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Abstract—This paper proposes the application of a
recursive stratified sampling technique for improving the
assessment of the lightning performance of power
distribution lines through the application of the Monte
Carlo method. The accuracy of the results is expressed by
means of the confidence interval of the estimated annual
number of expected overvoltages. The paper shows the
results for a single overhead line, with and without surge
arresters, and the case of a feeder with laterals. The
adoption of the stratified sampling techniques allows for a
computational time reduction up to more than 75% with
respect to a standard Monte Carlo procedure. The
conceived calculation procedure is applicable to any type
of network, regardless of the presence of non-linear
devices and avoiding the application of any heuristic rule.

Index  Terms—Lightning-induced voltages, lightning
protection, Monte Carlo method, rare events simulation,
stratified sampling, overhead power lines.

. INTRODUCTION

HE lightning performance of overhead lines is generally

represented by means of curves reporting how many
lightning flashovers per year a distribution line may
experience as a function of its insulation level [1].

Lightning originated overvoltages in overhead lines are due
to both direct strikes and to the coupling between the
conductors and the electromagnetic pulse generated by nearby
strikes to ground (see, e.g., [2], [3]). For power distribution
overhead lines, characterized by limited insulation and height,
most of the lightning related flashovers are caused by strikes
to the ground or to structures in proximity of the line [1]. As a
consequence, the influence of these events on the lightning
performance of the line needs to be appropriately assessed to
grant the adequate protection.

This paper, therefore, focuses on the calculation of the
expected annual number of flashovers due the induced
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overvoltages caused by nearby strikes to ground. This
calculation has the typical characteristics of rare-event
simulation. Indeed, whilst all direct strikes are expected to
cause flashovers (unless many surge arresters and shield wires
are installed), only a small fraction of nearby strikes to ground
are expected to induce voltages larger than the line withstand
insulation level.

As described in [4], the standard Monte Carlo (MC)
approach for the lightning performance assessment of power
distribution lines consists in generating a large number of
events, each characterized by different values of lightning
current waveshape parameters and by different coordinates of
the perspective stroke location (i.e., the stroke location in
absence of the line). The values of the lightning current
parameters are generated in agreement with the relevant
probability distributions available in the literature or provided
by lightning location systems (see, e.g., [5], [6]). The
coordinates of the stroke location are assumed uniformly
distributed within a region around the line wide enough to
include all the events that may cause a flashover.

The expected annual numbers of lightning events F, that
induce voltages with amplitude larger than a given value of the
withstand voltage W is calculated by

n
F=—AN, (1)

p
ntol

where ny is the overall number of randomly-generated events,
n is the number of events inducing voltages with peak
amplitude larger than W, A is the area that includes the stroke
locations of all the dangerous events (i.e., those able to cause
voltage peaks exceeding W), and Ny is the annual ground flash
density (in this paper, Nq is assumed equal to 1 flash/km?/yr).
The endpoints of the 95% confidence interval of the estimate
p=n/n, are p+C,-p where Cp is the relative error that

can be evaluated as [7]

C, =196 1p ()
Ny P
under the assumption that the estimator p is a normal random
variable with mean value p and variance equal to
PA-p)/Nng .
As area A needs to be quite wide and the density of events
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that cause a flashover decreases with the distance from the
feeder, p is generally small (rare event). Therefore, in a
standard MC approach, nyt needs to be large so to achieve the
desired level of accuracy (i.e., a predefined value of Cy).

In many papers (e.g. [8], [9]), the calculation of the lightning
induced overvoltages is performed by using simplified
formulas in order to reduce the computational effort. However,
as the accurate appraisal of the induced voltages can be
achieved only by a time-domain electromagnetic transient
simulation (in this paper performed by using the LIOV-EMTP
code described in [2], [10], [11] and validated by the
comparison of the results with several experimental results
[12], [13]), the lightning performance of distribution networks
by means of standard MC simulations involves a significant
amount of computational resources.

Several recent papers have dealt with the lightning
performance assessment by means of electromagnetic
transients simulations (e.g. [14]-[16]). Nearby strikes to
ground are often referred as indirect strokes in the relevant
literature; this term is also used to indicate other indirect
lightning events that are not considered in this paper, such as
side flashes and the line interaction with a ground current (e.g.,
[17],[18]). In [19] a method to reduce the computational effort
is presented. It is based on the application of the so-called
Mean Square Pure Error (MSPE) algorithm to determine the
optimal number of Monte Carlo extractions and on a 3D
interpolation that bypasses the necessity of the time-domain
simulation of each MC event.

In order to reduce the number of LIOV-EMTP simulations,
in [20] a heuristic technique has been proposed for the case of
an unprotected network, which has been recently adapted in
[21] to the case of distribution networks with surge arresters.
The heuristic technique is conceived to avoid the time-domain
computation of events expected to be less harmful than the
previously calculated ones. This requires to fix a priori
conditions so to discard the upcoming events which, in
general, have characteristics (e.g. amplitude) that depend on
the particular network configuration, especially in presence of
non-linearities [22].

An improved estimation accuracy can be achieved by two
approaches: by increasing the number of replications or by
reducing the variance of the estimator. A typical variance
reduction technique adopted in MC methods is the stratified
sampling (e.g., [7], [23]). According to this technique, the
domain is decomposed into disjoint strata and the MC
procedure is applied to each stratum separately.

This paper shows the application of a recursive stratified
sampling that consists in the decomposition of area A in
subdomains. The number of events generated in each
subdomain is proportional to the variance of the local
estimator that is recursively updated. Therefore, the larger the
distance to the lines or the shorter the distance to surge
arresters, the lower the number of events in the specific
subdomain. The procedure is conceived to be applicable to
any type of network, regardless of the presence of non-linear
devices and avoiding any heuristic rule.

The paper is structured as follows. Section Il describes the

stratified sampling procedure. Section 1l applies the
procedure to a straight-line configuration without and with
surge arresters (SAs). Section IV is devoted to the analysis of
a feeder configuration with one main and laterals and to the
comparison with the heuristic techniques proposed in [20].
Section V concludes the paper.

Il. STRATIFIED SAMPLING

Let us define X as a random variable such that X, =1 if MC
event k causes an overvoltage greater than W, 0 if not. As in
standard MC methods, the probability p of observing an
overvoltage greater than W is estimated by

. on 1
p=—=—2 X ®)

ntot ntot k=1
and the perspective stroke locations of the events in the
absence of the power lines and other structures are assumed to
be uniformly distributed over area A.
As already mentioned, for the application of stratified
sampling, total area A is divided in m subdomains and
probability p is estimated by

5-3 3 Ly (4)
S AN

where a; is the area of subdomain j, N; is the number of MC

m
events allocated in subdomain j such that ZNJ- =N, , and
j=1

Xjk is the k-th observation of X in domain j. As shown in [23],
the variance of estimator 4 is given by
2 2
~ I&fa ) o
Var(9) =Y | =+ | L 5
oSS @

J
where o-j2 is conditional variance of X in domain j. Var(@) is

always smaller or equal to Var(X)/n, .
2
J
initially estimated by a certain number of pilot runs, i.e. by the
simulation of some MC events. For this purpose, the same
number N; of starting events is generated in each sub-domain,

Since the values of o5 are not known a priori, they are

with N} chosen large enough to estimate ajz even with a very

small probability p, e.g. in presence of SAs.

In order to obtain a near-random sample distribution for
both the parameters of the lightning current waveshape and the
stroke location with a limited A}, the starting events in each
subdomain j are generated by using the Latin hypercube

sampling (LHS) [24]. The use of LHS allows an improved
accuracy on the initial estimation of ajz with respect to the
usual random sampling.

The endpoints of the 95% confidence interval of the
estimate 9 are 9i09~§ where Cy is the relative error
provided by
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(6)

Starting from the initial value of 01-2, the procedure adds

new MC events until C, becomes lower than the desired

estimation error.

Each new MC event is allocated in the area A according to a
weighted uniform distribution with different weights for each
subdomain. The weight of each subdomain j is proportional to

the corresponding conditional variance ajz and the sum of the

weights of all the m subdomains is equal to 1. Indeed, the
minimum variance value given by (5) is obtained when the
events are allocated proportionally to the conditional variance

crjz of each subdomain, provided that all subdomains have the

same area [23].
If a too small »; is adopted, a null value can be obtained in

the first estimate of o-jz, in this case the initial guess of the

weight of the subdomain can be set according to the mean
values of the variances of the adjacent subdomains.

The values of af are updated recursively after each MC

run, so that their estimation is progressively improved as the
number of simulated events increases.

I1l. SINGLE LINE

In the simulations of this paper a linearly rising current with
flat top is assumed for the representation of the channel base
lightning-current waveform, with peak amplitude 1, and
equivalent front time t; (an analysis of influence of the use of
different waveforms is provided in [25]). The return-stroke
propagation speed is set to 1.5 x 108 m/s.

The lightning performance is evaluated for overhead lines
above a soil with conductivity equal to 0.001 S/m and relative
permittivity equal to 10.

Each MC event is characterized by four parameters: I, t,
and the coordinates of the perspective stroke location.
Parameters I, t are assumed to follow the log-normal
probability distributions adopted by Cigré for negative
downward first strokes [26]. Each lightning event is classified
as either a direct strike to the line or as a nearby strike to
ground by using the electro-geometric model suggested in [1].

Since all the direct events in general cause a flashover, their
inclusion in the MC procedure significantly reduces the
confidence interval of the obtained results even for a limited
number of MC runs. Therefore, for an accurate evaluation of
the lightning performance, the annual number of flashovers due
to direct strikes and to nearby strike to ground should be
evaluated separately. As already mentioned, this paper focuses
on the evaluation of the overvoltages due to nearby strikes to
ground only.

In this section, the proposed recursive stratified sampling
procedure is applied to the case of a single-conductor straight
line, assuming a withstand voltage value W equal to 150 kV.
The line is 2-km long, 10-m high and is matched at both

terminations with the matrix of surge impedances to render
more straightforward the interpretation of the results.

In Fig. 1, the top view of one half of the considered area A
is reported (the line is located on the x-axis and the
distribution of the stroke locations is obviously symmetric
with respect to the line). The figure shows also the stroke
locations of all the simulated events, i.e. the initial pilot events
and those generated by the stratified sampling procedure. The
red dots represent direct strikes to the line whilst the nearby
strikes to ground are indicated in blue. For the considered
case, the semi-area is a 2 x 2 km square, divided in m =400
subdomains of area 0.1 x 0.1 km.

The number of pilot events simulated before starting the
stratification procedure is 5,200. The stratified sampling
calculation is stopped when relative error Cy reaches the same
value of C, calculated with the standard MC method with
100,000 events for W = 150 kV.

The total number of events generated by the stratified
sampling procedure are 3,464 direct strikes and 23,093 nearby
strikes, as reported in Table 1. Since only the evaluation of the
voltages induced by nearby strikes needs time domain LIOV-
EMTP simulations, the computational time reduction indicated

in Table I is estimated as 100(Nug , —Ming 9) / Ming,,» Where

Nmds IS the number of events required by the stratified
sampling and ning,p is the corresponding number calculated in
the standard MC.

As shown by Fig. 1, the procedure allocates the majority of
the events in the subdomains closest to the line. A very few
events are allocated farther than 1.2 km from the line, since
the initial variance in those subdomains is null.

In order to limit the computational time of the standard MC
procedure, the smallest area A that includes all the dangerous
events is to be chosen, as discussed in [4]. The capability of
the stratified sampling to recursively allocate the events in the
subdomains with the largest variance value reduces the
importance of an accurate choice of the smallest area A.

Fig. 1 also shows that fewer events are allocated near the
matched terminations with respect to the subdomains close to
the internal part of the line, due to the risers effect that reduce
the induced overvoltages [27].
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Fig. 1. Position of the events generated by the stratified sampling procedure
for the case of an unprotected line (direct strikes in red, nearby strikes to
ground in blue).

TABLE I. COMPARISON BETWEEN NUMBER OF DIRECT AND NEARBY STRIKES
IN THE STANDARD MC AND STRATIFIED SAMPLING. COMPUTATIONAL TIME
REDUCTION DUE TO STRATIFIED SAMPLING.

Relative Direct strikes Nearby strikes Time
error %  |Standard / Stratified|Standard / Stratified|saved %
Unprotected 2.4 3,103/3,464 96,897 / 23,093 76
With SAs
_ 2.8 12,166 /12,095 | 187,834/ 42,455 77
d=500m
V\ch SAS 10.7 24,665/18,687 | 175,335/50,163 71
d=200m

The above described assessment has been repeated for the
case of a line protected with SAs. Two cases are considered
with SAs placed every d =500 m and d = 200 m, respectively,
starting from the line terminations. The line terminations are
open. The voltage—current characteristic of the considered SAs
is the same used in [28].

For the case of SAs placed every d = 500 m, the semi-area
isa 2 x 1 km rectangle, divided in m = 20 x 10 subdomains of
area 0.1 x 0.1 km. For the case of d = 200 m, the semi-area is
a 2 x 0.5 km rectangle, divided in m = 20 x 20 subdomains of
area 0.1 x 0.025 km. In both cases, the number of pilot runs
before starting the stratified sampling procedure is 20,000.
The stratified sampling procedure is stopped when the relative
error reaches that achieved by the standard MC with 200,000
events for W=150 kV.

As shown in Table I, the accurate assessment of the
performance of a line with SAs requires a very large value of
Nt Since, with respect to the case of an unprotected line, the
overvoltage becomes a rarer event. Indeed, even with 200,000
events the standard MC procedure does not reach a relative
error below 10 % in the case of SAs installed every 200 m.

Fig. 2 shows the position of the simulated lightning events

shown for the case of SAs placed every 500 m. In subdomains

close to a SA, the values of crjz

procedure tends to allocate few events in such subdomains
whilst a large number of events is generated in subdomains

are very small; therefore, the

between two consecutive SAs, where the values of ajz are
higher.

e T
800

600

1800 2000

0 200 400 600 800 1000 1200 1400 1600
m
Fig. 2. Position of the events generated by the stratified sampling procedure
for the case of a line with consecutive SAs at distance d = 500m (direct strikes
in red, nearby events to ground in blue).

The presence of SAs considerably reduces the number of
dangerous events at distances larger than few hundred meters,
as confirmed by Fig. 2. This justifies the choice of a smaller
area with respect to the case of an unprotected line. The
reduction of the considered area, however, results in an
increase of the fraction of direct events, as it can be noticed
from the results shown in Fig. 2 and in Table I, particularly for
the case with SAs placed at d = 200 m.

Fig. 3 shows the lightning performance for the case of the
unprotected line and of the line protected by SAs placed at
d=500m and d=200m. For each curve, the results are
obtained for the same MC event population generated
assuming W=150 kV. By using both the standard MC and the
stratified sampling procedure, the Fp values at 150 kV are:
0.489 (unprotected), 0.100 (with SAs at d=500 m), 0.003 (with
SAs at d=200 m).

Fig. 3 shows that the curves resulting from the application
of the stratified sampling are all in close agreement with the
results of the standard MC method, for all the withstand values
considered in the abscissa.

10" T T T T

Standard MC
----- Stratified Sampling

Unprotected

107

With SAs
d=500m

Number of events having amplitude
larger than the abscissalyr

With SAs
d=200m

107 !
50 100 150 200 250 300

Voltage (kV)
Fig. 3. Comparison of the lightning performance of a line without SAs and
with SAs calculated by the standard MC and stratified sampling.
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Fig. 4 compares the values of Cp and C, for different values
of nit (which accounts for both indirect and direct events). As
expected, the value of Cy is always lower or equal than C, for
the same value of ny:. Moreover, the figure shows that the use
of the stratified sampling allows a fast reduction of the relative
error as the number of MC events increases. As already shown
in Table I, the same value of relative error achieved with the
standard MC with ny: = 100,000 for the unprotected line and
Nt = 200,000 with SAs are obtained by the stratified sampling
with ny: = 26,557 (unprotected line), Nt = 54,550 (with SAs
located every 500 m), and ny: = 68,850 (with SAs located

every 200 m).
10°

Standard MC
— = - Stratified Sampling

With SAs
d=200m
A)

~
N -
With SAs S
=500 m ]

Unprotected\\

Relative error
=)
-

10-2 L I
10° 104 26557 54550, 10°

Number of events 68,850
Fig. 4 Comparison of the relative errors calculated for a straight line by the
standard MC and stratified sampling as a function of the number of MC
events for W = 150 kV.

2x10°

Fig. 5 compares the values of C, and Cg as a function of the
considered withstand voltage level for the case without SAs
for the case of the unprotected line. As the stratified sampling
event population is generated assuming W =150 kV, Cy is
higher than C, for voltages lower than W and its value
practically remains constant. This provides a criterion for the
choice of W, unless the withstand voltage of the line is already
defined.

For all the voltages equal to or higher than 150 kV, instead,
the relative error Cyis always very similar (and even smaller)
than C,. Additionally, as expected, it is significantly lower
than the relative error values obtained by using the 5,200 pilot
runs only.

Also in presence of SAs and for the configuration with
laterals illustrated in the next Section, results similar to those
of Fig. 5 have been obtained.

10° : : :
Standard MC
— = :Stratified Sampling
Standard MC (pilot runs)
5 107" /
= —J
o —
[0)
=
K
o)
& 102 1
10—3 I I I

50 100 150 200 250 300
Voltage (kV)
Fig. 5. Comparison of the relative errors of an unprotected straight line
calculated by the standard MC (full and limited to the pilot runs only) and the
stratified sampling as a function of the withstand voltage.

The proposed stratified sampling method can be easily
extended to the case in which the insulation breakdown is
represented by means of a specific model, e.g., the disruptive
effect criterion [29],[30],[31]). The method is applicable also
to more complex coupling models, e.g. the approach proposed
in [32], based on the use of the finite element method (FEM)
model presented in [33] that allows accounting the shielding
and LEMP attenuation effects provided by surrounding
buildings.

IV. NETWORK CONFIGURATION

In this Section, the proposed procedure is applied to the
case of a network composed by a main feeder and laterals
without SAs. The top-view of the network is reported in Fig.
6. The main feeder is 750-m-long and is matched at the right
end. The lines are composed by three overhead conductors of
diameter equal to 1 cm, each placed at 9.3 m above ground.
The distances between the external conductors and the central
one are equal to 1.5 m and 0.7 m, respectively.

210 m 750 m
640 m
380 m 290 m

Fig. 6. Configuration of the network

The area considered in the simulation and the location of
the lightning events generated by the stratified procedure are
shown in Fig. 7. The total area measures approximately 23.8
km? and the minimum distance between the area borders and
the lines is 2 km. The stratified sampling is applied by
dividing the area in m =400 subdomains, each of area
256.5m x 232 m. In each subdomain j the number of pilot
runs N¥ is equal to 25 for a total number of pilot runs equal to

10,000. The variance 0'1-2 is calculated assuming W=150 kV.

The stratified sampling procedure is stopped when the relative
error Cy reaches the C, value obtained by the standard MC



TPWRD-01176-2017

procedure for 150 kV and 100,000 events, which for the
network configuration and total area of Fig. 7 is 3.2 %. The
results are obtained for the same MC event population
generated assuming W=150 kV.

2000
1500 |
1000 |
500 |
.
500 | L
-1000 |

-1500 ¢

-2000 f

-2500 |
-2000

1000 2000 3000
m

Fig. 7. Position of the events generated by the stratified sampling procedure

for the case of a feeder with laterals (direct strikes in red, nearby strikes to

ground in blue).

-1000 0

By using the stratified sampling procedure, the F, value at
150 kV is 0.852 whilst by using the standard MC is 0.861. Fig.
8 shows the agreement between the lightning performances
calculated by using the stratified sampling and the standard

MC method for all the withstand values between 50 kV and
300 kV.

;
o 10 w
g Standard MC
= = = :Stratified Sampling
3 >
53
2% 10
> Q
© @©
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2 £
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10-2 L ! | L
50 100 150 200 250 300

Voltage (kV)
Fig. 8. Comparison of the lightning performance of the network calculated by
the standard MC and stratified sampling.

Analogously to Fig. 5 for the case of a single unprotected
line, Fig. 9 shows the comparison between C, and Cy values.
The C, values are calculated by using the standard MC applied
to the full set of 100,000 events and to the set of 10,000 pilot
runs used for the initialization of the stratified sampling.

10° : :
Standard MC

= = =Stratified Sampling
Standard MC (pilot runs)

Relative error

10-3 1 I 1 I
50 100 150 200 250 300

Voltage (kV)
Fig. 9. Comparison of the relative errors calculated by the standard MC (full
and limited to the pilot runs only) and the stratified sampling as a function of
the withstand voltage.

For the case of the network of Fig. 6, the lightning
performance calculation has been carried out also by using the
heuristic technique described in [20], which limits the LIOV-
EMTP calculations only to the events with some probability to
induce dangerous voltages, i.e., with amplitudes Vmax larger
than the considered minimum line-insulation level V7 (equal to

50 kV in Fig. 8). For any event k characterized byV, <V,

the heuristic technique assumes a circular area Q of radius r¢
centered at the stroke location Py. The induced voltages
relevant to the i-th event are not simulated and directly
excluded from the number of dangerous events if event i
complies with all the following conditions, namely:

a) P e with V., <V;
b) I <1,;
C) te; 2ty

where QE defines the points of Q farther than Py from the

closest line. For the lightning performance calculation of the
network of Fig. 6 r is taken equal to 400 m, that allows to
obtain the same F, value of the standard MC with the
maximum computational time reduction.

Table Il compares the number of MC events relevant to
direct strikes and to nearby strikes to ground, the number of
required LIOV-EMTP simulations and the computational time
reduction with respect to the standard MC.

TABLE Il. COMPARISON BETWEEN NUMBER OF EVENTS AND

COMPUTATIONAL TIME REDUCTION FOR THE STANDARD MC, THE HEURISTIC
MC AND STRATIFIED SAMPLING.

Direct Nearby | LIOV-EMTP |Time saved
Method . . . .
strikes strikes simulations %
Standard MC 1,223 98,777 98,777 -
Heuristic MC 1,223 98,777 33,633 66
Stratified sampling 1,742 24,858 24,858 75

In order to analyze the effect of subdomain dimensions, the
stratified sampling procedure has been repeated by using a
larger number of subdomains, i.e. m =900. In this case, each
subdomain has area equal to 171 m x 154.7 m and contains
N;=25 pilot runs. The difference with the F, results obtained
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with m=400 are not significant, however the number of
required LIOV-EMTP simulations increases to 32,348 and the
computational time reduction decreases to 67% (instead of
75%).

V. CONCLUSION

This paper has presented the application of the stratified
sampling procedure for the accurate calculation of the
lightning performance of power lines and distribution
networks with reduced computational time.

With respect to the standard Monte Carlo method presented
in the literature, the use of the stratified sampling has several
advantages:

- it allows a significant computational time reduction (up
to more than 75% for the cases analyzed in this paper)
whilst maintaining the accuracy of the solution;

- it reduces the importance of the choice of the smallest
area A that includes the perspective stroke locations of
all the events inducing voltages exceeding the insulation
withstand capability, since the recursive location of the
events is governed by the estimation of the conditional
variances in the subdomains;

- it is directly applicable to the case of networks with
complex configuration, with surge arresters and with
the adoption of detailed flashover models, whilst
heuristic rules need to be adapted for each specific
case.
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