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LOCAL BOUNDEDNESS FOR MINIMIZERS OF SOME POLYCONVEX
INTEGRALS

GIOVANNI CUPINI - FRANCESCO LEONETTI - ELVIRA MASCOLO

ABSTRACT. We give a regularity result for local minimizers u : Q@ C R® — R® of a special class of
polyconvex functionals. Under some structure assumptions on the energy density, we prove that
local minimizers u are locally bounded. For each component u® of u, we first prove a Caccioppoli’s
inequality and then apply De Giorgi’s iteration method to get the boundedness of u*. Our result
can be applied to the polyconvex integral
3
/ (Z |Du®|? + | adj, Du|? + | det Dur> dz
2 \a=1

with suitable p, q,r > 1.

1. INTRODUCTION

We study the regularity of local minimizers for a special class of variational integrals

I(u,Q)z/Qf(Du)dx (1.1)

where u :  C R™ — R™ is a vector-valued map and Du is the m x n Jacobian matrix of its partial
derivatives

Ou® a=1,2,...m
uz(ul,u2,...,um), Duz( Y ) .
Ox; i=1,2,...n
A function u € VVlicl(Q,]Rm) is a local minimizer of I if f(Du) € Li (Q) and

I(u,supp ) < I(u + ¢, supp @),

for all o € WH1(Q,R™) with supp ¢ € €.

Motivated by the applications to nonlinear elasticity, J. Ball in 1977 pointed out in [1] that
convexity of f with respect to Du is unrealistic in the vectorial case. Indeed, it conflicts, for
instance, with the natural requirement that the elastic energy is frame-indifferent. The convexity
must be replaced by different and more general assumptions, as the so called quasiconvexity and
polyconvezity, already introduced by Morrey in [36] in an abstract setting.

In particular, we are interested in the polyconvexity condition, which takes into account the
constitutive hypothesis that the energy is invariant under the transformation g — g + ¢, for every
null Lagrangian .

A function f : R™" — R, f = f(&), is said polyconvez if there exists a convex function
g : R™mn) 5 R such that

f(&) =g(T(c)), (1.2)
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2 G. CUPINI - F. LEONETTI - E. MASCOLO

where

min(m,n)
7(m,n) = Z (z) ( z)

and T'(€) is the vector defined as follows:

() = (€ adip&, .o, adjs & ajpmingin €) -

Here adj, & denotes the adjugate matrix of order 7. In particular, if m = n then adj,, £ = det €.

The polyconvexity assumption is commonly used as a structural assumption in mathematical
models of elasticity, since, if n =m = 3, &, adj, £ and det & govern the deformations of line, surface
and volume, respectively.

Our main purpose is to illustrate some ideas and methods which lead to local boundedness for
local minimizers of some polyconvex functionals.

In our paper n = m = 3 and we assume that there exist F,, : R? — [0, +00), G4 : R — [0, +00),
with o € {1,2,3}, and H : R — [0, 400) convex functions such that

3
F€) = {Fa(€") + Gal(adjy &)™)} + H(det &), (1.3)
a=1
where
& & & ¢!
= g g |l=1¢ ], ¥ e R3 for a € {1,2,3}.
3 3 3 53
1 2 3

and adj, & € R3*3 denotes the adjugate matrix of order 2 whose components are

(adj €)~i = (—=1)7* det < ?}g Z; ) v,1 € {1,2,3},

where o, 8 € {1,2,3} \ {7}, a < 5, and k,l € {1,2,3} \ {i}, k <[. Moreover,
(adjy §)* = ((adjz §)a1, (adjz §)az, (adjs §)as)-

Integrands (1.3) occur as stored energy densities for certain models from nonlinear elasticity (see
Ball [1],[2], Ogden [39]) and, by the results by Ball [1],[2] and Muller [38], see also the monograph
by Dacorogna [8], the corresponding minimization problems have a solution.

To have regular local minimizers some growth conditions have to be considered. We assume that
F,(€%) grows like [€¥|P, G4 ((adjy €)®) grows like |(adjs £)*|? and H(det &) grows like |det &|".

In this paper, under suitable assumptions on the exponents p, g, (see condition (2.5)) we prove
that the local minimizers of I are locally bounded in 2, see Theorem 2.1. We note that F,, G, H
may depend on x too: F,(z,£%),Ga(x, (adjy £)®), H(z,det §); see Theorem 2.1.

As an application of Theorem 2.1, let us consider the functional (1.1) with

3
f(Du) := Z (|Duo‘|14/5 + | adjs Duo‘\Q) + | det Dul*/?.
a=1

By Theorem 2.1 every local minimizer u : Q C R? — R3 of I is locally bounded. Note that the

14
existence of a minimizer of I in @ + Wol’ °(Q), with u € WL%(Q), comes from Remark 8.32 in [8],

see Theorem 3.1 below.

Partial regularity results i.e. the regularity of solutions up to a set 2y and the study of the
properties of the singular set, see for example section 4.2 in [33] and section 1 in [34], are contained
in [17], [15], [14], [40], [12], [22], [7]. For the polyconvex case, only few everywhere regularity results
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are available; we mention those by Fusco and Hutchinson in [18], where the everywhere continuity
is proved in the case n = m = 2, Fuchs and Seregin [16], where Holder continuity for extremals
is dealt with. Global pointwise bounds are in [24], [9], [28], [29], [26], [27]. Interesting results are
contained in [42], [3], [4], [5], [6]; see also [25].

The main novelty of our result is the technique used to obtain the regularity result. Indeed
we prove the local boundedness of vector valued minimizers u = (u!,u?,u?) by using De Giorgi’s
iteration method, used until now only in the scalar case. Indeed, we first show that each component
u® satisfies a Caccioppoli’s inequality (see Proposition 2.3); then we apply De Giorgi’s procedure,
separately, to each u®.

The special structure on f in (1.3) is in some sense necessary to treat this type of functionals
since in the vectorial framework minimizers can be unbounded, in view of some counterexamples,
see [10], [43], section 3 in [33] and the recent [35].

The integrals considered can be inserted in the class of functionals with p,g-growth. The
mathematical literature on the regularity under p, g-growth is very rich; energy functionals with
anisotropic, non-standard or general growth have been studied by many authors and in different
settings of applicability. Under p, g-growth it is now well known, as in our result, that a restriction
between p and ¢ must be imposed due to the counterexamples in [20], [30], [31], [32], [23], [11], [13];
we refer to [33] for a detailed survey on the subject.

Our paper is organized as follows. In the next section we present the precise statement of our local
boundedness result (Theorem 2.1) and we describe our strategy for proving it; eventually we provide
the proof. In Section 3 we recall an existence result for a suitable class of polyconvex functionals
(Theorem 3.1); using this result and Theorem 2.1 we obtain the existence of locally bounded
minimizers for a class of functionals satisfying the assumptions of these two results (Theorem 3.2).
Section 4 contains the Appendix, devoted to two technical results used to prove Theorem 2.1.

2. LOCAL BOUNDEDNESS

We consider 2 C R3 open set, a function f: Q x R3*3 — [0, +00), and the functional
I(u) ::/f(x,Du(a:)) dx
Q

where u: Q C R3 — R3,

1 1 1
Uy, Uy, Ug,
Dut
— 2 | _ 2 2 2
Du:= | Du = | uy, Uz, Uz,
Du?
3 3 3
Uy, Uy, Uy,

+00), G : QxR3 — [0, +00),

We assume that there exist Carathéodory functions F, : @ xR? — [0,
y A= Go(z,\), t = H(x,t) are

a€ {1,2,3}, and H : Q x R — [0, +00), such that A — F,(z, \)
convex, with

3
F@,8) = {Fal,£") + Gal, (adjy ©)*)} + H(x, det £). (2.1)
a=1
Here
51
e=| € |, ¢ eR¥forac{l?23}

63
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and adj, & € R3*3 denotes the adjugate matrix of order 2 whose components are

2{3 2%) v {1,2,3),

where o, 8 € {1,2,3} \ {7}, a < 5, and k,l € {1,2,3} \ {i}, k <. Moreover,

(adj §)* = ((adjz §)a1, (adj §)a2, (adjz §)as)-

We assume that there exist exponents 1 < p < 3,1 < ¢, 1 <r, constants k1, k3 > 0, k2 > 0 and
functions a,b,c: Q — [0,400) such that, for all « € {1,2,3},

(adja )i = (1) det (

EiAP — ko < Fo(x,A\) < ks (AP +1) +a(z) VIeR? (2.2)
ki [M? = ko < Gol(x,\) < ks(JA2+1) +b(z)  VAeR? (2.3)
0<H®E) <ks(t|"+1)+c(x) VteR (2.4)

where a,b,c € L7(Q2), 0 > 1.
Our main result is the following.

Theorem 2.1. Let f satisfy (2.1) and growth conditions (2.2), (2.3), (2.4), with1 <r < q <p < 3.
Assume

>k * 1
p*<min{1— - P ,1—}, (2.5)
p p(p* —q) qa(p* —r) o
where p* = b if p <3, and, if p= 3, then p* is any v > 3.

3—p’
Then all the local minimizers u € VV&)’?(Q;RS) of I are locally bounded.

Remark 2.2. If 0 = oo then % must be read as 0. Moreover, we remark that if p = 3, then p* can
be chosen large enough so that (2.5) is implied by the assumptions 1 <r < q<p and o > 1.

For the sake of simplicity we prove the theorem in the case with no dependence on z, that is,
f(&), Fu(€Y), G*((adjy £)™), H(t), with a(x) = b(x) = ¢(x) = 0 in the growth conditions. See also
Remark 2.6.

Sketch of the proof. We now provide a sketch of the proof of Theorem 2.1. For a local minimizer

u = (u',u?,u3) we will prove that each component is locally bounded. In the following we consider

the first component u'. We can argue similarly for the other components u?, u3.

STEP 1. Caccioppoli inequality for u!. We use the minimality condition with a suitable test

function; such a test function and the particular structure (2.1) of the density f guarantee a
Caccioppoli inequality for u! on every superlevel set {u! > k}. More precisely, fixed 29 € Q and
a ball Br,(zo) € 2 (we will not write the center zg if no confusion may arise) we have that there
exists ¢ > 0 such that for all s,t > 0, s <t < Ry,

1 p*
/ |Dul|P da < c/ w =k dz 4 c|{u' > k} N By’ (2.6)
{ul>k}NB; {ul>k}nB, \ Lt — 8

with a suitable ¢ > 0. The Caccioppoli inequality (2.6) permits to apply the classical methods to
get the regularity in the scalar case. Observe that on the right hand side of (2.6) we do not get
the same exponent p as in the left hand side, but the larger p*; it still allows us to prove the local
boundedness of u!, see also [19] and [37].
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STEP 2. Decay of the “excess” on superlevel sets. For a suitable radius R < Ry and a suitable
level d, we define a sequence py, of radii starting from R and decreasing to g, another sequence ky,

of levels starting from % and increasing to d. We define the “excess” on the superlevel set as follows

*

Jh ::/ (u' — k)" dz. (2.7)
{u1>kh}meh

Note that J, is a decreasing sequence. Using Sobolev inequality and Caccioppoli estimate (2.6) we
are able to show that

Tni1 < cQMIPIP (2.8)
for some constants ¢, Q > 1.
STEP 3. Iteration. In the right hand side of (2.8) there is competition between the increasing Q"
and the decreasing J;fp / ; if Yp*/p > 1 and the initial value Jy is small, then

—h
Jn < QIP1 o, (2.9)
so that
li = 2.1
et =0 (210
which implies
ut <d a. e. in Bps. (2.11)

Since assumption (2.5) guarantees ¥p*/p > 1 we get (2.11). Lower bounds for u! can be obtained
by showing that —u is a minimizer for a similar functional.

To accomplish this program, we will use two technical lemmas; their statements and proofs can
be found in the Appendix.

STEP 1. Caccioppoli inequality. The particular structure (2.1) of the density f guarantees a
Caccioppoli inequality for any component u® of u on every superlevel set {u® > k}. In the next

proposition we state this result in the case of the first component u!.

Proposition 2.3. Let f be as in (2.1), satisfying the growth conditions (2.2), (2.3), (2.4), with

q< f P and r < f ¢ (2.12)
p*+p p*+q
Let u € Wlif(Q;R?’) be a local minimizer of I.

Let Br(zo) € Q, |Br| <1, R < 1, and, fired k € R, denote
A, ={x € B(xo) : u'(z) >k} 0<T<R

Then there exists ¢ > 0, independent of k, such that for every 0 < s <t < R.

1 _ p*
/ ]Du1|pdx§c/ (u ) dx
A AL, \t—s
(p*—q)
be 1+</ (\Du2]+]Du3\)pda;)p +(/
Br Br

qap
__m™m 1 _1
1 q(p*—f)’1 s}

1
k,s
rp*

(p*—r)
adjy D) dz ) VAL (213
2 k.t

where ¥ := min{1 — S
p(p*—q)
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Proof. For the sake of simplicity we will give a proof assuming that the integrand function f is

independent on x, and, consequently, that a,b, ¢ in (2.2), (2.3), (2.4) are equal to 0.

Let Br(xo) € Q, |Br| <1, R < 1. Let s,t be such that s < ¢t < R. Consider a cut-off function

n € C§°(By) satisfying the following assumptions:
2
0<n<1, mn=1in Bs(zy), |Dn| < s
—s

Fixed k € R, define w € WL7(Q;R?),
w! == max(u! — k,0), w?:=0, w®:=0,
and, for u > p*,
¢ = —n'w.
For a.e. z in Q\ ({n > 0} N {u' > k}) we have ¢ = 0, thus
f(Du+ Dy) = f(Du) a.e. in Q\ ({n >0} n{u! > k}).
For a.e. z in {n > 0} N {u' > k} denote

pn =" (k — u') D
A= Du?
Du?
We notice that
(1 = n*)Du" + =" (k — u*) D

Du+ Dy = Du? = (1 —n")Du+ n*A.
Du?
Since
det(Du+ Dy) = (1 —n*) det Du+ n* det A
and

adjy(Du + D) = (1 — ) adjy Du + n adj, A

and using that f is polyconvex, we get

f(Du+Dg) < (1 —n")f(Du) +n*f(A)  ae in{n>0}n{u' >k}

By the minimality of u, f(Du) € L{ (). Lemma 4.2 in Appendix ensures that
' f(A) € L'({u' >k} {n>0}).
Therefore (2.15) and (2.17) imply f(Du+ Dy) € L. (D).
By the local minimality of u, (2.15) and (2.17) we have

[ s [ 00w ) e
Al ,n{n>0}

Ag ,N{n>0}

The inequality above implies

/ 7 f(Du) da < / o F(A) d.
Aj N {n>0}

Ap ,n{n>0}
Taking into account (2.16) and the particular structure of f, see (2.1), we obtain

Fy(A?) = Fy(Du?),  F3(A%) = F3(Du®), Gi((adjy A)') = Gi((adjy Du)b),

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



then, by (2.18),

3
/ nt {Fl(Dul) + ZGQ((ade Du)®) + H(det Du)} dx
Al .n{n>0}

a=2
3
< / nt {Fl(,un_l(k —ul)Dn) + Z Go((adjy A)*) + H(det A)} dzx. (2.20)
Ai N{n>0} =2
By the growth assumption (2.2)

u — k
t—s

p
nFy(un~ Y (k — ut)Dn) < e + cpPytP ( > a.e. in A,lat N{n > 0}.

Therefore, recalling 1 > p and the inequality 2P < zP" + 1 if z > 0, we obtain

1 p*
/ " Fy (pun L (k — u')Dn) dz < c/ 1+ <u k> dx. (2.21)
AL N{n>0} AL, t—s

Moreover, by (2.3) and Lemma 4.1-(c) in Appendix

3 3
7" Gal(adjp A)*) < ks > (|(adjy A)*|7+ 1)
a=2 a=2

1 q
u —k
< en + epint < — > (|Du?| + | Du?|)?.

The first inequality in (2.12) implies ¢ < p*. Using the Young inequality with exponents %* and
P we get that, a.e. in A}c,t Nn{n > 0},

P —q
1 p\¢ 1_ p* *
ettt (S ) o+ e < o (1) wepe + D
We have so proved that
5 ul — k P ap*
/ ") Gal((adjy A)*) dz < c/ 1+ ( ) + (|DW?| + |Du?) =1} da.
Allc,tﬂ{n>0} a=2 Allc,t t—s

(2.22)
By (2.4) and computing det(A) with respect to the first row (see Lemma 4.1-(b))

ut — K\’ .
t—s) ‘(adJQDu)l

T

ntH(det A) < en? 4+ cu ™" (

Notice that, by (2.12), r < p*. By the Young inequality with exponents g and -2 we get

pr—r
1_\" , 1_p p* T*p_*r
e " <ut — > )(ade Du)'| <e (ut — > + ’(ade Du)'|”

Therefore

1_ \P e
/ n*H(det A) dx < C/ 1+ (u k) + ‘(adjg Du)'|" 7" b da. (2.23)
AL N {n>0} AL, t—s
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*

Taking into account that the inequalities in (2.12) are equivalent to p‘ip_* - <pand pv;z: - < g, by
the Holder inequality we obtain
2 37\ 22 : 1 ;f*%
/ (|Du?| + |Du’|)P*=a + ‘(adJQ Du) dx
Al
pT—q)p _ qp
< ([ aoiippan) T Ao
Br ’
q ( :P*) *
pT—r)q _ TP
o ([ Jito o ae) T g 22
Br

Since |A,1€7t| < |Bgr| <1, by (2.20), (2.21), (2.22), (2.23) and (2.24) and we get

3
/Al {Fl(Dul) +> Gal(adjy Du)®) + H(det Du)} dx

a=2

*
* *

1_ P
“of ()
A NP8
X q (e
P*—q)p pT=7)q
+cd1+ (/ (|Du?| + ]Du3])pda:> + (/ (adeDu)1’ da:) A, (2:25)
Bgr Br

* *

. qp rp
Y:=min<{l— ———1— —F"—>5.
{ p(p* —q) q(p* =) }

Since G, Gy, H > 0 and
Fy(Du') > k| Dul|P — ko,
then (2.25) implies (2.13).

STEP 2: Decay of the “excess” on superlevel sets.
In this step we consider a scalar Sobolev function v : Q C R® - R, n > 2.

Let us assume that €2 is an open set in R™ and v is a scalar function v € VV&)({’(Q, R), p > 1. Fix
Bpr,(z0) € Q, with Ry < 1 small enough so that

|Br,(x0)] <1 and / [v|P” dx < 1. (2.26)
Ro
Herep*:n”fpp,ifp<nandp* is any v > pif p = n.
For every R € (0, Ry] we define the decreasing sequences
R R R 1 _ pn+pn+e1 R 3
=ty (g = PR T Phel T .
Phi= 5t gha 2<+2h>’ Ph 2 2\ T

Fix a positive constant d > 1 and define the increasing sequence of positive real numbers

1



Moreover, define the sequence (J, ),

Joh = / (v — kp)? da,
A

kpspop

where Ay, , = {v > k} N B,. The following result holds.

Proposition 2.4. Let v € I/Vli’p(Q;]R), p > 1. Fiz Br,(xo) € Q, with Ry < 1 small enough such

C

that (2.26) holds. If there exists 0 < ¥ <1 and co > 0 such that for every 0 < s <t < Ry and for

every k € R
v—k P 9
|Dv|P dz < ¢ dx + A" ¢, (2.27)
Ag,s Ap,t t—s

then, for every R € (0, Ro|,

* %k h p*
p'p 9
Jv,h-l—l < 6(197 R) (2 P > JU ff ’
with the positive constant ¢ independent of h.

Proof. In the following we write Jj, in place of J, j.
Notice that (Jp) is a decreasing sequence, since the following chain of inequalities holds:

Jht1 < /
A knt1:Pn

Let now define a sequence ((3) of cut-off functions in C2°(Bj, (x0)), such that 0 < ¢, <1, =1

(v — kpy1)P da < / (v—Fkp)P de <J, VYh (2.28)

kn41:Pn A

. h+4
in By, 15 DGl < 21; :
If we denote (v — kp11)+ = max{v — kpy1,0} we get
Jhy1 = / (v —kp1)P ¢ dx < / (v —kn1)P ¢ da
Akp 10041 Akpy 1,01
— [ (Ghlo = bna)s) da. (2.29)
Br

By the Sobolev embedding Theorem and the properties of (; we get

/ (Ch(v = kps1)+)? da
Bgr

([ 1D (0 b))l de

1 1N\ P
s{( / |Dv<hrp><{v>kh+1}dx) +< / |<v—kh+1>+D<h|pdx) }
BR BR

*

p

*

% oh\ P P
<ec / |Dv|Pdx | + <> / (v —kpy1)P do . (2.30)
Akpy1.5n R Akpy1.0n
Using (2.27) with k = kpy1, t = pp, s = pp, we obtain
2h\ " . )
/ |DulP dz < ¢ <R> / v — Epy1 | do + | Ag, oy pnl” - (2.31)
Akh+1v/3h Akh+lvph
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Collecting (2.29), (2.30), (2.31), we obtain

oh\ P’
{3 ]
+1 7 ;

=%

. 2h\ P
(v —kpg1)? do+ |Akh+1,Ph’ﬁ + <R> /A (v = kpy1)? dl‘}

Eht1-Ph, Kh+1-Ph
(2.32)
Since 2P < zP" + 1 for every z > 0, then
2h\ P 2h\ P .
<R> / (v —kpp1)Pde < (R) / (v = Fkny1)? dz + [Agy 1 onls
Akh+1»9h Akh+17ph
so obtaining
. p*
2\ ? . 9 v
Jpt1 < ¢ <R> / (v —kpt1)? dx+ |Akh+1n0h| + |Akh+17,0h| : (2.33)
Akh+1aﬂh
Since
Al = k) < [ (0= k) do < g,
Akh+1»ﬁh
then
T oh+2 p*
A < = Jh.
‘ kh+1,Ph| = (kh+1 - kh)p* ( d h
Taking also into account that
/ (v — kpyr)? dx < / (v — kp)?" da < J,
Akh+1aﬂh Akh+1vf’h

the inequality (2.33) gives

p*
r

oh p* oh dp* oh p*

Since Jp, < 1 for every h and recalling that d > 1 > Ry > R, we get

2h p* 2h Jp* 9 2h p* 2hp* 2h19p* " ) 1 -
- s i £ . £ p* 79

By (2.34) it follows

2 1 .

s %

p*p* h i
<¢(9,R) <2 P ) J, P

STEP 3: Iteration and proof of Theorem 2.1.

We now resume the proof of Theorem 2.1. As in the proof of Proposition 2.3, we will consider
an integrand function f independent on x; consequently, a,b,c in (2.2), (2.3), (2.4) have to be
considered 0.

We need the following classical result, see e.g. [21].
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Lemma 2.5. Let v > 0 and let (Jy) be a sequence of real positive numbers, such that
Jhp1 < AN vh e NU {0}, (2.35)
_1
with A>0 and A > 1. If Jo < A7 N"3%, then J,, < A5 Jy and limy_se0 Jy = 0.

Fix Bpr,(xo) € €2, with Ry < 1 small enough such that |Bg,(zo)| < 1 and fBR lulP” dx < 1. By
0
Proposition 2.3 we have that u! satisfies, for every 0 < s <t < Ry and every k € R,

1 _ k p*
/ |Dul [P da < c/ 4 dx
Al Al t—s

k,s k,t

+ec< 1+ /
Bpr

where ¢ > 0 is independent of s, ¢, k and ¥ := min{1 — p(gfiq), 1-— q(;f_r) }.

) 3pp (p*—q)p ) 119 (p*—r)gq L
(|Du?| + | Du’|)? dx + (adjo, Du)"| dx |Ag ", (2.36)
Bn,

0

Therefore the scalar function u'! satisfies (2.27) of Proposition 2.4 with constant ¢y depending on
q
/ (|Du?| + |Dud|)Pdz  and / ‘(adjg Du)l‘ dz.
Br, B,

Note that these integrals are finite by (2.2) and (2.3). Moreover, they are independent of u'; indeed
(adj, Du)1 is depending only on u? and u3.
As above, let us define

1
kh::d<1_2h+1>’ hGN
with d > 1 (d will be fixed later) and, for every R € (0, Ro], define

R R R 1 _ ph+pn+e1 R 3
= — —_— = — ]_ —_— = — = — 1 —_—
Phi= 5 g 2<+2h)’ Ph 2 o T aon

Tty = (ul — kp)?" da.

Al
EpsPh,

and

Proposition 2.4, applied to u!, gives

p*p* h 9E-
Tt pir < c(9, R) <2 ; ) T (2.37)

ul b

with the positive constant ¢ independent of h and, by (2.5), with the exponent 19% greater than 1.

Indeed, since
d\""
Jyio= / <u1 — ) dr —gq—io0 0,
) Ald . 2

7?
we can choose d > 1 large enough, so that
1 k% L
p

Juig < c(,R) "7 <2”p> SR

Therefore, by Lemma 2.5, limp, o0 Jy1 ;, = 0. Thus, u' < d a.e. in Br,. We have so proved that

20
2
u! is locally bounded from above.
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To prove that u! is locally bounded from below, we notice that —u is a local minimizer of
Jo f(Dv) dz where

3
€)=Y {Fa(=€") + Gal(adjy €))} + H(—det &),
a=1
If we denote ~ ~
Fo(\) := F.(=)), H(t) = H(—t), ANeR3 teR,

the functions F‘aLﬁa are convex and satisfy (2.2) and (2.4).

The function f satisfies the assumptions of Theorem 2.1; so we obtain that there exists d’ such
that —u! < d’ a.e. in BRO We have so proved that u' € LOO(BR0 (z9)). Due to the arbitrariness

of zg and Ry, we get u' 6 L2 (92).

The symmetric structure of the energy density f allows to obtain an analogous statement to
Proposition 2.3 also for u? and u3. Therefore, reasoning as for u' (see also Remark 4.3), we obtain
that u?, u® € L (Q), too.

loc

Remark 2.6. We proved Theorem 2.1 by assuming that the integrand function is indipendent of
x. In the general case, f depending on x and satisfying the general growth conditions (2.2)-(2.4),
with a,b, c belonging to L°, o > 1, the proof goes in a similar way, with the additional condition
1-L1> 2,

)

3. EXISTENCE AND REGULARITY

Consider an open, bounded set  C R? and a Caratheodory function f :  x R3*3 — [0, +00),
f(x,€) = g(x,T(£)) with
T(€) := (& adjy &, det &) € R¥3 x R¥3 xR
where z — g(z, z) is convex.

Let u € WHP(Q; R?) be a function such that [, f(z, Du(z)) dz < 4+o00. Consider the minimization
problem

min {I(u) = / f(z, Du(x))dx : v € u+ W&’p(Q;RB’)} . (P)
Q
We suppose that there exist constants c¢; > 0, ca > 0 and real exponents p, g, 7 > 1 such that
cr (€7 + [adjy €| + | det &]7) — 2 < f(x,€). (3.1)

The following existence result holds (see Remark 8.32 (iii) in [8]).
Theorem 3.1. Consider the variational problem (P). If f satisfies (3.1) with exponents

2 <p < 400, Ll<q<+oo 1<r <400,

then (P) has a solution.

As a consequence of Theorem 3.1 and Theorem 2.1 we have the following.

Theorem 3.2. Consider the variational problem (P), where Q is an open bounded set in R® and
f satisfies (2.1), the growth conditions (2.2), (2.3), (2.4) and

ky|det &|" — ks < H(det &) (3.2)
. 3+45 P p*(p*—p)p p*(p*—p)g 3
wzthpG( v ,3>,p_1§q<( Vo —p)p? 1<T<r<(p)+(p_p)q,k4>0,k520anda>p.

Then there exists a minimizer u of (P), with u € LS (Q,R3).
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Proof. 1t is suffices to notice that % <1- % is equivalent to g < PP PP 4 that

p(p (p*)2+(p*—p)p

p € (%, 3) implies that 1% < % The thesis immediately follows by Theorem 3.1

and, taking into account that a minimizer is also a local minimizer, by Theorem 2.1. O

4. APPENDIX

Given a vector v = (v, -+ ,v,) € R™ we write |v| := /> 1" ; v2. Analogously, given a matrix

A = (a;j), i,j € {1,--- ,n}, A®is its i-th row and |A| := doii=1 agj.

Lemma 4.1. Consider the matrices A, B € R3*3

Al B!
A=| B? |, B=| B?
B3 B3

Then the following estimates hold:
(a) |A] < |AY +1B%| + |57,
(b) |det A < [AY| (adjy B)'|,
() |(adjy A)aj| < [AM[B?| and |(adj, A)sj| < [AY[|B?], for all j € {1,2,3}.

Proof. The first estimate is trivial, because

Al = VIAT? + [B22 + |B3]? < |AY + |B?| + | B%|.

To prove the second one, notice that

3
|det A <> | Ay | (adjy A) 1]
j=1
Since the second and third rows of A and B coincide,
(adjy A)1; = (adjy B)1; je{1,2,3}
and, moreover,
(adiy B)'| = [((adj, B)u1. (adjp B)1a. (adjp B)1s)|

we have
3

3
ZlAuH adjy A)15| = Z |Avsll(adjs B)1j| < |AY]| (adj, B)' |
and we conclude.

To prove (c) notice that, fixed j € {1,2, 3},

|(adjy A)2j| < [Avil[Bsk| + [Awgl|Bss| i,k €{1,2,3}\{j}, i #k
so the first inequality in (c) follows. Analogously the second inequality follows. O

Lemma 4.2. Let Q be an open subset of R3. Consider a Caratheodory function f : Q x R3*3 —
[0, +00). Assume that there exists c1,c3 > 0 and ca > 0 such that for every & € RY

cr (|7 + adjy §19) — c2 < f(2,€) < es (|€17 + |adjp §|7 + | det {|" + 1 + w(x)) . (4.1)
with 1 <p, 1<q, 1 <r, w(x)>0.
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Let u € WEP(Q;R3) be such that x — f(z, Du(z)) € Ll .(Q). FizneClQ),n>0, and k € R,

loc

and denote, for almost every x € {u' > k} N {n > 0},

pn =t (k = u*) D
A= Du?
Du?

For the sake of simplicity, we write f(A) instead of f(x,A) and f(Du) instead of f(x, Du(x)). If
(2.12) holds and w € L (), then

n'f(A) e L'({u' > k}n{n>0}) Vvt=>p"
Proof. Denote 4 := (u?,u%) and
. [ Du?

By the growth condition (4.1) and Lemma 4.1 we have, a.e. in {u! >k} N {n > 0},
F(A) < e{(un~" (! = k)| Dnl)" + Dl + |(adjo Du)'[* +1 + w}
+c{un~ (" = B)|Dyl|Da)}* + ¢ {pn~" (u' — k)| Dn||(adjy Du)'|}" . (4.2)
Since (2.12) holds, ¢ < p and r < ¢; thus there exist a > 1 and § > 1 such that
qa <p*, qo/ =p, and rB<p*, rf =q.
Therefore, by Young inequality, there exists ¢ > 0 such that, a.e. in {u' > k} N {n > 0},
{un~ (u! = B)| Dl Da|}* + {pn~" (u' = k)| D |(adjy Du)! |}

¢ (un ™~ (ut = B)|Dnl) ™ + ¢ (un (! = k)| D) + ¢ (|Daf? + |(adj, Du)'|*) (4.3)

Denote ¢ := max{p, ga,,73}. We have

(™" (" = &) Dnl) + (™ (" — B)| D)™ + (™ (" — )| Dl)™ < Ty~ (u — k)T D) + 3.

(4.4)
Therefore, by (4.2), (4.3) and (4.4), a.e. in {u! >k} N {n > 0} we have
0" f(A) < e{utn U — k)T Dy|T + ' |Daf” + 0 [(adjy Du)! " + 0" + 1w}
By (4.1) and f(Du) € L _(Q) we obtain
t
#IDaP + ' |(adiy Du)'[" < o' (1Dul? + | adiy Duft) < " (F(Du) + ) € L1(@),
Since u € LfOC(Q;R?’) and t — G >t —p* >0, then n'~9(u! — k)I|Dn|? € L'({u! > kYN {n > 0}).
We have so proved that n'f(A) € L'({u! > k} N {n > 0}) for all t > p*. O
Remark 4.3. Analogous inequalities to those in Lemma 4.1 hold true if
B! B!
A=| A% |, or A=| B?
B3. A3
Therefore, a statement similar to Lemma 4.2 can be given for u®> and u>, with
Du' Du!
A= | Yk —u®)Dn and A= Du? ,
Du? pn~ ' (k — u®) D

respectively.
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