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ABSTRACT

Computationally inexpensive surrogates of process-based models, such as deep neural networks, enable
ensemble-based computations used in risk assessment, data assimilation, etc. However, generation of large
datasets required to train a neural network can be as expensive as the ensemble simulations themselves. We
ameliorate this challenge by using data from multifidelity (MF) groundwater simulations and transfer learning
(TL) to reduce data generation costs while maintaining model accuracy. As a computational example, we train
a deep convolutional neural network (CNN) to reconstruct permeability fields from saturation maps derived
from a multiphase flow model. Starting with very low- and low-fidelity data generated on increasingly coarse
meshes, we pretrain the CNN, followed by output-layer training and fine-tuning using only a limited number
of high-fidelity samples. We demonstrate the surrogate’s robustness when interpreting low-quality inputs —
such as interpolated maps or data affected by noise — which has strong implications for the applicability
in practical hydrogeological scenarios. This multilevel MF-TL strategy achieves a favorable trade-off between
computational efficiency and predictive accuracy, significantly outperforming high-fidelity-only approaches

under the same computational budget.

1. Introduction

Machine learning (ML) techniques are increasingly applied in scien-
tific domains, including fluid dynamics. Among these, neural networks
(NNs) are a widely adopted approach in scientific computing (Kar-
niadakis et al., 2021; Shen et al., 2023). Here, we are interested
in the role of NNs as surrogate models to speed up ensemble-based
computations (EBCs), which are often prohibitively expensive. In this
context, surrogates serve as efficient alternatives to high-fidelity sim-
ulations by providing approximate solutions at a fraction of the com-
putational cost (e.g., Oladyshkin et al., 2012; Zhou and Tartakovsky,
2020; Focaccia et al., 2021; Libero et al., 2024; Zhao et al., 2024).

Deep learning is routinely used to develop fast surrogates of ground-
water flow and transport models. For example, physics-informed NNs
incorporate knowledge of the governing equations directly into the
training process by minimizing a combined loss that penalizes devi-
ations from both the physical laws and auxiliary conditions (Raissi
et al., 2019). This strategy has been used (e.g., He et al., 2020; Tar-
takovsky et al., 2021) to combine physical residuals with simulation

* Corresponding author.
E-mail address: v.ciriello@unibo.it (V. Ciriello).

https://doi.org/10.1016/j.advwatres.2025.105140

data to tackle single-phase flow and transport processes. Purely data-
driven techniques rely only on labeled (experimental or simulated)
data to learn a NN mapping between inputs to outputs. Among these,
convolutional NNs (CNNs) represent spatial structures of the data; a
convolutional encoder—decoder architecture (e.g., Zhu and Zabaras,
2018) was used for single-phase flow predictions and, in combina-
tion with autoregressive strategies, to forecast long-term simulation
outputs (Mo et al., 2019a,b, 2020).

A persistent challenge in surrogate modeling is the curse of dimen-
sionality: performance tends to degrade as the number of uncertain in-
puts increases (Barajas-Solano and Tartakovsky, 2016). NNs are attrac-
tive because of their ability to handle high-dimensional input-output
mappings. However, their effectiveness depends on the availability
of large training datasets, which require numerous model evaluations
over varying parameter realizations. Therefore, the deployment of NN
surrogates is only advantageous if the training phase is less computa-
tionally demanding than performing the full set of EBCs. In practice, if
we consider the time needed for the training and the hyperparameter
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tuning, these costs are often on par, casting doubt on the overall
efficiency of NN-based surrogate models (Song and Tartakovsky, 2022).

A way to expedite the generation of a robust dataset for NN training
is by using multifidelity (MF) data. In the literature, numerous studies
have explored the use of MF simulations to train data-driven models
to enhance both accuracy and computational efficiency (Geneva and
Zabaras, 2020; Meng and Karniadakis, 2020; Howard et al., 2024).
Recently, Song and Tartakovsky (2022) introduced the idea of using
transfer learning (TL) on MF data to train a CNN surrogate of a
system of nonlinear parabolic PDEs governing multi-phase flow in a
heterogeneous porous medium (Taverniers et al., 2020), where MF data
are obtained by solving the PDEs on fine and coarse meshes. Further
developments are proposed in Propp and Tartakovsky (2025) that train
a CNN surrogate model on a mixture of numerical solutions to both the
d-dimensional problem and its (d-1) dimensional approximation, and
in Chiofalo et al. (2025) that use two physical models with different
levels of complexity and reliability to generate MF data.

In this work, we build upon these advancements to analyze how
the performance of NN surrogates can improve, in terms of compu-
tational cost and accuracy, by using multiple levels of multifidelity
data. We also demonstrate the capability of the NNs pre-tuned on low-
fidelity data to interpret low-accurate input data either obtained by
interpolation or affected by error noise. That is particularly relevant
in hydrogeological applications.

As an application example, we use the same dataset in Song and
Tartakovsky (2022), representing two-dimensional multiphase flow in
heterogeneous media. In Song and Tartakovsky (2022), the CNN sur-
rogate maps a permeability field to multiple saturation outputs. In
this configuration, 1 image to N images, the problem is generally
well-posed and deterministic. TL in this setting primarily enhances
the richness and resolution of the output, allowing the network to
refine physically plausible patterns learned from low-fidelity data using
limited high-fidelity data. As such, the transfer dynamics see early
layers encoding permeability features remaining more stable during
fine-tuning while mainly decoder layers adjust. Differently, we derive
a CNN-based surrogate trained on inverted data, where the network
infers a permeability field from multiple saturation maps, in a config-
uration N images to 1 image. Typically, this problem is ill-posed and
much more sensitive to uncertainty and noise. Here, TL plays a more
critical role in stabilizing the inverse mapping by providing an initial
prior learned from approximate data, but may also need to unlearn
biased or ambiguous features. As such, the transfer dynamics ask early
layers to fuse and interpret complex spatiotemporal inputs and may
require more aggressive adaptation. The study of the effect of TL in
the case 1 to N (Song and Tartakovsky, 2022) is not expected to be
generalizable to the N to 1 due to the fundamentally different nature of
the tasks. Therefore, a dedicated analysis is essential to properly assess
the benefits and limitations of TL in this case.

Beyond their structural and learning differences, the two different
CNN surrogate configurations also serve distinct practical purposes. The
direct configuration, where permeability maps are used to predict time-
evolving saturation fields, is particularly well-suited for forward uncer-
tainty quantification through Monte Carlo simulations. Once trained,
this surrogate can rapidly generate large ensembles of outputs for
different permeability realizations, enabling efficient propagation of
geological uncertainty through the flow model. On the other hand,
the indirect configuration, which infers permeability from observed
saturation fields, is better aligned with inverse modeling tasks such as
history matching, data assimilation, or even real-time reservoir char-
acterization. In these applications, the goal is to reconstruct the most
plausible subsurface properties given partial or time-sequenced flow
observations, tasks that are computationally intensive with traditional
inversion techniques. The CNN surrogate, in this case, can act as a
fast approximation of the inverse map, supporting real-time decision-
making or iterative data assimilation workflows. Traditional inversion
methods (e.g., MCMC, EnKF) remain more robust and interpretable
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for inversion tasks, especially in high-stakes applications requiring
uncertainty bounds or sparse data assimilation. As such, rather than
replacing these classical approaches, CNN surrogates are best used as
complementary tools, by guiding prior selection or acting as efficient
approximates within hybrid physics-informed ML frameworks (Zhou
and Tartakovsky, 2020; Zhou et al., 2022). However, here, we do not
aim to develop a general-purpose inverse surrogate, instead, we focus
on systematically exploring the effect of TL in this configuration.

In this work, we also employ three levels of multi-fidelity data. This
possibility was explored in Song (2022), to study further the practical
trade-off between training cost and accuracy in large-scale Monte Carlo
simulations. Here, we do so in the N to 1 configuration not only to
analyze the benefit from a training cost perspective but also the possible
increase in the surrogate’s robustness to degraded inputs, typical of
real-world applications, where saturation observations used for inver-
sion are often sparse, noisy, or limited in resolution. Specifically, we
explore the accuracy and computational saving obtained by training the
CNN on two or three levels of MF data generated through simulations
of the forward model on fine, coarse, and very coarse meshes. In the
following, we refer to these data as high-fidelity (HF), low-fidelity
(LF), and very low-fidelity (VLF) data, respectively. We demonstrate
that our approach provides an optimal balance between computational
speed-up and predictive accuracy. Specifically, CNNs trained on MF
data can achieve significantly lower root-mean-square errors compared
to those trained solely on HF data while using an equivalent data
generation budget. Moreover, by optimizing the TL strategy, we achieve
rapid convergence during training and reliable predictions, thereby
validating the effectiveness of MF data in solving inverse problems.

The paper is structured as follows. Section 2 describes the CNN ar-
chitecture and the training process using transfer learning and multiple
levels of MF data. Section 3 provides a brief description of the physical
forward model used to generate the fine and coarse image dataset.
Section 4 introduces the CNN surrogate designed for solving inverse
problems. In Section 5, we showcase the accuracy and computational
efficiency of the CNN-based surrogate. Finally, Section 6 contains our
closing remarks.

2. Materials and methods

This section is devoted to the description of the deep convolutional
encoder—decoder surrogate model, and of TL as a method to train the
CNN on MF data.

2.1. Deep convolutional encoder—decoder network

The deep convolutional encoder—decoder is a well-suited architec-
ture for producing accurate surrogates in various fluid flow problems.
In this study, we select a CNN with an encoder-decoder architecture,
which has been successfully applied to single-phase and multi-phase
flow problems in the context of uncertainty quantification (Mo et al.,
2019a,b; Song and Tartakovsky, 2022). This specific CNN reformulates
the surrogate modeling task as an image-to-image regression problem.
The idea is to capitalize on the strengths of CNNs in image processing.
Indeed, CNNs are particularly effective for processing image-like data,
as they explicitly account for data spatial dependency. Additionally, the
encoder—-decoder architecture is highly compatible with training on MF
data generated by solving a PDE-based model on different grids (Song
and Tartakovsky, 2022).

The convolutional encoder—decoder architecture consists of initial
layers that process the input dimensions. Subsequent layers encode the
input into the latent state, a low-dimensional representation of the
original inputs. This encoded latent state is then decoded to match
the output dimensions. The encoder-decoder framework serves as a
dimensionality reduction technique, helping to alleviate the “curse of
dimensionality”, which is a key factor in the failure of many surro-
gate methods when training on high-dimensional inputs with limited
data (Mo et al., 2019b).



A. Chiofalo et al.

The CNN layers are arranged in dense blocks, where all layers
within each block are directly connected to maximize information
flow. To maintain the feed-forward nature, each layer receives addi-
tional inputs from all preceding layers and passes its feature maps
to all subsequent layers. A dense block has two design parameters:
the number of internal layers and the number of output features of
each layer. Each layer consists of three consecutive operations: a batch
normalization (Ioffe and Szegedy, 2015), a rectified linear unit, and a
convolution (Goodfellow, 2016). Transition layers, known as encoding
layers in the encoder, and decoding layers in the decoder, are inserted
between each set of dense blocks. These layers modify the feature size
using convolutional and transposed convolutional operations during
the encoding and decoding processes and also reduce the number of
feature maps used during concatenation in the dense blocks (Mo et al.,
2019a).

Given this architecture, to train the CNN surrogate model, we need
to perform repeated solves of the (coupled, nonlinear) PDEs which
governs the selected physical process:

N@u;0) =gx, 1;,09), (x, 1) Dx (0, T]. (@9

Eq. (1) describes the spatio-temporal evolution of a state variable u(x, )
in the computational domain D over simulation time horizon (0, T7].
To account for the variability of the inputs ®(x), that parameterize the
differential operator N, the source function g, and auxiliary functions
in the initial and boundary conditions, a large number of solves is
required.

In case an inverse CNN is trained, the discretized solution u(x;, 7,) of
PDEs at N, time steps {7, }kN:“I (from the corresponding forward model)
are used in input, while the values of ®(x;) in N elements {x; }i]ie‘ of a
numerical grid as output. To ensure robust training of the CNN and to
effectively capture the underlying patterns in the data, it is essential to
utilize a sufficiently large training dataset, comprising N,,,;, samples.

Once the dataset is generated, the CNN training consists of finding a

set of N, weights, w = (wy, ..., wy,, )T, that minimizes the loss function
Nirain
- & 2
LWy = Y 110, = O, W, + Allwl3. )
m=1

The first term in Eq. (2) represents the L,-norm discrepancy between
the reference map of parameter ®(x) and its CNN representation,
O(x,w). The second term in (2) involves L, squared regularization,
which penalizes large weights to prevent overfitting and improving
generalization. The amount of penalty applied is determined by the
regularization parameter A.

2.2. Transfer learning on multiple levels of multifidelity data

In physical sciences, observational data are seldom sufficient, and
typically data are generated by solving a governing equation, as de-
scribed in Section 2.1. Specifically, to create enough training data for
building DNN surrogate models, it may be necessary to perform several
thousand HF simulations. As a result, the cost of generating training
data raises doubts about the practicality of using DNNs as surrogate
models in real-world applications (Song and Tartakovsky, 2022). To
address this issue, we propose a framework that employs TL and MF
simulations to reduce the cost of data generation for the training of an
inverse CNN surrogate for the reconstruction of permeability fields (see
Section 3).

TL involves using knowledge gained from one task to help learn
another related task (Hosna et al., 2022). By utilizing the knowledge
stored in the NN trained for the initial task, it is possible to significantly
reduce the number of training samples required for the second task.
Following this idea, the CNN is first trained using a large amount of LF
input data. Subsequently, a relatively small amount of HF input data is
used to fine-tune the network. Here, HF and LF data refer to the values
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Phase 1:

training CNN1
LF INPUT HF OUTPUT
DENSE BLOCK DENSE BLOCK DENSE BLOCK
ENCODING ENCODING DECODING DECODING
Phase 2:
training CNN2
HFINPUT LOCKEDBLOCK | HF OUTPUT
I i
BRa  na g B
I - - RN
] ]
I I
I I
Phase 3:
training CNN3
HF INPUT HF OUTPUT

Fig. 1. Workflow of CNN training on two levels of MF data via TL. During
Phase 1, LF input data are used and the weights (w;;) are updated in each
layer. In Phase 2, HF input data are used to update the weights in the final
dense block and decoding layer (wy:) while the others are frozen. In Phase 3,
all weights are unlocked and updated during training on the same HF data.

of the state variable u(x;, #,) obtained solving (1) on a fine (N, = N:]'F)
and coarse (N, = N;F) mesh, respectively.

In detail, as shown in Fig. 1, the TL applied to two levels of MF
data consists of three phases involving the training of CNNs denoted in
the following as CNN;, CNN,, and CNNj. In Eq. (2), let N, represent
the number of weights in the CNN preliminary trained on a small
number of HF data. In the first phase, we perform the training of
CNN; on LF data, and the weights w p = (wl,wz,...,wNLF)T with
wi g < N, are all updated. In the second phase, we train CNN, on
the HF data by minimizing the loss function (2) over the weights
WHE = (W, W s - W NW)T of the last dense block and decoding
layer, while keeping the remaining weights w; i of the first layers of the
architecture fixed at the values got in the first phase. In the third phase,
we train CNN; on HF data by allowing all weights w of the CNN, to be
updated during the minimization.

This idea can be extended at three levels of MF data as depicted in
Fig. 2, with five training phases in this case and where VLF data refer
to the values of the state variable u(x;, #,) obtained solving (1) on a
very coarse (N = Ny'F) mesh.

2.3. Conceptual difference in direct and inverse CNN configurations from a
transfer learning perspective

When training a CNN where input-output images are 1 to N, the
network performs an expansion operation, which requires learning a
rich latent representation from limited input and then decoding it into
multiple structured outputs, a task generally accomplished by using
encoder—-decoder architectures. This setup increases the complexity of
the output layer, which must handle multiple channels and preserve
spatial coherence across all N outputs. Moreover, in this case, the
network is asked to generate information that may not be explicitly
contained in the single input, making it prone to underfitting or gen-
erating overly smooth predictions. Conversely, when training with N
input images to produce a single output image, i.e., N to 1, the network
performs a compression task, which requires extracting and integrating
spatial features from multiple input channels into a unified represen-
tation. This is the more typical use of CNNs. This setup places more
demand on the early layers to successfully capture correlations across
input channels. In this case, the network is more prone to overfitting if



A. Chiofalo et al.

Advances in Water Resources 206 (2025) 105140

Phase 1:
training CNN1

VLF INPUT

DENSE BLOCK

ENCODING ENCODING

DENSE BLOCK

— -,

HF OQUTPUT

DENSE BLOCK

DECODING DECODING

Phase 2:
training CNN2

LF INPUT

LOCKED BLOCK

HF OUTPUT

Phase 3:
training CNN3

LF INPUT

UNLOCKED BLOCK

HF OUTPUT

Phase 4:
training CNN4

HF INPUT

LOCKED BLOCK

HF OUTPUT

Phase 5:
training CNN5

HF INPUT

UNLOCKED BLOCK

HF OUTPUT

Fig. 2. Workflow of CNN training on three levels of MF data via TL. Phases 1-3 replicate the three phases used in the case of two levels of data for VLF and LF

data. Phases 4-5 are analog to Phases 2-3 in the case of two levels of data.

the number of input channels is large and training data is limited. In
addition, in terms of sensitivity, this case is higher since noise across
multiple input channels can significantly affect the feature aggregation
process, leading to degraded or unstable predictions. Indeed, from a
calibration perspective, the loss function is applied to a single target
and mostly relies on the accurate multi-channel input processing step.
As such, considering that our analysis is focused on the case of limited
HF input data, to analyze the effect of TL on MF data for the CNN
operating N to 1, is not only conceptually different but more significant
under this perspective.

When applying TL to CNN surrogates for multiphase flow, start-
ing with training on LF data and progressively fine-tuning on HF
data while gradually unfreezing network layers, the benefits manifest
differently depending on the modeling direction. If the permeability
field is the input and multiple saturation maps are the output, the
CNN initially learns general spatial-to-temporal patterns of saturation
behavior, capturing broad physical relationships such as flow direc-
tionality, heterogeneity effects, or large-scale saturation trends from
the LF simulations, and then, the fine-tuning with HF data is useful
to refine these patterns and reflect more realistic features, such as
sharper fronts or small-scale nonlinear dynamics, with early layers
preserving general permeability features while deeper layers adapt to
the increased physical complexity. This allows the network to improve
output accuracy without retraining from scratch, even when HF data
is limited. In the opposite case, TL plays a critical role in stabilizing
the inversion process, which is inherently ill-posed. The LF phase helps

the network learn a rough inverse mapping, extracting coarse perme-
ability structure from saturation data, while HF fine-tuning sharpens
the reconstruction of fine-scale heterogeneities and improves sensitivity
to subtle spatial variations. Progressive unfreezing is especially helpful
here, as it prevents overfitting early in the process and allows a smooth
transition toward more accurate inversion.

3. Application
3.1. High-fidelity forward model

Dealing with multi-phase flow in porous media is known to be
extremely challenging. The computational cost of solving the governing
PDEs, which are characterized by a high level of nonlinearity and
stiffness, is generally not negligible and can hinder uncertainty quan-
tification and detailed analyses requiring numerous simulations in the
parameter space.

Here, we are examining the horizontal flow of two incompressible
and immiscible fluids, each with viscosity represented by u; and u,,
through a heterogeneous, incompressible, and isotropic porous medium
D. Propagation of the saturation maps S;(x,7) of the /th phase (/ = 1,
2) is described by the mass conservation equation:
t€[0,T], 3

95, T
¢?+V'V,+q,:0, X =(xq,%,) €D,

where the porosity is assumed to be constant at 0.25. The phase
saturation, denoted as .S)(x, 1), is subject to the constraint S; + S, = 1.
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The source/sink term, ¢, is assumed to be zero. The time domain
t ranges from zero to a specified terminal time T. The macroscopic
velocity, denoted as v,(x, t), is described by the generalized Darcy’s law
(4) for the I/th phase

k
v, = —k(x)ﬂ—”VP,, )
1

where k(x) is the intrinsic permeability tensor (since the medium is
isotropic, k(x) becomes a scalar and will be denoted by k), k,, is the rel-
ative permeability of the /th phase that depends on the corresponding
saturation by the Brooks-Corey constitutive model, k,, = k,,(.S)) (Corey,
1954). According to Taverniers et al. (2020), the capillary forces are
neglected, assuming pressure within the two phases to be equal, P, =
P, = P(x,1).

We solve numerically this multi-phase flow scenario in a two-
dimensional domain D of dimension 150 m X 150 m with impermeable
boundaries at the top (I;) and bottom (I,). Along the left (I;) and right
(I,) boundaries, the Dirichlet boundary conditions are imposed
oP
E =
with P = 10.2 MPa and S| = 1.0 for x € I}, and P = 10.1 MPa for
x € I,. The initial conditions are: P(x,0) = 10.1 MPa; S;(x,0) = 0,
with x € D (see Fig. 3). While all input parameters are assumed to
be constant and known, the intrinsic permeability k(x) is modeled as a
second-order stationary random field, where Y (x) = Ink is multivariate
Gaussian with mean (Y) = 0, variance 0')2, = 2.0, and an exponential
two-point covariance Cy(x,y) = o‘%,exp(—|x,y| /Ay) with a correlation
length of 4, =19 m.

This value plays a crucial role in defining the separation between
fidelity levels. The spatial domain of 150 m x 150 m is discretized
on a 128 x 128 grid for HF simulations, resulting in a cell size of
approximately 1.17 m, so that each correlation length spans about 16
grid cells, allowing fine-scale heterogeneity to be accurately resolved.
To generate LF and VLF data, we first upscale the conductivity field
to 64 x 64 and 32 x 32 grids, respectively. The corresponding sat-
uration maps are then downscaled back to 128 x 128 resolution, so
that all inputs to the CNN surrogate share the same dimensionality
while retaining the degradation in spatial detail due to coarsening
(see Section 3.2). This structured reduction in resolution, relative to
the fixed Ay, defines meaningful fidelity levels. In the 64 x 64 and
32 x 32 cases, the correlation length spans approximately 8 and 4
cells, respectively, leading to a loss of small-scale variability. This setup
supports the proposed TL strategy, where initial training on coarse data
enables the surrogate to capture broad spatial patterns, and subsequent
fine-tuning with HF data refines local heterogeneity. The choice of the
selected correlation length thus ensures a sufficient fidelity gap to make
TL both effective and significant.

Egs. (3) and (4) are discretized using a finite volume scheme in
space and an implicit Euler scheme in time. We use the Newton—
Raphson method to obtain iteratively the solution at each time step, and
the modified Appleyard saturation update dumping (Appleyard et al.,
1981) to improve the convergence. To guarantee the convergence of
both flow (pressure) and transport (saturation) solutions, three conver-
gence criteria are defined: the normalized residual norm, the maximum
saturation update, and the maximum relative pressure update with tol-
erances of ¢; = 107%,¢, = 1072, and e; = 1073 respectively (Taverniers
et al., 2020).

0, xel,ul, 5)

3.2. Multifidelity data acquisition

In this Section, we describe the data acquisition procedure for
generating HF, LF, and VLF data for CNN training according to the
TL framework. In Fig. 4, the flowchart connecting fine, coarse, and
downscaled snapshots is shown, while the data acquisition procedure
is summarized in Fig. 5.
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Mesh coarsening is performed using a uniform coarsening strat-
egy, where every second node in each spatial direction is removed,
effectively doubling the element size. This approach reduces the total
number of elements by a factor of four in 2D. We apply coarsening
globally and we verify that the solution retains acceptable accuracy
while significantly reducing computational time.

3.2.1. High-fidelity data

HF training data are generated by solving (3)-(4) on a grid
128 x 128, obtaining N,, = 16 temporal snapshots of the saturation
S| (x,1). To capture the randomness in permeability fields, according to
the “rule of thumb” requirement, the numerical mesh should have at
least four elements of the length of the spatial discretizations, 4x, per
correlation length, Ay, i.e., 44x < Ay. In our case, with Ax = 1.17 m
and the correlation length Ay = 19 m, this requirement is satisfied.

3.2.2. Low-fidelity data

LF data are obtained by solving (3)—(4) on a “coarse” mesh of size
64 x 64. Specifically, the mesh coarsening is achieved by upscaling the
random permeability generated at the finer scale (128 x 128). With
Ay = 19 m, a grid of size 64 x 64, and Ax = 2.34 m, we ensure that
44x < Ay.

Among different upscaling strategies, we have chosen the one pro-
posed by Durlofsky (2005). We denote the fine-scale permeability
tensor as k;;,,. We consider one realization of this random field and
obtain the corresponding realization of its coarse-scale counterpart,
K.,qrse» Whose diagonal elements are computed using distance-weighted
harmonic mean in the direction of flow, and the distance-weighted
arithmetic mean in the direction perpendicular to the flow, while the
off-diagonal components are zero. The resulting tensor k., is still
diagonal but anisotropic (see Algorithm 1). The selected method yields
directionally consistent effective properties, by generating anisotropic
diagonal coarse-scale permeability tensors from isotropic fine-scale
fields. While more sophisticated global upscaling approaches are avail-
able, the applied local upscaling strategy offers an effective, compu-
tationally efficient alternative that preserves the relevant flow fea-
tures (Taverniers et al., 2020).

After upscaling the permeability field, we solve Egs. (3)-(4) to
obtain 16 temporal snapshots of the saturation maps .S, (x, 1), each with
dimensions of 64 x 64, denoted as S,,,, . To match the dimensions
of HF data, we then apply a downscaling technique to the 64 x 64
saturation maps by taking the Kronecker product between these LF data
matrices and a 2 X 2 matrix of ones, thus allowing us to obtain S?fﬂe (see
Algorithm 2). The assumption underlying this approach is that the spa-
tial covariance is approximately separable, i.e., it can be modeled as a
Kronecker product of lower-dimensional covariances. This assumption
is reasonable when the heterogeneity in the permeability field is mildly
anisotropic or exhibits layered regular patterns, which is often the case
after permeability upscaling, where small-scale variability is averaged
out. Moreover, the Kronecker approach is advantageous here due to its
computational efficiency.

3.2.3. Very low-fidelity data

VLF data are obtained by solving (3)-(4) on a very coarse mesh
of size 32 x 32. As for LF data, the mesh coarsening is achieved
by upscaling the random permeability generated at the finer scale
(128 x 128). With 4y = 19 m, a grid of size 32 x 32, and 4Ax = 4.69
m, we ensure that 44x < A,. To match the dimensions of HF data,
downscaling is applied to the 32 x 32 saturation maps. As in the
previous case, Algorithms 1-2 summarize the procedure, but this time
the upscaling factor is n = N /4 and the 32 x 32 saturation maps are
downscaled by taking the Kronecker product between these VLF data
matrices and a 4 X 4 matrix of ones.
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P1 =101 MPa
S1 =10

P (x, 0) =101 MPa
S(x,0) =0
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Fig. 3. Domain setup for the two-phase flow problem with one realization of the log permeability field.
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Fig. 4. Flowchart connecting fine, coarse, and downscaled snapshots through Algorithms 1 and 2.

4. Inverse CNN surrogate and hyperparameter performance

The training of the inverse CNN surrogate is performed to learn the
mapping from temporal snapshots of saturation maps back to the per-
meability field using MF data. With the CNN architecture represented in
Fig. 6, we patch each phase of training according to the TL framework
(Figs. 1-2).

The design of the network configuration follows Song and Tar-
takovsky (2022). The model block description and the input and output

dimensions of each model block are reported in Table 1. We adopt the
same CNN architecture used in the 1 to N forward problem in Song
and Tartakovsky (2022) for the N to 1 inverse configuration analyzed
here, in order to create a controlled comparison framework that isolates
the effects of data fidelity and transfer learning. While this architecture
may not be optimal for the inverse task, where early fusion and robust
feature aggregation across multiple input channels are typically more
effective, it supports our goal of maintaining consistency. Architectures
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Fig. 6. CNN architecture. Details are reported in Table 1.

better suited for N to 1 compression tasks often use sequential convo-
lutional layers, residual connections, and downsampling to integrate
spatial and temporal features efficiently, avoiding upsampling and
transposed convolutions that are unnecessary or potentially destabiliz-
ing for single-output predictions. Since our objective is not to optimize
inversion performance but to explore the behavior of transfer learning
in a multi-fidelity setting, we deliberately reuse the same architecture
to control for architectural variables. This ensures that observed dif-
ferences in performance can be attributed to the learning strategy and
data fidelity, rather than to differences in model design.

In support of this decision, we performed exploratory tests by
modifying the number of layers within the dense blocks and found
that the configuration used in Song and Tartakovsky (2022) offers
good empirical performance and training stability, even in the inverse
setting. Consequently, our efforts focused on tuning training-related hy-
perparameters (e.g., learning rate, weight decay, factor, and minimum
learning rate). A more extensive sensitivity analysis on architectural
parameters could be valuable future work, particularly for adapting the
surrogate model to different inverse problems.

The model implementation and training is done using Pytorch and
other source packages. The computations are carried out utilizing 32

cores Intel Ice Lake @2.6 GHz CPU 512 GB RAM, 4 NVIDIA Ampere
A100 GPU 64 GB vRAM. (Although 32 cores on a single node are
available, only 1 core per node is used. All 4 GPUs are used).

As mentioned, CNN'’s performance is influenced by key hyperparam-
eters such as Learning Rate (LR) and Weight Decay (WD), managed
by the Adam optimizer. The Adam optimizer is commonly used for
optimizing deep learning models and adjusts the LR and WD during
training to improve convergence and prevent overfitting (Kingma and
Ba, 2014). Additionally, a factor (F) and the minimum learning rate
(mLR) are controlled by the ReduceLROnPlateau scheduler, which
adjusts the learning rate during training based on the validation loss,
enhancing the efficiency and convergence of the training process for
CNNs (Li and Arora, 2019). While CNN training includes numerous
additional hyperparameters, we adhere to their default settings in
Pytorch (Paszke et al., 2019).

The investigation involves iterating through variations of LR, WD,
F, and mLR, in this specific order. For each hyperparameter, we fix
the best-performing value before moving on to the next, using 100 HF
data points and training for 200 epochs. The selected values are those
that minimize the RMSE on the HF test data (see Fig. 7). This process
is a form of empirical tuning, similar to a coarse grid search over a
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Table 1
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Dense encoder-decoder CNN architecture. Each layer of the dense blocks, as well as the encoding and decoding transition layers,
consists of these consecutive operations: batch normalization (BN), followed by a rectified linear unit (relu), convolution (conv),
and transposed convolution (convTranspose) for the encoding and decoding phases, respectively.

Layer Activation functions Input Output size
Input: Saturation map S n X 128 X 128
Transition layer conv (k5, s2, p2) n; X 128 x 128 ny X 64 x 64
Dense Block (7 layers) BN, relu, conv (k3, s1, p1) n, X 64 X 64 ny X 64 X 64
Transition layer (encoding) BN, relu, conv(kl, sl);

BN, relu, conv(k3, s2, p1) ny X 64 x 64 ny X 32x32
Dense Block (12 layers) BN, relu, conv (k3, s1, pl) ny X32x32 ns X 32x32
Transition layer (decoding) BN, relu, conv(kl, s1);

BN, relu, convTranspose(k4, s2, pl) ns X 32x32 ng X 64 X 64
Dense Block (7 layers) BN, relu, conv (k3, s1, p1) ng X 64 x 64 ny X 64 x 64
Transition layer BN, relu, conv(kl, s1);

convTranspose (k4, s2, p1) n; X 64 x 64 1x128 x 128
Output: Permeability field k 1x128%x128

Note: n,, denote the number of input time steps of saturation maps, n

= 16. The number of channels, n,, n,, ny, ny, ns, ng and n, are the

following: 64, 344, 172, 652, 326, 606, 303, respectively. The values of kernel size, k, stride, s, and zero-padding, p, are denoted by the number
at the right; for example for k5,s2,p2 : k = 5,5 =2, and p = 2. The convolution kernels are the same for all convolutional layers within the
dense blocks. The first and second convolution kernels correspond to the first and second (transposed) convolutions of the encoding—decoding

layers, respectively.
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Fig. 7. Hyperparameter performance measured in terms of root mean square error (RMSE) on the test data. Each box plot displays the corresponding median

(colored line) and mean (point) values calculated from 10 training sessions.

predefined subset of values. These optimal values then serve as the
starting point for transfer learning with MF data. For the two-level MF
transfer learning setup, organized into three sequential training phases,
we adopt a progressive training strategy. Starting from the best LR
identified in the HF-only tuning phase, we progressively reduce it in
later phases to allow for finer weight updates as the model became
more specialized. A similar rationale guides the choice of epochs, with
200 epochs in the initial phase and reduced durations, 180 and 160,
in the following phases. This choice is supported by the analysis of the
loss function at each training phase, which shows that RMSE tends to
plateau more rapidly in the later training stages (see Section 5). In the
three-level MF case, we maintain a constant number of epochs of 200
across all phases while still applying a decaying LR schedule, as shown
in Table 2. This choice balances consistency with the need for finer
adjustments as the fidelity level increases. Overall, hyperparameter
tuning and scheduling are designed to control learning dynamics across
fidelities, enabling a fair and effective evaluation of transfer learning
performance.

Table 2
Learning rate and epoch values at each training phase in the case of either
two or three levels of MF data.

TL strategy Phase Learning rate Epochs
MF - 2 levels 1 1.0-107* 200
MF - 2 levels 2 05-107* 180
MF - 2 levels 3 0.5-107° 160
MF - 3 levels 1-3 1.0-107* 200
MF - 3 levels 4-5 0.5-107* 200

5. Results and discussion

First, we compare the accuracy of the CNNs trained on only HF
and LF data, hereinafter CNNHF and CNNF, respectively, for different
training data generation budgets. We observe in Fig. 8, that for a data
generation budget of less than 12 h, CNN'“F outperforms CNNHF, in
terms of RMSE. This is because limited budgets do not allow for the
generation of sufficient HF data for training. As the budget increases,
the error associated with CNNLF also increases, reaching a relatively
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Algorithm 1 Upscaling algorithm pseudocode.

Require: k;,, € RNV
Ensure: N mod2=0

function Upscatk(k 7;,,, N, direction)
n< N/2
fori«<1,...,ndo
le—(G-1)%2+1

for j < 1,...,ndo
meG-1%2+1

if direction is X then
K coarse(is N=AA A fie (I, m), K 0 (1, m+1)),
HACK 15141, m), K 1o (1+1,m + 1))

else if direction is Y then
Keoarseis ))=AAHACK f10(1 m), K 1o (11, m)),
HACK pine(ls m+1), k (141, m + 1))

else
kCﬂHrSE(i’ j)=AA(kf,'ne(l, m), kfine([+1’ m)’
K fine(l, m+1), k 7 (141, m+1))

return k € R

coarse

Algorithm 2 Downscaling algorithm pseudocode.

Require: S, € R™"

function DowNsCALE(S,.ogse)

ds
Sf,',,e “ Scoarse ® 12><2

return S?fne € RV*N with N =2n

constant value due to training the network on an increasing amount of
less accurate data that does not provide additional value for training
purposes. In contrast, the RMSE associated with CNNHF continues to
decrease as expected.

Then, to assess the benefit of TL, by setting the data generation
budget to 15 h, we demonstrate that training the CNN on two levels
of MF data results in a significantly lower RMSE compared to the one
associated with CNNHF and CNN'F. Also, the CNN trained on three
levels of MF data has a RMSE value that deviates from that of CNNLF
and remains lower than that of CNNHF on average. The multifidelity
cases represented in Fig. 8 are obtained with an optimal ratio of HF-
LF and HF-LF-VLF data, respectively, that minimizes the RMSE, as we
discuss below.

Focusing on the computational cost, in Table 3 we compare the
number of HF, LF, and VLF data generated with a budget of 15 h. The
cost of a single simulation is the computational time for the numerical
solution of the forward model using a Matlab-based multi-phase flow
simulator (Song and Tartakovsky, 2022) on a computer with an Intel(R)
Core(TM) i7-9700 CPU (3 GHz), 32 GB RAM. We observe that HF data
generation is about five times more expensive than LF data and about
22 times more expensive than VLF data. The same Table also reports
the number of data for the optimal cases of two and three levels of MF
data.

In the case of two levels of MF data, we examine how different
ratios of HF and LF training data, for a data generation budget of
15 h, influence the accuracy of the CNN (Fig. 9). We observe that HF-
LF ratios of 1:10-1:5 provide significantly higher accuracy than using
only HF training data. We observe that the mean across 20 train-test
attempts is slightly lower for the ratio of 1:10 compared to 1:5, which
has a significantly thinner error bar.
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Fig. 8. RMSE on HF test data for alternative CNN training strategies as a
function of the budget allocated for training data generation. The CNNs are
trained on HF (blue circles), LF (orange circles), two levels (the black star),
or three levels (the black triangle) of MF data. Each point in the Figure is the
average value of the RMSE over 20 training iterations, while the variability
among the iterations is described through the standard deviation.

Table 3

Numbers of HF, LF, two levels and three levels of MF data generated with a
budget of 15 h and a computer Intel(R) Core(TM) i7-9700 CPU (3 GHz), 32
GB RAM.

Amount and quality of data

Generation cost

214 HF 15h
1011 LF 15 h
4655 VLF 15h
754 MF - 2 levels 15h
2069 MF - 3 levels 15h

The reuse of an architecture originally designed for the 1 to N
forward problem in the N to 1 inverse case may help explain why the
optimal HF-LF data ratio shifts to 1:10. Since the architecture includes
a relatively heavy decoder component with transposed convolutions
suited for output expansion, it may be overparameterized for the in-
verse task, where only a single permeability map is predicted. In this
setting, using a large amount of HF data could lead to overfitting or
inefficient learning, whereas relying more heavily on LF data acts as
a natural regularizer. The smaller amount of HF data then serves to
anchor the network without overwhelming it, allowing better gener-
alization. Thus, while not the only factor, the architectural mismatch
may contribute to why a lower HF-LF ratio yields the best performance
in the N to 1 case.

Based on this evidence, in the case of three levels of MF data, we
examine three distinct scenarios in which the ratio between VLF-LF
and LF-HF data is given by a factor f whose value is either 10, 5, or
2. The number of data for each scenario is detailed in Table 4. The
best accuracy in terms of RMSE occurs for f = 5, which corresponds
to about 70 HF data in the MF mix. Overall, our results align with
the ratio 1:5, as recommended in a theoretical multilevel Monte Carlo
study (Taverniers et al., 2020), and with empirical findings from Song
and Tartakovsky (2022).

The CNN training is performed using a 32 cores Intel Ice Lake @
2.6 GHz CPU 512 GB RAM, 4 NVIDIA Amper A100 GPU 64 vRAM
(although 32 cores on a single node are available, only 1 core per node
is used. All 4 GPUs are used) (Turisini et al., 2024). In Table 5 the
training cost using HF, LF, and two or three levels of MF data, for the
budget of 15 h, are reported. The training cost using only LF data is
slightly higher than when using HF data, as the training dataset size
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Fig. 9. Influence on the CNN accuracy of different ratios of HF-LF data used
for training in the two-level MF data scenario, generated with a budget of
15 h. For each ratio, the CNN training and test are repeated 20 times. While
mean and median RMSE values are represented by star and point symbols, the
error bars indicate the standard deviation. The blue dot-dash line represents
the mean value of the CNN trained using only HF data.

Table 4

Influence on the CNN accuracy of different ratios f of HF-LF and LF-VLF data
used for training in the three-level MF data scenario, generated with a budget
of 15 h. For each scenario, the CNN training and test are repeated 20 times.

f=10 f=5 f=2
HF 28 67 133
LF 277 334 266
VLF 2774 1668 532
RMSE 22.44 20.62 21.98
Table 5

CNN training costs for a generation budget of 15 h, performed with a 32 cores
Intel Ice Lake @ 2.6 GHz CPU 512 GB RAM, 4 NVIDIA Amper A100 GPU 64
VvRAM.

Data type Training cost No. of phases No. of epochs

HF 219 s 1 [200]

LF 907 s 1 [200]

MF-2levels 769 s 3 [200, 180, 160]
MF-3levels 2062 s 5 [200, 200, 200, 200, 200]

increases from 214 to 1011 (see Table 3). In the case of MF data, the
dataset size is smaller (754) but the training process involves three
phases instead of one. That becomes more evident in the case of three
levels of MF data, where the training phases increase to five.

To understand how TL and the use of multiple phases enhance and
optimize the training process of CNN, Fig. 10 illustrates, on a semilog
scale, the performance, measured in terms of RMSE, of each training
phase as a function of the number of epochs. This analysis refers to
the best CNN model trained on two levels of MF data, for the data
generation budget of 15 h.

Within the framework of the TL strategy, in the first phase, the
dataset consists solely of LF data in input. Subsequently, in the second
phase, only the last layer’s weights are unfrozen and updated using HF
input data, while the rest of the network remains frozen. We observe
that during this phase, the loss curve decreases only marginally. This
limited improvement can be attributed to the fact that unfreezing only
the final layer limits the model’s capacity to adapt to the HF data,
especially in this context in which earlier layers are responsible for
extracting meaningful features from the saturation inputs.

10
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Fig. 10. Loss functions expressed in RMSE to track the quality of the learning
process of the CNN trained on two levels of MF data for a generation budget
of 15 h and a ratio of 1:10 between HF and LF data. The training process is
repeated 20 times. The continuous lines represent the mean value, while the
surrounding bands indicate the + one standard deviation.

The third phase benefits from the knowledge acquired in the previ-
ous stages, and by unlocking all weights across all layers and utilizing
HF data, the accuracy improves, though with an increase in variability,
as the model fine-tunes itself to the sparse HF data. Notably, as we move
from the first to the third phase, the plateau is reached more quickly,
reducing the total number of epochs required. The achievement of these
plateaus validates the choices made during the optimization phase,
where the number of epochs for the three training phases was set to
200, 180, and 160, respectively (Table 2).

In retaining the same architecture originally designed for the 1
to N forward problem, our results further highlight the strength of
the TL approach. The initial training on LF input data serves as a
strong regularizer, allowing the model to learn low-complexity feature
representations. The final phase, with full unfreezing and HF input,
enables the model to refine those representations using richer data in
a more controlled and stable manner. In this way, TL helps to mitigate
the limitations of an architecture that may be overparameterized for
the N to 1 task, where beginning directly with extensive HF training
could otherwise lead to overfitting or inefficient learning.

Finally, we compare the predictions provided by the best CNN
surrogates obtained with two and three levels of MF training data.
In Fig. 11, we show two test examples of permeability fields and the
correspondent approximations provided by the two surrogates. In the
case of two levels of MF data, high accuracy is achieved as quantified by
the corresponding scatter plots, where the regression lines are closely
aligned with the bisector and R? values are 0.93 and 0.95, respectively.
Furthermore, the probability density functions (PDFs) of the differences
between exact and predicted values show a sharp peak at zero and
relatively low variance, indicating high consistency. In the case of three
levels of MF data, the prediction accuracy slightly decreases. However,
the regression lines remain close to the bisector and the R? values above
0.83. The PDFs still exhibit a peak around zero, although the variance
is higher.

Based on these results, we can note that, for an equal data gen-
eration budget, the computational advantage gained from generating
VLF data with the forward model, thereby increasing the training
dataset size, does not contribute to improving the prediction accuracy
of the inverse CNN surrogate. These results suggest that, if VLF data
dominate the training set, the model may struggle to adjust its internal
representations effectively, particularly when only a limited amount of
HF data is available to guide learning. This imbalance could lead to less
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Fig. 11. Comparison between the predictions provided by the two best CNN surrogates trained on two and three levels of MF data against two test examples.
For each test, the real and predicted permeability fields, k and &, are represented with the correspondent scatter plots and the PDFs of the differences between

real and predicted values.

informative gradients and, ultimately, suboptimal feature extraction,
especially in early layers. Despite this, both surrogates maintain a key
advantage in terms of computational efficiency. They require negligible
computational time to predict a permeability map, approximately 0.3
s. The computations are carried out utilizing an Intel(R) Core(TM)
i7-9700 CPU (3 GHz) processor, with 32 GB RAM.

We also compare the performance of the two CNN surrogates when
provided with low-quality inputs. For the first test case shown in Fig.
11, instead of supplying the CNNs with HF saturation maps, we gener-
ate interpolated maps using ordinary Kriging from 8 x 8 data points
sampled on a regular grid centered within the domain. The results,
reported in the first two rows of Fig. 12, reveal that the CNN trained
on three levels of MF data outperforms the one trained on two levels,
with a decrease in the R? value of about 8% against 43% with respect
to the correspondent cases reported in Fig. 11. This suggests that pre-
training the surrogate with VLF data, despite offering limited physical
accuracy, can increase its robustness to input degradation. Through the
TL framework, early exposure to coarse or incomplete data encourages
the network to develop low-level features and priors that are more
tolerant to sparsity and interpolation artifacts, making the model more
stable. This behavior is particularly advantageous in practical scenarios
where data availability is limited or unevenly distributed in space.

We further evaluate the surrogates using noisy input maps, created
by adding uniform white noise in the range of +0.1 to the saturation
fields. As shown in the third and fourth rows of Fig. 12, the CNN trained
on two levels of MF data performs better in this case, as the added
noise does not significantly impair its ability to interpret the input
saturation maps. The decrease in the R? value is about 2%, for two
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levels, against 15%, for three levels, with respect to the correspondent
cases reported in Fig. 11. Here, the presence of VLF data during training
does not appear to confer an advantage, likely because the VLF fields
used in training are smooth and physically coherent, whereas the
added noise in this test scenario introduces unstructured and localized
perturbations. The surrogate trained without the VLF phase may have
retained stronger reliance on HF-derived features, allowing it to better
filter or ignore high-frequency noise. This highlights a trade-off. While
VLF pre-training improves robustness to input sparsity and structural
incompleteness, it may limit sensitivity to subtle variations when those
variations deviate from the statistical patterns seen during training.
Nonetheless, in both cases, the MF surrogates demonstrate resilience to
common data imperfections, reaffirming their suitability for real-world
applications where measurements are often sparse, and error-prone.

While our results demonstrate the effectiveness of TL in enhancing
CNN surrogates for multi-fidelity inversion, it is important to recognize
its limitations. The success of TL depends on the choice of fidelity
levels and the relative availability of HF and LF data. Inappropriate
scaling or overly coarse inputs could limit the transferability of learned
features. By itself, TL does not provide systematic uncertainty quantifi-
cation, which is critical in geoscience and engineering applications. One
direction of future research is to combine TL with inversion-specific
architectures, adaptive layer-wise strategies, or physics-informed ap-
proaches, and to integrate these surrogates with uncertainty quantifica-
tion frameworks. Such developments would broaden the applicability
of TL-enhanced CNNs, enabling fast, reliable, and robust inversion that
explicitly accounts for prediction uncertainty.
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Fig. 12. Comparison between the predictions provided by the two best CNN surrogates trained on two and three levels of MF data against the first test example
in Fig. 11. Here, the best models are tested with input data that are generated using ordinary Kriging from 8 x 8 data points sampled on a regular grid centered
within the domain (first and second rows) or perturbed by adding uniform white noise in the range of +0.1 (third and fourth row). For each case, the predicted
permeability field, k, is represented with the corresponding scatter plot between real and predicted values.

We illustrated our strategy on a 2D inversion problem with fixed
boundary conditions. More complex settings are left for future research.
In 3D applications, the input saturation maps and output permeabil-
ity fields would increase in dimensionality, requiring larger memory
and potentially deeper NN architectures to capture the added spatial
complexity. Yet, the core principles of TL—progressive training from
coarse to fine data, and phased refinement using high-fidelity inputs—
remain unchanged. Similarly, variable boundary conditions can be
incorporated by either augmenting the input channels with boundary
information or by encoding boundary scenarios as additional features.
In either case, training on lower-fidelity or coarsened 3D datasets
allows the model to capture global flow patterns, while its refine-
ment with high-fidelity simulations ensures accurate reconstruction
of fine-scale heterogeneity under varying boundary scenarios. This
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approach makes TL-enhanced CNN surrogates a promising tool for
realistic 3D multiphase flow inversion and other large-scale geoscience
and engineering problems.

6. Conclusion

We demonstrated the effectiveness of TL with MF data for training
CNN surrogates. In our application, these surrogates are designed to
efficiently solve an inverse problem — permeability reconstruction in
a multiphase flow scenario — by learning a mapping from a time series
of saturation fields to a high-resolution permeability map. The proposed
TL strategy leverages LF and VLF data in the early training stages and
refines the model using HF data in later phases. This phased approach
not only accelerates convergence and reduces the computational cost
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but also enhances predictive accuracy, especially when using limited
HF data.

Our results show that CNNs trained on two levels of MF data
outperform those trained solely on HF data, offering a favorable bal-
ance between accuracy and data generation cost. When extended to
a three-level MF setup, further computational savings are achieved
by incorporating VLF data. While this leads to a modest reduction in
accuracy, the trade-off remains acceptable in most practical contexts.

Crucially, by retaining the same network architecture initially de-
signed for a 1 to N forward problem in Song and Tartakovsky (2022),
we demonstrate that TL also plays a compensatory role. The low-fidelity
training phase helps regularize a possible overparameterized model,
and the final refinement phase enables adaptation to richer HF input
while preserving stable representations.

Furthermore, we assess the surrogates under degraded input con-
ditions. When provided with sparse, interpolated input maps or noisy
data, MF-trained surrogates demonstrate enhanced robustness. In par-
ticular, the three-level MF model shows superior performance with
interpolated inputs, highlighting the benefits of pretraining with VLF
data in increasing tolerance to coarseness. Conversely, the two-level
MF model is more resilient to additive noise, suggesting complementary
strengths depending on the nature of the input imperfection.

Overall, our findings underscore the broader value of TL with MF
data in developing fast, reliable, and generalizable surrogates. Such
models are especially well-suited for real-world applications where
high-quality data are limited, expensive, or noisy, making TL-enhanced
CNN surrogates a powerful tool for inverse modeling in computational
science and engineering.
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