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ABSTRACT: The reduction of Feynman integrals to a basis of linearly independent master
integrals is a pivotal step in loop calculations, but also one of the main bottlenecks. In this
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master integrals. Given an integral family, some of its sectors correspond to diagrams with
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transverse to the external momenta of the diagrams, one can map integrals belonging to such
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families, characterized by either fewer generalized denominators, fewer external invariants,
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new families. We describe a proof-of-concept implementation of the application of transverse
integration identities in the context of integral reduction. We include some applications to
cutting-edge integral families, showing significant improvements over traditional algorithms.
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1 Introduction

Feynman integrals in dimensional regularization, which are the building blocks of higher-order
theoretical predictions, obey well-known linear relations, namely Integration-By-Parts (IBP)
identities [1, 2], Lorentz invariance identities [3] and symmetry relations. A crucial ingredient
of multi-loop calculations is the use of such identities to reduce amplitudes and form factors
to a basis of independent Feynman integrals, called master integrals (MIs). This basis is
always finite [4] at any given loop order. However, the reduction to MIs — also known as
IBP reduction — can become very daunting, especially at higher loops or for processes with
many physical scales. In particular, reductions for cutting-edge processes at two and more
loops, involving a large number of external legs or multiple scales, are a major bottleneck
which often prevents important theoretical studies from being carried out. Given the key role
of IBP reduction in amplitude calculations, it is essential that we develop efficient techniques
to deal with its huge computational complexity.

The standard approach for the reduction to master integrals is the Laporta algorithm [5].
It consists in collecting identities into a large and sparse linear system, whose solution yields



the list of master integrals and the reduction rules for the required set of Feynman integrals.
Thanks to its implementation in private and public codes (see e.g. [6-9]) this approach
was employed in many higher-order calculations. The solution of such a complex system,
however, poses a significant computational challenge, especially because of the appearance of
large intermediate expressions. Recent developments introduced the use of finite fields and
rational reconstruction techniques [10-12] to sidestep this problem. These approaches carry
out all the operations numerically over machine-sized integers modulo a prime number and
analytically reconstruct only the final result. The latter is typically orders of magnitude less
complex than the intermediate steps. These techniques are implemented in several public
programs [8, 9, 12-14] and proved to be extremely successful in pushing the state of the art
of loop calculations, producing cutting-edge results in the last years.

Despite this, IBP reduction is still one of the most challenging aspects of modern
theoretical predictions and therefore a very active field of research. Among recent developments
are those that focus on building a simpler but equivalent system of identities for the reduction.
For this purpose, via the use of syzygy equations, one can find simpler relations between the
integrals without higher powers of denominators [15-18] (similar techniques are also employed
in the context of multi-loop numerical unitarity [19]). Another recent development is the
reconstruction of a system with a simpler block-triangular form [20, 21]. These techniques
often provide very substantial improvements in the efficiency of the reduction that can be
critical to the feasibility of a theoretical prediction. There has been also a recent interest
in alternative approaches that completely sidestep the appearance of the large system of
identities and carry out the decomposition in terms of suitably-defined scalar products and
projections, such as intersection theory [22-28]. While intersection theory has many merits
and opened up important connections and lines of research in mathematics and science,
from the point of view of performance it is not competitive with modern implementations
of the Laporta method, at the time of writing. The variety of techniques that have been
proposed showcases the importance of obtaining new ways of simplifying the solution of
the Laporta system, an issue that is becoming more and more crucial as the expansion in
the perturbative series reaches higher orders.

In this paper, we study the impact of transverse integration (TT) identities on the solution
of the Laporta system of equations, and assess the performance improvement they can
provide. Starting from an integral family contributing to a process, we identify integrals
corresponding to diagrams with either fewer external legs than the original family, or that
can be factorized into lower-loop integrals. These can be mapped to simpler integral families
having fewer invariants or fewer loops, making the identities for these new families much
simpler. We map these integrals to the new families via a transverse integration, namely a
tensor decomposition in the subspace that is orthogonal to their external legs. While this
technique already appeared, e.g. in the context of integrand decomposition [29] and multi-loop
numerical unitarity [30, 31], its impact on a traditional IBP reduction is unexplored.

In this paper, TT identities, combined with the traditional Laporta identities, are used
for the reduction to master integrals. We provide a proof-of-concept implementation of
the reduction to master integrals including TT identities and we assess the benefits of this
approach against traditional methods on several cutting-edge examples. We stress that the



use of TT identities is also compatible with more modern techniques, such as syzygy equations,
but a detailed study of their combination is left to future work.

The paper is structured as follows. In section 2 we review some basic notation and
definitions that are used in this work. In section 3 we present the idea of transverse integration
via a pedagogical example. The method is then described in general terms in section 4, while
in section 5 we discuss our proof-of-concept implementation and give benchmarks for several
examples. We draw our conclusions in section 6. We describe some simple algorithms for
analyzing properties of integrals relevant for TT in appendix A and provide more details
about the TIT of the integral families in our examples in appendix B.

2 Background and notation

In this section we set the notation and review some basic concepts and definitions of loop
integrals and IBP reduction, which will be used in the remainder of this work.

In dimensional regularization, Feynman integrals contributing at ¢ loops to a process
with e 4+ 1 external momenta (only e of which are linearly independent, because of momentum
conservation) are integrals over the components of ¢ D-dimensional loop momenta. It is
common to organize these into integral families. An integral family F is defined by a list
of generalized demominators

F {DF,la"'vDF,TL} (2.1)

that are polynomials in the loop momenta. An integral Ir.; belonging to the integral family
F' is a linear combination of integrals having the form
£ N
D
Iz [N] = Ipq,.q,[N] = / 11 d"k; TR
j=1 Jj=1"Fyj
IF;E = IF;a1--~an = IF;a[1]7 (2.2)

where the exponents a; are integers and N can be any polynomial function of the components
of kl,...,kg.

For any integral, we can split the set of generalized denominators into two subsets:
we define proper denominators the Dp; such that a; > 0 (i.e. those contributing to the
denominator of the integrand) and irreducible scalar products (ISPs) the ones such that
a; < 0 (i.e. those either contributing to the numerator of the integrand or missing altogether).
For loop integrals, the generalized denominators have either the quadratic form

j=1—mj, (2.3)

or the bi-linear form

DFJ' = lj . ’Uj - m2 (2'4>

j?

where /; are linear combinations of loop momenta k1, ..., k; and external momenta p1,. .., pe,
while m; are internal masses and v; are linear combinations of external momenta. In our



applications, we focus on loop integrals contributing to scattering amplitudes, where bi-linear
generalized denominators can only appear as ISPs.

Following these definitions, we can invert the relations (2.3) and (2.4) to express all
scalar products involving at least one loop momentum as a linear combination of generalized
denominators D ;. The requirement that this inversion is possible fixes the number n of
generalized denominators of a family to be
0(+1)
—5

Moreover, techniques such as integrand reduction and tensor decomposition allow one to

n = fle + (2.5)

map integrals with generic N to integrals with N = 1. Hence, when considering integrals
for IBP reduction, it suffices to focus on integrals with N = 1.

To organize a reduction, it is convenient to partition the integrals within a family F
into subsets called sectors. A sector is identified by the list of denominator labels j such
that a; > 0. In other words, two integrals belonging to the same sector have the same list of
proper denominators, possibly raised to different powers and with different numerators. In a
given sector, the corner integral Ip.; corresponds to the only integral of that sector whose
exponents a; satisfy a; € {0,1},Vj. In the following we will use the common convention of
identifying a sector with the list exponents of its corner integral, with the notation

SF;E = SF;a1~'~ana Qa;j € {Ov 1}a (2'6)

standing for the sector whose corner integral is Ip.z.
The partition into sectors allows to establish a partial order relation to compare two
sectors. A sector Sp.z is said to be a subsector of a different sector S ;- if its set of non-

vanishing exponents a is a subset of the set b in the second sector. In other words, Sp.g is
a subsector of S Fi if they are not the same sector and a; < b; for all j. In this case, we
equivalently say that S P is a parent sector of Sp.;. Integrals belonging to subsectors are
generally regarded as simpler than those in their parent sectors, although exceptions may exist.

In general, given an integral family F', only sectors with some specific combinations of
proper denominators are considered, e.g. those that can appear in an amplitude or form
factor. For this purpose, each family is characterized by one or more top sectors. Thus the
list of sectors of a family is restricted to its top sectors and their subsectors.

Sector mappings are symmetries of the integrals, typically obtained via shifts of the
loop momenta, which map integrals of different sectors into each other. Through these
mappings, one can identify a list of unique sectors such that any other sector of the family
can be mapped into the unique ones.

To most sectors within a family (actually, all those contributing to an amplitude), we
can associate a Feynman diagram, specifically the Feynman diagram of a scalar theory that
is proportional to its corner integral. We define the external legs of a sector to be those of
the corresponding diagram. In general, these will be linear combinations of the legs that
define the integral family. In the examples of this paper, we only consider families F' with a
single top sector and we associate to them the diagram of the top sector itself.

Integrals belonging to the same family are not all linearly independent. As already
stated, they obey linear relations such as integration-by-parts (IBP) identities, symmetry



relations and Lorentz invariance identities. These identities allow one to reduce the initial
set of integrals to a minimal, linearly independent set of master integrals. This is also
know as IBP reduction.

The reduction to master integrals consists in systematically rewriting more complex
integrals as linear combinations of simpler ones, by means of the linear identities they satisfy.
A measure of this complexity is known as weight and defines a total ordering for a list of
Feynman integrals. While there is no unique definition of weight, the most common ones make
use of the following positive integers that can be associated to a generic Feynman integral Ip.;:

e the number ¢ of proper denominators

t

> L (2.7)

j|aj>0
¢ the total power r of proper denominators

r= Z aj, (2.8)

jla;>0

o the total power s of ISPs

= - Z aj, (2.9)

jla; <0
e the number u of dots or higher-powers of denominators

w=r—t (2.10)

In general, the higher these integers are, the more complex the integral Ir.; is regarded.
The complexity of a reduction grows, among other things, with the number of generalized
denominators and the number of independent invariants which describe the process.

The reduction to master integrals is conventionally performed via the Laporta method [5].
It consists in first writing identities for integrals Ir.z; with symbolic exponents a;, the so-
called template equations. Then, the equations are evaluated for a given set of integer
numerical values, or seeds, for the exponents, yielding a large and sparse linear system to
be solved for the integrals. The solution yields both the list of master integrals and the
reductions of the initial set of integrals.

3 The main idea in a pedagogical example

In this section, we illustrate the main concepts that are explored in this paper by means of a
simple example. We consider the two-loop double-box integral family db with one massive
external leg and top sector Sgp:111111100, i-€. all integrals with exponents agg < 0. It is
diagrammatically shown in figure 1. This integral family has e = 3 independent external
legs and depends on n = 9 generalized denominators, namely 7 proper denominators and
2 ISPs for its top sector, which we define as

Dab1 = ki, Dav2 = (k1 +p1)?, Davs = (k1 +p1 +p2)*,
Dava = (k1 + k2)?, Dav5 = k3, Davs = (k2 — p1 — p2 — p3)?,
Dav7 = (k2 — p1 — p2)®, Davs = k2 p1, Dav9 = k1 - (—p1 — p2 — p3). (3.1)



D1 P4

D2 b3

Figure 1. The double-box integral family with one massive leg. The labels correspond to the
generalized denominators listed in (3.1). The thick line represents a massive, or off-shell, external leg.

b1 p1

2 4 _— 2 4 p3 + P4

b2 b2

Figure 2. Left: sector of the double-box integral family that defines a new family with fewer
independent external legs in (3.5). Right: the box-triangle integral family. Labels correspond to the
generalized denominators listed in (3.4).

Its kinematics are described by 3 massless and one massive external momenta and we have
3 independent external invariants, as follows

pi=ps=p3=0, s=(pi+p2)’ t=(p1+p3)’  m*=pj (3.2)

The coefficients of a reduction to MIs are thus rational functions of the space-time dimension
D and the three invariants above.

3.1 Integrals with fewer external legs

We first focus on integrals belonging to the sector Sav:111110100 and its subsectors, i.e. integrals
of this family with the exponents

ag8,9 < 0. (3.3)

The denominators that define Sap;111110100 correspond to the diagram displayed in figure 2, on
the left. Integrals belonging to this sector have 6 proper denominators and 3 ISPs. However,
it is clear that the corresponding diagram only has e = 2 independent external legs, e.g. p;
and po. Indeed, the denominators of this sector can be used to define a new integral family
with only e = 2 independent legs, henceforth referred to as the box-triangle family bt shown
in figure 2, on the right. Its generalized denominators can be chosen as

Dyt 1 = ki, Dyso = (k1 +p1)?, Dues = (k1 +p1 + p2)?,
Dysa = (k1 + k2)?, Dy s = k3, D6 = (kg — p1 — p2)?,
Dbt,? = kQ *p2. (34)

We clearly have that

Igp:111110100 = Tot;1111110 (3.5)



and more generally

— —a6 1)—ag 7y)—ag
Idb;alazasaws%amsag - Ibt;a1a2asa4a5a70[Ddb,6 db,SDdb,Q] (3'6)

when eq. (3.3) holds. Indeed, because of eq. (3.3), the argument in square brackets is a
polynomial numerator, hence all integrals on the r.h.s. belong to sector Spt;1111110 Or its
subsectors.

The integral family bt has only 7 generalized denominators (while db has 9) and its top
sector Spe;1111110 has 6 proper denominators (just as sector Sap:111110100) but only 1 ISP (while
Sab:111110100 has 3). Moreover, bt only depends on one external invariant, namely s = (p;+p2)?.
Hence, reductions for the sector Spt:1111110 and subsectors are significantly simpler than those
for the sector Sgp;111110100 and subsectors, although the two are clearly related by eq. (3.6).
For the reasons mentioned in section 2, all integrals on the r.h.s. of eq. (3.6) can be mapped
to linear combinations of integrals of the form Iyt.qasa3a4a5a78s With integer fg < 0 via a
tensor decomposition. Hence, an improvement over the traditional approach to IBP reduction
consists in mapping all integrals belonging to the sector Sap:111110100 and its subsectors to
integrals of the new family bt, which makes their reduction drastically simpler, for both
combinatorial reasons, having fewer generalized denominators, and because bt depends
on fewer invariants. A practical way to achieve this is the method known as transverse
decomposition or transverse integration' which is a tensor decomposition in the subspace that
is transverse to the external momenta of the new family [29]. We will now illustrate how this
works in this specific example and give a more general description in section 4.

Any D-dimensional vector v* can be decomposed into a parallel component vﬁL and
a transverse one v/

vt =l + 0, (3.7)

where vfr is the projection of v* into the subspace spanned by p; and po, that are the external
legs of our new family bt. More precisely

vl =c1pf + 2 ph. (3.8)
Note that
vy -p; =0, VP =) P fori=1,2. (3.9)

By contracting eq. (3.8) with p’f’z, one easily finds the coefficients of the decomposition

<Cl> _2 <p2'“> : (3.10)
C9 S \p1-v

Once v is known, v, is simply derived from eq. (3.7). We obviously have that

p’h = pg# = 0. (3.11)

Tndeed, these identities can also be obtained via angular integrations over the transverse space, see e.g. [29]
for details. In this paper, instead, we review the tensor decomposition approach.



Let us see how to apply these identities in our example. First, simply using the definitions
of the denominators, we can rewrite the ones appearing in the numerator of eq. (3.6) as

Dgp6 = m? — s+ Dy g — 2(k2 - p3),
Dapg = 5/2+ Dot 5/2 — Dot 6/2 — Dy 7,
Ddbgz8/2+Dbt71/2—Dbt73/2—(k‘1 -p3). (312)

Hence, the only scalar products that are not trivially mapped to generalized denominators of
family bt are (k1 - p3) and (k2 - p3). Therefore, we will focus on integrals of the form

sl (k1 - p3) (ko - p3)™] (3.13)

for integers 5; > 0. As a first step, we rewrite these scalar products as

(k1 -p3) = (k1 -ps) + (k1,1 - p3),
(k2 -p3) = (k2 -p3) + (k2,1 - p3). (3.14)

The scalar products kg-p3 | can be easily computed using equations (3.9) and (3.10) which yield
2

(ki - p3|) = g((ki p1)(p2 - p3) + (ki - p2)(p1 'p3)>7 (3.15)

while (k;-p1) and (k; - p2) are rewritten as linear combinations of the generalized denominators
of the new integral family bt. This is possible by construction, since p; and po are external
legs that define the denominators of this family, unlike p3. After this, the only scalar products
that are not linear combinations of generalized denominators of bt are (k1 | -p3) and (kg 1 -p3).
Therefore, the r.h.s. of eq. (3.6) is a linear combination of integrals of the form

I pp, v v
Ibt;c‘i[(kl,L : pS)ﬂl (kQ,L : p3)62] =DP3u1 " P3ug, P3v1* " P3ug, Ibt;&[kll_ T kLBi kg}J_ T kziej]a

(3.16)
i.e. a combination of tensor integrals that only depend on the generalized denominators of the
new family bt and, in their numerators, on the transverse components of the loop momenta.
The tensor integrals on the r.h.s. can be easily expressed as combinations of integrals with
no additional numerator (i.e. N =1 in eq. (2.2)) via a tensor decomposition

Toeialkyy Ry Kyly ook 2] = DO C T, (3.17)
J

where the sum on the r.h.s. runs over a basis of rank-(; + 2) tensors that are orthogonal
to p1 and ps, and the coefficients C; are Lorentz scalars called form factors. This tensor
decomposition is drastically simpler than a generic one, since the tensors T} | are transverse
to p1 and po and therefore can only depend on giy, i.e. the projection of the metric tensor
g"” onto the (D — 2)-dimensional transverse space. This satisfies

g v, =0l ¢/, =D, =D-2. (3.18)

As an example we can choose for the tensor basis

Lo
T“ HB1+B2 _  H1p2

143 4 HB1+By—11B1+B2
1L =91 ' (3.19)

gy g )



and the other tensors can be obtained from 717 | via independent permutations of its free
Lorentz indexes. The previous equations imply that the tensor integral in eq. (3.17) vanishes
unless 81 + fo is even. This can also be easily proven via a change of integration variables
kf L= —kéf | that leaves the generalized denominators invariant and maps the tensor integral
into minus itself for odd values of 51 + (5.

As we will see in section 4, the form factors C; can be obtained by contracting the tensor
integral on the Lh.s. of (3.17) with projectors P; | that are linear combinations of the same
tensors T} | . The coefficients of this linear combinations are rational functions of D that
can be determined in a general way and only depend on the tensor rank 31 + 2 and not on
the integral family (see also [32, 33]). By applying these projectors to the tensor integrals,
we obtain scalar products of the form (k; | - k; 1), that in turn may be rewritten as

(ki kj1) = (ki ki) — (ki - ki), (3.20)

where only scalar products between loop momenta and external momenta of the new family bt
appear, since

(s, ) = g((k -p1)(ky - p2) + (ki - p2)(kj - 1) ). (3.21)

All of these can be written as combinations of generalized denominators Dy ; of the new
family bt. To make this last step more clear, we look at one explicit example. Consider

Los,al(k1,1 - p3) (k2,1 - p3)] = p3upso TowalkY | K3 1] (3.22)

The tensor decomposition reads

Iwalky | k5 1] = Crgh”, (3.23)
where ) .
G = D 9Lt Ibt;d[klf,L ky ] = D3 Ioe.g[(k1, 1 - ko, 1)) (3.24)
Hence .
Toe.g[(k1,1 - p3) (ko 1 - p3)] = mp%; Lowal(k1,1 ke, 1)), (3.25)

where p | = ph — p;H and k' | = k' — kf | are easily computed using the formulae above, see
in particular eq. (3.20) and eq. (3.21). For the reasons explained after eq. (3.20), the argument
in parentheses can be easily rewritten as a polynomial in the generalized denominators of bt,
yielding a linear combination of integrals of the form I.; belonging to sector Sut:1111110
or its subsectors.

A similar strategy can be applied to other sectors of family db that correspond to
diagrams with three or fewer external legs. A more general description of the method is
given in section 4.

3.2 Factorizable integrals

We now analyze the integrals belonging to the sector Sap;111011100 and its subsectors, i.e.
integrals of this family with the exponents

asgo < 0. (3.26)



Figure 3. A factorizable sector of the double-box family.

The denominators of this sector correspond to the diagram shown in figure 3, which is clearly
the product of two one-loop diagrams. We manifestly have that

Idb;a1a2a30a5a6a700 = Iti;a1a2a3 It2;a5a6a7 (3.27)

where t1 and t2 are the one-loop integral families

1
Itl;a1a2a3 = /deil Dai lDai2Dai37 (328)
t1, t1, t1,
1
Leo.asa6a7 = /de:Z , (3.29)
FHsaont D55 Dis s DL

respectively defined by the following sets of generalized denominators

Diy1 =k} Diyo= (k1 +p1)? Di13 = (k1 +p1 +p2)?,
Dios = k3, Diog = (ks —p1 —p2—p3)?%, Doz = (ka — p1 — pa2)*. (3.30)

By carrying out a tensor decomposition one loop at a time, any integral of the form Iy
with exponents satisfying eq. (3.26) can be rewritten as a linear combination of integrals
of the form It1;51 It2;52
these one-loop integrals only has 3 generalized denominators and depends on fewer scales

i.e. as a combination of products of lower-loop integrals. Each of

(1 and 2 respectively) with respect to the corresponding integrals in the db family. Their
integral reduction is thus orders of magnitude easier than the one for sector Sap:111011100 Of
the original family db. Once again, an effective way of carrying out this tensor decomposition
is the method of transverse integration.

A possible approach consists in carrying out the transverse integration one loop factor
at a time. For this purpose, we rewrite any integral satisfying (3.26) as

—ag

I = [ dPk Dav s I [D3% D3%)] (3.31)

dbjajazazasasasaragag — 2Da5 D% DT tlaraza3 |~ dp,4 Hav,9)s :
db,5 ~/db,6 ab,7

where, from the point of view of the innermost integral of family t1, the momentum ko
is just an arbitrary, off-shell reference momentum, that only appears in the numerator of
the integrand, because of eq. (3.26).

We now follow the exact same steps as in the previous subsection, while working on the
innermost integration for the new family t1. First, we note that we can rewrite

Dava = D1 + 2(ky - k2) + (k2 - k2),
Dapyg = 5/2+4 Dy11/2 — De1,3/2 — (k1 - p3), (3.32)

,10,



which means, remembering that anything that does not depend on k; can be pulled outside
the innermost integration, we can focus on integrals of the form

It1;01aza5( (K1 - k2)51 (k1 ‘p3)62]7 (3.33)

with integers §; > 0. Then we proceed the exact same way as in the previous subsection, by
performing a transverse integration with respect to the subspace spanned by p; and po, that
are the external legs of the one-loop triangle family t1. At the end of this procedure, all the
integrals in the last equation are rewritten as linear combinations of integrals Iyq.5. A careful
review of all steps shows that, in the coefficients of such linear combination, the momentum ko
(as well as p3) only appear in scalar products in the numerator. Hence, integrals in eq. (3.31)
become linear combinations of integrals of the form

Lo 5N (k)] X Ly, (3.34)

where now the integration is fully factorized into a product of lower loop integrals. The
polynomial numerator N (k) now contains scalar products of the form k3 and ks - p; for
1 =1,2,3. The denominators of t2 however correspond to diagrams with, again, only e = 2
independent external momenta, which in this case are p3 and ps. A transverse integration
with respect to the subspace spanned by ps and p4 will, finally, yield a combination of
integrals of the previous form but with N(k9) = 1, i.e.

I 2;1-; X Itl;d’- (335)

t

At this stage, therefore, any integral belonging to sector Sav:111011100 and its subsectors is
mapped to a linear combination of integrals of the form shown in eq. (3.35). The IBP reduction
of a lower loop integral is, in turn, orders of magnitude simpler in algebraic complexity.
In the next section, we will describe how to apply these ideas to a more general ¢-loop
integral, while in section 5 we will show some practical applications to IBP reduction.

4 General algorithm for transverse integration

In this section, we illustrate the transverse integration (TI) algorithm for a generic ¢-loop
integral family, generalizing the discussion of section 3 which instead focused on simple
specific examples.

Given an integral family F' to be reduced, the key idea is to find sectors whose corner
integrals correspond to either diagrams with fewer external legs than those defining F', or
diagrams that can be factorized as products of lower-loop integrals. Then, using transverse
integration identities, we map integrals belonging to these sectors and their subsectors to
(products of) integrals belonging to new and simpler integral families F; characterized by either
fewer generalized denominators, fewer external invariants, lower loops or combinations thereof.
Integral reduction is thus drastically simpler for the newer families F}. In the following we
call such sectors TI-mapped sectors and the corresponding new families T1 families.

At the core of the method is the decomposition of the D-dimensional Minkowski space
into a parallel and a transverse component. Consider a set of D) independent momenta

q‘f?'-'aqf)w (41)
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that are linear combinations of some of the external momenta pf' that define a family F. We
define the decomposition of a generic D-dimensional vector v*

vt =l + 0 (4.2)

into a parallel component vﬁL that is the projection of v* into the subspace spanned by
the momenta g;

Dy
vﬁ‘ = Z:lcj qf (4.3)
J:

and a transverse component v that is orthogonal to this subspace

vy gi=vy -y =0 fori=1,---,D. (4.4)
The coefficients of the decomposition in eq. (4.3) can be written in terms of scalar products
gj - v as
Dy )
=2 Qy (g v) (4.5)
j=1

where Q™! is the inverse of the Dy x D Gram matrix of entries

"

Once Y| has been computed this way, v/ can be obtained using (4.2). In this context, we also
decompose the D-dimensional metric tensor ¢g"” into a parallel and transverse component

jn%

with
g\ v =, g, =DL=D-D, (4.8)

where in the last equation we defined the transverse space-time dimension D, . Note that,
while D) is an integer, D retains the full dependence on the dimensional regulator. We
also obviously have that

qg.‘,H:qf, q;,J-:O forj=1,...,Dj. (4.9)

By combining the previous equations, we find
(v-w) = (’UH -wH)—l—(vL-wL) (4.10)

with
-1
(o, wp) = (v, @) (Q7Y),; (@), w), (4.11)
]
for any two vectors v* and w*. It is also worth noting that this decomposition is not possible
when D =1 and q? = 0, since the 1 x 1 Gram matrix is obviously vanishing in that case.
In the following, we apply these concepts to the transverse integration of loop integrals in
the context of IBP reduction. As in the previous section, we first focus on sectors identified
by diagrams with fewer legs (subsection 4.1) and then on sectors whose diagrams factorize
as products of lower loops (subsection 4.2).
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4.1 Sectors with fewer external legs

Consider a generic sector Sg, with ¢ proper denominators, that corresponds to a diagram with
fewer external legs than the top sector of F. This defines a list of D|| independent external
momenta gj, as in eq. (4.1), for a non-negative integer D < e. We note that, in order to make
this dependence manifest at the integrand level, a shift in the loop momenta might be required

K= KL = agk +> 7 Bupll,  oug, Biy € {0,£1} (4.12)
J ij

As a simple example, consider the one-loop integral

= /de (k+p1)* (k+pr +p2])\;((ljf)+ p1+p2+p3+pa)? (413
whose proper denominators define a diagram with D) = 2 independent legs, e.g.
@ =rh, & =r5k+p; (4.14)
but this is only manifest after the shift
ks k= ket — ph (4.15)
which yields
= /des (ks)? (ks + qjl\gglzsk)s +aq1 +q2)?* (4.16)

We refer to such sectors as sectors with fewer legs. In general, identifying these and the
corresponding shift of loop momenta is a relatively simple task. We describe a purely
algebraic method in appendix A.l.

Up to a relabelling of the generalized denominators, we can assume Sg to be of the form
SFi1..10..0- Hence, integrals belonging to either this sector or its subsectors satisfy

a; <0, j=t+1,...,n (4.17)

We thus define a new integral family Fy with D) independent external momenta and ny
generalized denominators Dp, j, where

0e+1)
2

while its proper denominators coincide with the ones of sector Sr, up to the aforemen-
tioned shift

ny = ZD” + <n, (4.18)

Dpy.; = Dp,j j=1,...,t (4.19)

TNy

As usual, the remaining generalized denominators of F} are defined such that every scalar
product of the form k;-k; and k; - g; is a linear combination of the n; generalized denominators.
The top sector of this new family is

SFl = SFLI\)’U (420)

t nyp—t
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The n generalized denominators of family F', after the shift in eq. (4.12), can be rewritten
as linear combinations of the n; generalized denominators of F; and n — ny additional scalar
products. More explicitly

n1 n—n1
Dri|  =dio+ > din Dy + Y, dimDpy m, (4.21)
s m=1 m=1

with d;g, d;m, and ciim independent of the loop momenta. Note that all these additional
scalar products have the form

Dy m = Kipy * P> (4.22)

for suitable indexes i,, and j,,, since by construction all those of the form k; - k; are already
linear combinations of generalized denominators of the new family Fj. Therefore, by means
of straightforward manipulations on the integrands, we rewrite any integral Ir.; of family
F satisfying eq. (4.17) as a linear combination of integrals of the form

n—ni

IF1;a1---an1 [ H (kim 'pjm)ﬁm]a (4.23)

m=1

for integers (5, > 0. The dependence of the integrals on the additional scalar products
can be removed via a tensor decomposition that is efficiently implemented using transverse
integration identities. We first rewrite every scalar product of the form (k - p), where k can
be any of the loop momenta and p any of the momenta of F' appearing in the additional
scalar products Dp, ,,, in eq. (4.22), using equations (4.10) and (4.11), namely

(k-p) = (k- a:)(Q "ijlas - p) + (ki -p), (4.24)
ij
where the Gram matrix @) was defined in eq. (4.6). The scalar products (k;-g;) are, once again

by construction, linear combinations of generalized denominators D, ,, of the new family. By
combining this identities with eq. (4.21) we thus rewrite the generalized denominators of F' as

n1 n—ni
Dri|,  =dio1+ > dim, . Drym + Y, dim, 1 Dpyn, 1 (4.25)
s m=1 m=1

with dio, 1, dim,1, and d~zm | independent of the loop momenta, while the orthogonal scalar

products Dp, ,,, | have the form

Drym = ki, 1 - D (4.26)

and only depend on the orthogonal components ké‘ | of the loop momenta. Inserting this
decomposition into a generic integral of F' satisfying eq. (4.17), yields a linear combination
of integrals the form

n—mi

Iroran, | 1] (i 230 . (1.27)

m=1
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with ; > 0, i.e. involving only generalized denominators of F; and scalar products between
other external momenta and the transverse components of the loop momenta.

Similarly as before, the transverse scalar products are removed via a tensor decomposition
in the transverse space

Ipalkly K )= C T, (4.28)
J

where C are scalar form factors and T j_“jf"“ " is a basis of rank-r covariant tensors in the
9.
D, -dimensional transverse space. Such a basis can be chosen using

T{fiﬂr — gjil,UQ . 'gﬁi’r—lﬂ'r’ (429)

while the others can be obtained from 7} ;| via independent permutations of the Lorentz
indices (there are r1/(27/2(r/2)!) independent tensors, without accounting for symmetries
of the integrand). Here ¢/" is the projection of the metric tensor into the subspace that is
transverse to qi,...,¢p,, as defined above. The form factors C; are computed by contracting
the Lh.s. of eq. (4.28) with suitable projectors P; | such that

Ci =P Iealkiy, i - K] (4.30)
The projectors P; are also linear combinations of the same tensors T} |, namely
iy -1 M V74
P = (T Yy T (4.31)
J
where T is the matrix of entries
T =T " T0 e (4.32)

From these equations it should be clear that a basis of transverse tensors and the corresponding
set of projectors can be computed, for each value of the rank r, once and for all, independently
of the integral family. In particular the matrix Tj; and its inverse (that appears in the
projectors) are univariate rational functions of D, . Moreover, as already argued in section 3,
we have

Ipalki! -k ] =0, for r = odd. (4.33)

For most phenomenologically relevant applications, the decomposition in eq. (4.28) is thus
easy to obtain even via a naive inversion of the matrix 7. In cases where integrals with very
high-rank numerators are needed, improved tensor reduction techniques exist (see e.g. [32, 33])
and can effectively mitigate the complexity of this step.

By applying these projectors to our integrals we obtain a combination of integrals of
the form

IF1;6[H(]€73,L : kj,L)’B”}, (4.34)

1<j
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where, using again equations (4.10) and (4.11),

(ki1 - kj1) = (ki - k) = D (ki - a)(Q Dim (Kj - gim)- (4.35)

Ilm
All scalar products on the r.h.s. of the last equation are linear combinations of the denominators
Dp, ; of the new family Fj. The procedure we outlined thus successfully rewrites any integral
belonging sector Sr of the original family F' or its subsectors into a linear combination of
integrals of a new family F}, characterized by fewer external legs, fewer ISPs and invariants.

4.2 Factorizable sectors

A second kind of TT involves so-called factorizable sectors, i.e. sectors whose corner integral
can be written as a product of lower loop integrals. In general, in order to achieve this, a
shift of the loop momenta is required. The latter has the form in eq. (4.12) with all 8;; = 0.
A simple and purely algebraic method of identifying such sectors and the corresponding shift
is described in appendix A.2. All integrals belonging to the sector and its subsectors can thus
be written as linear combinations of products of lower loop integrals.

Consider a factorizable sector Sp.z of family F' and assume the aforementioned shift in
the loop momenta has already been performed. The proper denominators of such sector
can be partitioned in at least two sets, according to the loop momenta they depend on. Up
to a relabeling of the denominators and the loop momenta, consider a first set of proper
denominators

Drp.1,...Dpy,, (4.36)

which only depend on the loop momenta
ki,... ke, (4.37)

and a second set of proper denominators
Dpii41,- - Driy 1o, (4.38)

which only depend on the loop momenta
keys1, - Koy1ey, (4.39)

where t = t1 + t9 and ¢ = {1 + {5 are the total number of proper denominators and the loop
order of Sp.z respectively. We thus have that

12 b 1 L1+Lo b 1
Ipiay,ai0-0 = /Hd kjw / II hipan  ponen |0 (440)

7j=1 7=L1+1 t1+1 t1+ta

for any exponent a; with j < t. We thus define two lower-loop TI families, Fy and Fb,
whose top sectors have the proper denominators in eq. (4.36) and eq. (4.38) respectively.
In general, as in the previous subsection, the definition of the new TI families may require
adding ISPs. The previous equation thus reads

IF;QL...atQ...Q = [Fl;al,“'ath'-'O X IF2§at1+17'“at1+t20"'0' (4.41)
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Hence, the mapping is straightforward except when the ISPs of Sz have non-trivial exponents.
We observe, however, that we can write a generic integral belonging to Srz and subsectors as

l1+4Lo
|
Irayar00[N (k1. .. ke)] = /AH APk iy | oo 00N (o ),

Jj={1+1 ti+1 T+t

(4.42)
where the numerator N is polynomial in the ISPs of F' and therefore in the scalar products
one can build from the loop and external momenta of F'. We thus focus on the ¢;-loop integral
IFy 0y --ar,0-0[N (K1, .. ., k)] and handle its numerator by following the same TI steps as in
section 4.1. More specifically, N (ki,...,k¢) may contain scalar products which cannot be
written as a linear combination of generalized denominators of F. The corresponding integrals,
however, will be cast — by means of the algorithm in 4.1 — as a linear combination of integrals
1 P in the family F;. Moreover, by reviewing these steps of the T1I algorithm, it is easy to
see that the coefficients N; of such linear combination will contain, in their denominators,
only scalar products between the external legs qq, ..., 4D, of sector SF1;a1~~~at10-~~0- Hence, the
dependence of these coefficients on any other momentum which may appear in N (kq, ..., kp),
including the other loop momenta kg, 41, . .. k¢, +¢,, will be in the numerator of these coeflicients.
We thus obtain a relation of the form

Iray,a0-0[N (kLo kOl =D Trar, 1 ary40,0-0[Np(Fey 41, - - Ky 10y)] X I (443)
5

Now we proceed by treating the numerators of the integrals of family F5 appearing in the
previous equation using the same method we just used for Fj, namely by following the TI
algorithm of section 4.1. The final outcome has the form

Ipsay a0 0[N (Bty o ko)l = D0 e Ty e X T (4.44)
b1,b2
where all numerators on the r.h.s. are now combinations of the generalized denominators
of the TI families F} and F5.

The same method can be used, recursively, for factorizable sectors whose corner integral
is the product of more than two sub-loop factors.

4.3 Mappings between new families

Using the algorithms of the previous subsection, we can map many integrals of a family F' to
combinations of integrals of simpler families F;, which we call T1 families, having fewer legs
or fewer loops. There often are, however, mappings between sectors belonging to different T1
families F;. Taking these into account is essential for a reduction to a minimal basis of MIs.

A pragmatic way of finding these identities is by looking at how integrals of a TI family
F; can be mapped back to family F'. Consider an integral Iy, € F;. By undoing the shift
in the loop momenta — i.e. by inverting eq. (4.12) — and rewriting all scalar products in
terms of the generalized denominators of F', we can easily map back I, to an integral Ir
of F (or a linear combination of integrals). By applying sector mappings of F' to I, we
can assume that Ir belongs to a unique sector of F. By applying the same algorithm to
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many integrals I, belonging to different families F;, we build a system of identities which
maps them back to F'. This, combined with the TI identities we already found, allows us
to relate integrals of different TI families by reusing sector mappings and TIT identities of F
only. In practice, we apply this only to the master integrals of each TI family F; belonging
to sectors with fewer external legs than the top sector of F;. This yields mappings between
the master integrals of different families F;, allowing us to obtain, after TI, a reduction to
a minimal number of master integrals.

5 Applications

In this section we apply transverse integration (TI) identities to the reduction of highly non-
trivial integral families. We describe a relatively simple way of incorporating these identities
into integral reduction, which we used in our tests. These showcase a significant increase in
performance compared to traditional methods. Further improvements might be achieved via
a more refined strategy and additional optimizations, which we leave to future work.

In general, given an integral family F', TI identities map some of its sectors into sectors
of new, simpler families F;. As already stated, we refer to these as TI-mapped sectors and T1
families respectively. In this context, four types of identities can be considered.

1. Identities between integrals of the original family F'.

2. Transverse integration (TT) identities which map integrals of some sectors of F' into the
TI families Fj.

3. Identities between integrals belonging to the same TIT family F;. These can be simply a
new Laporta-like system of identities for F; or, by exploiting its simplicity with respect
to the one for F, its full analytic solution might be reconstructed and used instead.

4. Identities relating integrals of different TT families F; and Fj, with ¢ # j.

Finding the optimal combination of these identities for the reduction of a given family is still
an open problem, but in the following we will show one which yields significant performance
improvements in a number of cutting-edge applications.

5.1 General strategy

Here we test a strategy that represents a good compromise between ease of implementation
and performance benefits. Further improvements in performance may be achieved by a more
complex strategy and by further optimizing some of its steps.

In the tests described below, we use TI identities for sectors with fewer legs only,
following section 4.1. TT identities for factorizable sectors (described in section 4.2) will
not be considered here, since they need a significantly more complex implementation in the
general case, being a sequence of transverse integrations. Identities for factorizable sectors
have been tested with ad-hoc implementations for some simple families, such as the one
described in 3.2, but a generic implementation and its impact on performance for more
complex applications is left to future work.
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Consider an integral family F' with e independent external legs. We decide a priori on a
lower number ¢’ of external legs such that ¢’ < e and the reduction for the TI families F; with
¢ legs are simple enough to be reconstructed analytically® in a relatively short time (in the
order of minutes on a modern machine). We also restrict the list of TI-mapped sectors to be
a subset of the unique sectors of F, i.e. of those that cannot be mapped to other sectors of F'.

Among the unique sectors of F', we identify a minimal subset Gp; of generating TI-
mapped sectors, namely a subset of sectors such that

 sectors in Gry have €’ or fewer external legs,

 every other unique sector of F' with €’ or fewer legs is a subsector of at least one sector
of Grr.

For each sector in Spz € Gy, we define a new TI integral family F;. The proper
denominators of the top sector of F; are identified with the proper denominators of the
sector Sgg, up to the shift in the loop momenta described in eq. (4.12). We complete the
list of proper denominators by adding a list of independent ISPs, which depends on the
TI family F;. Following section 4.1 we are thus able to build TI identities mapping all
integrals belonging to each generating TI-mapped sector Spz and its subsectors to integrals
in the respective TI family Fj.

We now turn to the choice of identities that we use for the reduction to master integrals.
For definiteness, we consider the reduction to master integrals of all integrals of family F
up to a maximum rank s = Syax and up to a maximum number of dots u = umax. In most
cases, using seed integrals with s < spax and v < upay is sufficient in a Laporta reduction,
although sometimes increasing Smax Or Umax in the seed integrals is required. Using seeds
with u < umax + 1 for sector mapping is also typically convenient. Our goal is simplifying this
system of identities by using a lower number of equations, to be complemented by suitable
TT identities and integral identities satisfied by the TI families Fj.

Recalling the four types of identities defined above, in our tests we proceed as follows.

1. We generate a simpler Laporta system for F'. For sectors that are not TI-mapped, we
choose the same seed integrals we would in a traditional Laporta reduction, i.e. with
$ < Smax and u < umax. We also add to these some identities for TI-mapped sectors
which, while not strictly necessary, reduce the number of integral reductions needed for
the TI families F;, without increasing too much the complexity of the system. More
precisely, consider a TI-mapped sector Sgz with ¢ proper denominators. If s is the
maximum s appearing in the seed integrals of the parent sectors of Spz with ¢ + 1
proper denominators, then seed integrals for Spz will be chosen with s < s’ — 1 (as an
exception, if s’ < 1, we choose seeds with s < 1 for Spz). In other words, we choose
fewer seed integrals for sectors with fewer and fewer denominators. Note that similar
choices of seed integrals have already been used in other contexts [20, 34, 35].3

2. Feynman integrals which are independent with respect to the linear system of the
previous point are either MlIs of F' or integrals belonging to TI-mapped sectors. For

2We make an exception to this rule for the ttH family, as described below.
3We thank Johann Usovitsch for interesting discussions and suggestions on this point.
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the latter, we use TI identities which map them to the simpler integral families F;,
following section 4.1 (see also section 5.2 for more details).

3. For each integral appearing on the r.h.s. of the TT identities, we consider its analytic
reduction to master integrals within the corresponding T1 family F;.

4. As explained in section 4.3, there might be relations between the MIs of different TI
families F;. However, these are easily found and included in a (relatively short) list of
identitities between the master integrals of different families F;. In particular, given
their relative simplicity, the full analytic form of these mappings is found and used.

By combining these identities we obtain a complete a reduction to independent master
integrals for family F.

We stress that the identities in points 2 to 4 are merely a list of linear substitutions. In
other words, they combine into a triangular linear system or, equivalently, in a sequence of
matrix multiplications. Hence, only the identities in point 1 generate a non-trivial system of
equations, albeit significantly simpler than the one we would generate without considering
TI identities.

For the ttH family defined below, a slight variation of the setup described above was
tested. In that example, we integrated out subsectors with e’ +1 = 4 external legs, but we did
not reconstruct analytically the solutions of the IBP identities for the TI families, in point 3.
Instead, we generated a Laporta system for them and solved it numerically over finite fields.

While solving systems of equations, one needs to sort the unknowns by defining a weight,
such that unknowns with higher weight are always expressed in terms of unknowns with lower
weight. This choice also affects the performance of the linear solver. For the identities in
point 1, as a first criterion we assign a lower weight to integrals belonging to sectors with
e’ or fewer external legs. As a second criterion, when the first one yields a tie, we use the
weight proposed in Appedix B of [9].

5.2 Implementation

We now give more details on our implementation of the general strategy outlined in the
previous subsection. We implemented the numerical reduction to master integrals over finite
fields, using the MATHEMATICA interface of the FINITEFLOW program [9]. The definition
and analysis of integral families, as well as the generation of integral identities, have been
done via a custom MATHEMATICA package built on top of FINITEFLOW.

We first identify the list of independent external legs for each sector of F' and the
corresponding shift in the loop momenta. We achieve this with a simple algebraic algorithm,
that we describe in appendix A.1. From this, we easily identify the list of generating
TI-mapped sectors Gy via a top-down approach.

Identities among integrals of family F' are generated using traditional methods, as in
the Laporta algorithm, which we reviewed in section 2, except that we generate fewer seed
integrals, hence fewer equations, as described in section 5.1.

We now turn to the implementation of TT identities. In principle, we could simply follow
section 4.1 to find the identity we need for each integral belonging to TI-mapped sectors
that still needs to be reduced after solving the first system of equations. By combining those
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steps analytically, however, one generally obtains huge expressions for these identities. We
work around this by combining two simple tricks. The first consists in splitting TT identities
into three much simpler steps, namely

1. identities implementing the substitution in eq. (4.25), which rewrites the generalized
denominators of F' in terms of the denominators of the TI family F; and orthogonal
scalar products, yielding a combination of integrals in the form of eq. (4.27),

2. identities implementing the tensor decomposition in the transverse space, rewriting any
integral of the form in eq. (4.27) obtained in the previous step as a linear combination
of integrals in the form of eq. (4.34),

3. identities implementing the substitution in eq. (4.35), with the r.h.s. replaced by a
combination of generalized denominators of Fj.

These three identities will thus be combined numerically over finite fields. While this strongly
reduces the size of the expressions, it doesn’t completely fix the issue for complex multi-scale
integrals having high rank. This happens in particular for step 1 above, and sometimes also
for step 3. We note, however, that the identities in eq. (4.25) and eq. (4.34) for individual
generalized denominators or scalar products are relatively simple. Moreover, they are simply
substitutions of loop variables which we can implement at the integrand level. When these
are raised to high powers or multiplied to become high-rank integrals, on the other hand,
expressions can still become very large. Finite-field technologies, however, allow us to fix
this issue with our second trick. We first encode the expressions for the required generalized
denominators and scalar products as (linear) polynomials in the loop variables appearing on
the r.h.s. of the equations we use in steps 1 and 3 above. The coefficients of such polynomials,
which only depend on the external variables, are instead treated numerically over finite
fields. This drastically simplifies their expressions. Hence, for each numerical evaluation,
we can afford to build higher powers of (products of) these polynomials via a sequence of
polynomial multiplications over finite fields. At the time of writing, FINITEFLOW does not
expose polynomial multiplication algorithms to its MATHEMATICA interface, so these have
been implemented as a sequence of linear substitutions, for which FINITEFLOW’s sparse
solver was used. A more specialized and optimized algorithm might be used in the future,
but this was sufficient for our applications. These two tricks thus allowed us to implement
complex TT identities without ever dealing with huge expressions.

Analytic IBP solutions for the T1 families F; are simply implemented by evaluating the
coefficients of the reductions as rational functions of the invariants. The only optimization
we used in this step is avoiding the evaluation of duplicate coefficients appearing in multiple
places. More aggressive optimizations strategies, such as identifying common subexpressions
or factors, may be considered in the future.

TT identities (split into three steps, as described before) and solutions of IBP identities
for the TI families need to be combined. We accomplish this via a sequence of sparse matrix
multiplications.* Finally, the latter is combined with the solution of the simplified linear

“Each of these matrix multiplications is implemented using the FFAlgTakeAndAddBL algorithm of FINITE-
FLow, since it is more flexible than dedicated matrix multiplication algorithms and allows, in particular, for a
sparse representation of the output.
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Figure 4. Schematic dataflow graph of our implementation of IBP reduction combined with TI
identities.

system for F via a sparse matrix multiplication of their respective coeflicients, obtaining
the final reduction.

These steps implement a numerical algorithm for the reduction of the considered set of
integrals in F'. We exploit the features of FINITEFLOW which allow to define new algorithms
by combining more basic ones as building blocks, using dataflow graphs via a high-level
interface (we use the MATHEMATICA one).

A schematic picture of a dataflow graph defining our algorithm is shown in figure 4. The
input node F', which represents the input variables of our calculation, is a list which contains
the space-time dimension D and the invariants that describe the integral family F. The
nodes named F; compute instead the invariants for the simpler TI families F; in terms of
the ones of F. These are the inputs of the IBP reductions of each TI family F;. The latter
are thus combined with the other steps of the calculation — namely, the TI identities split
into three steps, the simplified Laporta system for family F' and mappings between different
TI families F; — to yield a reduction for family F.
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5.3 Examples

We now show several examples of the transverse integration method applied to reduction
of two-loop Feynman integral families.

In particular, we report on the relative performance improvement of a numerical evaluation
over finite fields of the reduction, with respect to an equivalent one that uses a more traditional
Laporta algorithm. The latter has also been implemented using the choice of seed integrals
proposed in [9] (also described in section 5.1) and the weight choice proposed in appendix B
of the same reference. We stress that the choice of seed integrals for our new approach
and the traditional approach we compare against is thus identical, except for sectors where
simplifications are enabled by the use of TI identities. Both approaches have been implemented
using the MATHEMATICA interface of the FINITEFLOW program.

For all integral families we consider, we reduce the full set of integrals belonging to
non-zero sectors with © = 0 and s < syax for some maximum rank spyayx specified below.
In the following, we also break down the percentages of time spent in each main step of
our method (note that they generally don’t add up to 100% since additional time is needed
to combine the various types of identities).

The explicit definition of the TI families defined for the reductions, as well as diagrams
representing them, are instead presented in appendix B.

Double box with one external mass (db). The double box family with one external
mass, pictorially represented in figure 1, was already presented in section 3. We stress that
this example is mainly presented because of its simplicity, but since its IBP reduction is
already very easy using traditional methods, it should not be regarded as a significant target
for performance improvements.

The generalized denominators of the family are summarized in eq. (3.1). We choose
generating sectors with € + 1 = 3 or fewer external legs and we find 4 generating TI-mapped
sectors Gry. We map them into new TI families. We reduce integrals of this family up
to rank 4. With this setup we observe a performance improvement of a factor 1.6 for the
evaluation of the reduction over finite-fields, compared to a traditional Laporta system. The
evaluation timings are roughly split as follows:

 solving the simplified Laporta IBP system: 83%,
« evaluating the coefficients of the TI identities: 8.5%,

¢ evaluating the solution of the IBP system for the TI families: 2%.

Massless pentabox (pb). The massless pentabox family, pictorially represented in figure 5,
is described by the following kinematics

s12 = (p1 + p2)% s93 = (p2 +p3)%, s34 = (p3 +pa)?,
s15 = (pa + )% ss1 = (ps +1p1)%, pi =p3=p;=pi=p:=0, (5.1)

and the external momenta satisfy >2_; p; = 0.
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Figure 6. dp family.

The defining list of generalized denominators for this family is given by

Dpo1 = ki, Dgn2 = (k1 — p1)?, Dpv3 = (k1 — p1 — p2)?,
Dyoa = (k1 — p1 — p2 — p3)?, Dyo5 = k3, Dyv = (k2 — p5)?,

Dyo7 = (ka + p1 + p2 + p3)?, Dyns = (k1 + k2)?, Dy = (k1 + p5)?,

Dygp10 = (k2 + p1)?, Dgo11 = (k2 + p1 +p2)*. (5.2)

We apply our algorithm for transverse integration choosing generating sectors with ¢ +1 = 4
or fewer external legs. We find 5 generating TI-mapped sectors Gry, which define the
corresponding new TI families. We reduce integrals of this family up to rank 5 and observe a
performance improvement of a factor 4.0 for the evaluation of the reduction over finite-fields,
compared to a traditional Laporta system. The total runtime is roughly split as follows:

« solving the simplified Laporta IBP system: 73%,
« evaluating the coefficients of the TI identities: 7.5%,

« evaluating the solution of the IBP system for the TI families: 12%.

Massless non-planar double pentagon (dp). The non-planar two-loop five-point double
pentagon family, pictorially represented in figure 6, is described by the following kinematics,

2
)

s12 = (p1 +p2)2, 523 = (p2 +p3)2, 53

(p3 + pa)
545 = (P4 +p5)27 ss1 = (ps +p1)2, p p%

=p3=pi=p:=0, (5.3)

N

and the external legs satisfy 0, p; = 0.
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P1 8

p2 5
ps3

Figure 7. ttH family. Thick external and internal lines are massive, with mass my, while the dashed

external line has mass my.

Its set of generalized denominators reads

k1 —p1)?, Daps = (k1 — p1 — p2)?,

ko +p1+p2+p3+p1)’,  Dape = (k2 +p1+p2+ps3)
k1 + k2 + ps)?, Dapo = (k1 + ps)?,

ko +p1 + p2)?. (5.4)

Dgp1 = k2, Dgp2 =
Dgp4 = k3, Dap5 =
Dy = (k1 +k2)?,  Daps =
Dapio = (k2 +p1)%,  Dapi1 =

e N e

We apply our algorithm for transverse integration choosing the generating sectors with
¢/ +1 = 4 external legs. We find 8 generating TI-mapped sectors, mapped into new TI
families. We reduce integrals of this family up to rank 5. With this setup we observe a
performance improvement of a factor 3.3 for the evaluation of the reduction over finite-fields,
compared to a traditional Laporta system. The evaluation timings are roughly split as follows:

 solving the simplified Laporta IBP system: 70%,
 evaluating the coefficients of the TT identities: 21%,

« evaluating the solution of the IBP system for the TI families: 6%.

Pentabox of top-pair plus Higgs production (ttH). In this example we consider a
two-loop pentabox family contributing to Higgs production in association with a top pair
in hadron collisions. The family, pictorially represented in figure 7, is described by the
following kinematics,

s12 = (p1+p2)?, s23 = (p2 + p3)®, s30 = (p3 + pa)%,
s15 = (pa +1s)*, s51 = (ps +p1)°, pi=ps=m;
Py =i =0, pi = mj. (5.5)

Its external legs satisfy 2?21 p; = 0.
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Figure 8. 1b family.

The list of generalized denominators is chosen as follows

Dy = k'1 mt7 Dyino = (k1 +p2)2,
Dy = (k1 + p1 + p2)® — mg, Diena = (k1 + k)2,
Dyens = k3 —mz, Diine = (ko +p3)? —mg,
Dy = (k2 + ps + pa)® — mg, Dyng = (k2 + ps +pa + ps)> — m3,
DttH,Q = (k‘l + P5)2, DttH 10 = (kQ + p2)27
D1 = (k1 + pa +ps)°. (5.6)

We apply our algorithm for transverse integration choosing the generating sectors with
e/ +1 = 4 or fewer external legs. We find 8 generating TI-mapped sectors, mapped into new
TI families. We reduce integrals of this family up to rank 5.

As briefly mentioned before, for this family we tested a variation of our the setup, where
the reductions for the TI families were not reconstructed analytically but only evaluated
numerically from a Laporta system.

With this setup, we observe a performance improvement of a factor 2.3 for the evaluation
of the reduction over finite-fields, compared to a traditional Laporta system. The timings
for evaluation is roughly split as follows:

 evaluating the IBP system for the simplified Laporta system: 48%,
o evaluating the coefficients of the TT identities: 22%,

« solving of the IBP systems for the TI families: 23%.

Massless two-loop six-point ladybug (1b). The two-loop six-point ladybug family,
pictorially represented in figure 8, is described by the following kinematics,

s12 = (p1 + p2)*, s23 = (p2 + p3)°, s34 = (3 + pa)’,

s45 = (pa +ps)°, ss6 = (ps + p1)°, se1 = (ps + p1)°,

s123 = (p1 + p2 + p3)*, s231 = (p2 + p3 + pa)®, s345 = (p3 + pa + p5)°,
P =p3=p3 =pi=ps =pg =0, (5.7)

Its external legs satisfy Z?:l p; = 0. Note that we take the external momenta to be D-
dimensional, hence there are 9 independent kinematic invariants and five of the six external
momenta are linearly independent.
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The list of its generalized denominators is

Dy = k%, Diva = (k1 —p1)?, Dip 3 = (k1 —p1 — p2)*,
Dipa = (k1 —p2—p3)®, Dus=k3, Ding = (k2 — ps)?,

Div7 = (k2 — ps —p6) ; Divs = (k2 —pa —ps — ps)®,  Divg = (k1 + k2)?,
D1v10 = (k1 + p6)?, D111 = (k1 +ps + ps)*, D1y 12 = (k2 +p1)?,

Div1s = (k2 4+ p1 + p2)*. (5.8)

We apply our algorithm for transverse integration, choosing generating sectors with ¢/ +1 = 4
or fewer external legs. We find 19 generating TI-mapped sectors, mapped into simpler TI
families. We reduce integrals of this family up to rank 5. With this setup, we observe a
performance improvement of a factor 2.7 for the evaluation of the reduction over finite-fields,
compared to a traditional Laporta system. The evaluation timings are roughly split as follows:

 solving the simplified Laporta IBP system: 58%),
« evaluating the coefficients of the T identities: 29%,

 evaluating the solution of the IBP system for the TI families: 9%.

6 Conclusions and outlook

In this paper, we provide a formulation of transverse integration (TI) identities via tensor
decomposition and we apply them to the reduction of Feynman integrals to master integrals.
Despite being already used in other contexts, the application of T1 to traditional IBP reduction
was still unexplored. We present a general algorithm to obtain the TT identities for sectors of
a given family that can be mapped to new families — which we call TI families — having
either fewer independent external legs or that can be factored into products of lower-loop
integrals. We describe a proof-of-concept implementation of these identities in the context of
the Laporta algorithm. More in detail, we implement a numerical algorithm for IBP reduction
over finite fields using the FINITEFLOW program, which includes a combination of TI and
IBP identities. We prove that the use of TI identities combined with the Laporta algorithm
provides a significant computational advantage on several cutting-edge examples.

In future works, we plan to add further optimizations, such as combining TT identities
with syzygy techniques, automating them also for the so-called factorizable sectors (which we
did not include in our benchmarks, since their implementation is more involved, but could
provide sizable performance benefits) and using specialized algorithms for some steps of the
implementation, such as polynomial multiplication. Moreover, our algorithm may also be
also used recursively to find (analytic or numeric) solutions for the TT families themselves.
Given the improvements that this technique can bring to state-of-the-art IBP reduction, the
release of a public implementation of it is also within our plans.
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A Identification of TI-mapped sectors and loop shifts

Here we describe two simple algorithms useful for detecting and processing Feynman integrals
amenable to transverse integration. In particular, we identify the external legs of a sector
and determine whether a sector is factorizable, with its list of factors.

Both algorithms make use of simple linear algebra, starting from the expression of the
momenta [; which appear in the definition of the proper denominators, which have the form
in eq. (2.4). As already stated, these are linear combinations of external and loop momenta
(p; and k; respectively), as follows

¢ e
Li=> ki + > Bijpj, (A.1)
= =1

with agj, B;; € {0, %1},

A.1 Identifying external legs of a sector

To identify the independent external momenta of a given sector, we start from the list of the
momenta [; running in its proper denominators, expressed in terms of loop momenta and
independent external momenta as in eq. (A.1), and we build the linear system

14 e
Z aij ki + Z Bij p; = 0. (A.2)
s =1

In other words we set I; = 0 and solve for the variables k; and p;, assigning higher weight
to (i.e. eliminating with higher priority) the loop momenta k;. The solution of this system
writes all loop momenta and a subset of the external momenta as linear combinations of
the other external momenta, namely

ki =Y aij pj, pi =Y bij P, (A.3)
J J

where the sums run over the external momenta which have not been fixed by the system of
equations and a;;, b;; € {0,£1}. From this solution we read the D) independent external
momenta ¢; of the sector as the non-trivial linear combination of momenta of the form

¢ =pi' = bl (A.4)
j

The shift of the loop momenta which makes the dependence on ¢; manifest in the proper
denominator expressions (cfr. eq. (4.12)) is

k= kY =K+ aipl (A.5)
J
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The rationale is the following. The linear combinations in eq. (A.4) vanish on the solutions
of the system, which implies that — as one would see if we hadn’t set I; = 0 — they are
linear combinations of the momenta l;t running in the loop denominators. Moreover, since we
eliminated the loop momenta k; first in the solution of the system, these linear combinations
are also independent of the loop momenta. Hence, the non-trivial combinations in (A.4) are
independent linear combinations of the momenta of the loop denominators which do not
depend on the loop momenta, implying they are the independent linear combinations of the
external momenta of the diagram that identifies the sector.

A.2 Identifying factorizable sectors

To deduce if a given sector can be decomposed into a product of independent lower-loop
families, we again analyze the system (A.1), which in this case we may strip from the external
momenta p;, since the latter are irrelevant for this purpose. We thus build from eq. (A.1)
the following linear system

¢
li = Z Q5 k‘j. (AG)
j=1

We solve this system with respect to the unkowns k; and [;, assigning higher weight to the
loop momenta kj, i.e. eliminating the loop momenta with higher priority in the solution.
The solution expresses the loop momenta k; and some of the denominator momenta [; as
linear combinations of the remaining /;, namely

ki = Zcij l;, l; = Zdij lj, (A7)
J J

where the sums run over the momenta [; that have not been fixed by the solution of the
system and ¢;;,d;; € {0,£1}. We now promote the independent l;, appearing in the r.h.s.
of (A.7), to be the new loop momenta and derive the corresponding shift (cfr. with eq. (4.12))

k‘f — k’éﬁl = Z Cij k‘; (AS)
J

After this change of integration variables, any factorization of the loop becomes manifest.
Hence, at this point we simply identify subsets of loop momenta that partition the loop
denominators, after the shift, into a subset which exclusively depends on them and a
complementary subset that is independent of them.

B Definition of TI families in the examples

We give a detailed account of the T1 families for each integral family presented in the examples
of section 5.3. For each TI family, we report the list of D) independent external momenta g;,
the shift of the loop momenta which makes the dependence of the proper denominators on ¢;
manifest (see eq. (4.12)) and the list of generalized denominators of the TI family. We use
the convention that the proper denominators of the top sector of each TI family have the
quadratic form in eq. (2.3), while its ISPs have the bi-linear form in eq. (2.4). We also provide
pictures of the Feynman diagrams which correspond to (the top sector of) each TT family.
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b1 y2

P3 + P4 p1+p2
b2 b3
(a) TI family dbl. Same as bt in figure 2. (b) TT family db2.
D1 P4 P1+ P4
P2 +p3 D2 p3
(¢) TT family db3. (d) TT family db4.

Figure 9. db TT families.

Double box with one external mass. The TI families are pictorially represented in
figure 9. The corresponding shifts of loop momenta read

dbl, db2, db3: (kl, k‘g) — (K1, kg), (B.l)
db4 : (k‘l, k?g) — (k‘l — p1, ko —|—p1), (BQ)

and the independent external momenta for each TI family are

dbl: (g1, ¢2) := (p1, p2); (B.3)
db2: (g1, q2) := (p1 + P2, P3); (B.4)
db3: (g1, q2) := (p1, P2 +p3), (B.5)
dbd:  (q1, q2) := (p2, p3). (B.6)
The generalized denominators of the TI families are:

Dap11 = k% , Dap12 = (k1 + Q1)27 Dap13 = (k1 +q + Q2)27

Ddb1,4 = (kl + k2)2, Ddb1,5 = k%, Ddb1,6 = (kfz —q1 — QZ)27

Ddb1,7 = ks - qo, (B-7>

Dava1 = k2, Dava2 = (k1 +q1)?, Dava 3 = (k1 + k2)?,

Ddb2,4 = k§7 Ddb2,5 = (kQ —q1 — QQ)27 Ddb2,6 = (kz - Q1)27

Ddb2,7 = k1 - qo, (B-S)

Daps1 = k7, Dava2 = (k1 +q1)?, Davaz = (k1 + k2)?,

Ddb3,4 = k%, Ddb3,5 = (kz —q1 — Q2)2, Ddb3,6 = k1 - qo,

Ddbsj = ko - g2, (B,9)

Dapa1 = k3, Dapaz = (k1 +q1)?, Dapasz = (k1 + k2)?,

Davas = (k2 — q1 — @)%, Dapas = (ks — q1)%, Dapas = ko - q1,

Dapa,7 = ki1 - qo. (B.10)
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P1+p2 D5 D1 D5
D3 P4 P2 + 3 P4
(a) TI family pbi. (b) TT family pb2.
b1
D2 P1+ps P1
= n
D4 D5 D2 P4+ Ps
p3 p2 P3 + P4 P3
(¢) TT family pb3. (d) TT family pb4. (e) TT family pb5.

Figure 10. pb TI families.

Massless pentabox. The TI families are pictorially represented in figure 10. The corre-

sponding shifts of loop momenta read

pbl, pb2, pb3, pb4: (ki, ko) — (k1, k2),

pb5 : (kl, k‘g) — (kl — ps, ko +p5), (B.ll)

and the independent external momenta for each TI family are:

pbl:
pb2:
pb3:
pb4 :
pb5:

(a1, g2, g3) == (1, P2, P3),
(91: g2, q3) :== (p1, P2 + P3, Ps5);
(91, g2, q3) := (p1 + p2, P3, P5),
(a1, g2, g3) = (p1, P2, P5),

( )= (

a, ¢, 43 P2, P3, D1+ Ds)- (B.12)

3

The generalized denominators of the TI families are:

prl,l — k%a
D14 = (k1 —q1 —q2—q3)°,
Dyp1,7 = (k1 +k2)?,

Dyvo1 = k7,
Dyvo,a = K3,
Dypo7 = (k1 +k2)?,
Dyps,1 = ki,
Dypaa = k3,

Dyva 7 = (k1 +k2)?,

Dpv12 = (k1—q1)?%, Dpv13 = (k1—q1 — q2)?,
D1 5 = k3, Dyvi6 = (k2 +q1+q2+g3)%,
Dpv18 = ko - qo, Dpgp1,9 = k2 -q3, (B.13)
Dpvo 2= (k1—q1)?, Dpvas = (k1 —q1 —q2)?,

Dyva,s = (k2 —q3)?, Dyvas = (k2 +q1+2)°,
Dyvog = ko - qo, Dpp29 = ko - q3, (B.14)
D32 = (k1—q1)%, Dppas = (k1 —q1 —q2)%,

Dpvas = (ka—q3)?, Dpvas = (ka+q1+q2)%,

Dppag = k2 - qo, Dppzg = k2-q3, (B.15)
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P Y2
—P3 P4+ D5 1+ P2 —Db3
D2 D4
(a) TI family dp1. (b) TT family dp2.
p1 D1 p3 + s b5
ps D4 y4!
p2 P3 + P4 P2 p2 + p3 P4

(c¢) TT family dp3.

. 4#» Py

P2 + P4
(f) TT family dps.

Dppa1 = k3,

Dyva,a = k3,

Dyvar = ko - qu,
Dyvs.1 = (k1—q3)?,
Dyvs,a = K3,

pr5,7 =ko-qo,

(d) TT family dp4.

p1+ p3 D5

b2

D4
(g) TI family dp7.

Figure 11. dp TI families.

Dpva2 = (k1—q1)%,

Dyvas = (k2 —q3)?,

Dppas = ka-q2,

pr5,2 = (kl —q1— 93)2,
Dyps5 = (ka+q1 +q2+q3)%,
prs,s =k1-q3,

(e) TT family dp5.

p1 + D5

p—_Ep—n

(h) TI family dps.

Dyvaz = (k1—q1—q2)%,

Dppag = (k1 + kQ)Q,

Dybag = k1-gs, (B.16)
Dyps,3 = (k1—q1—q2—q3)°,
Dyos 6 = (k1 +k2)?,

pr5,9 = k‘Q +qs3. (B17)

Massless non-planar double pentagon. The TI families are pictorially represented in

figure 11. The shift of loop momenta are as follows

dp1, dp2, dp3, dp5, dp6 :

(k1, ko) = (K1, ko),
dp4:  (k1, k2) — (K1, k2 + ps),
dp7:  (k1, ko) — (k1 — p3, ka),
dp8: (ki, k2) — (k1 — ps, k2 + ps), (B.18)

and the independent external momenta are:

dpl:
dp2 :
dp3:

(g1, g2, g3) :== (p1, D2, P3),

(q1, @2, q3) := (p1 + D2, P3, P5),

(q1, g2, q3) :== (p1, D2, Ps5),
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dp4 :
dpb :
dp6 :
dp7 :
dp8 :

Dap1,1 = ki,

Dp1.4 = k3,

Dapt,7 = (k1 +k2+q3)%,
Dapo1 = k3,

Dapoa = (ko — Q3)27
Dapa7 = (k1 +ka+q2)?,
Dgps1 = k7,

Dapa s = k3,

Dapzz =ko-qu,
Dapay = ki,

Dgpas = k3,

Dapa7 = k2-q2,
Daps1 = ki,

Daps g = (k2 — Q3)27
Daps,7 = k1-qo,
Dgps1 = k7,

de6,4 = (k2 - Q3)27
Daps,7 = ko q1,
Dapr,1 = (k1—q2)?,
de7,4 = (kz - (13)2a
Dapr7 = k1-q2,

des,l = (k?l —Q3)2a
Dapsa = (k2 +q1+q2+33)?,
Dapg,7 = k2 - qo,

(a1, @2, q3) == (
(q1, g2, q3) == (
(a1, 42, g3) = (p1, D3, P5),
(a1, g2, g3) = (
(q1, @2, 43) == (

The generalized denominators of the TI families are:

Dap1,2 = (k1—aq1)?,
Dap1 5= (ko +q1+q2+q3)°,

Dap1,s = k2-q2,

de2,2 = (kl —(I1)2a
Dapa5 = (ke +q1+ QQ)27
Dapog = k2 - qo,

de3,2 = (kl —Q1)27
de3,5 = (k?2 - Q3)27
Dapz g = ko - qo,

Dapaz = (k1 —q1)?,
Dapas = (ka+q1 +q2+3)°,
Dapag = k1-q3,

des,z = (kl —(I1)2a
Daps,s = (k2 +q1+q2)%,
Daps g = k2 - g2,

de6,2 = (kl —Q1)27
Dgps 5 = (k1 + k2)2»

Daps g = ko - qo,
Dapr2 = (k1—q1 — @2)?,
Dapr5 = (k2 +q1 + Q2)2,
Dapr8 = ko - qo,

des,z = (kl —q1— Q3)2,
Daps5 = (k1 +k2)?,
Daps g = k1-g3,

P1, D2, P3 + Ds),
p1, 2"‘]73, p5)7

D2, P1 + D3, D5),
D2, P3, P1 + Ds).

(B.19)

Dap13 = (k1—q1 — q2)?,
Dap1,6 = (k1 +k2)?,

Dap1,9 = k2-q3, (B.20)
Dgpa 3 = k3,

Dapa 6 = (k1 +k2)?,

Dap2,9 = k1-q3, (B.21)

Dapa s = (k1—q1 —q2)*,
Dgps 6 = (k1 + k2)2,

Dap3 .9 = k1-q3, (B.22)
Dapa3 = (k1—q1 — ¢2)°,
Dapas = (k1 + k2 +q3)°,

Dgpa 9 = ko -q3, (B.23)
Daps 3 = k3,

Daps 6 = (k1 +k2)?,

Daps .9 = k1-g3, (B.24)
Daps 3 = k3,

Daps,6 = (k1+ka+q2)?,
Daps,9 = k1-q3, (B.25)
Dapr,3 =k,

Dapr.6 = (k1 +k2)?,

Dgypr.9 = k1-q3, (B.26)
Daps 3 = k3,

Daps.6 = (k1+ka+q2)%,
Dapg o = k2-q3. (B.27)

Pentabox of top-pair plus Higgs production. The TI families are pictorially represented

in figure 12. The corresponding shifts of loop momenta read:
ttH1, ttH2, ttH3,ttH4 :  (k1, k2) — (K1, ko),
ttH5, :  (k1, k2) — (k1 +ps3, k2 — p3),
ttH6, ttH7 : (kl, ]{72) — (kl, ko —pg),
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b1

D2

p1+ p2

(c) TI family ttH4.

b1 P3 + D5

P4+ s

Ps

--- P4

b3

- P4

D2

(f) TI family ttHT7.

b2

D2

b3

(a) TT family ttH7.

p1 b5

p2 p3+pa
(b) TT family ttHS.

b5
p1+ D5 j2)
b1 --- P4
D3 p2 + p3
(d) TI family ttH4. (e) TI family ttHS5.

p1+ Dp3 Y25 b4

p1
\P4 P2 + ps p3

(g) TTI family ttH7.

(h) TT family ttHS.

Figure 12. ttH TI families.

ttHS :

(k1, k2) = (k1 — p2, k2), (B.28)

and the independent external momenta are:

ttHl:
ttH2 :
ttH3:
ttH4 :
ttH5:
ttH6 :
ttH7 :
ttH8 :

q
q
q
q
q
q
q
q

(
(
(
(
(
(
(
(

1,
1,
1,
1,
1,
1,
1,
1,

q2,
q2,
q2,
q2,
q2,
q2,
q2,
q2,

q
q
q
q
q
q
q
q

3
3

3

3
3
3

):
):
):
3)
):
):
):
):

3

D1, P2, P3);
P1, P2, P3 + Pa),
p1 + D2, 3, Pa),
D2, D3, P4);
P1, P2 + D3, Pa),
D1, D2, P4);
P2, D1+ D3, Pa),

= (
= (
= (
=(
= (
= (
= (
= (p1, p3, P4)- (B.29)

The generalized denominators of the TI families are:

DttHl,l = k% _m%a
Deensa= (k1 +k2)27

DttH1,2 = (kl +QQ)27
DttH1,5 = k’% -

Dtz = (ka—q1—q2)*—m2, Dy s = k2-q2,

Dewnr 3 = (k14+q1+q2)? —m2,

2

my, DttHl,ﬁ = (k‘2+q3)2*m§,

DttH1,9 =k1-q3, (B-30)
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DttH2,1 = If% _m%a DttH2,2 = (kl +QQ)27
Do g = (k1 +k2)27 Dytnos = k% —mf,

Disnor = (ka—q1—q2)? —m?2, Dyuag = koo,

Dyuzy = ki—m2, Diwnz o = (k1+qo)*—m2,
DttH3,4 = k% —m%; DttH3,5 = (k'2+QQ)2 _mfv
DttH37: (k'Q—Q1)2—m%7 DttHS,SZkl'QQa

DttH4 1= kl mt, DttH4,2 = (kl +Q1)27
Dytnaa = (k'2) —mf, Depas = (k2+Q2)2—m12:,
Dyinar = k2-q1, Dyinag = Fk1-go,

Disns 1 = (k1+q2)?, Diwpso = (k1+q1+q2)°
DttH5,4 = k?% —m%, DttH575 = (k2+(J3)2 _m%a
Dyus7=k1-q2, Dyius g = k2-qo,

Dy = ki—m2, Diwis 2 = (k1+q2)%,
Dytnea = k% —mia Dyt s = (k2+QS)2 —mf,
Deens,r = k2-q1, Detne s = k2 qo,

Dyrr g =k —m3, Dyr 2 = (k1+q2)?,
Depr g = (ka+q3)*—m3, Dz 5= (k2—q1 —q2)?
Dyiur7 = k1-qo, Dyiur g = ka2- g2,

Dyitug 1= If%, Dyeug 2 = (k1 +QI)2 _m?;a
DttH8,4 = (k2+QQ)2 —m%, DttH875 = (k2+QQ+QS)2

Dyug7=k2-qu,

Dyiug g = k1-qo,

Disno s = (k1+q1+q2)?
DttH2,6 = (k2+q3)2—
Detnog = k1-gs3,
Dyyps 3 = (k1+k2)?,
Dynsg = (k2+q2+q3)°
Dyinso = k1-g3,
Deeaz = (k1+k2)?,
Dias = (ka+q2+q3)°
DttH4,9 =k1-q3,

2
me,

—m?2, Dywps,3 = (k1 +k2)?,

Dyns g = (k2—q1—q2)°
=k1-q3,
Deie3 = (k1+q1+q2)°
DttH6,6 =k1 'k27

DttH5,9

DttH6,9 =k1-q3,
DttH7,3 = k% —mi,
—m3, Dygr 6 = k1 -koa,
DttH? 9=Fk1-q3,
Dy 3 = kg mtv

—m2, Dysng.6 = k1-ko,

Dyiug o= Fk1-3,

2

_mt’

(B.31)

2
_mt7

(B.32)

2
_mt’

(B.33)

2
—mg,

(B.34)

2
—mg,

(B.35)

(B.36)

(B.37)

Massless two-loop six-point ladybug. The TI families are pictorially represented in

figure 13. The corresponding shifts of loop
1b1, 1b2, 1b3, 1b4, 1b5, 1b6, 1b7, 1b8, 1b9,

1b11, 1b12, 1b13,

1b15,
1b17,

momenta read:

1b10: ( )= (
1b18: ( )= (k1 +p1, k2 —p1),
1b14:  (ki, ko) = (k1 +p1+p2, ka—p1—p2),
1b16: ) ( —p3),

( )= (

1b19: k1 —pa, k2), (B.38)

and the independent external momenta are:

P1, P2 + D3, Pa+Ds),

1bl:  (q1, g2, q3) == (p1, P2, P3),
1b2: (g1, ¢2, g3) :=

1b3:  (q1, 92, ¢3) := (P1, P2 + P3, P4),
4 (q1, ¢2, g3) :=

1b5: (g1, g2, q3) := (p1 + P2, P3, Pa),
106:  (q1, q2, @3) :=

(
(
(
(p1 + p2, P3; P4+ p5),
(
(

1+ p2 + D3, P4, Ds),

,35,



b1

P2 D4 + D5 + Dé

p3
(a) TI family 1b1.

p1+ P2 D6

ps3 P4+ D5
(d) TT family 1b4.

b1

DPe

P2 p3s+ps+ps
(g) TT family 1b7.

DPe

p1 + P2

DP3 + pa b5
(j) TT family 1b10.

P1 + Pe 5

p2 + p3

yZt

(m) TT family 1b13.

Ps

Dp1+Dp2 <Q<

P3tP6 P4
(p) TI family 1b16.

b1 Do

p2 + p3 P4+ D5

(b) TI family 1b2.

Dp1+ P2 p5 + Pe

b3 D4
(e) TI family 1b5.

b1

P5 + Pe

p2 p3+pa
(h) TI family 1b8.

b2 p1+ De

D4 + D5

b3
(k) TT family 1b11.

p1+p2+ps D5

ps3

P4
(n) TT family 1b14.

P2 p1+p4
D5 + Pe
p3
(q) TI family 1b17.

p1+ps P6
P2t D3
Ps
(s) TT family 1b19.

Figure 13. 1b TI families.

D1 Ps + De

D2 + D3 Pa

(c) TI family 1b3.

p1+p2+p3

(f) TI family 1b6.

Pe

b1

p2+p3+ps P5
(i) TI family 1b9.

P2 p1+ps+Ds

y2Z

b3
(1) TT family 1b12.

b1

P4+ D5
D2 D3+ Dé

(o) TI family 1b15.

p1+ D5

P3 + P4
(r) TT family 1b18.



1b7 :
1b8:
1b9:
1b10:
1b11l:
1bl2:
1b13:
1b14 :
1b15:
1b16:
1bl17:
1b18:
1b19:

)
Ps);
)

(a1, @2, @3) == (p1, P2, P3 + pa+Ds5),
(1, g2, q3) == (p1, P2, P3 + pa),
(91, g2, 43) := (p1, P2 + P3 + P4, Ds5),
(q1, @2, @3) := (p1 + p2, P3 + P4, Ps5),
(915 92, q3) := (p2, P3, P4+ P5),
(91, g2, g3) = (p2, P3, pa),

(a1, g2, g3) = (p2 + p3, P4, P5),

(91, 2, a3) == (3, P4 Ps5),

(1, g2, q3) == (p1, P2, P1+ps),
(@1, 42, g3) = (p1 + P2, Pa, P

(1, g2, 3) == (P2, P3, P1 + pa),
(a1, g2, g3) = (p2, P3 + P4, P5),
(q1, 92, q3) := (p2 + p3, P1 + P4, D5)-

The generalized denominators of the TI families are:

Dip11 = k%
Divia= (k1—q1 —q2—q3)%,
Dipi7 = (k1 +k2)27

Diva,1 = ki,
Dypoa = k3,
Dipo7 = (k1 + k’2)2;
Divs1 = ki,
Dipsa = k3,
Dips,r = (k1 +k2)27
Diay = ki,
Divag = k3,
Duasr = (k1 +k2)%,
Divs,1 = ki,
Diys.a = k3,
Dips7 = (k1 + k2)2a
Divs,1 = ki,

Divsa = (k2 +q1+q2+q3)%
Dips,7 = (k1 +k2)27

2
le?,l - kl?

2
Drpr,4 =k3,
Drpr7 = ko - qo,

D1b1,2 = (kl —91)27

Divi5 = K3,

D1b1,8 = k2 qo,

Doz = (k1 —aq1)?,

Dipos = (ks +q1+q2+q3)°,

Drv2s = k2-q2,

D1b372 = (kl —91)2a

Divss = (k2 +q1+a2+33)°,
D1b3,8 = k2 -qo,

D1b4,2 = (kl —91)27

Dioas = (k2 +q1+q2+43)°,
Dipag = k2-qo,

Divs2 = (k1—aq1)?,

Dips 5 = (ko +q1+q2+q3)°,
D1b5,8 =ky-qo,

D1b672 = (kl —91)2a

Dives = (k2 +q1+q2)%,
D1b6,8 =k1-qo,

D1b7,2 = (kl —(11)2a

Div75 = (k2 +q1+q2+43)°,
D1b7,8 =k1-q3,
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(B.39)

Div1z = (k1 —q1—q2)%,
Divis = (ka+q1+q2+g3)%,

D1v1,9=ko-qs, (B-40)
Divaz = (k1—q1 —q2)°,

Divag = (ko +q1+q2)%,

le2,9 = k1-gs, (B~41)
D1b3,3 = (kl —q1— q2)27

Divs6 = (k2 +q1+q2)°,

D1b3,9 = k1-q3, (B'42)
Divas = (ki—q1 —q2)*,

Divas = (k2 +q1+q2)°,

D1vag =k1-q3, (B-43)
Divs3 = (k1—q1 — q2)°,

Divs s = (ko +q1+q2)%,

D1b5,9 = k1-gs, (B~44)
Dive,3 = k3,

Dive = (k2+q1)*,

D1b6,9 = k1-q3, (B'45)
D73 = (ki —q1 —q2)*,

Diyr6 = (k1 +k2)?,

D1vr9 =ko-q3, (B-46)



2
Drpg1 = k7,

Divga = k3,

Divg,7 = k2 g2,

Dive,1 = ki,

Divga= (k2 +q1+q2+ QS)27
D1b9,7 =k1-qo,

Dipion = k7,

Divioa= (k2 +q1+a2+¢3)°,
D1vio7 = k1-qo,

Dipi1 = ki,

Dip11a= (k2 +q1+q2 +Q3)2a
Divi1,7 =k2-q1,

Diviz1 = ki,

Dipioa= (k2 +q1+qo ‘HZ3)27
D1b12,7 =ka-q1,

Dipizn = k3,

Divisa = (k2 +q1+2)°,
D1vizr = ko -q1,

Dipiag = ki,
Diviga=(ko+q1+ C]2)27
Divia7 =k2-q1,

Divis = ki,

Dipisa= (k2 +q1+qo ‘HZ3)27
D1b15,7 =ka-q1,

Dt = k3,

Diviga = (k2 +q1+¢2)°,
Divier =ko-qu,

Dipiz = (k1 —g3)?,

Diviz,4 = k3,

Dvi7,7 = k2 qo,

Divig = ki,

Diviga = (ko +q1+ Q2)27
D1b18,7 =k1-qo,

D1b19,1 = (kl —CJ2)27
Dip1ga= (k2 +qi+q2 +QB)27
Divie7 = k1-qo,

D1b8,2 = (k'l —Q1)27
Dipgs = (k2 +q1+q2 +Q3)2a
D1b8,8 =k1-q3,

Dive2 = (k1—aq1)?,
Divos = (ka+q1+q2)%,
D1b9,8 = k2 -qo,

D1b1o,2 = (kl - Q1)27
Dipios = (ka+q1+q2)%,
Div1o8 = ko qo,

D11 = (k1 —q1)?,
Dipi15=(ko+q1+ Q2)2,
D1b11,8 = ko qo,

Divizg = (k1 —q1)?,
Dip1os = (k2 +q1 + QQ)2;
D1b12,8 = ks g,

D1b13,2 = (kl - Q1)27
Dipiss = (ke +q1)?,
D1vizg =k1-qo,

Dipiag = (k1 —q1)?,
Dip1as = (ko +Q1)27
Diviag =ki-qo,

Divis g = (k1 —q1)?,
Dipiss = (k2 +q1 + q2)2’
D1b15,8 = ks g2,

D1b16,2 = (kl - QI)Qa
Dipies = (k2 +aq1)?,
Divies = k1-q2,

Diviz2 = (k1—q1 —q3)*,
Dipi7s = (ko +q1 +q2 +QS)27
Divi7,8 = ki1-g3,

D1b18,2 = (kl - (I1)27
Dipiss = (k1 + k2)27
D1b18,8 = ks g2,

D1b19,2 = (kl —q1— QQ)Z;
Divios = (k2 +q1+ Q2)2a

Dip1es = ko - qo,
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Divg s = (k1 —q1—q2)%,
Divg s = (k1 +k?2)2,

D1b8,9 = k2 -qs, (B-47)
Dive,3 = K3,

Dpes = (k1 + k2)27

le9,9 =k1-q3, (B-48)
D1vi0,3 = k3,

Divio6 = (k1 +k2)?,

Dib10,9 = k1 g3, (B.49)

D1z = (k1 —q1—q2)°,
Dipi1,6 = (k1 +k2)27
D1b11,9 = k1-q3, (B-50)
D1b12,3 = (k‘l —q1 _q2)27
Dipi26 = (k1 + k2)27

Divi2,9 = k1 -3, (B.51)
Diviss = (k2 +q1+a2+q3)%,
Dipizg = (k1 +ks)?,

D113z g = k1-q3, (B.52)
Divias = (k2+q1+q2+q3)7,
Dipias = (k1 +k2)27
D1b14,9 = k1-q3, (B-53)
D1b15,3 = (k‘l —q1 _q2)27
Dipise = k1 - ko,

D1b15,9 =k1-q3, (B'54)
Divigs = (k2 +q1+a2+q3)%,
Divie,6 = k1 - k2,
Dibis9 = k1-g3, (B.55)
Divizrs = (k1 —q1—q2—q3)°,
Dapi7,6 = k1 -k,

D1b17,9 =ko-q3, (B-56)
Dipigs = (k2 +q1+q2+q3)”,

D1b18,6 =ko-q,

D1b18,9 = ka-q3, (B'57)
D1v19,3 = k3,

Davig6 = k1 - ka2,

Dib19,9 = k2 -g3. (B.58)
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