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ABSTRACT Eigenfunctions and the spectrum of the Laplace-Beltrami operator are fundamental tools
in geometry processing, providing a robust framework for analyzing complex geometries. This paper
introduces an incremental framework specifically designed for the computation of the leading eigenpairs of
the Laplace-Beltrami operator of 2-manifolds represented by triangular surface meshes in R3. The proposed
approach relies on a discrete physics-informed neural network (dPINN), which leverages Graph Neural
Networks to effectively model the intrinsic geometry and topology of the manifold. dPINNs are ideally
suited for learning on a triangular surface mesh in R because they leverage its discrete representation
and numerical differentiation. Conversely, continuous PINNs (cPINNs) prove inadequate when the spatial
domain (manifold) is not readily available for arbitrary sampling. Numerical experiments on several 2-
manifolds in R?/R3 demonstrate the accuracy, robustness to geometric and topological variations, and
generalization capabilities of the proposed neural network approach in case of 2-manifolds with parametric
representations. The presented method aims to demonstrate how learning-based approaches can improve
upon traditional numerical methods under adverse meshing conditions or domain discretization changes.

INDEX TERMS Laplace-Beltrami eigendecomposition, geometric Laplacian, physics-informed discrete
neural network, graph neural networks.

I. INTRODUCTION

Many geometric objects of interest are naturally embedded in
Euclidean space. They are Riemannian 2-manifolds embed-
ded in R? endowed with a Riemannian metric that is induced
from the standard Euclidean metric of R3. Triangular meshes
serve as discrete approximations of smooth 2-manifolds
embedded in R? by using piecewise planar surfaces. The
finer the mesh (i.e., the more polygons used), the closer the
approximation can be to the original smooth surface.
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The Laplace-Beltrami operator (LBO) plays a central
role in comprehending the geometric and topological
characteristics of Riemannian manifolds. This operator,
intrinsically linked to a Riemannian metric, encodes crucial
geometric information about the manifold, including its
spectral properties. Investigating these spectral properties
and their geometric implications has been a focal point
of substantial research endeavors in recent times [1], [2],
(31, [4].

Similarly, for discrete surfaces represented by triangu-
lar meshes, the discrete LBO, also known as geometric
or graph Laplacian, represents a fundamental geometric
operator. It has found widespread use in spectral analysis
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and various geometric processing tasks, including shape
descriptors [1], [5], shape matching [2], partitioning [3], 3D
feature extraction [6]. More recently spectral learning LBO
methods have been introduced for 3D shape analysis. For
example, in [7] a manifold learning scheme is presented
using deep neural networks, while in [8] isospectralization
is performed by matching a limited portion of a shape’s LBO
spectrum to another. Other approaches, such as Riemannian
Metric Optimization on Surfaces (RMOS) in [9], propose an
intrinsic surface mapping within the LBO embedding space,
while in [10] a supervised LBONet is proposed to modify
the LBO for specific geometric tasks. However, all these
interesting approaches require the calculation, even if partial,
of the eigenpairs of the LBO.

The core challenge thus becomes the efficient approxi-
mation of the LBO eigenvalues and eigenfunctions on an
arbitrary topology manifold, by computing eigenpairs of the
geometric Laplacian on its representative triangular surface
mesh in R3.

This is exactly the aim that this paper’s contribution fulfills.

Spectral decompositions on a discretized manifold can be
approached in several ways, depending on how the problem
is mathematically formulated, on how the continuous LBO
is discretized, and on how the subsequent eigendecompo-
sition is numerically computed. Finite Element Methods
(FEM), spectral methods and Finite Difference Methods
(FDM) can be applied to compute the LBO spectrum of
a discretized manifold. The choice of the method depends
heavily on the geometry of the manifold. For example,
FEM is well-suited for complex geometries, however can be
computationally expensive, especially when high accuracy
is required. Moreover, FEM accuracy and convergence are
strongly dependent on the quality and resolution of the mesh.
FDM, on the other side, is easier to implement and highly
efficient on regular grids, but it often struggles with irregular
domains and complex boundary conditions, which can limit
its accuracy and stability when the underlying geometry is
nontrivial.

This work proposes a method for solving the Laplace-
Beltrami Eigendecomposition Problem on 2-manifolds,
which are represented by triangular surface meshes in R3.
Specifically, we compute the leading eigenfunctions and
corresponding eigenvalues, by utilizing an unsupervised
Physics-Informed Neural Network (PINN) framework based
on Graph Neural Networks (GNNs). PINNs, introduced
by Raissi et al. [11], has emerged as an alternative for
solving a wider class of partial differential equations
(PDEs). However, to our knowledge, no PINN approaches
have yet been presented to solve the specific proposed
problem.

Solving the LBO eigendecomposition problem on dis-
crete surfaces poses challenges for continuous PINNs. The
inherent Euclidean nature of their solution space and the
use of automatic differentiation are inadequate for handling
complex geometries. In addition, the cPINN training process
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involves evaluating a large number of points arbitrarily
located in the manifold. This poses a natural limit in the case
the shape domain is described uniquely by a given triangular
mesh of arbitrary topology.

In light of these limitations, our approach focuses on a
discrete PINN framework tailored for Laplacian Eigende-
composition Problems (LEP) on discrete manifolds, named
LEP-dPINN in the following. This framework employs
numerical differentiation and confines evaluations to the
mesh vertices.

The core of our dPINN proposal is the Generalized GNN,
which is effective due to two key aspects. First, GNNs
capture in a natural way the domain’s topological structure,
including mesh connectivity. Second, the convolutional
operators in the GNN are derived by directly solving a
Dirichlet energy driven variational formulation. According
to the proposed Generalized GNNSs in [12], physics-inspired
convolution operators can be incorporated within a GNN
framework through a learnable, energy-driven evolution
process, addressing features such as smoothness, sparsity,
or enhancement.

The contribution of this paper is twofold. We first
formulate the LBO eigendecomposition problem in term of
a constrained minimization problem involving the Rayleigh
quotient. To solve this problem a numerical optimization
technique is provided by leveraging an Projected Gradient
Descent Method on Manifolds (M-PGD). This iterative
process allows us to sequentially compute the leading
LBO eigenpairs. Building on this incremental approach,
we then introduce LEP-dPINN, a learning-based approach
that leverages a graph-based neural network to compute suc-
cessive eigenpairs, exploiting orthogonality with previously
computed eigenfunctions.

Both methods compute the first K leading eigenpairs. In the
numerical tests we considered K = 10% of the mesh’s vertex
number. While this might appear to be a limitation, focusing
on the first 10% of the principal eigenfunctions of the
LBO is generally sufficient for many practical applications.
These leading eigenfunctions effectively capture the global
and most significant structure of the surface under study,
neglecting highly localized details or multiple levels of
refinement. This is ideal for tasks such as coarse surface
representation (e.g., for compression), low-resolution shape
recognition, basic geometric modeling, and signal processing
on surfaces, [13], [14].

A key advantage of LEP-dPINN, as shown in the
numerical section, lies in its ability to solve the LEP on
manifolds remaining agnostic to their discretization, while
preserving good accuracy and providing runtime benefits.
In contrast, both standard FEMs and numerical methods
require recomputation of stiffness and mass matrices for
each new discretization and are sensitive to mesh quality.
LEP-dPINN offers a significant computational advantage:
once trained, eigenpairs on unseen meshes can be easily
obtained through a single forward pass of the network.
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This enables to achieve independence on the domain
discretization.

The paper is organized as follows. Section II highlights the
benefits of dPINN over cPINN for LBO eigendecomposition
on discrete manifolds. Section III introduces the continuous
LBO and its discrete counterpart on triangular surface
meshes. The incremental optimization solution is presented
in section IV, and the dPINN-based framework is described
in section V. Numerical experiments will be illustrated in
section VI and section VII draws conclusions and discusses
limitations.

Il. CONTINUOUS VERSUS DISCRETE PINNs

Utilizing neural networks’ capacity as universal function
approximators, PINNs approach the PDE solution by a
neural network, optimizing the parameters to minimize the
strong form of the PDE residual via stochastic gradient
descent. Beyond the strong PDE residual form, other
physics-informed models focus on different forms of PDE
residuals, such as the variational form (VPINNs) [15], and
weak form (wWPINNs) [16]. For a detailed introduction to
PINN approaches, we refer the reader to De Ryck and
Mishra [17].

PINNs present themselves as part of a paradigm for
solving PDEs based on three key components: input
spatio-temporal features, network architecture choice, and
numerical derivatives computation, as depicted in the dashed
boxes in Fig. 1. The first component depends on the given
domain representation: either coordinates sampled from
a continuous distribution, or given points often enriched
with additional information such as vertices connectivity,
whenever the domain is discrete. This process directly
influences the neural network architecture choice, as it
must be capable of capturing the inherent structure and
complexities of the input features, adhering to their geometric
and topological structure. The neural network then generates
a function to be used as candidate solution to the given
PDE: numerical derivatives are computed and integrated into
the physics-informed loss function representing the PDE
model. Generally speaking, the PINNs framework is then
unsupervised since no groundtruth solution is available and
the physics-informed loss function presents an unsupervised
setting.

Based on these three key components PINNs can be further
classified into two main frameworks: discrete PINNs and
continuous PINNs.

The cPINNs is a mesh-free framework which works on
spatial Euclidean domains, and thus a continuous domain
representation is available for sampling from an adaptive or
uniform distribution. They usually employ fully-connected
neural networks since the input features do not exhibit
any spatial relationships and the solution is then point-wise
approximated, allowing for easy evaluation on new domain
points. Derivatives are computed using Automatic Differen-
tiation (AD), allowing for machine-precision computation
of derivatives [11], [18], [19]. However, their point-wise
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formulation involves high training costs due to the extensive
AD computations required across numerous points in high-
dimensional spatio-temporal spaces [20].

In the dPINN framework, the domain is usually a discrete
2-manifold, represented by a given polygonal mesh, leading
to employ convolutional neural networks or graph neural
network to learn the spatio-temporal solution in the given
collocation points. Consequently, derivatives are usually
approximated using numerical differentiation (ND) schemes
like finite differences [21], finite elements [15], [18] or
Galerkin methods [16] and are evaluated on the mesh vertices.

The dependence of dPINNs on a predefined grid or mesh
offers the advantage of a strong connection to traditional
numerical methods, benefiting from their rich theoreti-
cal foundation, through analysis, and inherent robustness.
Conversely, approximations of differential operators are
grid-dependent and may introduce discretization errors,
limiting flexibility, especially for complex geometries. Finer
discretizations can significantly increase the approximation
accuracy, but at the cost of higher computational demands.
Finally, examples of coupled AD and ND approaches, are
presented in [18] and [22].

lll. LBO ON 2-MANIFOLDS AND ASSOCIATED
GEOMETRIC LAPLACIAN ON 2D SURFACE MESHES

The LBO of a compact Riemannian manifold M is a
second-order elliptic differential operator defined by the
metric tensor of M. Let f be a C? real-valued function
defined on M, then the Laplace-Beltrami operator A pq
applied to f (x), for x € M, is defined as

Apmf (x) = divp(grada f (1)), ey

where gradaq and divpq are the gradient and divergence
on the manifold M with respect to its metric. Since these
operators depend only on the metric of M, the LBO is
invariant to isometries of the manifold [23].

The Laplace-Beltrami eigenvalue equation on a compact
Riemannian manifold M without boundary reads as

—Apmp = A, 2

where A € R is an eigenvalue of Apq and ¢ is the
eigenfunction associated with A. The eigenpairs of the
Laplacian on a manifold M are all the pairs (A, ¢x) that
satisfy (2). Since the LBO is self-adjoint (< Apqf, g >=<
f» Armg >), its matrix representation, in finite-dimensional
space, is a Hermitian matrix. Then its eigenvalues are real,
and the eigenfunctions corresponding to different eigenvalues
are orthogonal. The LBO —A 54 is positive semidefinite,
therefore, all its eigenvalues A\¢, k > 1, are real and non-
negative. For \; = 0 its corresponding eigenfunction ¢ is a
constant function on M, and ¢; = 1/4/Vol(M). By ordering
the eigenvalues according to their increasing magnitude,
0 < A1 < X < A3 < ..., the spectrum naturally
defines a scale space. Generally speaking, as the value of the
eigenvalue increases, its corresponding eigenfunction varies
more rapidly over the manifold.
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FIGURE 1. Schematic of a PINN architecture. The dashed boxes highlight the three key components of a PINN: input spatio-temporal domain and the
sampling to extract input features, the network approximating the candidate solution, and the discrete derivatives used within the physics-informed loss.

For a manifold M with boundary dM, equation (2) is
usually paired with homogeneous Dirichlet or Neumann
boundary conditions. In case of Dirichlet homogeneous
boundary conditions —A 4 has its first eigenvalue A\; > 0,
and thus is positive-definite.

The set of LBO eigenfunctions forms a complete orthonor-
mal basis - called the manifold harmonic basis - for the
Hilbert space of square-integrable functions on the manifold,
denoted as L2(M). In this context, completeness means that
any function in L?(M) can be arbitrarily well approximated
by a finite linear combination of these eigenfunctions. In most
practical applications, it suffices to consider only asetof K €
N eigenfunctions corresponding to the smallest eigenvalues.

The geometry processing of 3D objects in general involves
the description of their shape as Riemannian 2-manifolds
M. These manifolds represent the boundary surfaces of the
object, which can be discretized and represented as surface
meshes in R>, here denoted by M. A triangular mesh M =
(X, E, T) consists of a set of vertices X = {pi};l;’l € Rwv>x3,
a set of edges E = f{e;;} € N"2*2 and a set of planar
triangular faces T = {r,-};.zl € N3 The set of vertices
pj connected to a vertex p; via an edge is defined as the first
ring: N@)={jeN:p;eX, (i,j) € E}.

Discretizations of the Laplace and Laplace-Beltrami oper-
ators on 2-manifolds M represented by polygonal meshes
M should encode geometric and topological information and
preserve desired properties.

Numerically, the LBO discretization leads to the construc-
tion of a symmetric Laplacian matrix L € R™ > _If f is the
vector obtained by sampling the function f over the mesh M,
then Af (p) ~ Lf|, and letting p; be one vertex of M, then

1
Lf i) = > wilf @) =1 ()] 3)

' jeNG)
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where the scalar value b; > 0 is associated to a vertex p; € X,
and the scalar value wy ; > 0 is the weight associated to the
edgee; j, withwy j = wj ; for any edge e; ; € E. The Laplacian
matrix L of a surface mesh in R? is defined by elements L;, J

wij > 0 i j e E
Ly=1{" 2 i 1= @
JEN(D)
0 otherwise.

The literature defines various discrete Laplacians, each
characterized by a specific definition of its weights. Simply
setting w;; = 1 and b; = 1 in (3) we get the standard
graph Laplacian, [24]. The normalized version of the graph
Laplacian L is obtained by normalization of the weights

— Wi j .
w; i = ——2~—, which reads as
W 2enay Wi

L=1,, -W, &)

with W the adjacency matrix, and /,,, the identity matrix.

Another popular choice regards the class of geometric
Laplacians and, among them, the popular cotangent Lapla-
cian, obtained by setting the weights in (3) as:

cota;j + cot Bj;
2

wij = . bi=Area) ~ D gl (6)

JEN(D)
where «;; and B;; are the opposite angles to the shared edge
e;j and |7;| is the area of a triangle 7; having vertex p; among
its vertices. The cotangent Laplacian incorporates the discrete
manifold’s geometry by considering areas and angles. For a
description of several other geometric alternatives see [25].
The cotangent Laplacian characterizes the matrix L, defined
as in (4), with weights in (6) and is expressed in matrix form
as:

L=B"L, 7)
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where B is a diagonal matrix B = diag(by, by, . .., by,).
The Laplacian eigenvalue problem in (2) is then formulated
in a discrete setting as a generalized eigenvalue problem

Lo = ABg, ®

which admits non-negative eigenvalues A € R and a set of
ny orthonormal eigenvectors ¢, where ny is the number of
vertices. In case of the graph Laplacian defined in (5), prob-
lem (8) reduces to L¢p = A¢. The spectra of the geometric
Laplacian converge to the LBO spectra on a closed manifold
as the max edge length of the mesh vanishes [26]. Since
matrix L is symmetric, and matrix B is symmetric positive-
definite, then the generalized eigenvectors corresponding to
different generalized eigenvalues A are orthogonal. However,
the orthogonality is with respect to the scalar product induced
by the matrix B

< ¢i. ¢ >5= ¢, Bo. ©)

The FEM-based solution to the eigenvalue problem (2) for
manifolds M without boundary is obtained by reformulating
it in integral form (weak form), as

< AM(p, wt’ >L2(M): A< (p, lﬁl’ >L2(M) . (10)

Considering piecewise-linear finite elements for both fest and
basis functions, with y;(i = 1, ..., ny) such that ¥;(i) =
1 and ¥;(j) = 0if i # j, problem (10) leads to the generalized
symmetric eigenvalue problem of the form (8), where the
stiffness matrix L is defined as in (4) with weights w; ; in (6)
and, unlike the geometric Laplacian, the mass matrix B is
defined by the elements

ITi| + |7j]

(i,j) edge
Bij = —ikeN(i)lfkl i (11)
6
0 otherwise.

Then the FEM-based Laplacian, with B in (11), is defined as
L=B""L. (12)

FEM-based Laplacians are in general more accurate than
the geometric Laplacians. However, in the simplest case of
piecewise linear finite element spaces and lumped diagonal
mass B, FEM-based Laplacian reduces to the geometric
Laplacian.

Standard numerical linear algebra techniques are then used
to solve the (generalized) matrix eigenvalue problem (8).
The package ARPACK (ARnoldi PACKage) relying on
the Implicitly Restarted Arnoldi Method or, in the case
of symmetric matrices, the corresponding variant of the
Lanczos algorithm can compute a few eigenvalues and
corresponding eigenvectors of large sparse or structured
matrices. ARPACK is used by many popular numerical
computing environments such as SciPy [27], Mathematica,
GNU Octave and MATLAB to provide this functionality.
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The generalized Rayleigh quotient R : R™ \ {0} — R
characterizes the eigenpairs and is defined as

R(¢) := (13)
Notably, each eigenvector ¢ corresponds to a critical point of
the generalized Rayleigh quotient R(¢), with the eigenvalue
Ax being the value R(¢y).

The eigenvectors of the Laplacian depend on the structure
of the matrix L. Since the graph Laplacian L is constructed
based purely on the topology of the mesh (the adjacency of
vertices), then the eigenvectors of a scaled mesh’s Laplacian
will be the same as those of the original mesh (possibly
with sign flips or reordering due to the non-uniqueness of
eigenvectors). However, since the geometric Laplacian incor-
porates geometric information (like edge lengths, angles,
or face areas) then scaling the mesh will change the Laplacian
matrix L, and therefore, the eigenvectors of the scaled mesh’s
Laplacian will generally be different from those of the
original mesh.

Proposition 1: Let M and M be a given compact 2-
manifold and its scaled version My = sM, with scaling
factor s > 0. If (A, ¢) is an eigenpair of M then (Siz)\, %q&)
is an eigenpair of M.

Proof: First we recall that if one 2-manifold is a scaled
version of another by a factor of s, the area of the scaled
manifold is s? times the area of the original manifold. Let
x:Q C R? - M c R be alocal smooth parameterization
of M, and g its induced metric from x (). Then g, = s°g
is the induced metric of M;. Using the formula for the
surface area of a parameterized manifold M, which reads as
Area = [, /detgd<2, we have

Areas:/ \/detgsdQ:/ \/det(s2g) d 2
Q Q
=/ st detgd2 = 5% Area (14)
Q

Now let us consider the generalized eigenvalue problem (8)
on M, with geometric Laplacian (7) and area matrix B in (6),
then on M we have

Loy = A\Bsops = AS(SZB)‘bs = (SZAS)B(PS‘ (15)

It follows that A\; = %z Moreover, by orthonormality of ¢
and ¢, we have 1 =< ¢y, g >2p= s2(¢ps)"Bps and 1 =<
¢, ¢ >p= " Bg, then ¢ = %. O

IV. INCREMENTAL OPTIMIZATION SOLUTION OF THE
GENERALIZED EIGENVALUE PROBLEM

The problem of simultaneously estimating multiple eigenvec-
tors ¢, . . ., ¢y of the geometric Laplacian can be formulated
as an optimization problem under linear orthogonality
constraints, defining a matrix ®®) ¢ R <k Wwhose columns
are estimates of the first £ eigenfunctions ¢;, ] = 1,...,k,
associated with the k£ smallest eigenvalues of the geometric
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Laplacian operator L. In formula,

o® — argmin R(®) subjectto
cDeRank

< ®, O >p= I,

(16)

where I; is the identity matrix in R*** and R(®) is
the Rayleigh quotient defined in (13). The optimization
problem in (16) is too computationally demanding to be
solved efficiently. To address this issue, we introduce an
incremental scheme which is based on a known result
in spectral geometry. The result states that the first non-
zero eigenvalue, Ay, is the minimum value of the Rayleigh
quotient over all functions orthogonal to the constant function
(the eigenfunction for A\; = 0). Subsequent eigenvalues,
A3, M4, ..., are found by minimizing the Rayleigh quotient
over function subspaces that are orthogonal to the preceding
eigenfunctions [28]. Therefore, the numerical difficulty of
solving (16) can be partially reduced by an incremental
scheme which computes a new eigenfunction ¢4 - i.e., add
anew, (k + 1)-th column to matrix ®%® - orthogonal to the set
of already computed orthogonal eigenfunctions ¢y, ..., ¢k
- i.e., the given matrix ®®). Starting from the first, known
constant eigenfunction, problem (16) is thus transformed into
the following sequence of simpler problems:

. k
brt1 € arg¢r€rlﬂéng(¢) st. pe OF, k=1,2,...

an
with OF = {¢: (., ¢)p=0, Vi=1,..k},
(18)

where the manifold constraint represents the k-th orthog-
onality constraint manifold. For any &k € {I,2,...}, the
optimization problem (17) admits nontrivial solution (R(¢)
is not defined in ¢ = 0,,,).

We compute approximate solutions to any k-th optimiza-
tion problem in (17) by means of the Projected Gradient
Descent on manifold (M-PGD) iterative algorithm with
constraint manifold ng) defined in (18). Generalizing the
projected gradient descent method from Euclidean spaces
to Riemannian manifolds requires us to use the Riemannian
gradient as the search direction and the projection to move
between points on the manifold.

The M-PGD algorithm iterates over £ = O0,1,...
which we refer as inner iterations of the overall incremental
approach proposed in (17)-(18) to distinguish them from the
outer ones, with index k = 1,2,..., over the different
eigenfunctions to compute. Forany k = 1, 2, .. ., we compute
the (k + 1)-th eigenfunction ¢4 by applying the M-PGD
algorithm to the solution of problem (17)-(18). The function
R(¢) in (13) is continuously differentiable on R and
bounded below by zero, and its gradient is given by

2
¢’ Bg
At each £-th M-PGD iteration, we first compute the gradient
g'Y e R™ of the cost function R by means of the formula

VR($) = (Lo — R(P)B). (19)
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in (19). Then, we compute the orthogonal projection of
vector g'© onto the linear subspace (’);k) denoted by d© =
proj ng)(g(z)). The columns of matrix ®*) are orthogonal by
construction. However, their Euclidean norm is not unitary,
then let consider a B-normalized form as follows:

ok — a Pk ) (20)
(IIJE¢1|2 VBer |,

Now the matrix defining the orthogonal projection onto the
linear subspace O;k) , is defined in terms of the B-inner
product as P = I,, — R (PMNTB e R"™*  and the
orthogonal projection of vector g*) is given by

d® = projogk) (g(e))
—p g(()

k
T
k
=g — Z o® |:<<I>f )) Bi,ig(g)i| (21)
i=1

where @Ek) € R"™ denotes the column vector of ®®) in (20).
We note that all vectors <I>§k) do not change along the M-PGD
iterations, hence they can be computed once for all before
starting to iterate. The orthogonal projection of any vector in
R™ on the linear constraint O(2k) in (18) not only admits an
explicit solution, but has computational complexity O(kny ),
where commonly k < ny .

The main computational steps of the M-PGD method are
summarized in Algorithm 1. The M-PGD is initialized with

Algorithm 1 M-PGD Algorithm Solving (17)-(18)

1. Input:
o1, ..., P € R" eigenfunctions in (20)
step-size ¢ > 0

2. Output:

¢r+1 new (B-orthogonal) eigenfunction

3. Initialize: £=0,19 =g,

4. While (22) are not satisfied

5. e compute the gradient g® by (19)

6. e compute the projected gradient
d® by (21)

7. e update D =4O _ q®

8. eupdate £=£¢+1

9. end while

10. g1 = 1

a random vector 7y € R and the iterations are stopped as
soon as one of the two following conditions is fulfilled:

1D — 1O
7112

The M-PGD method allows us to avoid degeneracy issues
when multiple eigenfunctions share the same eigenvalue.
Indeed, after obtaining each eigenvector, the method projects
subsequent iterates to be orthogonal to all previously com-
puted eigenvectors. This ensures convergence to independent

eigenvectors, each within the degenerate eigenspace, [28].

< Tol, £ > Nits. (22)
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Being the cost function R(¢) in (17) continuously differ-
entiable and lower bounded, the convergence of the M-PGD
algorithm to critical points of the problem is guaranteed by
standard arguments when o belongs to a range of step-sizes
that lead to sufficient decrease. The values for the step-size
« in the reported experiments have been selected by trial and
error.

V. dPINNs FOR GEOMETRIC LAPLACIAN
EIGENDECOMPOSITION

Following the incremental strategy detailed in section IV,
we propose LEP-dPINN to address the Laplacian eigenvalue
problem (2) on a surface mesh M in R? (an approximation
of a compact 2-manifold M). This framework leverages
Generalized GNNSs [12] due to their specialized capability for
processing data on triangular meshes.

The network predicts the K eigenpairs {¢y, )‘k}szl one
at a time incrementally. In each pass, a new eigenfunction
is predicted, ensuring its orthogonality by incorporating the
eigenfunctions already computed. Specifically, at the (k+1)th
iteration, the Generalized GNN predicts the solution to the
optimization problem (17)-(18). It achieves this by exploiting
special convolutional graph layers designed to minimize the
Dirichlet energy over the subspace orthogonal to the span of
the first k eigenfunctions, span{¢q, ..., ¢>k}l, as detailed in
section V-B.

The LEP-dPINN framework is designed as discrete PINNs
over continuous PINNs because they are inherently suited
for our problem: learning on a triangular surface mesh
M. They directly leverage this discrete representation and
numerical differentiation. In contrast, cPINNs are not ideal
for problems where the spatial domain (2-manifold M)
is not readily available for arbitrary sampling. Although
they can be adapted to this purpose by incorporating
interpolation techniques, such as mesh parameterization or
local patching on fixed point clouds, the approach is indirect
and less efficient. Furthermore, the Euclidean space in which
cPINNSs operate and compute derivatives is ill-suited for LBO
eigendecomposition on discrete manifolds.

A scheme of the LEP-dPINN architecture is depicted
in Fig. 2. In analogy to the scheme of a generic PINN
architecture, illustrated in Figure 1, the LEP-dPINN archi-
tecture is based on three key components: input spatial
features, network architecture choice, and numerical deriva-
tives computation, as depicted in the dashed boxes in Fig. 2.
The input consists of the structure of the triangular mesh
M = (X,E,T) that approximates the 2-manifold M.
Topological information, encoded in the adjacency matrix
W, are extracted from the set T of faces, enabling the
network to learn directly from the mesh connectivity 7 and
geometry X. The Generalized GNN then generates a function
to be used as candidate eigenfunction solution $ to the
given eigendecomposition PDE model (La = R(a)Ba).
Numerical derivatives are computed and integrated into the
physics-informed loss function which enforces the physics of
the Laplacian Eigenvalue problem by minimizing the residual
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of the equation La - )\B$ = 0, promoting the orthogonality
conditions in (18) such that d e 0,, and imposing suitable
boundary conditions.

In the following a detailed description of the training
procedure is given in section V-A, and the GGNN is
illustrated in section V-B.

A. PHYSICS-INFORMED LOSS FUNCTION AND TRAINING
The central idea of physics-informed learning for our setting
is to design a loss function £ such that the minimizer

Of = argm@in L(O; qAS, L))

gives rise to a model that predicts a good approximation of the
Laplacian eigenfunction and, consequently, of the associated
eigenvalue.

We denote the network’s prediction of the (k + 1)-
th eigenfunction as $ = GGNNX;W,©®), where ®
represents the trainable weights of the (k + 1)-th block.
The physics-informed loss function £ enforces solutions
of the Laplacian Eigendecomposition problem and relevant
constraints, and reads as

LO:; b 1. ... ¢) = o1 Lsc(O; Bp)
+ a2£eigen(®; a)

+ 03 Lomno(®; b, b1, ..., dr) (23)

where the parameters o; > 0, i = 1, 2, 3, ¢, is the ¢ function
evaluated at the mesh boundary, if any, and

Lpe(©; 2) = ||2p] |3, 24)
Leigen(®; 2) = ||ILz — (2" L2)Bz|%, 25)
Lorino(©; 2) = 127 Blo1| . . . 1]l (26)

More specifically, the formulation of £ in (23) incorporates
three key components:

o Lp. Boundary Condition Loss (24): when dealing with
manifolds with boundaries, this term enforces Dirichlet
boundary conditions. This ensures that the predicted
eigenfunction ¢ evaluated at the boundary vertices (zp =
ab) adheres to the prescribed boundary behavior.

o Leigen Eigenvalue Equation Loss (25): enforces the
physics of the Laplacian Eigenvalue problem, by min-
imizing the residual of the equation La - )\Ba = 0.
The eigenvalue A associated to b is computed by the
Rayleigh quotient A = R(-) defined in (13) and L and
B define L as in (7).

o Lynno Orthogonality Loss (26): this term penalizes the
projection of the current eigenfunction $ onto the span
of previously computed eigenfunctions {¢q, ..., ¢},
enforcing B-orthogonality with respect to the preceding
approximated eigenfunctions. For the first eigenfunction
(k = 1), this term is omitted (i.e., @3 = 0).

Given the predictions ¢;, fori = 1, ..., k, of the preceding

k eigenvectors, where each ¢; = GGNN((X,W;®) is
obtained from a distinct, pre-trained GGNN, the training
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Physics informed loss

FIGURE 2. Schematic of LEP-dPINN architecture. The dashed boxes highlight the three key components of the PINN: input spatial domain
(left), the GGNN approximating the candidate ¢ solution (middle), and the discrete derivatives used within the physics-informed loss

(bottom).

procedure to derive the model weights ®**1 involves the
following steps:

1) Initialize the hyperparameters of the GGNN model:
number of hidden layers H, number of hidden features
hy for each layer, learning rate /..

Forward-pass: the prediction 43 = GGNN(X,W; ©)is
normalized to have unit length 3 = TR according
to the B-norm (norm induced by the positive definite
matrix B), see (9). While this may seem unnecessary,
it helps in the selection of the hyperparameters.

Loss computation: numerical differentiation allows
for computing the geometric Laplacian L. The three
weighted contributions of the loss function £ in (23)
are then assembled.

Backward-pass: the gradient of the loss function with
respect to the trainable weights ® is computed, and the
network parameters © are updated by leveraging on the
ADAM optimizer.

2)

3)

4)

Unlike the training procedure, in inference the only input
required is the mesh data (vertex X and adjacency matrix W).

B. GENERALIZED GRAPH NEURAL NETWORK

This section details the neural network architecture at the
core of our proposed LEP-dPINN, which is based on the
Generalized GNN, introduced in [12].

GNNs represent a class of neural networks designed to
operate on graph-structured data [29], [30], [31], effectively
capturing the dependencies among nodes through message-
passing mechanisms. Advanced researches have extended
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GNN applications to polygonal meshes, enabling their use in
various domains, including PINNs [16], [22], [32].

The GGNN has been designed to represent func-
tions on surface meshes M (X,E,T). In particular
GGNN : R"in R maps an input feature space of
dimension n; = ny X 3 to an output feature space of
dimension n,,; = ny, parameterized by weights ®. GGNN
is a deep architecture composed of H + 2 functions (layers):

—

GGNN(X, W; ©) = DECe,, o SGGCe,o
-++08GGCe, 0 ENCo, (X; Opn) (27)

where ® = {®;,,01,..., 0O, O,,} are trainable param-
eters, and W is the adjacency matrix associated with M
and used in (5) to define L. Consequently, the GGNN
leverages both extrinsic geometric information, given by
X, and topological information, obtained by the adjacency
matrix W.

The first encoding layer (ENCg,,) projects the low-
dimensional input features into a higher-dimensional hidden
space:

ENCg,, : R"in — R > x > sin(ow! + b)), (28)

where Ay denotes the number of hidden features of each
layer. Here, ®;, = {wj,, bi,} are trainable parameters with
win € RM>3 and b;,, € R™*"_ The sinusoidal activation
function (sin(-)) in (28), and in the subsequent hidden layers,
is strategically chosen to enhance input gradient variability
and prevent gradient vanishing thereby promoting better
network convergence and the capture of complex function
behavior, see [33].
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The core of the GGNN architecture consists of H
hidden layers, denoted as SGGC@_,, forj = 1,...,H.
Among the spectral-based convolution operators proposed
in [12], we employ a slight modification of the Smoothing
Generalized Graph Convolution (SGGC), defined as:

SGGCe, : R — RN x 1 sin(x)),

where x/ is obtained starting from x°

A = — [l )+ 20 = Wxw )], i=0,.
(29)

= x, by iterating

where ®; = {wj1,w;j2} are trainable weights with
wil, W2 € R’ <k The first update term in (29) serves
as feature mixture and involves wj 1, while the second term,
which involves wj >, spatially combines the data. This SGGC
layer adapts the approach from [12] by substituting the
geometric Laplacian with the unnormalized graph Laplacian
L= I, — W, in (5), and by employing the sin(-) nonlinear
activation function. This variant eliminates the need to com-
pute stiffness and mass matrices during inference, allowing
us instead to rely solely on topological information while
embedding domain-specific knowledge into the network
weights through training.

The defined convolutional operator SGGCe, produces x
which approximates the minimizer of the following energy
function

I

1 _
E(x; wj1, wj2) := [xwj1ll% + Etr(wfszLx wia). (30)

This energy is the sum of a smoothing term, in Frobenius
norm, with the (weighted) discrete Dirichlet energy and
is strictly related to the functional in (17). In fact the
Rayleigh quotient minimized in (17) is the normalization
of the Dirichlet energy by the total energy of the function.
As shown in [12], the minimizer x/ is numerically computed
by applying the gradient descent method to the functional
E(x;wj1,wj2) in (30), namely, by iterating (29). This
provides a rationale on how SGGC convolution effectively
enforces the Laplacian eigendecomposition.

Finally, the decoding layer (DECeg,,), maps the
high-dimensional hidden features back to the desired output
space:

DEC@UM - R th — RMou , X — XW{Z;MI + b()ul‘a

where ©Ouy = {Wour, bows} are trainable parameters with
Wouwr € RV and b,,; € R'«. This linear layer facilitates
the extraction of task-specific information, embedding the
learned high-level representations into the appropriate output
dimensionality, such as the predicted eigenfunction values at
each vertex.

VI. NUMERICAL RESULTS

To assess the performance of the proposed eigendecompo-
sition methods we present numerical experiments on two
distinct training dataset types: multi-instance and single-
instance. Multi-instance datasets are applicable when the
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2-manifold-domain of the LBO possesses an analytic or
parametric representation. This allows us to easily generate
numerous instances from a single 2-manifold representation
by simply varying the position or the number of vertices
of the mesh approximating it. Conversely, the term single-
instance refers instead to cases where one aims to determine
the LBO eigenfunctions of a 2-manifold-domain for which
only a single, free-form polygonal mesh representation is
available. Consequently, the neural network cannot be trained
using multiple meshes representative of the same object.
We point out that the latter case is certainly the most frequent
in applications.

The GGNN architecture in the LEP-dPINN is equipped
with H = 4 SGGC layers, iy = 128 hidden features and
the learning rate is initially set to [, = 1.0 x 1073, and
then decreased by a factor of 1 x 1071 at epochs 20, 50,
and 100, for a total of 250 epochs and batch size 10. Unless
otherwise specified, we used the same hyperparameters for
all examples. We tuned the hyperparameters «’s in the loss
function (23) by trial-and-error, while keeping o3 much
larger with respect to the values «; and o to preserve the
orthogonality constraints. However, we observed that their
values are relatively insensitive to the shape of the input
surface meshes M. Our code was implemented in Python
3.12.2, using PyTorch 2.5.1, and run on a machine equipped
with an 8Gb Nvidia Quadro P4000. Given the available
computational power, we decided to have the LEP-dPINN
predict a set of the first K eigenfunctions, where K is 10%
of the mesh’s vertex number.

The following sections detail our experimental setup and
results. Specifically, section VI-A introduces the 2D and
3D datasets generated. We then present results for meshes
discretizing a domain in R? in section VI-B, followed by
results for surface meshes in R3  with (section VI-C) and
without (section VI-D) parametric representations. Finally,
in section VI-E we discuss an ablation study on key
hyperparameters.

For the quantitative validation of the network performance,
we report the Mean Squared Error (MSE) between each
analytic reference eigenfunction ¢gr and its approximated
eigenfunction ¢, as

ny

1
MSE(@cr. ¢ = - 3 (¢ar() - $:)>. (3D

i=1

where ¢, is either ¢rgy, Pypcp or ¢ (network prediction).
We do not adjust for sign flips or for rotations within
degenerate eigenspaces; we manually select corresponding
eigenfunctions to compute the MSE metric.

A. DATASETS
A multi-instance dataset enables different samplings of a
given 2-manifold representation.

The first dataset is sampled on a 2D square domain
Q = [0, 7]* and consists of triangular mesh discretizations
whose geometry and topology vary across samples. Only
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10% of the vertices lies on the boundary of each mesh. Vertex
locations are randomly generated, allowing for samples with
highly variable mesh quality, potentially including triangles
with areas close to zero. The training set contains 200 mesh
samples, each with ny = 144 vertices. In the following,
we refer to this dataset as the square-training-dataset. In a
similar way, we generate two test datasets:
o square-test-dataset-A: 8 mesh samples with an increas-
ing number of vertices
ny = {144, 162, 236, 324, 468, 700, 932, 1164};
o square-test-dataset-B: 20 mesh samples with a fixed
number of vertices, ny = 932, randomly located over
the square.

The second dataset consists of triangular mesh discretiza-
tions of a sphere in R3, with radius 1. The training dataset
consists of 200 mesh samples, each with ny = 162 vertices
and ny = 320 triangles, with varying vertex positions. In the
following, we refer to this dataset as the sphere-training-
dataset. Then, we generate a test dataset, sphere-test-dataset,
comprising 3 mesh samples with an increasing number of
vertices in the range set ny = {252, 752, 1502}.

The third dataset, named vase-training-dataset, contains
100 samples each of ny = 500 vertices of a vase in
R3, which has a parametric representation. The test dataset,
vase-test-dataset, includes 2 mesh samples with an increasing
number of vertices, ny = {520, 2280}.

In the single-instance case we consider  discrete
2-manifolds without boundary, represented by triangu-
lar meshes M (ny, ny) approximating bunny1(102,199),
bunny2(502,1000) horse(152,300) and torus(100,200)
shapes, without an associated parameterization. Conse-
quently, it is not straightforward to generate multiple meshes
that approximate the same object. In this case the network’s
parameters are optimized to predict the eigenfunctions solely
for that specific object.

B. EXAMPLE 1 - MESHES IN R?
This example assesses the performance of the proposed
LEP-dPINN model by comparing the predicted Laplacian
eigenpairs on the square 2D domain Q = [0, 7] with both
analytical eigenpairs and results from FEM computations.
We trained the model on the square-training-dataset and
perform comparisons using samples from the square-test-
dataset-A and square-test-dataset-B.

Laplacian eigendecomposition on €2, considering Dirichlet
homogeneous boundary conditions, is known and given by,
forn,m=1,2,3,...

2
Pnm(x,y) = = sin(nx) sin(my), Ay =n*+m’. (32)
T

Fig. 3 shows the predicted solutions for the first five
eigenpairs (n,m) = (1,1),(1,2),(2,1),(2,2),(1,3) of
the 2D Laplacian eigenvalue problem on the test sample
from square-test-dataset-A with ny = 324, ordered by
ascending eigenvalue. As for this particular sample, we in
general observe that the LEP-dPINN performs better than
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TABLE 1. RMSE results for the LBO eigendecomposition on 2D square

domain: (left panel) LEP-dPINN estimated the K eigenpairs on the test
sample from square-test-dataset-A with ny = 144; (right panel) results
from Table 2 in [19].

| Mean RMSE over efs.

\ LEP-dPINN [19]
K |  training | testing |
1 | 1.07x1075 | 592x1075 | 32x10~*
2 | 6.09%x107° | 9.81x1075 | 9.1 x10~*
3] 532x107% | 5.96x10~% | 2.0x 1073
4 | 755x 1074 | 9.02x 1074 | 1.0 x 103

FEM on samples exhibiting low-quality mesh discretization.
However, for high-quality mesh discretizations the accuracy
of the two methods is comparable.

Next, we examine whether LEP-dPINN maintains robust-
ness and invariance with respect to both mesh resolution
and geometry through targeted stress tests. The selected test
datasets include meshes with higher vertex counts than those
in the training dataset, as well as widely varying element
quality, including triangles of near-zero areas. The latter test
intentionally challenges the model in regimes where linear
FEM is known to exhibit limitations.

In Fig. 4, we illustrate the estimated solution of the fifth
eigenfunction, (m, n) = (3, 1) in (32), on several test samples
from square-test-dataset-A. As the number of mesh vertices
increases, the meshes undergo topological and geometric
changes, resulting in variations in triangle area and formation
of smaller, degenerate triangles. It is noteworthy that, despite
the slight improved accuracy of the eigenvalues computed
by FEM, the MSE(¢gr, ¢) consistently remains lower than
the MSE(¢Gr, ¢rem) not only for the small subset here
reported, but even, in general, for all the different mesh
resolutions examined. This consistent trend strongly indicates
that our proposal exhibits superior stability with respect to
domain discretization and, crucially, is less susceptible to
mesh quality variations that can compromise FEM accuracy.

To further highlight this aspect, we conducted tests on
square-test-dataset-B. This dataset features a fixed vertex
count and randomized mesh geometry, allowing for a direct
assessment of sensitivity to geometric variations. On this
dataset, we obtain average MSE values avg(MSE (¢gT, ¢)) =
6.81 x 107* and avg(MSE(¢Gr, drem)) = 2.23 x 1072,
alongside average eigenvalues avg(A31) = 9.74 versus
avg(A3.1,7Em) = 9.84 in case of FEM-computed eigenvector.
These results reinforce our conclusion that LEP-dPINN
offers a more stable and reliable approach for Laplacian
eigendecomposition, especially when mesh quality and
geometric variability are concerns, providing a significant
advantage over traditional FEM methods, which are more
susceptible to variations that can negatively affect their
accuracy.

As further demonstration of the LEP-dPINN robustness to
mesh quality, we now consider the test mesh sample with
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FIGURE 3. Example 1. Estimate of the first five eigenpairs on the test sample from
square-test-dataset-A with ny = 324. Ground truth (¢g7) first column, ¢ggy; second column, and
¢ computed by LEP-dPINN, third column. For each method, the corresponding eigenvalues
((n,m) =(1,1),(1,2),(2,1),(2,2), (1, 3)) are reported, together with MSE with respect to ¢¢r.

A1z =10

ny = 162 vertices irregularly located in the square domain report a graph of the MSE(¢gr,¢;) for ¢;,i = 1, .., K, with
Q, see Figure 5, right panel. In Figure 5 (left panel) we K = 16, together with a plot of the relative errors on the
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FIGURE 5. First 16 eigenpairs: (left) MSE(¢¢r. ¢) eigenfunctions (dashed blu plot) and relative errors on the
eigenvalues (solid red plot); (right) test sample with n), = 162 vertices.

corresponding eigenvalues. Despite the non-regularity of the TABLE 2. MSE(¢¢r, ¢) values for the ablation study. Evaluation of

. .1 LEP-dPINN architectural components for an LBO eigenpair prediction.
mesh the error values remain very low and stabilize as the
number of predicted eigenpairs increases.

- g layer | activation hy MSE(¢Gr, ¢)

Furthermore, in the previous stress tests, we demonstrated SGGC sin 128 | 5.07 x 10~ ©

the computational advantage of the proposed learning-based GAT - - 1.14 x 10*?)

approach in scenarios where, for instance, one is required to GCN - - 2.23 x 10 .

. . . . SGGC tanh 128 | 2.55 x 10~

compute an eigenpair for an unseen mesh discretization of the ) ReLU . 371 x 10-3

square 2D domain. In such cases, the FEM pipeline requires SGGC sin 256 | 4.14 x 107

recomputing the stiffness and area matrices for the new mesh, - - 512 | 6.68 x 10’:;’
followed by the solution of a linear system to recover the full ) ) 1024 | 1.21 x 10

set of eigenpairs—even if only a single eigenpair is of interest.
In contrast, LEP-dPINN requires only a forward pass through TABLE 3. MSE (¢, ¢) values for different upper limits for the first layer

the already trained network, using the vertex coordinates and E?:’r::! ::: d:“t':,st‘il“;:::‘l:::e“ layers [0, ,]. The bold MSE value
the adjacency matrix of the unseen mesh, thereby offering a '
significant computational speed-up. [0, ~2]

Finally, we compare with the results by Ben-Shaul et al. [0, 1] [0,0-5] ‘ [0,0.005]
[19], where the authors present a cPINN-type approach for %8’ é} 222 i 18:2 5122 i }8:26
the Laplacian eigendecomposition on 2D square domain. [07’10] 6.18 x 10-2 | 1.36 x 10-1
Ben-Shaul et al. [19] use a SIREN [34] network (7 layers each
with 100 neurons) to compute the first four eigenpairs. Their
method involves training simultaneously four networks, one Harmonics and are defined by the following equations:
for each eigenpair, using a single loss function. In Table 1, _
we report the Root Mean Square Errors (RMSE), averaged Gmn(0, ¢) = NP} (cos(6))e™?, (33)

over the number K of computed eigenfunctions, for both

the LEP-dPINN and the approach by Ben-Shaul et al. [19]. where N is a normalization constant, (6,¢) € [0, 7] x

This highlights a key advantage: the proposed LEP-dPINN [0, 27| are the spherical coordinates P} are the associated

approach not only learns from the training data but also Legendre polynomials [35], and A\, , = n(n + 1), are their

effectively predicts accurate eigenfunctions on unseen mesh corresponding eigenvalues, for —-m < n < m, m =

geometries, showcasing generalization ability. 0,1,2,3,.... The spherical harmonics have been computed
by using the function scipy.special.sph_harm_y
from the Python library SciPy [27].

C. EXAMPLE 2 - PARAMETRIC MESHES IN R3 In Fig. 6, we illustrate the LEP-dPINN predictions for
This example focuses on evaluating the robustness of the test samples in the sphere-test-dataset with increasing
the LEP-dPINN model to variations in the approximation resolution, by training on the multi-instance dataset sphere-
accuracy of the underlying mesh in R3, specifically by using training-dataset (ny = 162). We show comparisons with
various mesh discretizations that approximate parametric results obtained by the analytical spherical harmonics (33),
surfaces with increasing accuracy. The parametric represen- the FEM, and the variational M-PGD method. Each plot
tation allows us to use the multi-instance approach for the reports the MSE value, comparing either the LEP-dPINN,
LEP-dPINN. FEM or M-PGD results to the analytical ground truth in (33).

At this aim, we consider first a regular triangulation Notably, Figure 6 demonstrates strong generalization

of the unit sphere without extraordinary vertices, thereby capabilities: trained on samples with only ny = 162 vertices,
minimizing the influence of geometric irregularities. In this the LEP-dPINN still yields satisfactory results on test
case, the analytical eigenfunctions of the Laplacian on the samples with a significantly increased vertex count, up to
unit sphere S? embedded in R3 are known as Spherical ny = 1502.
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FIGURE 6. Example 2: robustness to mesh resolution for the sphere shape. Comparison of the ninth eigenfunction ¢¢; with the
computed ones ¢renr, dypcp and ¢ - obtained by LEP-dPINN- for different mesh resolutions (varying ny ). The corresponding

eigenvalue and MSE are reported below.

Similar results can be observed in case of generic free form
parametric surfaces. We show in Figure 7 the LEP-dPINN
predictions for the test samples in the vase-test-dataset with
increasing resolution, ny = 520 - first row - ny = 2280 -
second row - obtained by training the network on the multi-
instance dataset vase-training-dataset with ny = 500.

The predictions obtained by LEP-dPINN can be thus
considered discretization-independent since LEP-dPINN
takes as input, in the inference stage, only vertices’
coordinates and the adjacency matrix of the unseen mesh.
Differently, both the FEM and the M-PGD method need
the computation of the stiffness and mass matrix of the
unseen mesh. This inherent capability to generalize across
varying discretizations, without the burden of recomputing
domain-specific matrices, underscores a key advantage of
LEP-dPINN in approximating continuous fields on discrete
manifolds, moving beyond the limitations of traditional
discretization-dependent methods like FEM and M-PGD.

D. EXAMPLE 3 — NON-PARAMETRIC MESHES IN R3
In this example, we apply LEP-dPINN to compute the leading
geometric Laplacian eigenfunctions of free-form meshes
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bunnyl, horse, and torus, for which it is assumed that
a parametric representiation is not available.

Therefore, LEP-dPINN can only be applied in single-
instance mode, with the same network hyperparameters
as for the previous examples, except for using Ay =
256 hidden features and training for a larger number of
epochs, approximately 2000 epochs.

Fig. 8 illustrates four eigenpairs approximated by using
FEM, M-PGD and LEP-dPINN approaches, ordered by
ascending eigenvalue. For each eigenfunction, the associated
eigenvalue is reported. We set the value of the step-size o for
the M-PGD method to 0.001 for the bunnyl and torus
shapes, while to 0.0001 for the horse shapes.

Upon visual inspection of Fig. 8, and considering the
associated eigenvalues, we can observe that for these
free-form domains in R3, LEP-dPINN is able to com-
pute eigenpairs with a level of accuracy that closely
approximates, and is qualitatively comparable to, that
achieved by the well-established FEM. This indicates
the strong potential of LEP-dPINNs for accurate and
efficient spectral analysis despite this extreme lack of
data.

VOLUME 13, 2025



D. Lazzaro et al.: Graph Neural Network for Computing Laplace-Beltrami Eigenfunctions

IEEE Access

ny=520
A1 =1.94 A3 = 15.55 As = 20.47
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FIGURE 7. Example 2: robustness to mesh resolution for the vase shape. First row: three
eigenfunctions on the test sample with n, = 520 vertices. Second row: corresponding
eigenfunctions predicted by LEP-dPINN on a refined test mesh with ny, = 2280 vertices.

It is well known that the LBO eigenfunctions on a
2-manifold embedded in R? are invariant under isometric
transformations of the manifold. By considering as network
input features the length of the mesh edges, the proposed
LEP-dPINN is made transformation invariant, i.e. it learns
mesh-based eigenfunctions that are inherently invariant to
isometric transformations such as rotation and translation
of the input meshes. However, the eigenfunctions are not
invariant under scaling of the manifold M. The rescaling
according to the result in Prop. 1 allows us to obtain scale
invariant eigenfunctions.

In Fig. 9, we show qualitative results for testing the
computation of the fifth eigenfunction associated with the
bunny?2 shape. The small panels on each mesh indicates
the affine transformations the sample mesh undergoes: T
indicates a translation, RoT the composition of a translation
with a rotation and SoT the composition of a translation with
a scaling, by a scaling factor of 2. By leveraging such an
intrinsic property the eigenfunction computation is invariant
to the pose of the shape in the three-dimensional space.

E. ABLATION STUDY

To validate the specific design choices of the GGNN within
our LEP-dPINN framework and understand the contribution
of its key components, we perform an ablation study.
We systematically investigate the impact of altering the
core graph convolutional layer, the activation function, and
hyperparameters such as hidden feature dimensionality and
weight initialization. The results are reported as MSE values
in Tables 2 and 3. A dash symbol indicates that the
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corresponding component is identical to that in the previous
row, and bold fields indicate the baseline.

The study focuses on computing a single eigenpair of
the LBO for the test sample from square-test-dataset-A
with ny = 324, after training the network on the square-
training-dataset. Our baseline model consists of 4 hidden
SGGC layers, hy = 128 hidden features, and uses the
sin(-) activation. It corresponds to the first row of Table 2.
The baseline weights are initialized as follows: encoding
layer weights from a uniform distribution over the interval
[0, 1], hidden layers’ weights from a uniform distribution
over the interval [0, 0.005], and decoding layer weights using
Kaiming initialization.

The first relevant architectural design choice is related to
the kind of hidden layers. The SGGC layer was selected
based on the premise that it incorporates an inductive bias
suitable for the task. As the LBO eigenpairs are critical
points of the Rayleigh quotient (13), which represents an
energy functional (16), the SGGC layer’s formulation [12]
is designed to promote features that naturally align with
minimizing such energy functionals and extracting eigencou-
ples corresponding to the leading eigenvalues in the spectrum.
To test this hypothesis, we replaced the SGGC layers in our
baseline model with standard Graph Convolutional Network
(GCN) layers [36] and Graph Attention Network (GAT)
layers [37]. As shown in the first three rows of Table 2, the
performance, measured in terms of MSE values, degrades
drastically when using GCN or GAT layers.

PINNSs face significant challenges related to activation
functions. Commonly used functions such as tanh and
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FIGURE 8. Example 3: comparison of the leading eigenfunctions for different 3D shapes. For each shape (bunny1, horse, torus), eigenfunctions
computed ¢rey. dypcp and ¢ - obtained by LEP-dPINN- are shown alongside with the corresponding eigenvalues.

FIGURE 9. Example 3. Invariance to pose: fifth eigenfunction of the
bunny2 (503, 1000) mesh computed for different poses:T indicates
translation, RoT composition of translation with rotation and SoT
composition of translation with scaling, by a scaling factor of 2.

ReLU tend to saturate, contributing to the vanishing gradient
problem and limiting the network’s ability to adapt during
training [38]. On the other hand, sinusoidal activation
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functions have demonstrated significant advantages in
various works [18], [19], [34]. They enhance input gradient
variability and maintain higher gradient magnitudes during
both initialization and training, which helps prevent the
network from stagnating in suboptimal solutions. The
effectiveness of the sin activation is highlighted in Table 2.
Comparing MSE values in the first row of the table (baseline)
with those in the fourth and fifth rows, corresponding to the
tanh and ReLU activation, there is an MSE improvement of
several orders of magnitude.

Another design choice we investigated is the number
of hidden features hy. An insufficient number of hidden
features might lack the capacity to adequately approximate
the target function, whereas an excessive number can lead
to increased optimization challenges without necessarily
obtaining optimal results. Moreover, we highlight that for
more complex geometries a higher number of hidden features
is required to gain better performance. This trade-off is
explored empirically in Table 2 where the MSE value for
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hy = 128 (first row) is several orders of magnitude lower
than those for hy = 256,512, 1024 (last three rows). This
suggests that iy = 128 features are sufficient for optimal
representation.

Finally, we carefully tuned the weight initialization ranges
for the encoding (first) and subsequent hidden (SGGC)
layers. For instance, accurately representing eigenpairs asso-
ciated with larger eigenvalues typically requires initializing
weights from progressively wider uniform distribution.
Novello et al. [33] observed that the first layer’s weights
affect the number of harmonic frequencies characterizing the
neural representation power while the weights of the hidden
layers primarily control the amplitudes associated with these
frequencies, providing a mechanism to bound them. Inspired
by these observations, we explored the interplay between
the weight initialization ranges from a uniform distribution
[0, ¥«], used for the first layer versus the hidden layers.
Table 3 shows the resulting MSE (¢Gr, ¢) values for various
¥« both for the first layer, [0, y1], and the hidden layers,
[0, 2] (applied to all hidden layers). The results suggest
a trade-off: wider initialization ranges for the first layer
introduce more high-frequency components, which may
require narrower ranges (smaller y») for the hidden layers to
appropriately attenuate their amplitudes and achieve optimal
performance.

VIi. CONCLUSION

In this paper, we introduced LEP-dPINN, a physics-informed
discrete Graph Neural Network framework. It is designed
to compute Laplace-Beltrami eigenpairs on 2-manifolds
represented by triangular meshes.

Our approach successfully leverages the strengths of
GNNs to learn directly from mesh geometry and topol-
ogy, addressing some of the computational burdens and
mesh-dependency issues associated with classical numerical
methods like FEM and M-PGD.

Numerical experiments were conducted on a variety of
surface meshes. These meshes discretized domains both
in R? and in R? and included analytically defined shapes
as well as surfaces lacking parametric formulations. The
results of these experiments consistently demonstrated the
efficacy of the LEP-dPINN framework. Ablation studies
further highlighted the importance of specific architectural
choices, such as the use of SGGC layers and sinusoidal
activation functions, for achieving optimal performance.

The method achieved accurate approximations of eigen-
functions and eigenvalues, comparable to, and in some
cases exceeding, the performance of FEM-based solutions,
particularly under variations in mesh resolution and quality.
In the case the domain of the LBO eigendecomposition
has a parametric representation, the proposed LEP-dPINN
approach presents a significant practical advantage. Specif-
ically, the ability to generalize to unseen mesh discretiza-
tions without recomputing large matrices: the approach is
well-suited for scaling LBO decomposition to domains with
significantly higher vertex counts, with minimal additional
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computational effort. Without a parametric representation,
the method maintains good accuracy but suffers from poor
generalization. Because it is also computationally expensive,
we were restricted to processing low-resolution meshes. In
our setup, a separate network block is trained for each
eigenfunction ¢, k = 1, ..., K, which is considerably less
expensive than training a single monolithic model with K
output channels.

However, like many deep learning approaches, the perfor-
mance of LEP-dPINN remains sensitive to hyperparameter
settings, including network depth, feature dimensionality,
and weight initialization. Additionally, we observed that
achieving good performance often requires a relatively deep
network, even on meshes with as few vertices. We attribute
this to the inherent difficulty of learning high-dimensional
orthogonal vectors.

Future research could focus on several promising direc-
tions. Defining a more efficient strategy to gain orthogonality
may enable the design of lighter and more easily tunable
models. Developing methods to exploit precomputed weights
for the prediction of the subsequent LEP-dPINN iteration
(eigenfunction), such as following a fine-tuning procedure
of the already trained network blocks, could significantly
enhance efficiency. Exploring adaptive or automated hyper-
parameter optimization techniques could alleviate the tuning
burden. Further investigation into the theoretical convergence
properties and error bounds of such GNN-based PDE solvers
on discrete manifolds would also provide valuable insights
and strengthen the method’s foundations. Finally, increasing
the computational power will allow the processing of larger
dimension meshes.
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