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Abstract
This study introduces a comprehensive framework for the generation, homogenization, and prediction of linear elastic proper-
ties of Triply Periodic Minimal Surface (TPMS)-based unit cells. Hybrid cells are created by combining four fundamental 
TPMS structures, namely primitive, gyroid, diamond, and I-WP. Finite element analysis is used to calculate the equivalent 
elastic properties of these structures. A dataset is generated using a full-factorial design of the experiment approach to train 
an Artificial Neural Network (ANN) for predicting the coefficients of the equivalent stiffness matrix. Findings demonstrate 
that the network can provide an accurate estimation of the elastic properties, thus significantly improving the efficiency of 
the design process. Particularly, the performances of the ANN overcome those of the Gibson-Ashby model in the orthotropic 
modeling of the cell. More importantly, the ANN is able to capture the anisotropy that arises by mixing the fundamental 
equations, thus allowing for an accurate representation of the actual behavior of the structure. This work contributes to the 
advancement of high-performance, lightweight materials, providing a robust and efficient methodology for the design of 
new structures to be produced via additive manufacturing.

Keywords  Triply periodic minimal surface (TPMS) · Homogenization · Artificial neural network (ANN) · Design of 
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AI	� Artificial intelligence
AdaM	� Adaptive moment estimation
AM	� Additive manufacturing
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API	� Application programming interface
BCC	� Body-centered cubic
BPNN	� Back-propagation neural network
CNN	� Convolutional neural network
DL	� Deep learning
DLP	� Digital light processing
DOE	� Design of experiment
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FCC	� Face-centered cubic
FDM	� Fused deposition modeling
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SKB	� Skeletal-based
SMM	� Shell-based mechanical metamaterial
SLM	� Selective laser melting
SLA	� Stereolithography
TPMS	� Triply periodic minimal surface
VF	� Volume fraction

1  Introduction

Triply Periodic Minimal Surface (TPMS) structures repre-
sent a distinct class of cellular structures that, due to their 
unique geometric properties, offer promising applications 
across various engineering fields, including aerospace [1], 
automotive [2] and biomedical engineering [3]. These struc-
tures are characterized by a continuous surface with mini-
mal mean curvature, providing a compelling combination of 
high specific strength, low density, and superior mechanical 
performance [4]. A recent survey by Gado et al. [5] high-
lighted that most studies discuss the use of TPMS structures 
in the fields of advanced architectured materials, lightweight 
structures, transportation, defense, and biomedical applica-
tions, with a recent surge in thermal management and water 
treatment. Due to their manufacturing complexity, the practi-
cal implementation of such structures has become feasible 
only with the development of Additive Manufacturing (AM) 
[6–8].

Unlike traditional lattice structures, such as strut-based 
or honeycomb geometries, TPMS have demonstrated sig-
nificant mechanical and functional advantages, particularly 
for applications that require high energy absorption, specific 
stiffness, and tailored properties. These structures can be 
generated using implicit definitions based on specific level 
sets. Among the various configurations, this study focuses 
on shell-based (or sheet-based) TPMS structures, created by 
defining a solid volume enclosed between two isosurfaces 
symmetrically offset from a base surface. In contrast, skele-
tal-based (or solid-based) structures result from applying a 
level set to only one side of the base surface [9].

For example, Teng et al. [10] demonstrated that TPMS 
designs, particularly sheet-based Gyroid, outperform Body-
Centered Cubic (BCC) lattices in energy absorption and 
compression stability due to their structural continuity. Simi-
larly, Zhang et al. [11] showed that sheet-based Diamond 
TPMS structures provide stable collapse and high energy 
absorption under compression, along with superior stiffness. 
Al-Ketan et al. [12] further noted that TPMS shell-based 
structures, particularly Diamond and Gyroid, significantly 
outperform both skeletal-based TPMS and truss-based lat-
tices, owing to their nearly stretching-dominated deforma-
tion modes.

In engineering design, TPMS topologies such as the 
Primitive, Gyroid, Diamond, and I-WP structures have 

been studied extensively for their fascinating mechanical 
properties, such as the elevated Specific Energy Absorp-
tion (SEA). For example, Abueidda et al. [13] presented a 
comparison between the mechanical properties of popular 
shell-based TPMS, namely Gyroid, I-WP, Neovius, and 
Primitive structures. Similarly, Feng et al. [14] focused on 
isotropy control within sheet-based TPMS designs for the 
four aforementioned topologies, while Callens et al. [15] 
specifically studied the shell-based Primitive and Gyroid 
structures using hyperbolic tiling theory to enable independ-
ent tuning of permeability and elastic properties. Daynes 
[16] also presented design strategies for achieving isotropy 
in sheet-based TPMS-based cellular structures, employing 
novel arrangements and optimization techniques to enhance 
energy absorption capabilities. Moreover, Yin et al. [17] 
investigated the crashworthiness of four TPMS sheet-based 
topologies (Primitive, F-RD, I-WP, and Gyroid). The authors 
also delved into how key geometrical parameters influence 
their mechanical performance, specifically the level constant 
in the implicit formulation of the TPMS geometry and the 
shell thickness of the TPMS sheets. However, the prediction 
and optimization of these properties in diverse applications 
remain challenging due to the intricate relationship between 
the TPMS geometry and the resultant mechanical behavior.

Due to the relevance of these structures, a considerable 
amount of research has focused on their optimization in the 
last years. Almesmari et al. [18] examined recent develop-
ments in the optimization of the design of TPMS structures, 
emphasizing the opportunity to tune different mechanical 
properties. Recent works have highlighted the possibil-
ity to model hybrid TPMS structures, combining existing 
topologies to generate novel geometries or suitably varying 
a TPMS topology to another one. AlQayidi et al. [19] inves-
tigated the hybridization of shell-based TPMS structures, 
highlighting the improvements in mechanical performance 
that can be achieved by combining different topologies. 
Moreover, Bonatti and Mohr [20] further investigated shell-
lattice metamaterials that approximate TPMS topologies 
such as I-WP and Gyroid using a smooth shell approach.

Generation and optimization of TPMS structures involve 
several steps, beginning with the implicit definition of the 
fundamental TPMS geometry. Numerous studies have inves-
tigated the hybridization of TPMS topologies to enhance 
their mechanical properties. For example, Gao et al. [21] 
explored the multilevel mechanism of hybrid biomimetic 
sheet-based TPMS structures to achieve a balanced set of 
mechanical properties. Similarly, Zhang et al. [22] devel-
oped a multidimensional hybrid design for shell-based 
TPMS structures, demonstrating significant improvements in 
SEA under various loading conditions. Researchers such as 
Plocher and Panesar [23] proposed an alternative approach, 
examining the impact of density and unit cell size grading on 
the mechanical properties of functionally graded sheet-based 
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TPMS structures. Another pertinent study is provided by 
Ozdemir et al. [24], who analyzed blended shell-based struc-
tures utilizing appropriate merging functions. Their research 
integrated genetic algorithms for morphology selection and 
anisotropic homogenization-based topology optimization for 
grading designs. They fabricated cobalt-chromium structures 
with laser sintering and validated their enhanced mechani-
cal efficiency through experimental tests, demonstrating 
significant improvements in stiffness over single lattice 
morphologies.

All these studies rely on well-established TPMS struc-
tures, while the design methodology depends on the spatial 
variation of cell size, geometry, or thickness. In contrast, this 
work focuses on the generation of new TPMS-based geom-
etries, utilizing a weighted combination of known structures. 
This approach was previously adopted in some recently pub-
lished works for the inverse design of TPMS-like structures 
targeting specific mechanical properties. Particularly, Chen 
et al. [25] used hybridization to design quasi-isotropic and 
ultra-stiff sheet-based structures. Patel et al. [26] constructed 
TPMS-based Interpenetrating Phase Composite (IPC) archi-
tectures using skeletal-based TPMS cells, while Wang et al. 
[27] and Hu et al. dealt with in their research [28] used 
homogenization for creating targeted Shell-based Mechani-
cal Metamaterial (SMM). Recent research by Chen et al. 
[29] developed a computationally efficient approach employ-
ing Fast Fourier Transform (FFT)-based homogenization to 
accurately characterize effective elastic properties of sheet-
based TPMS-based structures composed of self-repeated 
representative volume elements. In their work, hybridiza-
tion of TPMS topologies was achieved by intersecting or 
combining distinct unit cells. On the other hand, the pre-
sent study proposes a parametric method for systematically 
blending multiple fundamental TPMS geometries. Such an 
approach can tremendously expand the accessible design 
space, enabling tailored anisotropic behavior through finely 
controlled geometry variations and fostering the generation 
of spatially varying programmable materials with continu-
ous transitions.

These studies rely on the forward extraction of 
mechanical properties through either numerical meth-
ods or experiments. In particular, Finite Element Analy-
sis (FEA) require suitable processes to extract effective 
properties of complex structures, such as homogenization. 
Multi-scale homogenization techniques have been exten-
sively explored. For example, Pais et al. [30] discussed 
advanced homogenization methods, demonstrating their 
effectiveness in predicting the mechanical behavior of 
sheet-based TPMS structures under various loading con-
ditions. Gao et al. [31] introduced a topological shape opti-
mization method using an energy-based homogenization 
approach to design 3D microstructured materials, while 
Somnic and Jo [32] provided a comprehensive review of 

homogenization methods for lattice materials. Further-
more, FEA homogenization has been experimentally vali-
dated by studies such as that of Zhmaylo et al. [33], who 
combined FEA with experimental validation to ensure the 
precision of their homogenization model.

When exploring a large design space, such as in the 
case of hybridization, inferring the mechanical properties 
of novel structures based on a finite number of simulations 
becomes a crucial goal. In this direction, Machine Learning 
(ML) and Artificial Intelligence (AI) models have been dem-
onstrated to be powerful tools. Yang et al. [34] implemented 
a Deep Learning (DL) model to predict complete strain and 
stress tensors for composite materials, demonstrating high 
accuracy across complex microstructures, while Chen et al. 
[35] leveraged a Neural Network model to predict surface 
elastic properties in Face-Centered Cubic (FCC) metals. 
Furthermore, Li et al. [36] utilized image-based modeling 
combined with DL to predict effective moduli of heteroge-
neous materials, while Yu et al. [37] developed a DL-based 
strategy to design heterogeneous lattice structures with cus-
tomized mechanical responses. Liu et al. [38] introduced 
a high-resolution topology optimization framework for 
multi-morphology lattice structures, integrating 3D Convo-
lutional Neural Network (CNN). Viet and Zaki [39] devel-
oped an Artificial Neural Network (ANN) model to predict 
shell-based TPMS properties based on various geometric 
and material parameters, achieving high accuracy and effi-
ciency. Furthermore, Ibrahimi et al. [40] reviewed several 
ML approaches for the design of sheet-based TPMS struc-
tures to optimize their design and successfully predict their 
mechanical performance.

In this work, a novel approach based on ANN is presented 
for the homogenization and prediction of elastic properties 
in TPMS-based structures. Specifically, this study focuses 
on shell-based (also known as sheet-based) structures due to 
significant advantages in terms of mechanical performance 
[12]. This framework then involves the generation of hybrid 
TPMS-based unit cells by combining the defining functions 
of four fundamental TPMS topologies, namely Primitive, 
Gyroid, Diamond, I-WP. While prior ANN-based studies 
typically focus on isolated or fixed TPMS topologies, this 
framework takes a significant step further by blending four 
fundamental TPMS into custom hybrid geometries. In doing 
so, it harnesses a larger design space to accurately capture 
anisotropic effects that inevitably arise when multiple paren-
tal geometries are merged.

The design space is represented as a tetrahedron whose 
vertices are represented by the four fundamental TPMS 
structures. A Design of Experiment (DOE) approach is 
used to generate the training dataset through a homogene-
ous mapping of this design space. FEA is used to calculate 
the stiffness matrix of the DOE points. ANN techniques are 
then applied to predict mechanical properties.
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This combination of customized geometry generation, 
homogenization automation, and ANN modeling allows for 
extremely high regression accuracy, representing a substan-
tial advancement in the design and application of TPMS-
based structures. The proposed approach significantly 
broadens the scope of TPMS design and establishes a robust 
strategy for tailoring structural performance. As a result, it 
holds strong potential for lightweight engineering applica-
tions where multi-physics optimization, anisotropy control, 
and innovative geometry creation are crucial.

2 � Methods

Figure 1 summarizes the workflow used in this study.
The methods used for each step of this workflow are 

detailed in the following subsections.

2.1 � Hybrid cell design

In the present work, the design of TPMS in carried out with 
an implicit representation, leveraging the tools provided by 
the nTop© v5.10 software.

As discussed by Feng et al. [41], the exact definition 
of Triply Periodic Minimal Surfaces is derived from the 
Enneper-Weierstrass parametric representation and can be 
approximated using Fourier series expansions. The general 
implicit representation of a TPMS surface is provided in 
Eq. 2.1:

where Ak denotes the amplitude, �k denotes the period factor, 
h
k
 denotes the reciprocal space lattice vector and Pk denotes 

the phase of each goniometric term.

(2.1)f (r) =

K∑
k=1

Ak cos

(
2�(h

k
⋅ r)

�k
+ Pk

)
= 0

Whenever the coordinate system coincides with the Car-
tesian coordinate system, the statement r = (x, y, z) will be 
valid. Such a coordinate system will therefore be employed 
from this point forward.

By definition, a TPMS represents a three-dimensional 
surface without thickness. To obtain a solid structure, two 
level sets are introduced to define isosurfaces enclosing the 
solid region. The relation between the solid structure and the 
fundamental surface is described in detail by Fisher et al. 
[9]. In the implicit representation, the solid region com-
prised within the two level sets can be expressed by two 
inequalities, as shown by Eq. 2.2. Dealing with shell-based 
structures, the solid region comprised within the two level 
sets can thus be implicitly represented as shown by Eq. 2.2.

where f(x, y, z) is the function that approximates the implicit 
surface and t is a geometrical parameter describing the thick-
ness of the TPMS.

The present work investigates the generation of novel 
hybrid TPMS structures by blending four fundamental 
geometries using a weighted combination, as shown in 
Eq. 2.3. The subscripts P, GY, D, and W are used through-
out this work to refer respectively to the Schwarz Primitive, 
Schoen Gyroid, Schwarz Diamond, and Schoen I-Wrapped 
Package TPMS geometries.

where fP, fGY , fD, fW coincide with the fundamental surface 
definitions, detailed in Table 1 with the notations expressed 
in Eq. 2.4.

(2.2)|f (x, y, z)| ≤ t

2

(2.3)
f (x, y, z) = cPfP(x, y, z) + cGYfGY (x, y, z)

+ cDfD(x, y, z) + cWfW (x, y, z)

(2.4)Sni = sin

(
2�n

di
i

)
Cni = cos

(
2�n

di
i

)

Fig. 1   Schematic diagram of the proposed workflow
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In equation 2.4, i represents the general Cartesian coordi-
nate (namely x, y, or z), di is the size of a unit cell along the 
i-direction and n is the number of periods of the goniometric 
function across the distance di.

The weighting coefficients cP, cGY , cD and cW in Eq. 2.3 are 
subject to the constraints in Eq. 2.5.

In Eq. 2.3 each coefficient acts as a mixing weight on the 
signed-distance field of the corresponding parental TPMS. 

(2.5)
{

cP + cGY + cD + cW = 1

cP, cGY , cD, cW ≥ 0

Because the four coefficients sum to unity (Eq. 2.5), the 
operation is equivalent to forming a convex combination of 
surfaces: when cGY = 1 the implicit description collapses to a 
pure Gyroid, when cGY = 0.75, cD = 0.25 the resulting zero-
level set has 75% of the geometric features of the Gyroid and 
25% of the Diamond, and so on. A continuous morphing 
between the canonical TPMS is therefore provided in Fig. 2, 
which shows five unit cells along the straight line connecting 
the Gyroid (cGY = 1) to the Diamond vertex (cD = 1) of the 
design tetrahedron while keeping cP = cW = 0 . Other fami-
lies of cells (e.g. Primitive-I-WP blends) can be generated by 
traversing different edges or interior lines of the tetrahedron 
in exactly the same fashion.

The design space obtained by varying these four coef-
ficients can be represented by a tetrahedron, as depicted 
in Fig. 3. Each vertex of the tetrahedron corresponds to a 
fundamental TPMS geometry, while any point within the 
tetrahedron uniquely corresponds to a hybrid combination 
of the four fundamental TPMS.

The tetrahedral representation shown in Fig. 3, sug-
gests that the design space has 3 Degrees of Freedom 
(DoF). Specifically, each combination of the coefficients 
cP, cGY , cD and cW can be identified using three barycentric 
coordinates x∗ , y∗ and z∗ . The relation between weighting 

Table 1   Implicit formulations of the four fundamental surfaces 
employed in this work

Fundamental TPMS Implicit formulation

Primitive (P) fP = Cx + Cy + Cz

Gyroid (GY) fGY = CxSy + CySz + CzSx

Diamond (D) fD =SxSySz + SxCyCz

+ CxSyCz + CxCySz

I-WP (W) fW =2 (CxCy + CyCz + CzCx)

− (C
2x + C

2y + C
2z)

Fig. 2   Progressive blending from pure Gyroid ( cGY = 1 ) to pure Diamond ( cD = 1 ), obtained by linearly varying the two weights in steps of 
0.25, i.e. [cP, cGY , cD, cW ] = [0, 1, 0, 0] , [0, 0.75, 0.25, 0] , [0, 0.5, 0.5, 0] , [0, 0.25, 0.75, 0] , and [0, 0, 1, 0] ; the iso-parameter is fixed at t = 0.7

Fig. 3   Tetrahedral element 
representing the design space 
utilized for hybridization. Each 
corner corresponds to a distinct 
pureTPMS topology, while 
any point within the element is 
uniquely defined by its coordi-
nates (x, y, z) and consequently 
by a set of four correlated merg-
ing coefficients: [cP, cGY , cD, cW ]
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coefficients and barycentric coordinates is made explicit 
in Eq. 2.6:

As a result, each solid hybrid configuration is distinctly rep-
resented by an array of four scalar values, i.e. [x∗, y∗, z∗, t].

2.2 � Homogenization

The linear elastic properties of each cell are retrieved 
through FEA using the Representative Volume Element 
(RVE) homogenization method. This approach consists of 
testing an elementary cell under different deformation con-
ditions to extract the equivalent stiffness matrix of a ficti-
tious material, which can then be used to simulate complex 
structures [33].

In this study, the AlSi10Mg aluminum alloy has been 
selected as the bulk material due to its prevalence in AM 
applications and its relevance in the literature regarding 
TPMS-based structures, as demonstrated by AlQayidi et al. 
[19]. An isotropic model of the material with a Young 
modulus of E = 70, 000 MPa and Poisson ratio of � = 0.33 
is used, based on values provided in the nTop library. It 
should be noted that TPMS-based cells are intended for 
AM production; thus, a certain degree of anisotropy may 
be introduced depending on the manufacturing process 
and inherent characteristics. As far as Laser Powder Bed 
Fusion (L-PBF) is concerned, unlike the resistance prop-
erties such as yield stress and ultimate strength, the elas-
tic modulus remains relatively constant despite changes 
in layer thickness, hatch spacing, and scan strategy [42]. 
Specifically, the initial (elastic) stiffness of the material 

(2.6)

⎧⎪⎨⎪⎩

cGY = x∗

cD = y∗

cW = z∗

cP = 1 − x∗ − y∗ − z∗

seems to be governed more by the native properties of the 
alloy rather than the processing-induced microstructural 
variations. Therefore, the hypothesis of isotropic material 
is assumed to be acceptable for determining the properties 
of a linear elastic RVE. It should be noted that an accu-
rate characterization of the bulk material is not within the 
scope of this paper. The focus of this study is the definition 
of a method to predict the geometry-based variations of 
mechanical properties in hybrid TPMS. The methodology 
outlined herein can be readily adapted for application to 
any material of interest.

An initial triangular surface mesh of each TPMS unit 
cell was generated so that every node lays within 0.10 mm 
of the analytical surface. The sharpening routine in nTop 
was subsequently invoked to reconstruct sharp geometric 
features, followed by the remesh function, which removed 
minor defects and consolidated elements. The refined sur-
face was then converted into a tetrahedral volume mesh 
with maximum edge length h and a growth rate of 1.1.

Figure 4adocuments the influence of h on the homoge-
nized axial modulus C11 . For all four parent topologies the 
response plateaus: decreasing h from 0.12 mm to 0.07 mm 
alters C11 by less than 1% . Accordingly, h = 0.10 mm 
was selected for every DOE homogenization run, and 
the surface-mesh tolerance was fixed to the same value 
in order to preserve geometric fidelity without unneces-
sary over-refinement. Comparable convergence behavior 
was obtained for the remaining stiffness coefficients. A 
representative volume mesh of a hybrid cell is illustrated 
in Fig. 4b

To account for the influence of adjacent units on the 
elastic behavior, Periodic Boundary Conditions (PBC) 
were applied to the cell for FEA. These conditions aim to 
replicate the case of an infinite pattern of elementary units.

PBC formulation is based on the decomposition of 
the RVE boundary and a kinematic constraint. The 

Fig. 4   a Convergence of the homogenized axial modulus C
11

 with decreasing tetrahedral edge length h ; b final hybrid-cell mesh adopted for the 
homogenization study
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displacement field at any point of the boundary can be 
decomposed into a macro-displacement û and a micro-
displacement ũ , as described by Eq. 2.7.

where H is the macroscopic displacement gradient and coin-
cides with the macroscopic strain � . This is enforced by kin-
ematically constraining the difference in the displacements 
of paired nodes, as expressed by Eq. 2.8.

where:

•	 x+ and x− are two points on opposite boundaries of 
the RVE [30], which are uniquely connected due to 
periodicity and are characterized by a normal vector 
n+ = −n− = n,

•	 a is the size of the cubic unit cell (which coincides with 
the RVE),

•	 �i is any integer number,
•	 ei is a principal direction of the material.

For example, PBC can be explicitly stated for a simple 
scenario such as the uniaxial deformation along the z-axis. 
Assuming the imposed strain being �zz and the center of the 
coordinate system being the center of the cell, constraints 
of PBC are as in Eq. 2.9.

where ux, uy, uz are the displacement components along the 
x, y, z axes, respectively.

It is important to note that the periodicity condition 
is representative of cell behavior under the hypothesis 
of a sufficiently large number of neighboring units [43]. 
When employing cells for a real component, the effects 
on the boundaries must be taken into account. This point 
must also be considered in the experimental validation 
of homogenization [44]. This issue is not covered in this 
study and is left as a future extension.

The force reactions on the constrained boundary nodes 
allow for retrieving the stress in different directions which, 
assuming a unitary strain, correspond to the terms of the 
stiffness matrix.

While certain TPMS geometries-such as the Gyroid, 
Diamond, and Fischer-Koch S-possess an inherent three-
fold rotational symmetry at the unit-cell scale, Lu et al. 
[45] demonstrated through numerical homogenization 
that their corresponding scaffold structures manifest 

(2.7)u(x) = û(x) + ũ(x) = u0 +H ⋅ x + ũ(x)

(2.8)ũ(x + a�iei) = ũ(x) ⇒ u(x+) − u(x−) = aH ⋅ n

(2.9)
ux|x=− a

2

− ux|x= a

2

= 0 ux|y=− a

2

− ux|y= a

2

= 0 ux|z=− a

2

− ux|z= a

2

= 0

uy|x=− a

2

− uy|x= a

2

= 0 uy|y=− a

2

− uy|y= a

2

= 0 uy|z=− a

2

− uy|z= a

2

= 0

uz|x=− a

2

− uz|x= a

2

= 0 uz|y=− a

2

− uz|y= a

2

= 0 uz|z=− a

2

− uz|z= a

2

= �zz ⋅ a

mechanical behaviors consistent with cubic symmetry. 
In other words, despite the geometrical complexity and 
lower-order symmetry (threefold rotational symmetry) 
inherent in individual unit cells, when subjected to peri-
odic boundary conditions representative of an infinite 
structure, the macroscopic elastic response simplifies sig-
nificantly, reducing to cubic mechanical symmetry. This 
distinction ensures the feasibility of neglecting additional 
anisotropic terms in the stiffness matrix when modeling 
TPMS-based scaffolds. Although a single Gyroid unit cell 
alone does not geometrically satisfy cubic symmetry, its 
repeated and periodic arrangement leads to a macroscopic 
mechanical response that indeed satisfies cubic symme-
try conditions. According to this hypothesis, the stiffness 
matrix would have three independent elastic constants due 
to the symmetry in the material properties, specifically 
C11,C12,C44 . This implies that the material behaves identi-
cally when deformed along any of the three principal axes 
(x, y, z). As suggested by Chen et al. [46], TPMS-based 
structures predominantly exhibit orthotropic behavior, 
meaning that the stiffness matrix requires the calculation 
of all the elements highlighted in blue in Fig. 5.

Nevertheless, previous research such as Chen et al. [25] 
demonstrated that, for hybrid cells, some of the stiffness con-
stants that should be negligible under the cubic symmetry 
hypothesis, namely those indicated as anisotropic terms in 
Fig. 5, actually exceed 1% of the maximum element in the 
matrix. This result is confirmed in this study. Therefore, an 

anisotropic material model here is used for RVE.
Under the general assumption of fully anisotropic behav-

ior of the hybrid cell, 6 elementary simulations (3 normal 
and 3 shear strains) are needed to retrieve the 21 independent 
coefficients of the stiffness matrix.

To quantify the degree of anisotropy for each cell, the 
Zener ratio ( AZ ), originally introduced by Zener [47], is cal-
culated as given in Eq. 2.10.

For a perfectly isotropic material AZ = 1 ; the higher the 
value of AZ , the more the elastic response of the cell is 
anisotropic.

(2.10)AZ =
2C44

C11 − C12
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2.3 � Design of the experiment

A DOE approach is used to build the database for train-
ing the ML model to predict the elastic properties of hybrid 
structures. In particular, a Full Factorial (FF) DOE is used 
varying the four independent geometrical parameters of the 
cell ( x∗,y∗,z∗ and t) are varied in a FF. Barycentric coor-
dinates have been varied in the range [0, 1] with a step of 
0.125, namely with L = 9 levels. The isoparameter value t is 
varied in the interval [0.5, 1.2] with a step 0.1, namely with 
Lt = 8 levels. This interval is chosen based on preliminary 
observations to obtain realistic cell geometries. The total 
number of experiments Nx , calculated as in Eq. 2.11, is equal 
to 1320:

(2.11)Nx = Lt

(
L!

3!(L − 3)!

)

A FF-based grid provides orthogonality but inherently leads 
to significant voids within the tetrahedral domain due to 
its rigid, crystalline structure. These regular patterns may 
inadvertently introduce artificial symmetries, potentially 
misleading non-parametric learning algorithms. To mitigate 
this issue, the structured grid has been augmented by adding 
300 additional sampling points, drawn randomly from a con-
tinuous distribution over the same barycentric space. This 
hybrid sampling strategy, as depicted in Fig. 6, thus merges 
the statistical advantages of structured experimental designs 
with the variance-reducing characteristics of space-filling 
random approaches. Similar hybrid approaches have been 
employed successfully in the literature to enrich the dataset 
and enhance machine learning model performance [26].

The simulations were programmatically run via Python 
script by using the nTop Application programming interface 
(API). The extracted output parameters are the 21 independ-
ent coefficients of the stiffness matrix, the AZ value, and the 
volume fraction Volume Fraction (VF) of each cell.

Fig. 5   Highlighting of ortho-
tropic and anisotropic terms of 
the stiffness matrix

Fig. 6   Design space cover-
age within the tetrahedral 
domain. Full-factorial samples 
form a structured grid and are 
evaluated at discrete values of 
t ∈ [0.5, 1.2] . Random samples 
are drawn uniformly from the 
domain and assigned random t 
values within the same range
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All homogenization jobs were run on a consumer lap-
top with Windows 11 Home (build 26100), an Intel Core 
i7-1165G7 CPU (4 cores/8 threads, 2.8 GHz) and 16 GB 
RAM. A single configuration-including geometry genera-
tion, three-stage meshing and six finite-element load cases-
required on average 11 minutes of wall time, of which 
roughly 200 s were devoted to the meshing stage.

2.4 � ANN training process

The inputs of the network are the geometrical parameters 
of the cell, namely [t, cP, cGY , cD, cW ] . One separate ANN 
is built to predict each of the 23 output parameters, i.e. 
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This strategy results more efficiently in the prediction than 
a single network with multiple outputs, as demonstrated by 
several studies such as Wang et al. [27].

Ahead of ML elaboration, all the data are normalized in 
the range [0, 1].

Linear ANN networks were implemented using the 
MLPRegressor function from the Python Scikit-Learn 
library. These models consist of an input layer of 5 neurons, 
four hidden layers with 256, 128, 128, and 32 neurons, an 
output layer with a single neuron, as schematically illustrated 
in Fig. 7. Rectified Linear Unit (ReLU) activation was used 
in the hidden layers. This architecture was chosen for being 
the most promising after preliminary tests.

75% of the homogenization data was used to train the 
ANN, while the remaining 25% was used for validation. The 
model was subsequently tested on 80 randomly extracted 

samples, which were explicitly excluded from the training 
dataset.

Adaptive Moment Estimation (AdaM) optimizer has 
been used for back propagation. The training configuration 
includes an initial learning rate of 0.001 and incorporates 
L2 regularization (weight decay) to mitigate overfitting. 
Finally, early stopping is implemented to halt training if the 
validation error fails to improve, with training capped at a 
maximum of 1000 iterations. These measures collectively 
enhance the robustness and generalization capability of the 
model [48].

To further substantiate that overfitting has been effec-
tively mitigated, the learning curve for the primary stiff-
ness term C11 has been examined, as shown in Fig. 8. The 
training loss decreases steadily over the epochs, while the 
validation coefficient of determination R2 correspondingly 
rises and then plateaus, without any subsequent divergence 
or decline. The close alignment of training and validation 
metrics-evidenced by the absence of a widening gap between 
the two curves-confirms that the model converges without 
overfitting, thereby validating the efficacy of the adopted L2 
regularization and early?stopping strategy. Similar trends 
were observed across all other output parameters.

Performance in the test data has been evaluated using 
common correlation metrics such as the normalized Root 
Mean Square Error (RMSE) and the coefficient of determi-
nation ( R2 ). In addition to the standard training and pre-
diction procedures, a control for outlier detection has been 
integrated into the model to identify and analyze predictions 
that exhibit significant deviations from the actual values. 
This check operates by calculating the relative error for 

Fig. 7   Schematic diagram of 
the chosen ANN architecture. 
As visible, all output parameters 
are calculated in separate identi-
cal networks
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each prediction and signaling if this value exceeds a defined 
threshold of 10%.

To further validate the robustness and generalization 
capability of the implemented neural network, a k-fold 
cross-validation approach was introduced, with k = 5 . This 
methodology partitions the dataset into five subsets of equal 
size, sequentially using each subset as a validation set while 
training the model on the remaining data. The obtained R2 
scores across folds for representative mechanical properties 
such as C11 demonstrated consistently high accuracy (e.g., 
R̄2 = 0.9815 ± 0.0077 ), confirming the stability and reli-
ability of the ANN in predicting elastic coefficients across 
different regions of the design space. This additional evalu-
ation metric complements the original train/validation/test 
split and provides a statistically grounded estimate of model 
performance, thereby enhancing the methodological sound-
ness of the proposed predictive framework.

3 � Results and discussion

3.1 � Homogenization Results

In Fig. 9, the first element of the stiffness matrix ( C11 ) is 
plotted against the Volume Fraction (VF) of the cell.

In Fig. 9, it can be seen that a generally exponential 
change in C11 can be observed while increasing VF. This 
is an expected result in light of the existing literature. For 
instance, researchers such as Patel et al. demonstrated how 
the Gibson- Ashby Model (GAM) can be utilized to validate 
the mechanical performance of TPMS structures by bench-
marking experimental results against theoretical predictions 
[26].

The GAM provides a fundamental theoretical frame-
work for understanding the mechanical properties of cellu-
lar solids and has been extensively applied to TPMS-based 

Fig. 8   Learning curve for C
11

 : 
training loss versus validation 
R2 over epochs

Fig. 9   Variation of C
11

 stiffness 
with volume fraction VF



9347Progress in Additive Manufacturing (2025) 10:9337–9353	

structures [49]. The model correlates the mechanical proper-
ties of cellular materials with their relative density, as evi-
denced by Eq. 3.1.

where:

•	 P is a material property,
•	 �cell

�bulk
 is the relative density, which mathematically coin-

cides with the volume fraction under the assumption of 
perfect or ideal structures (i.e., defects and micro-poros-
ities are disregarded),

•	 C and n are material constants which are interpolated 
from the experimental data.

The extracted GAM, which has been calculated using a 
MATLAB script, is in turn plotted in Fig. 9. The four 
GAM curves for the fundamental TPMS structures are 
also shown to visualize their relation with mixed cells. 
Consistently with classical cellular-solid theory, the 
power-law fit explains most of the variance of the axial 
modulus ( R2 = 0.9833 ). This result confirms that the 
global stiffness is governed mainly by relative density, 

(3.1)P = C

(
�cell

�bulk

)n

while the detailed topology plays a secondary role. Recent 
experimental studies corroborate that sheet-based TPMS 
structures such as Gyroid or Diamond exhibit near-stretch-
dominated behavior with n ≈ 1 , whereas strut-based Kel-
vin or skeletal-based TPMS structures show exponents 
between 1.5 and 2, signaling mixed or bending-dominated 
modes. For the present hybrid dataset the Gibson-Ashby 
fit of C11 yields an exponent n = 1.811 , which sits closer 
to the bending-dominated limit and highlights the strong 
influence of Primitive-rich regions in the design space. 
Since hybrid cells therefore blend these different modes, 
the GAM should be regarded as a first-order, mass-based 
estimate rather than a universal predictor, in line with the 
warning already expressed by Guo et al. [50].

The limitation becomes obvious when one turns to aniso-
tropic coupling terms. Figure 10 shows that the same GAM 
fit totally fails to capture the evolution of C14 . Off-diagonal 
constants are extremely sensitive to the presence of local 
bending in Primitives and to the loss of three-fold symmetry 
that occurs when parental cells are combined, issues that 
are outside the scope of the one-parameter GAM formula-
tion. Similar discrepancies between GAM predictions and 
measured shear/anisotropic properties have been observed 
for both metal TPMS structures produced by L-PBF [51] and 

Fig. 10   Variation of C
14

 stiff-
ness with volume fraction VF

Table 2   R2 scores for the 
GAM; entry in row i , column 
j is R2(Cij) . Displayed is only 
the upper triangle, since the 
regression matrix is symmetric, 
i.e. R2(Cij) = R2(Cji)

i⧵j 1 2 3 4 5 6

1 0.9833 0.9525 0.9526 < 10

−4 0.0671 0.0070
2 0.9833 0.9526 0.0070 < 10

−4 0.0673
3 0.9833 0.0674 0.0070 < 10

−4

4 0.9833 0.0519 0.0525
5 0.9833 0.0522
6 0.9833
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polymer Gyroids fabricated by Fused Deposition Modeling 
(FDM) [52].

In short, the GAM curve in Fig. 9 can be retained as a 
convenient preliminary yardstick: it provides a fast density-
modulus estimate and it helps to identify which stiffness 
components are primarily density-controlled (e.g. C11 ) and 
which ones are geometry-controlled (e.g. C14 ). This can be 
further validated by Table 2, which summarizes the R2 of the 
GAM when applied to the different elements of the stiffness 
matrix.

While the axial modulus therefore scales smoothly with 
VF, the degree of elastic anisotropy changes much more 
abruptly across the design space. This can be shown con-
sidering the Zener index AZ , which is plotted against the 
VF in Fig. 11.

As illustrated in Fig. 11, the results reveal a broad range 
of Zener index values at lower densities (approximately 
below 30% ), spanning from nearly isotropic ( AZ ≈ 1 ) to 
highly anisotropic ( AZ > 3 ). This variability suggests 
that the structural response is significantly influenced by 
directional properties at lower densities, which are further 
affected by the specific geometric configurations. Certain 
configurations demonstrate a greater isotropic behavior com-
pared to others.

Moreover, as the volume fraction increases, the anisot-
ropy index exhibits a gradual stabilization towards approx-
imately AZ = 1 . This indicates that as the quantity of the 
utilized material increases, the structures become more iso-
tropic in their mechanical response, approaching the behav-
ior of bulk material, which has been previously assumed to 
be perfectly isotropic. This phenomenon can be attributed 
to a more homogeneous distribution of stresses that occurs 
with an increase in material utilization. Furthermore, as 

evidenced by the polynomial interpolations of the parental 
cells, Primitive structures typically exhibit greater anisot-
ropy, particularly at lower densities. This behavior is attrib-
uted to a bending-dominated deformation mechanism, which 
becomes prominent as the structure becomes thinner and is 
accompanied by significant lateral deformations under axial 
loading [13]. In contrast, Gyroid and Diamond structures are 
primarily stretching-dominated and likely exhibit lower ani-
sotropy even at lower values of the volume fraction. Notably, 
recent findings by Chen et al. [53] on hybrid TPMS sheet-
based designs further confirm that combining bending-dom-
inated architectures can enhance crashworthiness and energy 
absorption capabilities, illustrating how mixing topologies 
can exploit their complementary strengths.

Finally, an additional analysis of the orthotropic behav-
ior of these structures has been conducted. As suggested 
by Chen et al. [46], TPMS-based structures predominantly 
exhibit orthotropic behavior; however, some of the stiffness 
constants appear to be non-negligible. The threshold to 
determine non-negligibility was set when anisotropic terms 
in Fig. 5 exceed 1% of the maximum stiffness component 
in the matrix. As highlighted in Fig. 12, the results of this 
study corroborate the observations by [46], as the number 
of instances in which this occurred exceeds the acceptable 
numerical uncertainty of the simulations. As indicated by 
previous studies, this phenomenon might be explained by 
the symmetry of the trigonometric functions, which may be 
lost in the weighted sum of parental functions.

To further illustrate the symmetry-breaking anisotropy 
introduced by hybrid blending, a full-surface map of the 
effective Young’s modulus has been generated on a repre-
sentative 62.5% Primitive - 37.5% Diamond cell (Fig. 13c). 

Fig. 11   Comparison of anisot-
ropy Zener index AZ of hybrid 
TPMS structures with parental 
TPMS trends
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Fig. 12   Examples of off-diag-
onal terms deviating from the 
orthotropic assumption

Fig. 13   Full surface maps of 
the effective Young’s modulus 
for three different TPMS-based 
unit cells at t = 0.5 . Fig-
ure 13ashows a Primitive cell 
( [cP, cGY , cD, cW ] = [1, 0, 0, 0] ), 
Fig. 13ba Diamond cell 
([0, 0, 1, 0]), and Fig. 13ca 
hybrid Primitive-Diamond cell 
([0.625, 0, 0.375, 0])
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In this contour plot, the stiffness maxima appear as distinct 
lobes that do not repeat at the 90° or 120° intervals char-
acteristic of cubic or three-fold rotational symmetry. As 
evidenced by Fisher et al. [9], the Diamond cell exhibits a 
nearly circular stiffness envelope with only modest six?lobed 
deviations (Fig. 13b), reflecting its residual cubic symme-
try. In stark contrast, the Primitive cell shows a pronounced 
eight?pointed star pattern, with stiffness peaks along the 
cube diagonals, characteristic of its bending-dominated walls 
(Fig. 13a). By comparison, the representative hybrid com-
bination shown in Fig. 13cdisplays irregular, non-repeating 
lobes that neither conform to the six-fold symmetry of the 
Diamond nor the six-fold symmetry of the Primitive. This 
irregular envelope provides direct visual proof that weighted 
blending of two symmetric parental TPMS topologies breaks 
down their original symmetry, yielding a truly anisotropic, 
symmetry-broken structure.

Overall, these results prove that, even if the GAM can 
effectively depict the trend of linear elastic properties, it 
does not allow for an accurate prediction of the punctual 
values. This is due to the effect of anisotropy introduced by 

different cell morphology. This confirms the need for more 
accurate regression models capable of effectively forecast-
ing the stiffness matrix of a generic hybrid cell in the design 
space.

3.2 � ANN prediction results

Table 3 summarizes the R2 scores of the network model for 
all the terms of the stiffness matrix.

As can be observed, the model exhibits lower R2 values 
for the anisotropic terms, namely those assumed to be equal 
to zero under the orthotropic hypothesis. This result can be 
explained if considering that the values of these terms are 
negligible in most of the cases, so the network has only few 
cases to learn from. On the other hand, it can be observed 
that the accuracy of the prediction on all the orthotropic 
terms is above 99.3%. This confirms the validity of the 
method to achieve an accurate estimation of the cell stiff-
ness. By comparing Table 3 and Table 2, it can be observed 

Table 3   R2 scores for the 
ANN regression-coefficient 
matrix; entry in row i , column 
j is R2(Cij) . Displayed is only 
the upper triangle, since the 
regression matrix is symmetric, 
i.e. R2(Cij) = R2(Cji)

i⧵j 1 2 3 4 5 6

1 0.9934 0.9919 0.9910 0.9725 0.9795 0.9717
2 0.9937 0.9919 0.9811 0.9766 0.9804
3 0.9935 0.9764 0.9746 0.9778
4 0.9940 0.9806 0.9759
5 0.9957 0.9738
6 0.9953

Fig. 14   Comparison of 
predicted and homogenized 
(true) C

11

 values, with error 
boundaries defined by 
y = x ± 2.5% C

11,max
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that the ANN leads to a significant improvement in the accu-
racy of the regression on the orthotropic terms. However, 
the main advantages of the ANN can be appreciated on the 
anisotropic terms, where the accuracy of the GAM is prac-
tically null. This is a pivotal result, as it demonstrates that 
this method is able to predict the anisotropy introduced by 
mixing the fundamental cells.

The R2 score obtained on VF is equal to 0.9978, high-
lighting a very high correlation. This can be explained by 
considering the quasi-linear correlation between VF and the 
iso-parameter t, as indicated by Fisher et al. [9]. As the vol-
ume fraction is the only parameter considered by the GAM, 
this accuracy confirms that the ANN can effectively describe 
the trend of that model. As far as AZ is concerned, the calcu-
lated R2 is equal to 0.9778. This confirms that, besides the 
effect of the cell density, the network allows for catching the 
geometry-induced anisotropy of the structure, thus leading 
to a major improvement in the prediction.

Evidently, it is crucial to note that the evaluation of these 
results has thus far been based on average performance 
metrics such as R2 and RMSE. However, these metrics do 
not account for the variability in performance across indi-
vidual combinations. To address this limitation, the model 
has been designed to effectively identify outliers, enabling 
a more comprehensive assessment of its robustness in han-
dling anomalous cases. Outliers were defined as instances 
where the absolute deviation from the homogenization tar-
get value exceeded ±2.5% of the maximum target value. As 
an example, Fig. 14 compares the results of the predictions 
obtained through GAM and ANN in the C11 term of the stiff-
ness matrix.

As can be observed, the use of ANN dramatically reduces 
the number of outliers (i.e. points outside the 2.5% error 
bands), thus showing an additional benefit beyond the 
increase in R2 . A similar trend is observed with the other 
terms of the matrix.

These outliers were analyzed in relation to their input 
coefficients to identify potential patterns. Multiple iterations 
of parallel training processes did not reveal any specific pat-
terns among the identified outliers, which instead appeared 
to be related to the random selection of testing samples. The 
repeatability of the results over multiple replications of the 
training and validation process highlights the effectiveness 
and reliability of the DOE-based data sampling approach, 
which demonstrated resilience against systematic biases.

4 � Conclusion

This work has proposed a novel framework for the genera-
tion, homogenization, and predictive modeling of Triply 
Periodic Minimal Surface-based structures, combining 
numerical simulations and Machine Learning techniques. 

It has successfully demonstrated the potential of Primitive, 
Gyroid, Diamond, and I-WP cells to optimize mechanical 
properties for various engineering applications. Hybridi-
zation therefore widens the design horizon far beyond the 
four canonical topologies, delivering a continuous spectrum 
of feasible geometries that can be matched to specific per-
formance targets without bespoke optimization loops. The 
presented approach holds considerable promise across aero-
space, automotive, biomedical, and energy-absorption fields 
due to its capability to customize and optimize lightweight 
structures.

The results demonstrated that the Artificial Neural Net-
work allows for an effective prediction of all the terms of 
the stiffness matrix for a generic hybrid structure. This pre-
cise yet lightweight surrogate thus replaces time-consuming 
Finite Element-based homogenization in the iterative design 
cycle, enabling rapid screening or real-time optimization. 
Moreover, when compared to the Gibson-Ashby Model, the 
Artificial Neural Network significantly improves accuracy 
(in terms of R2 ) for coefficients essential to establishing an 
orthotropic model of the cell. Another major finding is that 
the Artificial Neural Network, unlike the Gibson-Ashby 
Model, is able to capture the anisotropic behavior which 
originates from mixing fundamental Triply Periodic Mini-
mal Surfaces. This can be seen in the regression of the Zener 
ratio, as well as in the prediction of the anisotropic elements 
of the stiffness matrix. Additionally, the Artificial Neural 
Network approach has been demonstrated to substantially 
reduce the number of outliers if compared to the Gibson-
Ashby Model.

Overall, this research demonstrates that an Artificial Neu-
ral Network trained on a suitably designed set of equidistant 
points can robustly predict the linear elastic properties of 
complex cellular structures obtained by hybridization of fun-
damental Triply Periodic Minimal Surfaces. Future work 
includes validating the model experimentally and through 
large-scale finite-element simulations, capturing the effects 
of additive-manufacturing defects, material anisotropy, and 
non-linear behavior. In parallel, authors are extending the 
framework to functionally graded lattices in which topology 
and relative density vary smoothly across the part. Com-
bining these graded-geometry studies with forthcoming 
test data will tighten the agreement between simulation and 
reality and further reinforce the proposed design pipeline.
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