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Abstract Let A be the class of pronilpotent groups, or the class of locally nilpo-
tent profinite groups, or the class of strongly locally nilpotent profinite groups. It
is proved that a profinite group G is finite-by-N if and only if G is covered by
countably many A -subgroups. The commutator subgroup G’ is finite-by-A\ if and
only if the set of all commutators in G is covered by countably many N -subgroups.
Here a group is strongly locally nilpotent if it generates a locally nilpotent variety
of groups. According to Zelmanov, a locally nilpotent group is strongly locally
nilpotent if and only if it is n-Engel for some positive n.
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1 Introduction

A covering of a group G is a family of subsets of G whose union is the whole group
G. When G is covered by finitely many subgroups, it is natural to expect that some
structural information about G can be deduced from the properties of the covering
subgroups. In the literature there are many results in this direction. If the set of all
commutators [z, y] in a group G is contained in a union of finitely many subgroups,
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it is natural to ask whether the structure of the commutator subgroup G’ depends
on the properties of the covering subgroups. The questions become even more
intriguing when the groups are profinite. In that case the interplay of algebraic
and topological considerations adds a new quality to the obtained results. One
important tool for dealing with the “covering” problems in profinite groups is the
classical Baire’s category theorem (cf [5, p. 200]): If a locally compact Hausdorff
space is a union of countably many closed subsets, then at least one of the subsets
has non-empty interior. It follows that if a profinite group is covered by countably
many subgroups, then at least one of the subgroups is open (here, and throughout
the article, by a subgroup of a profinite group we mean a closed subgroup). Thus,
in case of profinite groups we can deal with problems on countable coverings rather
than just finite ones. A survey of recent results of that kind can be found in [1].

In the present paper we address questions closely related with the following
results obtained in [9]: A profinite group G is covered by countably many nilpotent
subgroups if and only if G is finite-by-nilpotent; and the set of commutators in a
profinite group G is covered by countably many nilpotent subgroups if and only if
G’ is finite-by-nilpotent.

Throughout, we use the same symbol to denote a group-theoretical property
and the class of groups with that property. Following [7], whenever X and Y are
properties of groups, or classes of groups, the expression “G is X-by-Y” means
that the group G is an extension of a group with property X (resp. in X) by a
group with Y (resp. in Y).

Recall that a group G is locally nilpotent if all finitely generated subgroups
of G are nilpotent. Following Shalev [8] we say that a group G is strongly locally
nilpotent if it belongs to a locally nilpotent variety of groups. This means that,
for some function f and for all positive integers d, every d-generated subgroup of
G is nilpotent of class at most f(d).

The purpose of the present article is to obtain the following results.

Theorem 1.1 Let N be the class of pronilpotent groups, or the class of locally
nilpotent profinite groups, or the class of strongly locally nilpotent profinite groups.
For a profinite group G the following conditions are equivalent:

1. The group G is covered by countably many N -subgroups.
2. The group G is covered by finitely many N -subgroups.
3. The group G is finite-by-N.

Theorem 1.2 Let N be the class of pronilpotent groups, or the class of locally
nilpotent profinite groups, or the class of strongly locally nilpotent profinite groups.
For a profinite group G the following conditions are equivalent:

1. The set of all commutators in G is covered by countably many N -subgroups.
2. The set of all commutators in G is covered by finitely many N -subgroups.
3. The commutator subgroup G’ is finite-by-N .

Amazingly, no analogues of Theorem 1.2 for abstract groups are known even
in the case of finite coverings. There are no results in the literature concerning
the structure of abstract groups in which the commutators are covered by finitely
many nilpotent, or locally nilpotent, subgroups. A characterization of (abstract)
groups covered by finitely many nilpotent subgroups can be found in Tomkinson
[12]. The results from [12] are not used in the present article.
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One noteworthy corollary of our results is that whenever the set of commutators
in G is covered by countably many N-subgroups, the whole commutator subgroup
G’ admits a similar covering.

Corollary 1.1 Let N be the class of pronilpotent groups, or the class of locally
nilpotent profinite groups, or the class of strongly locally nilpotent profinite groups.
For a profinite group G the following condition are equivalent:

1. The set of all commutators in G is covered by countably many N -subgroups.
2. The commutator subgroup G’ is covered by countably many N -subgroups.

A few words about pronilpotent, locally nilpotent and strongly locally nilpotent
groups are in order. We recall that a pronilpotent group is an inverse limit of finite
nilpotent groups, hence it is a direct product of its Sylow subgroups. Notice also
that a locally nilpotent profinite group is pronilpotent. An element x € G is called
a (left) Engel element if for any g € G there exists n = n(xz,g) > 1 such that
[9,» ] = 1, where the commutator [g,, z] is defined recursively by the rule

[9:n 2] = [[gsn—1 2], ]

starting with [g,0z] = ¢ and [g,1 2] = [g,2] = g 'z 'gz. If n can be chosen

independently of g, then z is a (left) n-Engel element. A group G is called Engel
if all elements of G are Engel and G is called n-Engel if all elements of G are
n-Engel. It is clear that each locally nilpotent group is Engel. In [14] Wilson and
Zelmanov proved that for profinite groups the converse holds: An Engel profinite
group is necessarily locally nilpotent.

A variety of groups is a class of groups defined by equations. More precisely, if
W is a set of words, the class of all groups satisfying the laws W = 1 is called the
variety determined by W. By a well-known theorem of Birkhoff [7, 2.3.5], varieties
are precisely classes of groups closed with respect to taking subgroups, quotients
and Cartesian products of their members. Some interesting varieties of groups have
been discovered in the context of the Restricted Burnside Problem solved in the
affirmative by Zelmanov [16,17]. In [15] Zelmanov remarked that the solution of
the Restricted Burnside Problem implies that the class of locally nilpotent n-Engel
groups is a variety (see also Wilson [13]). Thus, it follows that a locally nilpotent
group is strongly locally nilpotent if and only if it is n-Engel for some n.

Throughout the article, by a subgroup of a profinite group we mean a closed
subgroup, in particular by “subgroup generated by a set” or “product of a family
of normal subgroup” we mean their topological closure. Moreover, the letter N will
denote one of the following classes: the class of pronilpotent groups, the class of
locally nilpotent profinite groups, or the class of strongly locally nilpotent profinite
groups. In addition, we use the expression “{a,b,...}-bounded” to abbreviate
“bounded from above in terms of a,b,... only”.

2 Preliminary results

In the present section we will develop some useful tools that will be later used for
the proofs of our main results. We start with an elementary lemma on coprime
automorphisms. If « is an automorphism of a group G, as usual [G,a] denotes
the subgroup generated by all elements of the form z~'z%, where z € G. It is
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well-known that [G, ] is a normal subgroup of G. We denote by Cg(«) the fixed
point subgroup (centralizer) of « in G.

Lemma 2.1 Let G be a finite group and let o be an automorphism of G such that
G and « have coprime orders. If Ca(«) has finite index k in G, then the order of
[G, a] is k-bounded.

Proof By [2, 24.5] we have [G,a] = [G, @, a]. So we may replace G with [G, o]
and assume that G = [G, a]. Let K be a normal subgroup of G which is maximal
with respect to the condition that K < Cg(«a). Of course the index of K in G
is k-bounded. For each h € K and = € G we have h® € K < Cg(«). Therefore
h® = (h®)* = h®". We see that every h € K commutes with 2~ '2% for each
x € G. Since G = [G, a], it follows that K is contained in the centre of G. By
Schur’s theorem [7, 10.1.4], the order of G’ is k-bounded and, by passing to the
quotient G/G’, we may assume that G is abelian. In that case G = [G, a] X Cg(a),
so now |[G, a]| < k and the result follows. O

By an automorphism of a profinite group we always mean a continuous auto-
morphism. An automorphism « of a profinite group G is coprime if « has finite
order while GG is an inverse limit of finite groups whose orders are relatively prime
to the order of a. The next corollary can be deduced from Lemma 2.1 using the
standard inverse limit argument.

Corollary 2.1 Let G be a profinite group admitting a coprime automorphism c.
If the centralizer of a in G is open, then [G, a] is finite.

As mentioned in the introduction, strongly locally nilpotent groups are pre-
cisely locally nilpotent groups that are n-Engel for some positive integer n. Ob-
viously, a profinite group having a dense strongly locally nilpotent subgroup is
strongly locally nilpotent, too. We therefore can establish some basic facts on ab-
stract strongly locally nilpotent groups and then use those facts in the profinite
context.

We say that an automorphism « of a group G is s-Engel if it is a left s-Engel
element in the semidirect product G{a).

Lemma 2.2 Let G be an n-Engel locally nilpotent group and let a be an s-Engel
automorphism of G. Then for every z,y € G the subgroup (x,y,a) is nilpotent of
(s,m)-bounded class.

Proof Set H = (x,y). By [3, Corollary 2] the subgroup <H<‘l>) is finitely gen-
erated and, more specifically, the minimal number r of generators of <H<“>) is
s-bounded. According to Zelmanov [15], the nilpotency class of (H'®) is (s,n)-
bounded. Hence, the derived length of (z,y,a) is (s,n)-bounded. It is clear that
both z and y are (n + 1)-Engel in (z,y,a) and so the subgroup (x,y, a) is soluble
with bounded derived length and is generated by three elements that are Engel of
bounded degree. By [10, Lemma 4.1] {(z,y, a) is nilpotent of (s,n)-bounded class,
as required. a

Lemma 2.3 Let G be a strongly locally nilpotent group and let a be an s-Engel
automorphism of G. Then G{(a) is strongly locally nilpotent. More precisely, if G
is n-Engel, then G(a) is m-Engel for some (s,n)-bounded integer m.
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Proof Choose arbitrarily two elements g1 and g2 in G{a). Write g1 = xa: and
g2 = yaz, where z,y € G and a1,a2 € (a). It is clear that g1, g2 € (z,y, a). Hence,
by Lemma 2.2, the subgroup (g1, g2) is nilpotent of (s,n)-bounded class, say m.
Therefore G{a) is m-Engel. O

Lemma 2.4 In any group a product of finitely many strongly locally nilpotent
normal subgroups is again strongly locally nilpotent.

Proof By standard arguments, it is sufficient to prove the lemma for a product of
two normal subgroups. Thus, assume that N1 and N2 are normal strongly locally
nilpotent subgroups in a group G. Suppose that N; is m;-Engel for some m;,
where i = 1,2. Without loss of generality we assume that mi1 > m2. We need to
show that there exists an mj-bounded number ¢ such that an arbitrary element
x € N1N2 is t-Engel in N1 Na2. Let Ng = N1 N Na. Clearly, the quotient N1N2/No
is m1-Engel. Therefore it is sufficient to show that the automorphism induced by x
on Ny is s-Engel for some mi-bounded number s. Write x = z1x2, where 1 € N
and x2 € Na. Since [N2,z1] < Ny, it is clear that the automorphism induced by
21 on Nz is (m1 + 1)-Engel. Now choose y € Ny. We will be done, once we show
that (x,y) has mi-bounded nilpotency class. Observe that (z,y) < (x1,z2,y).
Both z2,y are contained in N2. Hence, by Lemma 2.2, the subgroup (z1,z2,y)
has bounded nilpotency class. a

We will also need a slightly more general version of the previous lemma. Recall
that the N -residual GV of an abstract group G is the intersection of all normal
subgroups D such that G/D is in N. In general, G/GN might fail to be a N-
group, but if G is finite-by-A, then G/G" is in NV. This follows from the fact that
a product of finitely many normal A/-subgroups is in A/, which is well known for
the class of pronilpotent and locally nilpotent groups, and is Lemma 2.4 for the
class of strongly locally nilpotent groups.

Lemma 2.5 In any group a product of finitely many finite-by-N" normal subgroups
is again finite-by-N .

Proof By standard arguments, it is sufficient to prove the lemma for a product
of two normal N -subgroups N1 and N2 of a group G. Let NZN be the AN-residual
of N;, for i = 1,2. As each NZ-N is characteristic in IV;, we have that N{\[Név is
a finite normal subgroup of N1 N2 and the quotient NlNg/vaNé\/ is in . The
conclusion now follows. O

Lemma 2.6 Let L be a subgroup of a profinite group G such that the normalizer
Ng(L) is open. Let H be a normal open subgroup of G contained in Ng(L).

1. If L is finite, then (LY) is finite.
2. If L is in N, then so is (LN H)®).
3. If L is finite-by-N', then so is (L N H)Y).

Proof Note that L has only a finite number of conjugates in G. The first claim
follows from Dicman’s Lemma [7, 14.5.7]. The other ones follow from the fact that
each conjugate of L N H is a normal subgroup of H and the fact that a product of
finitely many normal A-subgroups is in N. O
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We recall that the Hirsch-Plotkin radical of an abstract group is defined as
the product of all normal locally nilpotent subgroups. This is the maximal normal
locally nilpotent subgroup. In a profinite group G we have to consider closed sub-
groups, and the closure of the product of infinitely many normal locally nilpotent
subgroups might fail to be locally nilpotent. However, if G is virtually locally nilpo-
tent, that is, if G possesses an open locally nilpotent subgroup, then the product
of all normal locally nilpotent subgroups of G is locally nilpotent and so we can
speak of the Hirsch-Plotkin radical of G.

Lemma 2.7 In a profinite virtually locally nilpotent group G every left Engel el-
ement is contained in the Hirsch-Plotkin radical.

Proof Let N be an open normal locally nilpotent subgroup of G and let b be a
left Engel element. Since G/N is finite, by [7, 12.3.7] bN belongs to the Fitting
subgroup F/N of G/N. It follows that b belongs to the Hirsch-Plotkin radical
of F, and thus to the Hirsch-Plotkin radical of G (see for instance [7, Exercise
12.3.7]). O

3 Theorem 1.1

Before proving Theorem 1.1 we need some technical results.

Lemma 3.1 Let G = N(b) be a profinite group where N is an open normal finite-
by-pronilpotent subgroup of G. Assume that there exists an open normal subgroup
R in G such that R < N and R(b) is finite-by-pronilpotent. Then G is finite-by-
pronilpotent.

Proof Let D be the pronilpotent residual of N. Since N is normal in G, so is D.
We can pass to the quotient G/D and without loss of generality assume that N
is pronilpotent. Further, let D1 be the pronilpotent residual of (R,b). This is a
finite subgroup normalized by R. In view of Lemma 2.6 the normal closure of D1
is finite and, factoring it out, we can assume that also (R, b) is pronilpotent.

Let m = {p1,...,ps} be the set of prime divisors of the order of the element
bN € G/N. Denote by b; a generator of the p;-Sylow subgroup of (b) and by P;
the p;-Sylow subgroup of N. For every 4 the subgroup P;(b;) is pronilpotent.

Let T be the pj-Hall subgroup of N. We remark that [T, ;] is finite. Indeed,
[RNT,b;] =1 because (b, R) is pronilpotent. Moreover RN T is open in T'. Thus,
the centralizer of b; in T is open. Notice that the automorphism of T" induced by
b; has finite p;-power order, since bf : belongs to N for n sufficiently large and

then bf ! commutes with T because N is pronilpotent. In view of Corollary 2.1 it
follows that [T, b;] is finite.

The subgroup [T, b;] is normalized by T and is centralized by P; because N
is pronilpotent. Therefore [T,b;] is normalized by N. Since b centralizes b; and
normalizes T, we conclude that [T, b;] is normal in G. So we can consider the
quotient group G/[T,b;] and assume that [T,b;] = 1. Then (b;, N) =T x (b;, B;)
and it becomes clear that (b;, N) is pronilpotent.

Note that (b;, N) is normal in G. Repeating the previous argument for each ¢
we deduce that G is a product of finitely many normal pronilpotent subgroups.
Hence, G is pronilpotent. a
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Lemma 3.2 Let G = N(b) be a profinite group where N is an open normal finite-
by-N subgroup of G. Assume that there exists an open normal subgroup R of G
such that R < N and R(b) is finite-by-N'. Then G is finite-by-N .

Proof When N is the class of pronilpotent groups, this is precisely Lemma 3.1.
Now assume that we are in the case when N is either the class of locally nilpotent
groups or the class of strongly locally nilpotent groups.

By Lemma 3.1, G is finite-by-pronilpotent. Passing to appropriate quotients
without loss of generality we can assume that N and (R,b) are in N and that
G is pronilpotent. Then G/R is a finite nilpotent group, say of class n. Choose
y € N. Then [y,nb] < R. Since R(b) is locally nilpotent (m-Engel, in the case
where N is the class of strongly locally nilpotent groups), there exists an integer
m such that [y, b,m b] = 1. It follows that b is left Engel in G = N (b) so Lemma
2.7 tells us that b belongs to the Hirsch-Plotkin radical of G and therefore G is
locally nilpotent. If A is the class of strongly locally nilpotent groups, R(b) is an
m-Engel group and thus b is an (n + m)-Engel automorphism of N. By Lemma
2.3 we conclude that G is strongly locally nilpotent.

Lemma 3.3 Let G = N{x) be a profinite group, where N is an open normal
N -subgroup of G. If G is covered by countably many N -subgroups, then it is finite-
by-N.

Proof Assume that G is covered by countably many A -subgroups G;. The coset
x N is covered by countably many closed subsets G;NxN. So by the Baire category
theorem there exist an index j, an open normal subgroup T of GG and an element
b € N such that b(T'N N) < G;. Set R = T N N and note that R is a normal
open subgroup of G. The subgroup (R,b) < G; is in N. We deduce from Lemma
3.2 that (N, b) is finite-by-A. Since (N,b) = (N, z) = G, the lemma follows. O

The classical theorem of Baer says that if the i-th term of the upper central
series of a group G has finite index then ;41 (G) is finite [7, 14.5.1]. We will require
the following related result, which is due to Kurdachenko and Subbotin [6] (for
our convenience we state it only for finite groups): Let G be a finite group and
Z the last term of the upper central series of G. Then the order of the nilpotent
residual of G is bounded by a function depending only on the index [G : Z].

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1 Let G be a profinite group covered by countably many
N-subgroups G;. We wish to show that G is finite-by-N. By the Baire category
theorem at least one of the subgroups G; is open. Therefore G has a normal N/-
subgroup H of finite index. By Lemma 3.3, for every = € G the subgroup (H, x)
is finite-by-N. Let Dy be the N-residual of (H,z). Notice that by Lemma 2.6
<Df ) is finite. Since G has only finitely many subgroups containing H, the set of
subgroups {(H,z) | « € G} is finite. Thus D = H16G<Df> is a finite product of
finite normal subgroups. Hence, D is finite. So we can replace G with the quotient
group G/D and assume that (H,z) is in N for every x € G.

Let G be a finite quotient of G. For every # € G the image of (H,z) in G is
nilpotent. Therefore the image H of H consists of right Engel elements. By [7,
12.3.7] it follows that H is contained in the last term Z of the upper central series
of G. Therefore the index [G : Z] is at most [G : H]. According to [6, Theorem
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3.2] this implies that the order of the nilpotent residual of G is bounded by a
function of [G : H|. As this happens in every finite quotient of G, the inverse limit
argument shows that G is finite-by-pronilpotent.

This concludes the proof when A is the class of pronilpotent groups.

Thus we are left with the case when A is the class of locally nilpotent (resp.
strongly locally nilpotent) groups. We can replace G by a quotient of G over a
finite normal subgroup and assume that G is pronilpotent. Now H is a normal
open N-subgroup of G of finite index; we will prove by induction on the index
of H in G that indeed G is finite-by-N. Since G/H is nilpotent, we can take a
nontrivial element aH € Z(G/H). By Lemma 3.3, (a, H) is finite-by-A/. Since
(a, H) is normal and open in G, the result follows by induction.

Now to conclude the proof it is enough to assume that G is a finite-by-\
profinite group and show that G admits a covering by finitely many N -subgroups.

Let K be a normal finite subgroup such that G/K is in N and let N be an
open normal subgroup of G such that NN K = 1. As N has finite index in G, there
are only finitely many subgroups of the form (a, N) and they cover G. Therefore
it is sufficient to prove that for every a € G the subgroup (a, N) is in N. This
is clear when N is the class of pronilpotent or locally nilpotent groups. So now
we will assume that G/K is n-Engel and we want to prove that for every a € G
the subgroup (a, N) is n-Engel. If z,y € (a,N), we see that [z,, y] € K and
[z, y] € {a, N)' < N. Hence [z,, y] = 1. |

4 Theorem 1.2

Let G be a group. If z,y € G, then [z,y] = z~ 'y~ 'zy is the commutator of z and
y. The subgroup of G generated by all commutators is the commutator subgroup
G’ of G. In general, elements of G’ need not be commutators (see for instance
[4] and references therein). Several recent results indicate that if the set of all
commutators is covered by finitely, or countably, many subgroups with certain
specific properties, then the structure of G’ is similar to that of the covering
subgroups. The purpose of the present section is to prove Theorem 1.2, which is
a further result in this direction. The next two lemmas are similar to Lemmas 3.2
and 3.3 of [9]. For the reader’s convenience we supply the proofs.

Lemma 4.1 Suppose that the set of all commutators in a profinite group G is
covered by countably many N -subgroups G;. Then G has an open normal subgroup
H such that H' is in N.

Proof For each positive integer i set
Si ={(z,y) € G x G| [z,y] € Gi}.

Note that the sets S; are closed in G x G and cover the whole group G x G. By the
Baire category theorem at least one of these sets contains a non-empty interior.
Hence, there exist an open normal subgroup H of G, elements a,b € G, and an
integer j such that [ahi, bh2] € G; for any choice of hi, hs € H.

Let K be the subgroup of G generated by all commutators of the form [ah1, bha],
where hi,h2 € H. Note that K < G and that H normalizes K. Since G; is in
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N, sois K. Let D = K N H. By Lemma 2.6, (DY) is in NV. Let us examine the
quotient G /(D).

Suppose that D = 1. This implies that [ah1,bh2] = [a,b] for any hi,hs € H.
Obviously this happens if and only if [H,a] = [H,b] = H' = 1. Therefore H' <
(DY) and the lemma follows. O

Lemma 4.2 Suppose that the set of all commutators in a profinite group G is
covered by countably many N -subgroups G;. Then for every element a € G there
exists an open normal subgroup Hq such that [Hq,a] is in N.

Proof Fix an element a € G and for each positive integer i let
S; = {:I? S G| [x,a] S Gi}.

Note that the sets S; are closed in G and cover the whole group G. By the Baire
category theorem at least one of these sets contains a non-empty interior. Hence,
there exist an open normal subgroup H of GG, an element b € G, and an integer
j such that [hb,a] € G, for any h € H. We have [hb,a] = [h,a]’b,a]. Since
[b,a] € Gj, we conclude that [h,a]’ € G; for any h € H. Therefore [H,a] < Ggil,
which is in N. 0O

Lemma 4.3 If G is a profinite group in which the set of commutators is covered
by countably many N -subgroups, then G contains a normal subgroup N such that
N is an open N -subgroup of G'.

Proof By Lemma 4.1 G possesses an open normal subgroup H such that H’ is
in N. Let a1,a2,...,as be elements of G such that G = (H,a1,az,...,as). By
Lemma 4.2 for every i = 1,...,s there exists an open normal subgroup H; such
that [H;,a;] is in N. Notice that [H;, a;] is normalized by H;, which is open and
normal in G. Put K; = ([H;,a;]¢). By Lemma 2.6, K; is a normal N -subgroup
for each 4. Let N be the product of H' and all subgroups K; for i = 1,...,s. Then
N is a normal A -subgroup of G contained in G’ (here we use Lemma 2.4, when
N is the class of strongly locally nilpotent groups). (here we use. Denote by V the
intersection of H and all H; for i = 1,...,s. Then V is an open normal subgroup
of G. Note that V/N is centralized by H and by every element a; for i =1,...,s.
It follows that V/N < Z(G/N) and hence Z(G/N) has finite index in G/N. By
Schur’s theorem we conclude that G’ /N is finite, as desired. O

Lemma 4.4 Let G be a profinite group in which the set of commutators is covered
by countably many N -subgroups G;. Suppose that N is a normal N -subgroup of
G. If a is a commutator, then there exist a commutator b € aN and a normal
subgroup R of G such that R is open in N and (R,b) is in N.

Proof Let X be the set of all commutators contained in the coset aN. Of course
X is non-empty. Obviously, the set X is closed and therefore compact. It is clear
that X is covered by the (closed) subsets X N G;. By the Baire category theorem,
at least one of these subsets contains a non-empty interior. Hence, there exist an
open normal subgroup T of G, an element b € X and an index j such that all
commutators contained in X N b1 belong to G;. Let R = T N N. Notice that for
every 7 € R, the conjugate b" is a commutator and b = b[b,r] € bR. Since all
commutators contained in bR belong to G, it follows that (b¥) < G;. So (b%) is
in \. We observe that (b, R) = (b*)R is a product of two normal A/-subgroups so
it is in V. O
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We will require the following lemma.

Lemma 4.5 [11, Lemma 3.2] Let 7 be a set of primes, G a finite group in which
all commutators are m-elements. Then G’ is a T-group.

Proposition 4.1 Let G be a profinite group and let X be the set of all commu-
tators of G. Suppose that there exists an open subgroup N of G’ which is normal
in G such that for every x € X the subgroup (N,x) is finite-by-N'. Then G’ is
finite-by-N.

Proof Tt will be convenient to prove the following, formally stronger, result:

If a subgroup K is generated by a normal subset of X, the subgroup KN is
finite-by-N.

Here by a normal subset we mean a subset that is invariant under any inner
automorphism of GG. Suppose that the claim is false and choose K and N with
the property that KN is not finite-by-A and the index [KN : N] is as small as
possible. Of course, whenever H is a normal subgroup generated by elements from
X such that N < HN < KN we have

(*) Either H < N or HN = KN.

Indeed, suppose that none of the above holds. By minimality of the index, HN is
finite-by-A. Moreover, for every x € X, since the subgroup (N, z) is finite-by-N,
Lemma 3.2 implies that (HN,z) is finite-by-N. Since [KN : HN] < [KN : NJ,
we conclude that KN is finite-by-A, a contradiction. This proves (*).

If the commutator subgroup K’ has the property that K'N < KN, by (*) we
can assume that K'N = N and so KN/N is abelian. Since KN/N is finite, it
follows that KN is the product of finitely many finite-by-N subgroups of the form
(N, z), which normalize each other. Therefore KN is finite-by-N by Lemma 2.5,
a contradiction.

Thus, we are left with the case where K'N = KN, that is, K N/N is perfect.
Let p be a prime divisor of |[KN/N| and X, the set of p-elements in X. The
subgroup H = (X,) is, of course, normal in G. If H < N, then by Lemma 4.5
K N/N is a p’-group, contradicting our choice of p. Therefore N # HN. In view of
(*) it follows that HN = K N. Now to obtain a contradiction it becomes sufficient
to prove that H is finite-by-N because in that case KN = HN would be finite-
by-N by Lemma 2.5.

Let M = HN N and Xy = X N H. The quotient H/M, being isomorphic
to HN/N = KN/N, is a finite perfect group generated by p-elements. Since M
has finite index in H, the set of subgroups {(M,z) | + € Xg} is finite. For
each x € Xy, let D, be the N-residual of (M, z). Note that each normal closure
(D) is finite. Therefore Do = [oex, (D™ is a finite product of finite normal
subgroups and hence Dy is finite. If H < DgN, the result is immediate so we
assume that H £ DoN. It follows that HN/DgN is perfect. Passing to the quotient
group H/Dy we can assume that the subgroup (M, x) is in N/ whenever z € Xp.

Since M is pronilpotent, M is the direct product of its Sylow p-subgroup P and
its Hall p’-subgroup T'. Since the subgroups of the form (M, z) are pronilpotent, it
follows that [T, z] = 1 for every x € X,. Hence T is contained in the centre of H.
The quotient group H/M Z(H) is a perfect finite group generated by p-elements.
It follows from Lemma 4.5 that H/M Z(H) contains some p’-commutators. So the
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set X, of p’-commutators in Xg is non-empty. Let L = (X,). If LM were a
proper subgroup of H, then the quotient H/LM would be a perfect group with
all commutators of p-power order. By Lemma 4.5 the commutator subgroup of
H/LM would have a p-power order as well. Thus, H/LM would not be perfect, a
contradiction.

Hence, H = LM. As before, it is sufficient to prove that L is finite-by-A. Set
Mp=LNM, P, =LNP,and Tr, = LNT. Remark that T, < Z(L). For every
x € Xp we have [P, z] = 1 since the subgroup (M, z) is pronilpotent. Therefore
Pr, < Z(L) and thus My, < Z(L). It follows that L is central-by-finite and so by
Schur’s theorem it is finite-by-abelian, which gives the desired contradiction. This
completes the proof. a

The proof of Theorem 1.2 now becomes easy.

Proof of Theorem 1.2 If G is a profinite group such that G’ is finite-by-A/, then
by Theorem 1.1 we have that G’ is covered by finitely many A -subgroups. So it
remains to prove that if G is a profinite group in which the set of all commutators
is covered by countably many A/-subgroups, then G’ is finite-by-N.

Let G be a profinite group in which the set of all commutators is covered by
countably many AN -subgroups. By Lemma 4.3 there exists an open A-subgroup
N of G’ which is normal in G. Let X be the set of all commutators in G and let
a € X. By Lemma 4.4 there exist a commutator b € aN and a normal subgroup R
of G such that R is open in N and (R, b) is in M. Then R is open in G’ and, in view
of Lemma 3.2, we conclude that (N, b) is finite-by-N. As (N, b) = (N, a), it follows
that for every commutator a the group (N, a) is finite-by-A/. Now Proposition 4.1
tells us that G’ is finite-by-A, as required.
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