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ABSTRACT: We compute a complete set of the two-loop Feynman integrals that are required
for the next-to-next-to-leading order QCD corrections to on-shell top-pair production in
association with a W boson at hadron colliders in the leading colour approximation. These
Feynman integrals also contribute to Higgs or Z-boson production in association with a top
pair. We employ the method of differential equations (DEs), facilitated by the use of finite field
methods to handle the algebraic complexity stemming from the seven-scale kinematics. The
presence of the top quark in the virtual propagators, in addition to the mass of the external
W boson, gives rise to nested square roots and three elliptic curves. We obtain DEs that
depend at most quadratically on the dimensional regulator e for sectors where these analytic
structures appear, and are e-factorised otherwise. We express the DEs in terms of a minimal
set of differential one-forms, separating the logarithmic ones. We solve the DEs numerically

in the physical kinematic region, with the method of generalised power series expansions.
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1 Introduction

Feynman integrals are a cornerstone of theoretical particle physics, playing a vital role in
obtaining precise predictions in quantum field theory. This field lies at the intersection of
several disciplines, bridging particle physics, mathematics, string theory, and more recently
finding application also in gravitational wave physics and cosmology. The main motivation for
our work stems from the precision physics programme of the Large Hadron Collider (LHC).
In order for us to exploit fully its data, theoretical predictions for a wide range of scattering
processes must reach at least the next-to-next-to-leading order (NNLO) in QCD. The current
frontier for NNLO QCD calculations are 2 — 3 processes [1, 2], for which the main bottleneck
is the computation of the required two-loop five-particle scattering amplitudes and Feynman
integrals. Driven by this phenomenological motivation, significant progress has been made in
recent years in the computation of both Feynman integrals and scattering amplitudes, resulting
in an increasing availability of NNLO QCD predictions for high-multiplicity processes.
This progress has been driven by three main developments. Firstly, the advent of
finite-field techniques [3, 4] has drastically mitigated the appearance of large intermediate
expressions that naturally arise in these computations, a problem that is worsened by the
large number of kinematic variables in 2 — 3 processes. Secondly, substantial improvements
in integration-by-part (IBP) [5-7] reduction methods [8-13] have mitigated what is one of the
main bottlenecks in these computations. Finally, the deepened understanding of the relevant



special functions [14] has led to a systematic methodology to write the Feynman integrals in
terms of bases of special functions that can be evaluated numerically efficiently and unlock
simplifications at the amplitude level [15-19]. The application of these powerful mathematical
techniques requires that a certain canonical form [20] is obtained for the differential equations
(DEs) [20-25] governing the Feynman integrals.

Crucially, the vast majority of the NNLO QCD results do not involve scattering processes
with massive virtual particles. The latter are considerably more difficult, owing to an increased
algebraic complexity and to the appearance of special functions for which the mathematical
formalism is not yet suitable for phenomenology. Processes of this type are of great interest
for LHC phenomenology [1, 2]; key examples are the production of a top-quark pair in
association with either a jet (ttj), an electroweak boson W /Z (ttW/Z), or a Higgs boson
(ttH). For ttj production, a complete set of two-loop Feynman integrals in the leading colour
approximation have been recently computed [26-28], enabling a first numerical evaluation
of the two-loop finite remainders in the gluon channel [29]. For ttH production, a class of
two-loop Feynman integrals related to diagrams with light-quark loops have been studied
in ref. [30], and numerical results have been obtained for the ny part of the quark-initiated
two-loop scattering amplitude [31]. Analytic results for amplitudes of this type are available
only at one loop, to the second order in the dimensional regulator, for ttj [32], ttH [33],
and ttW [34]. NNLO QCD theoretical predictions are available for t#H and ttW only with
approximated two-loop amplitudes [35-38].

In this paper we study the two-loop Feynman integrals appearing in the NNLO QCD
corrections to ttW production at hadron colliders in the leading colour approximation. This
process has one of the heaviest signatures at the LHC, it is relevant to several searches
of physics beyond the Standard Model (SM) [39-41], and gives an important background
for several other interesting SM processes, such as ttH and four-top production. Most
importantly, the experimental measurements [42-48] are in tension with the SM predictions.
Experimental collaborations are currently comparing measurements against NLO QCD+EW
predictions [49]. The NLO QCD and electroweak (EW) corrections have been computed
in refs. [50-52] and [53, 54], respectively. Refs. [55-59] included soft-gluon effects, while
refs. [60-62] and ref. [63] included the off-shell effects at NLO QCD and NLO QCD+EW,
respectively. The NLO QCD+EW predictions still have relatively large uncertainties, calling
for the computation of the NNLO QCD corrections. First steps towards this end were
made in ref. [36], where the NNLO QCD + NLO EW corrections to the inclusive cross
section have been computed by using approximations for the finite part of the two-loop
amplitudes [35, 64—67]. On the one hand, obtaining exact NNLO QCD corrections remains a
priority, both to confirm the robustness of the approximations and to analyse phase-space
regions where such approximations are expected to be less accurate. On the other, ref. [36]
shows that the two-loop amplitudes are indeed the main bottleneck.

In view of removing this obstacle, we employ the method of DEs to tackle the computation
of the two-loop five-particle Feynman integrals appearing in the leading colour approximation.
The presence of internal massive propagators entails a substantial leap in complexity with
respect to the massless case. Not only do the additional masses increase the algebraic
complexity of the expressions, but they also bring about transcendental functions associated



with higher-genus geometries [68], such as periods of elliptic curves. The problem of extending
the framework of canonical DEs to Feynman integrals with higher-genus geometries has
attracted a lot of effort in recent years [69-80]. Yet, the application of these methods is
mostly confined to processes with comparatively simpler 2 — 2 kinematics [72, 81-86], with a
single recent exception for a family of Feynman integrals relevant to ttj production involving
an elliptic curve [28]. Moreover, although promising approaches based on series expansions
are being explored [32, 83, 84, 86-88], evaluating efficiently the solution to canonical DEs
containing elliptic functions is still an open problem, especially for processes with three or
more particles in the final state. The Feynman integrals considered in this work involve
three (non-isomorphic) elliptic curves (see section 3.3). While two of them have four-point
kinematics and are similar to the curve encountered in ¢tj production [27, 28], the third
curve has the full five-particle kinematics and is significantly more complicated. Moreover,
we also encounter nested square roots (see section 3.2), a feature for which there are still
scarce data [27, 28, 30]. Given the extreme computational challenge posed by the five-point
elliptic integrals, and the fact that the efficient numerical evaluation would remain an open
problem even if we achieved canonical DEs for them, we aim to construct systems of DEs
that satisfy milder constraints, without introducing elliptic functions and nested square roots,
as done in refs. [27, 29]. As shown in ref. [29], such systems of DEs can be used to set up an
efficient computation of the two-loop amplitude. Moreover, the absence of elliptic functions
allows us to use the method of generalised power series [89] to evaluate numerically the
solution with publicly available tools [90-92].

The paper is structured as follows. In section 2 we define the families of Feynman
integrals and introduce the notation. In section 3 we detail the construction of the integral
bases and of the DEs they obey, and discuss the most interesting analytic structures: the
elliptic curves and the nested square roots. We describe how we represent the DEs and
how we solve them numerically in section 4. We draw our conclusions and give an outlook
on future work in section 5. We also provide a number of appendices: in appendix A we
describe our ancillary files [93], in appendix B we display the five-point master integrals
that we did not discuss in section 3, and in appendix C we give more technical details on
the elliptic curve of section 3.3.2.

2 Notation and definitions

We study the production of a W boson in association with two top quarks at hadron colliders.
We set the top quarks on their mass shell, and leave the W boson off shell. We denote
by p1 and p2 the momenta of the top quarks, by ps the momentum of the W boson, and
by ps and ps the momenta of the light quarks. The momenta are all outgoing, and satisfy
momentum conservation,

P1+p2+p3+ps+p5s=0, (2.1)

as well as the following on-shellness conditions,

W
Il
3
T
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o

pi=ps=mj, p (2.2)
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Figure 1. The two-loop integral families contributing to ttW production at hadron colliders in the
leading colour approximation. The red lines correspond to (anti-)top quarks, the blue curved line to
the W boson, and the black lines to massless particles.

where m; is the mass of the top quark. We parametrise the kinematics by seven scalar
Lorentz-invariant quantities, which we choose as

= 2 2
T = {5125 5237534754575157mt7mw} 9 (23)

where s;; = (p; + pj)?, and m2, = p3 is the off-shellness of the W boson.

In the leading colour approximation, all Feynman integrals appearing in the two-loop
amplitude can be reduced to integrals of the three two-loop five-point families shown in figure 1,
or to products of the one-loop integrals computed in ref. [34]. We label the families in figure 1
by Fi, F» and F3, and define the scalar integrals associated with family F' € {Fy, F», F3} as

1) [N] = / dky e® dlkge® N (2.4)
d d v; ) :
v im2 imr2 Hzlil Dliz’
F F
i =101, (2.5)
where 7 = (v1,--- ,v11) € Z', d = 4 — 2¢ is the space-time dimension, and N is a polynomial

in the scalar products k; - p; and k; - k;. The inverse propagators Dr; are defined in table 1.
Dl’jﬁ?g, Dl’fﬂ?w and Dl’ﬁ?n are irreducible scalar products, i.e., vg, 19,711 < 0. We omit the
dependence on # and e.



Fy ) F3
DF71 k% — m% ]{7% k‘%
Drpp3 (k1 — p2)? (kv —p1)* —m7 (k1 — p3)?
Drps (k1 — pa3)? (k1 — p12)? (k1 — p3a)?
Dpy (k1 — paga)? (k1 — p123)? (k1 + p12)?
Drps k3 —mi k3 k3
Drg (k2 — p1)? (ko + p12sa)® | (k2 — p2)* — m?
Dryr (ko + p2sa)? (ko + p123)? (k2 — p12)?
Drg (k1 + k2)? (k1 + ko)? (k1 + k2)?
Dryg | (k1 +p1)? —m? (k1 — p123a)? (k1 + p2)? —m3
Dpio | (k2 +p2)>—mi | (ka+p1)* —mi (ka2 + p3)?
Dra1 | (k2 + pa3)? —m? (k2 + p12)? (ko + p3a)?

Table 1. Inverse propagators Dp; in eq. (2.4) for the integral families drawn in figure 1. We use the
Shorthand Pi---l = Ds + .- +pl

It is useful to introduce Gram determinants,

aly...,0n
G <b1,...,bn> = det(2a; - by) ,

(2.6)

Q

at, ;

G(al,...,an):G< ") .
aj,...,0n

They play a role in describing the singularity structure of Feynman integrals, constructing
master integrals (MIs), and defining the scattering regions. For example, we anticipate that
the MIs constructed in section 3 contain the following square roots:

r = \/G(pl7p27p3vp4) ) ro = \/ _G(p347p1) 3

r3 = _G(p137p4) ) T4 = \/ _G(p457p2) 3

s = \/ _G(p457p1) ) Te = \/ _G(p157p4) ) (2 7)
r7 =1/—G(p34,p2), rs = \/—G(p12,p4),

rg = 1/ —=G(p1,p2) r10 = \/ —G(p2,p4)

1= \/ _G(p17p4) 3

where p;; = p; + pj. The square roots r; —r9 appear already at one-loop order [34].1 Out
of these, r3 does not appear in the families shown in figure 1; nonetheless we keep it in
the list for consistency with the one-loop computation, and because it will appear in the
two-loop amplitude as a permutation of rg. In addition, we have three square roots whose

'"The momenta ref. [34] are to be relabelled as (p1, p2, s, pa, ps) — (3, Ps,P1,p2,pa) in order to match our
conventions.



arguments are not Gram determinants:

P1, P2
r12 = | 2m2 545G ’ — mg,G(p1, p2) — 535G (P34, p15) ,
P34,P15

T3 = \|2m2545G < P1.Ps ) — m¥ G(pas, pas) — s35G(p1,ps) (2.8)
D23, P45

P23, P45

1, D2
T4 = | 2m2,s34G < PLp ) — mE,G(p1,p2) — 534G (pas, p23) -

Here, we used Gram determinants merely to obtain a more compact representation. We note

that 712 may be expressed as the square root of a Cayley determinant (see e.g. ref. [27]).
We use Gram determinants also to write the scalar products of the (—2¢)-dimensional

components of the loop momenta in terms of scalar products of external and loop momenta:

—2e —2e
Mij = kl[ L kj[ }

G kiap17p27p3’p4 (29)
kj, p1,p2, 3, pa
G(p1,p2,p3,P4)

where we decompose the loop momenta as k; = k:l[4] + kk%], with kzm . k‘j[f%] =p;- k:][-72€] =0.
The insertion of y;;’s in the numerators of Feynman integrals has been known for a long time
to be useful to define MIs that satisfy canonical DEs [94, 95] (see also e.g. refs. [27, 96-100]),

and will play an important role in section 3.

3 Construction of the integral bases

In this section, we discuss the construction of the bases of MIs. In order to identify a
starting basis for each family, we used the private MATHEMATICA package FFINTRED and
NEATIBP? [11] to generate a system of IBP identities [5, 6] and symmetry relations, and solved
it with a variant of the Laporta algorithm [7] in the finite-field framework FINITEFLOW [4, 101].
The number of MlIs is 141, 122 and 131 for Fi, F» and Fj, respectively. Modding out by
permutations of the external legs, there are 30 genuinely new sectors, containing 85 MIs which
have not been computed previously. For the sectors that are part of integral families that
have been computed in the past [26, 27, 30, 99, 102-104], we use the MIs defined therein.

We denote by Jr = (IF', 15, .)—r the vector of MIs of family F. We normalise the MIs
so that their Laurent expansion around e = 0 starts at order . For each family F, the
vector Jr satisfies a system of first-order linear partial DEs (alias a Pfaffian system) [21-25]
of the general form

0

o Tr(Z,¢) = AD(Z €) - Tr(d,e), Va=1,...,7, (3.1)

?We use a modified version of NEATIBP that employs FINITEFLOW for the row reduction of linear systems.
In our experience, this combination of tools proved to be more stable when dealing with the most challenging
integral sectors.



where we recall that ¥ denotes cumulatively the kinematic variables, cf. eq. (2.3). The
matrices Ag(gf)(:f, €) on the right-hand sides are computed by rewriting the derivatives of the
MIs in terms of the MIs themselves through IBP identities. It is beneficial to write the system

in eq. (3.1) compactly by using the exterior derivative notation, as
AdTp(Z,€) = dAF)(Z ¢) - Tp(Z,¢) | (3.2)

where the matrix-valued one-form dA(Z,¢€), called connection matriz, is given by
7
dAN(&, ) = 3" AT, €) da, - (3.3)
a=1

A key step in computing MIs with this method is to find a basis such that the DEs take a
canonical form [20], where certain conditions are met. The first condition is that e factorises

from the connection matrix, i.e., that
dAF)(Z, €) = edAF) (). (3.4)

This makes it straightforward to write the solution in terms of Chen iterated integrals [105].
In the best understood case, we also require that the connection matrix can be written in
terms of logarithmic one-forms (alias dlog’s), as

dAP (Z,6) = ¢ 3 P dlog Wi(#) (3.5)

(F)
(]
the kinematic invariants called letters. The set of all letters is called alphabet and captures

where the ¢;” ’’s are constant rational matrices, and the W;(Z)’s are algebraic functions of
the singularities of the solution. The form of the connection matrix in eq. (3.5) gives access
to powerful mathematical techniques to handle the solution.

However, we will see that the DEs governing the integral families studied in this work
cannot be expressed solely in terms of dlog’s owing to the presence of elliptic functions.
While significant progress has been made in constructing canonical DEs beyond the dlog
case [28, 69-80], the high degree of algebraic complexity of the problem renders this step
extremely challenging. Moreover, we also anticipate that factorising € in the connection
matrices of the families under study requires the normalisation of the Mls by nested square
roots. Results for MIs of this kind are scarce [27, 28, 30], and it is in general unclear whether a
d log form of the connection matrix as in eq. (3.5) can be achieved in such a case. Finally, even
if we did achieve a canonical form, the presence of elliptic periods and nested square roots in
the DEs would make an efficient evaluation of their solution significantly more involved and,
at the time of writing, unsupported by public tools. For these reasons, in this work we aim
for a less constrained form of the DEs, that will enable the use of generalised power series
expansions [89] with publicly available tools [90-92] for evaluating the solution. Furthermore,
the resulting integral bases will lead to a significantly more compact representation of the
two-loop amplitude, making its computation simpler than one with an arbitrary choice of Mls.



Explicitly, we construct bases of Mls so that the DEs meet the following requirements.

1. The blocks of the connection matrix coupling MIs of sectors that do not contain nested
square roots nor elliptic curves are e-factorised. Roughly speaking, the DEs should be
as close as possible to being canonical without introducing transcendental functions or
nested square roots in the MIs definition.

2. The entries of the connection matrix that are not e-factorised are polynomial in . We
tried to minimise the degree in € without introducing elliptic functions. In practice, the
entries of the connection matrices we obtain are at worst quadratic in €.

3. The connection matrix is free of spurious denominator factors.> We recall that the
common denominator of the entries of the connection matrix defines a hypersurface
which contains the singular locus of the solution. An irreducible polynomial f(&) in the
denominator of the connection matrix is spurious if the solution is finite where f(&) =0
for generic boundary values; we talk in this case of an apparent singularity. Having
spurious denominator factors in the DEs for the MIs is undesirable as it introduces
spurious, unphysical singularities in the amplitudes, and is typically a sign that further
simplification can be achieved by a suitable basis transformation.

4. The MIs associated with elliptic curves and nested square roots are non-zero only
starting at order €.

The last constraint is important in view of the computation of the two-loop amplitude.
Provided that the latter requires the MIs only up to order €, this feature can be exploited to
construct a (potentially over-complete) basis of special functions that allows for the analytic
cancellation of ultraviolet and infrared poles, simplifies the expression of the finite remainder,
and improves the efficiency of numerical evaluation [29]. We leave this study to future work,
as it also requires information about the amplitude. Finally, whenever the constraints above
are satisfied by multiple choices of MIs, we prefer the one that minimises the algebraic
complexity of the connection matrix, as measured by the total polynomial degree in & of
the numerators of the entries.

In the next subsection we present the general strategy we followed to construct integral
bases that satisfy DEs of the form above. We give more details about the MIs involving
nested square roots and elliptic curves in section 3.2 and section 3.3, respectively. We collect
information about the MIs of the other new five-point sectors in appendix B.

3.1 General strategy

We construct the integral bases by following the strategy outlined in ref. [27], which we
recall here briefly. Our approach is bottom-up: we first identify a set of MIs satisfying our
criteria for sectors with the fewest propagators, and then systematically extend the analysis
to sectors with an increasing number of propagators, iteratively refining the DEs until the
entire system attains the desired form. For a given sector S, the first step is to select the

3In a single case, we will see that allowing for a spurious denominator factor actually yields a better form
of the DEs in view of their solution via generalised power series. See section 3.3.2.



MIs in S such that the homogeneous connection matrix — i.e., the block of the connection
matrix that couples the sector’s MIs — takes the form

7 kmax
dAT (F e =3" 3 & R,Eﬁs) (%) dzq (3.6)
a=1 k=0

where R,(f;;s) (Z) are matrices of rational functions, and kpax is 2 for the elliptic sectors and 1
otherwise. The choice of Mls is guided by known results from the literature and patterns
observed in similar processes studied previously [26, 27, 30, 96, 99, 100]. For instance, in five-
point sectors, a well-suited basis typically includes MIs with p;;-insertions under the integral
sign, cf. eq. (2.9). More details on these choices are provided in the upcoming subsections.
To verify that a chosen basis has a homogeneous connection matrix as in eq. (3.6), we employ
finite-field methods [3, 4] to reconstruct only the e-dependence of the DEs, that is, we fix
Z to random values. Once this is achieved, we reconstruct the full analytic dependence of
the homogeneous connection matrix on £. We emphasise that, for the sectors S that do not
involve elliptic curves, R((){Z’S) (Z) is diagonal and has non-zero entries only corresponding to
the MIs that require normalisation by a square root to have e-factorised homogeneous DEs.
Setting to zero also the diagonal entries and thus achieving the complete factorisation of €
in the homogeneous block would introduce square roots. We refrain from doing this at this
stage, as this allows us to work with rational expressions for the matrices R,(C{;’S) (7). We
boost FINITEFLOW’s built-in functional reconstruction algorithm with the strategy outlined
in refs. [106, 107], based on fitting linear relations and determining the denominators from
ansatze through reconstruction on univariate phase-space slices.

Once the homogeneous blocks of all sectors have the form in eq. (3.6), we reconstruct
analytically also the inhomogeneous blocks. Thanks to our approach to choosing the MIs
(illustrated in sections 3.2 and 3.3), the DEs are at this stage mostly e-factorised also in
the inhomogeneous blocks. We remove the remaining inhomogeneous entries that are not
e-factorised and do not involve elliptic curves by correcting the relevant MIs by suitable linear
combinations of the MIs corresponding to such entries [108].

Finally, once we have the analytic expression of the connection matrix for the chosen
basis, we also introduce the square-root normalisations required to factorise € in the diagonal
entries corresponding to the MIs that are associated with neither elliptic curves nor nested
square roots. We discuss how we represent the resulting connection matrices in section 4.

3.2 Nested square roots

In this section, we discuss the sector that contains nested square roots. It is obtained by
pinching the 7th propagator of family Fj, as shown graphically in figure 2, and contains
3 MIs. The appearance of nested square roots as leading singularities was already observed
in this ‘pentagon-triangle’ topology in refs. [27, 28], albeit with different kinematics, as well
as in a different topology in ref. [30].

In order to see how nested square roots emerge, we study the loop-by-loop Baikov
representation [109-112] of the scalar integral of this sector. The goal is to construct
numerators such that the resulting integrands have simple poles only, and the leading
singularities — i.e., the maximal co-dimension residues — are constant [95, 113]. Feynman
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Figure 2. Graph representing the sector of family F; that contains nested square roots. The notation
is the same as in figure 1.

integrals with these properties are conjectured to satisfy canonical DEs. We use the package
DLoGBAsIS to compute the leading singularities [114, 115]. By parametrising first the
loop which contains fewest propagators (with loop momentum k3) and omitting the overall
Z-independent factor we obtain

1/2+€

dzg - - dZ6d28d29 " G(k2,p1,k1)~¢ _ G(p1,p2,p3,p4)

X , 3.7
2628 G(k1,p1)Y?7¢ = G(k1,p1,p2,p3, pa)'Te (3.7

111111101000 & /

where z; stems from the ith inverse propagator Dp, ;. The integration domain is irrelevant
for our purposes. Taking the maximal cut and setting ¢ = 0 gives

ary dzg
I£11%1101000 — 00(/\/ ) (3.8)

29 — Smt zg +m2(2azg + b+ cr1)(2a29 + b — cry)

where we recall that r; is a square root defined in eq. (2.7), and we introduced the short hands

a= (m? + m?u — 893 — 334)(mt2m120 — $93534) — 815(mf — 323)(m12U — S34),
b= s34845 {memi, + (M} — s15) (M — s23) + s3a(my + 833 — sa5(m + 323))}
+ 834(s12 — 2m3) [mi(mf + 823) + (M7 — s93) (523 — 515)} (3.9)
+2m2 (m? — s12) {m?mﬁ, + (mf — s15)(m? — 323)} :
c= 534(m§ — S93) .
We now want to construct numerators for the integrand in eq. (3.8) such that the resulting

leading singularities — i.e., the residues of the integrand at all possible simple poles in the
integration variable, z9 — are constant. For this purpose, it is useful to note that

Me (2azg+b+cri)(2azg+b—cry)
N 2ar?

pi1 | , (3.10)

where we recall that p;; is defined in eq. (2.9). Then, one can verify that the following

,10,



integrals have constant leading singularities,

Fi, (MC NS_
J1o (MO — ¢4 1}1111101000 [2‘1 z9g +b+ Crl] )

g (MO) _ NS+ () (3.11)

11111101000 20 20 +b —cr1],

Fy, (MC
g M) 4y 1511%1101000 [paa] -

where the superscript (MC) recalls that we are working on the maximal cut, NS1 are nested
square roots,

b+ 6am? 4+ criy/b—2am? +erg
NS, = j:\/ ! m\/ ! , (3.12)

and a, b and ¢ are polynomials in Z defined in eq. (3.9). We checked that the arguments
of the nested square roots are not perfect squares, and that the homogeneous DEs for the
basis in eq. (3.11) are indeed e-factorised. As explained in the introduction to this section,
we prefer not to have nested square roots in the basis definition. We remove them and obtain
homogeneous DEs that are linear in € by choosing the following basis,

F, MC 545

Lo MO — I§11%1101000 [2a29 + 0],

Fy, (MC

I MO~ 645450[1(11%1101000, (3.13)
F, MC 4 F

I MO — ¢ 1 11(111%1101000 (1],

where the arbitrary factors of s45 in Ifo M) and IFl’( )

are introduced to give all MIs
the same mass dimension.

Reconstructing the DEs beyond the maximal cut shows that contributions from lower
sectors have to be included as well in order to factorise e. In this analysis, we exclude the
block of the connection matrix coupling this sector to the one containing an elliptic curve
shown in figure 3(a); achieving e-factorisation in this block would require introducing elliptic
functions. In order to catch these extra contributions, we extend the Baikov analysis to
sub-maximal cuts. In particular, leaving z; and z4 un-cut is convenient because, on this
cut, they appear in the discriminant of p1; — viewed as a polynomial in zg — in an overall
perfect square, which factors out of the square root. The analysis of leading singularities

then leads to our final basis for this sector,

I = i45 [2a1£11%1101 100 T bI{anomoo + bl](gﬂlinmooo + b2—7§f11())1101000] ;
I} = € a5 [(523 —m;) (534I£511%1101000 - 11(511())1101000) — (s34 — )1511%1101000} , (314
I12 = 1551121101000 (1]
where b; and by are 3rd-degree polynomials of &,
b1 = s23 [m%u(su + 534) + 534(512 — 834 — 2845)} -+ mim?Z,(s45 — s34 — 2512)
+ mis3a(s34 + sa5) — (M2, — S34) {812(m121, — 815) + (515 — 834)845} ) (3.15)

by = s12 [mf (m%u — 815 + 823) + 823(m%v + S15 — S93 — 2834)] — m?(834 + 845)

+ m3(s15 + 593 + 534 — 2m2 )s45 — 523 [S23534 + (515 — 534)545] + 2M7 523534 .
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We verified by numerical evaluation with AMFLOW [116] that I!3 vanishes up to (and
including) order €*, while Ifg and If{ are non-zero starting from €*, The factorisation of €
is achieved (except for the entries that couple these MIs to the elliptic sector in figure 3(a),
which are linear in €) by the following transformation,

J{;g LA bOIS 0\ /1-10 1}1::5
ng = o ZEro]- |1 10]f- 111?11 : (3.16)
Ji4 0 0 1 001 5

We conclude this section with some remarks concerning nested square roots. First, as
expected, NS become simple square roots (71 times a rational function of Z) in the limit
m? — 0. Second, it is useful to characterise the singular locus of NS as an algebraic variety,
i.e., as the vanishing locus of a polynomial. The associated polynomial is given by the
product r%NSiNSQ_, which factors into a number of irreducible polynomials with degree
ranging from 2 to 5. The latter appear in the denominators of the entries of the connection
matrix. Finally, it has been known for a long time that MlIs can be chosen so that they have
a well-defined parity, either even or odd, with respect to flipping the sign of each square root.
For example, from eq. (3.14) we can see that If(} and If;l are odd w.r.t. r;, whereas Ifll is even.
This picture becomes more complicated in the presence of nested square roots. Indeed, the
transformation required to factorise €, in eq. (3.16), mixes integrals with different r;-parity.
In ref. [28], the authors proposed that the natural generalisation of the even/odd parity to
nested square roots is to arrange all objects into ‘duplets’ of elements that transform into
each other upon flipping the sign of the interior root, i.e., a 2-dimensional representation
of Zy. We find that this is possible in our case as well: while J {% and J {711 are odd w.r.t. to
the sign of the exterior root of NS_ and NS, respectively, they form a duplet w.r.t. the
sign of the interior root, ri, as do NS_ and NS,.

3.3 Elliptic curves

This section is devoted to the three sectors that contain elliptic curves: we discuss how we
identified the underlying elliptic curves, and how we chose appropriate MIs. One elliptic
sector, appearing in F} (MIs I,LF1 with ¢ = 30, 31, 32) and shown in figure 3(a), has four-point
kinematics and is identical to the elliptic sector studied in refs. [27, 28]. Although the DEs
for this sector could be brought to e-factorised form [28], we refrain from doing so here for
the reasons outlined in the introduction to section 3. We adopt the same basis proposed
in ref. [27], and do not discuss this sector further. The second elliptic sector, shown in
figure 3(b), is similar to the first one: it also has four-point kinematics, appears only in F}
and has 3 MlIs (Ifl, with ¢ = 33,34, 35); we discuss it in section 3.3.1. The third elliptic
sector, shown in figure 3(c), is considerably more complicated: it has five-point kinematics,
appears in both Fy (MIs I'2, with i = 17,...,23) and F3 (MIs I/, with i = 20,...,26),
and has 7 MIs; we discuss it in section 3.3.2. We emphasise that the three elliptic curves
associated with these sectors are not isomorphic to each other: they depend on different
sets of kinematic invariants and we verified that they have different j-invariants [117] (see
appendix C for an explicit computation of a j-invariant).
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P2

p1

T,

p3 P4 p5

(a) Four-point elliptic sector of Fy already studied in refs. [27, 28].
P2 p3 P2 p3

b1 2!

.\N\N“

2 ps p1 b5

(b) Four-point elliptic sector of Fy. (¢) Five-point elliptic sector of Fy and F3.

Figure 3. Feynman graphs of the sectors containing elliptic curves. The notation is the same as in
figure 1.

3.3.1 Four-point elliptic sector

In this subsection we study the sector of F} defined by the Feynman graph in figure 3(b).
It contains 3 MIs and has four-point kinematics; explicitly, it depends on the subset
{323,345,315,m%,mfu} of the variables Z. Since this sector is similar to the one studied
in ref. [27] (see figure 3(a)), we followed the same approach to choose the following MIs:

F 4 2 (F1) (F1) (F1)

I35 = (1 — 2¢)(s15 — my) (110111101001 — 0110101000 — $23110111101000 ) >

i _ 4 (F1) (F1) 2 r(F1)

I3y =€ rg (IIOIHIOIOOO — Ipo111101000 — ™4 10111101000 ) > (3.17)
Fy 4 2 (Fl)

I3 =e sa5(815 — mt)110111101000‘

As in ref. [27], the kinematic normalisation factors have been chosen heuristically so that all
MIs have the same mass dimension. This choice of basis ensures that the connection matrix
has the desired form. In particular, we have the following e structure on the maximal cut,

1 * + ke x€(2e — 1) (2 — 1) (¢ + *€) 1
d Igi = * k€ % + ke . Igi S (3.18)
IgF51 * *€ * + xe 1551

where the asterisks denote distinct non-zero terms, and the ellipsis stands for the omitted
sub-sector contributions. The sub-sector entries of the connection matrix are e-factorised
for the differentials of I§41 and Igg, and depend quadratically on € for the differential of
I%. Furthermore, the chosen MIs of this sector are non-zero only starting from order €*,
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as we verified by evaluating them numerically in several random phase-space points with
AMFLow [116]. The similarity with the elliptic sector of refs. [27, 28] suggests that this
choice of basis is also a suitable starting point to apply the strategy of refs. [72] in order to
achieve the complete factorisation of €, as done in ref. [28].

In order to reveal the elliptic curve underlying this sector, we analyse the loop-by-loop
Baikov representation of its scalar integral (1551, up to an overall factor) as in section 3.2.
By starting from the kg loop, omitting the overall kinematics-independent factor, taking
the maximal cut and setting ¢ = 0 we obtain

7(F) MC / dz
10111101000/ e=0 \/7 )
734-101:.(2)

where we omitted the integration domain, the integration variable z is the 9th inverse

(3.19)

propagator D, g, and Pypt.(2) is a quartic polynomial in z,
Papt.(2) = (2 + mi) (2 = 3m) Pa(2) (3.20)
with

Pa(z) = (z - 3mf) (z + m?) my, + [(z + m?) (s15 — s23) + (mf — 515) 345}2

+2 (Z + mf) m?u {815 (m? — 2893 + 845 — Z) + m? (823 + S45 — Qm?) — 2823} .
(3.21)

The quartic polynomial Py (2) defines an elliptic curve in the (z,y) plane, as
E4—pt. : y2 = ,P4—pt.(z) . (322)

Then, depending on the integration contour, the maximal cut in eq. (3.19) can be expressed as
a linear combination of the two periods of the elliptic curve, given by complete elliptic integrals
of the first kind. It is interesting to look at the discriminant of Pyt (2), which characterises
the geometric properties and singularities of the curve: if the discriminant vanishes, the
roots degenerate and the geometry underlying the integral reduces to a genus-zero surface.
Up to the overall constant, it is given by

4
4.2 4 2 2(, 2 4
AR, . = My My, 845 (515 - mt> [515323 +my (mw — S15 — 523> + mt} G(p1,p23,p4)

2.2 (2 2 2 2)?
X {8mt My, (mt + 515) {2 (mt + S23> - 845} - [815845 —my (4s15 — 4sa3 + 545)} } )
(3.23)
where G(p1, pa23, ps) is an irreducible degree-3 polynomial in . We therefore see that the
roots are distinct for generic &, and that — as expected — they degenerate in both massless

limits, m7 — 0 and m2, — 0. All irreducible factors in Ag, , define potential singularities of
the integral, and indeed appear in the denominators of the entries of the connection matrix.
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3.3.2 Five-point elliptic sector

We now turn to the five-point elliptic sector defined by the Feynman graph in figure 3(c).
The integrals of this sector depend on all 7 variables &; this is the first time that an elliptic
sector depending on so many kinematic invariants has been studied, and we will see that the
increase in complexity is considerable. The sector consists of 7 Mls, and appears in both
F5 and F3. We focus the discussion on the MIs for Iy (If2 with ¢ = 17,...,23); we choose
the MTs for F3 analogously (I7* with i = 20,...,26).

Our choice for the MIs of this sector is the following:

r% 0 (F2)

Iz — —_—
17 11100111000 »
512 0515

P 4 2\ ()
I[2 = €512 (312 - 4mt) 1171100111000 »

_ 3.2 (F»)
Lig = €myroli1100211100 »

Fy _ 3,2
L§ = emy,si12 (mt - 515) —711100211000v

Fy _ 3 2
I} = e’my,s12 (mt — 823 1111001210007

(3.24)

o (F2
I =e 7“1[11100112000 [MlZ] )
2 ) (1] -
23 = e 1411100112000 [H11

We denote them cumulatively by 117 93 = (117, - ,I% ) . With this basis, the DEs take the
desired form. In particular, on the maximal cut they have the following e-dependence:

* + ex *+*e+*e2 >X<€+>l<62 *e—i—*eQ *e+*e2 *e+*e2 *e+>l<e2

* * 4+ k€ *€ *€ *€ *€ *€
* * 4+ k€ *€ *€ *€ *€ *€
dI17 93 = * % + ke *€ %€ %€ %€ %€ If% 23 5
* * 4+ x€ *€ *€ *€ *€ *€
* * 4+ x€ *€ *E *€E *€ *€
0 *€ *€ *€ *€ *€E *€

(3.25)

where we omit the sub-sector contributions, and the asterisks denote distinct non-zero terms.
From eq. (3.25) we see that only 1{772 and Ifg are coupled at € = 0 on the maximal cut. Beyond
the maximal cut, the entries of the connection matrix are e-factorised for the differential of all
MIs of this sector except for If%, for which they are quadratic in e. We chose 153 and I% in
analogy with the MIs of a similar sector appearing in the two-loop five-point integral families
with one off-shell leg and massless internal propagators [99]. We constructed Ifg, I and IQFf
by analysing the leading singularities in the loop-by-loop Baikov representation, snnllarly to
the discussion in sections 3.2 and 3.3.1. Justifying our choice for If? and Ifg instead requires a
deeper analysis of the Baikov parametrisation, that also reveals the underlying elliptic curve.

As in sections 3.2 and 3.3.1, we analyse the loop-by-loop Baikov parametrisation of the
scalar integral of this sector (Ifg, up to an overall factor). We take the maximal cut, neglect
the overall kinematics-independent factor, and set ¢ = 0, obtaining

1}11())0111000 e—=0X /dz4 A dzg J (24, 29) (3.26)
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where J(z4, 2z9) is an algebraic function. In contrast to sections 3.2 and 3.3.1, we see that
two integration variables are left. Testing whether the integrand has only simple poles near
every singular point thus requires a more sophisticated analysis. One way to do this is to
rewrite the integrand as a linear combination of dlog forms [95, 114, 115], which make the
simple-pole property manifest globally. Integrating J(z4, z9) in 29 gives a linear combination
of logarithms; we can thus turn dzg into a linear combination of dlog’s, as

E2 1000 M / (24) dza A dlog [z, 20)] — Cza)! dza A dlogla(za z0)1]) . (3.27)
where we have introduced the following short-hand notation for the ri-sign flip,

1= oo - (3.28)

Note that the integrand in eq. (3.27) is manifestly odd w.r.t. the ri-sign flip, but the integral
is not. The explicit expression of the algebraic function «(zy4, 29) in eq. (3.27) is irrelevant,
but C(z4) contains a nested square root. In order to proceed, we change integration variable
from z4 to z so as to rationalise the interior root. We achieve this by the transformation

4m?345 — 2512(m? + s93) + 2512(m? — 523)2,2
4m? — s19 + s12(m? — s93)222

24 > s (329)

which we obtained with the MATHEMATICA package RATIONALIZEROOTS [118]. We obtain

MC dz A dlog[a/(z, z9 dz A dlog[e/(z, z9)t
1511())0111000 =0 (323—mt2)G(p17P2aP3)/( o ) - o ) )

\/ Ps-pt.(2) \/ Po-pt. (2)T
(3.30)

where Ps_p1.(2) is a quartic polynomial in z with non-vanishing discriminant. At first sight,

the integrand in eq. (3.30) might appear to contain two elliptic curves,
E5-Pt- : y2 = P5-pt-(z)7 Eg—pt. : y2 = P5-pt-(Z)T7 (331)

related by flipping the sign of 1. Computing their j-invariants reveals that they are isomorphic
to each other, and thus that they do not depend on the sign of ;. Therefore, the two elliptic
curves can be parametrised in terms of the same Weierstral equation [117],

Bypt. ~ ELy oy =Pl (2). (3:32)
with
ng_vr;t.(z) =422+ g2+ g0, (3.33)
where the coefficients g; and gg are polynomials in &, with irreducible factors of degree up
to 9 and 6, respectively, and are free of r;. This can be achieved via an implicit Mobius
transformation z — (a1 + a22)/(as + asz), where a; are functions of the roots of either
Ps.pt.(2) or Pspt.(2)7. As a result, the maximal cut in eq. (3.30) takes the form

(Fb) MC
—71110011100060 o< (823 — mt) (p1,p2,p3 /\/7
5pt

A dlogla”(z, z9)] (3.34)

,16,



which makes it clear that, up to the normalisation, Igf(%onlooo (and thus I%) is a good
MI for this sector. Furthermore, as expected, the roots of Pg_‘;t.(z) degenerate and the
integrand of Ifg can be cast into a fully dlog form with the leading singularities known in the
literature [27, 99] in both massless limits, m2 — 0 and m? — 0. We emphasise that all these
manipulations are made challenging by the complexity of the expression of Ps ¢ (2); just the
coefficient of 2%, for example, counts 425 terms once expanded. Moreover, the discriminant
of Pspt.(2) contains an irreducible degree-14 polynomial in # with 2547 monomials, which
appears in the denominators of the entries of the connection matrix. Given the somewhat
surprising complexity of this component of the singular locus of I {%30111000, we additionally
verified with SOFIA [119] that it can also be derived from the Landau equations [120-126].
We give more details about these computations in appendix C, and provide the explicit
expression of the Weierstraf3 cubic 7>5V_Vp~t.(z) in the ancillary files [93].

Finally, we have to justify the choice of If? in eq. (3.24). We verified via numerical
evaluation with AMFLOW that Ifg is non-zero starting from order €*. Choosing If% as a
derivative of Ifg thus guarantees that it has the latter property as well. The variable in the
derivative is chosen by trial so as to achieve the most compact expression of the connection
matrix. However, this choice leads to the appearance of a spurious degree-9 denominator
factor in the connection matrix. This feature is undesirable and can be removed (without
introducing other spurious denominator factors) by replacing Iff with

T2 = (1 — 26)(1 — 3e)s12 1412 10112000 [1111] - (3.35)

However, this basis change has two negative effects. First, 1{772 is non-zero already at order
€2. Second, the DEs would become less compact, more coupled at € = 0, and would contain
more non-d log one-forms and fewer dlog one-forms (see section 4). For these reasons, we
prefer to adopt the basis given in eq. (3.24).

4 Differential equations

In this section, we detail the construction and solution of the DEs governing the integral
bases defined in section 3. We first discuss how we represent the connection matrices in terms
of sets of linearly independent one-forms, separating the logarithmic ones and highlighting
the associated algebraic structures. We then discuss the numerical solution of the DEs using
the method of generalised series expansions.

4.1 Representation of the connection matrices

(F)
ij
cally in the previous section into a form that highlights analytic properties and minimises

In this section we discuss how we cast the connection matrices dA;. ’(Z, €) computed analyti-

repeated patterns. Explicitly, the target form is the following:

2

- F ~ F S
dAD(@ €)= 3 |3 o) dlog(Wa () + D dify) ws(3)] - (4.1)
k=0 « 3
Here, the matrices c,(g? and d,gg) have rational, constant entries, the W,’s are algebraic
functions of the kinematic variables Z (called letters), while {wg(Z)} is a set of Q-linearly
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independent one-forms that spans the connection matrix elements which cannot be expressed
as dlog’s. We emphasise that most of the ‘non-dlog’ one-forms wg(Z) are not closed, and
hence there exist no functions of which they are the exterior derivative (see below for more
details on the ones that are instead closed). All one-forms, dlog and not, are graded according
to their even/odd parity with respect to each square root.

In order to reach the form in eq. (4.1), we begin by explicitly gathering the differentials for
each entry of the connection matrices in eq. (3.2), making the e-dependence and square-root
content manifest by arranging them as

dAl (@, ¢) = ¢ (@) ZZG (@) e, (4.2)
a=1 k=0

F)

where the tensor components f k are rational functions Z, while Ci(j is the product of
the square roots associated with the ith and jth Mls; if both Mls are even w.r.t. all square

roots, Cl-(f) = 1. We refer to the CZ(JF )’s as (square root) charges: the connection matrix

element dAZ(]F) is odd w.r.t. flipping the sign of Cl(]F ); connection-matrix elements with trivial
charge, Cz(JF ) = 1, are rational. In addition to the 13 individual square roots listed in eqs. (2.7)

and (2.8),4 we find the following set of 33 quadratic charges across the three families:
{7“17“2, T174, T175, T4T5, T176, T576, 7177, T277, T6T7, T178, T1T9,
T2 T9, T4T9, T5T9, T7T9, T8T9, T'1T10, 76 10, 777105 79710, 71711, 75711, (4.3)
T6T11, T9T11, T1712, "7 712, T9T12, 71713, T5713, 76713, T1714, 75714, 7"97”14} .

Together, they give a total of 46 non-trivial charges. For example, an object with quadratic
charge, say r;r;, is odd w.r.t. the sign of r;, of ;, and of the product r;r;, but is even w.r.t.
flipping the signs of both r; and r; simultaneously. This organisation allows us to break
down the problem into smaller pieces: subsets of connection-matrix elements with different
charges cannot be Q-linearly related to each other.

Next, we focus on the matrix elements that have a given charge, say C. We determine
the possible dlog W, (Z)’s with charge C by using the MATHEMATICA package BAIKOVLET-
TER [127]. If C = 1, the letters W, (&) are rational, and we complement BAIKOVLETTER’s
output with the irreducible denominator factors read from the connection matrix. If in-
stead C is a non-trivial product of square roots, the corresponding odd letters W, (Z) are
algebraic and take the form
A+BC
A-BC’

where A and B are polynomials in & of degree up to 4. We then derive a basis of the

W (Z) = (4.4)

vector space over Q spanned by all connection matrix elements and dlog’s with charge C.
In doing this, we prefer the dlog’s over the connection matrix elements, and choose the
residual non-dlog one-forms wg(Z) in the basis so that they are as compact as possible. By
iterating this over all possible charges and rewriting the connection matrices in terms of
the resulting bases of one-forms, we obtain eq. (4.1). We summarise the key features of
the resulting DEs in table 2

“We recall that 73 does not appear in the families considered here; see section 2.
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nested non-d log

family basis size elliptic curves entries letters
square roots one-forms
Iy 141 2 (figures 3(a) and 3(b)) 1 (figure 2) 2339 101 119
Fy 122 1 (figure 3(c)) 0 2027 122 84
F3 131 1 (figure 3(c)) 0 2333 137 96

Table 2. Numbers of Mls, of sectors with elliptic curves, of sectors with nested square roots, of
non-zero entries of the connection matrix, of letters and of non-dlog one-forms in eq. (4.1) for the
three integral families.

For families F, F», and F3 combined, the alphabet of letters W, appearing in eq. (4.1)
consists of 164 entries: 65 rational and 99 algebraic. The rational letters are polynomials in
Z, with total degree up to 5 for family Fj. For families F5 and F3, we also find additional
contributions from polynomials of degree 9 and 14. The former is spurious and could be
removed by choosing different MIs, while the latter is related to the discriminant of the
five-point elliptic curve; see section 3.3.2 and appendix C for more details.

Three non-dlog one-forms, appearing only in the DEs for F}, are closed and exact.’
Two of them have an algebraic primitive,

F) o 4m? .

dA§4,13)5(='L‘) i d lm 7“6(1“)] ; (4.5)
(F) (= 4mj .

dAz) 35(7) i d S1a(mZ — s13) r7(Z)| (4.6)

The third one, giving the connection matrix elements dAgﬁll)l and dAgill)O at order €°, can be
integrated in terms of logarithms, but their arguments contain nested square roots; therefore,
we do not to make use of a dlog representation for it. The closedness of these one-forms has
no impact on the work presented here, but strengthens the analogy with the elliptic sector
studied in refs. [27, 28], where a similar phenomenon was observed [29].

The analytic expression of the non-dlog one-forms is considerably bulkier than in other
similar cases in the literature [27, 30], in particular for F, and F3. For example, the most
complicated irreducible polynomial, appearing in the DEs for families F, and F3, has total
degree 35 and counts 556685 monomials in the 7 variables Z. In order to optimise the
expressions and make their evaluation more efficient, we collect the common irreducible
polynomial factors across all one-forms of each family, and optimise the polynomials with
an ad-hoc mix of FORM [128] (format 04) and MATHEMATICA.

4.2 Numerical evaluation of the solution

In this section we apply the multivariate generalisation of the method of generalised power
series expansions [129-135] proposed in ref. [136] to evaluate numerically the solution to the
DEs derived in this work. A number of public implementations of this method are by now
available [90-92, 116]; we make use of the MATHEMATICA package DIFFEXP [90].

5The closed one-forms of F; are denoted by w[F1,r[1],{10,11},0], w[F1,r[6],{34, 35},1], and
w[F1,r[7],{31,32},1] in our ancillary files [93].
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In this approach, the DEs are integrated along a univariate path connecting an initial
phase-space point, where the values of the Mls are known, to the desired target point. For
simplicity, this path is chosen to be a straight line. In order to avoid subtleties related to
the analytic continuation, we restrict to the physical channel relevant for W production
(35 — 124). The latter is defined by the following inequalities,

P3°P1, P3°D2, DP3-Pa, P5°P1, P5-DP2, DP5-pa <0,
P3-P5, DP1-P2, P1-Pa, P2-Ps>0,

pi=15>0, o
pi>0,
complemented by the following Gram-determinant constraints,
G(pi,pj) <0,  G(pispj,pk) >0,  G(p1,p2,p3.pa) <0, (4.8)
for all distinct 7,7,k € {1,...,5}. We take the square roots of negative arguments to have

positive imaginary part.

We obtained numerical values of the MIs up to order e* at 10 phase-space points with
at least 35-digit precision by means of the MATHEMATICA package AMFLOW [116], which
implements the method of the auxiliary mass flow [137, 138]. The points are inside the
physical region, and are chosen so that the values of the invariants Z are ratios of small integers.
This speeds up the evaluation with AMFLoOwW. For example, one of the chosen points is

3 9 8 7 1
7o=l5 > 2 2 L 24l 4.9
Mo {7 107 27 37 10737 } ( )

By comparing the values of the MIs at the 10 points, we verified that
« they are constant and rational at order €’;
« the imaginary part is given by im times rational constants at order €';
o the real part is given by Q-linear combinations of the expected logarithms at order €.

The expected logarithms in the last item correspond to the allowed branch cuts, and have
been determined in ref. [34]. These properties are expected for MIs that satisfy canonical
DEs; the fact that they are satisfied by our bases is a sign that we have successfully ‘pushed’
the non-canonical features to higher orders in e.

Given the high degree of algebraic complexity of the DEs for families F5 and Fj, the
pull back of the DEs to the univariate path takes a considerable amount of time. If done by
DirrExP, this step often exceeds the time required to evolve the solution from the initial
to the target point. For this reason, we carry out this step with a separate MATHEMATICA
script, which leverages the optimised form of the DEs discussed in section 4.1, achieving
a speed up by an order of magnitude. Then, we resort to DIFFEXP only for the solution
of the DEs on the path.

We validated our results by integrating the DEs up to order e* between various pairs of
points from the 10 at which we ran AMFLOW. Each of the 10 points was used as a target
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point at least once. The pairs are chosen so that the line connecting them stays within the
physical channel.® In all cases we found agreement between the DIFFEXP and AMFLOW
results within the DIFFEXP target precision (25 digits).

We stress that these tests are only meant to validate our results. There are several
promising avenues to make our results more suitable for direct usage in phenomenology,
acting on both the expression of the DEs and the solution strategy. Cases in point are the
use of multivariate partial fractioning to further reduce the maximal degree of the appearing
polynomials, the use of the recently published C implementation of the generalised series
expansion method [92], and the construction of a basis of special functions to span the
solution up to the required order in € as proposed in ref. [29]. Moreover, the evaluation time
depends strongly on the segmentation of the integration path, which in turn depends on the
end-points and on the nearby singularities. An evaluation strategy aimed at a large number
of phase-space points should therefore also minimise the total number of segments, which
can be done by re-using iteratively the targets of previous evaluations as initial points. We
leave the study of all these optimisations to future work.

We provide the numerical values of all MIs at the 10 phase-space points, the definition
of the physical region, and a MATHEMATICA script to parametrise the DEs on a line and
solve them with DIFFEXP in our ancillary files [93].

5 Conclusion

In this paper, we take significant steps towards the exact computation of the two-loop
scattering amplitudes relevant for the NNLO QCD corrections to ttW production at hadron
colliders. Specifically, we evaluate a complete set of master integrals of the three two-loop
five-point Feynman integral families shown in figure 1. All Feynman integrals appearing in
the two-loop amplitude in the leading colour approximation can be reduced to the latter or to
products of the one-loop integrals computed in ref. [34]. We identify three elliptic curves that
underlie the geometry of the integrals under consideration, as well as nested square roots in
their algebraic structure. These analytic properties prevent us from applying the established
methodology that underpins all NNLO QCD computations for 2 — 3 processes obtained
so far. We construct integral bases obeying DEs that depend at most quadratically on the
dimensional regulator for sectors where these analytic structures appear, and are canonical
otherwise. We represent the DEs in an optimised way that minimises repeated patterns and
separates clearly the canonical from the non-canonical features. This allows us to evaluate
the master integrals with the public implementations of the method of generalised power
series [89]. We provide benchmark evaluations by means of the MATHEMATICA package
DIrrEXP [90]. Our results open several interesting avenues.

A natural next step is the construction of canonical DEs. Building on the method of
ref. [72], the authors of ref. [28] have recently obtained canonical DEs for a two-loop five-point
integral family for the first time. This development suggests that the methodology may be

51f the line between the initial and the target point leaves the physical region, one can change the starting
point, use a piece-wise straight line, or derive the prescriptions for the analytic continuation. The latter option
however requires more work, and the evolution of the solution across physical singularities is typically more
time consuming.
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mature enough to tackle high-multiplicity processes. The increased algebraic complexity and
the presence of multiple elliptic curves make the integrals considered in this work ideal to
stress-test and further refine the method of ref. [72]. Indeed, as shown in refs. [27, 28] for ttj
production, the form of the DEs obtained here is a perfect starting point to apply this method.

It would also be of great interest to find ways to handle the solution that do not rely on
the canonical form but can still be useful for phenomenology. An alternative approach going
in this direction was proposed recently in ref. [29], and our results appear to be well suited
to be treated the same way. This would lead to a simpler representation of the two-loop
amplitudes, in which the 1/e poles can be cancelled analytically, although more study will still
be required to make their numerical evaluation suitable for phenomenological applications.

Finally, the integral bases we constructed and the information we gathered about their
analytic structure open the door to an efficient computation of the two-loop amplitudes in
the leading colour approximation for this important LHC process.
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A Description of the ancillary files

We list and describe here the content of our ancillary files, available at ref. [93]. All files
contain expressions in WOLFRAM MATHEMATICA language. The notation is the following.

o Families: F} = F1, Fy = F2, F3 = F3.

Variables: s;; =sij, m? = mt2, my = mt, m2, = mw2, M, = mw, € = eps.

Square and nested square roots: r; = r[i], NS = NS["+"], NS_ = NS["-"].

Feynman integrals: Iz(ji) =jlF,{i,j,k,...}].

o Momenta: p; = pi (for i =1,...,5), k1 = k1, ko = k2.

Other symbols: dlog W = dlog[W], w = w, p;; = muij.
We now list the files and describe their content.

e square_roots.m — list of replacement rules defining the r[i]’s as square roots
(sqrtl...]) of polynomials in & (cf. egs. (2.7) and (2.8)).

e nested_square_roots.m — list of replacement rules defining the nested square roots
NS["+"] and NS["-"] (cf. eq. (3.12)).
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alphabet.m — list of replacement rules defining the letters, i.e., the arguments of the
d log one-forms (cf. section 4.1). We denote each letter as W[R,i], where i is an integer
and R is the charge of the letter. E.g., R is 1 for a rational letter, and r[i] for an
algebraic letter that is odd w.r.t. r;.

physical_region.m — list of inequalities that have to be satisfied for a phase-space
point & to be in the physical region defined in section 4.2.

solve.wl — MATHEMATICA script that evaluates the MIs up to order €* by solving
the corresponding DEs (cf. section 4.2). It relies on DIFFEXP [90]. The user must
specify the path to the file DiffExp.m ($PathToDiffExp), the family (family = F1,
F2 or F3), and the initial/final point (XinLabel/XfinLabel). Initial and final points
can be chosen amongst the 10 (X1, X2, ..., X10) at which we obtained values with
AMFLow [116]. The target accuracy is set to 20 digits. The script checks that the
integration path lies within the physical region, and that the results are in agreement
with the benchmark values obtained with AMFLow. All provided points are connected
to X1 by a straight line in the physical region.

For each family F = F1, F2, F3, there is a folder F/ containing the following files:

F_propagators.m — list of generalised inverse propagators Dp; with i =1,...,11 (cf.
table 1).

F_basis.m — list of MIs expressed in terms of scalar Feynman integrals and factors
of muij (cf. section 3), without the square-root normalisation. The factors of muij
depend on the loop momenta (cf. eq. (2.9)), and have to be taken under the integral
sign of the scalar integral they multiply.

F_basis_expanded.m — list of MIs expressed in terms of scalar Feynman integrals,
without the square-root normalisation.

F_sqrt_normalisation.m — list of products of square roots that give the normali-
F

7 )

sation of the MIs. The complete expression of the ith MI, I, is obtained by multi-
plying the ith entry of F_sqrt_normalisation.m by the ith entry of F_basis.m (or

F_basis_expanded.m).

F_connection matrix.m — connection matrix dA() given in terms of dlog (dlog[W],
with the letters W defined in alphabet.m) and non-d log one-forms (w, defined in the
next file), and eps (cf. eq. (4.1)).

F_one-forms.m — definition of the non-dlog one-forms w; of family F as a list of two
elements. The first element is a list of replacement rules giving the expression of each
one-form as

wlF,R,{i,j},k] -> {c1,c2,...,c7},

where c1, ..., c7 are the coefficients of the differentials of the variables Z, written in
terms of square roots and irreducible polynomials y[k]. The arguments of w keep track
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of its charge R (either 1 or a product of square roots), and of the entry of the connection
matrix chosen to define it. For example, w[F,R,{i,j},k] equals the coefficient of
e* in dAz(JF). The second element is a list of replacement rules defining the y[k]’s as
polynomials in Z.

e values/F_Xi.m (i = 1,...,10) — values of the MIs at the phase-space point Xi
obtained with AMFLow with (at least) 35-digit precision. The first element of the file
defines the phase-space point as a list of replacement rules for the invariants #. The
second element gives the numerical values of the MIs up to order €.

Finally, the folder elliptic_curves/ contains the following files related to the elliptic curves:

e 4pt_4var_curve_quartic.m, 4pt_4var_j-invariant.m — expressions of the quartic
polynomial in z and of the j-invariant related to the elliptic curve appearing in the
four-point sector shown in figure 3(a) of Fy (cf. section 3.3).

e 4pt_bvar_curve_quartic.m, 4pt_bvar_j-invariant.m — expressions of the quartic
polynomial Py p¢. in z (cf. eq. (3.20)) and of the j-invariant related to the elliptic curve
appearing in the four-point sector shown in figure 3(b) of Fy (cf. section 3.3.1).

e 5pt_7var_curve_cubic.m, S5pt_7var_curve_quartic.m, 5pt_7var_j-invariant.m
— respectively, the Weierstraf3 cubic polynomial PEY_\;'R in z (cf. eq. (3.33)), the quartic
polynomial Ps_p. in z (cf. eq. (3.30)), and the j-invariant jsp. (cf. eq. (C.8)) related
to the elliptic curve appearing in the five-point sector of Fy and F3 shown in figure 3(c)
(cf. section 3.3.2 and appendix C).

B Master integrals for the five-point sectors

In this appendix we collect the MIs for the five-point sectors, excluding those already presented
in section 3.2 (associated with the nested square roots) and section 3.3.2 (associated with
the five-point elliptic curve). Note that there are also four-point sectors that have not been
computed before; we omit them from this appendix and refer the interested readers to the
ancillary files [93]. We also stress that the MIs that do not couple to the elliptic sectors
(discussed in section 3.3) are pure, i.e., they satisfy canonical DEs with solely d log one-forms.

We label the sectors by the indices of the appearing propagators: (vq,...,v11), where
v; = 1 if the ith (generalised) inverse propagator is present in the denominator, and v; = 0
if it only appears in the numerator. We recall that vy, v19,11 = 0 for all sectors, as they
correspond to irreducible scalar products, and that the propagators are defined in table 1. For
each sector, we give the corresponding Feynman graph and a list of numerators defining the
MIs. For a given numerator NZ-(F), the corresponding MI is éF) [N], where / are the propagator
indices defining the sector, and the subscript i gives the position of the MI in the basis. We
present only once, for an arbitrary family, the sectors that appear in multiple families.
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Eight-propagator sectors.
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where fi, ..., fs are rational functions of the kinematic invariants &, and we omit the
contributions from the sub-sectors.

Six-propagator sectors.

F,, (0,1,1,1,1,1,0,1,0,0,0), 2 MIs

P2 p1
(Fo) _ 3 M1
N3 7 =€ TID ,
5 F,8
Fy 4 2
NI‘EZ ) =€ (823 — 'mt) (834 — 812) .

p3 P4

— 26 —



F, (0,1,1,0,1,1,1,1,0,0,0), 5 MIs

N2(52) — €3T1 22

.8
(F2) 3 M12
.8
) F
m 144% : NQ(GQ) = ¢t [mi,su - (m? — 515 + 834) 845}

2
My, S12 — 834845
+ 63mt2 w
Dp, 2

P2

(F2) 4,2 2
Noz® = € |mis12 — (i — 515 + 534)545

2
ps p1 + 63 QmeF2 1 — 845DF2 9
t
Dp,
+ (sub-sectors) ,
(F2) 4

Fy, (1,1,1,1,0,1,0,1,0,0,0), 2 MIs

b3
pq

(F2) 3 M1
D9 2,8

N?Egé) = 63(26 — 1)812 (m? — 823) .

ps
b1

Fs, (1,1,1,1,0,1,0,1,0,0,0), 3 MIs

J25
Pl D
+ Dpy9
N(F3) _ 3 2 _ my 3,
37 € (mw512 834845) Do )
po N = 3y AL
38 DF3,6
Négﬁi) — €3T1 H11 )
.8
P2
P3
F1, (1,1,1,1,0,1,0,1,0,0,0), 2 MIs
p3
D3
F
p NV = 111 /Dy s
4
F
Néol) = 2(1 — 26)834(771? — S93) .
Pl

P2

— 27 —



C Details of the elliptic curves

In this appendix, we summarise our analysis of the polynomial structures associated with
the five-point elliptic sector presented in section 3.3.2. We begin with a generic quartic
polynomial defining the elliptic curve:

Plz)=cy2 +e3B v +erz+c. (C.1)

In the case of the polynomial Ps.p. appearing in eq. (3.30), the coefficients ¢; = ¢;(Z,71)
are polynomials in the kinematic variables Z and the square root r; defined in eq. (2.7).
Under the action of the Md&bius transformation

iy AT02E (C.2)
as +aq 2z
the elliptic integration kernel transforms as
dz dz
—> (ag a3z — ay a4) — s (03)
P(z) P(3)
leading to a new quartic polynomial P, which takes the form
PE) =t 433 +6+8i+6. (C.4)

This transformation provides sufficient freedom to bring the defining polynomial into Weier-
straf3 form:

PV(2) =42+ g2+ g0 (C.5)

To determine the four transformation parameters a; in eq. (C.2), we impose the following
four conditions: the Z-independent prefactor on the r.h.s. of eq. (C.3) must be unit, the
coefficients ¢4 and ¢ must vanish, and the leading coefficient must be normalised to ¢é3 = 4.
These conditions are enforced by constructing a Grobner basis of the corresponding ideal
and performing polynomial division on the two coefficients in eq. (C.5) (go and g1) w.r.t.
to this basis. As a result, the coefficients in eq. (C.5) are expressed in terms of those
in eq. (C.1) as follows:

~ —12¢pcs+3c1c3 —c%
g1 = 12 )
—72000204+27coc§+27c%04—9clcQC3+QC§

90 = 432

(C.6)

A crucial observation is that, after substituting the coefficients ¢; = ¢;(&, 1) of the polynomial
Ps.pt. into eq. (C.6), the square root r; cancels out in the coefficients go = go(Z) and g1 = ¢1(Z),
resulting in the same Weierstrafl polynomial, PEY_\;J‘L, for both Ps_pt. and its ri-conjugate P5T-pt.~
The discriminant of ng-bt takes the form

Aps. < g + 275 )
6 12 :
X m% m%l) 8?2 (G(p2ap3)) (G(pl)pZapd)) Y307 »
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where we have made use of the Gram determinants defined in eq. (2.6) to obtain a more com-
pact representation. The factor yso7,” in eq. (C.7) is the irreducible degree-14 polynomial in
Z introduced in section 3.3.2, which appears among the singularities of the connection matrix.

From the structure of the coefficients in eq. (C.6), it follows naturally that the j-invariants
of the curves in eq. (3.31) are purely rational functions,

g3
o = 1798 L
Tt G2
Q@
m? mﬁ, Y307 ’

(C.8)

where @ is a degree-6 polynomial in & whose precise form is irrelevant to our discussion.
The equality of the j-invariants® of the elliptic curves defined by Pspt. and Pg_pt. proves the
uniqueness of the elliptic curve for the five-point sector studied in section 3.3.2.
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