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1 Introduction

The simplest way to describe our observed Universe relies on a phase of inflation followed by
ACDM cosmology. The latter assumes that the present energy budget of our Universe includes
a substantial portion of dark energy, driving the current phase of accelerated expansion.
The minimal dark energy model relies on the presence of a small cosmological constant
and naturally motivates constructions of de Sitter (dS) space. The presence of a phase of
inflation before standard ACDM cosmology solves the flatness and horizon problems. Such
an inflationary epoch can be described at the microscopic level by a scalar field slowly rolling
down a very flat scalar potential for a long enough period.

Light scalar fields are natural in 4D effective field theories (EFTs) constructed from string
compactifications, where they arise as closed string moduli parametrising the shape and size of



the extra dimensions, or open string moduli parametrising the geometry of non-perturbative
objects. This framework has the advantage of providing UV complete models where higher-
order corrections to the inflaton potential (possibly spoiling its flatness) are a priori known
and computable once the compactification setup is defined. Supersymmetry plays an essential
role in keeping such corrections small. As explained in more detail below, when quantum
corrections are small enough to generate a flat scalar potential and to ensure that higher-order
corrections are suppressed, Kéhler moduli provide natural inflaton candidates.

Despite all these encouraging arguments, constructing realistic models of inflation and
dark energy while stabilising moduli is one of the big challenges of string theory, and has been
the subject of intense work in the last three decades. Great progress towards this direction has
been achieved but a complete understanding of top-down constructions is still missing. The
realisation of metastable dS space in string theory is notoriously difficult and has undergone
great criticism since the first attempt in the KKLT scenario [1]. Most difficulties come from a
loss of control over quantum corrections after supersymmetry breaking, required to obtain dS.
A related challenge lies in generating, through string corrections, inflaton scalar potentials
allowing for about 50-60 e-folds of inflation while keeping the effective theory under control.

A large class of string theory constructions of inflationary models relies on type IIB
compactifications. In the standard paradigm, the complex structure moduli and the axio-
dilaton are stabilised by 3-form background fluxes [2]. In the supergravity effective theory,
the presence of background fluxes is described by a tree-level superpotential [3] depending on
the axio-dilaton and the complex structure moduli. As this superpotential is independent of
the Kéhler moduli, and due to the form of their Kéhler potential, the tree-level F-term scalar
potential depends only on the complex structure moduli and the axio-dilaton. This is the
famous no-scale structure of the theory [4, 5]. Minimising the scalar potential stabilises these
moduli and leaves the theory with a constant superpotential Wy at the minimum. The Kéhler
moduli are then lifted by breaking this no-scale structure with next-order effects, including
non-perturbative corrections to the superpotential [1, 6, 7], string loops [8-16] or higher-
derivative corrections [17, 18]. Such effects allow to stabilise the Kéhler moduli and to avoid
fifth forces, generically leading to anti-de Sitter (AdS) vacua in the absence of supersymmetry
breaking uplift contributions to the potential. In addition, if the scalar potential for the
Kéhler moduli has a flat enough direction, it can seed a period of inflation driven by slow roll
along one (or several) of the flat direction(s) before reaching the minimum of the potential.
These models are globally referred to as Kéahler moduli inflationary models [19-28] (see [29]
for a recent review).

In particular, the leading order no-scale breaking effect is an O(d/ 3) correction that
depends just on the overall volume [17, 30]. Together with the fact that string loops respect
an extended no-scale structure [12], this implies that any Kahler modulus orthogonal to the
overall volume is a perfect inflaton candidate since it is a leading order flat direction that
enjoys an approximate non-compact shift symmetry [24, 31]. A very promising class of such
models is Fibre Inflation (FI), where the inflaton is the modulus parametrising the ratio
of two large 4-cycles of a K3 fibred Calabi-Yau (CY) manifold. Different versions of Fibre
Inflation have been proposed depending on the effects that generate the inflationary potential:
the original model [22] is based on winding and KK string loops, while subsequent versions



exploited KK loops and F*-terms [25], or winding loops and F*-terms [32]. FI models received
a lot of attention in the literature since they are theoretically robust and provide string theory
potentials which resemble Starobinksy inflation [33, 34] with a large field range [35] leading
to primordial tensor modes at the edge of detectability r ~ 0.007 [36, 37]. Moreover, FI
can be effectively described as a particular case of a supergravity a-attractor [38]. Ref. [39]
provided the first examples of toric K3-fibred CYs with del Pezzo divisors suitable to embed
FI, and [40] studied the effect of higher-derivative corrections to the original FI potential.
Interestingly, corrections at large inflaton values can lead to a CMB power loss at large
angular scales [41, 42]. The production of primordial black holes in FI and the associated
secondary gravity waves has been analysed in [43, 44]. In addition, FI models feature two
ultra-light axions. They acquire isocurvature modes during inflation that have been studied
in [45-48], and their post-inflationary dynamics can account for quintessence [49]. Preheating
for FI has been discussed in [50-52], while perturbative reheating from the inflaton decays
has been studied in [53] for the case when the Standard Model (SM) in on D3-branes, and
in [54] for the SM on D7-branes.

Global embeddings of Fibre Inflation have been the subject of several works in the context
of the Large Volume Scenario (LVS) [55-58]. These previous global embeddings however
never obtained Fibre Inflation with built-in dS uplift and a chiral sector. On the other hand,
in [59] the authors produced a general prescription to construct CY orientifolds with an D3
uplift of the original KKLT scenario [1, 60]. This prescription was then implemented together
with LVS stabilisation in [57, 61] (see also [62] for global KKLT embeddings). Note that
ref. [63] presented a globally consistent embedding of a chiral sector on D3-branes with dS
from T-branes where a blow-up mode with a potential generated by non-perturbative effects
could potentially drive inflation. However, as pointed out in [64], string loop corrections
would spoil the flatness of any potential generated by non-perturbative effects.

The goal of the present work is to make a step further towards the global construction
of type IIB inflationary models featuring the presence of a dS metastable minimum and a
chiral sector. Such a global embedding should thus assemble all the elements at stake in
the framework described previously: fluxes stabilising the complex structure moduli and
the axio-dilaton, an orientifold involution and D-brane configuration assuring a consistent
compactification through tadpole cancellation, quantum corrections seeding Kéhler moduli
stabilisation together with an inflationary region, a non-supersymmetric uplift contribution to
the scalar potential generating a dS minimum, a chiral sector implementing a (semi-)realistic
SM realisation.

In particular, in this paper we focus on Fibre Inflation. We first provide a detailed
analysis of the conditions for a chiral global embedding of Fibre Inflation with an D3 uplift,
and we then present an explicit CY example. To obtain this example, we search through the
Kreuzer-Skarke [65] list to get h'"! = 4 CY manifolds with at least one del Pezzo divisor, a K3
fibre and a reflexive coordinate involution inducing two superposed O3-planes near a deformed
conifold singularity. We then choose a brane setup cancelling the D7-tadpole and allowing
several crucial ingredients: a non-perturbative contribution to the superpotential supported
by the del Pezzo divisor, magnetic worldvolume fluxes, g; winding and Kaluza-Klein (KK)
loop corrections and the largest possible D3-charge.



For our given orientifold configuration, we assume the existence of 3-form fluxes stabilising
at tree-level (and giving high masses to) the axio-dilaton and all complex structure moduli,
except for the light modulus parametrising the S at the tip of the throat of the deformed
conifold geometry. We then derive the expression of the scalar potential for the K&hler
moduli and throat modulus. The non-perturbative superpotential and O(a/ 3) correction to
the Kahler potential produce the LVS scalar potential which stabilises the internal volume
and the del Pezzo modulus, yielding a negative contribution to the scalar potential. The
magnetic flux generates a chiral sector and produces a Fayet-Iliopoulos [66] D-term which
stabilises one linear combination of the moduli, leaving a vanishing contribution to the scalar
potential. Subleading g, and o’ corrections stabilise the remaining Kahler modulus. The
combined presence in the throat of background 3-form fluxes and a D3 brane at the tip breaks
supersymmetry and generates a scalar potential which stabilises the throat modulus, leaving
a positive uplift contribution. For certain values of flux quanta K and M, superpotential Wy
and string coupling gs, this contribution can a priori balance the negative LVS and subleading
contributions, leading to a dS minimum with (almost) vanishing cosmological constant.

The subleading g5 and o’ corrections stabilising the lightest Kahler modulus are carefully
evaluated in our orientifold and brane configuration. They induce a scalar potential with
coefficients depending on the complex structure moduli, that we consider as free parameters
allowed to vary in a range motivated by previous works. We provide a comprehensive study
of this potential. For several combinations of its parameters, we find an inflationary dynamics
matching observations and show the possibility to choose throat quanta K and M giving uplift
terms with the correct magnitudes to get dS vacua. We thus provide the first example of a
global embedding of Fibre Inflation with D3 uplift and a chiral sector. We critically compute
and examine the quantities assuring the validity of the effective theory description used in
our framework. We refer to Section 5 for a discussion on the limitations of our approach.

The rest of the paper is organised as follows. In Section 2 we review essential elements
of Fibre Inflation. We first present the contributions to the scalar potential of the Kéhler
moduli, and we then describe the stabilisation procedure and the inflationary epoch. We
then introduce in Section 3 all the ingredients used to implement this scenario together
with explicit dS uplift in a global CY embedding. We review the prescription to realise an
D3 brane uplift in CY embeddings, the resulting effective supergravity potential and the
physics of the D-brane sector of the orientifold. We close this section by presenting the list of
requirements that candidate CY manifolds should satisfy to implement all these necessary
ingredients. We present our main results in Section 4. They consist in the construction of a
CY global embedding of Fibre Inflation with a dS minimum from D3 brane uplift. We start
with the description of the geometry of the CY example, the choice of involution and brane
setup. We then derive the scalar potential of our model and proceed with the stabilisation of
the heavy moduli. We eventually analyse the inflationary dynamics and carefully study how
observations and consistency of the description constrain the parameters of the construction.
We present several regions of the underlying parameter space with the correct inflationary
observables and control over the effective field theory description. We conclude our paper
in Section 5 where we give a critical list of the open issues of our construction. Our paper
also features two appendices.



2 Fibre Inflation basics

We start our discussion by recalling the fundamentals of Fibre Inflation. This section is
the occasion to review the string corrections used to stabilise the Kahler moduli and to set
most of the notation used in the rest of the paper.

2.1 Calabi-Yau structure and volume

Fibre Inflation models [22, 25, 32] rely on a specific form of the CY internal manifold Y,
namely a K3 or T fibration over a P! base together with the presence of a (to be-) small
exceptional del Pezzo (dP) divisor [39]. The latter is essential to support non-perturbative
effects stabilising the internal volume a la LVS. In the simplest realisation of Fibre Inflation,
the internal CY has Hodge number h™! = 3, with a volume parametrised by the three real 2-
cycle volume moduli ¢;. These moduli are associated with the divisors essential to the scenario:
t, parametrises the volume of the P! base that is contained in the divisor Dy, t 7 controls the
volume of the fibre divisor D¢, and t5 parametrises the volume of the dP divisor Ds.

The Kéhler form can be expanded on the Poincaré dual 2-form basis D; and the volume
of the CY is then expressed as follows:

A A A 1
J=t,Dy+t;Ds+t,Ds, V= g/yJ/\J/\J:altbtfc—i—aﬂZ’. (2.1)

The coefficients «; are given by the intersection numbers showcased in the intersection
polynomial:
I =2a1D;DE + 6asD? . (2.2)

Fibre Inflation relies on the linearity of the intersection polynomial in the fibre divisor Dy,
which has to be a K3 or a T [67]. In the current simple case, one can switch to the 4-cycle
moduli which are defined as:

1 A oV
T = 5/ JNJIND; = o - Tf= alt?c, Ty = a12tfty, Ts = 3042153, (2.3)
Y )

so that the total volume can also be expressed as:

V= 2\;071\/@7{, - \/21772 /2, (2.4)
To determine the sign of the last term, we used the blow-up divisor Kéhler cone condition
ts < 0. Extensions of the original FI proposal presenting additional features, such as chiral
matter or a dS minimum, generically require more complicated forms of the internal CY
manifold Y, with A% > 4. This is the case of the examples studied in Section 4. Nevertheless,
as the essence of the inflationary dynamics is captured by the original example with h''! = 3,
we pursue the current review in this particular case.

2.2 Contributions to the scalar potential

The Kéahler moduli stabilisation procedure starts from the derivation of the scalar potential
for the 4-cycle volume moduli 7;. When the scalar potential depends on each of the 7;, they
will generally all get stabilised. If one of the moduli, here 7y, is lighter than the others, the



low-energy dynamics can be studied by fixing the other ones at their vacuum expectation
values (VEV), here 7, = (1) and 75 = (75). The scalar potential can then be seen as a
function of the light modulus 77 only. This is the case for Fibre Inflation, where the dynamics
of the light fibre modulus 7; determines whether or not a phase of inflation is possible.

In the 4D effective theory, supersymmetry allows to express the theory in terms of a
Kahler potential I and a superpotential W. At tree-level, the scalar potential is independent
on the 4-cycle volume moduli 7;, which remain thus flat directions after complex structure
moduli stabilisation by fluxes. Nevertheless, perturbative corrections, namely corrections in
o or gs beyond tree-level, can [lift these flat directions, giving a mass to the moduli through
a non-vanishing scalar potential. When these corrections come at different orders in the
expansion parameters for different moduli, the masses of the latter present a hierarchy and
the stabilisation procedure can be studied step by step integrating out the moduli one by
one. This is the case of interest for Fibre Inflation described previously, where 7, and 75 are
stabilised by corrections dominant over the ones stabilising 7.

The following corrections are susceptible to lift the flat directions of the 4-cycle volume
moduli 7; [12, 30, 68]:

« o corrections to the Kihler potential K, they are O(a’®) corrections to the
Kaéhler potential which lead to the stabilisation of the total volume V at large values,
and of the blow-up cycle 75 [7]. Combined with the tree-level Kéhler potential Iy for
the Kéahler moduli, they read [17]:

3
Ko+ Kar = —2In (V + 293/2), (2.5)
S

where £ is proportional to the Euler number y of the internal manifold:

(2.6)

+ gs loop corrections K[ and K}': they are O(gZo/ 1) and O(g2a’?) corrections to
the Kéhler potential arising from open string loops. They can be seen, respectively, as
arising from the tree-level exchange of closed KK strings between “parallel” stacks of
branes/O-planes, or closed winding strings between intersecting stacks of branes/O-
planes [9-11]. They read:!

KKyl
¢l

W
Kol =92 75 Ko=9s2 (2.7)
7 J

i

where the index ¢ (resp. j) runs over couples of parallel (resp. intersecting) branes
present in the internal manifold. The modulus tiL denotes the volume of the 2-cycle
perpendicular to the i-th couple of parallel branes, whereas t? is the volume of the
intersection 2-cycle of the j-th couple of intersecting D7/O7-branes. These Kéhler

Note that additional corrections with a similar moduli-dependence but a different power of g, might arise
from closed string loops [16]. These effects can be reabsorbed in a redefinition of the loop coefficients.



corrections induce scalar potential corrections of the form [12]:

3 W; 2 3 2
g | 0| ij g |Wo| o .
vafst = ESV Eij CZKKC;(KICO = —25 e gij CZKchK (QtZt] — 4](;”) , (28)
gs‘ ”0’2 cV
VW = _ E t_ 2.9
9 V2o Y (2.9)

where the last equality of the first line we used the definitions in eq. (4.65) to express
the inverse tree-level Kéhler metric K.

Non-perturbative effects on the divisor D;: these correction induce a dependence
of the superpotential on the (complex) blow-up modulus Ts = 75 + if,. They were
originally used in the KKLT [1] scenario to break the no-scale structure and read [6]:

Whp = Age %Ts (2.10)
where for a Euclidean D3-brane (E3) O(1) instanton the coefficient as is a5 = 27.

Higher-derivative o/ corrections to the supergravity action: they are O(a/*)
effects that can be described directly in the 4D effective theory by an F* correction to
the Kédhler moduli scalar potential [18]:

A 1 [Walt

VF4 = 498 V4

I;t’, (2.11)

where the II; are the second Chern numbers associated to each basis divisor D;. The
coefficient A was evaluated to be of order O(1073) — O(10~%) in [69]. See however [70]
for discussions on possible corrections to this coefficient and to the form of eq. (2.11).

dS uplifting contribution: this will be the subject of the next section. In the original
version of Fibre Inflation it has been taken as an ad hoc contribution to the scalar
potential generically scaling with the volume modulus as:

Cap
pyn/3

Vip = n <9 and Cup > 0. (2.12)

In this setup the corrected Kéhler potential and superpotential thus read:

K=Ko+Ka+K+K),  W=Wo+Age @, (2.13)

We recall that Wy is the contribution to the superpotential that does not dependent on

the Kéhler moduli 7;, and so it is taken as constant after complex structure moduli and

axio-dilaton stabilisation by background 3-form fluxes.

2.3 Heavy Kihler moduli stabilisation

The F-term scalar potential obtained from the above superpotential and Kéhler potential

follows from the standard supergravity expression:

Vi = & (KID,WD-W — 3|[W|2),  D;W =W, + KW, 2.14
J



In the following, we will work in the limit where the total internal volume is large, hence
V= \/TfTp — 73/2 ~ /Tfm, > 75 > 1. The scalar potential can be written as:

Vr = Vup + VLVS(T& 0s, V) + Vaup (215>

where each term scales differently with respect to the volume modulus. The LVS scalar
potential and the uplift potential are the dominant contributions. The LVS potential reads:

8@2./42 T 6_2(187—8 T 670437'5 3 W 2
55 3; + 4gs|WolasAs cos(asbs)— 2 439?(])/‘37

Vivs > gs (2.16)
and it is generated by o’ corrections to the Kéhler potential and non-perturbative corrections
to the superpotential. It stabilises the modulus Ts and the total volume V. Indeed, the
LVS scalar potential is minimised for:

(Ts) ~ 2/3, (V) ~ W(’me“s<fs>, (0) = (1 4 2k,), ks € Z, (2.17)
gS a’SAS aS

where in the minimisation of the axion scalar potential we assumed W) real and positive,
i.e. Wy = |Wy|. Hence at this level, only Ts and the combination V ~ /T 7o are stabilised.
The LVS scalar potential at the minimum is negative, leading to an AdS minimum. One
can also check that (V) > (75), which confirms the aforementioned approximation. When
the uplift term has the correct magnitude, it leads to a minimum with a (small) positive
cosmological constant:

Vap (V) + Vavs (). (62). (V) 2 0. (2.18)

At this stage, the last modulus direction, which can be parametrised by 77, 7, or a combination
of them orthogonal to V, is not stabilised. However, the subleading potential Vg, can lift
this flat direction. Indeed, the scalar potential coming from the gs corrections g * + K}’
and higher-derivative corrections Vp4 generically depends on all the moduli. For the purpose
of moduli stabilisation, we can neglect the corrections depending only on 75, as this modulus
has been stabilised at lower order in 1/V. The g, corrections might at most slightly shift it
from the value given in eq. (2.17). The subleading scalar potential including the perturbative
corrections in egs. (2.8), (2.9) and (2.11) reads:

Veub = VKK + VW + Via

95 ‘WO, KK KK ij gs|Wo? ¢ A 1/2‘W0’ i
= 11,
2 V2 Z Ko =30 th;v 39" pa it

g 2(0{)”‘)27f y 2cV
v:o\7oo? V2 N

(2.19)

In the second line we neglected the F4 higher-derivative corrections, as in the original version
of FI. We also expressed the inverse tree-level Kahler metric in terms of 7; only, using
TbQ ~ V2 /7 . The contribution of the winding loops, proportional to ¢, depends on the



volume t"' of the intersection locus of the 4-cycles Dy and Dj. According to eq. (2.3), we
have 7y o t?, T, o trtp, so that the intersection locus has volume ¢ « ty ~ | /77.
The minimisation of the subleading scalar potential Vg, stabilises 7;. In the regime

2
where g < (CW /c}”(cg”{) , its VEV reads:

o (N s
()~ 9l | ) O (2.20)

At this minimum, all the 7; moduli are thus stabilised, with (75) < (1) < (7). Before reaching
its minimum, the lightest modulus 7; can seed a period of inflation, as we describe below.
2.4 Inflation and phenomenology

Inflation. We start the study of the low-energy dynamics by comparing the masses of the
different moduli. To do so, we introduce fields with diagonal kinetic terms, defined as:

2 V3 1
— — = — —_ . . 1
X \/glnv, o) 5 In 7y \/§an (2.21)

As shown previously, 7 and V), hence x, are stabilised at leading order, i.e. at order O(1/V3).
Their masses around the minimum are:

2~ [Wol?
T3 ™ <V>2 ’

(2.22)
At this order, ¢ remains massless. It is stabilised at next to leading order, with a mass
at the minimum given by:

o Wl
Mg ~ (V)10/3”

(2.23)

At low energies, one can focus on the dynamics of the lightest modulus ¢, keeping the other
moduli fixed at their VEV. The dynamics of ¢ is thus given by the dynamics of 7. The
scalar potential for ¢ is easily expressed from the one for 7;, and it will be shown to allow for
inflation for certain values of the parameters. Indeed, by writing ¢ = (¢) —|—<§ one can express:

7p = (rp) /Y3, (2.24)
so that the inflationary potential reads:

Vvinf((g) = <VLVS> + <Vup> + ‘/sub(d;)
=Vo (E+ Ae19/V3 _ Be=d/V3 | 020/ 3, (2.25)

where Vp, A, B,C and E are constants expressed in terms of Wy, ™, cf™, ¢, &, gs. As
mentioned above, and as can be checked by setting ngﬁ = 0, the global minimum obtained
here is negative. To lead inflation towards a dS (or yet Minkowski) minimum, the uplift
term Vi, has to be chosen such that (Vivs) + (Vip) = VoE = V(B — A — C). The scalar
potential has the form shown in Figure 1.
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Figure 1. Inflationary scalar potential for Vo = 107%, A =3, B =12, E = 9 and the different values
of C indicated in the plot.

For certain values of the parameters, inflation takes place in the plateau of the potential,
with the inflaton ngb rolling slowly from greater values towards the global minimum at smaller
values. Once the potential in eq. (2.25) is expressed in terms of ¢, the inflationary observables
can easily be computed. The slow-roll parameters read:

1 (0yVinr)> A
_1 _ Z¢’int 2.26
v 2( Viar ) T (220

and the number of e-folds between horizon exit (where ¢ = ¢,) and the end of inflation
(where ¢ = ¢.) is computed as:

¢ do
6 V2ev

The amplitude of the scalar fluctuations, the spectral index and the tensor-to-scalar ratio

N, =

(2.27)

are given by the slow-roll parameters evaluated at horizon exit. To match observations
we need to reproduce [71]:
H2

s=ga| = 2x 107, ng=1+2n, —6e, ~0.965, = 16¢,. (2.28)
Teey

*

The observed amplitude of density perturbations, spectral tilt and number of e-fold of inflation
can be matched for a range of parameters ensuring relatively good control of the effective
theory. We come back in more detail on this last point in our example of Section 4. Typical
realisations of Fibre Inflation give r ~ 0.007.

Further developments. The above paragraphs explained how Fibre Inflation can be
implemented in the simplest scenario with three Kahler moduli, i.e. for A" = 3. Several

,10,



points have been studied after the original proposal. In [55], a global CY embedding of
FI with no chirality and an ad hoc uplift V4, was developed, and extended in [56] to have
a chiral sector on D7-branes. This latter construction however still used an ad hoc uplift
term Vyp to obtain a dS minimum. The goal of the next sections is to implement the
uplift Vyp explicitly, namely to find FI models with a global dS minimum obtained by
construction. Previous studies realised CY global embeddings of LVS stabilisations with
anti-brane uplifting [57, 61, 72], or T-brane uplifting [63, 73-76]. Neither of these cases
however implemented the uplift together with Fibre Inflation.

3 Global embedding of FI with D3 uplift: building blocks and constraints

In this section we describe the different elements needed to implement Fibre Inflation in a
global CY example. The novelty is the concrete implementation of an uplift term, i.e. a term
in the scalar potential leading to a dS minimum. In the following, we describe each element
of our construction and clarify all the properties candidate CY manifolds should satisfy.

3.1 Geometries for Fibre Inflation with chirality and dS

One should first decide how to realise a chiral spectrum and a dS uplift in order to extend
the original version of Fibre Inflation described in Section 2.1. Different possibilities and
associated geometries are the following:

a) FI with a chiral (SM-like) sector on D7s and D3 uplift: to obtain chiral matter
from magnetised D7-branes, we need at least two different 4-cycles in addition to the
fibre playing the role of the inflaton [56]. In this case we need at least h''! = 4 with a
volume of the form:

Vo i — T (3.1)
The SM D7-branes wrap the internal 4-cycles of volume e.g. 7 and 73 which are fixed
one in terms of the other by D-term stabilisation. The total volume V and 7, would

be stabilised at leading order following LVS [7], while e.g. 71 would correspond to the
inflaton. The D3 uplift then constraints the possible involutions and CY spaces.

b) FI with a chiral (SM-like) sector on D3s at singularities and T-brane uplift:
chiral matter leaves on D3-branes at a CY singularity [73, 77-79]. To put the D3-brane
at a singularity, we need a shrinking cycle with volume going to zero due to D-term
fixing. Hence we require an additional dP divisor on top of the LVS one. To implement
a T-brane (magnetised D7) uplift [75, 80], we need an extra 4-cycle, similarly to case
(a), but for a different reason. Thus, in this case we need at least h*! =5, and a CY
volume of the form:

3/2 3/2
VYV~ /T ToT3 — Tup(ovs) ~ Tap(sar) ° (3.2)
The SM would be on the singular 7,p(s) — 0 divisor. The volume V and 7,p(Lvs)
would be again stabilised as in LVS [7], and 71 would still correspond to the inflaton.
Magnetised D7-branes wrapping 7 and 73 would be used for the T-brane uplift as
described in section 2.2.2 of [81]: d-terms would fix a charged open string field in terms
of a moduli-dependent Fayet-Iliopoulos term. The F-term potential of the open string
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mode combined with string loop corrections would then yield a positive contribution
that depends just on V and can be used to obtain a dS vacuum.

c) FI with a chiral (SM-like) sector on D3s at singularities and D3 uplift: this
case seems similar to case (b) with the exception that now we do not need a hidden
D7-brane stack. We could then consider a CY volume of the form:

Vo~ /T2 — /2 /2 (3.3)

dP(LVS) dP(sM) *
As in case (a), we then need to see how to implement the D3 uplift in this context.

In the rest of the paper, we will show how to implement the scenario (a) in a global embedding.

3.2 Global embedding of D3 uplift: a short review

The uplift used in this paper to obtain a dS vacuum follows the original KKLT setup [1].
It relies on an D3 brane at the tip of a Klebanov-Strassler (KS) throat [82], describing the
deformed conifold solution. The string theory realisation of the D3 uplift and its embedding
in CY manifolds was studied in [59, 72], and implemented together with LVS stabilisation
in K3 fibred CY manifolds in [57]. We now review the prescription of [59, 72] to realise the
uplift in type IIB orientifold compactifications.

In [72] the authors studied locally the uplift produced by the presence of an D3 brane on
top of a single O3-plane at the tip of a throat. They showed that as the O3-plane projects
half of the spectrum, the configuration is left essentially with a single Goldstino field on the
D3 worldvolume. Supersymmetry is realised non-linearly, justifying the use of a nilpotent
superfield X [83]. The authors argue that it is impossible to put an O3-plane at the tip
of a standard deformed conifold geometry, i.e. in a KS throat, but that it should rather
involve more general warped throats. This statement was then revised in [59], where the
authors explained that it is indeed possible to have an O3 at a standard conifold singularity.
Deforming the latter then generates a pair of O3-planes at the tip of the throat, at the
opposite poles of the S3 which contracts to the conifold. Both orientifold planes should be of
the same kind, namely both O3~ or O3™ planes. The final brane configuration is obtained
by placing, for instance, one D3 on top of the O3~ of the north pole of the S3 and one D3 on
top of the O3~ at the south pole. When the S3 has finite size, there is no perturbative decay
channel of this configuration. This configuration also has a vanishing total D3-charge.

To provide a global embedding of the above local description in type IIB compactifications,
the authors of [59] reverse engineered the local properties. Their prescription is as follows.
One should first look for a CY space and an involution allowing for at least two O3-planes
at the same divisors intersection locus. One should then check, by analysing the defining
equation of the CY hypersurface, that one of the complex structure moduli can be chosen so
to bring two O3-planes (almost) on top of each other. In this limit, the CY hypersurface
geometry should also be the one of a deformed conifold, and the orientifold action would act
on the coordinates on a specific way. An example of such a construction is given in Section 3.3.

To stabilise the deformed conifold modulus so to have a long throat with finite size 53
at its tip, there are constraints on the 3-form fluxes of the throat (see Section 3.4). These
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constraints generically require a certain amount of flux, which in turns requires a large
orientifold D3-charge in order to satisfy the tadpole cancellation condition.

In [59] the authors showed an example of the realisation of the uplift in the CY embedding
of [73]. Additional examples, allowing for LVS stabilisation together with this D3 uplift,
can be found in [57, 61]. This latter work also features the presence of a K3 fibre. Later
works [84, 85] tried and classified systematically CYs from the Kreuzer-Skarker database and
involutions allowing for large D3-charges, suitable for D3 uplift. They looked for involutions
made from single coordinate reflexions z; — —z; allowing for fixed loci with at least two O3-
planes on top of each other. Neither of these works considers multi-coordinate reflexions nor
exchange involutions, which were studied in [86] for small h!'! and systematically in [87].

3.3 Geometry for D3 uplift: involution and conifold singularity

We now describe in a detailed example the construction of the D3 uplift described in Section 3.2.
The authors of [59] prescribe the presence of an involution with two superposed O3-planes
at the tip of a throat. Concretely, we should first check that the chosen involution induces
several O3-planes in the same class, hence at points of the same intersection locus. In that
case, we should then show that these points can be brought on top of each other, at the locus
of a conifold singularity, for a certain choice of complex structure moduli. In this subsection,
we show how to proceed in an explicit example.

Superposed O3-planes. O3-planes are found by looking at isolated fixed points of the
geometric action defining the orientifold involution. Isolated fixed points are to be searched at
intersections of three toric divisors. The number of O3-planes is then given by the multiplicity
of such intersections, computed by the intersection product of these divisors.

For our example, we consider an internal CY corresponding to the polytope ID#41
of the Ross-Altman toric CY database [86, 88, 89], which is the degree 18 hypersurface
embedded in the weighted projective space P(; 11,69)- It can be constructed from the toric
4-fold ambient space with GLSM data [85]:

cil1 1 1 6 9 0] 18 (3.4)
cslo0 0 0 2 3 1/ 6

The last column of the weight data (3.4) shows that the CY hypersurface is defined as the
zero locus of a homogeneous polynomial of degree 18 and 6 under Cj and C3, which thus
satisfies the CY condition. The defining equation can be taken as:

fo(ws) = 22 + a3 + 21328 + 2328 + 2828 = 0. (3.5)
The Stanley-Reisner (SR) ideal of the toric variety is:
SR = {z12923, v42526}. (3.6)

The coefficients of the monomials deforming the above equation, namely monomials of correct
degree not included in the defining equation, give rise to complex structure moduli. The
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deformed equation is of the form:

fi(xi) = fo(xi)
4+ #Hx1T973T4T526 + #xlw%mxg,a:ﬁ + #x1x§$4x5x6 + #xgx%mxwg + ...
+ #x%x%w%xix% + #x%x%x%xix% +...

2.3 4
+ fratadaiosad + afadgesag + .+ #afrswd + fairsag + Hagrseg

+ #aolesrirgrs + odasadrany + ..+ #allrgrd + #allegah + #aileya]
1 1 1
+ #ziy 2 + #aivxilaf + #x1m2x351:g +.
=0. (3.7)

The number of deforming monomials generally counts complex structure moduli, up to
homogeneous coordinate transformations. Indeed, polynomials which can be related by
homogeneous coordinate transformations define the same CY manifold. After fixing the
coordinates, the most general deformed CY equation in this example contains 272 deformation
monomials, parametrised by the h?! = 272 complex structure moduli.

The orientifold involution is made of a geometric action o and worldsheet action (—1)F2€.
To study the geometric action, it is easier to use the general defining eq. (3.7), expressed
without fixing the freedom of coordinate transformations.

Let us consider the reflexive geometric action oy : 1 — —x1, and show how to evaluate
the number of O7 and O3-planes. There is only one O7-plane along D;, and there are
O3-planes located at the intersections Do N D3 N D5 and Dy N D3 N Dg. The D, are the
standard toric divisors D; = {z; = 0}.

The O3-planes at Do N D3 N D5 correspond to the points (z1,0,0,24,0,26) which,
according to eq. (3.7), satisfy:

fi =23 + o328 + #2823l + #al?r,2?d = 0. (3.8)

This is an equation of third degree on x4 and we generically expect three solutions not
related by phase transformations, hence three O3-planes here. This is confirmed by the
intersection multiplicity, that we compute by expanding the toric divisors on the basis D3, Dg
as D1 = Dy = D3, Dy = 6D3 + 2Dg, D5 = 9D3 + 3Dg and using the intersection numbers
kszz = 0, k336 = 1, k366 = —3, kgeg = 9. It reads Dy D3 D5 = fDQ AN D3 AN D5 = 3.
The O3-plane at the intersection DyD3Dg corresponds to the points (x1,0,0, x4, z5,0)
satisfying:
fi=a2+a23=0. (3.9)

In this case, the solutions of this third degree equation in x4 are related by a phase, which
can be fixed using the two torus actions C] and C35. The solutions to the above equation
thus correspond to a unique point, hence only one O3-plane. This is confirmed by computing
the intersection multiplicity DoD3Dg = fﬁz A Dg A f)6 = fﬁg A ﬁg A DG =1.

Conifold singularity. Following the prescription of [59], the two O3-planes should be
(almost) superposed at the tip of a deep throat arising from a conifold singularity. For a
given CY and involution allowing for > 2 fixed points, i.e. two O3-planes, one must check
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that for a certain choice of complex structure moduli, the fixed points can be put on top
of each other at a conifold singularity. In [57, 59, 61] the authors show how to proceed.
They start from the involution-invariant deformed CY equation and look at its restriction
on the O3-plane fixed locus. They then inspect a choice of complex structure moduli giving
(almost) multiple roots and a conifold singularity.

For the sake of concreteness, let us come back to our previous example, with geometric
action 1. We saw that three O3-planes sit at the points (1, 0,0, x4, 0, xg) satisfying eq. (3.8),
that we rewrite here with specific complex structure moduli a and b, as:

fi = 23 + 21328 + aalaad + brlPrig = 0. (3.10)
As explained before, this is an equation of third degree for x4, for which we expect three
solutions. For a certain choice of complex structure moduli ¢ and b, we can have multiple
roots, hence O3-planes on top of each others. The SR ideal (3.6) informs us that the z;
coordinate cannot vanish at the locus of the O3-planes (since z3 = x3 = 0 there), and we can
thus use the Cj action to fix 1 = 1 there. The CY equation thus further reduces to

fi = a3+ a8 + axiad + bryxg = 0. (3.11)

Looking again at the SR ideal (3.6), we see that x4 and xg cannot vanish together at the
O3-locus, where x5 = 0. We thus look at a neighbourhood where xg # 0 and fix ¢ = 1
through the Cj action, being left with the equation:

fi=adtari4+bry+1=0. (3.12)

Consider a point in moduli space such that a = (2¢c — 2¢3 +1)/(c?* — ¢) and b = (¢ — 2¢2¢ +
c* —2¢)/(c? — (), with real positive ¢ for simplicity. We think of ¢ as a complex deformation
parameter (see eq. (3.17) below). The deformed equation then simply reads:

fi=a) +ar+brg+1=(24+ Y24 — ¢+ V) (x4 —c— /) =0, (3.13)

1
22—

which is obviously solved by:

x4 =cE /¢, Ty=—

Z ¢ (3.14)
We see that for ¢ # —1, the first two solutions merge in the limit ¢ — 0, signalling that two
O3-planes come on top of each others, while the third O3 stays separated.

We then have to check that the CY manifold develops a conifold singularity in the
limit ¢ — 0 at the loci of the O3-planes, i.e. at the point xo = 3 = x5 = x4 — ¢ = 0.
In a small neighbourhood of 2o = x3 = x5 = (24 — ¢)?> — ¢ = 0, the symmetric deformed
CY equation reads:

2 3 18,6 2 2 6.2 2 4 2 2
fsymm =T5+ Ty + X7 Tg+ TaX]T4T5T6 + T3XT]T4T5T6 + A T1TyTg + T{T2T3T4Tg

+ J:?xgazﬁg + $§x3x5x% + bx?mxé + x%ox%mxé + x%oxgmxé + I%0$2x3$43}é
+ x%ﬁxzxgxg + x%%%x% + x%%%aﬁg +...

=0. (3.15)

,15,



We have not shown monomials decreasing faster that the quadratics ones at xo = x3 = x5 =
(x4 —c)? — ¢ = 0, and we took all the coefficients denoted with # equal to unity. We can still
fix g = 1 and x1 = 1 using the two torus actions, so that the equation simplifies as:

fsymm =$§+xi+axi—l—bm4—|— 1
+ (14 2g)zd + (14 24)23 + (1 + z4)wows + (1 + zg)2zas + (1 + x4 + 25)z023 + . .
=0. (3.16)

In the neighbourhood under consideration, using the factorisation (3.13), this equation can
be written for small { as:

3
c+1
mg + 1423+ 1+ c):v% + =2 (x4 — ¢)® + (1 + ¢)zazs
+(1 4 )zzzs + (14 ¢+ Aoz + ... = C, (3.17)

which indeed describes a deformed conifold singularity with ¢ the (modulus of the) complex
structure modulus controlling the size of the S3 at the tip of the throat.

We should eventually check that the involution acts as (z2, 3, 25) — (—22, —3, —5) on
the local neighbourhood under consideration, as required for the Goldstino retrofitting [59].
By looking at the gauge fixing z1 = 2 = 1 and the weights (4.1) we see that this is
indeed the case. We deduce that this example is a promising candidate to implement the
embedding of the D3 uplift.

3.4 Scalar potential and control conditions

As explained in Section 3.2, the aim of this paper is to implement the D3 uplift in a chiral
global CY embedding which gives rise also to an epoch of Fibre Inflation. It is thus important
to describe the uplift in the low-energy effective theory and combine it with the study of the
inflationary dynamics. We must thus evaluate its contribution to the scalar potential.

In the KKLT setup, the complex structure modulus Z, parametrising the size of the S of
the KS geometry, is lighter [90-92] than the other complex structure moduli fixed by 3-form
fluxes [2]. One should thus include it in the effective theory, compute its scalar potential and
stabilise it together with the K&hler moduli (see [61] for a discussion on the necessity to do so).
We now describe in more detail the effective supergravity description of the throat modulus.

The scalar potential for the complex structure modulus Z, including the warp factor,
can be derived directly from the KS geometry and the D3 action, accounting or not for
the back-reaction of the brane on the throat geometry [60, 90, 93-95]. We come back to
this later in this subsection.

In presence of an O3-plane together with the D3-brane at the tip of the throat, the
degrees of freedom of the configuration are described by a complex structure modulus Z
and a nilpotent Goldstino X [83, 96-99], so that the uplift can be described in a manifestly
supersymmetric framework [100-102]. The string theory realisation of this construction was
the subject of the previous subsections. The supersymmetric description uses a superpotential
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and a Kéhler potential expressed in terms of two integer flux quanta M and K as [103]:

al|Z)?P XX

Kup ~ V2/3 V2/3° (3.18)
M K 223X
w=———2Z(InZ-1)+i—Z 4+ "=, 1
Wap 5 (In )+zgs + = (3.19)

where the two constants are ¢; = 1.18 and ¢o = 1.75. In the long throat approximation,
i.e. |Z| < 1, the uplift scalar potential derived from eq. (2.14) with K = Kpvs + Kyp and
W = Wiys + Wyp reads:

¢ ciea  M?o0? <K M >2
Vo = — 4+ —1 , 3.20
P20, M2VA3 \ 1y + 472 + Js + o ng ( )

where we decomposed Z = (e'. The uplift scalar potential is minimised for:

_2mK 3, [o d4mcico 3 3 9 4 <C>4/3
-0 _ gsM 14 16 gsM2 Vi~ —— (2,2 — .
(o) , () =e ) WP J6r2¢, \ 4 16 g.M?2 €162 Y4/3

(3.21)
Hence Vj,, can be balanced against the negative value of the minimum of eq. (2.16) to get a

dS vacuum, as sketched around eq. (2.18). The condition for a long throat is:

2rK

_ 2K ‘Z‘ 1
e 9sM — <
gsM

> 1. (3.22)

This last expression should in principle be made precise. In order to trust the supergravity
description of the throat, or yet the KS solution [82], the size of the S at the tip of the
throat should be larger than the string scale, hence we also ask for:?

Ris ~d/gsM > o/, = g M>1. (3.23)

According to [90], in order not to destabilise the throat by the presence of the D3 brane,
one should also demand that:

4
gsM? > %Wclcg ~ 46.1, (3.24)

hence a large amount of fluxes in presence of a small gs. This claim was made in [90] using
the above supergravity description. If we keep using the above formulae, this constraint
always shows itself as a self-consistency condition, ensuring that the square root appearing
in (3.21) stays positive. However, further works showed that this constraint could be too
severe [107]. The authors argued that the theory is free from a conifold modulus runaway if:

gsM? > Ngz, (3.25)

2Ref. [104-106] tried to estimate the size of o’ corrections to the D3 action, finding gs M > 2.21 after all
presently known o'? corrections to the DBI action are included [106]. This bound would be violated for most
of the parameter choices in the examples of Section 4.1. However, we found solutions similar to the one of
Section 4.5.3 with g; = 0.321 and gsM = 3.21 that would satisfy this bound by going to higher values of
the string coupling. Let us also stress that a precise bound would require a complete determination of all o
corrections to the antibrane tension, including those to the Chern-Simons action.
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which is not very constraining for Ngz = 1. Such a constraint cannot be derived from the
above supergravity description, which might not give a totally correct description [107].

As mentioned at the beginning of this subsection, it is also possible to determine the
scalar potential of the throat modulus without using the supergravity description. In [95] the
authors evaluated the uplift scalar potential directly from the Klebanov-Strassler geometry,
neglecting the back-reaction of the brane on the geometry, as:

8K
3gs M
KS 03 €°9s

N VERVIVE

(3.26)

where c3 ~ 11.9. One can check that in the limit g,M? > 1, the two expressions for the
uplift of egs. (3.21) and (3.26) only differ by a numerical factor 2mc3/ca = 42.6.

The fluxes stabilising the throat modulus Z contribute in the total D3-charge of the
configuration. Indeed, they take part to the tadpole cancellation condition as Ny, = K M.
Demanding a long throat in the regime of validity of the KS solution highly constrains the
flux quanta K and M, through the combination of egs. (3.22) and (3.23). The D3-tadpole
cancellation condition (3.49) however gives an upper bound on these quanta:

Nthr =KM < Nﬂux < |Qt0t‘ . (327)

We thus understand that to implement the D3 uplift, one should try to maximise the absolute
total orientifold charge |Qtot|. In this way, one can indeed cancel the D3-tadpole while keeping
control on the throat, and allowing additional 3-form fluxes which stabilise the other complex
structure moduli. Once the geometric setup is fixed, including the orientifold projection, the
above equations can also be seen as a constraint on the minimal value of the string coupling.
Indeed, from egs. (3.23) and (3.27) we should have:

1 K 1
T
M |Qtot’ |Qtot’

Another potential issue is the so-called singular bulk problem which concerns the fact that

gs > (3.28)

warping effects can become dangerously large in the bulk when the supergravity approximation
in the throat is under control [108]. A model is free from this issue if [95, 104]:

V23> Ny . (3.29)

3.5 DT7-brane setup: D-terms and D3-charges
3.5.1 Whitney branes

Geometrical description. Whitney branes are brane configurations which allow cancelling
the negative charges of O7-planes without being placed on top of them. They generically lead
to greater (negative) contributions to the D3-tadpole. As motivated in the previous subsection,
they are thus very useful to construct configurations with a relatively large D3-charge of the
3-form fluxes, as required for the D3 uplift. We give in Appendix A a detailed review of
Whitney branes [109, 110] and introduce a few notations. In the current subsection, we limit
ourselves to elements essential for the construction shown in the rest of the paper.
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We consider an O7-plane on a divisor {¢} = {{ = 0} corresponding to the vanishing of
one of the homogeneous coordinates, and define its class [O7] = O. To cancel its charge we
thus need a D7 configuration in the cohomology class [D7] = 80.

A fully-recombined orientifold-invariant Whitney brane in the class Dy, = 2Dp is defined
as the locus:

D7: n* — & =0, (3.30)

where 1 and x are polynomials in the homogeneous coordinates such that n € O(Dp) and
X € O(Dy, — 20). Particular cases occur when these defining polynomials factorise. For
instance, if Dp = 40 with n = ¢* and x = £ we get:

D7: ¢ =0. (3.31)

This corresponds to the standard case of charge cancellation by SO(8) branes, namely by a
stack of four pairs of D7-brane/image-brane on top of the O7-plane. One can also consider
polynomials satisfying n? = £2x + x?mi, hence parametrising the D7 as:

D7: 2™ =0. (3.32)

)

This corresponds to a standard stack of m; brane/image-brane pairs spanning the divisor
D; = {z;}, with total class 8[D;]. Such a stack does not necessarily cancel the O7-plane
charge. When D; is transverse to {£} these are standard transverse branes.

To cancel the charge of the O7-plane in the class [O7] = O, one can construct general
D7-brane configurations from several stacks of D7-branes, with total class summing to 80.
Such a system can be easily described by taking several copies of eq. (3.30):

D7;: n} — & =0, (3.33)

with n; € (’)(%) and x; € O(D; — 20). These copies can be recombined by multiplying
the defining equations:

D7: n? —&x =[] (- &) = 0. (3.34)
7

Conversely, one calls fully-recombined Whitney branes only those ones which cannot be
factorised in the form (3.34) with factors corresponding to standard pairs of transverse branes,
satisfying eq. (3.32), or branes on top of the O7, satisfying eq. (3.31). Fully recombined
Whitney branes shall not split globally as in eq. (A.5), hence shall not have xy = ¥?. To
cancel O7-charges we will however consider configurations including lower-degree Whitney
branes together with standard branes. Such configurations can be parametrised as:

D7: z2™i(7% — £2%) =0, (3.35)

(2

and correspond to a stack of m; brane/image-brane pairs spanning the D; = {x;} divisor,
together with a Whitney brane in the class Dy = 2[7] = [X] + 20. In order for this latter
brane to be a true Whitney brane, the defining function 72 — ¢2y shall not factorise further
as in eq. (3.34). This configuration cancels the charge of the O7-plane if Dy, = 80 — 2m;D;,
thus if n € O(40 — m;D;) and x € O(60 — 2m;D;).
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Whitney brane D3-charges. The charge formula for Whitney branes is modified with
respect to the charge of standard D7-branes due to the presence of pinched points. The
geometric contribution to the D3-charge reads:

_x(Dp) , D}y 1 A

rg =X 2R /YODP(ZDP _0). (3.36)

The flux contribution reads:
f 1 A A A A A
), =~ | Dp(Dp—0—2Fp+2B) (Dp—~ O+ 2Fp —2B). (3.37)
4 Jy

Consistency requires that %f) p— Fp is an integral class and that the following flux inequalities
are satisfied:
Dp O
|Fp— B| < TP -5 (3.38)

This inequalities are to be understood in the sense of positivity of the line bundles. The
total charge thus reads:

D R
Ty, =T¢ + T, :X(12”+/YDP(FP—B)2. (3.39)

The largest charge is obtained for a flux maximising the second term of the above equation.
When possible, it is obtained for F' saturating the bound (3.38). In that case, the flux
contribution (3.37) vanishes and the only contribution to the D3-charge of the Whitney brane
is the geometric one (3.36). This might not always be possible with integral flux. In general,
the geometric contribution I'(, is greater than the flux one F(,IV obtained maximising the total
charge, so that I'{, is always a good approximation of the Whitney brane charge.

Note that these formula are more general that the ones of [84] where the authors define
D7 = 2Dp and generically take Dp = 40.

3.5.2 Magnetised branes

One can introduce magnetic fluxes along diagonal or non-diagonal U(1) elements of the gauge
group of D7-branes wrapping a divisor D;. They contribute to the D3-charge as:

! :1/ FAF 3.40
QD'? 9 D; ( )

SUSY conditions. There are supersymmetry conditions for magnetised D7-branes in the
absence of matter fields. They imply that one of the bulk supercharges is also conserved
by the magnetised D7-branes and read [111]:

FO2oF20 0, FIAF=0, (3.41)

where ¢*J is the pull-back of the Kéhler form J on the D7 worldvolume. The first condition of
eq. (3.41) can be seen as an F-term condition for the matter fields ¢* living on the D7-brane,
coming from a superpotential of the form [112]:

W(C") o Ca/D_waa, (3.42)
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where w, form a basis of (2,0)-forms on D;. The second condition of eq. (3.41) is also a
primitivity condition and is equivalent to the vanishing of the Fayet-Iliopoulos [66, 113] term:

1
f—w/DiJ/\}". (3.43)

When both conditions are fulfilled, the flux F is holomorphic and primitive. In that case it is
anti-self dual F = — % F and the magnetic flux contribution (3.40) is positive definite.

Cancellation of Freed-Witten anomaly. To cancel Freed-Witten (FW) anomalies [114],
the magnetic field F; on D7-branes wrapping a divisor D; must satisfy:

A

D; D;
61(2 i) _ Fi—1p, € H?(D;,Z), (3.44)

Fi +

where the second equality holds for divisors of a CY manifold ¥ and ¢}, denotes the pull-back
on D;. In the following, we thus expand the total fluxes F; = F; — L*DZ_B of magnetised branes
on a integral basis of (holomorphic) (1,1)-forms as:

Fi= Zf] D—F*LDD—LDB fl e (3.45)

In that case, F; is automatically (1,1) and thus satisfies the first condition of eq. (3.41). It
also naturally satisfies the anomaly cancellation condition (3.44).

We see from (3.45) that the vanishing of the flux F; generically implies a non-trivial
contribution of B cancelling the half-integer FW contribution.

Fayet-Iliopoulos term as a function of Kihler moduli and moduli stabilisation.
The Fayet-Iliopoulos term (3.43) of magnetised branes wrapping the divisor D; can be
expanded, for B = 0, as:

1 1 ) hll hl’l .
P = T fAJ:—/DiA ]D+ D A tpD
Sy /D AV Jy (Zf ) (Zk: R

1

123
4 Vv ( kuk + kzgk:fjtk> (346)

In the second line we expressed the Fayet-Iliopoulos term through the flux numbers f7, Kéhler
moduli t* and intersection numbers k;ijr.. The D7-brane gauge coupling can be obtained
by expanding the DBI action describing the brane worldvolume dynamics. The dominant
contribution reads:

1

9?

1 1 ,
— - — k., ) k 4
20 / . INJ 99 kit t”. (3.47)

This gauge coupling gets corrections in the presence of magnetic fluxes.
With vanishing matter field VEVs, the D-term for the D7-branes wrapping D; then
simply reads:

9% o s tk 2
Vo = 58 = gy (3t ) 349
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The 1/V? scaling implies that, in the stabilisation mechanisms we are studying, it will
in general be the leading order contribution to the scalar potential of the Kéhler moduli
t¥. Minimisation of the scalar potential thus leads to minimisation of Vp and generically
stabilises some of the ratios of the moduli leaving a vanishing Vp = 0 at the minimum. The
minimisation of Vp to a vanishing value is nevertheless not always possible inside the Kéhler
cone. For instance, Vp cannot vanish when &; is positive definite.

3.5.3 Tadpole cancellation

The orientifold geometric action induces the presence of O7-planes of total cohomology class
[O7]. Their negative D7-charge should be cancelled by the presence of D7-branes of total
cohomology class [D7] = 8[O7]: this is the D7-tadpole cancellation condition.

The D3-tadpole cancellation condition must also be fulfilled. This implies the vanishing
of the total D3-charge:

Np3 + Niux = —Qo3 — Qo7 — Qb7 = —Qtot (3.49)
where the D3-charges of O3, O7-planes and D7-branes read:

X(Zm—;z FAF. (3.50)

Qoz = ———, Qo7:—z><(ima Qor=-)
071‘ D7i

D7, 7 DT

In the above, the D3 and D7-branes have to be counted together with their orientifold images.
For a given involution, we compute the D3-charges from the O7 and O3-planes: Qo3 + Qo7-
Once a D7-brane configuration satisfying the D7-tadpole condition has been constructed, we
can then compute the D3-charge Q)p7 and obtain the total orientifold charge Qyot.

Large D3-charge. As seen in the above description of the fluxed throat, the conifold fluxes
K and M are constrained through egs. (3.22)—(3.24). Such fluxes contribute to the charge
Niaux of the total 3-form fluxes, so that the latter should be large enough to accommodate
the D3 uplift (see eq. (3.27)). Through the tadpole cancellation condition (3.49), this
requires a rather large orientifold charge. One should thus look for involutions allowing the
largest possible charge from the orientifold planes and D7-branes, while still satisfying the
prescription to implement the uplift (see Section 3.3).

In the case of standard branes, it has been argued that the configuration with the largest
D3-charge is always the simple one with SO(8) branes, namely with four D7-brane/image-
brane pairs on top of each O7-plane [84, 85]. The possibility to include “Whitney branes” [109,
110, 115] allows for a larger charge (see Section 3.5.1). We will thus look for configurations
with the maximum amount of Whitney branes.

Eventually, we have seen that the flux contribution, namely the last term of eq. (3.50),
can a priori contribute positively or negatively. For supersymmetric flux configurations
such that the Fayet-Iliopoulos term vanishes, this will always be positive (see Section 3.5.2).
Hence we should try to reduce the number of supersymmetric magnetised branes and to
have small flux numbers.
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3.6 Geometric requirements for global embedding

We now summarise the list of requirements that should be met by candidate CY orientifolds

for a chiral global embedding of Fibre Inflation with D3 uplift. Such requirements come from

LVS, the Fibre Inflation epoch and the possibility to implement the anti-brane uplift.

LVS realisation:

1.

The candidate CY should have a diagonal del Pezzo divisor D, playing the role
of the small blow-up cycle described in Section 2.1. The volume should take the
form of eq. (2.4) with the blow-up 4-cycle volume 75 singled out.

. For Dy to support an E3 O(1) instanton giving a non-perturbative contribution to

the superpotential, the flux on the E3-brane should be vanishing, Fg3 = 0, and no
chiral modes should lie at the intersection of the dP divisor with the magnetised
D7-branes, [p p. Fi=0.

Fibre Inflation realisation:

3.

D3 uplift

5.

The candidate CY should contain a K3 fibration. The volume should schematically
take the form of egs. (2.1) and (2.4), namely it should be linear in the 4-cycle fibre

volume /7y or ty.

The form of the volume and the Kéhler cone conditions should be simple enough
to avoid Kéhler cone constraints on the inflaton range once the heavy moduli
are stabilised. Indeed, Fibre Inflation requires an inflaton field range of order
A¢p ~ 5 — 7 in Planck units. Staying inside the Kéhler cone can forbid such a
range. This happened sometimes in our search of appropriate CY candidates (see
the beginning of Section 4).

realisation:

The structure of the candidate CY should be rich enough to allow involutions with
fixed loci containing at least two O3-planes.

The loci containing two O3-planes should be deformable so to have the two O3-
planes on top of each other at a conifold singularity, for a certain choice of the
complex structure moduli.

The total orientifold D3-charge Qo should be large enough to allow D3 uplift in
a regime of control of the EFT description of the throat. This is possible if the
brane setup involves some of Whitney branes, increasing the orientifold charge
(see Section 3.5).

Moduli stabilisation and chirality:

8.

The CY orientifold should allow for the presence of magnetised D7-branes. This
induces moduli fixing via D-terms and the presence of chiral modes. Such mag-
netised branes are however constrained by the requirement of absence of chiral
intersection with the E3-brane (see requirement 2).
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9. All Freed-Witten anomalies should be cancelled. This usually requires a non-trivial
B-field and brane setup. In particular, according to eq. (3.45), the B-field should
cancel the half-integer FW fluxes on branes with vanishing total flux, such as the
E3-brane supporting the instanton (see requirement 2).

4 Global embedding of FI with D3 uplift: explicit examples

The previous work [57] found a CY satisfying several requirements of Section 3.6, namely
a diagonal dP divisor, a K3 fibration, and an involution allowing for two O3-planes at the
tip of a deformed conifold. After cancelling the D7-charge of the O7-planes with a D7-brane
configuration including Whitney branes and giving a large orientifold D3 charge, the authors
of [57] fully stabilised the Ké&hler moduli using the LVS potential and some of the subleading
corrections described in Section 2.2. In a first attempt to realise the goal of the present work,
i.e. to obtain a scalar potential suitable for Fibre Inflation, we tried to use the same CY,
modifying the brane configuration and changing the underlying parameters. We however
realised that the shape of the Kéhler cone and the expression of the volume with respect
to the Kdhler moduli forbid a large field excursion of order A¢ ~ 5 — 7 which is typical of
Fibre Inflation models. In other words, once the volume modulus and the heavy moduli are
stabilised, the remaining light modulus cannot travel through a region of the moduli space
that is large enough to generate enough e-folds of inflation, due to the Kéhler cone conditions.
This observation motivated the requirement 4 of Section 3.6.

We thus looked for other CY candidates in the Kreuzer-Skarke list [65, 86, 88, 89] guided
by the work of [61, 84]. Our search has been successful, and in the rest of this section we
provide an example of a chiral global embedding of Fibre Inflation with D3 uplift in an
explicit type IIB CY orientifold.

4.1 Calabi-Yau toric data, geometry and involution

Geometric data. We consider a CY manifold constructed as a hypersurface in the ambient
toric fourfold characterised by the following toric data:

r1 X2 X3 X4 X3 Xg 7 T8 CY
¢Ggifo o o o 1 1 3 1 6
5 1 1 2 2 12
(Ci 0 0 6 0 (4.1)
¢cjo 1 1 0 1 2 5 0110
ci/1 0 0 0 0 1 2 0] 4

dPs K3 dP7

The resulting CY is included in the Kreuzer-Skarke list [65] and corresponds to the
polytope ID#1334 (triangulation #8 within the polytope) of the Ross-Altman toric CY
database [86, 88, 89]. It has Hodge numbers (h?!, h!!) = (110,4), so that its Euler number
and &-parameter (see (2.6)) read:

X =-212, £=-— ~ 0.514. (4.2)
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The SR ideal reads:
SR = {x124, x2x3, T334, T4T5, T5T8, T1TLT, TaTETTLS } (4.3)

and the second Chern class is expressed as:

18 22 6
() = €D6D7 + €D4D8 + gD@Dg . (4.4)

We work in the divisor basis {Ds, D4, D5, Dg} of toric divisors D; = {x; = 0}, and show the
intersection numbers k;;; through the intersection polynomial:

I'= Y kixDiD;Dy,

i<j<k

= 2D3D5Dg + 2D3DE + 2D} — 2D3Dg + 2Dy DE + 2D2Dg + 4D5Di + 4D . (4.5)

We see that the intersection polynomial is indeed linear in D3, which has the topology of
a K3 fibre. The Kéhler form is parameterised in this basis as:

J = t3D3 + t4D4 + t5D5 + tGDG, (4.6)
so that the volume reads:

1 1 L.
V:f/J/\J/\J:fki-t’tth
6 Jy 6 ik

t3 2
= t3(2t5ts + 12) + 54 — tite + tatg + t3te + 2tstg + gtg. (4.7)
The Ké&hler cone conditions in this basis simply read:

t3>0, t4>0, ¢5>0, tg—1ts>0. (4.8)

The 4-cycle volumes are defined from the CY volume as:

av 1 | i
which gives in particular:
T3 = t6(2t5 + tg), Ty = (te — t4)2. (4.10)

Using these moduli, the volume form (4.7) can be simply rewritten as:

1
Y = (t3+t6) 7—3+t§t6—§7_j/2. (4.11)

From the table of weights we see that the divisor Dy is a good candidate for hosting non-
perturbative effects. It is the blow-up (small) cycle of the LVS, with volume parametrised by
74. The other divisors are expressed on the basis {D3, D4, D5, D¢} as:

Dy =—-D3+Dys—Ds+Dg, Dy=D3—D,y, D7=Ds+2Dg, Dg= Ds—D3s—Dy. (4.12)

We compute the basis second Chern numbers from eq. (4.12) and eq. (4.4). They read:

HiE/Di ca(Y) Z/}/CQ(Y)/\DZ':{24,8,36,52}. (4.13)
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Involution. To construct the orientifold involution, we choose the geometric action og : xg —
—xg. In order to find the loci of the O3 and O7-planes, namely the fixed loci of og, we follow
the strategy developed in [84, 86, 116] and shown in detail in Appendix B. The involution has
two OT7-planes, on Dg and Dy, and [ Dg A D4 A ﬁg = 2 distinct O3-planes at Dy N Dy N Dg
(see Appendix B). The two O7-planes are in the homology classes D1 = —Ds + Dy — D5 + Dg
and Dg = D1 + Dg + 2D3. They add up to give the total cohomology class:

[07] = D1+ D6 =2D1 +2D3 + Ds. (4.14)

The contribution to the D3-charge from the orientifold planes thus reads:

2 1 1 34
Qos + Qo7 = —5 — 6<X(D1) + X(D6)) =-1- 6(6 + 56) = -3 (4.15)

where we recall that x(D;) = [ D} + e2(Y) A D;.

Conifold singularity. We now follow the procedure of Section 3.3 and show that the O3-
planes can be placed on top of a deformed conifold singularity. The two O3-planes are located
at Dy N DyN Dg = {x2z4xg}. On this locus, the involution-invariant CY equation reads:

Pyymm(z2 = 0,24 = 0,28 = 0) = .T% + ax%xé + be5JI%SC7 =0. (4.16)

Because {z4x5} belongs to the SR ideal, x5 cannot vanish in the CY on the O3-locus. Hence
the toric equivalence relations can be used to set x5 = 1, so that the equation reads:

axg 4+ brdzy + 22 = 0. (4.17)

As {zoxgx7a3} € SR, 6 and x7 cannot vanish simultaneously on the O3-locus. When z7 # 0
it can be fixed to x7 = 1, leading to the equation:

zg — 2+ (P =) = (st - ) - (=0, (4.18)

where we have redefined the coefficients through ¢? — ¢ = 1/a, —2¢ = b/a assuming a # 0.
For real { > 0, the two O3-planes are thus located at:

r6 = c £/, (4.19)

and in the limit ¢ — 0 the two O3-planes go on top of each other at the point m% =c.

In the neighbourhood of the point x9 = 24 = 23 = (22 — ¢)? — ¢ = 0 for small ¢, the

CY equation on the C*/Zy ambient space takes the form:

Piymm = mx3 + nzyxs + oxaxs + pr + (25 —c)* +... = ¢
= Z Az'j.%'il'j + (x% — 6)2 +...= C . (4.20)
i=2,4,8

Here the dots contain monomials vanishing faster than the ones at the point under study. The
above equation describes a deformed conifold singularity, as can be seen after diagonalising
the A;; bilinear form to obtain:

Poymm =95 +y3 + vz + (23 —¢)* +... = . (4.21)
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The modulus ¢, that we directly chose real for simplicity, parametrises the size of the S3
at the tip of the deformed conifold throat.

Eventually, we should check how the geometric action og : ¢ — —xg acts on the conifold.
The toric scaling parameters used to fix the 1, x3, x5 and x7 coordinates under xg — —x¢ at
the {xox4x8} locus, are p =1, A =v = = —1 (see eq. (B.3) for the notation). Looking at
the weights of the x9, x4, T¢ coordinates, we see that in the local patch under consideration
the involution thus acts as:

T9 — —T2, T4 — —T4, T —> —I8, (4.22)

as required for the nilpotent Goldstino embedding [59].

The brane configuration responsible for the uplift is then obtained by placing, for instance,
one D3 on top of the O3 of the north pole of the S3, at x5 = ¢ + +/C, and one D3 on top
of the O3 at the south pole, at x4 = ¢ — +/C. For ¢ > 0 the S3 has finite size and there is
no perturbative decay channel for this configuration.

4.2 Brane setup and tadpole cancellation

Tadpole cancellation requires the introduction of D7-branes to compensate for the negative
D7-charges of the two OT7-planes in the cohomology class (4.14):

[07] = D1+ Dg=2D1+2D3 + Dsg. (4.23)

We also recall that non-perturbative effects are hosted on Dy, which is wrapped by an E3
O(1) instanton. In the following, we present two D7-brane configurations cancelling the
tadpoles and containing a non-vanishing magnetic flux on at least one of the stacks, which is
necessary to have a chiral spectrum and to implement Fayet-Iliopoulos moduli stabilisation
(see Section 3.5.2 and below).

4.2.1 Setup with SO/Sp(2n) branes only

We first investigate a setup that cancels the negative D7-charges of the O7-planes only with
D7-stacks on top of the orientifold planes. We do so by placing stacks of 8 + 8 branes on
D; and on Ds, and a stack of 4 + 4 branes on Dg. We must specify magnetic fluxes for
the branes wrapping Dy, D3, D1 and Dg and look for at least one non-vanishing flux. We
recall that the magnetic field F; is defined through:

Fi=F,— i}, B. (4.24)

We choose B = %ﬁg = %(_ﬁg, — Dy — ﬁ4) and magnetic fluxes as:

A A

P .. . R . . D

Fi =ip, Ds +ip, 717 F3 = /p3(p3D3 + paDy + psDs + peDg) + LD373,
* a a a * D4 * ﬁg

F4:LD4(Q3D3—D4+Q5D5)+LD47, F8:[’D87' (425)

These fluxes satisfy the Freed-Witten anomaly conditions (3.44) for all brane stacks, including
the E3 on D4. The total magnetic fluxes satisfy:

F1=F,=Fg=0, F3 #0. (4.26)
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The non-vanishing flux F3 induces chiral zero modes with multiplicities given by the chiral
intersections:

113=/f3ﬁﬁ1/\f73=1—2p57 183=/f3A158AD3=2P67 Isqy = I33 = 0. (4.27)
Y Y

The last equality is essential to ensure a non-zero non-perturbative contribution to the
superpotential from the instanton on Dy, which should have vanishing chiral intersections
with other branes and vanishing flux Fj.

In the present case, the contributions to the D3-tadpole are as follows. The geometric
contribution from the D7-branes reads:

8 8 62
Qb7 = 51 (2x(D1) + 2x(D3) + x(Ds)) = —ﬂ(m +48+2) = —3 (4.28)
The contribution from the magnetic flux F3 reads:
QD? = —? 5 FasNJF3= 2p6(1 — 2p5 — pG)N]: = 2p6(1 + 2,8)N_7:, (4.29)
3

with  defined in eq. (4.54) and Nr the number of fluxed branes (the factor of 2 also counts
their images). The minimal flux contribution is thus obtained for a single fluxed brane (and
its image), hence without using the diagonal U(1) from the Sp(8) stack wrapping Ds, but
rather a non-diagonal flux (see [117] for a detailed study of such a setup). This yields Nr = 1.
For the values § = 3/2 and pg = 1 used in the examples of Section 4.5, we thus obtain:

3
Qpr=8,  for B=5, pe=1 ps=-2 Nr=1 (4:30)
The total orientifold D3-charge is thus given by the sum of the contributions of eqs. (4.15),
(4.28) and (4.29):

62 34

Qtot = Qb7 + Q]§7 + Qo7+ Qo3 = Y +8— 3 =—24. (4.31)

We eventually recall that the uplift is obtained by a configuration with one D3 and one D3
on the S3 at the tip of the throat (see Section 3.2 and below eq. (4.22)). The D3-charge
of this configuration is thus Np3 =1 — 1 = 0. In the absence of additional D3-branes, the
tadpole cancellation condition (3.49) thus becomes:

Niwe = —Qiop = 24. (4.32)

We eventually comment on the gauge group and matter content of the theory. The gauge
groups are SO(16) for the D7 stack wrapping D, Sp(8) for the stack wrapping Dg and
Sp(14) x U(1) for the one wrapping Ds3. The non-diagonal magnetic flux on the Ny = 1
brane wrapping Ds is responsible for the breaking Sp(16) — Sp(14) x U(1). The U(1) factor
gets a mass of order the string scale via the Stiickelberg mechanism by eating up the closed
string axion associated with the combination of K&hler moduli fixed by the D-terms. There
are chiral zero-modes in the (16,1) (resp. (8,1)) representation at the intersection of the
branes wrapping D; (resp. Dg) and Ds. Their multiplicity is given by the intersection
numbers of eq. (4.27).
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4.2.2 Setup with lower-degree Whitney brane

The orientifold charge obtained with the setup just described, involving SO/Sp(2n) branes
only, is not large enough to implement a viable D3 uplift. We thus consider a more complex
configuration involving Whitney branes.

Note that, as D; is a rigid divisor, the charge of the O7-plane in the D; cohomology
class should be cancelled by standard D7-branes [84]. On the other hand, the divisor Dg has
high weights and may allow for a Whitney brane “component” of lower degree, hence not
fully recombined nor fully factorised. We look for a Whitney brane configuration cancelling
the O7-plane charge, with a factor on D3, namely a stack of standard branes wrapping
D3, on which we will turn on a magnetic flux necessary for moduli stabilisation and chiral
matter. This factor is necessary since a fully-factorised Whitney brane does not allow for
continuous gauge groups. The general D7-brane configuration cancelling the O7-plane charge
on top of the Dg plane should read:

n’ —xgx =0, (4.33)

with n € O(4Dg) and x € O(6Dg). If n and x cannot factorise, this is a fully-recombined
Whitney brane. In our case, we want a U(1) brane wrapping Dj3, namely we want the
above equation to factorise as:

23(7° — 2gx) = 0, (4.34)

with 74774 € O(4Dg — D3) and X6,10,106 € O(6Ds — 2D3). Inspection of the weights (4.1)
shows that in orientifold invariant configurations with a Whitney brane and standard branes,?
the polynomials 7 and Y always factorize further as 7 = z1287) and ¥ = z2x2%. We are thus
forced to also consider the existence of additional branes wrapping D; and Dg. Consider

indeed the polynomials:

_ ) <2 2. 2.2 4/.2 2 2
N = x1T87) = T]T2T3T7Ts, X = ziagX = rixsxg(xs + roxs + vawswy). (4.35)

They lead to the following equation for the brane setup cancelling the O7-plane on Dg:

xixdrl (x%m%x%x% — 28(2? + 2222 + x2x3m4)> =0. (4.36)
The above equation cannot be further factorised and we thus indeed have a three branes
(and images) wrapping D1, D3 and Dg, together with a Whitney brane of lower degree. The
Whitney brane cohomology class is thus:

DW = 2Dp = 8D6 — 2D3 — 2D1 — 2D8 . (437)

To summarise, we have therefore chosen a brane configuration with a stack of SO(8 + 2)
D7-branes on top of D1, a U(1) brane on D3, an Sp(2) brane on Dg and a Whitney brane in
the cohomology class Dy,. Whitney branes have zero chiral intersections with non-magnetised
branes. The chiral intersections of the present brane configuration are thus:

Iis =1-2p5, Is3=2ps, Isw =8(2ps+2ps—1), I34=0. (4.38)

3We are extremely grateful to Roberto Valandro for pointing out a mistake in the original draft and for
discussion on configurations involving Whitney branes.
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The geometric contribution to the D3-charge from the Whitney brane in this configuration is
obtained through eq. (3.36) with O = Dg and Dy, = 2Dp given in eq. (4.37). It reads:

D 1 Aa A - 97
@ = Tr, = D) L [ Dby (D - D) =7 (139

The flux contribution is obtained for a Whitney brane integral “flux” Fp satisfying eq. (3.38)
and maximising the last term of eq. (3.39). The flux Fp = %ﬁp — 2D — 2D satisfies
eq. (3.38) and leads to:

1

Ql =-Thy, =5 (4.40)

We note that, as advertised earlier, this maximal brane flux contribution is smaller than the
geometric one ]QM < Q% |- The geometric D3-charge from the five D7-branes (and images)
wrapping D; and the single branes (and images) wrapping D3 and Dg reads:

10 2 2 ) 1 14

o X(P1) = 5 x(D3) = 5ox(Ds) = —5 =2 — = = ——. (4.41)

Qb =
As we have only one D7-brane (and image) wrapping Ds, the magnetic flux contribution is
identical to the previous case and it is given by eq. (4.30). The total D3-charge is thus given

by the sum of the contributions in eqs. (4.15), (4.30) and (4.39)—(4.41):

Qiot = Qos + Qo7 + Q57 + QL. + Q% + QY
34 14 97 1

N T S LA S P 4.42
S 8-ty 56 (4.42)

As in the previous case, we recall that the uplift is obtained by a configuration with Np3 =
1—1=0. If there are no other D3-branes, the tadpole cancellation condition (3.49) becomes:

Nux = —Qtot = 56. (4.43)

We thus confirm that Whitney branes increase the flux number imposed by the tadpole
cancellation condition with respect to the case with standard D7-branes only (see the previous
subsection and eq. (4.32)).

In this case the gauge group and matter content of the model are as follows. The gauge
groups are SO(10) for the D7-stack wrapping D1, U(1) for the magnetised D7-brane wrapping
D3 and Sp(2) for the one wrapping Dg. The Whitney brane supports no continuous gauge
group. The U(1) gets a large mass of order the string scale via the Stiickelberg mechanism.
There are chiral zero-modes at the intersection of the brane of D3 with either the branes on
D1, on Dg or with the Whitney brane. The former are in the (10, 1) representation whereas
the latter are in the fundamental of the massive U(1). Their multiplicity is given by the
chiral intersection numbers of eq. (4.38).

4.3 Scalar potential and heavy moduli stabilisation

We recall that in this work we assume complex structure moduli and axio-dilaton stabilisation
by RR and NSNS 3-form fluxes at tree-level [2]. We thus assume that the flux superpotential
Wo, the string coupling gs and the complex structure moduli VEVs are fixed, and consider
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them as tunable parameters of our model. This explains the freedom to scan the parameter
space of subleading corrections, namely the freedom to choose freely the loop parameters
w KK

¢ and c

4 % inside a certain range, as they depend on the complex structure moduli. A

full computation giving their exact values as functions of the complex structure moduli is
however not known and is beyond the scope of this work.

In the following, we will also fix the prefactor of the scalar potential depending on the
value of the complex structure moduli. Indeed, the F-term scalar potential (2.14) features
a prefactor e which should include the total Kihler potential for the Kéahler moduli, the
complex structure moduli and the axio-dilaton. As the latter are assumed to be fixed, they
only contribute as a constant prefactor in the potential. We will thus set e = 1 for
simplicity, and keep the prefactor coming from the axio-dilaton tree-level Kéahler potential
s ~ gy As ek/2 |Wy| is Kéhler invariant, the dependence on the complex structure moduli
can be reintroduced by replacing \/gs |[Wo| with /g, [Wo| e’e/2.

Effective scalar potential. The scalar potential of our model, after complex structure
moduli and axio-dilaton stabilisation, takes the following form:

V =Vivs + Vb + Vip + Vi + ViV + Vi
= Vivs + Vb + Vip + Vaub - (4.44)

The LVS term is derived from the Vp scalar potential formula (2.14) in the presence of a
non-perturbative superpotential due to the E3 instanton wrapping Dy:

W =Wy + Wyp = Wo + Age™ %7, (4.45)

_ 8gsaj Aje 24T, /7y N 4gsa4Ag|Wo|Tse™ 7 cos(asby) n 3|Wol?¢
y V2 1/ V5

The Vp part comes from the D-term scalar potential (3.48) induced by the non-vanishing

(4.46)

flux F3 on the D7-brane wrapping Ds. It can be expressed from eqs. (3.46) and (3.47) as:

== . 4.47
V2 2tg (2t5 + tﬁ) ( )

2
2 2 2pgts — (1 — 2ps — 2pg)t
1 Pels 145} Pe)l6
93 .0 Ys ( fg/\J> gs( )
D3

The part corresponding to the uplift is described in the supergravity nilpotent Goldstino
framework by the scalar potential in eq. (3.20) for the conifold modulus Z = (e®. It reads:

¢4/3 cies  M?%o? (K M )2
i = —+ 1 . 4.4
Vap 2c1 M2VA/3 \ mgs + 472 + Js + 2 ng (4.48)

The last terms of eq. (4.44) are the subleading loop and higher-derivative corrections of
egs. (2.8), (2.9) and (2.11) that generate the inflationary potential. They are expressed as:

3 1% 2 W, 2 W
V= Vg 4+ V)Y 4 Vi =2 '4;;' ST CERCKE (2048 — 4vEes) — &2 v30| >
B i
2 4
gs A [Wol" - i
- Zsﬁ STRLE (4.49)
S
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In the first line we expressed the inverse tree-level Kéhler metric ICS‘B in terms of the ¢
and the inverse of the matrix (k,s) = dr,/dt’ defined in eq. (4.65). We also expressed the
transverse cycles tf- generically as tf- = Aiot® and defined CEF* =37, ¢;** Aiq. The two lines
of eq. (4.49) scale respectively as Y=10/3 and V113 but with different powers of g,. It is
thus not easy to determine a priori if one dominates over the other. Considered together
they can generally lift one or two flat Kéhler directions.

Heavy moduli stabilisation. The different contributions to the total scalar potential (4.44)
scale differently with respect to the internal volume. When the latter is stabilised at large
values, there is thus a hierarchy between them. As they are responsible for the stabilisation
of different moduli, there will also be a hierarchy in the mass of the moduli. The full moduli
stabilisation can thus be understood by stabilising the moduli step by step, from the heaviest
to the lightest, or equivalently by minimising each contribution of the scalar potential, from
the largest to the smallest.

The conifold modulus scalar potential Vi, of eq. (4.48) decouples from the other con-
tributions. It is minimised at:

B
(o) =0, O=¢ =e gs , (4.50)
where it takes the value:
X\4/3
x (Go) X 3 3 9 am
) = , = (2 /== . 4.51
Vap) = 0"~ )v73 © = Jor2e, \a " 16~ gm2t? (4.51)
g

We recall that the constants are ¢; = 1.18 and ¢o = 1.75. Alternatively, to be more conservative
about the back-reaction of the D3 on the geometry, one could use the estimation (3.26) of [95],
that we recall here:

(CE$)A/3 2rK 3

S B G (4.52)
with ¢g = 11.9. In the following, we will use gy and {y without specifying if we consider their
supergravity or direct estimations shown in eqgs. (4.50)—(4.52). We will come back to the
specific expressions when numerically evaluating the uplift potential.

The dominant part of the Kéhler moduli scalar potential is Vp of eq. (4.47), which scales
as 1/V2 Tt is minimised at the vanishing value:

(Vp) =0. (4.53)
This relation can be used to integrate out t5 by writing it in terms of g as:

1 —2ps5 — 2pe

ts5(te) = Pte, B = o

, (4.54)

The value of 8 = 3/2, used in the examples of Section 4.5 is obtained for pg = 1 and p5 = —2.
The next dominant part is the LVS potential (4.46). It is minimised for the following
values of CY volume V and dP divisor modulus 74:

~ §2/3 ~ Wo V <T4> as(Ta)
<T4> =~ gis’ <V> =~ m (& . (455)
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Recalling that 74 = (tg — t4)?, the first of these two relations can be used to integrate out
t4 by writing it in terms of tg as:

t4(t6) =t — <T4> . (4.56)

Note that the LVS potential at the minimum is negative:

1/3 2¢1/3
3) [Wol€ 7 (4.57)

(Vivs) = =V (2 das (V)3

4.4 General inflationary dynamics

Inflationary potential. Up to this point, 74, V and the linear combination (t5 — Btg) are
stabilised. They correspond to an axion and three directions of the 4D space of the 4-cycle
volume moduli. There is thus still one flat saxionic direction, which can be parametrised by
te.* This direction is lifted by the loop and higher-derivative corrections appearing in Vi,
and corresponds to the inflationary direction. Indeed, from egs. (4.51), (4.53) and (4.57) we
see that, after heavy moduli stabilisation, the total scalar potential in eq. (4.44) looks like:

V = (Vivs) + (VD) + (Vip) + Veub

_ 0
=4q0 <V>4/3 - @ 2 4a4<v>3 + ‘/;ub ' (458)

When the hierarchy between the first two terms and Vg, is respected, there is a dS minimum
as long as:

3> 1/3 ‘WO’2§1/3

WG 2 Vs (2 Jay (V)5 (4.59)

The subleading scalar potential Vg, contains the corrections (4.49) expressed in terms of
all the t*. To study the last direction, we express all of them in terms of tg only, using
the stabilisation of the other three moduli. First, using eq. (4.54) together with the limit
(V) > (14)3/? corresponding to a small blow-up cycle, the CY volume (4.11) reads:

(V) = (3 +t6) 73(t6) + t6 (t5(16))* = (28 + 1tatg + (5 + 1)* £, (4.60)

where now the volume mode is fixed at (V) by the LVS potential as in eq. (4.55).% Note that
the expression (4.60) is linear in tg, following requirement 3 of Section 3.6 for implementing
Fibre Inflation. Notice that in the regime where t3 > tg, it takes the simple form:

(V) ~ (28 + )it , (4.61)

4The remaining two axions can be lifted by including additional non-perturbative corrections to W which
would yield even more suppressed contributions to the scalar potential that we shall ignore. These axions
behave as ultra-light spectators during inflation and lead just to isocurvature perturbations [45-48].

SIntegrating out the volume modulus properly from the whole potential with all corrections would generate
more precisely a function of ¢ which can however be well approximated by the LVS VEV at leading order, i.e.
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which is exactly the one of eq. (2.1) with ¢ty =t and ¢, = t3 (and setting 7, = 0 following
the current approximation 74 = 0). In any regime, we can thus integrate out t3 by expressing
it as a function of tg as:

y=(B+1)2. (4.62)

o) = g (2 ) = 2=

2+1\ 2 (28 + 1)t

3
The single field inflationary potential, depending only on tg, therefore becomes:

Vint(t6) =(Vivs) + (Vb) + (Vap) + Veun(ts)

08" (3)1/3 LRSS
0 (V)4/3 9s \ 5 dag(V)?
+ Vaup (t3 = t3(t6), ta = ta(ts), ts = t5(t6), t6) , (4.63)

where Viyp = VS + V% + Viu is given in the general case by eq. (4.49).

Canonically normalised inflaton. The kinetic terms of the effective Lagrangian for the
saxions read:
I’K 1 9°K

=22 9T =~ L a4 4.64
Ly oToT, oM} 1m0, 0, 10" + (4.64)

We will use the following relations between 2-cycle and 4-cycle volumes:

1 o oy 1 . 1 o A%
= " kypt'tith i = = kit th = — kgt = = kt® = ki
V=GRt 08, = s = o ki o ikt ot otion ik g
ott g oy  ovott 1 . 9%y 1. ..
_ i 9V Ot - 4.65
87']' ’ 8’7']' 8# 87-]- 2 ’ 8’7}87}‘ 2 ( )

The kinetic Lagrangian in eq. (4.64) can then be written in terms of the t* as:

1 oK 10 (oKov 1 [(eKovey oK 8%V ‘

- AR — T | T T Art — | T T - - _- - .M

1omon, T = 1o (av afj> Qumd'T" =7 <av2 or om; oV afl-aTj) Ouri0"'T
s 10K

After integrating out t3, t4 and t5, we can thus express the kinetic part of the Lagrangian for
tg only, using the derivatives of the other moduli around the minimum:

Ot (te)
J — 4.
so that the final kinetic term for tg reads:
1 (0*K 10K Oti(tg) Ot/ (t6) .
o= | I A . 4.
Lian = (aw T 261)’“”) o ot nted"to (4.68)

To evaluate this we compute from egs. (4.54), (4.56) and (4.62):

As(ts) _ 2(V) +3(B+1) Oty(ts) Ots(te)
Otg N t%(?ﬂ + 1) ’ Ote =1L Otg =5 (469)
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We neglected the variation of (V), due to the hierarchy of scales. We then compute the
matrix k;; = 07;/0t7 defined in eq. (4.65) and replace t3(ts), ta(ts) and t5(tg) as before. The
kinetic term eq. (4.68) then simply reads:

3
Lyin = —28Nt68“t6 , (4.70)
2t

so that the canonical inflaton ¢ is related to tg by:

ER

ts=e (4.71)

Stretched Kahler cone. During all the inflationary epoch and towards the minimum of
the scalar potential, the Kéhler cone conditions (4.8) must be satisfied. The one for ¢4 — t¢
is satisfied as long as 74 is stabilised as in eq. (4.55). Once stabilised as in eq. (4.54), the
condition for t5 is equivalent to the condition tg > 0 as soon as we choose 5 > 0. Finally,
the Kéhler cone condition t3 > 0 implies an upper bound on tg for fixed (V), as can be
seen from eq. (4.62). This condition is:

s < (<:>>3 (4.72)

We thus understand that, as tg is directly related to the canonically normalised inflaton ¢, a
minimal field range for ¢ imposes a minimal value for the internal volume V.

During the whole inflationary dynamics, we should also check that the effective theory,
and in particular the o’ expansion, is under control. As argued in [56, 68], to control the
o/ expansion one should be in a regime where:

10025
N N

Such conditions, called stretched Kéhler cone conditions, are more restrictive than the

Its| > tske = Vi=1,...,ht% (4.73)

standard Kahler cone ones.

Location of the minimum. Previous works showed that Fibre Inflation typically requires
an inflaton displacement between horizon exit and the minimum of order A¢ ~ 5 — 7. In
order to match the observed spectral amplitude, a volume of order (V) ~ 103 —10% is required,
as will be shown below. We see from eq. (4.72) that for v = O(1), the maximal allowed
value for tg is thus around t9% ~ (V)1/3 ~ 10 — 15. We thus estimate that, in order to
have A¢ ~ 5 — 7, the minimum should be such that:

(o) _A¢
(te) =eV3 =15 xe V8 =15 xe

S

~0.3. (4.74)

From eq. (4.73) we deduce that gs should be of order O(1071). We also see that if (tg) is
close to tgxe of eq. (4.73), the magnetic flux stabilising (t5) = B(t) should be chosen such
that § 2 1 so that (t5) also satisfies the stretched Kéahler cone condition (t5) > tsxc-

In the following we study the inflationary dynamics from the potential (4.63) in different
regions of the parameter space, where different terms of the subleading potential Vg, =
ViE + V¥ + Vi are dominant.
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4.5 Examples for different points in parameter space
4.5.1 Case with negligible KK loops
We start by studying a case where the winding loop correction and the F* terms dominate

the inflationary region, while the KK loop corrections are negligible.

Inflationary potential. The F* corrections to the scalar potential are computed from the
second Chern numbers given in eq. (4.13). They read:

A 1aWol* [Wol*
VA= _Zgl/2 It = —\gl/? 6t5(ts) + 2ta(te) + 9ts(tg) + 13t
7 1% 9s <V>4( 3(te) + 2ta(ts) + 9t5(ts) + 13t)
4
17210l
A (6t5(te) + (98 + 15)t). (4.75)

In the last equality we first implemented the stabilisation conditions of eqs. (4.54) and (4.56)
ts(ts) = Bte and ta(ts) = tg — £/3//gs. We then also took the limit (r4)*/? < (V) and
thus identified t4 with tg.

The winding corrections come from pairs of D-branes or O-planes with intersections
containing non-contractible 1-cycles, namely such that the intersection of the divisors they
wrap has h'? # 0. In our setup, there are O7-planes on Dy and Dg and D7-branes on Dj,
D1, Dg and Dy. The intersections with h''? # 0 have volumes:

DsN Dg : 2t5(t6> + 2t = 2(8 + 1)tg, DyN Dg = —2t4(t6) + 2tg = 2<T4> — 0,
D3N Dg : 2tg, DysNDg = —2t4(t6) + 2tg = 2<7’4> — 0. (476)

The winding loop corrections then become:

_9sIWo|? 3 G gslWoPov

(V)3 4710 Tt

Vg‘f = (4.77)
As all D7-branes and O7-planes intersect, the KK loop corrections could only come from

03/D3-D7/07 pairs. In this subsection, we study a region of the parameter space where they
are negligible. In that case, the subleading scalar potential (4.49) simply reads:

< Wo‘Q CW ’WO|4
‘/su — VW Vs ~ _g | =~ A 1/2
b gs + 4 <V>3 t6 Js <V>4

(6t5(t6) + (98 + 15)t6). (4.78)

After expressing t3 as a function of tg through eq. (4.62), the inflationary potential (4.63)
thus takes the form:

Vint(te) = (Vivs) + (Vip) + V¥ + Vi
gs|Wo|* C™ 1/2’W0|4( 6 (V) ( 67) )
~ u - - 92 11 42 1 T 9n 11 ’
Vevs) +(Vaw) = Zvs = =2 \ggr g T\ %P 189507t
1 (A B Ct6>

~Et— (S 428
Top\s et

(4.79)

— 36 —



where we have defined:

6
- 2 W - 4
6 3 958
3172 4 . Y _ (2. 7P 2 _
C = —\g,/“|[Wy| <9ﬁ+15 25—1-1) (2—1— 9 +25)B_f(ﬁ)B,
C(l]l/3 (3)1/3 |WO‘2§2/3
FE = — — —_— 4.
O T VIS)  ag (480)

Compatibility with observations. For given parameters A, 8, B and volume (V), the
value of the minimum and the inflationary dynamics can be computed numerically from
eq. (4.79). For now we estimate the values of the parameters allowing for a correct inflationary
dynamics. We will then show the result of the numeric computation for precise parameters.

To have a plateau with the above form of potential, we need the terms proportional to A
and B to compete at the minimum, while the term scaling with C is negligible. Increasing tg
will then lead to a region where the constant term E dominates: the potential then stays flat
until the C' term becomes of the same order of magnitude, and the potential increases again.

To realise this scenario, we need the C term to be negligible at the minimum:

Clts) B Clts)* _ (t6)°

where we have used the relation (4.80) between B and C in the last equality. Inside the

Kéhler cone 8 > 0, and so we always have:

f(B) >

Inflation takes place along a trajectory of decreasing tg, towards the minimum. According

. (4.82)

| W

the discussion around eq. (4.74), we need the minimum to be around (ts) ~ 0.3 to have a
long enough plateau before the boundary of the Kéhler cone for t3. There should also be
a long enough plateau before the steepening coming from the C' term. When the C' term
is negligible around the minimum, the latter is located around:

(@) 2B 1 B 1 A2
<t6> =eVv3 2_7’ Vvinf(<t6>) :E_WW :E—WE (483)

A Minkowski minimum is thus obtained for:
1 B B 2
= 3 .
VP te)2  (V)P°

Using eqgs. (4.83) and (4.84), the inflationary potential (4.79) for the canonically normalised

FE =

(4.84)

inflaton, expanded around the minimum as ¢ = (¢) + ¢, can be estimated as:

3 A 2 V3
V(gp)~E (1 — 267% _1_6*% + W@\%) .

Horizon exit is situated in the plateau region where the potential can well be approximated

_¢
asV ~FE <1 — 2e \/5) In the plateau the slow-roll parameters (2.26) simplify to:

(4.85)

29 2 _ 2
€y X e V3, R —ge V3> ey (4.86)
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To generate the observed spectral amplitude of density perturbations (2.28), the inflationary
potential at horizon exit should thus be such that:

2(¢)
1% B e V3 B 1 20" =)
— ~ ~ —e 3 =2x10"Y. 4.87
*T 3 x8nley |, 3(V)3 8ne,  2(V)3872° % (487)

e
For the values discussed around eq. (4.74), t§ = eV3 ~ 10—15, (tg) ~ 0.3, and (V) ~ 10% —10%,
the observed spectral amplitude is thus matched when:

695 N Wolt 1 20 ({te))? i 3
B=—-——" " — ~1 2x1 ~ 1) — 1 . 4.
o 67T<V>(tg)>< K100 ~ O(1) — O(10%) . (4.88)

In the first equality we recalled the definition (4.80) of B. We see that for A ~ O(1073) —
O(107%), and g, ~ ©(0.1) this asks for values of |Wy| ~ O(10) which are consistent with flux
stabilisation and the tadpole bound [118] (see later discussions in our specific examples).

Control on the EFT. We need to verify the possibility to obtain the dynamics described
above while keeping our EFT approximations under control, for certain choices of string
compactification parameters. For this, we need to stay in the large cycles approximation
and inside the Kéhler cone. We should also check that the LVS scalar potential Vi,
estimated by the last term of eq. (4.46), is larger than the inflationary potential, so that
the volume V is indeed stabilised during inflation, as assumed in our analysis. This last
constraint can be written as:

Vi 3¢|Wol? 3 3¢|Wo? 2 1
ot o WOl W7 ROl 2415 00 (as9)
Vint 4./95(V) B 495 6A/gs|Wo
This gives the following condition:
2 1
5| Wo? = ﬂ; fp with  p > O(10). (4.90)

We recall that £ = 0.512 in our example. For a hierarchy p > O(10), A ~ O(1073) — O(107%)
and 3 = 1, this gives g;|[Wo|?> < O(10) — O(10?). This is compatible with eq. (4.88), as for
gs = O(0.1) it again asks for |Wp| ~ O(10).

A viable parameter choice. With the insight of the previous paragraphs, we searched
the parameter space and solved the dynamics of the inflationary potential numerically. As

an illustrative example, we chose the following parameters:®
3
gs = 0.082, Wy = 10.0, (V) = 5.7 x 10, B = 2
c" = 3.0, A=-72x107%, CEE = . (4.91)

The resulting inflationary potential is shown in figure 2. The minimum, horizon exit and

5To obtain these values of V and gs, the coefficient of the non-perturbative W should be very large, of order
Ay ~ O(10%%) (see eq. (4.55)). We thank Arthur Hebecker, Simon Schreyer and Victoria Venken for bringing
this point to our attention. The determination of A4 is beyond the scope of the present work. Note however
that a similar value of V can be obtained for gs ~ 0.4 and a smaller coefficient Ay ~ O(10%). This would imply
a weaker control of the gs expansion, but a stronger control of the uplift. Moreover, a similar value of V for an
As ~ O(1) and gs < 0.1 could be obtained by considering a different orientifold involution which leads to an
SO(8) DT7-stack on the del Pezzo divisor. These comments apply also to the other examples of this section.
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Figure 2. Inflationary scalar potential for parameters of eq. (4.91).

0.0

value of the moduli at these times are:

(¢) = —2.4, {te) = 0.25, (t5) = 0.37, (t3) = 2000,
b = 3.87, £t =9.3, £ = 14.0, =17,
Pbke = 3.93, t6lbke = 9.7, (4.92)

where we also showed the values of ¢ and tg at the boundary of the Kédhler cone. The number
of e-folds, slow-roll parameters and main cosmological observables are:

N, = 49, €x =5.3x 1074, ne = —0.0176,
A =2.0x1077, ns = 0.962, r = 0.0085. (4.93)

The ratio between the O(o/ 3) and the inflationary potential in the inflationary region is
around p ~ 3.

Uplift parameters: flux quanta and tadpole contribution. With the above parameters,
the inflationary dynamics matches observations in a regime of correct control of the EFT
description. We now have to compute the flux quanta M and K to have the correct uplift,
and check that their value is consistent with the D3-tadpole cancellation condition. The
precise value for the flux quanta depends on the exact expression of the uplift scalar potential
we are using. To obtain a Minkowski minimum, the uplift term has to be chosen according
to eq. (4.84), namely we need K and M quanta such that:

4/3 1/3 2¢2/3
1 B 3\ 7 [Wol“¢
0
= \Vup/ = — — Vaub((l6)) = s\ o
q0 <V>4/3 <V p> <VLVS> V b(( 6>) <V>3 <t6>2 + \/g> <2) 4(14<V>3
~2.69 x 10710M} (4.94)
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where we have used the numerical values of eq. (4.91), £ = 0.514 from eq. (4.2), and we
have set ay = 2.

As explained in Section 3.4, there is no definite consensus on the precise form of the uplift
scalar potential. In eqgs. (3.26), (4.50) and (4.51) we introduced two different sets of expressions
for the parameters qg and (p, denoted with labels X or K .S corresponding to their derivation.
Using the estimation of eq. (3.26) for the uplift, we can choose M = 22 and K = 2, obtaining:

ks G (Vi) ~ 2.71 x 10710 M3 (4.95)
‘0) <V>4/3 - up / — “ P> .

as required by eq. (4.94) to obtain a Minkowski minimum. These flux parameters give:
Nipy = KM = 44, gsM = 1.80. (4.96)

The last equality gives a borderline value to trust the KS solution, but the values of the flux
quanta K and M allow to avoid the singular bulk problem since Ny, /V?/® = 0.14.

On the other hand, when using the supergravity estimation of eqs. (4.50) and (4.51) for the
uplift, the flux M must satisfy the constraint in eq. (3.24), due to the estimated back-reaction
of the D3 on the conifold throat geometry. For the value of g5 given in eq. (4.91), this gives:

M > ~ 238, (4.97)

9s

and by choosing K = 1 and M = 24 we obtain:

< ()3
0 (V)4/3

which is too big to get close to a Minkowski minimum. Here, the value of the global minimum

= (Vip) = 6.1 x 1071°M3 (4.98)

cannot easily be adjusted through Wy and gs. This impossibility to get a smaller uplift
comes here from the constraint in eq. (4.97) to avoid the runaway of the throat modulus.
Relaxing this constraint, as suggested in [107], would allow for a smaller uplift, with for
instance M = 19 or M = 20. In that case we would have estimated:

Nipe = KM =20,  g;M = 1.64. (4.99)

The value of gsM is marginally within the regime where the supergravity approximation is
trustable, but the smallness of K and M avoids the singular bulk problem as N,/ V2/3 = ().06.

We see that using either of the expression for the uplift potential, we can obtain a
Minkowski minimum with a throat flux number smaller that the total orientifold contribu-
tion (4.42) to the D3-tadpole, namely with Ny, < |Qtot] = 56. We have also checked that
with the parameters of eq. (4.91), the superpotential Wy satisfies the bound [118]:

51 =~ 27gs|[Wo|? < |Qtot| = 56. (4.100)
4.5.2 Case with negligible F* terms

We now investigate the case where the F'* terms are subdominant with respect to the winding
and KK loop corrections. We recall that the KK loop corrections read:

3 1% 2 ..
Vi = 923‘ Vg’ IR (4.101)
i
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where the tree-level inverse Kéahler metric reads ICf)j = 1/4V?%(2t't7 — 4VkY). In our case there
will be corrections coming from the cycle transverse to Ds, arising from KK modes going
from the O3 to the D7-brane wrapping Ds. In this case t3 is simply t3 so that c5* # 0.
These corrections contribute as:

KK _ é WV0|2
9= T o gy

(c5™)? (2(ts(t6))* — 40)ES (1) ) - (4.102)

Using the expressions of k3% and ¢3 in terms of (V) and tg, and taking (r4) = (tg — t4)? —
0 we get:

i _ o ricy2s (Wol? (V)° = 8(V)% + f6(B) t8(V) — fo(B) £
(T
with: .
fo(B) = 1+ (1 + 8%, folB) =51 +A)" (4.104)
In the limit where (V) > 3, these corrections simplify to:
KK __ [ KK 29§ |W0‘2 1 tg
VIR = (c5F) 5 (1202 AR <1+f6(6)<v>2+...>. (4.105)

Note that there is no t3/(V) correction in the parenthesis. There are however (14)3/(V)
corrections, not shown above as we took the (r4) — 0 limit.
The winding loop corrections still read:

W 795|WO|2Q
g V)3t

(4.106)

Therefore in the present case, the subleading scalar potential in eq. (4.49) becomes simply:

Voup =~ ‘/;JZV + VgI:K

7_95’W0’2g
(V)3 e

3 1% 2 1 6
+ (c?K)zgzs(l!erﬁ)Q T (1 +f6(6)<]’;6>2 + .. ) : (4.107)

The inflationary potential (4.63) thus takes the form:

Vinf(t6) = <VLVS> + <VD> + <Vup> + Vsub(tﬁ)

1 A v t2
=FE+ —=|-——+B;+C-% +. .. 4.108
'*ww( TR A )’ (4105)
where in the second line we have defined the new quantities:
1
A = g WoPC™ B = (5 g3 Wol? s C= B=(1+p)*1+p*B
golWo2C™, (Pl g Jo(B)B = (1+ B(1 + 5B,
/3 1/3 2¢2/3
% <3> [Wol%¢
FE = — s | = _ 4.109
For small tg, the minimum is around:
(KK 2.2 3B
AP —ABOY ~ 0 = (1)} = 215" ) s SOV, Vine({te) = B——go—g. (4110)

- OW(1+28)
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Hence the scalar potential has a Minkowski minimum when:
3B

E~ W . (4.111)
The scalar potential then takes the simple form:
B (3(v) 4 W 5
Vaub (te) = w3 ((t6>4 Tolto)? + / + f6(B) Wy +> (4.112)

During inflation the last term is negligible, and so the dynamics can be estimated through the
following potential for the canonical inflaton expanded around the minimum as ¢ = (@) + ¢:

4 _ 9 _4é
Vinf:E<1—3€ \/§+§e ﬁ) (4.113)

e
where we recall that tg = ev3 (see eq. (4.71)) .
Horizon exit is situated in the plateau region, where now the scalar potential can be well

_ o
approximated as V ~ E (1 - %e ﬁ) In the plateau the inflationary slow-roll parameters
take the form:

8 _20 4 _$
€y~ ge V3, nvz—ge V3 > ey (4.114)
To generate the observed amplitude of density perturbations (2.28), we should thus have:
A T
e V3 e V3 -
- ~ ~ Vi =2x107". 4.115
As 3x8m2ey |, (V)2 8n2e,  8(V)? 8n? ¢ ( )

*
For the values discussed around eq. (4.74), t§ = V3 =~ 10 — 15, (tg) = O(1), and (V) ~ 103 —
104, the observed spectral amplitude is matched for:

B = ()23 WP BT 2 <<t6>>2 X 2% 1070 = O(1076) — O(10~%)
s 2(1+2p)2 3 ty ’
(4.116)
where in the first equality we have recalled the definition (4.109) of B. We see that for 8 ~ O(1)
and gs ~ O(0.1), this asks for values of (c5%)?|Wy|? ~ O(1). Again, this is consistent with
flux stabilisation, the tadpole bound and with estimations of the loop coefficient c5*.

Control on the EFT. Requiring Vs to dominate over the inflaton potential amounts to:

3¢ Wo? 3B 2 2 8
> ~ 24m% e, As >~ 2417 Ay —— 4.117
1P 7 Gyt = AT eA = BT A A
@
where we have used eq. (4.115) in the last two equalities. For t§ = ev3 ~ 10 — 15, (V) ~
10% — 10* and g5 ~ O(0.1), this then gives the following constraint on Wj:
4./95(V)? 19272 A, 4
=0(1) — O(10%). 4.118
e~ O - o0 (4.118)
We thus see that the hierarchy between the Vs and the inflationary potential can be obtained
for a superpotential of order |Wy| = O(1) — O(10) for volumes of order (V) ~ O(103).
In the present case the higher-derivative F4 terms are parametrically set to zero through

[Wo|? >

A = 0, and so the hierarchy Viys > Vpa is automatically satisfied.
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Figure 3. Inflationary scalar potential for the parameters of eq. (4.119).

A viable parameter choice. With the following parameters:
gs = 0.148, Wy = 5.3, (V) = 3.0 x 10,

3
A=0, K =0.032, CY =0.49, B=73. (4.119)

we get the inflationary potential shown in Figure 3.
The minimum, horizon exit and value of the moduli at these times are:

(p) = —2.4, (tg) = 0.26, (ts5) = 0.39, (t3) = 1.1 x 10%,
by = 3.4, th=17.1, tt =10.7, th=3.7,
PbKe = 3.6, télbke = 7.8. (4.120)

where we have shown also the values of ¢ and tg at the boundary of the Kéhler cone. The

number of e-folds, slow-roll parameters and main cosmological observables become:

N, =51 € =4.2x 1074, ne = —0.017,
As =213 x107° ns = 0.964, r = 0.0067. (4.121)

The ratio between the O(a’*) and the inflationary potential in the inflationary region is

around p ~ 6.

Uplift parameters: flux quanta and tadpole contribution. With the above parameters,
the inflationary dynamics matches data in a regime where the EFT is under control. As
before, we compute the flux quanta M and K needed to obtain the correct uplift. Again,
the exact result depends on the expression of the uplift scalar potential we are using. To
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obtain a Minkowski minimum, the uplift term has to be chosen according to eq. (4.111),
namely we need quanta K and M such that:

4/3 1/3 2¢2/3
3 B 3 |Wol=€
0o _ _ v ~ /7. (2
q0 <V>4/3 - <Vu > - <VLVS> Kub(<t6>) <V>2 <t6>4 +V9 <2> 4a4<v>3
~ 2.37 x 1071003 (4.122)

where we have used again £ = 0.514 from eq. (4.2), and we have set a4 = 2.

As in the previous subsection, we evaluate the uplift parameters for the two different
expressions of the uplift potential of egs. (3.26), (4.50) and (4.51). Using the estimation of
eq. (3.26), we can choose M = 10 and K = 2, obtaining:

. (i

O o (Vis?) ~2.25 x 107 Mp . (4.123)

These flux parameters give:
Niny = KM =20, gsM = 1.48. (4.124)

We see that this is again a borderline value to trust the KS solution. On the other hand,
the singular bulk problem is avoided since Niy,/ V2/3 = 0.096.

Using the supergravity estimation of eqs. (4.50) and (4.51), we should ensure that M
satisfies the constraint in eq. (3.24), due to the estimated back-reaction of the D3 on the
conifold throat geometry. For the value of g5 given in eq. (4.91), this gives:

6.8

M > ~17.7, (4.125)

gs

and by choosing K = 2 and M = 19 we obtain:

(G
B

With the above flux quanta and parameters, we get:

= (Vip) = 2.42 x 107 Mp . (4.126)

Nipr = KM =38, gsM =2.81. (4.127)

The value of gsM is above the lower limit to trust the supergravity approximation and the
relative smallness of Ny, prevents the singular bulk problem as Ny, / V2/3 = (.18. Each of
the uplift potentials and parameters gives a minimum with an almost vanishing cosmological
constant. The value of the global minimum can be adjusted through Wy and g, but it is
not possible to have a precise tuning for both the expressions together. The parameters
of eq. (4.119) were chosen so that both expressions give an almost vanishing cosmological
constant, without a precise tuning of either of the two. Using either of the expression for the
uplift potential, we can thus obtain a Minkowski minimum with a throat flux number smaller
that the total tadpole contribution of the orientifold (4.42), namely with Ny, < |Qtot| = 56.

We have also checked that with the parameters of eq. (4.119), the superpotential W)
satisfies the bound [118]:

26 ~ 21gs|[Wo|* < |Qtot| = 56 (4.128)
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Figure 4. Inflationary scalar potential for the parameters of eq. (4.119).

4.5.3 Case with all corrections

In this last subsection we showcase parameters in a region giving a model where all the
subleading corrections to the potential are important, i.e. a model without vanishing param-
eters for the KK loops or the F'* corrections. From eqs. (4.62), (4.75), (4.77) and (4.103),
we thus write down the inflationary potential as:

Vint(te) = (Vivs) + (Vap) + nggv + ngK + Vs

_ gelWO2 C sy 2 Wl (V)2 — 6300) + f5(B) t6(V) — fo(8) 8
= Vavs) - Wop) = T2 + (@5 Ty R
4
_Ag;mgf;L <256+1<t?+<95“5_ 2ﬁ611)t6)' -

With the insights of previous subsections, we were able to find a correct inflationary dynamics
with the following parameters:

gs = 0.155, Wo = 7.3, (V) = 4.2 x 10%,
3
A=8x107, 5 =0.032, CcV =0.77, B=73. (4.130)
The inflationary potential is shown in Figure 4.
The minimum, horizon exit and the value of the moduli at these times are:
(¢) = —2.2, (ts) = 0.28, (ts) = 0.42, (t3) = 1.4 x 10*,
O« = 3.54, te =7.72, tz = 11.6, t3 = 5.55,
PpKe = 3.75, te|lbke = 8.7, (4.131)

where we have shown also the values of ¢ and tg at the boundary of the Kéahler cone. The
number of e-folds, the slow-roll parameters and the predictions for the main cosmological

,45,



observables are:
N, = 50, € =4.5x 1074, Ny = —0.017,
A, = 2.05 x 10_9, ns = 0.963, r = 0.0072. (4.132)

The ratio between the O(a/ 3) and the inflationary potential in the inflationary region is
around p ~ 3.5.

Uplift parameters: flux quanta and tadpole contribution. We compute the flux
quanta M and K to get the correct uplift. Again, the exact result depends on the expression
of the uplift scalar potential we are using. To obtain a Minkowski minimum, the uplift term
has to cancel the total inflationary potential eq. (4.129), namely the quanta should satisfy:
4/3

¢ /

a0 i = (Vo) = = (Vi) = Voun({t6)) 2 287 x 1070 (4.133)

where we have used £ = 0.514 from eq. (4.2), and we have set ay = 27.

As in the previous subsections, we evaluate the uplift parameters for the two different
expressions of the uplift potential of egs. (3.26), (4.50) and (4.51). Using the estimation of
eq. (3.26), we can choose M = 10 and K = 2, obtaining;:

( KS)4/3
qé(S<OV>74/3 = (V) ~ 2,28 x 107100 . (4.134)
These flux parameters give:
Niwr = KM =20, gsM = 1.55. (4.135)

We see that this last value is borderline to trust the KS solution, but the values of K and
M avoid the singular bulk problem since Nthr/VQ/?’ = 0.077.

When using the supergravity estimation of eqs. (4.50) and (4.51), M must satisfy the
constraint in eq. (3.24). For the value of g given in eq. (4.91), this gives:

M>—~17.3, (4.136)
9gs
and by choosing K = 2 and M = 20 we obtain:
e (C())()4/3 —10 4 74
With these flux quanta and parameters, we get:
Ninr = KM = 40, gsM =3.1. (4.138)

The value of g;M is now large enough to trust the supergravity approximation in the throat,
and the singular bulk problem can be avoided since N,/ V2/3 = 0.15. As in the previous
subsection, the parameters (4.130) were chosen so that either of the two uplift potentials leads
to a global minimum with a small positive cosmological constant, without however adjusting
precisely Wy and g5 to tune either of the two uplift potentials. For both uplift terms, the throat
flux number is smaller that the total tadpole contribution of the orientifold (4.42), namely
with Nipr < |Qtot| = 56. We have also checked that with the parameters of eq. (4.130), the
superpotential Wy satisfies the bound [118]:

26 =~ 2mgs|Wo|* < |Qyot| = 56 .. (4.139)
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5 Conclusions and discussion

In this paper, we made progress towards a global CY embedding of Fibre Inflation in type
IIB string compactifications, which is both theoretically consistent and observationally viable.
Previous studies provided constructions of Fibre Inflation in globally consistent CY orientifold
compactifications with moduli stabilisation and a chiral sector. However the uplift to dS space
was introduced by hand at the level of the effective scalar potential. On the other hand, great
progress has been made recently in understanding the challenges of the global embedding of
D3 uplift. Such an uplift has the advantage of being decoupled from the D7-brane setup.

In particular, we conducted a detailed study of all the elements necessary for a successful
global embedding of Fibre Inflation with chirality and dS moduli stabilisation via D3 uplift.
In these constructions, the complex structure moduli, except for the throat modulus, and
the axio-dilaton are assumed to be stabilised by 3-form fluxes. This leaves a constant
superpotential Wy and flat directions for the Kéhler moduli. Fibre Inflation then relies on the
LVS to stabilise the internal volume V and a small del Pezzo divisor 75. Additional Kahler
moduli would remain flat without additional ingredients. They are thus given masses through
subleading corrections or via D7-brane worldvolume fluxes. When the latter are present, they
also induce chiral matter. The subleading scalar potential is generated by string loops and
higher-derivative contributions which lead to a global minimum with all moduli stabilised.
In some regions of the parameter space, the effective scalar potential for the lightest Kéhler
modulus features a plateau region that allows for slow-roll inflation when the modulus is
initially far enough from its value at the minimum.

As already noticed in previous works [35, 56, 58, 119], we found that global embeddings
of Fibre Inflation are constrained to have an internal volume of order V ~ O(10%)-O(10%).
The minimal value is necessary to have an inflaton field range that is large enough to obtain
N, ~ 50 e-folds while staying inside the Kéhler cone. The maximal value is instead dictated by
the requirement of matching the observed value of the amplitude of the density perturbations
As. Indeed, Ay is related to the inflationary scale at horizon exit, and so to the magnitude of
the scalar potential which increases for larger values of Wy and of the coeflicients of the loop
and higher-derivative corrections, but decreases for larger values of the internal volume V.
Given that Wy is upper bounded by the flux number (and hence the orientifold D3-charge),
and the parameters of the subleading corrections cannot become too large either (otherwise
loops and F* terms would dominate over the leading LVS potential), V cannot be larger
than the maximal value quoted above.

In this paper, we developed a deep understanding of these constraints. We realised that
Fibre Inflation models can at best be under numerical control, but never under parametric
control. In particular, the hierarchy between the leading LVS contribution and the inflationary
potential cannot be made arbitrarily large for values of the string coupling of order g5 ~ O(0.1).
In the D3 uplift case, such values of g, are mandatory to have a large throat with reasonable
3-form fluxes. In our examples, the ratios between the LVS and the inflationary potential are
always around p = 3-10, signalling that approximating the inflationary dynamics as single-field
might be slightly oversimplified. We expect, however, that studying the dynamics of the multi-
dimensional scalar potential would not change our conclusions qualitatively. As studied in [56],
allowing some motion during inflation also along the volume mode direction, might actually
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help to weaken the constraint on the inflaton field range from the K&hler cone conditions.

The main results of this paper involve the identification of a CY manifold from the
Kreuzer-Skarke list, a choice of orientifold involution, brane setup and gauge fluxes which
satisfy tadpole cancellation and lead to a realisation of Fibre Inflation with chiral matter and
dS moduli stabilisation from D3 uplift. We showed that, for different regions of the parameter
space, it is possible to derive a period of inflation in agreement with the observed spectrum
of density perturbations and the required number of e-folds. As in generic Fibre Inflation
models, we obtained tensor-to-scalar ratios of order r = 16¢, ~ 0.007. We showed that our
orientifold construction showcases the presence of two O3-planes which can be located at
the opposite poles of the blown-up S at the tip of a deformed conifold singularity. This
generates the uplift term in the presence of an D3 on one orientifold plane and a D3 on
the other one. For certain values of the throat 3-form fluxes and string coupling, the uplift
balances the LVS AdS minimum and leads to an almost vanishing positive cosmological
constant. We carefully computed the total orientifold D3-charge and we checked that tadpole
cancellation allows additional 3-form fluxes on top of the throat ones, as required for the
assumed stabilisation of the other complex structure moduli and the axio-dilaton. In other
words, we checked that we indeed have Ny < —Qtot-

In spite of all these achievements, our construction is still missing a few crucial ingredients
to build a full-fledged top-down model of Fibre Inflation. The first one is the explicit
stabilisation of all complex structure moduli and axio-dilaton by background fluxes [2]. This
standard paradigm has undergone special scrutiny in recent years [120-122]. At face value,
the tadpole conjecture indicates a minimal flux number for complex structure moduli and

axio-dilaton stabilisation of NV, (2,1) stab > %hzl

[ > 37 in our example. This is however too large

to satisfy the tadpole cancellation condition with our total orientifold charge of Qi,t = —56
and our values of Ny, >~ 20 — 44. This means that 3-form fluxes might leave some complex
structure moduli flat. If so, these directions could be lifted by string loops, potentially
interfering with the inflationary dynamics. A way out of this potential problem would be to
consider CY manifolds with a complex structure moduli space that features subsets invariant
under the action of a discrete symmetry group. In this case, as shown explicitly in global
LVS constructions in [74], one could fix a large number of complex structure moduli with a
small flux number. Let us also mention that, on top of this, one should also carefully study
the fluxes necessary to stabilise the Whitney brane moduli.

A second important missing aspect of our global embedding of Fibre Inflation is the
construction of a realistic chiral matter sector. Although our example indeed showcases
chiral open string fields, the gauge group and the representations of the chiral fields are not
straightforwardly relatable to those of the SM or GUT constructions. While we anticipate
that increasing h'!' would lead to more realistic chiral sectors, it could also reduce the
allowed range inside the Kéhler cone for the lightest moduli, constraining Fibre Inflation
even more (see above).

A third missing key-feature is a systematic understanding and worldsheet computation
of perturbative corrections to the Kéhler potential in both o' and gs for arbitrary CY
backgrounds. Such a deep understanding would make our results more robust since so far
they have relied mainly on generalisations of toroidal orientifold computations, symmetry

— 48 —



arguments and matching with low-energy EFT expectations. This is particularly important
since, as argued above, Fibre Inflation can be realised with at best numerical control over all
approximations. As an illustrative example, we found that the value of some of the Kéhler
moduli around the minimum is close to the boundary of the region where the o/ expansion
of the string effective action is under full control. Let us also finally mention an additional
challenge related to the D3 uplift which, for the choices of throat fluxes K, M and string
coupling g5 of our examples, is at the limit of control of the effective theory [90, 95, 107].
Addressing these issues in detail is beyond the scope of this paper. We plan however
to dedicate future work to an explicit stabilisation of all complex structure moduli, a
detailed implementation of a realistic visible sector with the exact SM gauge group and chiral
representations, and a more solid derivation of perturbative corrections to the Kéhler potential.
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A Whitney branes

Geometric description. We introduce Whitney branes by following the description and
example of [109, 110]. The authors consider a CY hypersurface embedded in IP"(ll 11,1,4)
with coordinates:

(Ul,Ug,Ug,U4,§), (Al)

transforming as (u1, ug, u3, us, &) — (Aug, Mg, Muz, Aug, A1) under the C* action. The CY
hypersurface under consideration is defined by the equation:

f(& ur,ug,. .. uy) = &% — h(w;) = 0. (A.2)

The orientifold involution acts geometrically as o : £ — —¢ and the O7-plane sits at {£} =
{£ =0=h(u)}. The above equation is the most general since it must have degree 8 under
the C* action and monomials linear in £ can be removed by linear coordinate transformations.
To summarise, the CY hypersurface and orientifold plane are thus parametrised by:

X: & =hu), O7:&=hu)=0. (A.3)
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Let us denote by H the cohomology class generating the space of D7-charges H?[X,Z],
namely the cohomology class Poincaré dual to the hyperplane {a;,u; = 0}. We denote it
H = [aju; = 0]. The O7 is located at {¢}, its Poincaré dual homology class is [O7] = 4H, so
that to cancel its charge we need a D7 configuration in the cohomology class [D7] = 32H.

From the F-theory weak coupling limit, one can show that the D7 worldvolume with
charge 2mH must satisfy the equation 7% = h(u)x(u) for polynomials 7 and x of degree m
and 2m — 8. Such a D7-brane is thus defined as the locus:

D7 : 0 (u) — h(u)x(u) = n° = €x = 0. (A4)

From this last equation, we see that the D7 intersects the O7 at a double point intersection
defined by ? = 0. This can be understood by writing, away from y(u) = 0:

D7: (n—=&/X) (n+&/X) =0,  x(u) #0. (A.5)

Where x # 0, the D7-brane is locally identified with the D7-D7’ pair of brane/image-brane on
each side of the O7-plane { = £n/,/X. In general, the brane globally closes on itself and makes
a single object, as the two sheets get interchanged around y = 0. The x = 0 points present
pinched point singularities isomorphic to the Whitney umbrella [123]. However, if y = 12,
the factorisation (A.5) holds globally and the brane splits into the smooth brane/image-brane
pair, located at n = +&¢ [109, 110].

Particular cases occur when the defining function factorises. For instance, with n(u) =
ah?(u) and x(u) = bh3(u) for arbitrary a? # b, we get:

D7T:1? -y =0 < =0 (A.6)

This corresponds to the standard case of SO(8) branes, namely a stack of four pairs of
D7-brane/image-brane cancelling the charge of the O7-plane by being placed on top of it.
Note that one could choose brane functions satisfying n* = h(u)x + u?™, so that the D7
is parametrised by:

D7:n? — &y =uim =0, (A.7)

This corresponds to a stack of m brane/image-brane pairs spanning the {u; = 0} divisor,
which does not necessarily cancel the O7-plane charge. When the divisor {u;} is transverse
to {£}, these are standard transverse branes.

In general, one can consider configurations of several stacks D7;, with charge 2m;H,
and add them up so that > 2m; = 32 in order to cancel the O7-charge. This system can
be easily described by taking several copies of eq. (3.30):

D7 nf(u) = €xi(u) =0, (A.8)

with (n;, x;) of degree (m;,2m; — 8). These copies can be recombined by combining the
defining equations to a single one:

DT — & =] (m - &) = 0. (A.9)

i

,50,



For instance, for two stacks with m; and mo, we get:

DTi4a: (nf —€x1)(m5 — Ex2) = mins — E(xams + x2ni — hxaxe) =0, (A.10)

with 7 = mm2 of degree my +mg and x = x173 + x2nf — hx1x2 of degree 2(my + mg) — 8.
If D7, is a stack of my branes spanning the {u;} divisor, thus taking the form (3.32), the
above equation simplifies to:

DT1yo: ui™ (n5 — &%x2) = 0. (A.11)

Conversely, one calls fully-recombined Whitney branes only those ones which cannot be
factorised in the form of eq. (A.8) with factors corresponding to standard pairs of transverse
branes satisfying eq. (A.7) or branes on top of the O7 satisfying eq. (A.6). Fully recombined
Whitney branes shall not split globally as in eq. (A.5), hence shall not have y = 2.
Configurations such as in eq. (A.11) will be mentioned as configurations with Whitney branes
of lower degree together with standard branes.

Pinched points. Whitney branes have a double point locus curve C at £ = n?> = h = 0,
with x # 0, and 8m(2m — 8) isolated pinched points at:

ppin=x=&=h=0,  ny==8m(2m—8). (A.12)

Near the double point locus C, the Whitney brane looks like a pair formed by the D7-brane
and its image, intersecting at C on the O7-plane. It is thus natural to give to its worldvolume
a parametrisation with two branches, corresponding to each part of the pair. To do so, the
curve C' can be blown-up by a P;. One extends the initial coordinates with an additional pair
(s,t) together with a Cj action (s,t) — (A2s, Aot) and imposes t£ = sn(u). To be compatible
with the initial P?LLLL 4) coordinates, (s,t) must have weights (0,m — 4) under the action Cj.
Consider in this space the surface ¥ defined as the closure of the D7 worldvolume (3.30) with
the curve C': £ =n = 0 removed. After gauge fixing s = 1, it is defined in IP’?L1 11,4,m—4) by:

X:&%=h S:tt=n n 2=y (A.13)

We see that this is a way to enforce the square root of x to be defined globally. The blow-down
map defined by 7 : 3 — D7: (u;,&,t) — (u;, &) is then indeed one to one, except at points
& =0, t # 0 where it is rather two to one. The latter parametrises the curve C away from
the pinched points n = x = £ = 0. At the pinched points the map is again one to one.

Whitney brane D3-charges. The authors of [109] explain how to modify the formula
for the charge of Whitney branes with respect to the one of standard D7-branes, due to
the presence of pinched points. As shown in the charge formula in eq. (3.50), the standard
D3-charge formula for a neutral D7 in the class D; reads:

D7 = Toq

They suggest to modify the formula for the geometric charge of Whitney branes parametrised

X(Di) = /Y D3 4 Dy A ea(Y). (A.14)

by a splitting (3, 7) as in eq. (A.13). The new formula reads:

r = X D) =) = @ -, (A15)
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where Dy, = 2Dp the divisor class of the Whitney brane. In the general case [109], calling O
the divisor class of the O7-plane, according to eqs. (A.4) and (A.13) we have:

€l=0, [n= - = Dp, [x] =Dw —20, [t 5 0, (A.16)
so that the number of pinched points reads:
gy = lrllxlig) = 2 | DpO(Dr — O), (A17)

and the Chern class computed by the adjunction formula reads:

c(Y)(1L+[t])
(T+ D+ [x])

According to eq. (A.15) we thus have:

o(%) = —14+(0—Dy)+ (ng +e(Y) 4202 — ZODW> L (A8)

1 ~ N ~ A~ ~ A A A N
= 7/ (DW + oY) +20% - 50DW> Dy —2DpO(Dp — O)
24 Jy 2
1 N . oA N
= — [ (Dw)? +c2(Y)Dyw — ODy (Dyy, — O)
24 Jy
X(DW) _1 A A A A
= 2 YODW(DW 0)
X(Dp) D?g 1 A A N A
= =r _Z Dp(2Dp — O). Al
5 T4 1 YO p(2Dp — O) (A.19)

This is the expression for a vanishing flux contribution, which does not necessary correspond
to a vanishing “flux” on the Whitney brane. The flux contribution to the D3-charge
of the Whitney brane can be evaluated in the tachyon condensation picture developed
in [109, 115, 124]. It reads:

A A

rf, = _é /Y Dyw(2P — O)(Dy, — O —2P), (A.20)

where P has to be chosen such that the line bundles associated to each parenthesis are positive:

O Dy O .~ O
P> 5 and P< 5 5 Dp 5 (A.21)
One can make the link with standard fluxes by defining Fp such that
D D

P:TP—FP+B:7P—}', F=Fp- B, (A.22)

and requiring that %Dp — Fp is an integral class. The flux charge reads:

f 1 > » A » A
rl=— | Dp (DP—O—sz+zB) (DP—O+2FP—2B), (A.23)
Y
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and the flux inequalities are:

P
|Fp— B| < 713 f%. (A.24)

The total charge reads:

x(Dw) D} 1/ A 2
Iy =TI +1f, = — w4 | Dy (Fp—B
w=tw 24 p ta ), PvFr=B)
D .
=X(12P)+/YDP(FP—B)2. (A.25)

One can check that all these formulae agree with [84, 109, 115, 125] where the authors
generically take Dp = 40.

B Involution fixed loci

In this appendix we show how to find the loci of the O3 and O7-planes of the involution
of Section 4, following the strategy developed in [84, 86, 116].

In a first step, we find the loci of the fixed points in the ambient variety. In a second
step, we look at the transversality of these loci with respect to the CY, by checking if the
involution-invariant CY equation vanishes at these fixed loci. The transversality determines
the nature of the loci as follows. If the involution-invariant CY equation vanishes on a
codimension m locus, it is then redundant on this locus, so that the CY hypersurface and
the fixed locus do not intersect it transversely. The fixed locus is thus of codimension (m — 1)
in the CY, corresponding to an O(m — 1) plane. If the equation does not vanish, it adds a
further constraint, so that the CY hypersurface intersects the fixed locus transversely. This
locus is thus still of codimension m in the CY, corresponding to an Om plane.

The first step consists in finding the fixed loci in the ambient variety. To reach this
goal, we distinguish the coordinates which are odd or even under the involution. In the
case of a reflexion involution they are simply:

gO — {$17$27$37$47$57$77$8}a g, = {'1;6} (Bl)

The points Dg = {xg = 0} are trivially fixed under the involution and thus correspond to
fixed loci in the ambient variety. The other fixed loci are determined by looking at divisor
intersections of the form D,, N---N D, ={zp -z} ={xm =2, =... =0}, myn,... #6.
Such intersections contain one or several divisors D,,. They should contain neither {zg = 0},
because they would then be included in the already determined fixed locus Dg, nor any
intersections present in the SR ideal (4.3), which are excluded from the ambient variety
by construction. The locus is invariant under the involution if the set of non-vanishing
coordinates can be identified with its involution image by means of the torus actions. This
means that there exist rescaling complex coefficients A, i, v, p such that:

b1 C1 d1 b2 C2

d b d
(w1, 2, 23, T4, T5, T6, X7, 28) ~ (A P v pM iy, N2 p2 U2 pPay, L N B US pTEag)

= ($1,$2,$3,$47$5,_$6,x77$8), (B2)
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where a;, b;, ¢;, d; are the weights of the coordinate x; with respect to the four torus actions,
shown in table (4.1). As we are looking at the eventual invariant locus {x,, = ...z, = 0},
the corresponding coordinates are fixed to zero in eq. (B.2).

For instance, according to eq. (B.2) the locus {xox4} = {x9 = x4 = 0} is involution
invariant if there exists a solution to:

()\alubll/clpdlxl, 0, A\ b3 pd 0 0, )\as,ubgvcgpdga:g) = (21,0, 23,0, x5, —x6, T7, T3).
(B.3)
Looking at table (4.1), this is equivalent to the existence of complex numbers A, u, v, p
such that:

p=1, w=1, Niv=1, MN*’p=-1, XNu°* =1 N=1. (B.4)

This system has no solution in C*, hence the points {woz4} = {z2 = 24 = 0} are not fixed
by the involution, even taking the tori equivalence actions into account.

Finding the involution invariant loci in the ambient variety thus amounts to examining
if eq. (B.2) has solutions (A, i, v, p) € C*, for every possible set of vanishing coordinates
{2z} = {xm = ...z, = 0} not included in the SR ideal.

In our case, the possible invariant loci {z, - - - x,} to be tested are the seven monomials
{z1}, ... {xs}, {z7},{zs}, eleven loci of the form {xox4, zoxs, x2w7,. .., 27208}, and seven of
the form {xoxqx7,...,z4x728}. We find solutions to eq. (B.2) for D; = {z1} = {z1 = 0}
and for Dy N Dy N Dg = {xoxgxs} = {x2 = x4 = 23 = 0}.

As described above, the second step amounts to test if the involution invariant CY
equation vanishes on the fixed loci found in the previous step. The invariant CY equation
is found by keeping only monomials invariant under the involution from the original CY
equation. In our case the fixed loci in the ambient variety are Dg, D1, and Dy N Dy N Ds,
which are of codimension 1, 1 and 3 in the ambient variety. The involution-invariant CY
equation does not vanish at these loci: they correspond to O7 and O3-planes.
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