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ARTICLE INFO ABSTRACT

MscC: We define, study and implement the model SFV-L': a variational approach to signal analysis
26A33 exploiting the Riemann-Liouville (RL) fractional calculus. This model incorporates an L' fidelity
26A45 term alongside fractional derivatives of the right and left RL operators to act as regularizers.
49745 This approach aims to achieve an orientation-independent protocol. The model is studied in the
Keywords: continuous setting and discretized in one dimension by means of a second-order consistent scheme
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based on approximating the RL fractional derivatives by a truncated Griinwald-Letnikov (GL)
scheme. The discrete optimization problem is solved using an iterative approach based on the
alternating direction method of multipliers, with guaranteed convergence.

A multi-parameter whiteness criterion is introduced which provides automatic and simultaneous
selection of the two free parameters in the model, namely the fractional order of differentiation and
the regularization parameter. Numerical experiments on one-dimensional signals are presented
which show how the proposed model holds the potential to achieve good quality results for
denoising signals corrupted by additive Laplace noise.

1. Introduction

Variational methods have been a cornerstone of signal and image processing for many years, as evidenced by their extensive

presence in scientific literature. A general (deterministic) variational approach is expressed as the minimization of a cost functional
under suitable constraints. The cost functional represents the overall “goodness” of competitors and is a combination of two key
terms: a fitting data term which measures the discrepancy between the observed data (the “ground truth”) and the sought solution,
say it reflects how well our solution matches the actual data; a regularizing term which incorporates prior knowledge or assumptions
about the desired solution.

The regularizing term plays a crucial role in several ways: it can help stabilize ill-posed problems, where there may be multiple
possible solutions or none at all.

The regularizer helps guide us towards the most desirable solution based on our prior knowledge. It ensures the overall cost
functional has desirable mathematical properties (coercivity and lower semicontinuity) for specific topologies.
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These properties are essential for applying powerful optimization techniques from the calculus of variations.

Classical nonconvex variational models are the Mumford-Shah and Blake-Zisserman ones ([16], [23]) which were extensively used
in image segmentation and denoising. Another classical model for image analysis is the Rudin-Osher-Fatemi model [47] also known
as ROF or TV (total variation), which is based on a convex minimization, and has several variations in the literature [21,44,51]: in
such model, the regularizing term is a first order term, namely the total variation that turns to be the #! norm of the gradient in
a discretized setting. To avoid artifacts as staircasing which appears in TV approach, the total variation term has been modified in
some cases by adding second order derivatives, see e.g. the Total Generalized Variation (TGV) in [9], and by extending to fractional
TV-norm, as in [38]. Similar models have been developed with different second order terms for denoising in [27] or segmentation
and inpainting as in [12-18].

In all these models the regularization term adopts integer-order derivatives. To take advantage of nonlocal properties of fractional
derivatives, some fractional order TV-like models have been proposed for signal denoising [19,44,45,37]. However, these approaches
deal mainly with the finite dimensional framework (after discretization) and few among them propose an infinite dimensional ap-
proach together with a suitable mathematical analysis ([34,35]). We mention also the work by Zhang and Chen [51] which provides
an anisotropic total fractional-order variation model for image restoration in a continuous setting, and Golbaghi et al. in [28] that
introduced a variable-order total fractional variation model in a suitable normed space BV 5,

In [35] we introduced and analyzed an isotropic Fractional Variation model with fidelity term in L?, namely the minimization of the
functional

1
Fw i= 4 [ - goP dx + 103l + 102l an
0

where: 0<s<1; 4> 0 is the regularization parameter; g is a given noisy signal; D} and DY are the Riemann-Liouville left and right
derivatives; || - ||T+ and || - || respectively denote the total variation in [0, 1) and (0, 1], see (3.2) and (3.3).

When using a variational model like (1.1) for signal denoising, it is well-known that the “optimal” functional form of the fidelity term
is strictly related to the statistics of the noise corruption, according to the Maximum Likelihood estimation approach. In particular,
the L? fidelity term in (1.1) corresponds to the assumption that data are corrupted by additive white Gaussian noise. The variant
of using an L! fidelity term in standard ROF model was introduced in the context of image denoising and deblurring by Alliney
and Nikolova [1,39,40]. In [39] Nikolova shows that for certain types of noise the regularization with L! fidelity outperforms the
standard model. In particular, the L! fidelity is optimal for additive white Laplace noise and performs very well, in general, for
noises of impulsive type, usually due to transmission errors or malfunctioning elements in acquisition sensors. In the present paper
we introduce and study a Symmetrised Fractional Variational model with fidelity term in L!: the model (shortly denoted as SFV-L!)
is based on minimality of fractional variation for restored images: a suitably weighted fidelity term matches with a regularizing term
corresponding to the sum of total variations of both left and right fractional derivatives:

1
Cy = A / luGx) — g0l dx + D% fully, + 1D [ullly. - (1.2)
0

An essential tool in the analysis of this variational model is a compactness property of fractional bounded variation spaces BV'*
proved in [34] and recalled here in Theorem 2.6. Both the L! and L? fidelity terms lead to existence of minimizers that belongs to
the space BV* defined in [33], [34]. While the L? fidelity term leads to uniqueness of solution, the L! fidelity term may lack this
property (see Remark 3.6 and Example 3.7). Moreover the L! fidelity term makes the whole functional ¢ 1-homogeneous and hence
fulfilling contrast equivariance (see Corollary 3.5).

The one dimensional case is considered in Sections 3, precisely the minimization problem related to the functional G as defined in
(1.2), while the two dimensional formulation and study is postponed to a forthcoming paper [29]. We emphasize that, as long as
fractional derivatives are involved, the symmetry is not warranted but must be imposed, since both right and left derivatives have
different nontrivial kernels (see [35]). For this reason we consider a symmetrized approach to fractional variation (previously called
bilateral fractional variation in the 1d framework [33]), with a regularizing filtering based on both left and right derivatives: namely
functional G above and related optimization problem P (see Section 3) which fulfills symmetry, since it depends on both left and
right fractional derivatives.

About recent results concerning fractional Sobolev and fractional Bounded Variation spaces based either on Riemann-Liouville frac-
tional derivatives or Gagliardo-type fractional Sobolev spaces we mention also [3,11,22,25,33,34]; denoising models with L! fidelity
has been considered by [4,5,20] but coupled with fractional total variation filtering related to Gagliardo seminorms.

The advantages of using fractional TV regularization models like (1.1) and (1.2) come together with the issue of selecting a suitable
value for the fractional-order parameter s, beyond the usual regularization parameter A. In fact, it is well-known that even a very
well-designed variational model can yield unsatisfactory results if the free model parameters are not properly set. Moreover, the
larger the number of model parameters, the more difficult it is to use an empirical approach for their selection. In signal denoising,
some criteria have been proposed in literature for automatically selecting a single parameter entering linearly the model (like A in
(1.1) and (1.2)), such as, e.g., the discrepancy principle, the L-curve and the generalized cross-validation criteria. More recently,
the so-called Residual Whiteness Principle (RWP) has been introduced and proved to outperform the above-mentioned approaches
[31,32]. In this paper, we apply a Multi-parameter RWP (MRWP) for the automatic and effective joint selection of the pair (s, A) of
free parameters in our model (1.2).
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The proposed model (1.2) corresponds to an energy minimization in the symmetrized fractional bounded variation space BV*
introduced in [34]: this framework allows us to discretize the Riemann-Liouville fractional derivatives by means of a second-order
consistent scheme based on a suitable truncated Griinwald-Letnikov scheme [42,41,49]. The achieved finite-dimensional minimization
problem is then solved via an efficient iterative algorithm based on the Alternating Direction Method of Multipliers (ADMM) [8],
with guaranteed convergence.

Some numerical experiments are presented which validate the proposed (discretized) model applied to denoising a set of rep-
resentative one-dimensional signals characterized by different properties (namely, different regularities), ranging from piecewise
affine signals to piecewise constant and smooth signals. The introduced MRWP parameter selection approach is also tested on the
same denoising examples. The results indicate that values s < 1 of the fractional-order parameter are optimal for the complex signal
whereas s ~# 1 and s > 1 are the best choices for the piecewise constant and smooth signal, respectively. The functional analysis
theory of model (1.2) together with related computational simulations for general real parameter s> 1 and extension to the case of
two dimensional images are postponed to a forthcoming paper [29]: the main challenges in these extensions rely on the achievement
of suitable interpolation estimates when s> 1 and the definition of fractional partial derivatives by slicing in the 2d case.

2. Preliminary tools

We recall the definitions concerning classical Riemann-Liouville fractional calculus and some results useful in the sequel ([48]);
for additional details about the bilateral approach we refer to [33,34].
The domain of a 1d signal could be any bounded interval (a, #) of R; however, here and in the whole paper, we set a =0 and f =1
for simplicity and without loss of generality. All along this paper we set R, ={x€R : x>0} and R, =R, \ {0}.
We denote the classical derivative by d/dx and the distributional derivative by D, (or D). The symbol W !1(0, 1) represents the
Sobolev space {ue L'(0,1) | Due L'(0,1)}.

Definition 2.1. For every 0<s<1 and ue L'(0,1), the left-side and right-side Riemann-Liouville fractional integrals are defined
respectively by

Ll F(s)/(xi(tt))l — 0<x<1, (2.1)

1w
F(s) (t— x)1 s

Il
o
A
=
A
—_

I’ lul(x) :

I" denotes the Gamma function here and in the sequel.

Definition 2.2 (Distributional RL fractional derivative). Assuming u in L'(0,1) and 0<s<1, and, referring to [33], [34], the left and
right Riemann-Liouville distributional derivatives of order s of u are given by

r u(t)
A=) ") (x=1°

—0

Dy lulx) = D, (13;°[u]) () = dt on (o0, 1), (2.2)

+o
-1 u(?)
T-s5) ) t=x)»

X

DS [ul(x) := =D, (I]=*[u]) (x) = dt on (0, +0). (2.3)

Note that, referring to the trivial extension of u (1 =0 a.e. on R\(0, 1)), all integrals in (2.1)-(2.3) are convolutions, though we
consider their values restricted to the open set (0, 1) (see [33], [34]):

e HO 1 [uHG=

I [u](x) = u* o= F(s) / T dt xeR, (2.4
H(—x) u(t) H(t —

I’ =y — 7 = R. 2.

Tul(x) =u = T F(s)/ |x—t|1 . dt X € (2.5)

Note that all the derivatives appearing in (2.2), (2.3) have to be understood in the distributional sense on the whole real line, thus
Dfr[u] may have atomic part at x =0 and D* [u] may have atomic part at x = 1 (see [34]).

Definition 2.3 (RL fractional Sobolev spaces). For 0<s<1 set:

w0, = {we L0, )| I wle w0, },
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w0, D = {wel'O.D I wlew" 0,1}

W:’l and W*! are Banach spaces with their natural norms. Unfortunately the bounded subsets of W:‘l and W*! miss the L!
compactness properties of their fractional derivatives. For this reason we introduced the fractional bounded variation counterparts
of these spaces in [33,34].

Definition 2.4 (RL fractional bounded variation spaces). For every s € (0, 1) the space BV*(0, 1), sometimes shortly denoted BV, is

BV®

BV: NnBV®,
where

BV = {ve L'(0,1)| Di[v]€ M(O,1)} = {ve L'0,1)| I,"*[v] € BV (0, 1)},

BV® = {ve L'(0,1) | D*[v] e M(0,1)} = {ve L'©0,1)| I'*[v]e BV(0,1)}.

Here M(0, 1) denotes the space of finite Radon measures:
MO,1) = § p st |lullpmen 2= sup /(pdﬂ<+00
PeCHO.1) o<1

For reader’s convenience we recall two Theorems, proved in [34], showing that BV is a Banach space when provided with its natural
norm and a suitable compactness of the bounded subsets of BV*.

Theorem 2.5. If 0<s<1 then BV*(0, 1) is a Banach space with the natural norm

lollgyso,y == Mol + I DL0HIme,y + T DI0l s,y -

For any given pe[1,1/(1 — s)), there exists C=C(s, p), s.t.

||U||L/7(0,|) < C(s,p) ||U”BVX(0,1)'

Any function v € BV*(0, 1) can be represented by either one of these two formulas:

I=wo,)

v(x) = I3 [D}[v]](x) + T ae(0,1),
I'=[](1
v(x) = I*[D* [v]](x) + %(1 -x)' ae (0,1).

Theorem 2.6 (Compactness in BV*(0,1)). Assume that 0<s<1 and

||Un||BV“(0,l) < C.

Then, there is v in L'(0, 1) such that, up to subsequences,

@ v,—v w-LP0,1), Vpell,1/(1-y)),
(i) 117[w,] - 117[v] L7(0,1) Vr < +co,
ity I'75[v,] = I175[v] L7(0,1) Vr < +c0,

(i) I'=[0,]=117[0], I'[0,]=I'[0] w-BV(0,1).
3. SFV-L1: symmetrized fractional variation with ! fidelity term (1d)

In this section we introduce an approach for one dimensional signal restoration, based on Symmetrised Fractional Variation:
namely, the minimization of a functional containing a data-fitting term balanced by a regularizing term expressed as the total variation
of two-sided fractional derivatives.

Given

A€R,,, seO,1), gelLo,

we study the problem

min {G(u) : u€ BV*(0,1)} Pg)
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where
1

G 1= IDLullly, + D% fullly. + 4 / ) — g(l dx 3.1)
0

With 4 indicating the so-called regularization parameter for the L! fitting term, s is the fractional order of the derivatives and g is
the measured datum. Furthermore Dfr [u] and D? [u] denote respectively the left and right distributional RL fractional derivatives of
u, thus D? [u] =0 on (—c0,0) and D? [u] =0 on (1,+00); precisely we set

1D [lll7, = IDL [0l a1 + |1_}._S[U](0+)| = I DL 101l meoory s (3.2)
1D [0l 2= I1D% [0l ppo,1) + S0 = [1D5 [0]l] pg0.400) » (3.3)

the symbol || u|| y4( gy denotes the total variation of the real-valued measure 4 in E.
A rational model for signal analysis must be invariant under mirror symmetry of the data. We underline that our model is orientation
invariant, since the left and the right fractional derivatives are present, as it is clarified in the subsequent Remarks.

Remark 3.1. If u is a minimizer of (P;) with datum g, then U is a minimizer of (P¢) with modified datum g, by referring the notation
o(x) =v(l —x).

Remark 3.2. If one drops the second summand (the one dependent on D*) in the definition (3.1) of G, then the evaluation of Gxs 1
would reduce to A||x*~! — g|| 1, due to D3 [x*~!] =0, whereas with present definition G(x*~")=A||x*~" = g|| .1 + | D* [x*~']||; where
D? [x*~1] is nontrivial, since, by Lemma 8 in [34], D* [v]=0 if and only if v(x)=C(1 — x)*~!. Actually, by formulas (A.1), (A.2) in
[35]withe=sand f=5—1,

DS [x* N=-D 0 [x*1=-D

1
1 -1 _ -5
. F—(l—s)/w (1-w)7 dwl|#0.

Indeed D° [x*~!] is analytic with a singularity at x =0 . of the kind (I'(1 — $)~1(1 = x)~% /x, therefore the measure D* [x*~!] is not of
bounded variation; hence Vs€(0, 1)
x*'eBVS\BV', (1-x)"'€BVS\BV;.

Therefore neither x*~! nor (1 — x)*~! belong to the space BV#(0, 1); thus Glxs = Q((l - x)s‘l) = +o0. This is a good property, since
in signal processing one prefers to avoid unbounded outputs.

Summarizing: if one drops || D} [u]|| when defining G then (1 — x)*~! belongs to the domain; if one drops || D* [u]|| then x*~! belongs
to the domain; whereas neither x*~! nor (1 — x)*~! belong to the domain of G with our definition.

Moreover, there are v € BV+S (0,1) \ BV*(0, 1) with nontrivial Dfr[v]: for instance (see example 3.3. in [35]), consider
o(x) = H(x—1/2)|x—1/2]*7".
3.1. 1-dimensional SFV-L' model

Here, we demonstrate that problem (Pe) admits solutions.

Lemma 3.3. For every sequence v, bounded in BV (0, 1) such that v, — v weakly in LY(0,1), we have

liminf | Dv,lly, > |Dolly,.  liminf D o,ll; > Dol .
Proof. Sequence v, is bounded in L?(0,1) Vpe[1,1/(1 —s)), hence in L'(0,1) (by Theorem 2.6). Therefore we can argue as in the
proof of Lemma 3.5 of [35]. []

Theorem 3.4. If we assume that g belongs L'(0, 1), then the functional G has a nonempty domain and is convex but not strictly convex;
moreover the problem (7)) achieves a finite minimum.

Proof. Convexity of G is straightforward, because it is the sum of three convex terms.

The existence of minimizers follows by the direct methods of calculus of variations.

The functional G is bounded from below since G(v) > 0 for every v.

Non-emptiness of domain follows by 0 <inf G < G(0) = |Ig|| ;1 0.1y < +oo.

Assume that v, is a minimizing sequence. Then v,, is bounded in L?(0, 1) for 1<p<1/(1 — s), hence v,, is bounded in L'(0,1) and in
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BV#(0,1) too.

Thus v, converges weakly to some ¥ in L?(0,1) for 1<p<1/(1 — s), possibly without relabeling and up to subsequences.

The sequences of derivatives D% v, and D® v, are bounded in the space M. Therefore by Theorem 2.6 there exists 7 in BV*(0, 1),
such that D} v, — Dj’rU, DS v, —» D’ U'in the sense of weak* convergence of measures and v, — U in L? weakly, if 1<p<1/(1 —s).
Summarizing, the existence of a minimizer follows by the lower semicontinuity of total variation with respect to the weak* conver-

gence, as stated in Lemma 3.3, since Dﬁr[vn] and D* [v,] are bounded sequences of measures:
lo— g”L‘((),l) = ||S—g||M(0,1) <liminf ||v, — g”m(o,]) =liminf [|v, - g||Ll(o,1)~
The fact that G is not strictly convex can be easily checked on constant functions: set g =0, then

2
T2-s)

60) =0, Q(c)=c</1+ > veeRr,. O

Corollary 3.5 (contrast equivariance). For any s € (0, 1), geL'0,1) and 1 € R 1+ the set S(s, g, A) of solutions to problem (P.) is
nonempty, convex and closed in the strong L'(0, 1) norm, and, for any f € R, .,

S(s,pg,A)=p S(s,g,4) . [contrast equivariance]

Proof. The claims are straightforward consequences of the Lemma 3.3, the Theorem 3.4 and the definition (3.1) which makes the
functional G convex and 1-homogeneous. []

Remark 3.6. Possible lack of uniqueness of the output is not a defect for a model in signal and image analysis. In this perspective, there
are many successful nonconvex models in image analysis like Mumford-Shah and Blake-Zissermann functionals lacking uniqueness of
minimizer, still they exhibit uniqueness as a generic property with respect to admissible data at least in the 1d setting: see [2,6]. This
phenomenon aligns with the existence of unstable patterns. Each pattern represents a potential optimal segmentation outcome, but
this optimality can change depending on variations in various parameters. These parameters include contrast threshold, luminance
sensitivity, noise resistance, and edge detection settings.

Example 3.7. A more illustrative example about non strict convexity (and hence possibly non uniqueness of minimizers) is provided

by choosing the datum g as the logistic function with normalized coefficient: in (3.1) we choose g(x) = x(1 — x), say a smooth

function which vanishes at both end points (and extended with null value off [0, 1] when necessary), hence Di [¢] has no singularities
S [k = yhk—s _LTKk+D |

at all. Indeed, by Di[x"]=x Thrios)’

x5 (Q2—s5=2x) ) (1 =x)=5(s —2x)

—_— D'lg] = —————,

rcd-ys) I'G-ys)
s—1) + 272 -5
r'd-s)

Dilg] =

G(g)=IID gl + IDZlglll = ¢ =a>1/6>0, if 0<s<I,

1
Q(0)=ﬂ/|g(x)|dx:éiza, if 4= 6a.
0

Citg) = tla+|1—1la = a(1+2dist(t,[0,1])) Vie R,

thus G is constant on the segment {t—tg : t €[0,1] } and G is affine linear on its complement in R.

We introduce also the problems

min {8+(U): U€M+} , PH
min {£_(w): weM_}, )

where M :={u € M(-o0,1): sptuC[0,1)}, M_:={veE M(0,+00): sptvC(0,1]}, the fractional integrals defined by (2.4), (2.5)
have to be understood as the convolution of a measure with finite total variation and support in [0, +oc0) (respectively (—oo, 1]) with
the kernels H (+x)(I'(s))™" |x|*~! which belong to L, =and have support respectively in [0, +o00) (respectively (—co,0]) (see [7], [29]),
and

E,(v) = /1‘

Ij[v]—gHLl +vly, + “DS_ [12 ] HTi,VVeMJr,
£ 1= Al =gl + Mully + || D3 [ Lu] ||T+ VHEM_,

6



A. Lanza, A. Leaci, S. Morigi et al. Applied Mathematics and Computation 500 (2025) 129429

Theorem 3.8. If g belongs to LY(0,1) and s belongs to (0, 1), then the three problems (7o), (P;) and (77;) are equivalent.
Notably the problems (77:.) and (Pé’,) achieve a finite minimum.

Proof. We claim that the two changes of variable, v replaces u or yu replaces u, defined respectively by u = I vl and u = I’ [w], are
bijective (respectively from dom &, and dom &_ into BV n L'). We verify that both variable changes are bijective.

If v belongs to domé&, := {v € M™* : Iilvle L'(0,1)} then there exists a unique u= Iilvle L2(0,1), such that Ij_‘s[u](x) =
I}:"’[T jr[v]](x): fox vE BV since it is the primitive of a bounded measure, thus ue BVJ;Y N L!'; moreover D* [u] = D* [I fr[v]], hence
u=1Ii[v]€ BV2, by the finiteness of the functional. Hence u € dom G.

Exactly in the same way, one can verify that for every yedomé&_ := {u € M~ : I*[u]€ L'(0,1)} there exists a uniquely defined
u=1I°*[u]edomd.

Vice versa, for all uedomG=BVSn L'={ueL(0,1): I}r‘s[u],ll‘s[u]eBV(O, 1)}, due to Propositions 3 and Corollary 2 in [34] we
can solve these two equations in the distributional framework

u=Ivl,  u=I[ul,

namely the forward Abel integral equations in the unknown v and the backward Abel integral equations in the unknown x. We find
a unique Laplace transformable solution y and unique solution v among Laplace transformable distribution computed in the variable
1—x, which are explicitly provided by:

u(x) = D3 [ul(x) + I17°[u](0,)8(x)
v(x) = D* [u](x) + I [ul(1)8(x — 1)

The equivalence follows by plain substitution: set u=1 Slul=1°v], take into account the identities Di I [ull=u, D[I’[u]]=u (see
(117), (121) in [34]), whence

Cw) = &,.(w) =E_(v).
Eventually, by equivalence with problem (7)
Ij[y] €argminG Yy €argmin&,
I’[v]€argminG Vv eEargminé_
Dj_ [u] + Ij_""[u](0+)5(x) belongs to argmin &, for every u€argming,
D* [u] + I'*[u](1_)6(x — 1) belongs to argmin&_ for every ucargminG,

and by bijectivity of variable changes we get the existence of minimizers for both problems (7’;) and (P;). O

3.2. Optimality conditions

We refer to the representations (as provided by Lemma 3.8 in [35]) of the adjoint operators for fractional integrals and fractional
derivatives aiming to show some necessary conditions for the candidate minimizers of the problem (7).

Lemma 3.9. Any minimizer w of problem (P;) fulfills

0 € Aol - Il LD — g) + (D) [oT, (D% [w])] + (D*)*[oT_(D* [w])] in D'(0, 1), (3.4)
where 0J is the subdifferential of J and dT, denote the selections fulfilling local integrability of Di [oT, [w]] and D? [0T_[w]].

Proof. The subdifferential of G is a (possibly multivalued) maximal monotone operator with values in the dual space of BV* ([10]).
The null element of dual space belongs to this subdifferential when evaluated at a minimizer of G.
For every minimizer w we can perform smooth variations w + ey with smooth y and ¢ in R, thus obtaining 0 € 0 G(w) and

(06w), w) = A0(| - D —g) + (0T, [D}[w]], Dly]) + (oT_[D*[w]], D’ [y])
thus (3.4) is achieved. []

Remark 3.10. If G(w)<+oo and, either D [w]=0or D’ [w] =0, then w=0.
Indeed, if D% [w] =0 then w = Cx*~! and (by Remark 3.2) D*[x*~']¢ M, hence G(Cx*~!)<+co entails C=0, w=0. Likewise,
G(w)<+oo0 and D? [w] =0 entail w=0.
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4. Relations between Riemann-Liouville and Griinwald-Letnikov fractional derivatives

In order to perform numerical experiments with SFV-L! model we exploited the truncated Griinwald-Letnikov scheme to evaluate
one sided fractional derivatives.
The approach suggested independently by Griinwald 1867 [26], and Letnikov 1868 [36], is based on the limits of the difference
quotients, similar to the classical definition of the derivative for m € N, given u € C"[a, b],

d"u(x) . A;l"u(x)

FFT i a<x<b,

where, by generalizing the first-order difference u(x — h) — u(x), Afu(x) denotes the mth order difference

(AMu)(x) = Z(—l)k <'Z>u(x — kh), 4.1)
k=0

with A the uniform space step. Since ('1:') =0if meN and m < k, then the expression (4.1) is equivalent to

+oo
(AMu)(x) = Z(—l)" (’Z>u(x —kh). (4.2)
k=0

The series (4.2) is uniformly convergent for any bounded function u if m > 0. Then the definition of the Griinwald-Letnikov fractional
derivatives follows by generalizing to the case of an arbitrary (not necessary integer) order m.

Definition 4.1. Griinwald-Letnikov fractional derivative
Assume u is an analytic function in a complex neighborhood of the real line and s is a real number fulfilling s > 0. Then the direct
and reverse Griinwald-Letnikov derivative of order s of u at x€R (respectively ®% and D*) are defined by:

+oo
s — 1 l _1\k s _
D) = lim - I;( ) <k)u<x kh). (4.3)
1 S s
DS [u](x) = hlirg+ Fg)(—l)"<k>u(x+kh). 4.4)

It is well known ([41], [48]) that if u is an analytic function on C off the negative real line then © jr [u](x) is equal to the generalized
Cauchy fractional derivative - D[u](x) as given by

s I's+1) u(w)
CD+[u](z) = T / » dw (4.5)
4

— Z)s+1

where we assume that the branch cut line is inside the above referred analyticity region, and y is a U shaped contour encircling the
branch cut line (negative real axis).

Expression (4.5) agrees with the usual derivative definition when s is a positive integer.

Both (4.3) and (4.4) are absolutely convergent if u is continuous and bounded on the real line. When dealing with a function u defined
on a bounded interval of R, we can apply to u the definitions (4.3) and (4.4), by considering the periodic extension of u.

Definition 4.2. Let u € L?(0,1) and s € (0, 1).
Then the left Marchaud derivative of u at x € (0, 1] is defined by

D [u] = lim D3, [u]

in L? with respect to the strong topology with

P _ u(x) s
D™ = s S —ar T T =) Ye™®
and
MO ZuD 4 e
(X—Z)1+S
w.(0)=1 %
4 4 fo<x<e.
(X—Z)H'S
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Here the definition of y, for 0 < x < ¢ is obtained by extending the function u with zero value outside the interval [0, 1]. The
passage to the limit depends on the function space we are working with. We remark that such a derivative is not defined at x =0 and
that a necessary condition for the existence of the derivative is u(0) =0
The right derivative can be defined analogously by using the integral between x and b. In the following we state the main results
about Marchaud differentiation for the left-side derivative, but similar results can be obtained for the right-side one.

If u is a C!-function, the Marchaud and Riemann-Liouville derivatives coincide for every s € (0,1) (see Theorems 13.1, 13.2 in [48]):

Yue Ccl([0,1]), D [ul(x) =D} [ul(x) Vxe(0,1],

actually,

Vue ™t ([0,1]),0<a<1-s,  Diul(x)=D}ul(x) forae xe(1].

Moreover the Griinwald-Letnikov and Marchaud derivatives coincide for periodic functions (see Section 20 in [48]: Th.20.2. and also

[25D):

VueLP(0,1) (or ue LP(R)), D3, [u] € L? iff D [u] € L” too,
moreover, DS [u](x)=D%[ul(x) VueW*'(0.1), (4.6)

where W ! denotes the fractional Sobolev space (see Definition 2.3).

These are useful tools in order to deal with the fractional derivatives because the Marchaud and Griinwald-Letnikov derivatives
are easier to handle than the Riemann-Liouville ones.
In signal/image processing the most frequently used fractional derivatives are the Griinwald-Letnikov (see e.g. [371]).
The fractional derivatives are nonlocal operators for any non-integer s: indeed the value of the left-sided (right-sided) fractional
derivative at a point x depends on the function values at all the points to the left (right) of the point x. The reduction of the
computational efforts resorts to the fading memory property of the fractional derivatives that allows to restrict the integration interval
using the “short-memory” principle [43]. This technique truncates the approximation sum in (4.3)-(4.4) to avoid high computational
cost and memory requirements.

Definition 4.3. The truncated Griinwald-Letnikov scheme of fractional order s is defined for a function u € C°[0, 1], by

K
LA [u] () = hi D=1k <;> u(x ¥ kh), (4.7)
k=0

where g A% denotes the left-sided and g A? the right-sided GL derivative; K is a positive integer expressing the unitary length of
the support with respect to the scale x>0: K=[x/h] for left-sided, K=[(1 — x)/h] for right-sided; [7] is the ceiling of 7.

Note that (4.7) is coherent, actually coincident with the series (4.3) if the RL fractional derivatives are defined by (2.2)-(2.5) via
convolution involving the trivial extension of u outside (0, 1).

Therefore, we will use in the following the approximation Z)Si[u](x) =~ GLAf_r[u](x), arising from the Griinwald-Letnikov Defini-
tion 4.1.

5. Fractional difference approach of the proposed model
5.1. Discretization of the domain

First, without loss of generality, we introduce a uniform discretization of the unitary 1d domain [0, 1] C R considered in the
continuous setting. In particular, we define the 1d grid of » points:

{x;=ih,i=0,....,n—=1,h=1/(n=1)}. (5.1)

We indicate by u := (up, ..., 4;, ... ,u,_;)" € R" the (column) vector containing the values that function u assumes at all the grid
points.

5.2. Approximation of Riemann-Liouville fractional derivatives

The standard shifted left and right Griinwald difference operators ; A}, ; A’ approximate the left and right Riemann-Liouville

fractional derivatives D} and D? uniformly with first order accuracy; in formula,

K
Sl (x) = — Y @ uyy, =D [ul (x;) + O(h), (5.2)
k=0

1
hs
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K
: 1 ) ,
AL () = 5 ¥ @iy = D2 [u] (x;) + OCh), (5.3)
k=0
where the coefficients w‘]i are defined as follows
) T's+1)
S = (= (%)= (-DF—2T | keN. 5.4
@ = )<k> D T re—k+ D) G4

N

k), defined in (5.4) in terms of the Gamma function, can be computed by the following

The generalized binomial coefficients (
recurrence relationships

wy=1; o= (1- SZI), k=1,2,....

In [50] the authors introduced second (and higher) order approximations for the Riemann-Liouville fractional derivatives based on

the shifted Griinwald operator. In particular, the left and right weighted and shifted Griinwald difference operators are defined as
follows

A S s—2q s 2p— s s
GLAAL I () = 50 GIAL )00+ 50— AL ] () = DY [u] () + OGP, (5.5)
-2 2p —
QAN [ul () = zs(p = Z) Gr AL [ () + 5 (’f’ — Gt AL () = DXl () + 00, (5.6)

where p, g are integers and p # q.
Considering the uniform domain discretization we can rewrite formulas (5.5) and (5.6) in a more compact form

K
' 1
PIAS [u) (x;) = W Z WS Uy max(pg)—k + OCH?), (5.7)
k=0
1 K
A Ul (x;) = W 2 WS U maxipgysk + ORP). (5.8)
k=0

If (p,q) in (5.5)-(5.6) is (1,—1), then

ws_2+sws w,,_2+s s w5_2+s ¢ 2—58
0 4 (U 1 4 1° "k 4

5.3. Discretization of the norms

In order to discretize the two norms appearing in the proposed 1d model (3.1) related to the symmetrized regularization term,
we note that when 7'=5[u] is an absolutely continuous function vanishing at x=0 and x=1, then the two noise-filtering terms read
as Lebesgue integrals

1 1
IDS tullly, = / |DLwieo|dx, 1Dl = / |D* [ul(x)| dx,
0 0

and, in such case, we can consider any quadrature rule using equally spaced quadrature nodes. In particular, to the aim of achieving
a good accuracy-efficiency tradeoff, in the following we consider the composite Newton-Cotes quadrature formulas of degree 0
(midpoint rule) and 2 (Simpson’s rule). Upon suitable conditions on the integrand function, the two rules exhibit orders of accuracy
equal to 2 and 4 - that is, the quadrature error is O(h?) and O(h*), with h the mesh step size, respectively.

In the following example, we support experimentally our subsequent choices for the discretizations of the fractional derivatives
as well as of the definite integrals.

Example. We consider the function

u(x)=x*(1 - x> =x* = 2x3 + x2. (5.9)

It can be easily proved that the left and right Riemann-Liouville fractional derivatives of order s € (0, 1) of u are given by

D [u)(x) = D5 [x*](x) - 2D5 [x*1(x) + D [x*](x)

_ e 4y S T@ 5, TG 5
TTe-st Ta-»t tte-e" (5.10)
D! [u](x) = — D [u](1 - x). 511

Moreover, for the specific case s = 0.5, it can be proved that the fractional derivative D?r'S [u](x) has a unique zero x;, in the interval
(0,1) given by

10
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w3k )

and we have that

DY [u](x) > 0 for x €[0,xp), D’[ul(x) <0 for x € (xo, 1]

In Fig. 1 - first row - we show the graphs of u(x) and Dﬂ’r‘s [ul(x), as well as the zero x(, marked by a red dot.

We first compare experimentally the accuracy of the first-order left GL formula in (5.2) and second-order left GL2 formula in
(5.7) in approximating the left fractional derivative with order s = 0.5 of the function u(x) in (5.9). The accuracy is measured by the
relative error of approximation,

| D3 w10 = A3 [u)|
Lh) =
e D3 [l ()]

where, we remark, we made the dependence of the relative error on the point of differentiation x as well as on the step-size A of the
uniform domain mesh explicit.

The errors E(x, h) in (5.12) are reported in Fig. 1 for A%S[u](x) being the left GL or GL2 (1st and 2nd order) formulas. The two
graphs reported in the second row of Fig. 1 consider a fixed point of differentiation x = 0.2. In the left panel we show the relative
error of approximation E(x =0.2,4) as a function of the step-size h using all the K = |x/h| terms in the GL and GL2 formulas,
whereas in the right panel the error E(x = 0.2, h = 1073) is plotted as a function of a (reduced) varying number K of terms. In the
third row of Fig. 1, on the left, in order to analyze the approximation error over the entire domain of u, we show E(x, h = 1073). These
first experiments confirm the theoretical expectations and motivate us to use the GL2 approximation of the fractional derivatives. In
particular, we will use the GL2 discretization with p=1, g =—1.

(5.12)

In the second part of this experiment we evaluate the accuracy of approximation of the overall FV(}rj[u] regularization term
achieved by using the composite midpoint and Simpson 1/3 Newton-Cotes quadrature rules. The analytical evaluation of FV?r'5 [u]
reads

1 XQ 1
ID%3 [y, = / | D43 10| dx = / DY [ul(x)dx — / DOl (x)dx
0 0 X0
_ [ FG) a5 _,T@ 55, TG Xzs]’”
I'(5.5) I'4.5) I'(3.5) 0
1
_ [ [O) as_,TAW 35, TG xz.s]
I'(5.5) I'@.5) I'(3.5) o
~ 0.056983968818256. (5.13)

We remark that the actual accuracy of the FV(}r'5 [u] regularizer is affected by both the quadrature error and the fractional derivative
approximations, and it can be measured by the relative error
0.5r,1 _ JDER
poex_,_ PV~ 15 [l

= , DER € {GL,GL2}, QUAD € {MID,SIM} .
QUAD IFV0S[u|

In the right panel of the last row of Fig. 1 we show the relative error of approximation E DS}:D for the four combinations considered as
a function of the total number » of equally spaced nodes in the considered mesh, clearly given by n = 1/h with h the mesh step-size.
Moreover, in Table 1 we report the actual approximation errors are reported for a set of different values of n ranging from n =41 to
n=1001.

It can be observed that the theoretical linear and quadratic trends reported in Fig. 1 (dashed lines) reveal the actual relationship
between the errors of the methods, and highlights that the best performing numerical solution for the approximation of the FV¥ regu-
larizer is to apply the O(h%) composite midpoint Newton-Cotes rule together with the O(h?) GL2 fractional derivative approximation
formula.

5.4. Model discretization

To discretize the model, first we introduce the two matrices

Dj— , Di e Rmn (5.14)

which, under right multiplication times the column vector u = (ug, ..., u,_;)" € R" containing the values assumed by the function
u: [0,1] - R at all the 1d grid points in (5.1), compute the two vectors of left and right weighted and shifted Griinwald differences -

11
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0.1t 1
0.05f 1
0
—u(x)
—D%[u(x)
0.05f] , X, A
0 0.2 0.4 0.6 0.8 1
X
. . 2 . . .
_3 -
1] w -4r
=} o
=3 >
2 S 5t T
|
61 |——GL
——GL2
-7
0 100 200 300 400
K
T T T T -2 =~ ]
i 25 1
w 4t ——GL W -3 \\\\\\ 4
—+—GL2 o arl
cv)o— . 4 o -3.5
2 5 A, € 4| GL«MD
\ —GL+SIM
4.5} |—GL2+MID
61 ——GL2+SIM
_5— ~
0 02 04 06 08 1 2 25 3
X Iog10 N

Fig. 1. First row: function u(x) = x>(1 — x)? (blue colored), its left Riemann-Liouville fractional derivative (red colored) and its zero in (0, 1) (red dot). Second row:
approximation error E(x =0.2, h) of ng [1](0.2) with left-side GL and GL2 formulas. From left to right: E(x = 0.2, h) for varying h values and for increasing K values.
Third row, from left to right: derivative approximation error E(x, = 1073) for varying x, and quadrature approximation error EgﬁiD for the FV? regularizer with
left-side GL and GL2 formulas and composite midpoint and Simpson 1/3 quadrature rules.

Table 1
Numerical approximation errors EQDLE&D (%) for a set of n nodes, for the different fractional derivative formulas

(GL, GL2) and quadrature rules (MID, SIM).

n 41 71 101 151 201 301 401 501 1001

Eﬁl[b 1.2298 0.7560 0.5338 0.3598 0.2759 0.1858 0.1390 0.1122 0.0563
ESGI'M 1.2527 0.7234 0.5466 0.3675 0.2767 0.1863 0.1388 0.1119 0.0563
Eﬁ'ﬁ% 0.6182 0.2355 0.1034 0.0491 0.0308 0.0117 0.0070 0.0045 0.0011
ESGIIIV% 0.6963 0.2233 0.1063 0.0499 0.0311 0.0136 0.0067 0.0045 0.0011

see the definitions in (5.7)-(5.8) - approximating the fractional derivatives of u at those points. In particular, it is easy to verify that
the r-th rows of matrices D and D? read

(D}),= (w; s W 0= =1y Onr—1 ) g (5.15)

(D), = (Or—Z’ Winax(0.2-r)* wZ—r+1> ’ (5.16)

for r=1,---,n. Hence, D} and D’ are lower and upper Hessemberg matrices, respectively, and D} = (D )7,

12
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If Dirichlet homogeneous boundary conditions are considered, then the two matrices in (5.14) are Toeplitz. If, instead, periodic
boundary conditions are adopted, matrices are circulant.

Suitable truncation strategies of the sums in (5.2)-(5.3) and, hence, in (5.7)-(5.8) have been proposed, e.g., in [37].

By exploiting previous definitions, the discretized model reads

(s, A) € argmin, cps { G(u;s,4) 1= SFV3 W)+ Allu—gll; }, (5.17)

with the SFV* regularizer defined by
s _ S s

SEV() = [D2uf|, + [Duf . (5.18)
where we made explicit the dependency of the solution @ on the parameter pair (s, A).
Referring to (3.2), (3.3), we emphasize that HDiju”1 is an approximation of HD;u‘ -
Starting from definition (5.14), and introducing the matrix B

DS

D e <D5+> e R, (5.19)
the SFV* regularizer in (5.18) can be compactly rewritten as

SFVi(u) = ||DSu||1 . (5.20)

The following result provides the main properties of cost function G which lead to the existence of solutions of the minimization
problem in (5.17).

Proposition 5.1. For any s, A€ R, and any data g € R", the cost function G defined in (5.17) is proper, continuous, convex and coercive
in u, hence the minimization problem in (5.17) admits a compact convex set of solutions.

Proof. The function G in (5.17) is proper, continuous, convex and coercive as it is given by the sum of two functions which, for
any s,A €R,,, g € R", are both clearly proper, continuous, convex and bounded below by zero, with the second being coercive.
It is then a classical result of convex analysis that a function having the properties of G admits a compact and convex set of global
minimizers. []

6. Numerical solution by ADMM

For the solution of the finite-dimensional minimization problem (5.17) we use an efficient iterative algorithm based on the
Alternating Direction Method of Multipliers (ADMM). After introducing the auxiliary variable y defined by

y= <y1> _ (Dsu) cRY.
Y2 u

it is easy to verify that our discrete model (5.17) with the SFV® regularization term defined in (5.19)-(5.20) can be equivalently
reformulated as a standard two-blocks (additively) separable minimization problem with linear constraints,

{(s, 2, ¥(s, )} €argmin, , {U@m)+Y(y;4) } subjectto U'u+Yy=0, (6.1)

with the two cost functions U and Y defined by

Uw=0, Y@=yl +Aly2-egll, (6.2)
and with matrices U, Y given by
S
U= <II) >GIR3”X”, Y=-L,. (6.3)
n

The Lagrangian function £ and augmented Lagrangian function £ associated with problem (6.1) read
Ly, p;s,h) = Uw+Yy: ) +p" (Uu+Yy), 6.4)
Lyu,y,p;s,4) = L(u,y,p; )+ gllUSu +Yyll3, (6.5)
where § € R, is a penalty parameter and p € R is the vector of Lagrange multipliers associated to the system of linear constraints
in (6.1).

Solving problem (6.1) amounts to seek the saddle point(s) of the augmented Lagrangian function £ﬂ in (6.5); in formula,

{u(s, 1), y(s, A), p(s, 1)} € arg rinyn m;lx Eﬂ(u,y,p;s, A). (6.6)

13
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The solution(s) of the saddle-point problem (6.6) can be computed as the limit point(s) of the standard two-blocks ADMM algorithm
[8]. Upon suitable initialization, and for any k > 0, the k-th iteration of the algorithm reads as follows:

u**D = argmin, £, (u,y®, p®:s, 1) 6.7)
B o, L w|
= argmin, { Uw+ 7 Uu +Yy® 4 5 p® } (6.8)
2
_ i Llusy— a®I? . g® =y _ L 0
= argmlnuz)Uu q Hz, q=y ﬁp s (6.9)
D = argmin,, £ﬂ(u(/‘+1),y, p®; s, A) (6.10)
. B k1 1wl
= argmin, 4 Y(y) + 5 HUsu( D yyy + 7 p® (6.11)
2
2
= argmin,, {Y(y) + g Hy - v(k)”2 } ;v =kt 4 %p(m’ 6.12)
p(k+1) — p(k) +ﬂ(USu(k+1) +Yy(k+l)) , (6.13)
= p®) 4§ (U _ ykrD) (6.14)

where (6.8) and (6.11) follow easily from (6.7) and (6.10) by recalling the definition of £ /) in (6.4), dropping the constant terms
and carrying out some algebraic manipulations, whereas (6.9), (6.12) and (6.14) come immediately from (6.8), (6.11) and (6.13)
after recalling from (6.2)-(6.3) that for our specific two-blocks separable minimization problem we have U(u) =0 and Y equal to the
negative identity matrix.

In the following Sections 6.1 and 6.2 we illustrate how the minimization subproblems (6.9) and (6.12) for primal variables u and
y can be efficiently solved, respectively, then in Section 6.3 we outline the overall ADMM scheme and state its convergence.

The primal and dual residuals at iteration k + 1 are defined ([8]), respectively, as

T
Pl — ok kD kD) - g (Us) (y(k+l) _y(k)) )
Hence, we stop ADMM iterations as soon as both the primal and dual relative residual norms drop below some fixed thresholds:

i "]
2 2

<€, ————Z
max WO, PO~ ™ o) o,

€dual -

6.1. Solving the subproblem for u

The Hessian matrix H® of the quadratic cost function in (6.9) is given by
s s T S S T S nXxn
H' = (U’) U’ =1,+ (D°) D*eR™",

with the second equality coming from the definition of matrix U* in (6.3). Then, based on the definition of matrix D* in (5.19), H®
reads

H'=1,+(D})'D} + (D?)'D’. (6.15)

Since the Hessian matrix H® in (6.15) is clearly symmetric and positive definite (hence, non-singular), the quadratic cost function in
(6.9) is strongly convex and, thus, admits a unique global minimizer coinciding with its unique stationary point. Hence, the updated
vector u**1) in (6.7) is obtained by solving the first-order optimality conditions for the minimization subproblem (6.9), that is by
solving the linear system

H uk+D) = (T g®) | (6.16)

with H® in (6.15), U® in (6.3) and q(") in (6.9). By assuming periodic boundary conditions for u, the coefficient matrix H® is circulant.
Hence, the linear system in (6.16) can be solved very efficiently based on the discrete Fourier transform, implemented by 1d fast
Fourier transform.

6.2. Solving the subproblem for y

After recalling the definition of function Y in (6.2), it is easy to verify that the minimization problem for variable y in (6.12) is
separable into two independent minimization subproblems for the subvectors y, and y,. In formula, we have

14
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: 1 )|
(k+1) argminy, { vl + 3 HYI Y H2
k) — [ Y -
y = %k+1) =
Y, . 1 Ik
argmin,, lly>—gll; + 3 ||y2 -v, ”2
where we introduced the following suitable partitions of vector v®) in (6.12) and of vector p‘¥) of Lagrange multipliers,
(k) s(kt+1) o L (k) (k)
o0 = <"(1k)> - (D "(k 1)+ tlip(lk)> o = (p(lk)>
+ ) ,
v, u + ﬁpz Py

with v(lk), p(lk) € R?" and v(zk) s p(zk) € R". It is immediate to verify that, after the change of variable y, = y, — g, the update formula
for y, in (6.17) can be equivalently written as
2
} . (6.18)

(6.17)

=N ™=

(k+1)

; A~ 1|~
y2 =g+ argmlnyz{ E ||yz”1 +§ Y, — (v(zk)_g>

The minimization problems for y, in (6.17) and for ¥, in (6.18) have the same form and correspond to the proximity operator of the

scaled #-norm function «af| - ||, evaluated at point z, witha=1/8, z= v(lk) anda=4/p, z= v(zk) — g, respectively. Hence, based on

the well-known closed-form solution to such a proximity operator (vectorial soft-threshold function), we get the following explicit
updating formula for variable y:

i) sign(v(lk)) o max{ ‘v(lk)‘ - l s 0}
&+ _ [ Y _ b
y =\ e ) = J ,
sign(v(zk) —g) o} max{ ‘v(zk) —g’ - E ,0} +8

Y2
where © denotes the Hadamard vector product and the sign and max operators have to be intended component-wise.

2

(6.19)

6.3. The overall convergent ADMM scheme

In Algorithm 1 we report the main computational steps of the iterative ADMM scheme described in detail in previous sections and
used for solving the proposed denoising model (5.17)-(5.18).

Algorithm 1: ADMM scheme to solve the denoising model in (5.17)-(5.18).

inputs: observed noisy signal g € R",
model parameters s, A€ R, ,
output: estimated denoised signal (s, 1) € R"
1. initialize: set u® =g, y© =Uu©®, p© =0
2. for k=0,1,2, ... unti convergence do:
3 - compute u*+D by solving the linear system in (6.15)-(6.16)
4, - compute y*+D by using the explicit formula in (6.19)
5 - compute p*+D by using the explicit formula in (6.14)
6. end for
7. H(s, A) =ukth

The performance of the two-blocks ADMM algorithm is highly sensitive to the choice of the dual step-size f in (6.14). In the
convex setting, under standard assumptions on the two cost functions U (1), Y (y; A1) and on the linear constraint Uu + Yy = 0, the
step-size f primarily influences the convergence rate. To improve the convergence rate of the proposed ADMM scheme, we follow
the results in [46]. More precisely, in (6.14) we use an iteration-adaptive step-size f, which, according to the proposal in [46], is
updated at each ADMM iteration as follows:

[Pl P
ly® Dl

with 0 < f,, < fj; < o0, and w, € (0,1] a summable “conservation sequence” with w; = 1. As a consequence, the sequence {p, }
generated by the ADMM scheme using the dual step-size updating rule in (6.20) weakly converges to a solution of the dual problem,
then the ADMM convergence is guaranteed, as outlined in [46].

To conclude, in the following Proposition 6.1 we apply to the ADMM scheme in Algorithm 1 a general and classical convergence
result for the two-blocks ADMM given in the seminal paper by Eckstein and Bertsekas [24].

Brp1 = (1 — 0By +a)kpr0j[ﬂm,ﬁM]< ) w, €(0,1), (6.20)
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Proposition 6.1. Let £, L be the Lagrangian and the augmented Lagrangian functions in (6.4)-(6.5) with functions U, Y and matri-
ces U’, Y defined as in (6.2)-(6.3). Then, if a saddle point of L exists, the ADMM scheme in Algorithm 1 converges to a saddle point
{t(s, 1), ¥(s, A), p(s, A)} of Ly forany s, A, f € R, and any data g € R", with u(s, A) a solution of the minimization problem in (5.17). If
a saddle point of £ does not exist, then at least one of the two sequences of ADMM iterates {y*} or {p®} is unbounded.

Proof. For any 5,4 € R,, and any data g € R”, the functions U, Y defined in (6.2) are both clearly proper, closed and convex
and the matrices U’, Y defined in (6.3) are such that Y is the negative identity and U® has full (column) rank. Moreover, the two
ADMM minimization subproblems for the primal variables u and y are solved exactly based on formulas in (6.15)-(6.16) and (6.19),
respectively. Hence, by applying the classical convergence result for the two-blocks ADMM given in [24] (Theorem 8), the proof of
the statement follows easily. []

7. Automatic joint selection of parameters (s, 1) by the whiteness principle

Very recently, it has been proposed in [30] the so-called Multi-parameter Residual Whiteness Principle (in short, MRWP) applied
to the automatic selection of the pair of free parameters in a specific variational model for the restoration - i.e., deblurring and
denoising - of images corrupted by space-invariant blur and additive white Gaussian noise. The MRWP represents the first attempt
to extend to the multi-parametric case the so-called Residual Whiteness Principle (RWP), proposed in [31,32] for the selection of a
single parameter in a class of variational models for image restoration under additive white Gaussian noise corruptions. However,
both the single-parameter RWP in [31] and the multi-parameter MRWP in [30] not only have been proposed for models containing
an L? data fidelity term and experimentally validated for the specific case of Gaussian-distributed noise but, more importantly, have
been applied to models where the parameter(s) to select enter linearly the optimized cost function.

In the following, we introduce a formal definition of the MRWP applied to the selection of the pair of free parameters (s, A) in our
variational model (5.17), where an L! - instead of L? - fidelity term is present and where, for the first time, one of the parameters to
select - namely, s - enters the optimized cost function non-linearly.

When applied to our discrete model in (5.17), the idea of the MRWP is to select the pair of parameters (s, 1) € Ri 4 S0 that the
residual 1d signal 7(s, 1) associated to the model solution #u(s, A), defined by

T(s, ) 1= g—1u(s, 1), 7.1

is maximally white (uncorrelated). In fact, if the model solution #(s, A) is a good estimate of the target noise-free signal, then the
associated residual signal 7(s, A) in (7.1) is a good estimate of the realization of the corrupting noise, which in this work is assumed
to be additive white Laplacian-distributed. By maximizing whiteness of the residual signal in (7.1), we hope to minimize the distance
between the estimated signal u(s, ) and the target noise-free signal.

Following [30], the MRWP applied to our model reads

Select (s,4) = (3, 1) € argmin W (s, ),

2
(s ERZ,

with the multi-parameter whiteness measure function W : IR%r + — R, defined by the squared Euclidean norm of the 1d discrete
normalized auto-correlation of the residual,

I7(s. )*F(s, DI Nl (g = (s, D) * (g — (s, D) 113
I7(s, A3 (g —acs. D)1}
where the second equality comes from using definition (7.1) and where % indicates the 1d discrete cross-correlation operator:

axb 1= 3,z a,byy- -
By assuming a periodic extension 7 of the residual signal 7(s, 1), function W (s, A) in (7.2) can be equivalently written in terms of

W(s,A) =

, (7.2)

7(s, A), the 1d discrete Fourier transformed version of 7(s, 1), as follows

i w(s, 2)

Wi(s,2) = —="
(Z w(s, A))
i=1

where %I-(s, A) € C is the i-th component of i(s, A) and | - | indicates the modulus.

Due (also) to non-smoothness of the cost function G, neither the solution #u(s, A) of our model in (5.17), nor the associated residual
signal 7(s, A) defined as in (7.1) can be written as explicit functions of the pair of parameters (s, A). Therefore, we apply the MRWP
outlined above a posteriori: we compute the solution #(s, 1) - and, then, the residual 7(s, ) - of model (5.17) for different values
(s,4) € Ri , selected on a (pre-defined or adaptively-defined) 2d grid and then calculate the corresponding whiteness measures
W (s, A) by (7.2) or, equivalently, (7.3). The optimal pair (8, 1) is then selected as the one minimizing W (s, 4) on the chosen discrete
grid.

~. with w,(s, ) :=|5,.(s,/1)(, (7.3)
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8. Numerical examples

In this section, we perform a qualitative and quantitative experimental evaluation of the proposed variational model for denoising
1d signals corrupted by additive white Laplace noise. We also aim to test the effectiveness of the proposed automatic whiteness-based
strategy for selecting the “best” couple of fractional order parameter s and regularization parameter 4. All tests have been performed
in Matlab R2022b.

In order to measure the quality of the denoised signals u(s, 1), with respect to the target uncorrupted signal & obtained by model
(5.17) for varying parameters (s, 1) € Ri + We use two different well-known quality assessment metrics, namely the relative error
(RELERR), and the structure similarity index measure (SSIM), defined by

5. 1) —

RELERR (5, ) := M (8.1)
llall,

SSIM (s, 4) := L (@i(s, A), &) - C (@(s, A), &) - S (4(s, D), @) , (8.2)

where SSIM in (8.2) is the product of three terms, namely the luminance term L, the contrast term C and the structure term S. A value
closer to 1 indicates better signal quality. The SSIM metric in (8.2) is computed by the Matlab routine ssim.

We consider four different 1d signals, whose discrete versions are referred to as i, @,, it; and @14, characterized by being discon-
tinuous piecewise constant, discontinuous piecewise affine, continuous piecewise affine and smooth, respectively. The four signals
are reported (solid red lines) in both the graphs in the top rows of Figs. 2, 3, 4, 5, respectively. All signals are made of 256 samples
but iz, which contains 200 samples.

All the four signals &, @,, #; and @1, have been synthetically corrupted by different realizations e, e,, e; and e, of additive white
Laplace noise with zero-mean and different standard deviations o, ¢,, 03, 0, (specified in the captions of the figures reported), thus
obtaining the four noise-corrupted signals

g =i +e, i=12734.

The noisy signals are shown (solid blue lines) in the top-left graphs of Figs. 2, 3, 4, 5.

Then, for each of the four cases, we defined a grid of parameter couples (s;,4,) and, for every couple, we ran the proposed
ADMM optimization algorithm to get the associated denoised signals #;(s j»4i) and the two corresponding quality metrics defined in
(8.1)-(8.2). The two quality metric surfaces are shown in the left columns of Figs. 2, 3, 4, 5. The yellow and blue dots on the surfaces
indicate the “best” achieved denoising results according to the two metrics in (8.1)-(8.2), respectively.

In order to test the effectiveness of the proposed whiteness-based strategy for automatically selecting the parameter couple (s, 4),
for each estimated denoised image #;(s s A) we also compute the associated value of the whiteness measure function W (s oA
defined in (7.2). The four whiteness measure surfaces obtained are reported in the bottom-left panel of Figs. 2, 3, 4, 5. The red dots
in the surface plots of Figs. 2, 3, 4, 5 (left panel) indicate the global minima of the whiteness measures. The corresponding denoised
signals are shown (solid black lines) in the right-columns of Figs. 2, 3, 4, 5. In Fig. 6 we show for comparison the denoised signals
obtained by minimizing the functional composed by the sum of the standard TV regularizer with L! fidelity term, which we named
TV-L! model.

The reported experimental results strongly indicate that, independently of the regularity of the target uncorrupted signal, (a) the
proposed whiteness-based criterion works very well for selecting a “nearly optimal” couple of parameters (s, 4) in the proposed model
and is much better for smooth targets, (b) the proposed SFV-L! model holds the potential to achieve high-quality denoising results,
and (c) the degree of freedom encoded in the order s of fractional derivatives in our model enables the attainment of substantially
more compelling outcomes than those achieved by the standard TV-L' model. It is worth highlighting that the size of the signals can
affect the power of the whiteness-based criterion. In fact, the larger the size of signals, the more reliable the statistical principle at
the basis of the criterion will be.

A deeper analysis of the results obtained allows us to highlight how the estimated values of the fractional order parameter s are, in
the four experiments, all consistent with the different regularities of the target signals. In particular, for piecewise constant, piecewise
affine and for smooth target signals like &, @13 and i, (see Figs. 2, 4 and 5, respectively) it is well-known that promoting sparsity
of the first-order derivatives, second-order derivatives and high-order derivatives of the reconstructed signal is a successful strategy
in variational signal denoising. For more complex signals exhibiting geometrical properties which vary in their domain, like @, in
Fig. 2, using a unique s-value in the fractional variational model can represent a limitation yielding sub-optimal denoising results.
This issue will be the subject of future research.

To highlight the advantages of the proposed symmetrized regularizer with respect to the one-sided versions of it and to the TV-L!
model, we report in Table 2 the achieved quality metrics associated to the denoising results for all considered signals @, i&,, #; and
i1, shown in Figs. 2, 3, 4, 5. The accuracy of the results we obtained by using the proposed SFV-L! model is slightly higher both in
terms of RELERR and in terms of SSIM.

In order to provide experimental evidence of the importance to select an s-value consistent with the target signal regularity, in
Fig. 7 we report, for the last (smooth) signal experiment, the “best” denoised signals obtained by using five different values of s (that
is, for each s, we consider the best achievable denoised signal in terms of RELERR by letting A vary).
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Fig. 2. @1, discontinuous piecewise constant signal: denoising results, n = 256, for different values of 4 and s, additive white Laplace noise ¢, = 0.1. Best denoised
signal obtained with RELERR(s, 4)=0.02 (s = 1.0, 2 = 1.28), versus RELERR(s, 4) =0.02 selected by WP (s = 1.0, A = 1.06); SSIM(s, 1) =0.84 (s = 1.0, 4 = 1.28) (versus
SSIM(s, 1) =0.83 selected by WP).

9. Conclusions

We propose a novel variational model, named SFV-L!, for signal denoising. The model exploits regularizing terms involving both
right and left Riemann-Liouville fractional derivatives, aiming for an orientation-independent approach, together with an L!-norm
data-fitting term. The proposed variational model addresses the artifact problems inherent in the classical total variation regularization
approach, offering a more effective denoising solution for signals corrupted by additive white Laplace noise. To ensure accurate model
representation, we employed a second-order consistent discretization scheme based on a truncated Griinwald-Letnikov approximation
for the fractional derivatives in 1d. This scheme was then solved efficiently using a convergent, iterative ADMM-based algorithm.
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Fig. 3. @1, discontinuous piecewise affine signal: denoising results, n = 256, for different values of A and s, additive white Laplace noise o, = 5. Best denoised signal
obtained with RELERR(s, 4)=0.05 (s = 0.9, 4 =0.88), versus RELERR(s, 1) =0.06 selected by WP (s = 0.8, 1 = 0.88); SSIM(s, 1)=0.55 (s = 0.95, 1 =0.88) (versus

SSIM(s, 1) =0.48 selected by WP).

Numerical experiments on 1d signals validated the proposed model’s ability to denoise 1d signals corrupted by additive Laplace
noise, independently on their degree of regularity, from discontinuous piecewise constant, discontinuous piecewise affine, continuous

piecewise affine and smooth.

Another key contribution of this work is the development of a multi-parameter whiteness criterion. This criterion automates the
selection of two crucial parameters in the model, the fractional order for the regularizer and the fidelity parameter, eliminating the
need for manual tuning. In conclusion, this work introduces the SFV-L! variational model for signal and image analysis. The model’s
effectiveness for denoising signals with Laplace noise is demonstrated. Future research directions include extending the model to
textured image restoration and developing a comprehensive functional analysis for the model with general parameter values (s > 1).
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Fig. 4. @1, continuous piecewise affine and smooth signal: denoising results, n = 256, for different values of 4 and s, additive white Laplace noise o3 = 3. Best denoised
signal obtained with RELERR(s, 1) =0.007 (s =2.10, 4 = 0.03), versus RELERR(s, A1) =0.008 selected by WP (s = 1.95, 4 = 0.02); SSIM(s, 1) =0.993 (s = 2.10, 1=0.03)
(versus SSIM(s, 1) =0.990 selected by WP).
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Fig. 5. i1, smooth signal: denoising results, n = 200, for different values of 4 and s, additive white Laplace noise o, = 0.003. Best denoised signal obtained with
RELERR(s, 4)=0.051 (s =5.05, 4=0.01), versus RELERR(s, 1) =0.062 selected by WP (s = 5.35, 4 =0.005); SSIM(s, 41)=0.998 (s =4.3, 1 =10.02) (versus SSIM(s,
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Fig. 6. Denoising results for the signals &, -1, by applying TV-L' model, n = 256, for the optimal value of A.

Table 2

Quantitative comparison of the quality metrics for the symmetrized (see (5.18)), one-sided versions
FV, = ”D;u“1 of the fractional regularizer and TV regularizer. All the models are equipped with
the same L' fidelity.

RELERR SSIM

u;

KL
=
B
=
§
=
=
N
=
8
=
RS

SFV 0.0211 0.0508 0.0067 0.0519  0.8390 0.5564 0.9932 0.9987
FV, 0.0222 0.0581 0.0085 0.0962 0.6706 0.4841 0.9897 0.9953
FV 0.0222 0.0604  0.0095 0.0952 0.6624 0.4562 0.9879 0.9953
TV 0.0186 0.0537 0.0219 0.1731 0.8113 0.4781 0.7528 0.9900
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Fig. 7. a1, smooth signal: best denoising results (that is, the best achievable by letting A vary) for a signal g perturbed with additive white Laplace
noise o, = 0.002: RELERR(#,(4.8,0.006),i,) = 0.003, RELERR(#,(3.8,0.04),&,) = 0.055, RELERR(#,(2.8,0.16),1,) = 0.067 RELERR(#,(1.8,0.621),i1,) = 0.074
RELERR(#,(0.8,1.100), &,) = 0.1176.
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