throughout the paper we assume
that ¢ always has only a finite number of non-zero components, but this number can be
arbitrarily large;

@) 6(¢D) = ¢t

(5) we denote the real phases k1 < kg < -+ < ky,, and 0; = 0(k;,1).
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2. KP—II MULTI-LINE SOLITONS

In this section, we review the characterization of real bounded regular multiline KP soliton
solutions via Darboux transformations, Sato’s dressing transformations and finite gap—theory.

The KP-II equation [41]
(2.1) (—4up + 6uty + Ugze)z + 3uyy =0,

is the first non-trivial flow of an integrable hierarchy [19 24} 39, 58, [65]. In the following we
denote t = (t1 = x,tg = y,t3 = t, tq,...). The family of solutions we consider belong to the class
of real regular exact KP solutions used, in particular, to model the shallow water waves in the

approximation where the surface tension is negligible.

2.1. The heat hierarchy and the dressing transformation. Multiline KP solitons may
be realized starting from the soliton data (IC,[A]), where K is a set of real ordered phases
Kl < - < Rp, A= (A;) is a k x n real matrix of rank k£ and [A] denotes the point in the
finite dimensional real Grassmannian Gr(k,n) corresponding to A. Following [57], see also [29],

multiline KP soliton solutions to the KP equation are defined as

(2.2) u(t) = 207 log(r (1)),
where
(2.3)
£ 70
O, fO .. g, fk) S0
=W, ) zaer | T BT S ) TT (e — e
) ' ’ d iilfigl
ol .o gnlgk) ’

is the Wronskian of k linear independent solutions to the heat hierarchy 0, f = 850 f1=23,...,
of the form () = > i1 Aé-eej ;i€ [k]. In , the sum is over all k—element ordered subsets I
in [n], d.e. I ={1<4 <ig<---<ip<n}and A;(A) are the maximal minors of the matrix A.
Since we obtain the same KP solution by linearly recombining the heat hierarchy solutions, u(f)
is associated to the equivalence class [A] of A, which is a point in the Grassmannian Gr(k,n).
u(:c,y,t,ﬁ) is regular and bounded for all real z,y,t if and only if A;(A4) > 0, for all I
[47]. In such case, let M atg,lle and GL;:, respectively denote the set of real k x n matrices of
maximal rank k& with non—negative maximal minors Aj(A), and the group of k x k matrices

with positive determinants. Since left multiplication by elements in GL,"CF preserves u(f) in (i
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we conclude that the soliton data [A] is a point in the totally non—negative Grassmannian [62]
Gr™™N(k,n) = GL\MatN.

Any given soliton solution is associated to an infinite set of soliton data (K, [A]), but there
exists a unique minimal pair (k,n), such that the soliton solution can be realized with n phases
K1 < -+ < kp and [A] € Gr™N(k,n), but not with n — 1 phases and [4’] € Gr™N(k',n’), where

(k',n') is either (k,n —1) or (k—1,n—1).

Definition 2.1. Regular and irreducible soliton data [17]. We call (K, [A]) regular soliton
data if K = {k1 < -+ < kp} and [A] € Gr™N(k,n). We call the regular soliton data (K, [A])
irreducible if [A] is a point in the irreducible part of the real Grassmannian, i.e. if the reduced

row echelon matriz A has the following properties:

(1) Each column of A contains at least a non—zero element;

(2) Each row of A contains at least one nonzero element in addition to the pivot.

If either or (9) doesn’t occur, we call the soliton data (K, [A]) reducible.

Remark 2.1. Reducible soliton data [17]. If in Definition is violated for column I,
then the phase k; does not appear in the solution . Then, one may remove such phase from IC,
remove the zero column from A (see also Remark and realize the soliton in Gr™N(k,n—1).

If (@ n Deﬁnition is violated for the row l corresponding to the pivot index i;, then the heat
hierarchy solution f® (f} contains only the phase k;;, and such phase is missing in all other heat
hierarchy solutions associated to RREF (reduced row echelon form) matriz. fO(t) is factored out
mn , and again, k; 1S Missing in . So one may eliminate such phase from IC, remove
the corresponding row and pivot column from A, change all signs in the new matriz to the right

of the removed column and above the removed row and realize the soliton in Gr™N(k —1,n—1)

(see also Remark[A.2).

For generic choices of the phases K, the combinatorial classification of the irreducible part
Gr™N(k,n) rules the classification of the asymptotic properties of multi-soliton solutions both
in the (z,y) plane at fixed time ¢ and in the tropical limit (¢t — +o0) (see [111, 12| [17, 18], 20} 44,
45 146, [47), [72] and references therein).

The following spectral data are associated to each soliton data (K, [A]), [4] € Gr™N(k, n):
an irreducible rational curve, which we denote I'g, a marked point Py € I'g, a degree k real
divisor, which we call Sato divisor, and a KP wave function meromorphic on I'o\{Fy}, which we

call the Sato KP wave function. The unnormalized Sato wave function can be obtained from
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the dressing (inverse gauge) transformation [65] of the vacuum (zero—potential) eigenfunction

¢(0)(C7f> = exp(0(¢, 1)), which solves

(2.4) 0.0 (¢, 1) = o0 D), 9, (¢, D) = T), 12

The operator W = 1 — wy ()0, — --- — wi(£)9;*, where w;(#),...,wg(f) are the solutions
to the following linear system of equations 9% f) = w95~ 1f® 4 ... 4 1, fD i € [K], is the
dressing (i.e. gauge) operator for the soliton data (I, [A]). Indeed W satisfies Sato equations
oW = BW — W, 1 > 1, with B = (WOLW 1), (the symbol (H), denotes the differential
part of the operator H). Therefore L = Wo,W~! = 9, + @8;1 4+, u(t) = 20,1 (t) and
PO 1) = WO (¢; 1) are, respectively, the KP-Lax operator, the KP—potential (KP solution)
and the KP-eigenfunction, i.e. L1 (¢;1) = O (¢; 1), 9,100 (¢; 1) = B0 (¢ 8), forall 1 > 2.

The Darboux dressing operator ® is defined as
(2.5) D =W =0"—rw (D1 — - — (i)
and the KP-eigenfunction may be also represented by

(26) D80G = Wk (1) = (¢ =@ = —wn(®) 601G = PO ().

Definition 2.2. Sato divisor Let the regqular soliton data be (K,[A]), K = {k1 < -+ < Kn},
[A] € Gr™N(k,n). We call Sato divisor at time ty, Dsr,(lo), the set of the roots of the charac-
teristic equation associated to the Dressing transformation

—

(27)  Dsro(fo) = {1V (@), G e k] = (V@) — wr(B) (¥ ({0))F L — -+ — woy(f) = 0}.
In [54] it is proven the following proposition

Proposition 2.1. The Sato divisor [54]. Let the regular soliton data be (K, [A]), K = {r1 <
- <k}, [A] € Gr™N(k,n). Then for all real ty the Sato divisor Dsr,(to) is real and satisfies

’y](s) (t) € [k1, k], 7 € [K]. Moreover for almost all ty the Sato divisor points are distinct.

Remark 2.2. Sato divisor for reducible regular soliton data In the case of reducible
reqular soliton data (KC,[A]), K = {rk1 < -+ < kn}, [A] € Gr™N(k,n) (see Remark [2.1)),
we use the reduced Sato divisor D,S,Fo (ﬁ)) of the corresponding mazximally reduced positroid cell
Gr™N(K'  n').

More precisely, if the representative RREF matriz A in Gr™N(k,n), contains a zero column
in position 1, then k' = k and Dg p, (ﬂ)) = D’S,FO ({0) for any ty, since the reducible and the reduced

Darbouz transformations coincide %) = D+,
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Instead, if for some r € [k] and i, € [r,n], the r—th row of the RREF matriz A contains
only the pivot element: A} = §;,,., then, for all to, ki, € Ds 1, (to), ¥ =k —1 and D/S,Po (to) =
Dsr,(to)\{ki,}. Indeed, the characteristic polynomial associated to the Darbouz differential op-
erator D satisfies & — C* oy (F) — -+ — wy (D) = (€ — ki,) (¢ — W (FICE2 — o —vol,_, (7).
Then ®' = W0kt = 951 —w! ()9F~2 — .- —w)_,(?) is the Darbouz transformation associated
to the reduced soliton data (K',[A"]), with K' = K\{k;.}, [A] € Gr™N(k —1,n — 1) and A’
related to A as in Remark[2.1]

Definition 2.3. Sato algebraic—geometric data Let (K,[A]) be given regular soliton data
with [A] belonging to a d dimensional positroid cell in Gr™N(k,n). Let ty such that the Sato
divisor consists of k simple poles. Let Tg be a copy of CP! with marked points Py, local coordinate
¢ such that (Y (Py) = 0 and (k1) < ((k2) < -+ < ((Kn).

Then to the data (KC,[A],To\{Po},%0) we associate the Sato divisor Dsr, = Dsr,(to) as in
Definition and the normalized Sato wave function

(2.8 b= 2000 OB oy p gy,

DO (Pito)  wO(Psto)’
with D60 (¢; 1) as in (@
By definition (¢o(P,t)) + Ds.r,(to) > 0, for all .

Remark 2.3. Incompleteness of Sato algebraic—geometric data Let 1 < k < n and let
to be fized. Given the phases k1 < --- < kyn and the spectral data (Co\{Po}, Dsr,), where
Dsr, = Dsr, (t_E)) is a k point divisor satisfying Proposition it 1s, in general, 1mpossible
to identify uniquely the point [A] € Gr™N(k,n) corresponding to such spectral data. Indeed,
if we assume that the soliton data belong to an irreducible positroid cell of dimension d, then
max{k,n — k} < d < k(n — k). Otherwise, an analogous inequality holds for the reduced Sato

divisor.

2.2. Finite-gap KP solutions and their multi-line soliton limits. Soliton KP solutions
can be obtained from the finite-gap ones by proper degenerations of the spectral curve [49] 24].

The spectral data for periodic and quasiperiodic solutions of the KP equation in the
finite-gap approach [48] 49] are: a finite genus g compact Riemann surface I' with a marked
point Py, a local parameter 1/¢ near Py and a non-special divisor D = 1 + ...+, of degree ¢ in

I'. The Baker-Akhiezer function 12)(P, ﬂ, P €T, is defined by the following analytic properties:

(1) For any fixed # the function ¢(P,#) is meromorphic in P on I'\ P,.
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(2) On I'\Py the function ¢ (P,) is regular outside the divisor points v; and has at most
first order poles at the divisor points. Equivalently, if we consider the line bundle £(D)
associated to D, then for each fixed ¢ the function @(P,t‘) is a holomorphic section of
L(D) outside Py.

(3) (P, ) has an essential singularity at the point Py with the following asymptotic:

D(C, 1) = eCotCyrciis- (1 N A, Yl ) _

For generic data these properties define an unique function, which is a common eigenfunction to
all KP hierarchy auxiliary linear operators —0; + Bj, where B; = (L7)4, and the Lax operator
is L = 0, + @3{1 + ug()9;2 + .... All these operators commute and the potential wu(f)
satisfies the KP hierarchy. In particular, the KP equation arises in the Dryuma-Zakharov-Shabat
commutation representation [21], [71] as the compatibility for the second and the third operator:
[~y + By, =0, + B3] = 0, with By = (L?)1 = 02+ u, By = (L®)4 = 92 + 3(udy + Oyu) + @ and
Ozt = gayu.

The Tts-Matveev formula represents the KP hierarchy solution u(Z) in terms of the Riemann
theta-functions associated with I (see, for example, [22]). After fixing a canonical basis of cycles
ai,...,aq,b1,...,by and a basis of normalized holomorphic differentials w1, ..., w, on I' such that
faj wy = 2mid;y, fb]- w; = Byj, j,1 € [g], the KP solution takes the form u(t) = 202 log 00>, ;U0 4
20) + ¢1, where 6 is the Riemann theta function and UY) are the vectors of the b-periods of the
following normalized meromorphic differentials, holomorphic on I'\{ Py} and with principal parts
WU = d(¢7) 4+ O(1), at Py (see [48, 25]).

The real regular solutions are the most relevant in physical applications. In [25] the necessary
and sufficient conditions on spectral data to generate real regular KP hierarchy solutions for all

real ¢ were established, under the assumption that I' is smooth and has genus g:

(1) T possesses an antiholomorphic involution o : I' — I', ¢ = id, which has the maximal
possible number of fixed components (real ovals). This number is equal to g+ 1, therefore
(", o) is an M-curve.

(2) Py lies in one of the ovals, and each other oval contains exactly one divisor points. The

oval containing P is called “infinite” and all other ovals are called “finite”.

The set of real ovals divides I' into two connected components. Each of these components is

homeomorphic to a sphere with g 4+ 1 holes. In Figure (left) we show an example for g = 2.
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FIGURE 1. Left: a genus 2 regular M-curve with 3 real ovals invariant w.r.t. the involution o

(orthogonal reflection with respect to the horizontal plane). Right: its degeneration is a reducible

M-curve still possessing 3 real ovals.

The sufficient condition of the Theorem in [25] still holds true if the spectral curve I' degen-
erates in such a way that the divisor remains in the finite ovals at a finite distance from the
essential singularity [25]. Of course, this condition is not necessary for degenerate curves, but
the properties of the Sato divisor established in [54] are compatible with such an ansatz. More-
over, in [50], it has been proven that the algebraic—geometric approach goes through also for
degenerate finite—gap solutions on reducible curves. Such inverse spectral problem is ill-posed,
since there is not a unique reducible curve associated to the given soliton data. Finally there is
also no a priori reason why, given one such reducible curve, the divisor on it should satisfy any
reality condition.

In [3], we have proven that the multiline soliton solutions corresponding to points in Gr'™* (k, n)
may indeed be obtained as limits of real regular finite-gap solutions on smooth M—curves: to any
soliton datum in Gr™" (k,n) and any £ > 1, we have associated a curve I'¢, which is the rational
degeneration of a smooth M-curve of minimal genus k(n — k) and a degree k(n — k) divisor
satisfying the reality conditions of Dubrovin and Natanzon’s theorem. In Figure (right) we
show the rational degeneration of the genus g = 2 curve associated to soliton data in GrTF(1,3)
and Gr"(2,3) in [1}, 3].

The main objective of this paper is therefore twofold: provide a canonical construction
of a reducible rational M—curve of minimal genus g = d for any fixed positroid cell
in Gr™N(k, n) and show that real and regular divisors on such curve provide a

parametrization of the cell. We therefore give the following definition:

Definition 2.4. Real regular algebraic-geometrical data associated with a given soliton

solution. Assume that we have fized soliton data (K, [A]), where K is a collection of real phases
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K1 < ko < ...< Kn, [A] € Gr™N(k,n). Let d be the dimension of the positroid cell to which [A]
belongs.

Assume that we have a reducible connected curve I' with a marked point Py, a local parameter
1/¢ near Py. In addition, assume that the curve I' may be obtained from a rational degeneration
of a smooth M-curve of genus g, with g > d, and that the antiholomorphic involution preserves
the mazimum number of the ovals in the limit, so that I possesses g + 1 real ovals.

Assume that D is a degree g non-special divisor on I'\ Py, and that Qﬁ s the normalized Baker-
Ahkiezer function associated to such data, i.e. for any T its pole divisor is contained in D:
()(P, 1)) +D > 0 on T\ Py, where (f) denotes the divisor of f.

We say that the algebraic-geometrical data I', D are associated to the soliton data
(IC, [A]), if the irreducible component Tg of T' containing Py is CP*, and the restriction of 1 to T
coincides with Sato normalized dressed wave function for the soliton data (K,[A]). In particular,
for such data the restriction of D to Iy coincides with the Sato divisor.

We say that the divisor D satisfies the reality and regularity conditions if Py belongs
to one of the fixed ovals and the boundary of each other finite oval contains exactly one divisor

point.

We remark that the simplicity and reality of the Sato divisor points proven in [54] is compatible
with the reality and regularity of the algebraic-geometrical data associated with a given soliton
solution in the Definition above, provided that the reducible curve I' possesses k distinct ovals

containing the Sato divisor points.

3. ALGEBRAIC-GEOMETRIC APPROACH FOR KP SOLITON DATA IN Gr™™N(k,n): THE MAIN

CONSTRUCTION

Since Gr™N(k, n) is topologically the closure of Gr™ (k,n), one can try to extend indirectly
the construction of [3] to soliton data in Gr™~(k,n) considering the latter as the limit of a
sequence of soliton data in Gr™ (k,n). But this limiting procedure is very non-trivial, and it
provides only an upper bound for the genus: g < k(n — k).

In the following we present a direct construction of algebraic geometric data associated to
points in Gr™N(k,n) which is naturally related to the characterization of positroid cells in
[62] and provides optimal genus spectral curves. Moreover, the present construction unveils the
relation of the algebraic construction in [3] with Le-networks in Gr™"(k,n). The starting point

are the algebraic geometric data associated to (K, [A]) via Sato dressing (see Definition [2.3)):
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(1) A rational curve I'y equipped with a finite number of marked points: the ordered real
phases k1 < - -+ < Ky, and the essential singularity Py of the wave function;

(2) The Sato divisor Ds r,(fo) for the soliton data defined in Definition

(3) The normalized wave function (P, #) on [o\{Pp} defined in .

As pointed out in Section 2.1 in general, the Sato divisor does not parametrize the whole
positroid cell to which [A] belongs to. Therefore, in general, we cannot reconstruct the soliton
data [A] just from the Sato divisor at .

Below, to any regular soliton data (K, [A]), we associate a well-defined curve I' containing T'g
as a connected component, and a unique KP divisor on it using the Le-network N representing
[A]. In particular, we show that I' is reducible and a rational degeneration of a M-curve having

TNN

the minimal possible genus, g = d = dim S, under genericity assumption on the soliton data.

Finally, the set of poles of 1& exactly coincides with Dxp 1 for generic t.

Main construction Assume we are given a real regular bounded multiline KP soliton solution

generated by the following soliton data:

(1) A set of n real ordered phases K = {k1 < ko < -+ < Kp};

(2) A point [A] € SN € Gr™N(k,n), where S{™ is a positroid stratum of dimension d.

We represent [A] with its canonically oriented bipartite trivalent Le-network N'. We recall that N'
provides a representation of the points of the cell depending exactly by d parameters. Let us also
denote G the Le-graph representing S{y™. Then, we associate the following algebraic-geometric

objects to the soliton data (K, [A]):

(1) A reducible M—curve I' = I'(G) with g + 1 ovals which is the rational degeneration of a
smooth M—curve of genus g = d. In our approach, I'y is one of the irreducible components
of I'. The marked point Py belongs to the intersection of I'y with an oval (infinite oval);

(2) An unique real and regular degree g non-special KP divisor Dxpr = Dxp (K, [A4]) C
I'\{Py} such that any finite oval contains exactly one divisor point and Dgxpr N I'g
coincides with Sato divisor Ds r, (to) for some initial time to;

(3) An unique KP wavefunction ¢(P,t) on T\{P,} as in Definition |2.4 such that

(a) Its restriction to To\{Py} coincides with the normalized Sato wave function (2.6));

(b) Its pole divisor has degree d < g and is contained in Dgp r.
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The curve T is the
connected union of 3 cP!
with 2 double points

The real partof T’

I

OOO The representation of T’

FIGURE 2. The model of a reducible rational curve I' with three components and one oval.

Remark 3.1. Here and in the following, when we refer to the Sato divisor for reducible real and
regular soliton data, we mean the reduced Sato divisor defined in Remark[2.3. In particular, the

KP divisor Dgp  restricted to I'g is the reduced Sato divisor.

Remark 3.2. In [4] we extend the main construction using any oriented bipartite trivalent

network in the disk representing [A] in Postnikov equivalence class [62].

3.1. The reducible rational curve I'. Given the oriented graph G representing a given positroid
cell STIN € Gr™N(k, n), the curve I' = I'(G) is obtained gluing a finite number of copies of CP,
corresponding to the internal vertices in G, and one copy of CP' = Iy, corresponding to the
boundary of the disk. We glue these components at pairs of points corresponding to its edges.
We also fix a local affine coordinate ¢ on each component (see Definition , therefore we have
complex conjugation ( — ¢ at each component. The points with real ¢ form the real part of
the given component. By construction (see Definition , the coordinates at each pair of glued
points P, @, are real. We then topologically represent the real part of I' as a union of circles
(ovals), where the latter correspond to the faces of G.

We use the same representation for real rational curves as in [3] (see Fig.[2). We draw only the
real part of each component and we represent it with a circle. Then we schematically represent
the real part of I' by drawing these circles separately and connecting the glued points by dashed

lines. The planarity of the Le—graph implies that I" is a reducible rational M—curve.

Construction 3.1. The curve I' = I'(G). Let K = {k1 < .-+ < kp} and let SGV C
GrT™N (k. n) be the positroid cell corresponding to the realizable matroid M. Let G be the planar
connected acyclically oriented trivalent bipartite Le—graph in the disk of Definition[A.]] represent-

ing SN, Let I = {1 < iy < --- < iy < n} be the set of the pivot indexes (i.e the lexicographically
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minimal base of M) and, for any r € [k|, let N, be the number of filled bozxes in the r-th row of the
corresponding Le—diagram (see mn Appendz'z:. Finally, let 1 < j; <ja<---<jn, <n be
the non—pivot indexes of the boxes B;, j, in the Le—diagram with index X;Z =1, s € [N,], where

notations are consistent with and in Appendizx .

TABLE 1. The correspondence between the Le—graph G and the reducible rational

curve I

g r
Boundary of disk Copy of CP' denoted T,

Boundary vertex b; Marked point k; on I'g
Internal black vertex VZ’J Copy of CP* denoted 2ij
Internal white vertex Vij | Copy of CP! denoted Ly

Edge Double point
Face Owal

The curve T' = T'(G) is associated to G according to Table |1, after reflecting the graph w.r.t.
a line orthogonal to the one containing the boundary vertices (we reflect the graph to have the
natural increasing order of the phases on I'o C T'). More precisely, I is the connected union of

2n +k + 1 copies of CP' denoted as To, %, j,, Li.j., Ti,, for v € [k], s € [N,]

k N
=Ty |_| (Fir U ( |_| I Em))

r=1 s=1
according to the following rules (see also Figures @ and :

(1) T is the copy of CP' corresponding to the boundary of the disk. It has n + 1 marked
points: Py such that (~Y(Py) = 0 and the points k1 < --- < ky corresponding to the
boundary vertices by,...,b, on G;

(2) A copy of CP! corresponds to any internal vertex of G. For any fived v € [k] and s € [N,]
we denote I'; j, (resp. X ;) the copy of CP! corresponding to the white vertex Vivjs
(resp. black vertex V; ; );

(3) We denote T;, the copy of CP! corresponding to the internal white vertex Vi, joined by
an edge to the source b;., r € [k];

(4) On each copy of CP! corresponding to an internal vertex V, we mark as many points

as edges at V. We number the edges at V anticlockwise in increasing order, so that, on
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3)
a® Qi

irji 1) )
- a; a; -
2) 1) irj1 Wt (2) a
—ll -— |:> o,,,,o,,,, g :> oi,,,-io,,,l
y
g Vi, a 14

.
irf1 it

m v

i e 1)
e e € e; V; .
it o ®3) 1)) ir r P&, ®
|:"> : > P
Piiig Pijy ] "] ir
e(z) e(l)

it P p®

FIGURE 3. The correspondence between marked points on copies T';, j, and 3;,;, and edges of
white and black vertices. The rule at the marked points corresponding to the edges of a bivalent
white vertex at a boundary source b;,. is justified by the necessity of adding a third marked point

(Darboux point) on T';, .

the corresponding copy of CP', the marked points are numbered clockwise because of the
mirror rule (see Figure @ We use the following numbering rule:

(a) The unique horizontal edge pointing inward at the white vertex V; ;. is numbered

3, for any r € k], s € [N;]. Therefore I'; j,, r € [k], s € [N, — 1], has 3 real
ordered marked points which we denote PZ(TI) p? p® (see Figure @bottom, left])

Js? i'r‘js7 irjs
and T’ has two marked points Pi(fj)s pY .

irJ N, y b0

(1)

(b) At each white verter V;, we have a horizontal edge marked e; * and a vertical edge

2)

ir

which correspond to the marked points Pz.(rl), P.(TQ) el.. On each Ty,

marked e g

r € [k], we add an extra point, the Darbouz point Pi(f), which we use to rule the
position of the vacuum divisor;
(¢) The unique edge pointing outward at a black vertex ilrjs’ r € k], s € [N, — 1], is
always numbered 1. We denote QZ(:ZZ, m € [3] (resp. m € [2]) the marked points on
Yirj, corresponding to the trivalent (resp. bivalent) black vertex Vi,rjs'
(5) We glue copies of CP' in pairs at the marked points corresponding to the end points of
the corresponding edge on G (see Figure . More precisely:
(6) Horizontal gluing rules for fixed r € [k]:
(a) If, for some r € [k], N, =0, then Pi(rl) € Iy, is not glued to any other marked point;
(b) If, for some r € [k], N, >0, then PZ-(:) eIy, is glued to ng;-l € Xigis
(¢) For any s € [N, — 1], Pi(rlj)s eI, is glued to ngj)-sﬂ € Yirjosrs
(d) For any s € [N;], PZ(T?’])S eI, is glued to Qv(iig)'s € Xijss
(e) Pz(f]) € I';, is not glued to any other marked point.
(7) Vertical gluing rules:

(a) For any r € [k|, ki, € Ty is glued to PZ-(TQ) ely,;
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'

! P L Vi Vi '
Vir/s+1 Vlr]s Vzr;, b)s+1 s Vlyls P® Q(z)
& @ iri:
)
s p Pijs
v irjs
irslls b
e
Js k
Js
’ Vi ' @)
irj1 Vi, by iriny Qijy, pv)
I (9 PRI W iy
p®
iriny 0)
b Pisiw,
i . _—
kz, bi/v, kirvr

(1)

@
i)
.

@ Q """’
= ook Zijy $
’ P (1) (3)
Vije Vige Videa P, P

v,
(1)
Vi V. (1) @ Piiv,
irjn, irjn, Qirj,
I—* g
]
Vi siing

FIGURE 4. The gluing rules on ' are modeled on the bipartite Le-graph G reflected w.r.t. the

vertical axis. The dotted lines mark the points where we glue different copies of CP!.

(b) For any j € I such that ¥ = max{r € [k] : Xéf =1} > 0, k; € Ty is glued to
2
PP € Tiyy;
(c) If, for some j € I, X;T =0 for all r € [k], then r; € T'g is not glued to any other
marked point;
(d) For any fized r € [2,k] and any fized s € [Ny], let ¥ = max{l € [1,r — 1] : X;lé =1}.
Then Q,Efj)s € Xi,j, s glued to PZ(FZJ)S €I,
(8) The faces of G correspond to the ovals of I'. We label the ovals Qo, €., s € [Ny,
r € [k], as the corresponding faces of N.

Remark 3.3. Universality of the reducible rational curve I'. Let us point out that, for
any fized positroid cell S = S{{'N, the construction of I does not require the introduction of any
parameter. Therefore it provides an universal curve I' for the whole positroid cell. In the next

section we introduce the parametrization of S/aNN via KP divisors on I.

Remark 3.4. The role of bivalent vertices, the reduced graph G,.; and the reduced
M—curve I'(Greq) The number of copies of CP! used to construct T above is excessive in the
sense that both the number of ovals and the KP divisor are invariant if we eliminate from G all
copies of CP' corresponding to bivalent vertices and change edge weights following [62]. In this

procedure we maintain a bivalent vertex in Gpq for each component which disconnects from the
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Vi3 Vi, Vi
Vis Vs Wi3 Wiz
w,
0 W13|W12 1 s
Wys(g 3 2
L J A J - - A d A\ d
5 5 by, b3 b, by
Wiys W13 Wia
“bs by b3 b, “by

FIGURE 5. The Le-networks corresponding to the Le-graph G [top] and its reduction G.q
[bottom] for the same Le-tableau of a positroid cell of dimension d = 3 in GrT™N(2,5) [left].

The weight is one for any edge not marked in the Figure.

graph upon removing the boundary of the disk and consists of a single boundary source connected
to a single boundary sink. We show a simple example in Figure [5. In the following, we denote
Gred the reduced trivalent graph and I'(G,eq) the reducible rational curve associated to it.

For the construction of the reducible rational M-curve we can use both G and G,.q graphs.
In Sections [{] and [5 we use the Le—graph G to evidence the recursive construction in the proof.
However, it is also possible to directly construct the KP wave function and its divisor on T'(Gyeq),
since, by our construction, the KP wave function is constant with respect to the spectral parameter
on each CP' corresponding to a bivalent vertex.

For constructing a reqular perturbed M-curve of genus equal to d it is convenient to start from
['(Gyeq) since it corresponds to a nodal plane curve of degree lesser than that for I'(G). In Section
@ we use I'(Greq) in the construction of the plane curve and of the KP divisor for soliton data

in GrTP(2,4).

Remark 3.5. Comparison with the construction in [3]. In [3], to any given soliton data
(K,[A]), [A] € Gr™"(k,n), we associate a curve obtained gluing k + 1 copies of CP' at double
points whose position is ruled by a parameter &€ > 1. We then control the asymptotic leading
behavior in & of the vacuum wave function via an algebraic construction using the positivity prop-
erties of a specific representative matrix of [A]. In this approach the number of CP!' components
is much smaller, but we have to introduce extra parameters marking the positions of the glued
points. In practice one can obtain such curve from the universal one by a proper desingulariza-
tion of some double point (see also Section [0, where we desingularize explicitly T'(Grea) to T'(§)

when [A] € GrT7(2,4)).
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Proposition 3.1. The oval structure of I'. Let K = {k1 < -+ < kp} and S{IN C
GrT™N (k. n) be a positroid cell of dimension d. LetT be as in C’onstruction. Then I' possesses
d + 1 ovals which we label Qq, ;. ;., s € [N;], r € [k], N, > 1. Moreover the ovals are uniquely

identified by the following properties:

(1) Qo is the unique oval whose boundary contains both k1 and ky;

(2) For any r € [k], s € [2,N,], Q. is the unique oval whose boundary contains both
B €Tij, and PY) | €T, ,;

(3) For any r € [k], Q, ;, is the unique oval whose boundary contains both Pl(fj)l €I, and

PP er; .

Ty

The proof is straightforward and we omit it. We remark that I'(G,eq) has the same number of
ovals as I'(G).

Let d be the dimension of the irreducible positroid cell S}C}t\m C Gr™N(k,n). Let Greq be its
reduced graph as in Remark and suppose that it has n; bivalent vertices after the reduction.
Then I'(Gyeq) is a partial normalization [6] of a connected reducible nodal plane curve with d + 1
ovals obtained by gluing 2d—n+ny+1 copies of CP'. The curve I'(G,eq) is a rational degeneration
of a genus d smooth M—curve. The total number of edges of G,eq is 3d — n + ny, and each of them
corresponds to an handle of the desingularized M—curve. In the next Proposition we verify that

the genus of the latter coincides with the dimension of Siy™.

Proposition 3.2. T'(Geq) s the rational degeneration of a smooth M-curve of genus d.
Let K = {k1 < -+ < kn} and SGN C Gr™N(k,n) be an irreducible positroid cell of dimension
d. Let T' be as in Construction and I'(Greq) be the its reduction obtained by eliminating
the components corresponding to bivalent vertices eliminated in Geq. Then I'(Greq) is a rational
degeneration of a reqular M—curve of genus d equal to the dimension of the positroid cell, possessing

d+ 1 ovals.

Proof. The only untrivial statement is the one concerning the genus of the perturbed curve.
Let ny be the number of bivalent vertices survived the reduction of the graph G according to
Remark By definition, I'(Gyeq) is represented by 2d — n + ny + 1 copies of CP! connected at
3d — n + ny pairs of double points. The regular curve is obtained opening a gap at each pair of
these double points. We perform this desingularization respecting the real structure and keeping

the number of real ovals fixed.
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By construction, the desingularized curve has genus ¢ = #handles — #CP! +1 = 3d — n +
ny — (2d —n+np + 1) + 1 = d, and it possesses d + 1 real ovals, therefore it is an M-curve. [

3.2. The planar representation of the desingularized curve. Generic Riemann surfaces
cannot be holomorphically mapped into CP? without self-intersections [36], therefore partial
normalization is necessary if the number of CP! copies is sufficiently high. In our construction
we have 2d — n + ny + 1 copies of CP!, which may be lines, quadrics or rational cubics in
CP2. Denote the numbers of lines, quadrics and cubics by ni, na, ns respectively. Clearly
ny + ng +ng = 2d — n + np + 1, the total degree of the rational reducible curve I'(Gyeq) is

n1 + 2n9 4+ 3n3. The total number of singularities before normalization is

ni (n1 — 1)

Ing(ns — 1
ng = ———= + 2n1ng + 3nins + 2ng(ng — 1) + 6ngng + M

2 3

The last term in the above sum takes into account that all cubics are rational and each has one
cusp. When we desingularize I'(Gyeq) to the genus d curve, ng — 3d + n — ny, intersections have
to remain intersections for its plane curve model, and they are resolved after normalization.

Let us provide evidence that we have enough parameters. Let us assume that I'y is defined by
=0, and we have 3 systems of linear functions l; = ajA+b;u, j € [n1], I} = ajA+Vu, j € [na],
I = a{\+bjp, j € [ns] such that

(1) All slopes are pairwise distinct and all a;, a}, a are non-zero;

(2) The system of lines I'g, £; : {l; — oj = 0} intersect only in pairs.

The quadrics and cubics are represented by Q; =0, j € [n2] and C; = 0, i € [n3] respectively,

_ / / / / _ " "M\3 " " // " "
where Q; =y — aj,Q(lj) o5 113 0 and C; =y — 0%,3(11') - ai,Z(li) ;. i = Qo

The coefficients «, o/, o’ have to be chosen so that all lines, quadrics and cubics intersect I'g

at proper points. We also assume that all o; i 3 are sufficiently large, so that all quadrics and

5,20 &
cubics are small perturbations of pairs or triples of parallel lines respectively, and all intersections

of components are real.

The unperturbed curve has then the following form

IIo(A, ) =0, where IIp(A, p) = p H L;, H Qi, H Ci,.

ilé[nl] iQE[TLQ] i3€[n3}

We use the following collection of perturbative terms: {H[O’I]' H£2’2]’k, ke [2]; 1'[[0’3]”C ke [3]; [H S | i O

11,717 11 g2 )

DTS e 3 AR by e LB g e )k € [ TEAE g  [3]),

11,13 ) 12,]2 12,13 13,)3
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where i, j; € [ny], 1 € [3], i1 < j1, 42 < j2, 13 < j3, and

[0,1] Iy 0,2k _ HO(ZQQ)k_l 031k _ HO(lgg)k_l

“ ply’ pQi 0" pCiy
ity Iy 2k _ (1}, )k b3k _ o (1, )+
11,J1 £i1£j1 ’ 11,12 ﬁz‘l Qi2 ’ 11,23 L*Z.lcz.?’ K
ke _ Do) )"0 gk _ Toli)" )™ pame _ Mol 1)
12,]2 Qig sz ’ 12,13 Qi2Ci3 ) 13,]3 Cig Cja :

We then consider the following perturbation of our rational curve IIg(\, ) = 0:
(3.1) TI(A, 1) =0, where II(A,p) =TI+ > €II7,

where the sum runs over all perturbation terms described above. The perturbed curve in CP? has
the same structure at the infinite line as the original rational curve. The number of perturbation
parameters €y, in (3.1)) coincides with the number of intersections in IIp(A, i) = 0. For sufficiently

small €] we have the following map

(3.2) {ery — T(RY),

where R are the solutions of the system

(3.3) O\I(A, ) =0, O,II(A, ) = 0.

For the unperturbed curve, the set {R} coincides with the intersection points, therefore for
small €/ we have a natural enumeration. The map is analytic for |ej| < 1 and its Jacobian
is non-zero, therefore it is locally invertible, and at each double point we can open a gap in the
desired direction, or keep the point double.

Let us remark that these arguments are analogous to arguments used in [51].

3.3. The KP divisor on I'. Throughout this section we fix a set of phases K = {k1 < -+ < Kkp}
and a positroid cell ST C Gr™N(k,n)of dimension g. T is the curve of Construction
associated to such data with marked point Py € I'g.

In this section we state the main results of our paper: for any soliton data (K, [4]),
[A] € S/TANN, we construct a unique real and regular degree g KP divisor Dgpr on I'

as follows:

(1) We first construct a unique degree g effective real and regular vacuum divisor Dy,c 1
and a unique real and regular vacuum wave function <ZA>(P, f) on I satisfying appropriate

boundary conditions (Theorem ;
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FIGURE 6. Local coordinates on the components I';; and X;;: the marked point Pi(js) € I'y
corresponds to the edge es at the white vertex V;; and the marked point Qs € I's; corresponds

to the edge as at the black vertex VZ'J

(2) We then apply the Darboux dressing to such vacuum wave function and define the nor-
malized dressed divisor Dkp r, which, by construction is effective and of degree g;

(3) Dkp,r has minimal degree g and is the KP divisor for the given soliton data on the
spectral curve I, since its restriction to I'g coincides with the Sato divisor defined in

Section [2.1] and, by construction, it satisfies the reality and regularity conditions of

Definition (see Theorem [3.2).

Remark 3.6. Parametrization of positroid cells. In our construction we associate a system
of edge vectors to each Le-network in S{{™. The properties of such edge vectors guarantee that
the non—-normalized KP wave function has untrivial dependence on t at all double points of T.
Therefore, for any [Ag] € S it is possible to find an initial time to such that the degree g KP
divisor Dgpr = DKp,p(f{)) is non—special for any point [A] € S sufficiently near to [Ag] in the

natural metric associated to the reduced row echelon matriz representation of such points. It is

in this sense that we obtain a parametrization of SX:{NN via degree g non—special KP divisors.

We start introducing local affine coordinates on each copy of CP! and we use the same symbol

¢ for any such affine coordinate to simplify notations (see also Figure @

Definition 3.1. Local affine coordinate on I' On each copy of CP' the local coordinate ¢ is
uniquely identified by the following properties:
(1) On Tg, (H(Py) = 0 and (k1) < --- < ((kn). To abridge notations, we identify the
¢ —coordinate with the marked points k; = ((k;), j € [n];

(2) On the component I';; corresponding to the internal white vertex Vi;:

¢PPy =0, ¢((PP) =1, ¢(PY)) =,

while on the component ¥;; corresponding to the internal black vertex VZ’] :

@My =0, c@?)=1, ¢«@¥)

Q.
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In the following Definitions we state the desired properties for both the vacuum divisor and

the vacuum wave function on I'.

Definition 3.2. Real and regular vacuvum divisor compatible with S{™N. Let Qq be the
infinite oval containing the marked point Py € 'y and let 5, j € [g] be the finite ovals of I'. Let
P?)(i"), r € [k] be the Darbouzx points in T'.
We call a degree g divisor Dyyer € T'\I'g a real and regular vacuum divisor compatible with
S if:
(1) Dyacr is contained in the union of all the ovals of T';
(2) There is exactly one divisor point on each component of T' corresponding to a trivalent
white vertex or a bivalent white vertex containing a Darbouz point;
(3) In any Q;, j € [g], the total number of vacuum divisor poles plus the number of Darbouz
points is 1 mod 2;
(4) In Qq, the total number of vacuum divisor poles plus the number of Darboux points plus

k is 0 mod 2.

Definition 3.3. A real and regular vacuum wave function on I' corresponding to
Dyacr: Let Dyacer be a degree g real reqular divisor on I' as in Definition . A function (ZS(P, f),
where P € T\{Py} and t are the KP times, is called a real and regular vacuum wave function on

I' corresponding to Dyacr if:

(1) There exists to such that ¢(P,ty) =1 at all points P € T\{Py};

(2) The restriction of ¢ to To\{Py} coincides with the following normalization of Sato’s wave
function, G(C(P),) = ?CF0) where (¢, 1) = 3"y tiCl;

(3) For all P € T\ the function ¢(P,t) satisfies all equations of the vacuum hierarchy;

(4) If both ¥ and C(P) are real, then ¢(C(P),1) is real. Here ((P) is the local affine coordinate
on the corresponding component of I' as in Definition [3.1];

(5) qg takes equal values at pairs of glued points P,Q € T, for all t: (i(P,f} = é(Q,f};

(6) For each fired i the function ¢(P,t) is meromorphic of degree < g in P on T\{Py}: for
any fized t we have (¢(P,1)) + Dyaer > 0 on T\Py, where (f) denotes the divisor of f.
Equivalently, for any fired © on T\{Py} the function ¢((,) is reqular outside the points
0f Dyac,r and at each of these points either it has a first order pole or it is reqular;

(7) For each P € T\{Py} outside Dyacr the function ¢p(P,t) is reqular in t for all times.
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Definition 3.4. A real and regular vacuum wave function on I' for the soliton data
(K,[A]): Let K, T and ¢(P,t) be as in Construction and in Definition . Let [A] € SH™N.
The function ¢(P,1) is a real and regular vacuum wave function for the soliton data (K,[A]) if,

at each Darboux point PZ-(T?’), r € [k] and for all t,

(3.4) S D) = £,
where () (f}, r € k|, generate the Darboux transformation for the soliton data.

Theorem 3.1. Existence and uniqueness of a real and regular divisor and vacuum
wave function on I' satisfying appropriate boundary conditions. Let (K,[A]) be given
soliton data with [A] € SV of dimension g, and let T be as in Construction with Dar-
bouzx points {Pi(f),r € [k]}. Then, we can fix an initial time to such that to the following data
(K, [A];F,Po,Pi(IS), . ,1%13);%) we associate

(1) A unique real and regular degree g vacuum divisor Dy,e1 as in Definition

(2) A unique real and regular vacuum wave function gzg(P,f) corresponding to this divisor

satisfying Definitions[3.3 and[3.4)
Moreover, at the Darboux points, gi) (P, f) satisfies

®) 7 - 2 ATep@() -
(35 AR D= S ey S

where f() (f) are the generators of the Darbouz transformation associated to the RRE represen-

tative matriz A.

We prove Theorem in Section More precisely, we construct a unique vacuum wave
function on I' using the algebraic recursion settled in Section We first modify the Le-
network moving the boundary sources to convenient inner vertices, added in correspondence of
the Darboux points in I'. Then we assign a vector constructed in Section to each vertical
edge of this modified network and use the linear relations at the inner vertices to extend this
system of vectors to all its edges. We use this system of vectors to define a unique vacuum
edge wave function (v.e.w.) satisfying the necessary boundary conditions. By construction, the
linear relations at trivalent white vertices define a degree g divisor with the required reality
and regularity conditions (see Lemma . Finally, we construct the degree g real and regular
vacuum wave function on I' imposing that it takes the value of the normalized v.e.w. at the

marked points (double points and Darboux points) which correspond to the edges (see Theorem

p.1)).
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Definition 3.5. The dressing of the vacuum wave function on I'. Let T’ and(;g be as in
Theorem for given soliton data (KC,[A]). Then the corresponding Darbouz transformed

wave function is defined by:
(3.6) (P =D(P,T),  PeT\{R}, Vi,

where D is the Darboux dressing differential operator for the soliton data (K, [A]) defined in (2.5).
Let the initial condition ty be such that @&(P,t_b) # 0 at all double points P € I'. We define the

normalized dressed wave function @(P,f) as

n 77/) Pat
(3.7) Y(P,t) = (7:)
ZZ)(Pa to)
We define the normalized dressed divisor as
(3.8) Dkp,r = Darr + (V(P,10)).

where the non-effective divisor D, r s defined by

k
(39) Ddr,F = Dvac,F + kPO - Z Pir~

r=1

Remark 3.7. For reducible soliton data [A] in Gr™N(k,n) with s isolated boundary sources we
have two Darboux dressings: the reducible k-th order dressing operator and the reduced (k — s)-
order dressing operator (see Remarks and . The normalized dressed wave function is
the same for both dressings, while the Dxpr divisor associated to the reducible dressing operator
contains s extra points in the intersection of the finite ovals with Iy, so that we have more than
one divisor point in some of the finite ovals. Therefore, in such case, in the Definition above we
use the (k — s)-th order reduced dressing operator. The extra s divisor points may be interpreted
as being originated from real and reqular divisor data on reqular M—curves of genus g + s under

the assumption that s ovals degenerate to points in the solitonic limit.
Lemma 3.1. (1) For any t we have the following inequality on '\ Py:
(3.10) (¥(P,t)) + Darr > 0.

(2) The number of poles minus the number of zeroes for Dy, (counted with multiplicities, if

necessary) at each finite oval is odd and at the infinite oval it is even.
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The first property follows directly from the definition of (P, #). The second statement simply

follows from properties of the vacuum wave function constructed in Theorem [3.1], namely equation

(3.4) in Definition properties — in Definition and formula ([3.9)).

Lemma 3.2. (1) For any t we have the following inequality on M\ Poy:

(3.11) (1(P, 1)) + Dp,r > 0.

(2) The divisor Dxp 1 is effective and has degree g.
(3) All poles of Dxpr lie at the finite ovals, and each finite oval contains exactly one pole of

Dkpr-

The first statement follows immediately from the definition of @Z(P, t) and Dkp,r- The second
statement follows immediately from (3.8). The third statement follows from the fact that ¥ (P, )

is real at all real ovals and from Lemma [3.1]

Theorem 3.2. The effective divisor on I'. Assume that qg 1s the real and regular vacuum
wave function on T' of Theorem for the given soliton data (KC,[A]). Let ¥ be the normalized
dressed wave function from Definition[3.5.

Then the divisor Dgp r is the KP divisor on T' for the soliton data (K, [A]), and it satisfies the
reality and regularity conditions of Deﬁm’tion whereas @ZAJ is the KP wave function on I' for
the soliton data (KC,[A]). Moreover, the degree of the effective pole divisor of 1 coincides with g,
the dimension of the positroid cell of [A].

The proof of the Theorem easily follows from Lemmas and Theorem We remark

that the Darboux transformation automatically creates the Sato divisor on I'g.

Remark 3.8. Dkpr is the KP divisor on I'(Gpeq). In our construction each KP divisor
point either belongs to Tg or to a copy of CP! represented by a trivalent white vertez. Below we
prove that the value of the normalized KP wave function is constant with respect to the spectral
parameter on each component corresponding to a bivalent vertex; therefore the elimination of
bivalent vertices doesn’t affect either the value of the normalized KP wave function on the CP*

components corresponding to trivalent white vertices or the position of the KP divisor points.

Remark 3.9. Invariance of the KP divisor In [4] we prove that 1[1 and Dkpr do not depend

neither on the orientation of the network nor on the choice of the position of the Darboux points.
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4. A SYSTEM OF VECTORS ON THE LE-NETWORK

In the previous Section we constructed the spectral curve I" associated with the given positroid
cell S} and the ordered set K. The final goal of the main construction is the computation of
the divisor corresponding to a given point [A] € S. At this aim, in this and in the next sections,
we first introduce a system of edge vectors on the Le—network and we use it to compute the
values of the vacuum and dressed wave functions at all marked points of the curve.

The construction of a system of vectors at the edges of the Le—network is based on an algebraic
procedure analogous to the one introduced in [3] on the main cell. In [3], we related a specific
representation of the rows of the banded matrix in [A4] € Gr™" (k,n) to the leading order behavior
in the parameter £ of the vacuum wave function at double points and Darboux points. Here we use
an excessive number of copies of CP! to relate the system of edge vectors to the exact behavior
of both the vacuum and the dressed wave functions at the marked points of I'. Moreover, both
the vectors and the wave functions satisfy linear relations at the vertices of the Le-network which
are used to construct the vacuum and the dressed divisors.

In this section we first use the Le-network A to express each row of the RREF representative
matrix as a linear combination with positive coefficients of a minimal number of some basic
row vectors. This construction is a generalization of the Principal Algebraic Lemma in [3] and
easily follows from [62]. Then, in Section we present a recursive construction of these basic
vectors, generalizing the corresponding theorem in [3]. In [4], we generalize the construction of

edge vectors to any planar trivalent bipartite network N in the disk representing a given point

of Gr™N(k, n).

4.1. Representation of the rows of the RREF matrix using the Le-tableau. The
notations used in this section are the same as in the Appendix. We fix the positroid cell
SUN € Gr™N(k,n) and the planar bipartite trivalent acyclically oriented Le-graph G rep-
resenting it, whereas A is the Le-network on G representing [A] € S{iN. In the following A is
the representative matrix in RREF of [A], [ is the lexicographically minimal base in the matroid
M and I = [n]\I. Each row r of A may be expressed as a linear combination with positive
coefficients ¢ of N, + 1 vectors EM[l], s € [0, N,], computed using . Each coefficient ¢ is
the weight of the directed path from the boundary source b;, to the internal white vertex V; ;..
The absolute value of the j-th component of the vector E([l,] is the sum of the weights of all

possible paths starting downwards at V; ;, and zig-zagging to the destination b;, while its sign

rls
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<——————

FIGURE 7. The coefficient ch is the weight of the directed path from the source b;, to the
white internal vertex V;,;, while EJ(.T) [l], the j—th component of E™]l], has absolute value equal
to the sum of the weights of all the directed paths which start downwards at the internal vertex
Vi,1 and zig—zag to the boundary sink b;. The sign of E]m [[] is equal to the number of boundary

sources b;, with is €lir, j[.

depends on the number of boundary sources passed before reaching the destination (see Lemma
o).

Let us fix r € [k] and let i, € I be the corresponding pivot index. Let [ € I such that the
box B;,; has index X?T =1 and let V; ; be the corresponding white vertex in N;. Let us consider
all directed paths P starting at b;., moving horizontally from V;, to V; ;, moving downwards at
V;,; and then zigzagging towards any possible destination j € I. Necessarily j > [; moreover, for

| = j, there is exactly one such path from b;, to b;. For j € I and j > I, let us define

(41 73[(;,") = {Pl(jr) by, by Pl(jr) moves downwards at the white vertex V; ; },
_l(;,") = {]5;;) Vi — b ]3l(jr) moves downwards at the white vertex V; ; },

and denote by P; ; the path from the source b;, to the white vertex V; ;. Then for any Pl(jr) € 731(;)

there exists a unique path ]51(;") € 751(;) such that Pl(jT) =P U Pl(jr). Define

(4.2) = H We.

Then the weight of the path Pl(jr) is w(Pl(jr)) = HeePl(jT) we = ¢} <HeePl(j’”) we> = c?w(lf’l(;))
and, for any j € I, j > i,, the matrix entry in reduced row echelon form as in (A.2), may be

re—expressed as

N,

A = ()7, 3wl = (0 d 3w,
s=1 pMepn) i piepm

lsj =" lsj lj lj

where 0;,; is the number of boundary sources in Ji,, j[. In [62] the matrix elements A%’ are

computed using columns instead of rows.
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Finally, for any r € [k], 4, € I, 1 € I, | > i,, and such that Xlir =1, let us define the row vector
EON = B, ..., BP[), with

0 ifj<lorjel,
"y — _ _
(4.3) B =9 (v ¥ w@P)  itljelandj>L.
Pery

In the expression above the entry E](.T) [[] = 0 if there is no path moving downwards at the vertex

Vi1 and reaching destination b;. Finally we associate to the boundary source a vector
(4.4) EM[i,] = (0,...,0,1,0,...,0),
with non zero entry in the i,-th column. Then the following Lemma holds true.

Lemma 4.1. Let A be the reduced row echelon form matrix representing a given point in the
matroid stratum STVN C Gr™N(k,n) and let D be the corresponding Le-diagram. Let E(™]i],
E("“)[l], cf as in , and , with v € [k], i, € I, 1 € I, such that the box B; ; is filled
by 1. Then, the r—th row of A is

Ny
(45) Alr] = BOlin) + 32, BOl),
s=1
where the sum runs over the indexes l; € I such that the index in 18 XZ =1.

The proof is trivial and is omitted. Let us remark that the vectors E([i,], EM[l], s € N,,

form a minimal system of vectors to represent the r-th row of the reduced row echelon matrix.

4.2. Recursive construction of the row vectors E(")[l] using the Le—diagram. In Theo-
rem [.T]we provide a recursive representation for the above system of vectors using the Le-tableau
starting from the last row (r = k) and moving upwards till the first row (r = 1).

For any fixed r € [k], we first complete the system of vectors introduced in the previous
section to a convenient basis in R", given by the rows of n X n matrix E() . For r = k, we use the
canonical basis in R"™. We pass from the basis associated to the r-th row to the one associated to
the (7 — 1)-th row applying a transition matrix Cr—1: E=1) = ¢r=Lr1 B Each transition
matrix Cl"~17] keeps track of empty and non—empty boxes of the r—th row of the Le-tableau,
and is upper triangular by definition. The choice of signs in C"~171 in keeps track of the
sign changes when passing a pivot column. We also complete each set of coefficients ¢ in

to a row vector ¢, with [ indexing the column position.
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This construction is a corollary to the Lindstrom lemma in the case of acyclic graphs and, for
points [A] € Gr™ (k,n), is also the combinatorial version of the recursive algebraic construction
in [3] for a different choice of the basic vectors and therefore of the representative matrix A. In
[4] we give general rules to construct well defined systems of vectors on any network and for any
orientation.

Theorem is used in section to define a vacuum edge wave function and its dressing on

N. Such vacuum edge wave function (respectively its dressing)

(1) rules the behavior of the vacuum wave function (respectively the dressed wave function)
on I' at all marked points;
(2) satisfies linear relations at the inner vertices of A/ which are used to detect the position

of the vacuum (resp. dressed) divisor points.

Theorem 4.1. (The recursive algebraic construction) Let [A] € ST C Gr™N(k,n) with
pivot set [ = {1 < iy <ig < -+ <ix <n}. Let T and N respectively be the Le—tableau and its
acyclically oriented bipartite Le-network. For anyr € [k], j € I, let the index X;'T be as in .
Let us define the following collections of n x n invertible matrices E") | nxn transition matrices

Clr=211 and row vectors ¢, r € [k], associated to N :

(1) E®) is the n x n identity matriz and we denote its row vectors as E®[], 1 € [n];

(2) Forr € [k], define the n x n transition matriz C"=1"1 as follows:

&, ifle i, je€lnl
-1 ifl=j=rir,
Al(:])’ if l =ip, j€liy,n] and X?' =1,
(4.6) Crimt— & D i eInlinnl, 21 XN =1,
—5§~, ifl € INliy,n], xi"=0, jé€][n],
=8, ifleInliynl, € ln),
0 otherwise,

where
(a) forl,j € IN)ip,n], j >1, wl(]’") is the weight of the directed horizontal path from the
black vertex V;’Tl to the white vertex V; ;. In particular wl({) =1;

(b) forl =1, andj €I, wfjj is the weight of the directed horizontal path from the vertex

Vi, to the white vertex V;, ;.
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(8) The matrices E=1 qre recursively computed as r decreases from k to 2, by
(47) F-D — o=t o),

(4) For any r € [k], the l-element of the row vector &), 1 € [n], is

1 if l =i,
(4.8) =3 @ iy =1,
0 otherwise ,

with ¢} as in .
Then

(1) Forr € [k—1] E" is the n x n matriz such that

E®] if 1<y,
(4.9) EMI = ¢ (=1)7 A[s] if l = is, and s €]r, k],
EM1] if 1 € INiy,n), and x7 =1,

with EMI] as in and ogr = #{ir € I,7 <t < s};
(2) For any r € [k],

n N’r
(4.10) Alr] =Y g EDN = B[]+ e BV,
=1 s=1

where the second sum is over the indexes such that x}: =1.

Remark 4.1. Changing the orientation of the graph Any change of orientation in N
corresponds to the composition of elementary changes of orientation [62], either corresponding to
a change of the base in the matroid M of [A] or to a change of orientation in a cycle of the graph.
We postpone to 4] a thorough explanation of how the system of vectors on any given network
representing [A] is effected by such elementary changes and the proof that both the normalized

dressed wave function and the effective KP divisor are not affected by them.

Proof. follows immediately from Lemma and .

The first statement in , EM = E®[l] for | < iy, r € [k] is trivial by definition of the
transition matrix . The remaining statements in follow by induction in the index r as
it decreases from k to 1. Indeed, for r = k, the transition matrix Ck—1+

(1) Leaves invariant all canonical basis vectors E®) [1] for all I < iy;

(2) Transforms the canonical basis vector E®)[iy] to —A[k], if | = iy;
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(3) Changes the sign of the canonical basis vector, E®=D[l] = —E®[]], if | € IN)i,n] and
ik _ ().
X[ !

(4) Acts untrivially only if | € IN]iy, n] and xf’“ = 1. In such case, the components of E*=1[]

are transformed to

0 if j <1,
) 1 if =1,
E](k—l),z _ J '
0 if j > 1 and x}* =0,
~(k P i
| —wl(j) if 7 > 1 and Xjkzl.

It is straightforward to verify that E¢=—D[1] = EG=D[1], if | = ip_; or Xik_l =1, for I > ip_q.
Indeed if both X;’“_l =1 and X;k = 1, the white vertex V;, _; is joined to the black vertex V;,
by an edge of weight 1 so that by definition E¢=D[l] = E*=D[1]. 1f Xjk‘l =1 and X?k =0, the
white vertex V;, ,; is joined to the boundary vertex b; by an edge of unit weight and E=1) [l] =
E®E=D).

Let us now suppose to have verified , for any s € [r, k] and let’s verify it for s = r —1. By

definition
k
(4.11) Er-1 — olr=Lrlp0r) — olr=1rlorrH] plr+1) — L = <H C[Sl,s}) E)
S=Tr
Let | € IN}i,_1,n| be fixed. If X“_l = 0, then there is no contribution to Alr — 1] from the
!
vector B[] since the coefficient & ~! = 0. Suppose now that y;""' = 1 and consider the
1 l

set S = {s € [rk|: st =1} If S = 0, then the white vertex V; _,; is joined directly to the
boundary sink b; by an edge of unit weight and

E(r_l)[l] _ (_1)k—r+1E(k) [l] _ (_1)k—r+1E(k) [l] — E(T—l)[l].

Otherwise, let 5 = min S. In this case moving downwards from the white vertex V; _,; the first

black vertex that we meet is Vl’g ; and such edge has unit weight. Then, using 1) we have
E(r—l)[l] _ (_1)§—r+1E(§)[l] _ (_1)§—r+1E(§) [l] _ E(r_l)[l].
Finally let [ = i,.. In such case

Br-D}i,] = o1 B0 = Z & B[] = —Alr].
j=1

since, by definition C’j[-r_l’r]’ir = —¢% and ¢} is non zero if and only if j =i, or j € IN)iy,n] is

such that X;’" =1. (I
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Remark 4.2. Comparison with the algebraic construction in [3] Lemma and The-
orem generalize the algebraic construction in [3] for points in Gr'*(k,n) to any point in
Gr™N(k,n). The main difference is in the choice of the representative matrix: here A is the

RREF matriz while in [3] we use a matriz in banded form.

Example 4.1. Let us apply Theorem [.1] to the Le—network in Figure [29 representing Example
4.2 EW = Idgyg, the only non-zero coefficients associated to the forth row of A are ¢ =1,
& = wrg and clearly A[4] = é*E™. Then

where 0;x; is the (i x j) null matriz, while Ij; is the (I x 1) identity matriz. The third row
coefficient vector is ¢ = (0,0,0,1,wys5,waswae , 0, WasWaeW4as , WisWaeWasWag ), and A[3] =
SE®) . The transition matriz from the third to the second row C'23, the new basis vectors E®

and the coefficient vector ¢ of the second row respectively are

I33 03x6
-1 —wys —waswise 0 —WisWaeWas —WasWaeWagWag
0 -1 —W46 0 —W46W4s —W46W48W49
0[2’3] = 0 0 -1 0 —W48 —W48W49 y
O3
0 0 0 —1 0 0
0 0 0 0 -1 —W4g
0 0 0 0 0 -1
Idzxs 03x6
-1 —wys —waswie 0 WasWaeWag W4z W46WARWAY
0 -1 —wge 0 waewag Wa6W48W49
E(2) = 0[2’3]E(3) = 0 0 -1 0 Wy W48W49 y
Ogx3
0 0 0 1 wrg 0
0 0 0 0 1 W49
0 0 0 0 0 1

¢ = (0,1, w23,0,wazwas,0,0,0,0), and A[2] = 2E@) . Finally, the transition matriz from

the second to the first row CM3 | the new basis vectors EY and the coefficient vector ¢' of the
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first row, respectively, are

1 0 0 0 0
0 —1 —waz 0 —wazwss
o2l 0 0 -1 0 —Wos O5x4 7
0 0 0 -1 0
0 0 0 0 —1
O5x1 —Idyxq
1 0 0 0 0 0 0 0 0
0 =1 —w 0 wowrs woswaswae 0  —wWasWasWisWss —W23W25WAEWASWAY
0 0 -1 0 wys W25W46 0 —W25WA6WAS —W25WA6WA8WA9
0 0 0 1 wys W45Wa46 0 —W45Wa6WA48 —W45Wa6W48W49
EO =clIAE® = | o o 0 0 1 W46 0 —W46W48 —W46WA8WA9 ;
0 0 0 0 0 1 0 —W4g —W48W4a9
0 0 0 0 0 0 -1 —wrg 0
0 O 0 0 0 0 0 -1 —Wa9
0 O 0 0 0 0 0 0 -1
¢! =(1,0,0,0,ws,wiswig, 0,0, wiswiewig ), and A[l] = AR,

5. PROOF OF THEOREM B.1]oN T

Throughout this Section we fix the KP regular soliton data, i.e. n ordered real phases K =
{k1 <--- < Ky} and a point [A] € SN € Gr™N(k,n), dim SN = g. I = {i1,...,ix} is the
lexicographically minimal base of M (the pivot set for any matrix A representing [A]); T and N
are the Le-tableau and the acyclically oriented bipartite Le-network representing [A], see [62]
and, also, Appendix[A] Finally, I is the curve associated to the Le-graph as in Construction [3.1

The idea of the proof of Theorem is to extend the vacuum wave function from I'g to T’
using the network to define the values of the wave function at the double points and at the
Darboux points so that it admits a good meromorphic extension, and the divisor has the desired
properties. At this aim, we first modify the Le-network by adding an edge and an internal
vertex in correspondence of each Darboux point in I', and transform the boundary sources into
boundary sinks (see Figure . Then, in Section we use the algebraic construction of the
previous section to define a system of edge vectors and a vacuum and a dressed edge wave
functions on the modified Le—network. In Section [5.2] we use the linear relations satisfied by the
edge wave functions at the internal vertices to assign to each trivalent white vertex a pair of

real numbers, which we call vacuum and dressed network divisor numbers respectively. Finally,
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VDV, 3 yD oy, @) yD
P(3) PE,I) l:> egr) Vlr egr) Vlr |:> eir V‘r ei,. Vir
i Q —)

*p(2)
&
- ——
k; Iy b;,

FIGURE 8. The modified graph N is obtained adding an edge egf) at each pivot vertex V;, and
a white vertex nym The orientation in N is the same as in the initial network N except at

the edge el(-f).

)<-
'(248
249 v. )| 246
W7g V—Z)
V73T< <
R T L G B T S LTI
b9 bs b7 bﬁ bS b4- b3 bz bl b9 8 b7 bé

FIGURE 9. The transformation from the Le-Network N (left) to the modified Le-network N’
(right) for Example[A.2 (see also Figure[I9).

in Section [5.3] we extend the normalized vacuum and dressed edge wave functions to I' in such
a way that the network divisor numbers become the local coordinates of the pole divisors of
such wave functions, and we prove that the vacuum divisor satisfies the reality and regularity

conditions of Theorem [B.11

Definition 5.1. The planar oriented trivalent bipartite network N': Denote N’ the net-
®3)

2

to the Darboux point Pi(f’) el and let V;(D) be the white vertex at the other end of egf). Such

T

work obtained from N adding a unit edge e;”’ at each pivot vertex V;, in the position corresponding
move corresponds to Move (M2) - unicolored edge contraction/uncontraction and still represents
the same point in the Grassmannian [62]. Then orient all edges in N” as in N except the edges
egf), which point from V;, to b;,, and eg’), r € [k], which point from ViED) to Vi, for any r € [k]

(see Figure[§).

For an example of transformation from N to N’ see Figure [9]
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Remark 5.1. Data and notations. From now on we use the modified network N’ with the
orientation as in Definition and, in addition to the assumptions made in the beginning of

this Section, we settle the following notations:

(1) Ny, r € [k], is the number of filled boxes in the row r of the Le-tableauz of A, X; € {0,1}
is the index of the box By ; (see (A.5) and (A.4));

(2) The pivot indexes are denoted 1 < iy < -+ < i < n and, for any r € [k], 1 < j1 < ja <
- < jn, < n are the non-pivot indexes of the boxes B;, ;. of index X;’; =1, s € [N;];

(8) The index jo = 0 is associated to the vertices, Vi o = V;., and to any quantity referring

to them;

(4) The edges 65 J), m € [3], are enumerated with the indexes of its incident white vertex
Vivji, 7 € [k] and 1 € [0, N,] (see Fzgures@ (md@ Finally, the vertices V; ;. have two
edges which we label e( )l and ez( J)l,

(5) The families of matrices E") and vectors ¢, r e [k], are as in Theorem '
(6) E(t) = (601(5, . .,69"(5), where 0;(t) = D> né-tl and t = (t; = x,ty = y,t3 = t,t4,...)
are the KP times, and < -,- > denotes the usual scalar product;

(7) On each component of T',  is the coordinate of Definition .

In the statements of the Theorems and in the Definitions below we shall not explicitly mention

the above data.

5.1. Vacuum and dressed edge wave functions on the modified Le—network. We now
define a system of vectors (’E,EZZ) on the edges of N7 using the vectors introduced in Section
First of all, in A, for each fixed r € [k] and [ € [0 Nr] we assign the row vector E()[j] to the

vertical edge ) at the white vertex Vi, e N2 € = E([j;]. We then assign a vector also at

rjl Z ]l

each horizontal edge using linear relations at inner black and white vertices (see Definition
The vacuum edge wave function <I> f) at the edge e Ve N is just the product of the edge
vector (’3(- ™) with the vector Ey(1): <I><m) (t) == (’E(m , E( f} -

Finally, by construction, the edge vector assigned to e( ) is the r-th row of the RREF matrix,
3)

for any r € [k], and, therefore, the vacuum edge wave function at e;”’ coincides with one of the

heat hierarchy solutions generating the Darboux transformation (see Lemma |5.2)).

Definition 5.2. Edge vectors (e.v.) and vacuum edge wave function (v.e.w.) on N’.
Let the soliton data and the notations be fired as in Remark. To each edge of N', we associate

an edge vector (e.v.) and a vacuum edge wave function (v.e.w.) depending on t as follows:
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Vi,_i Vit
3) _ 3) dgp3)
“Dt = Wit Pij, + CDIPE, (- )5471(3]3 A(S_)( )= ‘ple)z(t)
it .pf3l>l(t0)
® [25.00] N
Wijy o V;
it |4
lr]l+1 \ tb(”d)(t)
1

53 —
i,-ml’:( )= ¢(r+d)(t0)
Ji

& Vlr+dll

3 (2)
PD; =@, ’ (1) _ 3) 3)_ 3) (2)_ ()
iriny irin, Viri:v, v q> = Wlm‘p:,“ Vi, |d> =wi PP =f

irj1

4"“ wW; ;
1|[e?® = (—1)i@® v (Z
irjn, ir+din, ﬂ
ﬁ !
. reo 3) _g503) (r)
Vi \ Vi in Pivean, Vim “”()— S0
ir+din, v, f(r)(t )
O trinr @) (3)
33 T"’um, ?,'(t) =, “(f) \¢(2>m—a»“’(t)/zn‘”(to)
LrydIN, ,
— Viyai, &b,

FIGURE 10. The linear relations for the vacuum edge wave function <I>(m) (t) at white and

'LrJL

black vertices [top,left]. The normalized v.e.w. @5”}2 (t) takes the same value at all the edges at

a given black vertex V; ; and different values at the edges at a given trivalent white vertex V;, j,

i1
[top right]. The same at the bivalent white vertex Vi, ;y [bottom,left] and at the vertex V;,,
ir € I [bottom, right]. Also the dressed edge wave function satisfies the same linear relations.

(2)

(1) For any r € [k], to the vertical edge e, joining the white vertex Vi, to the boundary

vertez b;,., we assign e.v. and v.e.w.

(51) 61(3) = E(k) [ZT]a (I)Ef) (f?) =< E(k) [’LT], Qfg(f) p— eair(ﬂ;
(2) For any fized r € [k] and l € [N,], to the vertical edge 6(23-1 at the white vertex V;, j we
assign
2 A(r) -
(5.2) (’Egr;l = EM)[j), f) =< GZ RN IGRS

<3)

(3) For any r € [k], to the horizontal edge €ijy, Joining the black vertex V;’TjNT to the white

vertex V; jy  of the r-th row we assign:
(==l ep(l) -= ) (@)
(1 )

(5.3) ¢®  —e®

LrJ Ny LrJNy’
(4) For any r € [k], | € [0, N, — 1], to the horizontal edge e; , Joining the white vertez V; j,

to the black vertex VZ-’]- we assign
rJl+1

1 3 3
(54) e( ) = wirjl«rl Q:'( ) L?> == QS ﬂ = wzr]l+1¢(' ) (57

rJl 1r)i+1’ irJi4+1
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(D

where w;,j, 1s the weight of e, - Here jo =0;
(5) For any r € [k], l € [0, N, — 1], to the edge eg’;l joining the black vertex V/ . to the white
vertex V;, j, we assign
B _ &M 2) G (A = =B (1) 2
(5'5) inrjl - inle + Qsirjz’ (I)irjz (f) == (’32 rJi’ 69(5 —= q)l Jl f) + ‘bl Jl(‘)

i.e. the sum of the contributions from the edges to the left and below V;, j,.
We illustrate Definition in Figure

Remark 5.2. Edge vectors and oriented paths in N'. It is easy to check that, for any given
edge e, the absolute value of the j—th component of the vector at e is simply the sum of the weights
of all the paths starting at e and having destination b; and the sign of such component depends
only on the number of boundary sources in i, j[, where r € [k] is the biggest index such that

(D

there exists a walk from the Darbouz source vertex V; ) to e. Recall that the acyclic orientation
of N is associated to the lexicographically minimal base I; therefore there is a canonical way to
count the number of Darboux sources for any path from an internal edge e to a destination b;,

and it is also straightforward to check that all paths from e to b; are assigned the same sign.

Definition 5.3. The dressed edge wave function (d.e.w.) on N'. In the setting of
Deﬁnition 5.4, for any ﬁxed r € [k] and | € [0,N,], we deﬁne the dressed edge wave function
f) on the edge e E N’ as the dressing of the v.e.w. (I>z i j

(™) (7 — o™
(5.6) W () =99 (1),

where ® is the Darbouz transformation associated to the given soliton data (K, [A]).

Remark 5.3. In [4], we generalize the construction of edge vectors (and edge wave functions) to
any network representing [A] in Postnikov class and adapt the construction in [62), [68] to express
the components of the edge vectors in case of non acyclic orientations. In the latter case one has

to deal with sums over infinite number if paths.

By construction, the system of edge vectors (’EZ( ]) , the v.e.w. <I> f) and the d.e.w. \IfZ ]l f)
on N’ solve the following linear system at the inner vertices of N " under suitable boundary

conditions.

Lemma 5.1. The linear system in N’ Let Gj(f), j € [n], be smooth functions in t. Then
there exists a unique function G.(t) defined on the edges e of N' satisfying for all t:
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(1) For anyr € [k] and 1 € [0, N,], on the unit edge 6(33. pointing in at the white vertex V;, j,,
1L @

NIk Z]l

define G L3 as the sum of the values of G, on the edges e = e;

1T Ji
‘erl:

pointing out at

@ (O =G o (O)+G o (b);

zr Jl lrjl 1r]l
(2) For any r € [k] and l € [0, N, — 1], on the horizontal edge el( - of weight w;, j, pointing in
define G NORNE

Zr Ji

) F) wlr]l+1 3 (7?)7

Cir, Ji Cir, sJl+1

at the black vertex V/

irfi+1’

where 6(3)

Bt is the unique edge pointing out at V;

(2 )

Jl+1’

(8) For any r € [k], the unit vertical edge e, joins the white vertex V;, to the boundary

vertez b;,.. Define
G e (1) = G, ();

lr][
(2 )

(4) For anyr € [N;], if the unit vertical edge e;’ , Joins the white vertex Vi, j, to the boundary

vertex bj,, define

G ey E) G]L ‘>

lrﬂl

Otherwise, the black vertex V;. , , with s = min S, with § = {s €r+1,k] : X;i =1}#0
as in the proof of Theorem is the ending vertex of e? 4= d(iyj;) = 5 —r is the

2]1’

number of pivot indexes in the interval iy, ji| and define

G ()= (-1)'G o (D).

Cirdy it aiy
In particular, if we assign the boundary conditions G;(t) = @ f} (respectively G(t) = \I! t_))
for all j € [n], then the edge function coincides with the v.e.w. of Definition (respectively
with the d.e.w. of Definition .

Proof. First let N7 correspond to an irreducible positroid cell STN € Gr™N(k,n) of dimension
g. Then, the number of variables in the linear system defined in the above Lemma is equal to
the number of edges, 3g + 2k (g + k vertical edges and 2¢g + k horizontal edges). Any trivalent
black vertex carries two equations, while each bivalent black vertex carries one condition. There
are g internal black vertices, and g — n + k of them are trivalent. Therefore the total number of
equations at black vertices is 2g —n+ k. The total number of equations at white vertices is g+ k,
since the total number of internal white vertices is g + 2k, but the univalent Darboux vertices on

N’ do not carry any extra condition. So, we may freely impose a value to n variables (edges).
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The presence of an isolated boundary sink b; implies the addition of an internal univalent
vertex joined to bj: we have a new variable (the univalent edge) and no extra condition. The
presence of an isolated boundary source b; implies the addition of a bivalent vertex V; and of an

univalent Darboux vertex V;(D)

: we have two variables and one equation.
The system is well-defined and the solution is unique because the network is acyclic. Finally

the system can be solved recurrently. (I

Remark 5.4. We remark that the linear relations satisfied by the edge vectors, the vacuum edge
wave function and its dressing at the black and white vertices (see Deﬁnition and Figure @)
are of the same type as those imposed by momentum conservation at trivalent vertices of on—shell

diagrams in [7, 8] (formulas (4.54) and (4.55) in [1]).

Comparing Theorem [4.1] and Definition it is not difficult to prove that the e.v. at the
Darboux edge egf) coincides with the r—th row of the RREF matrix A (see equation |5.8 below);

therefore the v.e.w. at the same edge is f(") (f) as required in Theorem (3.1

Lemma 5.2. Let the soliton data and the notations be fized as in Remark[5.1 Let the e.v. and

v.e.w. be as in Definition 5.4 Then,

(1) for any r € [k] and l € [N;], the edge vector at the edge joining V; j,, Vi . is

irji
Ny
3 ) E
(5.7) e’ =N B[],
s=l

(2) for any r € [k] the edge vector at the edge eg’) is the r—th row of the RREF matrix
representing [A] € Gr™N(k,n) and the v.e.w. is the r—th generator of the dressing

transformation associated to the soliton data (IC,[A])
(538) e =apl, 8P =00,

Therefore the d.e.w. satisfies \Ill(f) (t) =0, for all v € [k] and for all t.

The proof of the Lemma easily follows comparing (5.7) and (5.8) with (4.2)), (4.7), (4.8) and
([@.10) in Theorem [4.1] and with (5.1))-(5.5) in Definition

As remarked in the proof of Lemma the edge vectors and vacuum and dressed edge wave
functions on AV may be recursively computed using Theorem starting from the last row of

the corresponding Le—diagram (r = k) and moving up decreasing the index r till » = 1. For
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simplicity, we illustrate the algorithm for the edge vectors only (see also Figure |10 for the edge
wave functions).

Algorithm for the edge vectors: For any r € [k]:

(1) If N, = 0, i.e. all the boxes of the r—th row of the Le—diagram contain zeros, assign to
the white vertex V, the vector E(™[i,] = E*+D[;.] and proceed to (3);
(2) Otherwise:

(a) Start from the leftmost white vertex of the line, V; and assign to the edge joining

Ter

Vinjn, and V],  the edge vector

o)

i'err

= E[jw,]

(b) For any [ from N, — 1 to 1, assign to the edge joining V!

i, and Vi 5, the vector

g &

C) R
ir]l - wZ'P]l+l ZTjH»l

¢ + EM[j).

(c) At the white vertex V. assign the vector
3 3 oy
&0 = iy @), + EOlir] = Al

and go to (3).

(3) If r =1, just end. Otherwise set the counter to  — 1 and repeat the whole procedure.

Example 5.1. We illustrate such procedure for Example (see Figure E[m’ght/ ). At the hori-

zontal edge joining Vis and V)5 we assign the edge vector
65{? = E®[5] + w46€4(13é) =(0,0,0,0,1, w46, 0, —w46was, —Wa6W4sW49),
since QEEE)G) = E®)[6] + w4g€f’) = EOV6] + wag(EG)[8] + wa E®)[9]), and the edge wave function

‘Pffg (t) = e 4 1w45e?D — wygw45e”D — wygwigwiee?®.
At the horizontal edge joining Vas and Vi, we associate the edge vector (’3;‘? = EQ)[5) = —foé)

(compare with Example and the edge wave function (Dg? (t) = —q)ii) (t) for all times t.

5.2. The vacuum and dressed network divisors. We now assign two real numbers, a vacuum

©) and a dressed network divisor number 7.@), to each trivalent white

P va
network divisor number ~; i i

vertex of A/’ using the linear system considered in the previous section, after choosing a convenient
initial time ¢, with respect to which we normalize the wave functions. The fact that, for any
soliton data (K, [A]), there exists a proper choice of time #y such that both the vacuum and

the dressed wavefunctions are non zero at all double points using a is an essential condition to
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construct non-special (vacuum and dressed) divisors on I'. In particular, we use the fact that
the all horizontal edge vectors on the r-th row have the highest non-zero component in position

jnN,, and these components share the same sign.

Lemma 5.3. Choice of the initial time. Let the Le-network N, the v.e.w. CI> {) and the
d.e.w. \I/ f) be as in the previous section for the soliton data (KC,[A]). Then there exists xo

such that for all real x > xq:

(1) The signs of <I)£ ;l (2,0,0,...) and <I)§ ;z (2,0,0,...), for any given | € [0, N,], r € [k], are
equal to the sign of their highest non zero coefficient;

(2) The d.e.w. \Ifl( jl)(a: 0,0,...) # 0 on any edge egnjl) distinct from the Darbouz edges,

e @ {el?) : e [K)}.

Proof. The first statement easily follows from the definition of the vacuum wave function, since
no edge vector is null. For the second statement we recall that we use the reduced Darboux
transformation if the soliton data belongs to a reducible cell. Therefore, we assume without
loss of generality that [A] belongs to an irreducible cell. The Darboux operator ®© is a regular
k-th order ordinary linear differential operator, and the d.e.w. is identically zero by definition
at the Darboux edges egf), r € [k] and nowhere else. At all other edges the d.e.w. is a linear
combination of real exponentials divided by the 7-function. For this reason, the d.e.w. has only

finite number of real zeroes, and, if xg is sufficiently big, \PEZ? (2,0,0,...) #0. O

Definition 5.4. The vacuum network divisor Dyac n' and the dressed network divisor

Dar - Let @5:’;3 (), \I/(m (t) be the vacuum and the dressed edge wave functions on the edges

e™ m e 3], at V;,j, of the network N'. Let ty = (20,0,0,...) be fived as in Lemma .

trjr’

We assign a vacuum network divisor number 'yl-(:’jalc) to each trivalent white vertex Vj, j, (r € [k,
le[0,N, —1]):
(1) (N
5.9 = jz< O = e,
' ir] 3 Ing

We call the collection of the g pairs: Dyae 7 = {(%V;C Vioj)s L €10, N.—1],r € [k]} the vacuum

network divisor on N”.



46 SIMONETTA ABENDA AND PETR G. GRINEVICH

Analogously, we assign a dressed network divisor number %(:ljrl) to each trivalent white vertex

Vi,j, mot containing a Darboux edge (r € [k], l € [N, —1]):

1 1)

(5.10) (dr) _ ¥i,jto) _ Vi)
' Tirit = G0 7y 0@ 1y @ (5
wz(to)+ wz(tO) wz(to)

We call the collection of the pairs Day nr = {('yi(i?,‘/;rjl), l € [N, —1],r € [k]} the dressed

network divisor on N”.

Remark 5.5. We do not assign neither vacuum nor dressed network divisor numbers to vertices
connected with isolated boundary vertices, since these vertices are not trivalent in our construc-

tion.

Remark 5.6. If the Le-network corresponds to a point in an irreducible positroid cell in Gr ™N(k,n),
then Dy, A 18 a collection of g — k pairs. If the Le-network corresponds to a point in a reducible
positroid cell in Gr™"(k,n), and the reduced cell belongs to Gr™N(k',n’), then Dy, nv is a

collection of g — k' pairs.

Remark 5.7. The vacuum and the dressed network divisors in Definition are constructed
using a certain orientation of the Le-network, but they behave differently with respect to changes
of orientation and of the Darboux points positions [4]. Indeed, any such change induces an
untrivial transformation of the vacuum network divisor numbers. On the contrary, in case of
changes of orientation, the dressed divisor numbers transform in agreement with the change of
coordinates induced on the components of I'. Moreover, the dressed divisor numbers are invariant
under changes of Darbouz points positions. Therefore the position of the KP divisor in the ovals
is independent on both the orientation of the network and the position chosen for the Darbouz

source points.

In the next Lemma, we normalize the v.e.w. previously defined and characterize the vacuum

network divisor.

Definition 5.5. The normalized vacuum edge wavefunction ®, and the KP edge wave
function . Let @EZ? (t_) and \Ilg?;l) (t_) be the vacuum and the dressed edge wave functions on N’
with t_E) as abowve.

Then the normalized vacuum edge wave function on N is

(m)
i o™ (7
(5.11) b (F) = — it @

o™ (7))’

irJl

le€]0,N,], r€[k], me[3],
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and the KP edge wave function on N is

l7]l -E)

~ (m m)
(5.12) ¥R = (@)
@eieir(ﬂ

Deilir (o)’

, for allm € [3], 1 € [N,], r € [K],
ifm=3,1=0 ie on the Darboux edge ez(»f), r e [k].

Lemma 5.4. Let (K,[A]) and ®, ¥ be as in the Definition with ty = (x0,0...) as in
Lemma[5.3 Then they have the following properties:

(1) Z ]l f} and O™ f) are regular functions of t for any r € [k], 1 € [0, N,], m € [3)];

Tr ]l

(2) () (U(i) respectively) takes the same value on all edges at any given black vertex and
any given bivalent white vertex;

(3) For any fized v € [k], j € [N, — 1], ®() ( (i) respectively) takes different values on
the edges at the white trivalent vertex V;, j, for almost all t, and the vacuum and dressed

network divisor numbers fy(vac) (dr) defined in are the unique numbers such that

gy’ Vi rii’
— vac) (1) (vac) = (2) -
Zr]l ﬂ l rJl l ]l Ej + 7, rJl )q)irjl (Ejv \V/ta

BB — (dr) g, (1) (dr)y§,(2) ng
1TJl t_> = Pyirjl \Ijirjl (5 + (1 - ’Yile ) irJl (5 Vit.

Moreover, all 71-(:?;) are positive;
(4) For any r € [k], such that b;, is not an isolated boundary vertex, the normalized v.e.w.
takes different values on the edges at the white trivalent vertex V;, for almost all t, and

(Vac defined in s the unique positive number such that

D0 =D + (1D, i

'Lr

If, for some r € [k], bi, is an isolated boundary vertex, the white vertex V;, is bivalent
and <I>(3 (t) = (I> f) = exp(0;, (t —tg)), Vi:
(5) For any r € [k], the normalized KP edge wave function takes the same value on the edges

at the white trivalent vertex Vi for all t,
RGERIRORER RO}

(6) The set of normalized v.e.w. <I> f} defined at the vertices V;, , r € [k],
(a) Form a basis of heat hzemrchy solutions which satisfy 53(1) f) =0, foral r €
k], £, with ® = WOk = 0% — 1oy (£)0F 1 — wo(1)05~2 — -+ — vy (t), the Darbouz

transformation and W the Sato dressing operator for (IC,[A]);
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(1)

@@@ »»»» 6

: - e
6 bs by b3 b, by ky

FIGURE 11. The vacuum divisor (crosses) on the M—curve I [right] for Example the local
coordinate of the vacuum divisor point on the component I';; C T' [right] is the divisor number

of the vertex Vi; on N [left].
(b) Generate the KP soliton solution u(t) associated to (K, [A])
u(f) = 205, log(r(D), 7B = Wi (dP(@),..., 8 (7))
where Wry, denotes the Wronskian of @)S) (t), r € [k], with respect to x = t;.

The proof is trivial and is omitted. We illustrate the above statement in Figure

Example 5.2. Let’s compute the normalized vacuum edge wave function for Example [5.1]. At

the vertex Vys the normalized vacuum edge wave function is

$® (f) = efs(0) 4 w46€96@ — w46w48698(£) - w46w48w49€99@
45

e05(80) 4 wygefs(fo) — wygwygeds o) — wygwygwgeds @)
At the vertex Vas we associate the opposite edge wave function @g? (t) = —@i? (t) and the same
3(3)
@45

normalized edge wave function ég? (t) = (t) for all times t. We leave as an exercise to the

reader the computation of the vacuum divisor numbers for this example (see also Figure .

5.3. From the edge wave functions on the network to the wave functions on the curve
I". In this section we define the normalized vacuum wave function gZ;(P,f) and the normalized

KP wave function 1&(P7 f) on the curve I' using the following construction:

Construction 5.1. The normalized vacuum and KP wave functions on I'.

(1) On each component I'; ;. of I' corresponding to a white vertex V; j, carrying a vacuum
(dressed) divisor number we assign a vacuum (dressed) divisor point P va) (P(d]r ) with
coordinate equal to this number;

(2) On Ty the normalized vacuum (dressed) wave functions coincide with the normalized

vacuum (dressed Sato) wave functions respectively;



M-CURVES FOR LE-NETWORKS AND KP-II SOLITONS 49

(3) On each marked point of I' the value of the normalized vacuum (dressed) wave func-
tion is assigned equal to the value of the vacuum (dressed) edge wave function on the
corresponding edge of N';

(4) On each component of T\I'g carrying no divisor points the corresponding function is
extended as constant function in the spectral parameter. We use here that on each such
component the values of the normalized (vacuum or KP) wave function are the same at
all marked points;

(5) On each component of T'\I'g carrying a divisor point the corresponding function is ex-

tended to an order 1 meromorphic function in the spectral parameter with a simple pole
(vac) égi;s (to)
irjs - @(3) (_'0)’

irls

at the divisor point. More precisely, for r € [k| such that N, > 0,
s €[0,N, — 1], and

b; (¢, 1) = QSJS HC-1+ (I)(Q) BC
Lr)s\S9 (3) ( ) (C N Vac))
lr]s irls

where qgirjs(g,t_) denotes the restriction of the normalized vacuum wave function to the

(1)
(dr) _ \Ijzr]s( O) s e [NT _ 1],

—

component I'; ;.. Similarly, for v € [k] such that N, >0, Virjs = 30 )’
irjs

and

' v ()¢ ), ()¢
$i,3. (¢, 1) = T “r‘“
J (@ >(< %:33)

where @Zsirjs((:,f) denotes the restriction of the normalized KP wave function to the com-

ponent I';_ ;.. ¢ is the local coordinate on this component.

The vacuum divisor Dy,er is the sum of all points Pi(:;ic), r € [k], j € [0, N, — 1], assigned at
I'\I'y, and it contains no points at I'y. The KP divisor Dkp r on I' is the sum of all points P&?,
r € [k], j € [N, — 1], assigned at I'\I'g and of the Sato divisor Dg r, (to) on I'g.

Finally, we check that we have the correct number of divisor points at each oval.

Theorem 5.1. The vacuum divisor (Theorem D . ¢ as in Construction s the real
and regular vacuum wave function on I' for the soliton data (IC,[A]), that is it satisfies all the

properties of Definitions and[3.4] on T\{Py}. In particular, it satisfies (3.5), that is

3 7 >y A exp(6i(F)
i1 Af exp(6i(to))”

where A is the RREF representative matriz in [A]. Finally the vacuum divisor Dyaer = {]ng‘;jC)}
ofqg satisfies:

forr e [k], Vi,
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NEIRERE 0012 2 000x =000 0 0 0 0 [1]1]1] 1 a @ 0 —xg —2 0 0 0 0 0
[T 1Te 0000 01000 0 000 0O 0 0 0 11 00 0 1 m xzs 00 0 0o 0
KK 0000 0010x a 000 0 0 0 0 [REERE] 00 00 O 0 10 —z —x7 —xg
HEEE 0000 00000 0 010 —z —2 —a 0 1 00 00 O 0 01 x a0 O
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FIGURE 12. We illustrate Case b) in the proof of Theorem for the example discussed in
Remark[5.9

(1) It consists of g simple poles and no pole belongs to I'y;

(2) There is exactly one pole on each componentT'; j, corresponding to a trivalent white vertex
in N';

(3) For any finite oval Qg, s € [g], let vs = #{Dyac,r N Qs} and ps = #{Pi(TS) € Qg r € [k]}

respectively be the number of poles and the number of Darboux points in Qs. Then
(5.13) Vs + its = odd number, for any s € [g];

(4) Let vy = #{Dyac,r N Qo} and po = #{Pz(rg) € Qo, r € [k]}, respectively be the number of

poles and the number of Darbouzx points in the infinite oval y. Then
(5.14) vy + po — k = even number.

Let us remark that k — po is the number of Darbouzr source points not belonging to the

infinite oval g, therefore, equivalently,

(5.15) vy = #Darboux points not belongig to 9 mod 2.

Proof. The only untrivial statements are properties and . Copies of CP! corresponding
to isolated boundary sources contribute to the counting only with a Darboux point, while those
corresponding to not isolated boundary sources contribute with a pole and a Darboux point.
Moreover, by definition, all poles have positive (—coordinate so that:
(1) for any fixed r € [k] and [ € [N,], the finite oval €, j, may contain only poles belonging
either to I'; j or to I'; j,_, or to I'; _,, with d € [k —r];
(2) Qp may contain only poles belonging to I'; , with r € [k].
Let’s prove first.
Case a) First of all, consider the simplest situation in which the only Darboux point belonging

to Qq is Pi(lD). In this case, po = 1 in N’ since I';, N Qy # 0 if and only if s = 1. The pole on T';,
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has (—coordinate
1 —
(vac) _ (V) (f) =0
11 q)(l)(t_b) _1_691-1(150)

i1

7

and sign(CD(ll)(t_E))) = (—=1)¥=! by construction (compare Lemma |5.4| with Theorem . Then, if

k is even, %(lvac) > 1, the vacuum divisor point Pi(lvac) € Qp, vp = 1 and (5.14)) holds. If £ is odd,
0< 'y(vac) <1, Pi(lvac) ¢ o, vg = 0 and ([5.14]) again holds true.

11

Case b) Otherwise, the oval g contains d > 1 Darboux points PZ-(S?),. . P.(D), 1 <s1 <

is
«+- < 8q < k. Then, for any [ € [d] , there exists an index 7; satisfying 1 < i5, < j1d< isy < J2 <
o+ < ig, < Ja < n such that, for any fixed [ € [d], if i5, = J; then bi, is an isolated boundary
source in N (an isolated boundary sink in N'); otherwise 7; is the maximum non pivot index such
that there exists a path from the boundary source bisl to the boundary sink bj,.

In this case, in N, Qo NT;, # 0 if and only if r € {s1,...,s4}. For any fixed [ € [d], we apply

the argument of Case a) to the subgraph of A/ containing only boundary vertices between bisl

and by, and again (5.14) holds true. We refer to Figure (12| for an illustrating example.

To prove (b.13]), we treat separately the cases:

(1) The finite oval €2; j, does not intersect I'o;

(2) The finite oval €2;, j, intersects I'y;

In the first case there are no Darboux points belonging to €2;, ;,, whereas the only poles which
may belong to €); ; are those belonging to the upper components I';, ; and I';_; ,. Let is be
the biggest pivot index such that there exists a component with the first index i, intersecting
€Y, j,- By construction, the vacuum wave function has the same sign at all horizontal edges with

the same first index at time %o, and sign @Ef])-l (to) = (—1)*"sign @Efj)-Ns (to), sign q)gf])-l_l(ff)) =
(—1)""sign (IDSJ).NS (to). Therefore, only one pole belongs to €, j, since @Ef])-l (to) @Ef;l_l(t_b) > 0.

In the second case let us denote sy, and sg respectively:
s, =min{s € [n],ks € Q;, 5}, sr=max{s € [n],rs €, }.

Let us remark that s;, and sp may be both pivot or non-pivot indexes. Let us also introduce an

(vac)
R

index vy, which tells whether the divisor point 75, ’ belong to €;_;, if sgp € I.

0 ifspdl
Vsp =3 0 ifsgpeland )¢,

(vac)

1 ifsgeland vs, =~ €8, -
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Then

a5 = (1P, g2 )= (0
Therefore
(5.16) sign ( Ej) (tO) 5]) <t0)> — (_1)#(]5L,8R}01)+V5R.

If sg—sg, > 1, then the boundary of €); ;, includes components associated to the boundary sources
n |sr, sg[, behaving like components of the infinite oval in the intersection with €; ;. Using
we immediately conclude that oy (i,, 5;), the number of divisor points on the intersection of
€, ;, with such components, is equal to the number of Darboux points in |sz,, sg[ not belonging
to €, ;, mod 2.

Therefore, substituting (i, j;) into we get

(517) Slgl’l ((I)(2) 1('&)) (I)( ) (F )) ( l)ﬂo(ir’jl)'i'/lirvjl—"_l/SR,

trJl— irJl

where p;, j, is the number of Darboux points in €2;, ;.
If Do (ip, Ji)+ i, jy+Vsp = 0 mod 2, then #({*y(vac) (vac) }NQ;, j,) = 1, otherwise #({fy(vac

iryJi—1" 7‘7‘]1

Qimjl) =0 mod 2, and the proof of li is complete. ([

Remark 5.8. One may adapt this proof to check directly that the KP divisor has exactly one

divisor point at each finite oval and no divisor points at the infinite oval, see [9].

Remark 5.9. The effect of the isolated boundary vertices on the effective vacuum
divisor. Any KP soliton solution is associated to an unique irreducible cell in Gr™N(k' n')
which is obtained eliminating all isolated boundary vertices from the Le—diagram. Let I be the
pivot set. The elimination of an isolated boundary vertex bj, j € I, does not affect the vacuum
divisor. The elimination of an isolated boundary vertex b;,, is € I, produces a change of sign
in the matriz elements in all the rows r € [1,s — 1] which lie to the right of the is—th column.
This change of sign is automatically encoded in the basis of vectors by the recursion associated to
the reduced matrixz, and effects both the sign of the vacuum edge wave function and the position
of the vacuum divisor not just in the oval where we remove I';,, but also in all the ovals to the
left and above it. We show an example in Figure [I3 of both the reducible and reduced vacuum
divisors. The original Le—-diagram in Fig@[above left] has RREF matriz A depending on 10
positive parameters x;, 1 € [10] and the corresponding reducible rational M—curve is shown in
Fig@[bottom left]. The crosses are the divisor points of the KP vacuum wave function: here
k=5,d=2, 8 =1, s9 =4,14 =3, i4 = 12, j1 = 10 and jo = 16. The infinite oval

(vac)

iryJl1—1" lr»]l

n
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FIGURE 13. The Le-tableau and vacuum edge wave function on the modified Le-network for
soliton data in Gr™(2,4). ®3() = —ef3(D _ (w1 +w24)694®, while ®23(t) = FZIONETSEION

Qo intersects T's and T'12 and py = 2. <I>(112)(t_6) has the sign of the entry A, = —xg < 0,
d@)(tg)) = exp(f12(ty)) > 0 so that vgac) > 1 and Pl(;ac) € Q. @él)(ﬁ]) has the sign of the
entry Aly = (z3w5)/x4 > 0, 2 (fy)) = exp(f3(f0)) > 0 so that 'y:gvac) <1 and Pévac) Z Q. In
conclusion vg =1 and k + po + vo = 8 is even.

The reduced Le—diagram and the reduced matriz (see F: ig@[top, right/) are obtained eliminat-
ing, respectively, all isolated boundary vertices. This transformation corresponds to the elimina-
tion of the component I'g in the reducible rational curve (Fig@[bottom right/) and to the change
of the vacuum pole divisor points (crosses) in the oval Qg which corresponds to Q39 and in all
the ovals to the left and above such oval. All other vacuum divisor points (crosses) in the ovals

to the right and below respectively of Q39 and of sy are the same in Figure [bottom, left] and
[13/bottom, right].

6. CONSTRUCTION OF THE PLANE CURVE AND THE DIVISOR TO SOLITON DATA IN Gr'P(2,4)

AND COMPARISON WITH THE CONSTRUCTION IN [3]

Gr™P(2,4) is the main cell in Gr™N(2,4) and its elements [A] are equivalence classes of real
2 x 4 matrices A with all maximal minors positive. Such matrices are parametrized by the four
weights of the Le-tableau (see Figure , wij, © = 1,2, j = 3,4, and may be represented in the
reduced row echelon form (RREF),

(6 1) A— I 0 —w —w13(w14 + w24)

0 1 1w W23W24
The generators of the Darboux transformation ® = 92 — 1 (£)9, — s (t) are
(6.2)
f(l)(ﬂ = eel(t—) — w13€93(t_) — w13(w14 + w24)604(t—), f(2) (5 = 602(5 + w23€93(t_) + w23w24694(5.
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In 3] we have proposed a plane curve representation of I'(¢) for soliton data in Gr'"(2,4) as
the product of a line, a quadric and a cubic and we have desingularized I'(¢) to a genus 4 M-
curve. In [2] and [5], we use the reduced Le-network G,eq to implement the construction of the
present paper, and represent I'(G,eq) by five lines. We recall that the elimination of CP! copies
associated to bivalent vertices is fully justified since it does not effect neither the properties of
the desigularized curve (see Section nor the divisor (see Remark [3.8)).

In [5] we also desingularize I'(Gyeq) to a smooth genus 4 M—curve on which we numerically
construct real-regular KP-II finite gap solutions, while in [2] evidence is provided that the
asymptotic behavior of the KP soliton zero divisor in ||(x,y)| > 1 for fixed time t is consistent
with the characterization in [17].

In this section, we discuss the same example with a different spirit from our previous publica-

tions: we represent

['(Greqa) = To U T3 U o3 U Xhs LIS,

as five lines which are the limit of two lines and a cubic representing

L) =TouUT1(§)UT2E), £€>1,

so that I'(Greq) = I'(00). We present the topological model of both I'(Gyeq) and I'(§) when £ > 1
in Figure [16]top].

['(¢) in Section is the reducible curve obtained by the intersection of two lines representing
Iy and T'2(€) and a cubic representing I';(£), such that

1 (00) = T3 L Bz LI Xy, [y(00) = T3.

We remark that the above representation of I'(§) is different from that proposed in [3]. We also
compute the KP divisors both on I'(G,eq) and T'(€). For £ > 1, the KP divisor on I'(£) coincides
at leading order with that of I'(Geq) in appropriate coordinates. We remark that the KP divisor
is independent on the plane curve representation. Finally, we desingularize both I'(G,eq) and

I'(§) to genus 4 M—curves.

6.1. A spectral curve for the reduced Le—network for soliton data in Gr™ (2,4) and its
desingularization. We briefly illustrate the construction of the rational spectral curve I'(Gyeq)
for soliton data in Gr™¥(2,4). We reduce the degree of the curve from 11 to 5 by eliminating the

CP! components corresponding to bivalent vertices in G. We represent the topological model of
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FIGURE 14. The topological model of the spectral curves I'(G) [left] and I'(G,oq) [right] for
soliton data GTTP(Q, 4). In both figures, the value of the KP edge wave function is the same at

all points marked with the same symbol.

I'(G) and of I'(Gyeq) in Figure at all double points marked with the same symbol the value
of the normalized dressed wave function is the same for all times.

The curve I'(Greq) is the partial normalization of the nodal plane curve IIp(A, u) = 0, with
IIy as in , and it is the rational degeneration of the genus 4 M—curve I'; in for ¢ — 0.
Here we modify the plane curve representation in [5] so that the plane curve representing I'(§)
is a rational deformation of ITy(A, p) = 0 for £ > 1. We plot both the topological model and the
plane curve for this example in Figure

The reducible rational curve I'(G,eq) is obtained gluing five copies of CP': T'g, g, Ta3, Xhg
and Y,, and it may be represented as a plane curve given by the intersection of five lines. To
simplify its representation, we impose that I'y is one of the coordinate axis in the (A, u)-plane,
say p = 0, that Py € Ty is the infinite point, that the lines X5, X5, are orthogonal to I'g, that
I'y3 is parallel to the first bisector and that I} and I's3 intersect at a finite point as:

(6.3)
To:pu=0, Tis:pu—cis(A—k1)=0, Tog:pu—A+K3=0, Zhs: A—re=0, 3, : A —rkg=0.

Notice that here we do not follow the generic construction of Section and use parallel lines.
We choose

(Ko + K4 — 2k3) (k4 — K3) (K2 — K1) + (k3 — K1) (K3 — K2)?
(k4 — K1) (K2 — K1) (K2 + K4 — 2K3)

(6.4) c13 =

)

so that it coincides at leading order in ¢ with the coefficient of the line I'9(&) in . Our
representation fits generic values of x;. The figures in this and the following sections all refer to

the case ko + kg4 — 2Kk3 < 0.
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FIGURE 15. The topological model of spectral curve for soliton data Gr 1T (2,4), T'(Gyeq) [left]
is the partial normalization of the plane algebraic curve [right]. The ovals in the nodal plane

curve are labeled as in the real part of its partial normalization.

As usual we denote g the infinite oval, that is Py € o, and Q;, j € [4], the finite ovals (see
Figure [15]). Since the singularity at infinity is completely resolved, the lines 355 and 3, do not
intersect at infinity. Finally the ovals 27 and €4 are both finite since neither of them passes
through Fp.

The relation between the coordinate A in the plane curve representation and the coordinate ¢
introduced in Definition may be easily worked out at each component of I'(Gyeq). On I'}5, we
have 3 real ordered marked points, with (—coordinates: {()\:(32)) =0< C()\g)) =1< C(/\gz)) = 00.
Comparing with we then easily conclude that

k1(kg — K2)C + (K2 — /<c1)/<4.

A= (k4 — K2)¢ + (K2 — K1)

On X, we have 3 real ordered marked points, and the following constraints: ,u()\gl)) = p(k2) =0,
plan) = ko — K3, plag) = ,u()\g)) = c13(k2—k1). Similarly on ¥),, we have 3 real ordered marked
points, and the following constraints: ,u()\él)) = p(ke) =0, p(aa) = kg — K3, plag) = u()\?)) =
c13(k4 — K1). Analogously, on I'yg in the initial { coordinates we have 3 real ordered marked
points and ((ay) =0 < ¢ ()\gl)) =1 < ((a1) = oo, therefore the fractional linear transformation

to the A is:
ko(kg — K3)C + (K3 — K2)Ka
(kg — K3)C+ (K3 — K2)

We remark that I'j5 and T'g3 intersect at

A:

w3 —cizk1 ci3(ks — K1)
C13 — 1 ’ C13 — 1 ’

(6.5) o5 = (g, ) = (

which does not correspond to any of the marked points of the topological model of I' (see Figure

15). Such singularity is resolved in the partial normalization and therefore there are no extra
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conditions to be satisfied by the vacuum and the dressed wave functions at as. Finally I'(Greq)

is represented by the reducible plane curve Ily(\, u) = 0, with
(66) Ho()\,,u,) = U~ (M - 013()\ - /11)) : (/\ - KJQ) : (,u — A+ I<63) : ()\ - I<d4).
The desingularization of I'(Greq) gives a genus 4 M—curve I'; for the following choice (0 < ¢ < 1):

To(\, 1) +2 (A= X5)2 Co(\, ) =0, if 13 # 1,

(6.7) | II(A, p;€) =
Ho()\, ,u) + 5200()\, ,u) =0, if ¢13 = 1,

where A5 is as in and Cj is a cubic polynomial in A, x,

Co(A 1) = Bo + BroA + Boap + B2,oA> + Bag A + Boap® + B30 + Boi A+ BiaAu® + Bo s,

of which we control the sign at the marked points. If ko + k4 — 2k3 < 0, the conditions are
sign (Co(k1)) =sign (Co(ae)) #sign (Co(kj)),sign (Co(ay)), for j=2,3,4,1=1,3,4,

(see also Figure [bottom, left]). The case ko + k4 — 2k3 > 0 can be treated similarly. For
instance, possible choices are Cy = —(35\% + 13 +70A?) for K = {3, —1,2,3}, and Cy = u? — 35
for K = {—3,-1,2,6}.

In Figure [I6[left], we represent the topological model of I'(Gyeq) [top], which is the partial
normalization of the plane curve Il = 0 [middle] and the oval structure of the plane curve I'.
as in when ko + k4 — 2k3 < 0. We remark that the normalized KP wave function takes the
same value at all points marked with the same symbol in Figures [14| and

6.2. Construction of I'(§) as in [3] starting from I'(Gyeq). In [3] the reducible curve I'(§) =
Ty UT1(&) UTy(E) is obtained gluing the three rational irreducible components, I'g,T'1(§) and
I'y(€), at prescribed real points whose position is ruled by the parameter £ > 1. In Figure
[top,right], we represent the topological model of T'(¢) for soliton data in Gr™(2,4) and call

¢ the local coordinate introduced in Section 4 in [3]. For instance the point ap € I'1(§) has
local coordinate ¢ (az) = ¢! and is glued to the point )\52) € T'2(¢) having local coordinate
() = 1.

The plane curve I'(£) constructed in this section satisfies I'(co0) = I'(Greq), S0 it is more suitable

than the one presented in [3] for comparing the two models curves and the KP divisors:

(1) Iy is the same rational component both for I'(G,eq) and I'(§), and we represent it by the

line g = 0 in both cases;
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FIGURE 16. For the same soliton data in GTTP(2, 4) we compare the topological model of the
spectral curve [top], its realization as a plane curve [center] and the oval structure of the smooth
genus 4 M—curve [bottom] for the reducible rational curves I'(G,oq) = T'o U3 U Tag U X3 LI X5y
[left] and T'(€) = T'o UT1(€) UT2(€) [right]. In all figures the value of the normalized KP wave
function for given soliton data in GrT (2 4) is equal for all times at the points marked with the

same symbol.

I'1(€) is a rational component which may be obtained from I'y3LI1¥9311394 desingularising
it at the double points o; and ay. This transformation effects the position of the marked
points a; = a;(£) and j = 2,3, which have A-coordinates Ao¢ = A(ag) = ko + O(£71)
and 3¢ = A(ag) = k1 + O(E7!) (compare with Section 7 in [3]). Then I'i(£) may be
represented by a cubic depending on £ which tends to the product of the three lines when

& — 0.
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(3) I'2(¢) has three marked points: )\52) is glued to k1, while )\5.2), j = 2,3 are glued respec-
tively to «j, 7 = 2,3. Then I'y(§) may be represented by a line which tends to that

representing I3 when { — oo.

The above ansatz is consistent with the fact that, for any fixed £ > 1 and for all times, the
normalized KP wave function on I'(§) coincides exactly with that of I'(Geq) at the marked
points k;, j € [4], and at leading order in £ at the marked points ag, a3 (see Figure .

Let us now construct a plane curve I'(§) satisfying the above requirements. I'¢ is the line =0

as in the previous section. We require that I'2(€) is a line passing through the point (k1,0)

(6.8) [2(8) + p—c13(§)(A = K1) =0,

where c¢13(€) tends to ci3 as in in the limit & — oo, so that the line I's(c0) coincides with
that representing I'}5.

I'1(€) is a cubic which degenerates to the product of the three lines representing I'y3,X55 and
Y5, in the limit £ — co. We make the following choice

(6.9) Ti(¢) : §—023(§)()\—/‘62)()\—H3 — 1) (A — Kg) = 0.

The coefficients c13(&), c23(€) are uniquely defined by the conditions that I';(£) and T's(€) intersect
at the real points ay = as(€), a3 = asz(€) such that in the local coordinate ¢ used in 3]
Clan) = €71, ((a3) = € (see also Figure 16| [top,right]). In the coordinate A used throughout this

section, we have

_ 2ko(ka—k3)+(1—8) k3 (ka—K _ Ka(Kk3—kK2)—K3(Ka—K
hae = Mez) = SEEESGT G A = M) = SIS

The third real intersection point between I';(£) and I's(€), a5 = a5(€), has then A\ coordinate

(6.10)
Ase = Mag) = (M2,eX3,6/1—(Na,e+A3.6) (1 K2t R1Ka—Kaka) —K3 (Ka—K1)—K] (ke —K1)+R1K2K4
5,6 = 5 A2,eA3.e—R1 (A2 e+ A3 ¢)FR1R2FR1R4—R2K4

while the coefficients satisfy

4

Noedaehag + Asg = D ki) FriAog +Ase) D kj— mi(A3e + M5+ D Kiky) + Rakzka
j=1 J#1 I<i<yjsd -1
o _ =13+ O )
13(6) (Ao = r1)(A3,e — K1) (Ao + Az — ko — Ka) e

L c13(§) (Ao e — K1) _ ks — K1) (k2 — k1)(k2 + Ka — 2K3) .
B = e~ A1) O — r)(ers ()0 — A1) e T ) (s — m)(ms — )t — )(ma —m)? T OE )
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Therefore I'(£) is represented by the plane curve
(6.11)

0E) s M) = p(p—en@O— ) (’g — en3(§)(A = ra)(A = g = p)(A — n4>> =o.

We represent both the plane curve (Figure[L6[right,middle]) and its partial normalization (Figure
[L6[right,top]) in the case k2 + k4 — 2K3 < 0.
The genus 4 M—curve, I';(§), obtained from T'(§) is then a perturbation of I'c, under the

genericity assumption c13 # 1:
(6.12) I.(¢) : (N, ps€) = TIe(A, p) + €% (A — A§7§)2 Co(\p)=0, 0<e<l,

where A5 ¢ is as in (6.10]), and the coefficients of the cubic polynomial Cy coincide with those in
(6.12), for ¢ fixed and sufficiently big. In Figure [right,bottom]7 we present the oval structure
of I'.(£) as in (6.12)) in the case kg + k4 — 2r3 < 0.

6.3. The KP divisors on I'(Greq) and on I'(§). In [3], [5] and [2] we have computed the
vacuum and the KP divisor for soliton data in Gr™(2,4) respectively on I'(¢), on I'(G,eq) and
on I'(G); therefore we do not repeat this computation here. We just verify that the KP divisors
Dxpr = (P, P, P, P{Y) on T(€) and Dxpr = (P, ¥, PV, PS7) on T(Grea), in the

coordinate ¢ introduced in Definition [3.1] satisfy
dr dr dr dr —
(6.13) ) =cpg?) ape) = ar) F o,

In the following we use the abridged notation e?i0 = e% (f0) = erjzo, By construction Dgp
consists of the degree 2 Sato divisor (Pl(s),PQ(S)) defined in || C(PI(S)) = l(s), [ =1,2, and
of 2 simple poles (Pl(gr), Pégr)) respectively belonging to I';3 and I'e3. In the local coordinates

induced by the orientation of the Le-network, we have [5, 2]

o1 CPE) + (P = i (), C(PPNC(PP)) = —woa(),
. (dr)y w14(©€92’0 + w23©e€3,0) (dr)y @693’0
C(P13 )= w w €920 + wozwi4Debs0’ C(P23 ) =1+ wn ef20’
( 14 + 24)@ + wo3wig )

In [5, 2], we have also discussed the position of the divisor points in dependence on the signs of
De?20 and Defs.0.

The relation between the local coordinates x; ; used in [3] and the weights w;; is

T11 = w23, X122 = W23W24, T2 = W13, X222 = W13W14W23-
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Applying the Darboux transformation © to the vacuum wave function on I'(§) computed in [3],

it is not difficult to prove that on I'; () the divisor point Pl(cg) has ¢-coordinate

~ (dI‘) 529692’0
6.15 P, =— .
( ) C( 1, ) 529602’0 + 'U}23(§2 _ 1)@693’0
and that on I'y(§) the divisor point PZ((?) has (—coordinate
(6.16)
E(Py = - (€ — 1) [(wig + waa)De?20 + wiywazDe’0]

2t w23 (§ — 1)[w1a(€3 + &+ 1) + waa(1 — €2)]Defs0 + E2[(€2 — Dwia + (1 — §)wagle0”

The value of the KP wave function is the same at all points marked with the same symbol in

Figure[I6]and coincides at leading order in £ at the points as and ag for € > 1. Therefore, for any
¢ > 1, the KP divisor point Pl(%r) € I'(¢) coincides with the divisor point Pgr) € I'(Greqa) = T'(00),
while P € I(¢) coincides at leading order in ¢ with the divisor point P3” € I'(Gred) =
I'(c0). The relation between the coordinate ¢ used in [3] and the coordinate ¢ at the marked
points )\gl) in a3 (resp. )\9) in I'93), s € [3], is the following: ¢ = oo, 1,0, respectively correspond
to 2 =0, —1, —¢£2. Finally, inserting the fractional linear transformation
(= e

T—ec—1
in (6.15) and (6.16]) and using , it is straightforward to verify .

APPENDIX A. THE TOTALLY NONNEGATIVE GRASSMANNIAN

In this appendix we recall some useful definitions and theorems from [62] to make the paper
self-contained. For more details on the topological properties of Gr™N(k,n) and on generaliza-
tions of total positivity to reductive groups we refer to [52], 53], 56, [63] 64]. In particular we use
Postnikov rules to represent each Le-tableau D by a unique bipartite trivalent oriented network
N in the disk. In Section we use the Le-graph G of N to construct a curve I'(G), which is a
rational degeneration of a smooth M-curve of genus equal to the dimension d of the corresponding

positroid cell.

Definition A.1. The totally non—negative part of Gr(k,n) [62]. The totally non-negative

Grassmannian Gr™N(k,n) is the subset of the Grassmannian Gr(k,n) with all Plicker coordi-

nates non-negative, i.e. it may be defined as the following quotient: Gr ™NN(k,n) = GLZ\ Mat]M.

Here GL; is the group of k x k matrices with positive determinant, and Mat; "~ is the set of
real k x n matrices A of rank k such that all maximal minors are non-negative, i.e. Ar(A) >0,

for all k—element subsets I C [n].
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FIGURE 17. The Young diagram associated to the partition (5,3,1,0), k = 4, n = 10.

The totally positive Grassmannian Gr™(k,n) C Gr™N(k,n) is the subset of Gr(k,n) whose

elements may be represented by k X n matrices with all strictly positive mazimal minors Ar(A).

It is well-known that Gr(k,n) is decomposed into a disjoint union of Schubert cells 2 indexed
by partitions A C (n — k)¥ whose Young diagrams fit inside the k x (n — k) rectangle (we use
the so-called English notation in our text). A refinement of this decomposition was proposed in
[33 34]. Intersecting the matroid strata with Gr™N(k n) one obtains the totally non-negative
Grassmann cells [62] with the following property: each cell is birationally equivalent to an open
octant of appropriate dimension, and this birational map is also a topological homeomorphism.

Let us recall these constructions. The Schubert cells are indexed by partitions, or, equivalently
by pivot sets. To each partition A = (A1,...,Ag), n—k > A1 > Aa... > A >0, A\j € Z there is

associated a pivot set I(\) = {1 < i1 < --- < i < n} defined by the following relations:
(A1) ij=n—k+j5—X\;, je€lk.

Each Schubert cell is the union of all Grassmannian points sharing the same set of pivot columns.
Therefore, any point in 2y with pivot set I can be represented by a matrix in canonical reduced
row echelon form, i.e. a matrix A such that Agl =1 for [ € [k] and all the entries to the left of
these 1’s are zero. The Young diagram representing the Schubert cell 2 is a collection of boxes

arranged in k rows, aligned on the left such that the j-th row contains \; boxes, j € [k].

Remark A.1l. In this paper we use the ship battle rule to enumerate the boxes of the Young
diagram of a given partition \. Let I = I(X\) be the pivot set of the k vertical steps in the path
along the SE boundary of the Young diagram proceeding from the NE vertex to the SW vertex of
the k x (n — k) bound boz, and let I = [n]\I be the non—pivot set. Then the box B;; corresponds
to the pivot element i € I and the non-pivot element j € I (see Fz'gurefor an example).
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j k

FIGURE 18. The Le-rule a,c # 0 imply b # 0.

Each stratum in the refined decomposition of Gr(k,n) into matroid strata [33] is composed by
the points of the Grassmannian which share the same set of non-zero Pliicker coordinates. Each
Pliicker coordinate is indexed by a base, i.e. a k-element subset in [n], and, for a given stratum,
the set of these bases forms a matroid M, i.e. for all I,.J € M for each i € I there exists j € J
such that I\{i} U {j} € M. Then the stratum Sy C Gr(k,n) is defined as

Swi = {[A] € Gr(k,n) : Af(A)#£0 < € M).

A matroid M is called realizable if Syq # (). The pivot set I is the lexicographically minimal

base of the matroid M. In [62], Postnikov studies the analogous stratification for Gr™N(k, n).

Definition A.2. Positroid cell. [62] The totally nonnegative Grassmann (positroid) cell

SN is the intersection of the matroid stratum Spq with the totally nonnegative Grassmannian

GrTN(k,n):
SN ={GL} - Ae Gr™(k,n) : Aj(A) >0 if I € M, and Af(A) =0 if I & M}.
The matroid M 1is totally nonnegative if the matroid stratum SjaNN # 0.

Example A.1. Gr™?(k,n) is the top dimensional cell and corresponds to the complete matroid

M= ().
A useful tool to classify positroid cells are Le-diagrams and Le-graphs [62].

Definition A.3. Le—diagram and Le—tableau.[62] For a partition X\, a Le—diagram D of shape
A is a filling of the bozxes of its Young diagram with 0’s and 1’s such that, for any three boxes
indezed (i,k), (I,k), (I,j), where i <l and k < j, filled correspondingly with a,b,c, if a,c # 0,
then b # 0 (see Figure @) For such a diagram denote by d the number of boxes of D filled with
1s.
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FIGURE 19. The Le-diagram and the Le-network of Example The horizontal edges are

oriented from right to left while the vertical ones from top to bottom.

The Le—tableau T is obtained from a Le—diagram D of shape X\, by replacing all 1s in D by

positive numbers w;; (weights).

The construction of the Le—graph G associated to a given Le—diagram is as follows [62]. The
boundary of the Young diagram of A gives the lattice path of length n from the upper right
corner to the lower left corner of the rectangle k x (n — k). A vertex is placed in the middle
of each step in the lattice path and is marked by, ..., b, proceeding NE to SW. The vertices b;,
i € I = I()\) corresponding to vertical steps are the sources of the network and the remaining
vertices bj, j € I, corresponding to horizontal steps are the sinks. Then the upper right corner
is connected to the lower left corner by another path to obtain a simple close curve containing
the Young diagram. For each box of the Le-diagram (4, j) filled by 1 an internal vertex Vj; is
placed in the middle of the box; from such vertex one draws a vertical line downwards to the
boundary sink b; and a horizontal line to the right till it reaches the boundary source b;. By the
Le—property any intersection of such lines is also a vertex. All edges are oriented either to the
left or downwards.

To obtain a Le-network N from a Le-tableaux of shape A one constructs the Le-graph from
the corresponding Le-diagram, assigns the weight w;; > 0 from the box B;; to the horizontal edge
e which enters V;; and assigns unit weights w, = 1 to all vertical edges [62]. The correspondence
between the Le—tableau and the Le-network is illustrated in Figure

The map T — N gives the isomorphism Rio ~ E(()G) between the set of Le—tableaux T with
fixed Le-diagram D and the set of Le-networks (modulo gauge transformations) with fixed graph

G corresponding to the diagram D as above.
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Given a Le—tableau T with pivot set I it is possible to reconstruct both the matroid and the

representing matrix in reduced row echelon form using the Lindstréom lemma.

Proposition A.1. [62] Let N be the Le-network associated to the Le—diagram D and let I be
the pivot set. For any k—elements subset J C [n], let K = I\J and L = J\I. Then the maximal
minor Aj(A) of the matriv A = A(N) is given by the following subtraction—free polynomial

expression in the edge weights we:

T

As(A) = TTw(p),

P i=1
where the sum is over all non—crossing collections P = (Py, ..., P.) of paths joining the boundary
vertices b;, 1 € K with boundary vertices b;, j € L.
Let i, € I, where r € [k] and j € [n]. Then the element A% of the matriz A in reduced row
echelon form (RREF) associated to the Le—network N is

0 7 <1y,
(A.2) Ar=41 J =i,
SIS (Hwe> i

Piip—j \ecP

where the sum is over all paths P from the boundary source b;. to the boundary sink b;, j € I,

and o;,; 1s the number of pivot elements is € I such that i, < i, < j.

Example A.2. Let us consider the Le-diagram D and Le—network represented in Figure [19

Then I = (1,2,4,7) and the matrix in reduced row echelon form is

10 0 0 wis  wis(we+wis) 0 —wiswag(wie + was) —wiswagwag(wie + wae) — WiswWi6W1g
= 0 1 we 0 —woswes  —wazwaswss 0 W23W25WEW4S W23W25W6WASWAY

00 0 1 W45 W45W46 0 —W45W4eW4S —W45W46WAZWAY

00 0 O 0 0 1 wrg 0

The same example is used in [47] to illustrate the combinatorial properties of the KP-soliton

tropical asymptotics in the limit t — —oo.

Remark A.2. Reducible positroid cells A totally non-negative cell ST < Gr™N(k,n) is
reducible if its Le—diagram contains either columns or rows filled by 0s [62]. The Le—diagram has
the j—th column filled by zeros if and only if no base in M contains the element j. Similarly,
the Le—diagram has the r-th row filled by zeros if and only if all bases in M contain i,, the r—th

element in the lexicographically minimal base I € M.
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FIGURE 20. All internal vertices of the Le-network are transformed to trivalent vertices,

preserving the boundary measurement map.

In the first case, there is no path in the Le—network with destination j, and the RREF matriz
A has the j—th column filled by zeroes. One can then shift by one all indexes bigger than j in M,
call M’ the resulting matroid of k element subsets in [n — 1], correspondingly eliminate the j—th
column from the Le—diagram and the j—th column from the matriz A, and represent the same
point in the totally non-negative cell SN C Gr™N(k,n —1).

In the second case, there is no path in the Le-network starting from the boundary source b;,, and
the r—th row of A contains just the pivot element. One can then eliminate i, from all the bases in
M and shift by one all the indexes greater than i,, call M’ the resulting matroid of k—1 elements
in [n — 1], correspondingly eliminate the r—th row of the Le—diagram, eliminate the r—th row and
the i,.—th columns from the matriz A and change the sign of all elements of A; with © < r and

j > i, and represent the same point in the totally non-negative cell STNN € Gr™N(k—1,n—1).

In section [3.1| we associate an unique universal curve to each positroid cell, by modeling the
construction of a rational degeneration of an M—curve on the Le—graph: vertices of the graph
correspond to copies of CP!, whereas the edges govern the positions of the double points. To
provide a construction of the curve without parameters, we require that each copy of CP! as-
sociated to an internal vertex has three marked points. Moreover, the recursive construction of
the wave function and the characterization of its divisor is technically simpler if modeled on a
bipartite graph where black and white vertices alternate. For the above reasons we follow Post-
nikov’s rules to transform the Le-network N into a planar bipartite perfect network with internal
vertices of degree at most three, and we continue to denote it with AV, since this transformation
is well-defined. We remark that, after such transformation, A is perfect since each boundary
vertex has degree one and each internal vertex in G is either the initial vertex of exactly one
edge or the final vertex of exactly one edge. For the Le—graph the only relevant transformation
concerns the degree four internal vertices which become couples of trivalent vertices of opposite
colour [62] (see Figure 20). Moreover, following Postnikov [62], we assign black color to each

internal vertex with exactly one outgoing edge and white color to each trivalent internal vertex
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FIGURE 21. Transformation of graph at the boundary source b;.

with exactly one incoming edge. We also assign black color to all boundary vertices. Finally we
move all boundary vertices to the same line (see Figure . Therefore we get to the following

definition.

Definition A.4. The trivalent bipartite Le—network used to construct the curve I'(G)
The acyclically oriented network associated to the Le—tableau T 1is transformed into a perfect

trivalent bipartite network N in the disk with the following rules:

(1) If the box B;; of T is filled with 1, the vertex V;j is transformed into a couple of one black
vertex Vj; and one white vertex Vi; (see Figure @[left/); following [62] the horizontal edge
joining the black vertex V;’j to the white vertex V;; has unit weight, while all other weights
are unchanged (see Figure [20/right]);

(2) All boundary vertices have black colour and degree one. Any isolated boundary source b;
1s joined by a vertical edge to a white vertex V;. If the boundary source b; is not isolated,
we add a white vertex V; to the edge of weight w starting at b;, we assign unit weight to
the edge joining b; to V; and weight w to the other edge at V; (see Figure middle);

(3) All internal vertices corresponding to a given row r in T, included V;,, lie on a common
horizontal line;

(4) The contour of the disk is continuously deformed in such a way that all of the boundary
sources and boundary sinks lay on the same horizontal segment and the edge at each
boundary vertex is vertical; in this process the positions of all internal vertices are left

invariant (see Figure |21 right).
In Figure 22| we show the bipartite Le-—network for Example

Remark A.3. Let G be the bipartite Le—graph associated to the Le—diagram D. Then in G
(1) Each black vertex has at most one vertical edge;

(2) Each white vertex has exactly one vertical edge;

(3) The total number of white vertices is d + k;
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FIGURE 22. The bipartite Le-network for Example (see Figure @) The weights refer to
the perfect orientation associated to the pivot base [1,2,4,7] of the matroid: the vertical edges
starting at the boundary sources b1, b2,bs and b7 are oriented upwards, all other vertical edges

are oriented downwards, while all horizontal edges are oriented from right to left.

(4) If D is irreducible, then the total number of trivalent white vertices is d — k, while the

total number of trivalent black vertices is d — n + k.

For any r € [k], we denote N, the number of boxes filled with 1 in the r—th row of the

Le—diagram D. By construction we have

(A.3) d=> N, with N, = # { boxes B;,; filled by 1, for j € I}
ir€l

We also introduce an index to simplify the counting of boxes filled by ones. For any fixed r € [k],
let 1 <71 <j2--- <jn, <n be the non-pivot indexes of the boxes B;, ., s € Nr, filled by one

in the r-th row. Then for any r € [k], we define the index

1 if there exists s € [N;] such that [ = j,

(A4) X;’“ = .
0 if B;,; is filled by 0 or I < .
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