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 A B S T R A C T

Where can the exploitation of high spatial resolution optical full-field technologies – in complex-
valued representation – bring, for an experiment-based extension of the Rayleigh integral 
approximation of sound radiation from a vibrating plate? Dense receptance maps may cope 
with the challenges of the most advanced Noise and Vibration Harshness (NVH) testing for the 
characterisation of the structural dynamics of the actual set-up, with damping and boundary 
conditions coming from the mounting and manufacturing, with all the potential delays of 
the responses caught around the superposition of a modally dense dynamics, but without the 
need of a Finite Element Model (FEM), especially in the case of lightweight structures. Sound 
radiations are explored in the complex-valued details of vibro-acoustic transfer functions and of
pressure fields, by feeding the well-known Rayleigh formulation with Electronic Speckle Pattern 
Interferometry (ESPI)-based receptances, obtained from a simple thin rectangular plate, designed 
as a lightweight structure with a complex structural dynamics, its real constraints and damping 
characteristics. The contribution of dense experiment-based full-field receptances to the radiated 
sound fields at different distances is discussed in a broad frequency domain.

1. Introduction

The researchers may wonder where the exploitation of high spatial resolution optical full-field technologies can bring, especially 
for experiment-based complex-valued extensions of the Rayleigh integral approximation of sound radiation from a vibrating plate. 
This question is crucial also in raising the expected level and quality of the experiment-based benchmarks, against which the purely 
numerical simulation can be compared and tuned. Complex-valued (C) quantities are therefore the only tools to deploy – in the 
frequency domain – the experiment-based achievements here proposed, because, with their data parts, they allow a clear description 
of real-life phenomena, not possible otherwise by real-valued (R) quantities. In the formulations of this paper, the proper declaration 
of C quantities is underlined, while – if missing – the R nature is implicit. The driver of this work is the extensive usage of spatially
dense experiment-based receptances in vibro-acoustics, in order to highlight the achievements in hybrid simulations with no numerical 
structural models. The receptances are obtained from full-field optical stroboscopic C ESPI measurements for their cleanest Operative 
Deflection Shapes (ODSs) (see Zanarini (2019a, 2020)), as the characterisation of the real vibrating structure in the whole frequency 
domain of interest, without any specific assumption, except for the linearisation of the real system’s dynamic behaviour around the 
operative loading conditions. In this way, the experiment-based receptances substitute any numerical model of the structural domain 
(e.g. FEM), therefore overtaking the complex tuning of an artificial idealisation of the unknown vibrating part, because all the 
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 Abbreviations
 dof(s) Degree(s) of freedom  
 DIC Digital Image Correlation  
 EFFMA Experimental Full-Field Modal Analysis  
 EMA Experimental Modal Analysis  
 ESPI Electronic Speckle Pattern Interferometry  
 FEM Finite Element Model  
 FRAC Frequency Response Assurance Criterion  
 FRF(s) Frequency Response Function(s)  
 MAC Modal Assurance Criterion  
 NAH Nearfield Acoustic Holography  
 NVH Noise and Vibration Harshness  
 ODS(s) Operative Deflection Shape(s)  
 SLDV Scanning Laser Doppler Vibrometer  
 𝜔 Circular frequency  
 𝐗𝐪(𝜔) Structural displacement map  
 𝐅𝐟 (𝜔) Excitation forces  
 𝑯𝒅𝒒𝒇 (𝜔) Receptance map  
 𝑽 𝒂𝒇 (𝜔) Vibro-Acoustic FRFs  
 𝒑(𝒂, 𝜔) Sound pressure map  

specifications of the materials, distributed damping, boundary conditions and loading patterns are already acquired from the test-
rig’s reality by the experiment-based receptances. Furthermore, the non-contacting full-field optical techniques add increased spatial 
detail, compared to more traditional lumped sensors like accelerometers or strain gauges. Full-field receptances, hardly matched 
for extremely dense patterns in the case of ESPI, are therefore able to carefully retain complex patterns in the ODSs without any 
inertia-related distortion, which is particularly important for lightweight components, such as shells and thin plates, as parts of a 
vehicle body, a fuselage, wings and generally screens.

This experiment-based approach is motivated because many times the sound radiation simulations from structural vibrations in 
NVH studies are run with linear structural finite or boundary element models (Kirkup, 1994; Desmet, 2004; Wind et al., 2006; Kirkup 
and Thompson, 2007; Richards et al., 2018; Kirkup, 2019; Conta et al., 2020), potentially simplified in the treatment of boundary 
conditions, frictions, damping, mistuning from actually produced parts and non-linearities. Similarly simplified structural models 
can also be found in studies about fluid–structure interactions (e.g., in the frequency domain, Lesoinne et al. (2001), Sandberg et al. 
(2009), Ohayon and Soize (2012), Vicente et al. (2015), Zhou et al. (2016)), where – however not the aim here – the focus is 
mainly on the fluid motion (e.g., in Dowell and Hall (2001), Kamakoti and Shyy (2004), Werter and De Breuker (2016), Li et al. 
(2017, 2019), Chen et al. (2019), Tian et al. (2021), Wang et al. (2022), Patil and Pitchaimani (2024)), rather than on the retaining 
of an extreme fidelity of the structural modelling, perfectly tuned with uncertainties, potential general damping (see Heylen et al. 
(1998), Ewins (2000)) and C eigenvectors. For the latter the tuning might be cumbersome (Wu et al., 2020; Mendez et al., 2021; Xu 
et al., 2021; Silva et al., 2021; Tsushima et al., 2021), the fluid motion being non-linear. In common simplifications, Experimental 
Full-Field Modal Analysis (EFFMA) does not contribute to any structural model and its updating. The approximation starts by forcing 
the damping to be only proportional1 – if not neglected (Tsushima et al., 2017; Liu et al., 2024) – in a linear FEM (or functional 
solution by plates’ theory with unverified constraints), yielding a R truncated modal base. When general damping is introduced for 
the formulation of the numerical structural model, the evaluations neutralise it (Bueno et al., 2015; Chen et al., 2017; Lokatt, 2017; 
Tian et al., 2024), reverting to unverified models. Sometime the investigations are focused only on a single tonal, or resonance, 
propagation (Takezawa et al., 2016), where just one eigensolution of the vibrating surface is used as the effective source of pressure 
fields, becoming another form of strong simplification, like in the truncation of the modal base above, neglecting the effective 
blending of the eigensystem at every frequency. The insights of Afonso et al. (2017), Abdelkefi (2016) confirm that simplified models 
may diverge – due to a lot of assumptions – from the real manufactured components. These parallel realities might not be easily 
tuned, also with extended model updating (Friswell and Mottershead, 1995; Calvi, 2005; Zanarini, 2019b), thus being unfaithful. 
Instead, working with experiment-based full-field receptances, coming from broad frequency band testing, may represent a viable 
path in order to have the best achievable representation of the real behaviour of manufactured and mounted components, linearised 
around their working load levels, also with modally dense structural dynamics and complex patterns in the dynamic signature of 
the excitations.

1 Note also that – as in Numerical study on gust energy harvesting with an efficient modal based fluid–structure interaction method – the damping matrix 
might be first declared as non-proportional to mass and stiffness matrices – therefore needing C eigenvectors and related maths for the further diagonalisation 
– but later wrongly misinterpreted as proportional for the simplicity of the formulation it can bring.
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At their earlier steps, optical full-field measurements – based on analogue/chemical compounds – were mostly qualitative and 
not competitive in terms of time-to-result (Rastogi, 1997), until the advent of digital sensors started – with limited amounts of 
processed data – to open new perspectives. They were therefore mainly used to depict the response shape of a structure at a particular 
frequency of interest, due to the high spatial sampling offered and high consistency of each measurement degree of freedom with 
neighbouring locations (Kreis, 2004). Their output was, since the beginning, a highly detailed spatial domain at few frequencies, 
while traditional sensors (strain gauges or accelerometers) could give only a coarse spatial representation, obtained by their lumped 
placement. However, with surface ODSs rapidly changing from frequency to frequency, as function of the complex superposition 
of the underneath eigensolutions in non-conventional patterns, the early optical full-field measurements started to release relevant 
information on where to better locate the lumped vibration sensors or strain-gauges, the only quantitative broad frequency band 
instruments at the time.

But, since the 1980s, the Scanning Laser Doppler Vibrometer (SLDV) approach has expanded the technique of contact-less single 
point measurement in time/frequency domains to a finer grid of locations than with traditional sensors. Due to the scanning of 
a generalised locations’ grid, where the points might be also uncorrelated in distinct patches, the SLDV can be defined as an 
optical non-native full-field digital instrumentation. This has extended the concept of the velocity sensors to a spatially more detailed 
acquisition, also without adding inertia to the surface of the specimen under dynamic test. Remarkable were the results with SLDV 
in Stanbridge and Ewins (1999), Warren et al. (2011), especially in the continuous scanning LDV (CSLDV) attempts in Stanbridge 
et al. (2004), Allen and Sracic (2010), Di Maio and Ewins (2011), Giuliani et al. (2013), Ehrhardt et al. (2017), Di Maio et al. 
(2021) by driven mirrors and polynomial-based data processing. Thus SLDV was until recently considered the reference for the 
need of spatially detailed Frequency Response Function (FRF) measurements in NVH, because SLDV has kept the same peculiarities 
of previous technologies and proven procedures, avoiding inertia-related issues, just adding more degrees of freedom (dofs) at a 
reasonable cost.

Optical full-field technologies, based instead on an imaging sensor that acquires photons altogether – not with a delayed scan, 
normally in an even denser grid than that of SLDV – in the whole matrix of light sensible sites, can be called native, as well as
image-based. They approach the measurement from another point of view, that of the acknowledged quality obtainable in the spatial 
domain, especially in terms of consistency and continuity of the deflection field in the neighbouring dofs, as proved earlier by Van 
der Auweraer et al. (1999, 2000). Among optical native full-field technologies, after the first trials (Van der Auweraer et al., 1999, 
2000, 2001) by pulsed coherent laser light, stroboscopic ESPI has given – by working in the frequency domain with C quantities 
– since the early 2000s (Steinbichler and Gehring, 1996; Graham et al., 1999; Van der Auweraer et al., 2002; Leval et al., 2005) 
an extremely accurate displacement field at the frequency of interest up to several kHz; but having data at all the lines of a broad 
frequency band can be prohibitive, due to time-consuming stepped sine excitation/acquisition, not fully automated up to now, even 
with the latest advancements in the high-speed image sensors as in Meteyer et al. (2021). Therefore, ESPI is more suited to laboratory 
– or controlled environments – measurements, typical of research projects (Steinbichler and Gehring, 1996; Graham et al., 1999; 
Van der Auweraer et al., 2002; Leval et al., 2005; Zanarini, 2018, 2019a). High-speed Digital Image Correlation (DIC)2, with its 
first commercial prototypes since around 2005, has good detail in the time resolved displacement maps, although the extraction 
of the correlated fields can be demanding in terms of calculation time. DIC can be more limited in the frequency domain, as the 
sensor/electronics bandwidth puts a trade-off between resolution and sampling rate, together with some limitations on the cameras’ 
memory capacity, although nowadays relevant electronics improvements have been made. However, DIC technology has shown 
interesting in-situ applications (Baqersad et al., 2017; Wang et al., 2011a,b; LeBlanc et al., 2012; Ehrhardt et al., 2017), exploiting 
the greater flexibility, but lower accuracy, of the technique also outside controlled set-ups. As the experiment-based optical full-field 
testing has clearly proved in Zanarini (2019a, 2020, 2022a) to be consistent in releasing high spatial resolution dynamic ODSs with 
reduced amount of noise on the fields, this paper is therefore focused on sound radiation numerical simulations from a vibrating 
surface, with a specific attention to ESPI-based datasets. The latter are used at their highest spatial resolution, or native dense
resolution – on which no reducing interpolation was applied by topology transforms, and with broad frequency band content. The 
ESPI-based datasets give, up to now3 and according to Zanarini (2019a, 2020), the cleanest displacement fields, therefore becoming 
a valuable candidate in non-contacting experiment-based sources of surface motion, to be explored in the approximation of the sound 
radiation, especially in the case of lightweight structures or panels. This brings a very high-quality source of full-field receptances to 
the vibro-acoustics’ analyses thereafter.

The following notes can show the progressive growth of activities about full-field measurements by the author, which are involved 
in the achievements of this paper, and are based especially on the fundamental research TEFFMA4 project. The latter aimed at making 
a comparison between the state-of-the-art in native full-field technologies (ESPI and DIC) with the non-native SLDV as reference, to 

2 The reader can find methodological references about DIC in Sutton et al. (2009), Bornert et al. (2009), Helfrick et al. (2011), Jones and Iadicola (2018).
3 Recently, but about ten years later than the measurements at the core of this work, new comparisons appeared in O’Donoughue et al. (2023), confirming 

the qualities of ESPI. However, those measurements lead to no receptances for the approach here proposed. Furthermore, high-speed cameras in coherent light 
imaging (see Meteyer et al. (2021)) are trying – with further work to be made to reduce the redundant time-domain data – to overtake the more traditional 
issues of accurate stroboscopic ESPI (with phase-shifting as in Vrooman (1991), de Groot (1995), Huntley (1998), Lopes et al. (2014, 2019)), which remained 
the long lasting measurements for broad frequency band C results, later hinted in Section 2.1.1.

4 A. Zanarini, scientific proposer & experienced researcher in the project TEFFMA – Towards Experimental Full Field Modal Analysis, funded by the European 
Commission – Marie Curie FP7-PEOPLE-IEF-2011 PIEF-GA-2011-298543 grant, and carried out by the author at Vienna University of Technology, Austria, on 
1/02/2013–31/07/2015.
3 
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understand if these experimental procedures for standing broad frequency band structural vibrations – not fully mature but in 
progressive development – can provide NVH applications with enhanced peculiarities. Note that all the TEFFMA-related activities 
were based on the early findings of the Speckle Interferometry for Industrial Needs5 project. The earliest presentations of TEFFMA 
works appeared in 2014 (Zanarini, 2014a,b), followed by consolidated reports6 in 2015. In Zanarini (2018) a gathering of the 
TEFFMA project’s activities was firstly attempted, while in Zanarini (2019a) an extensive description of the whole full-field receptance
estimation was faced and in Zanarini (2019b) the EFFMA was detailed together with full-field modeshapes-based model updating 
attempts. The works in Zanarini (2020) underlined the quality of native full-field datasets – ESPI and DIC – in broad frequency 
band dynamic testing. In Zanarini (2022a) a precise comparison was made about new achievements for rotational and strain FRF 
high resolution maps. In the recent paper (Zanarini, 2022b) the variability of fatigue failure risk maps, obtained from ESPI-based 
datasets (reduced at the SLDV references) and fatigue spectral methods, was introduced by the changes in the R amplitude of the 
excitation dynamic signature, followed7 by further refinements. With a recent work8 the risk index mapping is addressed, instead, by 
means of DIC-based full-field receptances at the moderate (interpolated) resolution of SLDV in both spatial and frequency domains, 
while with (Zanarini, 2024b) the analysis is made with the original DIC dataset, without any potential distortion coming from 
the topology transforms and related down-sampling interpolations. Another relevant addition in Zanarini (2024b,c) is the use of C
coloured noises – instead of the R ones in Zanarini (2022b,c, 2023a, 2024a) – as excitation signals with potential randomness in 
the complex amplitude and phase, as is here inherited by the modelling of Section 4.

The earlier works (Zanarini, 2022c, 2023a) on direct vibro-acoustics explored the feasibility of the Rayleigh sound radiation 
integral approximation by means of full-field receptances, with an ESPI-based dataset, but reduced to the lower resolution of the 
SLDV references. Furthermore, Zanarini (2023b) addressed the problem of error propagation in vibro-acoustics, once the error is 
scattered on full-field receptances, particularly manifest in SLDV-based datasets. In Zanarini (2024a) can be found the author’s first 
attempt to use full-field receptances also in pseudo-inverse vibro-acoustics, but with a relatively low spatial resolution – with DIC as 
measurements, but SLDV as geometry and frequency references – with 2907 structural dofs, 2601 acoustic dofs and 1285 frequency 
lines. The relatively small size of the vibro-acoustic problem in Zanarini (2022c, 2023a,b, 2024a) also permitted some tentative 
implementations of parallel processing of the diffusion matrix between the structural and the acoustic domains, to speed up the 
calculation time, at the expense of a broader memory allocation (145 GB). The full parallelisation is not feasible here under the 
constraint of 192 GB of physical allocable memory in the available workstation, instead, due to the ESPI dataset in its native dense
resolution with 49042 structural dofs and 40401 acoustic dofs, 1285 frequency lines, as documented in Sections 2 and 5.

Different works were therefore published by the author, following the EC-funded projects, about the growing full-field optical 
technologies, their advantages and drawbacks in a broad scenario of applicability and perspectives. It was shown, especially in 
the latest works from the TEFFMA project and from its spin-off9 researches, how the growing native full-field techniques have 
started to offer tangible advances for the consistency and continuity of their data fields, with clear repercussions in EFFMA10 and 
model updating, in vibro-acoustics11 and in derivative calculations (rotational12 dofs, strains, stresses, risk index13 maps). Optical 
technologies can therefore, more and more frequently, cope with the challenges of the most demanding structural testing without the 
need of a FEM, like sensing, across a broad frequency range, the full-field receptance maps. The latter become useful to characterise, 
in the space and frequency domains, the specific structural dynamics of the actual set-up, with all the potential delays of the 
responses, caught around the superposition of a modally dense dynamics and hardly modellable damping or boundary conditions. 
Indeed, the experiment-based full-field optical receptances can advance, extend and raise the level of the benchmarks, needed by 
any NVH numerical tool, to improve the design procedures of prototypes and manufactured components.

5 HPMI-CT-1999-00029 Post-doctoral Marie Curie Industry Host Fellowship project at Dantec Ettemeyer GmbH, Ulm, Germany, in 2004-5. Since the early 
ESPI-related testing, full-field optical measurements gave relevant and hyper-detailed mapping about the local behaviour for enhanced structural dynamics 
assessments and fatigue spectral methods. In particular, for stroboscopic ESPI, see: Dynamic Behaviour Characterization of a Brake Disc by means of Electronic 
Speckle Pattern Interferometry Measurements; Full field ESPI measurements on a plate: challenging experimental modal analysis; Fatigue life assessment by 
means of full field ESPI vibration measurements; Full field ESPI vibration measurements to predict fatigue behaviour.

6 See in Proceedings of the ICoEV2015 International Conference on Engineering Vibration: Comparative studies on full field FRFs estimation from competing 
optical instruments; Accurate FRFs estimation of derivative quantities from different full field measuring technologies; Full field experimental modelling in spectral 
approaches to fatigue predictions; Model updating from full field optical experimental datasets.

7 The effects of different excitation locations are shown in About the excitation dependency of risk tolerance mapping in dynamically loaded structures. 
Both aspects – of amplitude modulation and location of the excitation – are gathered in Risk tolerance mapping in dynamically loaded structures as excitation 
dependency by means of full-field receptances.

8 See Exploiting DIC-based full-field receptances in mapping the defect acceptance for dynamically loaded components.
9 The present work, together with Zanarini (2022b,c, 2023a,b, 2024a,b,c), can be considered a spin-off research activity in the wake of the TEFFMA project, 

because altogether they have introduced advances and novelties that were not included specifically at the end of it, in particular about the failure risk index 
mapping (Zanarini, 2022b, 2024b) and the vibro-acoustics (Zanarini, 2022c, 2023a, 2024a, 2023b, 2024c), both obtained from its full-field receptances.
10 See Van der Auweraer et al. (2001), Zanarini (2014a,b, 2018, 2019a,b, 2020, 2022a) for extending Experimental Modal Analysis (EMA) to EFFMA, enhanced 

structural dynamics assessments and model updating.
11 See specifically (Zanarini, 2022c, 2023a,b, 2024a,c) for vibro-acoustics.
12 In Zanarini (2018, 2022a) the reader can specifically appreciate the effect of the measurement noise on the estimation of rotational dofs; however, 

unfortunately due to the complexity or burden of their measurement, the rotational dofs are usually disregarded, whilst they are relevant for the successful build 
of a reliable dynamic model for complex structures (Heylen et al., 1998; Liu and Ewins, 1999; Research network, 1998; Ewins, 2000; Friswell and Mottershead, 
1995; Haeussler et al., 2020).
13 See instead (Zanarini, 2022b, 2024b) for enhancements in the mapping from fatigue spectral methods and failure risk grading.
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Fig. 1. Overview of the steps for the sound pressure fields mapping in direct vibro-acoustics.

This work, following the sketch in Fig.  1, exploits therefore the ESPI-based receptances’ dataset with its dense resolution in 
the spatial and frequency domains for an accurate experiment-based characterisation of the vibrating structure, as briefly detailed 
in Section 2 by means of a recall of the experiment-based FRF modelling, while a brief description of the testing is outlined in 
Section 2.1, with attention to the set-up, and hints at the stroboscopic C ESPI measurements in Section 2.1.1.

To address the hybrid and direct vibro-acoustic modelling with high accuracy in both the spatial and frequency domains, the 
well-known Rayleigh integral approximation is re-elaborated in Section 3 – in a C matrix formulation – for allowing the use of 
ESPI-based full-field receptances and of broad frequency band excitations instead of the more common surface velocities, to obtain the
vibro-acoustic transfer matrices – as energy injection location dependent – and the pressure fields – as excitation spectra dependent.

Section 4 is therefore dedicated to the formulation of coloured noises in a broad frequency band, with potential randomness in 
the complex amplitude and phase. The proposed formulation can represent any signal, from the simpler R and noise-free excitation 
to the more adherent signal to natural excitation, like signals with randomness in the complex amplitude and phase.

Section 5 contains all the simulations and notes about the direct vibro-acoustic problem, with examples given in the space and 
frequency domains, after notes on the meshing of the acoustic domain, at different distances of the acoustic mesh from the vibrating 
plate, while varying the excitation model of Section 4. Special attention is given to the multi-modal superposition, specifically 
manifest outside the eigenfrequencies by complex patterns in the ODSs, and to the contribution of the experiment-based full-field
receptance maps to the accuracy of the radiated acoustic pressure over force FRFs and pressure fields.

The reader’s attention is finally drawn to Section 6 for the final comments. The Abbreviations’ panel complements the reading 
for recurrent acronyms.

2. Methods: experiment-based full-field receptances

As widely anticipated in Section 1, the impedance-based studies, by means of full-field optical measurements, in the TEFFMA 
project were the pivot of all the activities. The available technologies were thoroughly investigated to achieve highly reliable full-
field FRFs with unprecedented spatial and frequency resolutions, for any further speculation that may come either from real testing 
or from numerical models, also in hybrid frameworks, like those of Transfer Path Analysis (TPA) (Wagner et al., 2020; Mueller et al., 
2020; Haeussler et al., 2020), or like here for full-field hybrid vibro-acoustics. The bold notation of the following math expressions 
refers to arrays/vectors of multiple components, while plain text pertains to a single component only.

2.1. Brief summary of the testing in the TEFFMA project

A brief14 summary of what was available at TU-Wien as in Fig.  2 can be highlighted: a dedicated seismic/floating floor room 
with an anti-vibration table; a mechanical and electronic workshop with technicians at disposal; traditional tools for vibration and 
modal analysis, like shakers and impedance heads; but, in particular, there were 1D SLDV (dated around 2003), 3D Hi-Speed DIC 
(dated around 2008, with an external high-frequency high-power lighting system, active in Figs.  2𝑎, 𝑏) and stroboscopic 3D ESPI 
(dated around 2004 for the C stepped sine processing prototype as hinted in Section 2.1.1, but with a hi-resolution head from 2008 
in Fig.  2𝑐, with its functional scheme in Fig.  2𝑑) optical full-field measurement instruments as gathered for the concurrent testing 
in Fig.  2𝑎. Note that the vibrating plate is placed far enough away from the closest reflecting surface (the wall on the back, visible 
at the very top of Fig.  2𝑎, was around 1.5 m distant), to consider the potential sound reflections as meaningless15 in the frequency 
range of interest, therefore appropriate for the Rayleigh integral approximation – which theoretically requires an infinite baffled 
surface, with no other pressure sources – later used for the sound radiation simulations, as in Section 3.

14 The reader can find the most detailed notes on the test campaign in Zanarini (2019a), with further suggestions in Zanarini (2019b, 2020, 2022a, 2024b,c).
15 The interested reader can see in the Tab.1 of Zanarini (2023b) an example of tabulated Green’s diffusion function contributions, in terms of frequency and 

distance: the amplitude of the back-reflected contributions with a 3 m travelling distance is 4 orders of magnitude lower than that at 1 mm at 20 Hz, but this 
strongly drops to 31 orders of magnitude lower at 1024 Hz, therefore clearly with minimal relevance to the plate dynamics. Also the shakers’ membranes in Fig. 
2𝑏 may have a limited contribution, but already accounted for during the sine stepped excitation in ESPI measurements as in Section 2.1.1, when the Coherence
functions (Heylen et al., 1998; Ewins, 2000; Bendat and Piersol, 2000) as in Zanarini (2019a), in their high quality, addressed the excitation as coming from the 
active shaker head only.
5 
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Fig. 2. The test-rig in the TEFFMA project’s laboratory (see Zanarini (2014a,b, 2018, 2019a,b, 2022a)) for the concurrent full-field testing of SLDV, DIC & ESPI: 
aerial view in 𝑎 with ESPI head on a side, to let the SLDV & DIC techniques acquire the measurements; close-up on the 2 shakers with their impedance heads 
on the back of the plate in 𝑏; close-up on the ESPI head in its working position in front of the restrained plate sample in 𝑐; in 𝑑 the scheme of the ESPI head 
is proposed. (For the best interpretation of the colours in the figure(s), the reader is referred to the web or PDF version of this article).

Accurate studies were needed to understand each technological limit and if a common test for concurrent usage might be really 
possible by these very different measurement techniques. All this brought to a unique set-up for the comparison of the 3 optical 
technologies in full-field FRF estimations at each maximal manageable resolution, in the trade-off between the broad frequency range 
of interest and the highest quality achievable. Great attention was paid to the design of experiments for further research in modal 
analysis, structural dynamics and NVH, as spin-off researches (Zanarini, 2022b,c, 2023a,b, 2024a,b,c) documented. The accurate 
tuning of the rig and of the instruments brought a feasible performance overlapping directly out of each technique, reminding the 
reader that the same structural dynamics can be sensed in complementary domains, which means frequency for SLDV and ESPI, time 
for DIC. Topology transforms, as extensively detailed in Zanarini (2019a, 2022a), were added whenever a quantitatively comparison 
of the datasets16 was needed in the same physical references of geometry and frequency spacing.

The sample was a thin 7075-T6 aluminium alloy (elastic modulus 𝐸 = 71.7 GPa, Poisson ratio 𝜈 = 0.33) rectangular plate 
(external dimensions: 250 𝑥 236 𝑥 1.5 mm), which was fixed by wires to a rigid frame on the air-spring optical table (see Fig. 
2𝑐) to restrain any excessive rigid-body movement. Specifically, note that the specimen under test was designed as a lightweight 
structure to retain a complex and tightly-coupled structural dynamics – with its real constraints and damping characteristics – within 
the operative ranges of the used measurement technologies in the TEFFMA project. The flat plate was in pristine conditions, not to 
confuse the measurement errors with part’s defects. The front-side of the plate presented a layer of paint with a DIC-friendly random 
noise pattern. The excitation was given by 2 electrodynamic shakers orthogonally positioned on the back-side of the plate, to fulfil 

16 The super-imposable datasets – to assure the maximal qualities in the measurements – were restrained to the following sets of (spatial grid dofs, frequency 
lines): (57 × 51, 1285) for SLDV (see Zanarini (2018, 2019a)), (111 × 108, 2008) for DIC (see Zanarini (2024b,c)) and (226 × 217, over 2000) for ESPI (see 
details in Zanarini (2019b) and settings in Section 2.1.1). ESPI dofs were roughly 4× DIC’s ones, 16× SLDV’s ones.
6 
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Fig. 3. An example of the basic steps of speckles’ processing in ESPI chain: reference interferogram in 𝑎 from Eq. (1), interferogram from a deformed state in 
𝑏 from Eq. (2), fringes in the specklegram of 𝑐 from Eq. (3), wrapped phase map in 𝑑 after specklegram processing and unwrapped phase map in 𝑒, projected for 
continuous out-of-plane displacement field as in Eq. (6).

the stepped-sine phase-shifting acquisition procedure for ESPI with an external sine waveform generator, while LMS Test.Lab system 
drove the shakers in SLDV and DIC measurements. Although ESPI and DIC could have sensed in-plane displacements thanks to their 
3D nature, nothing – except meaningless noise – was measured above the sensitivity threshold, due to the specific geometry of the 
sample and orthogonal excitations. Therefore, the present work is only focused on out-of-plane vibrations of flat surfaces. The force 
signals were sampled at the shaker-plate interfaces by means of the force cells in the impedance heads (see Fig.  2𝑏), to calculate 
the receptances 𝑯𝒅𝒒𝒇 (𝜔) in Eq. (8).

2.1.1. Basics of stroboscopic complex-valued ESPI measurements
Note that stroboscopic ESPI was here used to measure the displacement maps 𝐗𝐪(𝜔) in the frequency domain. Therefore, a brief 

recapitulation from earlier works of the author, as already seen in footnote 5, might be of help to the reader, who can find broader 
contents in the highlighted references.

In ESPI the so-called speckles (see Doval (2000), Rastogi (1997)) are the result of statistical interference light intensity patterns, 
or interferograms; the latter are made by the superposition of the reference light wave front and the object light distribution, which 
is back-scattered by a surface with micro-roughness – the source of randomness, being illuminated by the same light through a 
beam-splitter, as in Fig.  2𝑑. A simple mapping, in the sensor coordinates (u,v) as in Doval (2000), of the interferograms intensity 
𝐼(𝑢, 𝑣) – taken in two distinct recordings – follows: 

𝐼1(𝑢, 𝑣) = 𝐼0(𝑢, 𝑣) [1 + 𝜁 (𝑢, 𝑣)𝑐𝑜𝑠 (𝜙(𝑢, 𝑣))] ∈ R, (1)

𝐼2(𝑢, 𝑣) = 𝐼0(𝑢, 𝑣)
[

1 + 𝜁 (𝑢, 𝑣)𝑐𝑜𝑠
(

𝜙(𝑢, 𝑣) + 𝛥𝜙21(𝑢, 𝑣)
)]

∈ R, (2)

where 𝐼0(𝑢, 𝑣) is the Bessel type average radiance between the object and reference wave fronts; 𝜁 (𝑢, 𝑣) ∈ [0, 1] can be called the
complex degree of coherence; 𝜙(𝑢, 𝑣) is the sum of the random phase noise component and the variation between the object and the 
reference phase difference; 𝛥𝜙21(𝑢, 𝑣) is the deterministic phase difference induced by surface generalised deformation between two 
recordings. Examples of Eqs. (1),(2) are sketched in Fig.  3𝑎, 𝑏, respectively. A well suited light source is that of a monochromatic laser 
with high coherence length, for which the photons in the ray keep the same phase lag for long paths – compared to the wavelength 
– to have no influence on the speckles, the signal carriers, therefore on the measurements. Specklegrams are instead maps, with the 
typical isolines called fringes, of phase difference between the different records of speckles, e.g. simply by 𝐼2(𝑢, 𝑣) − 𝐼1(𝑢, 𝑣) from Eqs. 
(1),(2), as recalled as follows and as sketched in Fig.  3𝑐: 

𝐼1(𝑢, 𝑣) − 𝐼2(𝑢, 𝑣) = 𝐼0(𝑢, 𝑣)𝜁 (𝑢, 𝑣)𝑠𝑖𝑛
(

𝜙(𝑢, 𝑣) +
𝛥𝜙21(𝑢, 𝑣)

2

)

𝑠𝑖𝑛
(

𝛥𝜙21(𝑢, 𝑣)
2

)

∈ R. (3)

Thanks to the constant wavelength of the coherent laser light, the fringes in the specklegrams are related to the difference in the 
optical paths of the light beams, thus to the deformation states of the object between the records. Many image-based enhancing 
techniques might be used to optimise the fringes in the specklegrams, to be later processed for obtaining the so called wrapped phase 
difference map, as exampled in Fig.  3𝑑. The resolution of the sensor plays an important role in the ability to solve busy specklegrams. 
Different procedures can be used to quantitatively extract the unwrapped 𝛥𝜙21(𝑢, 𝑣) from the enhanced specklegrams and Eq. (3), 
based on digital filtering and phase demodulation as in Ochoa et al. (1999), Georgas and Schajer (2012), or based on phase shifting 
as in Maas (1991), Vrooman (1991), Schreiber and Bruning (2007) dealing with other phase shifted recordings, or spatial Fast 
Fourier Transform filtering, as suggested in Kreis (2004) with related system design requirements.

Note that any R (u,v) map, whose ordinate values at each (u,v) location are represented in a complex plane with real and imaginary
axes, appears as a line, angled with a measurement specific phase regarding the real axis, but with all the dofs-related segments 
laying on the same straight line, passing from the origin, with only two possible sides; the measurement of the whole map makes 
the projection of all the dofs-related segments on the real axis, always keeping the same relative sign among the dofs. Instead, a 
C (u,v) map on the complex plane appears like a cloud with relevant complexity, or relative thickness (full complexity pertains to 
a round shape), due to the potential spreading of the dofs’ components in all the directions with different relative angles. When 
projected to the real axis for a measurement, the relation among the dofs is strongly dependent on the projecting angle, possibly 
leading – in this application – to misunderstandings about the sensed structural dynamics in tough scenarios.
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In case of static defection shapes, 𝛥𝜙21(𝑢, 𝑣) is merely R, therefore any distinct recording may be enough to quantitatively 
extract the unwrapped 𝛥𝜙21(𝑢, 𝑣) from the enhanced specklegrams and Eq. (3). Instead, if 𝛥𝜙21(𝑢, 𝑣) ∈ C as generally can be 
in dynamic ODSs, more attention should be paid in the selection of the recordings, as any time averaging17 would destroy the
complexity of the data field. The continuous wave of a coherent laser light can be made stroboscopic by means of an acousto-optical 
demodulator, which extracts the first harmonic at the same circular frequency 𝜔 of the sine excitation, as follows in Section 2.2. 
The stroboscopic illumination – being preferable for steady events such as harmonic responses due to its very high stability – can 
freeze the interferogram between two phases, or time delays, of the driving sine excitation, permitting the regular evaluation of the 
phase map 𝛥𝜙𝑘(𝑘−1)(𝑢, 𝑣) ∈ R between a reference record 𝑘 − 1 and the 𝑘th generic delayed record by a selectable phasing quantity 
𝛥𝛷𝑘∕𝜔, where 𝛥𝛷𝑘 is influenced by the throughput of the sensor’s electronics. Granted that a needed time delay 𝛥𝛷0∕𝜔 is due to 
the electronics speed at 𝜔, it is possible to run 𝐾 successive measurements by shifting the acquisition timing by adding a multiple 
of 2𝜋∕𝐾 to 𝛥𝛷0, so that the phase shifting becomes 𝛥𝛷𝑘 = 𝛥𝛷0 + 𝑘2𝜋∕𝐾, with 𝑘 = 1…𝐾. There results a series of 𝐾 equally 
phase-delayed events at the same circular frequency 𝜔 of the harmonic excitation. Even if the acquisitions 𝛥𝜙𝑘(𝑘−1)(𝑢, 𝑣) belong to 
different positions on the steady harmonic response, 𝛥𝛷0 being common, they can be regrouped as belonging to the same virtual 
harmonic wave, each of them delayed from the other by the known quantity 2𝜋∕𝐾, and modelled as: 

𝛥𝜙𝑘(𝑘−1)(𝑢, 𝑣) = 𝒂(𝑢, 𝑣) + 𝒃(𝑢, 𝑣)𝑐𝑜𝑠[𝒄(𝑢, 𝑣) + 𝑘2𝜋∕𝐾] ∈ R, (4)

with a threshold value 𝒂(𝑢, 𝑣) and a cosine wave of complex amplitude 𝒃(𝑢, 𝑣) and complex phase delay 𝒄(𝑢, 𝑣), relative to the cosine 
excitation with circular frequency 𝜔. By means of a non-linear least squares fitting, the 𝐾 phase maps in Eq. (4) are used to evaluate 
the parameters (𝒂(𝑢, 𝑣), 𝒃(𝑢, 𝑣), 𝒄(𝑢, 𝑣)) to finally obtain 𝛥𝜙21(𝑢, 𝑣) ≡ 𝛥𝜙𝜔(𝑢, 𝑣) ∈ C, with its C parts at 𝜔 as: 

𝛥𝜙𝜔(𝑢, 𝑣) = {𝒃(𝑢, 𝑣)𝑐𝑜𝑠[𝒄(𝑢, 𝑣)], 𝒃(𝑢, 𝑣)𝑠𝑖𝑛[𝒄(𝑢, 𝑣)]} ∈ C, (5)

while the term 𝒂(𝑢, 𝑣) is used to assess the proper shifting between the first and second exposures. This fitting of the harmonic signals 
reduces the noise in the fields. The same approach is followed by the external channels of more traditional sensors, synchronised 
with the ESPI exposures, like accelerometers or force cells, as was made since the works in footnote 5. The evaluation of the simple 
R data as in Eq. (4) can be heavily influenced by the phase delay between the excitation and the illumination, like exploring how 
heavily the R projection of C data can change with high complexity by such phase delay. Furthermore, the resolvable fringes in 
each map of Eq. (4) put a hard trade-off between final displacement and sensor resolution. Instead, the results in Eq. (5) at the 
specific frequency are independent of the single acquisition’s parameters, delivering the whole C data field, in which some areas 
might have relative phase delays with the rest of the field (appearing as smooth gradients of the complex phase of the field), which is 
something never visible from Eq. (4) only, but extremely relevant for advanced EFFMA with closely-spaced or repeated eigenshapes 
and frequency dependent enquiries of general damping or anisotropies in structures. Furthermore, by Eq. (5) an extension (or nearly 
×𝐾 multiplication, with 𝐾 = 12 in the TEFFMA project) of the measurable complex amplitude is obtained, which might be really 
valuable for the clarity of the C ODSs, later evaluated.

Once the 𝛥𝜙𝜔(𝑢, 𝑣) ∈ C is properly unwrapped, a sensitivity matrix 𝒔 is needed to finally obtain the displacement field. A sensitivity 
vector 𝒔𝑟 can be defined as the difference between the unitary vectors of the illumination ray and the observation direction in global 
3D coordinates, as in Fig.  2𝑑. The use of more than 3 distinct sensibility vectors brings a refined sensitivity matrix 𝒔, through a more 
robust (in a least-squares sense) pseudo-inversion. Therefore, from a pair of unitary vectors defining the sensitivity vector 𝒔𝑟 only the 
projection of the displacement field 𝒅𝜔(𝑢, 𝑣) ∈ C along 𝒔𝑟 can be obtained, with the following relation: 

𝛥𝜙𝜔𝑟
(𝑢, 𝑣) = (2𝜋∕𝜆𝐿)𝒅𝜔(𝑢, 𝑣) ⋅ 𝒔𝑟 ∈ C, (6)

stating the relation of one 𝜆𝐿 (wavelength of the coherent laser light, e.g. 532 nm for a continuous wave laser as in TEFFMA project) 
every 2𝜋 in the wrapped phase map or fringe step, before the projection. An example is reported in Figs.  3𝑑, 𝑒.

Instead, with a fully populated sensitivity matrix 𝒔, the displacement field 𝒅𝜔(𝑢, 𝑣) ∈ C can be described in all the 3D components 
(being 𝑧 the out-of-plane direction), as: 

⎡

⎢

⎢

⎢

⎣

𝒅𝜔𝑥
(𝑢, 𝑣)

𝒅𝜔𝑦
(𝑢, 𝑣)

𝒅𝜔𝑧
(𝑢, 𝑣)

⎤

⎥

⎥

⎥

⎦

=
𝜆𝐿
2𝜋

⎡

⎢

⎢
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𝑠1𝑥 𝑠1𝑦 𝑠1𝑧
𝑠2𝑥 𝑠2𝑦 𝑠2𝑧
𝑠3𝑥 𝑠3𝑦 𝑠3𝑧

⎤

⎥

⎥

⎦

−1

⋅

⎡

⎢

⎢

⎢

⎣

𝛥𝜙𝜔𝑥
(𝑢, 𝑣)

𝛥𝜙𝜔𝑦
(𝑢, 𝑣)

𝛥𝜙𝜔𝑧
(𝑢, 𝑣)

⎤

⎥

⎥

⎥

⎦

, 𝒅𝜔(𝑢, 𝑣) =
𝜆𝐿
2𝜋

[

𝒔1, 𝒔2, 𝒔3
]−𝑇

⋅ 𝜟𝝓𝜔(𝑢, 𝑣) ∈ C. (7)

The 3D displacement map in sensor coordinates (u,v) from Eq. (7) is later interpolated and scaled on the selected grid of measurement 
dofs with 3D global coordinates, with potentially contouring description.

An Ettemeyer Q500 C-ready prototype – as shown in Figs.  2𝑐, 𝑑 with its multi(4)-illumination arms and mirrors, controlled

17 Time averaging techniques (e.g. in Wong and Chan (1998)) are used for a fast glimpse of the average ODS with low power lighting and simple systems, but 
no control is left on the C nature of the structural dynamics. This reflects the distinction between standing and travelling ODSs, time averaging being able to 
acquire only standing ODSs, as can be enough in the fast assessment of musical instruments, like in the next examples, proposed for a more comprehensive reading, 
but not relevant for this C-based paper: Laser-Based Interferometric Techniques for the Study of Musical Instruments, Electronic speckle pattern interferometry: 
Applications to the musical acoustics of percussion instruments, and An Integrated Method for the Vibroacoustic Evaluation of a Carbon Fiber Bouzouki. Instead, 
for travelling ODSs and generally in EFFMA, which are inherently C, stroboscopic ESPI is compulsory to avoid any misunderstanding, with the C approach here 
summarised.
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Fig. 4. Example of ESPI measurements at 80 Hz: in 𝑎 the wrapped phase map from Eq. (4), in 𝑏 the complex amplitude and in 𝑐 the complex phase, both obtained 
from Eq. (5) by 𝐾 = 12 equally phase delayed maps as in 𝑎.

Fig. 5. Example of ESPI measurements at 565 Hz: in 𝑎 the wrapped phase map from Eq. (4), in 𝑏 the complex amplitude and in 𝑐 the complex phase, both 
obtained from Eq. (5) by 𝐾 = 12 equally phase delayed maps as in 𝑎.

Fig. 6. Example of ESPI measurements at 996 Hz: in 𝑎 the wrapped phase map from Eq. (4), in 𝑏 the complex amplitude and in 𝑐 the complex phase, both 
obtained from Eq. (5) by 𝐾 = 12 equally phase delayed maps as in 𝑎.

by piezoelectric transducers for the 3D sensitivity matrix 𝒔 and phase shifting approaches (Maas, 1991; Vrooman, 1991; Schreiber 
and Bruning, 2007) – was used in the TEFFMA project with a high-resolution (1.3 MPixels) sensor, but limited to a 250 × 250 
interpolation dofs’ matrix due to the huge dataset recorded in 𝑁 = 10 repetitions, although higher density (e.g. the standard 
parameter sets a 600 × 600 dofs matrix) was freely achievable in the final interpolation. In Figs.  4, 5, 6 examples of the whole 
stroboscopic C ESPI displacement maps evaluation are proposed, as taken directly out of the proprietary software Istra 3.4.2 
respectively at the frequencies of 80, 565 and 996 Hz, which are close – but still different – to those later used in the receptances’
dataset in Sections 2.2 and 5. The difference in frequency, in such a populated structural dynamics, might be enough to change 
the patterns. Note that only one repetition is here proposed, whereas 𝐾 = 12 equally phase delayed maps are used to compute the 
virtual C field. The estimations in Section 2.2 are therefore made in the frequency domain by stepped sine excitation, dealing with 
𝑁 × 𝐾 = 120 unwrapped phase maps at each frequency line. Furthermore, these data were originally sampled every 0.5 Hz, whereas 
in Sections 2.2 and 5 an interpolation was made over the SLDV-based frequency spacing, as detailed below. In Figs.  4–6, first a R
wrapped phase map is shown, as one of the many that can be obtained, with quite different patterns by changing the illumination 
phasing regarding the excitation from Eq. (4). Also, when unwrapped, such phase map should not be confused with any part of the 
virtual C field, obtained from Eq. (5) by 𝐾 maps of the type in Eq. (4), and shown instead in its complex amplitude in tiles 𝑏 and 
in its complex phase in tiles 𝑐. Specifically, the latter can show the degree of complexity of the C map, with smooth transitions of 
the colours in the range [−𝜋, 𝜋], and related to an increase of the relative thickness of the cloud of the map on the aforementioned
complex plane; instead, a strictly R map shows always sharp changes of complex phase sign, to the opposite extremes, with all the 
dofs-related segments laying on the same straight line.
9 



A. Zanarini Journal of Fluids and Structures 137 (2025) 104340 
Fig. 7. Example of receptance 𝑯𝒅𝑞𝑆1
(𝜔) graph in the frequency domain evaluated in structural dof 𝑞 = 24068 – by means of DIC (red), ESPI (green) and SLDV 

(blue) techniques from the TEFFMA project – with shaker 1 excitation.

To achieve the dense detail in the full-field receptances, the ESPI-based results are here used as geometry reference in the topology 
transforms at their native resolution, with nearly 1 dof every linear mm in a 240 × 226 mm map – about 5 mm inside the borders 
of the plate, which brought 226 × 217 (49042) structural dofs. SLDV and DIC, as in footnote 16 and in Zanarini (2018, 2019a,b), 
could not reach such density and field-wise quality18 on the same rig, recalling from above how ESPI was restrained in the number 
of dofs. ESPI-based receptances are here instead interpolated in the frequency domain onto the SLDV-based frequency granularity, 
thus resulting in 1285 – instead of the over 2000 acquired ones – frequency lines in the range [20–1024] Hz, with 0.78125 Hz of 
even frequency spacing, remaining more manageable for the scopes of this paper.

2.2. Brief recall of a direct full-field FRF characterisation

The well known formulation of receptance matrix 𝑯𝒅𝒒𝒇 (𝜔), as spectral linear relation between displacements and forces under 
the assumption of noise only in the output (𝐻1 estimator (Ewins, 2000; Heylen et al., 1998; Bendat and Piersol, 2000)), will 
here be used for the full-field FRF estimation. 𝑯𝒅𝒒𝒇 (𝜔) describes the dynamic behaviour of a linearised – for its geometrical 
configuration and its material properties at the specific dynamic conditions – testing system, with potentially 𝑁𝑓  input excitations 
𝑭 𝒇 (𝜔) = [𝑭 𝑇

𝑓1
(𝜔)…𝑭 𝑇

𝑓𝑁𝑓
(𝜔)]𝑇  in structural locations of global coordinates 𝒒𝒇 = [𝒒𝑇𝑓1 … 𝒒𝑇𝑓𝑁𝑓

]𝑇  (with 𝒒𝒇  being the global coordinates 
of all the input forces’ locations, here 2 distinct shakers) and 𝑁𝑞 output displacement responses 𝑿𝒒(𝜔) = [𝑿𝑇

𝑞1
(𝜔)…𝑿𝑇

𝑞𝑁𝑞
(𝜔)]𝑇  in 

structural locations of global coordinates 𝒒𝒒 = [𝒒𝑇𝑞1 … 𝒒𝑇𝑞𝑁𝑞
]𝑇  (𝒒𝒒 representing the configuration of the undeformed structure in its 

𝑁𝑞 dofs, here indeed several thousands of them covering the whole sensed surface). 𝑯𝒅𝑞𝑓 (𝜔) can be formulated in the following 
expression for the generic single input force 𝑓 and output displacement 𝑞, as: 

𝑯𝒅𝑞𝑓 (𝜔) =

∑𝑁
𝑚=1 𝑆

𝑚
𝑿𝑞𝑭 𝑓

(𝜔)
∑𝑁

𝑚=1 𝑆
𝑚
𝑭 𝑓𝑭 𝑓

(𝜔)
∈ C, (8)

18 For the SLDV system in use in the TEFFMA project as in Section 2.1, scanning-related issues – in precisely driving the piezoelectric-actuated mirrors for 
long-lasting acquisitions – were supposed to be the main restraints in achieving higher densities. Furthermore, the noise in the spatial fields was relevantly 
higher than with the native full-field techniques, as can be seen in Zanarini (2019a,b, 2020) and in EFFMA-related or model updating results. Indeed, most of 
the times, the SLDV measurements are treated by a spatial smoothing (e.g. mean, median) filter in standard applications, not applied instead in the TEFFMA 
project’s works for comparisons of raw outputs and not to lose spatial details. The effects of the scanning-related issues, as added to the more uniform random 
noise at some specific frequency lines, can be clearly seen in Zanarini (2020, 2023b) as specific noise patterns on the receptances, with a propagation into the 
acoustic pressure fields of Zanarini (2023b). When spatially derived, as in Zanarini (2022a, 2025), the ODSs affected by the scanning-related issues brought less 
reliable full-field rotational, strain and stress FRF maps. The interested reader may find different scanning-related patterns with other instrumentations, although 
this problem was revealed only by an accurate post-processing and not by the system’s checks on raw data acquisition, as noted in Zanarini (2018, 2019a,b); 
this problem brought to the rejection of many SLDV datasets, with stronger faults than those later processed. For the DIC system in the TEFFMA project’s works, 
the electronics characteristics of the cameras – set as a trade-off between possible image resolutions and frame rates – were the limit for higher spatial densities 
(see Zanarini (2018, 2019a,b, 2024b,c)).
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Fig. 8. Examples of receptance 𝑯𝒅𝑛𝒒𝑆1
(𝜔) ODS evaluated at the specific frequency of 78.9 Hz, highlighted (magenta) structural dof 𝑞 = 24068, in its parts: real 

part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 9. Examples of receptance 𝑯𝒅𝑛𝒒𝑆1
(𝜔) ODS evaluated at the specific frequency of 565.62 Hz, highlighted (magenta) structural dof 𝑞 = 24068, in its parts: real 

part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 10. Examples of receptance 𝑯𝒅𝑛𝒒𝑆1
(𝜔) ODS evaluated at the specific frequency of 996.41 Hz, highlighted (magenta) structural dof 𝑞 = 24068, in its parts:

real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

where 𝑿𝑞 ∈ C is the 3D output displacement at q-th structural dof located in the global coordinate 𝒒𝑞 ∈ 𝒒𝒒 , induced by the input 
force 𝑭 𝑓 ∈ C at f -th structural dof in the global coordinate 𝒒𝑓 ∈ 𝒒𝒇 , while 𝑆𝑚

𝑿𝑞𝑭 𝑓
(𝜔) is the 𝑚th cross-power spectral density between 

input and output, 𝑆𝑚
𝑭 𝑓𝑭 𝑓

(𝜔) is the 𝑚th auto-power spectral density of the input, evaluated in 𝑁 repetitions, 𝑁 = 10 as remarked 
in Section 2.1.1. Note that, although each of the ESPI-based fields is already of great quality, the noise in Eq. (8) is remarkably 
limited (see also the very field-wise clean Coherence functions in Zanarini (2018, 2019a)), thanks to the 𝑁 repetitions, processing 𝑁
× 𝐾 = 120 unwrapped phase maps at each frequency line.

A clear example of Eq. (8) can be seen in Fig.  7, where all the 3 measurement technologies (DIC in red, ESPI in green, SLDV 
in blue) of the TEFFMA project gave their estimation of the receptance FRF 𝑯𝒅𝑞𝑓 (𝜔) (for the out-of-plane Z component signalled by 
‘‘dir [3]’’, with logarithmic complex amplitude of [mm/N] in the same scale). Thanks to the topology transforms, the receptances
are taken in the same structural dof of enquiry, here dof 𝑞 = 24068, close to the centre of the plate, as later shown in Figs.  8, 9 and 
10 with a magenta dot; the excitation is from shaker 1 in the structural dof 𝑓 = 𝑓1 = 43799 = 𝑆1. The topology transforms for all 
the 3 techniques used ESPI for the geometry reference and SLDV for the frequency reference, as highlighted at the bottom left of 
Fig.  7. No smoothing was applied to the any receptance.

Instead, in Fig.  8 the entire receptance ODS – highlighted as ‘‘Displacement Z/N’’ – at 78.9 Hz is displayed in its data parts with 
related quantities – all deployed with the same projection angle to keep consistency in the comparisons – by means of green tones 
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of increasing brightness, from the minimal to the maximal value. The bar on the left side depicts the entire range in the single ODS, 
with a magenta line corresponding to the ODS value reached in the dof of enquiry, also recalled by the green text. In the tiles of 
Figs.  8–10, also the shakers’ positions are highlighted, with a dark yellow dot for the active shaker (here shaker 1), and a grey dot 
for the mute one (here shaker 2, in structural dof 𝑓 = 𝑓2 = 16120 = 𝑆2). A grey axes triad is partially visible, specifically showing 
the out-of-plane 𝑍-axis orientation. Other ODS are shown in Figs.  9 and 10, at 565.62 Hz and 996.41 Hz respectively, as these 3 
ODSs are later used in the vibro-acoustic simulations: in this way, the shape of the air-pumping vibrating surface is clear.

Once – as later developed in Section 4 – the specific excitation signature 𝑭 𝑓 (𝜔) in structural dof 𝑓 is known in the frequency 
domain, the FRF formulation in Eq. (8) can be used to obtain the full-field displacements over the entire surface, as follows, at 
specific output dof 𝑞: 

𝒅𝑞𝑓 (𝜔) = 𝑯𝒅𝑞𝑓 (𝜔)𝑭 𝑓 (𝜔) ∈ C, (9)

The surface velocity in dof 𝑞, due to the excitation 𝑭 𝑓 (𝜔), easily comes, 𝑖 being the imaginary unit, as: 

𝒗𝑞𝑓 (𝜔) = 𝑖𝜔𝒅𝑞𝑓 (𝜔) = 𝑖𝜔𝑯𝒅𝑞𝑓 (𝜔)𝑭 𝑓 (𝜔) ∈ C. (10)

Increasing the spatial resolution in hybrid models by means of dense full-field FRFs is therefore a valuable addition to the state-
of-the-art of the design of complex systems and surely leads to the exploration of new FRF-based quantities derived from excellent 
quality displacement fields, such as surface rotations, velocities, strains & stresses and failure point distributions (Zanarini, 2018, 
2019b, 2022a). Furthermore, distributed loading patterns, such as those resulting from vibro-acoustics (Zanarini, 2022c, 2023a,b, 
2024a), might be considered.

3. Methods: revisiting a simple sound pressure vibro-acoustic formulation

To highlight what can be achieved in vibro-acoustics by ESPI dense experiment-based full-field receptances, the basic vibro-
acoustic approach of the Rayleigh integral approximation is here revisited, starting from the traces found in Maynard et al. (1985), 
Veronesi and Maynard (1987), Williams (1999), Kirkup (1994), Gérard et al. (2002), Fahy (2003), Desmet (2004), Wind et al. 
(2006), Kirkup and Thompson (2007), Arenas (2008), Richards et al. (2018), Kirkup (2019), Conta et al. (2020), but without any 
further discussion on other methodologies, outside the scope of this paper. Pivotal is the aid of the dense experiment-based full-field
receptances from ESPI, instead of any other numerical model of the structure (e.g. finite or boundary elements (Kirkup, 1994; Desmet, 
2004; Kirkup and Thompson, 2007; Kirkup, 2019), wave-based (Desmet, 1998; van Hal et al., 2005; Deckers et al., 2014) or any 
functional expansion), and of C excitation signals. As hinted in Section 2.1, the construction of the set-up permits the use of the 
Rayleigh approach – for semi-infinite spaces – instead of the complete solution of the Helmholtz equation – for infinite spaces – 
thanks to the practically absent reflections of sound waves by close surfaces.

The vibro-acoustic simulation here discussed concerns the sound radiated to a theoretically infinite acoustic domain by a finite 
vibrating surface S, mounted on an infinite baffle to avoid any other uncontrolled source or reflection, i.e., the flat plate whose 
structural dynamics was here measured, as explained in Section 2.1, positioned away from reflecting surfaces, as can be seen in Fig. 
2𝑎. The case is that of propagating waves (Mas and Sas, 2004) in an infinite medium, revisited with a full-field receptances-based 
frequency domain approach. The sound pressure 𝑝(𝑎, 𝜔) – in the 𝑎th point of global coordinates 𝒂𝑎 of the acoustic domain 𝐴 – can 
be defined, according to Kirkup (1994), Desmet (2004), Wind et al. (2006), Kirkup and Thompson (2007), Richards et al. (2018), 
Kirkup (2019), Conta et al. (2020), from the Rayleigh integral of the Helmholtz equation as: 

𝑝(𝑎, 𝜔) = 2𝑖𝜔𝜌0 ∫𝑆
𝑣𝑛(𝑞, 𝜔)𝐺(𝑟𝑎𝑞 , 𝜔)𝑑𝑆𝑞 , 𝐺(𝑟𝑎𝑞 , 𝜔) =

𝑒−𝑖𝑘𝑟𝑎𝑞
4𝜋𝑟𝑎𝑞

= 𝑒−𝑖𝜔𝑟𝑎𝑞∕𝑐0
4𝜋𝑟𝑎𝑞

∈ C, (11)

where 𝜌0 is the medium (air) density, 𝑣𝑛(𝑞, 𝜔) is the normal (out-of-plane) velocity of the 𝑞th structural centroid (located in the 
global coordinate 𝒒𝑞) of the infinitesimal vibrating surface 𝑑𝑆𝑞 , 𝑘 = 𝜔∕𝑐0 = 2𝜋∕𝜆𝑎 is the wavenumber in the Helmholtz equation (𝑐0
is the speed of sound at rest in the medium, 𝜆𝑎 is the acoustic wavelength), 𝑟𝑎𝑞 = ‖𝒓𝑎𝑞‖ is the norm of the distance 𝒓𝑎𝑞 = 𝒂𝑎 − 𝒒𝑞
between the specific points (𝑎, 𝑞) in the two domains, and 𝐺(𝑟𝑎𝑞 , 𝜔) is the free space Green function as described in Eq. (11).

The normal velocities in the frequency domain can be linked to the dynamic out-of-plane displacements superposition over the 
static configuration 𝒒𝒒 , by means of the projection of the Eqs. (9) and (10) towards the surface normal 𝒛̂. Taking only the normal 
component of the 3D vectorial quantities, the relation 𝑣𝑛(𝑞, 𝜔) = 𝒛̂ ⋅ 𝒗𝑞(𝜔) = 𝑖𝜔𝒛̂ ⋅ 𝒅𝑞(𝜔) = 𝑖𝜔𝒅𝑛𝑞(𝜔) can be seen as expressions of 
𝒅𝑛𝑞(𝜔) = 𝑯𝒅𝑛𝑞𝒇 (𝜔) ⋅𝑭 𝒇 (𝜔), where the receptance FRFs 𝑯𝒅𝑛 (𝜔) = 𝒛̂ ⋅𝑯𝒅(𝜔) are of size 𝑁𝑞 ×𝑁𝑓 , 𝑁𝑞 being the number of the structural 
outputs on surface S and 𝑁𝑓  of the input excitation signatures 𝑭 𝒇 (𝜔). Eq. (11) can be therefore rewritten as: 

𝑝(𝑎, 𝜔) = −2𝜔2𝜌0 ∫𝑆
𝑯𝒅𝑛𝑞𝒇 (𝜔)𝑭 𝒇 (𝜔)𝐺(𝑟𝑎𝑞 , 𝜔)𝑑𝑆𝑞 ∈ C, (12)

with 𝑯𝒅𝑛𝑞𝒇 (𝜔), 𝑭 𝒇 (𝜔) and 𝐺(𝑟𝑎𝑞 , 𝜔) as C quantities, therefore also the field 𝒑(𝒂, 𝜔) ∈ C.

By means of a discretisation of the vibrating surface domain 𝑆 that scatters the sound pressure, like 𝑆 ≈
∑

𝑞 𝛥𝑆𝑞 , where 𝛥𝑆𝑞 is 
the discrete rectangular area of the surface with the 𝑞th point as centroid and dimensions as an average of the distances from the 
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neighbour points in the grid, Eq. (12) can be expressed in terms of a sum of discrete contributions, as a full-field receptances-based 
Rayleigh integral approximation: 

𝑝(𝑎, 𝜔) ≈ −2𝜔2𝜌0

𝑁𝑞
∑

𝑞
𝑯𝒅𝑛𝑞𝒇 (𝜔)𝑭 𝒇 (𝜔)𝐺(𝑟𝑎𝑞 , 𝜔)𝛥𝑆𝑞 ∈ C, (13)

with 𝑯𝒅𝑛𝑞𝒇 (𝜔), 𝑭 𝒇 (𝜔) and 𝐺(𝑟𝑎𝑞 , 𝜔) now related to discrete domains, with 𝒂𝒂 = [𝒂𝑇𝑎1 …𝒂𝑇𝑎𝑁𝑎
]𝑇  being the global 3D coordinates of 

the 𝑁𝑎 dofs in the mapped acoustic domain.

Being 𝐺(𝑟𝑎𝑞 , 𝜔) and 𝛥𝑆𝑞 functions of the locations of the 𝑁𝑎 discrete points in the whole acoustic domain and of the 𝑁𝑞
points on the vibrating surface, they can be grouped in a diffusion matrix 𝑻 𝒂𝒒(𝜔) ∈ C, sized 𝑁𝑎 × 𝑁𝑞 , of single element 𝑻 𝑎𝑞(𝜔) =
−2𝜔2𝜌0𝐺(𝑟𝑎𝑞 , 𝜔)𝛥𝑆𝑞 , to transform the summation of Eq. (13) into a matrices’ product for the acoustic pressure in the single point 𝑎:

𝑝(𝑎, 𝜔) ≈ 𝑻 𝑎𝒒(𝜔)𝑯𝒅𝑛𝒒𝒇 (𝜔)𝑭 𝒇 (𝜔) ∈ C. (14)

If, differently than the acoustic transfer vectors in Gérard et al. (2002), Citarella et al. (2007) as functions between acoustic pressures
and surface velocities, a vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔), sized 𝑁𝑎 ×𝑁𝑓 , is defined as:

𝑽 𝒂𝒇 (𝜔) = 𝑻 𝒂𝒒(𝜔) ⋅𝑯𝒅𝑛𝒒𝒇 (𝜔) ∈ C, (15)

therefore as a functional of acoustic pressures over structural forces containing the structural dynamics of the radiating surface, Eq. (14) 
can be easily rewritten as: 

𝑝(𝑎, 𝜔) ≈ 𝑽 𝑎𝒇 (𝜔)𝑭 𝒇 (𝜔) ∈ C, (16)

which turns useful if the structural responses and acoustic domain are kept unchanged (meaning the vibro-acoustic transfer matrix
𝑽 𝒂𝒇 (𝜔) is unchanged), while varying only the excitation signatures to map the responses on the acoustic pressure field 𝒑(𝒂, 𝜔).

The diffusion matrix 𝑻 𝒂𝒒(𝜔) allows the estimation of the pressure field by means of matrix multiplications, which are made just 
bigger in the case of finer grids in both the acoustic and structural domains. While working on a quantitative comparison of the 
results from reduced datasets of the 3 full-field optical measurement techniques in the TEFFMA project, the tentative parallelisation – 
mentioned for (Zanarini, 2022c, 2023a,b) – was applied on the diffusion matrix 𝑻 𝒂𝒒(𝜔), shared in the 3 simulations, the structural and 
acoustic domains being the same among the experiment-based approaches, therefore worthy for a single shared memory allocation 
and calculation, but within the computational constraints of physical memory.

Note also that Eqs. (14) and (16) allow the calculation of the sound pressure field directly from experiment-based full-field
receptances, which should help the accuracy of the dense results in all their C parts. One should be aware that other researchers, also 
focused on other simulation methods not of concern here, work with sound powers in much coarser grids – losing all precise phase
information – and are therefore of no specific interest in this discussion that instead stresses the C nature of the experiment-based 
quantities in dense domains. The results proposed in Section 5 can be achieved thanks to the extreme spatial density and accuracy of 
the dense ESPI full-field receptances, and because these receptances – being evaluated directly from the test – retain the true blending 
of any C ODS active at the specific frequency, with the proper real boundaries and dissipation/damping effects of the actual vibrating 
structure.

3.1. Comments on the approximations in the full-field receptances-based Rayleigh approach

Usually 𝒓𝑎𝑞s in Eqs. (11)–(13) are considered as constant and R vectors, depending only on the static locations of the points in 
both acoustic and structural domains. It might be noted, instead, that 𝒓𝑎𝑞 may become 𝒓̂𝑎𝑞(𝜔) = 𝒂𝑎 − 𝒒𝑞 −𝑯𝒅𝑛𝑞𝒇 (𝜔) ⋅𝑭 𝒇 (𝜔) ∈ C, once 
the structural domain is considered in small-amplitude flexible motion, dependent on excitation, structural dynamics and frequency. 
Nonetheless, being the contributions 𝑯𝒅𝑛𝑞𝒇 (𝜔)⋅𝑭 𝒇 (𝜔) ∈ C considered of at least 3 orders of magnitude lower than the static distances 
𝒓𝑎𝑞s when far from the sound pressure source, at first evaluation they can be neglected, but might be a source of future discussion 
for Nearfield Acoustic Holography (NAH). The same can be said about the small variations of 𝒛̂, due to the surface deflection that 
pushes the air in a direction slightly different from the actual constant normal. Considering 𝒓𝑎𝑞s as R constant vectors – independent 
of frequency, structural dynamics and excitations – brings clear advantages in the amount and speed of calculations, thanks to a 
single computation and memory allocation, with potentially great advantages in parallel computing.

Also the wavenumber 𝑘 in Eq. (11), in some problems like those of damped waves (Fahy, 2003) or of specific medium 
conditions, may become complex-valued, such that 𝑘̂2 = 𝜔(𝜔 + 𝑖𝛾)∕𝑐02 with damping parameter 𝛾 > 0, when the waves are 
absorbed by the medium through which they propagate. There also results, with 𝑘̂(𝜔), 𝑟̂𝑎𝑞(𝜔) ∈ C, that a more extended Green 
function 𝐺̂(𝑟̂𝑎𝑞(𝜔), 𝜔) = 𝑒−𝑖𝑘̂(𝜔)𝑟̂𝑎𝑞 (𝜔)∕4𝜋𝑟̂𝑎𝑞(𝜔) should have been introduced, with 𝑒𝑐(𝜔) = 𝑒𝑑(𝜔)+𝑖𝑏(𝜔) = 𝑒𝑑(𝜔)(𝑐𝑜𝑠𝑏(𝜔) + 𝑖𝑠𝑖𝑛𝑏(𝜔)), 
𝑐(𝜔) = −𝑖𝑘̂(𝜔)𝑟̂𝑎𝑞(𝜔) = 𝑑(𝜔) + 𝑖𝑏(𝜔) ∈ C. But in the simplified problem of sound radiated into air – from a metal structure like 
the one presented here – the wavenumber 𝑘 is kept real-valued with 𝛾 = 0, as well as 𝒓𝑎𝑞 ∈ R, therefore the Green function 
𝐺(𝑟𝑎𝑞 , 𝜔) results with 𝑒𝑐 = 𝑒0+𝑖𝑏 = (𝑐𝑜𝑠𝑏 + 𝑖𝑠𝑖𝑛𝑏) as 𝐺(𝑟𝑎𝑞 , 𝜔) = (𝑐𝑜𝑠(−𝑘𝑟𝑎𝑞) + 𝑖𝑠𝑖𝑛(−𝑘𝑟𝑎𝑞))∕4𝜋𝑟𝑎𝑞 , ℜ(𝐺(𝑟𝑎𝑞 , 𝜔)) = 𝑐𝑜𝑠(−𝜔𝑟𝑎𝑞∕𝑐0)∕4𝜋𝑟𝑎𝑞 , 
ℑ(𝐺(𝑟 , 𝜔)) = 𝑠𝑖𝑛(−𝜔𝑟 ∕𝑐 )∕4𝜋𝑟 , as approximated in Eq. (11).
𝑎𝑞 𝑎𝑞 0 𝑎𝑞
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4. Methods: formulation in the frequency domain of dynamic signatures for excitation forces

In order to fully appreciate the contribution of experiment-based full-field receptances, thanks to their C representation of the real-
life structural dynamics, different excitation signatures for 𝑭 𝑓 (𝜔) = [𝐹𝑅𝑒(𝜔), 𝐹𝐼𝑚(𝜔)] real & imaginary components are discussed in the 
following subsections. The general shape of the amplitude-modulated broad frequency band forces is here that of the coloured noises 
as inspired by Wikipedia.org (2025), governed by the 1∕𝜔𝛼 factor, with 𝛼 ∈ [−2, 2] defining the noise colour : 𝛼 = −2 for violet noise, 
𝛼 = −1 for blue noise, 𝛼 = 0 for white noise, 𝛼 = 1 for pink noise and 𝛼 = 2 for red noise. For all types of excitations, shared quantities 
can be defined: 𝐹0 as the reference amplitude; 𝑆0 as the sinusoidal phase range multiplier; 𝑁𝑝 as the number of half cycles of the 
phase in the range; 𝜔0 as the starting frequency; 𝛥𝜔 as the frequency range; 𝜃0 as a reference phase; 𝜃(𝜔) = 𝑆0𝑠𝑖𝑛(𝜋𝑁𝑝(𝜔−𝜔0)∕𝛥𝜔+𝜃0)
as a selected phase function; 𝛽𝐹0 , being 0 ≤ 𝛽𝐹0 ≤ 1, as the level of randomness in the amplitude; 𝑅𝑎𝑛𝑑𝐹0  and 𝑅𝑎𝑛𝑑𝜃 as functions 
returning a pseudo-random number in the range 0 to 1; 𝛽𝜃 as the level of randomness in the phase compared to 𝜋. For all the 
examples later provided in Section 5, the following inputs were taken: 𝐹0 = 0.050 N, 𝑆0 = 1.0 rad, 𝑁𝑝 = 7.5, 𝜃0 = 0.5𝜋 rad, 𝛽𝐹0 = 1.0, 
𝛽𝜃 = 3.14∕𝜋.

4.1. Real-valued coloured noise

A R coloured noise excitation 𝑭 (𝜔) can be defined as: 

𝐹𝑅𝑒(𝜔) =
𝐹0
𝜔𝛼 , 𝐹𝐼𝑚(𝜔) = 0,𝑭 (𝜔) =

[

𝐹𝑅𝑒(𝜔), 𝐹𝐼𝑚(𝜔)
]

∈ C. (17)

This means, therefore, that each frequency line component has the same phase, simply put to zero phase lag and null imaginary part
𝐹𝐼𝑚(𝜔). This type of noise receives here the label ‘‘std’’, which stands for standard designation, and corresponds to the excitation 
signature already found in Zanarini (2022c, 2023a, 2024a).

4.2. Complex-valued coloured noise

A C coloured noise excitation 𝑭 (𝜔) can be defined as: 

𝑭 (𝜔) =
𝐹0
𝜔𝛼 𝑒

𝑖𝜃(𝜔) ∈ C, (18)

with 𝜃(𝜔) to address the varying phase with a specific function, as above. This type of noise receives here the label ‘‘sp’’, which 
stands for sinusoidal phase designation, as can be found in Figs.  24, 26, 27 and 28. It can be seen how all the complexity of the clean 
excitation can be described with this type of signal.

4.3. Real-valued coloured noise with random amplitude variations

A R coloured noise excitation with random amplitude variations 𝑭 (𝜔) can be defined as: 

𝐹𝑅𝑒(𝜔) =
𝐹0𝑟
𝜔𝛼 , 𝐹𝐼𝑚(𝜔) = 0,𝑭 (𝜔) =

[

𝐹𝑅𝑒(𝜔), 𝐹𝐼𝑚(𝜔)
]

∈ C. (19)

This means therefore that each frequency line component has the same phase, simply put to zero phase lag. Specifically: 𝐹0𝑟 =
𝐹0(1 + 𝛽𝐹0 (𝑅𝑎𝑛𝑑𝐹0 − 0.5)), where 𝐹0 can be seen as the reference – or mean – amplitude, around which the randomness occurs. This 
type of noise receives here the label ‘‘ra’’, which stands for random amplitude – but zero phase lags – designation.

4.4. Complex-valued coloured noise with random amplitude & phase variations

A C coloured noise excitation with random amplitude & phase variations 𝑭 (𝜔) can be defined as: 

𝑭 (𝜔) =
𝐹0𝑟
𝜔𝛼 𝑒𝑖𝜃𝑟(𝜔) ∈ C. (20)

Specifically, 𝐹0𝑟 = 𝐹0(1 + 𝛽𝐹0 (𝑅𝑎𝑛𝑑𝐹0 − 0.5)), where again 𝐹0 is the reference amplitude, around which the amplitude randomness 
occurs. Identically, 𝜃𝑟(𝜔) = 𝜃(𝜔)(1+𝛽𝜃(𝑅𝑎𝑛𝑑𝜃−0.5)) with 𝜃(𝜔) as the chosen phase function, contaminated by random phase variations. 
This type of noise receives here the label ‘‘rap’’, which stands for random variations in the amplitude and sinusoidal phase designation, 
as can be found in Figs.  25, 29, 30 and 31.

It can be clearly seen how this latter type of signature retraces that of any experiment-based acquisition, with a generically 
varied spectrum and stochastically spread uncertainty in all the signal components. Therefore, in these approaches, grounded on 
experiment-based full-field receptances, any testing force can be retained with its real-life components, without assumptions nor 
compromises, except the respect of the linearity relation between force levels and structural responses.
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Fig. 11. Relative position in a reversed view of the radiating surface (in green tones) and the acoustic domain of interest (in grey tones), at specific distances 
of 25 mm in (𝑎), of 75 mm in (𝑏) and of 125 mm in (𝑐), excitation from shaker 1 at 20 Hz.

5. Results & discussion: numerical mapping of sound pressure from full-field receptances

The theoretical relevance of the defined vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔) should be already clear, before the adoption of a 
specific excitation signature from Section 4, to simulate the acoustic pressures in Eq. (16). After brief notes on the meshing of the 
acoustic domain, examples of the vibro-acoustic transfer matrix and of the acoustic pressure fields are here given, with the aid of 
ESPI-based spatially dense full-field receptances and C coloured noise excitations. Brief instructions follow on how to read the text 
in the pictures (see Figs.  12–31) processed for showing the results of this Section.

At the first line from top of the 2D graphs, in magenta in the centre, a brief description of the main function is reported, together 
with the acoustic dof of enquiry, considered on the maps. At the top left, the frequency line of interest is highlighted in dark yellow, 
as well as the corresponding vertical line on the graphs, like a frequency cursor. Just below, the involved functions/parts (in assigned 
colours for each measurements technology, with pure green for ESPI) are reported with the values at the specific frequency, together 
with a corresponding horizontal coloured line in the frames of the graphs/parts. In all the 2D graphs, the extremes of the main 
function are annotated in grey text on the right side, as well as the description19 of the quantity. When the excitation signal is 
introduced (in black), it is normalised to occupy only a portion of the frame of the complex amplitude, without extremes in evidence. 
However, the excitation is fully described in black at the top left of each quantity frame, together with the punctual value at the 
specific frequency, but without any horizontal black line. At the bottom of the graphs, below the line for the extremes of the 
frequency range, the geometry and frequency references of the dataset are reported in grey text on the left side, whereas the active 
(yellow) and mute (dark grey) shakers are indicated on the right side.

For the 3D maps, in the first text line from the top a brief description of the main function is proposed. The second text line 
underlines which shaker is active (in dark yellow) and mute (in dark grey), with corresponding structural dofs, possibly focused on 
the map by coloured dots (if the face culling allows their rendering); for these dense ESPI-based datasets, shaker 1 is in structural 
dof 43799, while shaker 2 in dof 16120. The third text line contains the frequency step and the corresponding value in Hertz. The 
same geometrical view and phasing angle are kept among the tiles of the C maps, when proper comparisons are of interest: the 
fourth text line reports which C part is figured, while the fifth line gives the specific projecting phase angle. The sixth text line, in 
magenta, highlights the specific dof of enquiry, also represented by a big magenta dot on the map. The seventh text line reports 
in pure green the numerical value of the function reached in the enquiry dof, when using ESPI-based datasets. The same value is 
highlighted by a magenta dash in the ranges’ bar, as detailed below. The acoustic mesh is graded by grey tones, linearly ranging 
from pure white (rgb=[1,1,1]) in the maximum value to pure black (rgb=[0,0,0]) in the minimal value. The ranges of each specific 
map are reported on the left side of the tile, with the linearly varying grey tones and the extremes (in text, the highest in pure green 
for ESPI) of the whole range.

5.1. Meshing the acoustic domain

The selection of the acoustic domain’s parameters should reflect the specific application, as well as the structural dynamics should 
be sensed accordingly, in order to have the real behaviour of the vibro-acoustic coupled domains. However, during the TEFFMA 
project no specific measurements were taken about the air parameters, neither for temperature, nor for humidity nor for density. All 
these specific conditions affect the material properties of the components and the related structural dynamics; they also have a direct 

19 If followed by the suffix ‘‘[dB]’’, the operator 20*log10() is applied to the function values.
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Fig. 12. Example of vibro-acoustic transfer matrix 𝑽 𝑎𝑆1
(𝜔) graph in the frequency domain evaluated in acoustic dof 𝑎 = 20201, mesh distance of 25 mm. The 

frequency cursor (yellow line) intercepts the function at 78.9 Hz.

influence on the diffusion matrix 𝑻 𝒂𝒒(𝜔), specifically by 𝐺(𝑟𝑎𝑞 , 𝜔) and 𝜌0; all these parameters have contributions in the vibro-acoustic 
transfer matrix 𝑽 𝒂𝒇 (𝜔) of Eq. (15) and in the sound pressure fields of Eq. (16). Therefore, a generalised synthetic application – with 
aerospace test cases as ideal targets – is here simulated for the sake of showing the proposed approach: the air parameters for these 
simulations20 were arbitrarily fixed in 𝑐0 = 300.0 m/s and 𝜌0 = 1.204 kg/m3. For the aim of a simple comparison of the simulations 
in this paper, a squared21 mesh was generated, of size 0.75 m × 0.75 m, with 201 × 201 dofs (𝑁𝑎 = 40401, 3.75 mm as acoustic 
grid spacing). The mesh was centred on the vibrating plate and positioned at 3 increasing distances above it (0.025 m, 0.075 m, 
0.125 m), as shown in Figs.  11𝑎–𝑐, in order to clearly appreciate the varying C blending effect of the pumping structural ODSs on 
the acoustic field. Note that, in the following figures of the acoustic mesh, the vibrating ODSs are hidden behind the mapping of 
the vibro-acoustic transfer matrix and of the acoustic pressure fields, the visual projection being in −𝑍 direction.

5.2. Evaluation of the vibro-acoustic transfer matrix

This paper wants to show the possibility of evaluating the vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔) directly from the experiment-based
receptances, as proposed in Section 3, without the need of any structural FEM, but with great detail and field quality, thanks to the 
excellent ODSs from ESPI. It is important to underline how the vibro-acoustic transfer matrix obtained from the experiment-based
receptances preserves, with its C nature, the real-life conditions of the test, without any simplification in the damping, nor in the 
materials’ properties, nor in the boundary conditions, nor in any modal base identification or truncation.

In Fig.  12 a single function 𝑽 𝑎𝑓 (𝜔) of the vibro-acoustic transfer matrix, evaluated with the acoustic mesh being 25 mm shifted 
from the vibrating plate, is reported as a frequency domain relation from shaker 1 and acoustic dof 𝑎 = 20201, here selected in the 
centre of the squared acoustic mesh. The same type of relation is reported also in Fig.  13 and in Fig.  14, at the increased distances 
of 75 mm and 125 mm, respectively, but, therefore, with changed patterns. The vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔) proved to be 
evaluable from full-field receptances, in its C nature highlighted in Eq. (15) and with strong interaction of the real-life structural 
dynamics, showing the blending of differently phased eigensystem contributions in the whole frequency range of interest. It can be 
clearly seen how the data retain completely the C nature of the experiment-based full-field receptances, especially in the damping 
around resonances and anti-resonances, or in the blending at any other frequency line. This type of results is hardly obtainable by 
synthetic structural models without a complete tuning or model updating. But it is also clear that, by comparing the receptance of 
Fig.  7 with the vibro-acoustic transfer matrix of any of the Figs.  12–14 (the acoustic dof being nearly located just above the structural 
dof), the vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔) is not a simple scaling of the receptance matrix 𝑯𝒅𝑛 (𝜔) of Eq. (8), but a completely 
new quantity, where the Green functions 𝐺(𝑟𝑎𝑞 , 𝜔) play a relevant role in the blending of the matrix components, according to its 
definition. Nonetheless, the main resonance peaks of the receptance matrix 𝑯𝒅𝑛 (𝜔) seem to maintain a clear footprint particularly 

20 Other air parameters could be taken from Wikipedia.org (2024b) (e.g. considering a room temperature of 15 ◦C, close to what found, but never precisely 
recorded, for the TEFFMA testing: 𝑐0 = 340.27 m/s and 𝜌0 = 1.225 kg/m3), but without eliminating any methodological relevance to the achievements here 
presented, instead with other numerical results. Further considerations must be made once the component is tested for specific in-flight conditions, the latter 
also affecting the material properties, therefore the whole structural dynamics. Specifically, from Wikipedia.org (2024a,b): 𝑐0 drops to nearly 295–300 m/s, but 
the air density 𝜌0 can vary strongly with weather conditions and with altitude in the range [1.225 (sea level) – 0.3639 (11 km) – 0.088 (20 km)] kg/m3, while 
passing from the Troposphere (0–11 km) into the Tropopause (11–20 km), close to the cruising altitude of commercial/supersonic jets.
21 But other meshes – manifold surfaces or point clouds included – can be easily coded for the same approach for a better appreciation of the 3D sound 

diffusion in other specific locations of interest.
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Fig. 13. Example of vibro-acoustic transfer matrix 𝑽 𝑎𝑆1
(𝜔) graph in the frequency domain evaluated in acoustic dof 𝑎 = 20201, mesh distance of 75 mm. The 

frequency cursor (yellow line) intercepts the function at 565.62 Hz.

Fig. 14. Example of vibro-acoustic transfer matrix 𝑽 𝑎𝑆1
(𝜔) graph in the frequency domain evaluated in acoustic dof 𝑎 = 20201, mesh distance of 125 mm. The 

frequency cursor (yellow line) intercepts the function at 966.41 Hz.

in the first part of the spectra of the vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔), while in the mid-high frequency range of [512–1024] 
Hz that influence pattern changes, with relatively higher contribution – now comparable in the complex amplitude – in radiating 
sound of other components of the receptances, with unexpected blending. This is partly due to the formulation of the diffusion matrix
𝑻 𝒂𝒒(𝜔), where 𝜔2 multiplies the Green function (using a vector norm). Once focusing in the same mid-high frequency range, the 
patterns of the vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔) in Figs.  12–14 seem there more affected by the distance of the acoustic mesh 
from the vibrating surface, again putting into evidence the blending role of the Green function 𝐺(𝑟𝑎𝑞 , 𝜔), which has 𝑟𝑎𝑞 both in a 
limited numerator and in a linearly dependent denominator (see Section 3.1), 𝑟𝑎𝑞s being directly affected by the distance between 
the domains.

In Figs.  15, 16 and 17 the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) is displayed in grey tones over the whole acoustic mesh, hiding 

the receptance matrix 𝑯𝒅𝑛𝒒𝑆1
(𝜔) of the radiating plate already introduced in Fig.  8 at 78.9 Hz, with the acoustic mesh at 25 mm, 

75 mm and 125 mm respectively as in Fig.  11𝑎–𝑐, but seen from −𝑍 direction like in Fig.  8, with all the C components of the acoustic 
domain. As explained in the captions of Figs.  15–17, the real part is in tile 𝑎, the imaginary part is in tile 𝑏, the complex amplitude is 
in tile 𝑐, while the complex phase is depicted in tile 𝑑 of each composite figure that follows. Beside each tile/component, as already 
introduced, the range scale in grey tones allows to locate, by means of a magenta line, the level reached by the vibro-acoustic transfer 
matrix in the acoustic dof of enquiry (𝑎 = 20201), which is the magenta dot highlighted in the acoustic mesh. Darker tones correspond 
linearly to the minimal values in the range, while full brightness pertains to the maximal values, eventually with the minus sign. 
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Fig. 15. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 78.9 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 25 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 16. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 78.9 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 17. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 78.9 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 125 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

The levels can be useful to properly understand how the components are blended, or scaled, into the whole data representation, 
once a specific excitation is used later to evaluate the acoustic pressure field of Eq. (16).

In Fig.  15𝑐 the complex amplitude of the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) is shown to exhibit a clear link to the receptance

shape of Fig.  8𝑐, as the latter is quite simple at 78.9 Hz. The agreement seems also slightly higher between the real parts in Fig.  15𝑎
and Fig.  8𝑎, rather than with the imaginary parts in Fig.  15𝑏 and Fig.  8𝑏. Instead, the complex phase on the vibro-acoustic transfer matrix
in Fig.  15𝑑 appears with a slightly different pattern, than the complex phase of the structural ODS in Fig.  8𝑑, confirming the different 
nature of the quantities, blended by the C Green functions. As hinted in Section 2.1.1, the areas in the complex phase shapes with 
smoothly varying tones not belonging to the extremes [−𝜋, 𝜋] witness a high level of complexity, more typical of travelling waves, 
rather than of standing waves, which are – instead – easily represented by R and sharply stepped patterns. The same ODS of Fig. 
8 at 78.9 Hz is the receptance pattern that pumps air also for the other evaluations in Figs.  16 and 17, but at increased acoustic 
mesh/plate distances. In the tiles of those figures, the expansion of the pattern already commented in Fig.  15 can be recognised, 
together with a fading, or smoothing, of the sharper profiles while the distance of the acoustic mesh from the plate increases. Except 
for the complex phase pattern (essentially raised in the wrapping by 0.198𝜋 and 0.280𝜋 rad, then brighter tones are restarted by -2𝜋
in dark zones), the other data parts of the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) are active in nearly 1/9 of the mesh at 25 mm, in 
1/4–1/3 at 75 mm and in about the whole mesh at 125 mm, but still preserving resemblances to the relatively simple ODS pattern 
in Fig.  8, although in changing shapes thanks to the different Green functions used in the diffusion matrix 𝑻 𝒂𝒒(𝜔) of Section 3.1.

In Figs.  18, 19 and 20 the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) is displayed by the data parts in the whole acoustic mesh, but at 

565.62 Hz, as generated in Eq. (15) when feeding the receptance ODS of Fig.  9, which has a more complex pattern than that of Fig. 
8. At the close distance of 25 mm in Fig.  18, the vibro-acoustic transfer matrix has stronger resemblances with the real and imaginary 
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Fig. 18. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 565.62 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 25 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 19. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 565.62 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 20. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 565.62 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 125 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

parts alone of the receptance ODS, rather than with the complex amplitude and phase ones, where, instead, a kind of early mixing – or 
simplifying averaging – of the structural shape takes place. The tiles of Fig.  19 at 75 mm already show a simplified, and smoother, 
pattern for the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔). Now the complex amplitude in Fig.  19𝑐 appears very similar to both the real
and imaginary parts in Figs.  19𝑎, 𝑏. Compared to Fig.  18𝑑, the complex phase in Fig.  19𝑑 flattens in the wrapping, except for two 
round areas, above 2 corners of the vibrating plate (which was mounted in a nearly free–free restraining condition). At the maximal 
distance here simulated – for the acoustic mesh – of 125 mm, the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) of Fig.  20 has smoothed the 
main articulations of the complex pattern of the receptance ODS of Fig.  9. Without quantitatively precise comparative tools such as 
those of Modal Assurance Criterion (MAC) (Allemang, 2003), or rather of Frequency Response Assurance Criterion (FRAC) (Heylen 
et al., 1998; Ewins, 2000; Zanarini, 2022a), the shapes in Figs.  20𝑎, 𝑏, 𝑐 now appear hardly distinguishable (except for the labels). 
The complex phase in Fig.  20𝑑 is nearly flat. The same statements, about the expansion and smoothing of the vibro-acoustic transfer 
matrix pattern with the distance, continue therefore to be valid also at 565.62 Hz.

The articulation of the receptance pattern in Fig.  10 at 996.41 Hz is quite high, in all its C parts, thanks to the complex structural 
dynamics of the lightweight plate tested in the TEFFMA project. When fed into Eq. (15), the receptance pattern in Fig.  10 generates a
vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) with clear signs of that complexity in the ODS pattern, especially at closer distances, typical of 
NAH (Maynard et al., 1985; Veronesi and Maynard, 1987; Williams, 1999; Mas and Sas, 2004). Therefore, prior to the expansion and 
smoothing of the vibro-acoustic transfer matrix field due to the distance in the Green functions, the tiles of Fig.  21 highlight a hyper 
detailed variability in the pattern, in all its parts of the data. Among them, only the complex phase in Fig.  21𝑑 exhibits a less marked 
footprint of the receptance ODS at the centre of the acoustic mesh. Distance works in Green functions already at the intermediate 
distance of 75 mm of the acoustic mesh here simulated, as can be seen in Fig.  22. The active footprint on the vibro-acoustic transfer 
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Fig. 21. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 966.41 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 25 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 22. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 966.41 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 23. Examples of vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) mesh evaluated at the specific frequency of 966.41 Hz, highlighted (magenta) acoustic dof 𝑎 = 20201, 

mesh distance of 125 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

matrix now covers nearly 1/2 of the mesh, showing an increased capability, of the more articulated ODS by 𝜔2, to reach wider areas 
with a detailed pattern. However, by comparing the patterns in all the tiles of Fig.  22 with those in Fig.  21, it is manifest how the 
Green functions are strongly blending – or mixing, averaging and simplifying – the articulations of the receptance ODS, not only 
simply enlarging the patterns. But while the real, imaginary parts and complex amplitude of the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔)
in Figs.  22𝑎–𝑐 retain a distinguishable pattern, the complex phase in Fig.  22𝑑 is nearly flattened. Fig.  23 sketches the evaluation of 
the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) at 125 mm away from the radiating surface. The footprint of the receptance pattern in Fig. 
10 has now covered nearly the whole acoustic mesh with active contributions, but clearly the vibro-acoustic transfer matrix has lost 
that articulation in the pattern of the receptance source. Most of the detailed features belonging to Fig.  21, at a distance of 25 mm 
between structural and acoustic domains, have nearly disappeared in all the C data component of Fig.  23; at 125 mm, instead, with 
a very strong fusion of the minute details in the patterns, there is a kind of strong C blending operated by the Green functions at 
increased distance, which nearly flattens the complex phase in Fig.  23𝑑, but also changes the patterns of the real, imaginary parts and
complex amplitude in Figs.  23𝑎–𝑐.

As was already shown in Zanarini (2023b, 2024c) with SLDV- and DIC-based datasets, at closer distances the structural receptance
ODS projects into the vibro-acoustic transfer matrix mesh with a much clearer reproduction of nodal lines’ arrangement. Therefore, 
as the frequency rises, indeed more shape complexity pertains to the receptance maps, as can be clearly seen passing from Fig.  8 at 
78.9 Hz to Fig.  9 at 565.62 Hz and to Fig.  10 at 966.41 Hz; but the resulting C blending in the vibro-acoustic transfer matrix field, 
taking into account all the contributions across the radiating surface, properly phased, has quite a different shape now, coming 
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from the summation of 𝑁𝑞 = 49042 contributing Green functions, in agreement with NAH (see Maynard et al. (1985), Veronesi and 
Maynard (1987), Williams (1999), Mas and Sas (2004)).

By means of extremely accurate22 and dense ESPI-based full-field receptances, the evaluations of the vibro-acoustic transfer matrix
𝑽 𝒂𝒇 (𝜔) were possible and shown over the entire acoustic mesh of 𝑁𝑎 = 40401 acoustic dofs with unprecedented detail from 
real testing. In addition to advanced vibro-acoustics, other NVH and substructuring methodologies (e.g., Heylen et al. (1998), 
Liu and Ewins (1999), Research network (1998), Ewins (2000), Friswell and Mottershead (1995), Haeussler et al. (2020)) may 
take advantage of such achievements by dense full-field receptances to improve the reliable modelling of complex structures and to 
enhance any benchmark for next design procedures. The experiment-based vibro-acoustic transfer matrix retained, therefore, the C
relations and phase delays, coming from the receptance matrix 𝑯𝒅𝑛𝒒𝑆1

(𝜔) of the real testing, but blended in the summation by the 
Green functions. It is also manifest how the distance of the acoustic mesh plays a relevant role in blending, or fusing with fading 
effects, the contributions of specific areas on the vibrating plate, revealing in particular the proximity to specific nodal lines of the 
structural ODSs, especially at lower frequencies, therefore stressing the role of the receptance matrix 𝑯𝒅𝑛𝒒𝑆1

(𝜔), as obtained from 
real-life distributed damping and boundary conditions.

22 Only ESPI was able to sense, as hinted in Zanarini (2019a), the local footprint of the impedance heads, as can be glimpsed in Figs.  9–10𝑎, 𝑏 for shaker 2.

Fig. 24. Example of acoustic pressure 𝑝(𝑎, 𝜔) graph in the frequency domain evaluated in acoustic dof 𝑎 = 20201, mesh distance of 75 mm, with blue noise-sp
excitation from shaker 1.

Fig. 25. Example of acoustic pressure 𝑝(𝑎, 𝜔) graph in the frequency domain evaluated in acoustic dof 𝑎 = 20201, mesh distance of 75 mm, with pink noise-rap
excitation from shaker 1.
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5.3. Evaluation of acoustic pressure spectra from structural excitation signals

The full retention of the C nature of the vibro-acoustic transfer matrix is emphasised even more once the C signatures of the 
excitations are adopted, e.g. as modelled in Section 4, for the deployment in the whole frequency domain here analysed. For all the 
simulations in Sections 5.3–5.4, the distance of the acoustic mesh from the vibrating plate was fixed at 75 mm. Disregarding the
white noise excitation – which leads only to a scaling of the data shown for the vibro-acoustic transfer matrix – and the R signatures 
in Eq. (17) and (19) (as already adopted and commented in Zanarini (2022c, 2023a, 2024a)), 2 signals only were meaningfully 
simulated here: blue noise-sp (in the shape of Eq. (18) with 𝛼 = −1) and pink noise-rap (in the shape of Eq. (20) with 𝛼 = 1), which 
means that both are C excitations, without – or with – randomness in the complex amplitude and phase. In the following 2D graphs 
of Figs.  24–25, the excitation signals, by means of black curves and text, are superimposed to the acoustic pressure spectra (in green). 
As anticipated, the black curves of the excitation signals are scaled in the complex amplitude to be restricted to 60% of the window 
height, while the complex phase maintains its values in the [−𝜋, 𝜋][rad] range. The black texts add the exact value, in its complex 
valued parts, of the excitation signals at the frequency of the cursor (dark yellow lines), while green texts do it for the 𝑝(𝑎, 𝜔). Specific 
labels are also added for the type of coloured noise used.

By comparing 𝑝(𝑎, 𝜔) in Fig.  24 to the shape of the vibro-acoustic transfer matrix 𝑽 𝑎𝑆1
(𝜔) shown in Fig.  13, it is clear that the

blue noise-sp excitation introduces now a combined complex amplitude modulation in the spectrum of the acoustic pressure at dof 
𝑎 = 20201, as function of the frequency dependent amplitude, together with the sinusoidal phase modification. Specifically, the
complex amplitude of the acoustic pressure sees a moderate increase (in logarithmic scale) of the higher frequency components due 
to the blue noise nature (see Eq. (18) with 𝛼 = −1), while the complex phase of the acoustic pressure sees the additional contribution 
of the excitation sinusoidal phase, coming to a completely different spectrum. Due to its definition, the blue noise-sp excitation does 
not add any randomness in the C multiplication with the vibro-acoustic transfer matrix to obtain the acoustic pressure spectra.

It is again clear in Fig.  25, compared to the shape of the vibro-acoustic transfer matrix 𝑽 𝑎𝑆1
(𝜔) shown in Fig.  13, how the pink 

noise-rap excitation introduces a complex amplitude scaling in the spectrum of the acoustic pressure 𝑝(𝑎, 𝜔) at dof 𝑎 = 20201, as function 
of the frequency dependent amplitude, and specific sinusoidal phase modifications, leading to quite a different shape of the functions. 
On top of those C modifications, a very strong randomness is now added to both the complex amplitude (scattering of ±50%) and
complex phase (scattering of ±50% rad of the selected phase function). Additionally, the complex amplitude of the acoustic pressure
sees a drop of the higher frequency components due to the pink noise nature (see Eq. (20) with 𝛼 = 1).

Also the evaluation of the acoustic pressure 𝑝(𝑎, 𝜔) was possible by Eq. (16), in every dof of the acoustic mesh, by means of the 
extremely accurate and dense ESPI-based full-field receptances 𝑯𝒅𝑛 (𝜔), of the vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔) and of the selected
excitation signatures. In the whole broad frequency band here retained, this achievement was obtained with great detail, without any 
FEM and any approximation – nor distorting assumptions – about the behaviour of the structural domain, except for its linearity.

Furthermore, by varying the parameters in the C coloured noise with randomness in both the complex amplitude and phase, 
as that of Eq. (20), it is possible to appreciate how the whole experiment-based full-field approach is ready to be fed by real-life 
spectra (Bendat and Piersol, 2000), those obtainable by the estimation of actual forces on the prototypes or assembled components, 
without any specific approximation, but retaining the rich dynamics and dense details of the ESPI-based full-field receptances 𝑯𝒅𝑛 (𝜔).

5.4. Evaluation of acoustic pressure fields from structural excitation signals

The acoustic pressure fields 𝒑(𝒂, 𝜔) are here shown at specific frequencies in the whole acoustic mesh, or spatial domain, instead 
of in only the magenta dof 𝑎 = 20201 as before, while in Section 5.3 the single-dof 𝑝(𝑎, 𝜔) spectra were shown in the entirely retained 
frequency domain of [20–1024] Hz. As in Section 5.2 for the vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔), the acoustic pressure fields 𝒑(𝒂, 𝜔)
are shown in grey tones in all their components of the C notation: in each picture, tile 𝑎 contains the real part of the dataset, tile 𝑏
the imaginary part, tile 𝑐 the complex amplitude and tile 𝑑 the complex phase. The excitation forces are the same 2 signals simulated in 
Section 5.3: blue noise-sp (without any randomness, in the shape of Eq. (18) with 𝛼 = −1) and pink noise-rap (with strong randomness 
added, in the shape of Eq. (20) with 𝛼 = 1).

Starting with the blue noise-sp signal, Fig.  26 shows how the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1
(𝜔) of Fig.  16 is influenced by the 

C excitation, without any randomness, at 78.9 Hz. The nature of the excitation interacts with the multiplication of the vibro-acoustic 
transfer matrix 𝑽 𝒂𝑆1

(𝜔) data parts. It is manifest how, in particular, a change in the mapping of 𝒑(𝒂, 𝜔) happens in the complex phase: 
the latter rises – the whole map is uniformly shifted up in the range – by 0.194 rad between the complex phase in Fig.  16𝑑 and that 
in Fig.  26𝑑, evaluated by the phase differences in the magenta dof 𝑎 = 20201, respectively equal to −2.881 rad and −2.687 rad. But 
being the complex phase wrapped in the range [−𝜋, 𝜋] rad (what is raised beyond 𝜋 rad gets a −2𝜋 rad addition, and vice-versa), it 
is represented in deepest tones of grey instead of bright tones of grey, as it appears lifted in Fig.  26𝑑, restarting at the bottom of the 
wrapped range, or reducing the brighter areas. Furthermore, the relative mapping of the complex phase in the mesh is not touched 
by this uniform shift, as expected since the excitation is from a single shaker. The scaling by the blue noise-sp excitation does not 
touch – at least apparently, in a clear manner due to the limited, but uniform, phase shift – either the relative mapping of the real 
part, of the imaginary part or of the complex amplitude of 𝒑(𝒂, 𝜔), therefore the couples of Figs.  16𝑎–26𝑎, of Figs.  16𝑏–26𝑏 and of 
Figs.  16𝑐–26𝑐 appear with the same relative mapping in the mesh, albeit from different physical quantities and absolute values.

Other comparisons with blue noise-sp excitation are taken at 565.62 Hz between the pressure fields 𝒑(𝒂, 𝜔) in Fig.  27 and the
vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) in Fig.  19, reminding the reader that in the latter there was already quite a similarity among 
the tiles 𝑎–𝑐, induced by the flatness of the complex phase in tile 𝑑. With attention again to the complex phase, a shift of 0.973 rad 
22 
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can be appreciated between Fig.  27𝑑 and Fig.  19𝑑: with the wrapping in the range [−𝜋, 𝜋] rad – what is raised above 𝜋 rad gets a 
2𝜋 rad subtraction – the top of the bright areas in Fig.  19𝑑 are now darkened at the bottom of the range, with an annular bright 
area of the locations raised just at the top of the range.

The last comparisons with blue noise-sp excitation are taken at 996.41 Hz between the pressure fields 𝒑(𝒂, 𝜔) in Fig.  28 and the
vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) in Fig.  22. There is not a manifest relative change in the shape of the complex phase between 
Figs.  22𝑑, 28𝑑, as well as in the relative shape of the complex amplitude between Figs.  22𝑐, 28𝑐. Although now the complex phase
– down-shifted by 0.977 rad – is not affected by the wrapping in the range [−𝜋, 𝜋] rad, the newly induced phase, due to its more 
pronounced relative articulation, does change the projection of the real and imaginary parts, now with a grey tone shift of the real 
part between Figs.  22𝑎, 28𝑎, paired with a sign change in the imaginary part between Figs.  22𝑏, 28𝑏.

Instead, in Fig.  29 at 78.9 Hz, the randomness in the complex amplitude and phase of the pink noise-rap excitation signal brings 
a new C scaling of the vibro-acoustic transfer matrix 𝑽 𝒂𝑆1

(𝜔) of Fig.  16. While the same approach followed in the discussion about 
Fig.  26 can be recalled, here in Fig.  29 the randomness adds a different C scaling factor, therefore the 𝑎, 𝑏 maps (real & imaginary
parts) have slight changes, as can be appreciated also by the magenta bar in the ranges, with shifts that are different (albeit limited, 
with no changes in the complex amplitude in tile 𝑐, as expected), but particularly manifest among only the relative mapping of the
complex phases of Fig.  29𝑑 against Fig.  16𝑑 with a slightly greater phase shift of 0.245 rad. The latter reduces the bright areas in the 
pattern further, due to the wrapping of the phase, but does not change the relative shape.

The phase shift of 0.52 rad by the pink noise-rap excitation signal at 565.62 Hz is now less than before with the other blue noise-sp
forcing signal. The change in the wrapping between 𝑽 𝒂𝑆1

(𝜔) in Fig.  19𝑑 and 𝒑(𝒂, 𝜔) in Fig.  30𝑑 now involves a slightly reduced 

Fig. 26. Examples of acoustic pressure mesh evaluated at the specific frequency of 78.9 Hz, highlighted (magenta) acoustic dof 20201, blue noise-sp excitation 
from shaker 1, mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 27. Examples of acoustic pressure mesh evaluated at the specific frequency of 565.62 Hz, highlighted (magenta) acoustic dof 20201, blue noise-sp excitation 
from shaker 1, mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 28. Examples of acoustic pressure mesh evaluated at the specific frequency of 996.41 Hz, highlighted (magenta) acoustic dof 20201, blue noise-sp excitation 
from shaker 1, mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.
23 
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portion of the bright areas. No other manifest change can be reported in the relative mapping of the real, imaginary and complex 
amplitude parts of 𝒑(𝒂, 𝜔) in Figs.  30𝑎, 𝑏, 𝑐, respectively.

At 996.41 Hz, the newly shaped C scaling, given by the pink noise-rap excitation, affects markedly the projection of the real
and imaginary parts of 𝒑(𝒂, 𝜔), but without manifest changes in the relative mapping of the complex amplitude and phase, apart from 
uniform scaling and shifting (inside the phase wrapping, with uniform darkening), respectively, from 𝑽 𝒂𝑆1

(𝜔). Therefore the couples 
of Figs.  31𝑎, 22𝑎 and of Figs.  31𝑏, 22𝑏 are clearly different in the patterns and toning. Instead, in the couple of Figs.  31𝑐, 22𝑐 no 
change is manifest, as expected, the C scaling being just a single rotation in the complex plane of the cloud of dofs’ values, as hinted 
in Section 2.1.1. In the couple of Figs.  31𝑑, 22𝑑, not affected by any wrapping issue, there is surely a general darkening of the 
tones, but any relative change is hardly noticeable, or not easily detectable without proper numerical tools – such as MAC and 
FRAC maps extended to C datasets, as widely used instead in Zanarini (2022a, 2023b) – to compare the quite different results in 
the same spatial field.

5.5. General discussions and suggestions

Here is proposed a more general point of view about the achievements shown by the minute details in Sections 5.1–5.4, thanks 
to the simulations there analysed and to what advanced in all the other Sections.

By means of a rigorous C formulation of all the steps involved in both spatial and frequency fully populated domains, as 
underlined in many parts of this paper, it was possible in Sections 5.2–5.4 to obtain accurate and dense vibro-acoustic hybrid 

Fig. 29. Examples of acoustic pressure mesh evaluated at the specific frequency of 78.9 Hz, highlighted (magenta) acoustic dof 20201, pink noise-rap excitation 
from shaker 1, mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 30. Examples of acoustic pressure mesh evaluated at the specific frequency of 565.62 Hz, highlighted (magenta) acoustic dof 20201, pink noise-rap excitation 
from shaker 1, mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.

Fig. 31. Examples of acoustic pressure mesh evaluated at the specific frequency of 996.41 Hz, highlighted (magenta) acoustic dof 20201, pink noise-rap excitation 
from shaker 1, mesh distance of 75 mm, in its parts: real part in 𝑎, imaginary part in 𝑏, complex amplitude in 𝑐 and complex phase in 𝑑.
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simulations, with no use of pure numerical models like FEMs, but, instead, of advanced ESPI-based receptance datasets23 from the 
real testing, with all its conditions, which might be hardly replicable by other synthetic approaches. The latter follow, most of 
the times, a R numerical processing, therefore they are not able to precisely handle the real-life structural dynamics, but just a 
simplifying projection of it, loosing the phase relationships stored in the C formulation of the broad frequency band quantities, 
as was also underlined in Section 2, with added specific details in Section 2.1.1. Also, the evaluation of synthetic receptances in 
a broad frequency band is generally more demanding with the complete structural (mass, damping, stiffness) matrices of a FEM, 
instead of using a truncated modal base, even if not fully tuned. On the contrary, note that no residual errors are here kept from 
interpolations nor EFFMA identifications (e.g. as in Zanarini (2019b)), remarking how the ESPI-based receptances are a very sensitive 
– with extremely low noise in the data field – technique for dynamic testing of hardly modellable ODSs’ patterns. Stroboscopic C
ESPI, however, has the marked drawback of time-consuming acquisitions, therefore better suited for mission-critical parts, whose 
modelling cannot be fully refined with other cheaper approaches.

The C reformulation of the Rayleigh integral approximation in Section 3 worked flawlessly and independently of the detail 
simulated in the acoustic mesh and frequency domain, the only restraint24 being the computing facility, but with relatively limited 
time-consuming simulations in comparison to the testing campaign. Note that everything was achieved without further assumptions, 
but with high detail, in the spatial and frequency domains, thanks to the quality of the raw dense C ESPI-based optical full-
field receptances and to the introduced (in Section 4) C representation of the excitation signature, able to address any real-life 
forcing spectrum. Dense stroboscopic C ESPI-based optical full-field receptances have proved to give a reliable source for the most 
demanding structural dynamics of a vibrating surface in vibro-acoustic diffusion approximation. The quality of the achievements 
was supported by the proper C numerical handling of all the quantities, in the processing and representation, by means of the 
custom C-language coding, using double float numbers, OpenMP (parallelisation) and OpenGL (graphics) libraries. Under the 
specific testing conditions of this work, this approach pushes the boundaries of the conclusion ‘‘[..] the more complex the source is, the 
more accurate results can be obtained’’, made 40 years ago by Augusztinovicz et al. (1995). Furthermore, new hybrid 3D ESPI-based 
vibro-acoustic approaches can be designed in the future, starting from the proved achievements, for even more articulated scenarios 
of manifold surfaces in radiating structures and boundary conditions.

Suggestions about the correct climate conditions were already made in Section 5.1, but should here be recalled with an extension 
in mind: that of the coupling with other fluids, either gases or liquids, generally having their specific relation with the climate 
conditions, like temperature, humidity, viscosity, concentrations, etc., as also hinted in Section 3.1, but respecting the conditions of 
Eq. (11). Therefore, with the due attentions to the reproducibility – e.g. in anechoic climatic chambers/basins and/or specifically 
under control ones – of conditions in the testing, the proposed approach might evaluate the vibro-acoustics also in the broad cases of 
general fluid–structure interactions. This because a new fluid certainly affects the sound pressure waves diffusion in the medium, but 
might change particularly the generalised damping on the surface and of the components, thus specific testing – e.g. for submerged 
structures in water – is required with all the controlled parameters, stroboscopic C ESPI-based measurements remaining at the core 
of this approach.

Starting from Section 2, and later from Section 3, it is well underlined (as in Zanarini (2019a)) that the proposed vibro-acoustic 
approach is based on the linearity assumption, about the relation between the excitation on the structure and the related responses. 
Also potential non-linear structural behaviours are linearised around the specific conditions of the testing, which needs to be made 
accordingly to the vibro-acoustic scenario that is later targeted by the simulations of 𝑽 𝒂𝒇 (𝜔) and of 𝒑(𝒂𝒂, 𝜔). Furthermore, it is of 
uttermost relevance to underline that if the excitation level from Section 4 changes upto breaking the linearity assumption, new 
structural testing must be made, in order to have the structural dynamics newly linearised around the new conditions. But, due to 
the long lasting accurate stroboscopic C ESPI-based measurements, the suggestion, left for future researches, can be to reproduce 
properly – thus with previous precise estimation25 in the desired broad frequency band – the wanted excitation level in the stepped-
sine laboratory testing.

Despite the achievements here underlined, however, extended checks and proofs of the experiment-based vibro-acoustic 
procedure are suggested in the future, as it was not possible during the TEFFMA project, which remained limited to the comparison 
of the different techniques for full-field non-contacting vibration testing, as summarised in Section 2. Therefore, the acoustic side 
of the testing deserves more attention in future researches, to obtain the acoustic measurements in a set-up resembling the mesh of 
𝒑(𝒂𝒂, 𝜔), radiated by the vibrating surface, as was made in Maynard et al. (1985), Veronesi and Maynard (1987), Coster et al. (2010), 

23 Already in Section 1 was recalled that ESPI can successfully sense very articulated vibration patterns up to several kHz.
24 Indeed, it must be recalled that the same ESPI-based datasets here used might bring to much denser grids of structural dofs, because, in the phase map 

unwrapping process of the stroboscopic C ESPI-based virtual field as in Section 2.1.1 the interpolation was limited to only 250 × 250 dofs, later limited to the 
internal 226 × 217 receptance map dofs. The acoustic mesh of Section 5.1 could have been even more detailed than 201 × 201 dofs, but with limited aid to 
explain the approach further. The vibro-acoustic transfer matrix 𝑽 𝒂𝒇 (𝜔), as well as the pressure fields 𝒑(𝒂𝒂 , 𝜔) by proper C excitation spectra, could be shown in 
even denser spatial domain simulations. This trade-off was made to handle the datasets with relatively low memory allocations (below the max of 192 GB of 
RAM at disposal for this research) and be able to compute the vibro-acoustic simulation in a few tens of minutes. The approach is only limited by the computing 
facility, rather than by the testing conditions, but it can already get the advancement of the very accurate structural ODSs’ description from ESPI with its dense
C sensing, which might be hardly matched by other measurement techniques.
25 E.g. by means of the TPA in Van der Auweraer et al. (2008), Gajdatsy et al. (2010), de Klerk and Rixen (2010), van der Seijs et al. (2016), Cumbo et al. 

(2019), Ortega Almirón et al. (2022), or by the approaches coming from Frequency Based Substructuring (FBS) as in Voormeeren et al. (2010), Wagner et al. 
(2020), Haeussler et al. (2020), Pogacar et al. (2022), or from Multi Input Multi Output (MIMO) vibration testing in Vaes et al. (2005), Musella et al. (2017), 
Schumann et al. (2022).
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Squicciarini et al. (2015), Wagner et al. (2020), Ortega Almirón et al. (2022). More attention is deserved also by the close surfaces, 
to reduce even further the potential sound waves’ reflections in the frequency range of interest, as underlined in Sections 2.1 and 3. 
If possible, the test rig – used by the ESPI-based optical techniques – should be positioned in a (semi-)anechoic chamber, with a 
preferred floating floor to assure the ground vibrations’ insulation. A practical suggestion for the acoustic pressure field mapping is 
to adopt a microphone array, with a relatively coarse grid to prevent relevant distortions on the acoustic signal by the dimension of 
each microphone and fixture, and to move the array – parallel to the surface – by fractions of its grid spacing, in the same way as 
it was arranged in acoustic beamforming campaigns (e.g. in Castellini and Martarelli (2008), Du and Morris (2015), Leclère et al. 
(2017), Chiariotti et al. (2019)), to obtain a spatially oversampled description of both 𝒑(𝒂𝒂, 𝜔) and 𝑽 𝒂𝒇 (𝜔), up to the desired spatial 
detail, as comparable to the meshing of Section 5.1, later used for all the simulations in Sections 5.2–5.4. For an even stronger 
validation of the 𝑽 𝒂𝒇 (𝜔) in Eq. (16), volume velocity sources, as in Augusztinovicz et al. (1995) or as in the author’s experiences26, 
might be of aid, under the reciprocity principle, to confirm the inverse relation.

But all the suggested future researches, made in controlled environments for all the parameters involved in vibro-acoustics, 
can be the first step to foster a broader applicability of the techniques to more complex mission-critical parts and advanced hybrid 
simulation methodologies, especially when traditional simulation tools (e.g. FEM) have tuning issues or when enhanced and spatially 
detailed experiment-based benchmarks are needed to advance the reality’s comprehension.

6. Conclusions

This work underlined the benefits coming from spatially dense stroboscopic complex-valued ESPI-based optical full-field receptances
in frequency domain vibro-acoustics, bringing hyper-detailed real-life experiment-based structural dynamics. Specifically, by means 
of the well-known Rayleigh integral approximation of sound propagation due to a vibrating surface once excited by broad frequency 
band forces, a high-quality experiment-based mapping ability was achieved in simulating vibro-acoustic transfer matrices and acoustic 
pressure fields. The possibilities in vibro-acoustics coming from experiment-based optical full-field tools, by the case of the dense and 
precise ESPI measurements, were underlined at their maximal spatial detail and accuracy obtainable nowadays, but methodologically 
open to future extensions.

That enhanced mapping ability – in both spatial and frequency domains – targets novel hybrid vibro-acoustic prediction 
paradigms without the need of FEM, the complete complex-valued real-life structural dynamics of the radiating surface being entirely 
retained in the vibro-acoustic simulation with great accuracy and details, but without assumptions in the damping, nor errors in 
unneeded identifications nor model updating, nor inertia distortions in the measurements of lightweight structures, nor smoothing 
of the data. Furthermore, these experiment-based full-field techniques can provide new benchmarks for improving the simulations 
from any synthetic model, for a clear advancement of design procedures and of virtual prototyping of complex structures and 
mission-critical components, hardly manageable by other techniques.

New experiments are needed to verify these hybrid sound radiation predictions, and to give further assurance of the achieved 
results in the future, for an increased awareness of full-field measurements’ capabilities for the most demanding vibro-acoustic 
radiation predictions. Experiment-based optical full-field NVH, nonetheless, is on an encouraging path, paved with promising 
advancements coming from growing image-based approaches.
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