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Abstract

We study the effect of Gaussian perturbations on a class of model hyperbolic partial
differential equations with double symplectic characteristics in low spatial dimensions.
The coefficients of our partial differential operators contain harmonic oscillators in
the space variables, while the noise is additive, white in time and colored in space.
We provide sufficient conditions on the spectral measure of the covariance functional
describing the noise that allows for the existence of a random field solution for the
resulting stochastic partial differential equation. Furthermore, we show how the sym-
plectic structure of the set of multiple points affects the regularity of the noise needed
to build a measurable process solution. Our approach is based on some explicit com-
putations for the fundamental solutions of several model partial differential operators
together with their explicit Fourier transforms.

Keywords Stochastic partial differential equations - Hyperbolic equations with
double characteristics - Gaussian noise - Random field solution

1 Introduction

A number of recent papers, tapping into the powerful techniques presented in the
seminal works [12, 13, 24], have extended several classical deterministic results for
solutions of hyperbolic operators of various types—Ilinear, semilinear, and whose prin-
cipal symbols have multiple involutive or symplectic characteristics—to the stochastic
framework: for a current review, encompassing also other types of classical PDEs in
open domains in R” and Riemannian manifolds as well, one can consult, among others,
[1-7,10, 11]. Our goal in this work is to continue the study of possible extensions to the
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stochastic framework by analyzing three model linear stochastic operators, we deem
not having been previously examined in the literature. In particular, we would like to
understand how the symplectic geometry of the principal symbols and the conditions
on the lower order terms influence the construction of the random field solutions via
the corresponding colors of the noise, an analysis started in [7].

The general problem is presented here in a compact form:

Pu;=Fi(t,x) t>0,xeR,ie({l,2,3)
u;i (0,x) =0 (D
ou;i (0,x) =0,

where formally
Fi(¢) :=/ o1, X)F;(t,x)dtdx, ¢ e C® (Rm),
Ri+1

is a mean zero family of normal random variables defined on a probability space
(2, ¥, P) with covariance

E(F,-<¢)F,-<vf>>=/0 dt/R dx/R- dy$t. 0 fix— DYy, @

for ¢, ¢ € C5° (R™*1). The operators P;, i € {1, 2, 3} are defined as

Py := D? — (D? 4+ x%), 3
Py = D} — u(D? +x2D}) +bDy, |b] < p, &
Py := D} — w(D; +x*D}) —aD} +bDy, |b| <p. a>0. 5)

P, is a O-th order perturbation of the wave operator, which is strictly hyperbolic, and
we use it mostly as an introduction to some of the techniques used in the latter cases.
Regarding the two- and three-dimensional operators P, and Pj3, their corresponding
principal symbols are

P2 =12 — u(E? 4+ x2n?),
p3 =12 — uE? + 0% — al?,

which are readily seen to be hyperbolic with respect to T and vanishing at the second
order on the C°°-manifolds

Do={xynE e "R x=1=§=0}

D= {xynnEn ) e "R =t=£=¢=0),
where T*R’ denotes the phase space cotangent bundle minus the zero section. The
manifold ¥, is purely symplectic in its space variables and covariables, i.e. the two-

form d& A dx is non degenerate or equivalently the Poisson brackets of the functions
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defining the manifold do not all vanish on the manifold itself, while X3 presents a mixed
involutive-symplectic structure. Some review of the classical symplectic framework
for differential equations with multiple characteristics can be found, among others, in
[7,8,15].

Calling H; the Hamiltonian field of p;, the fundamental matrix F;(w) associated
to p; at a point w € ¥; is computed as F;(w) = %dH,- (w). One can easily check
that for all points w; € ¥; both F>(w>) and F3(w3) have just two non-zero complex
eigenvalues +iun. One then defines in this case the corresponding operator to be
of non-effectively hyperbolic type [15]. The request of well-posedness of the Cauchy
problem in the C°° and Gevrey classes for this type of operators gives rise to the (strict)
Levi type condition |b| < w, where p is what is usually known as the positive trace of
the associated harmonic oscillator (see e.g. [14, 15]). The (non-strict) Levi condition
|b| < wis,asitis well known, necessary—and in its strict version sufficient as well—in
order to reach the well-posedness of the Cauchy problem for P3 in the C*° category,
see e.g. [16]. It will be shown below how, even in the stochastic construction, this
condition on the lower order terms plays a fundamental role for the explicit existence
of the random field solution.

The hyperbolic operator with symbol p, has been studied in the deterministic con-
text in a number of papers, see for instance [17, 18, 20], aiming to calculate Poisson
formulas for hypoelliptic operators on compact manifolds and studying the propaga-
tion of singularities for their solutions. Both these objectives rely on having at one’s
disposal a rather explicit expression for the fundamental solution; thus in order to
develop similar results in a stochastic setup we must necessarily possess a rather
sizeable knowledge of such a fundamental solution. That being said, the presence of
harmonic oscillators in the symbols p, and p3 together with the symplectic nature
of their double manifolds makes the more traditional approaches of extending the
classical calculi of pseudo-differential analysis to the stochastic setting much more
complicated. This is essentially due to the fact that the simple bicharacteristic curves
exhibit a periodic nature, making it very hard to present any fundamental solution as an
integral Fourier operator whose phase is supported over those very curves. An explicit
procedure is then required and this is what will be done in the present work through suit-
able Hermite functions expansions and a precise control over the related coefficients.

Finally, we observe that the arguments we utilize in our analysis could very well be
used to deal with a more general second order hyperbolic quadratic form with sym-
plectic characteristics. Nevertheless, the simpler nature of our model examples allows
us to remove some of the complexities in [20] or [17], where only the codimension
3 was considered, and develop a sharper understanding of the structure of our fun-
damental solution processes. We observe that the symplectic nature of the multiple
manifold is not by itself an a-priori obstacle to obtaining a closed form fundamental
solution, as was proven in [7]. What makes the problem more challenging in our case
is indeed the presence of the harmonic oscillators.

The function f; : R — R is taken to be continuous except at most at zero, and
even. This requirements are necessary to guarantee that the functional expressed in
(2) is non-negative definite. As seen in [22], this is also equivalent to the existence
of a non-negative tempered measure v; whose Fourier transform is f;, i.e., for all
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¢ € S(RY)
/_¢(X)fi(X)dx =f,?”¢(€)w(d§'),
R R!

where, and henceforth, ¢ denotes the Fourier transform
FoE) = f G (rydx
R[
and
—1 1 ix-&
F o) :=—— | e p()ds.
27 Ri

Denoting with E; the fundamental solution of the operator P;, we will say that u; (¢, x)
defined as

t
m(t,x):f / Ei (t —s,x — ) Fi(s, y)dsdy (©6)
0 JRi

is a random field solution to (1) if the stochastic integral is well defined and the map
(t, x) — wu;(t, x) is measurable. For the theory of stochastic integration, we refer to
[12], where the author performs an extension and adaptation of Walsh’s construction
of the martingale measure stochastic integral (see [24]). We will shortly describe it.
We denote with D (R”) the space of functions ¢ € C§° (R?) endowed with the topol-
ogy described by the following notion of convergence. Given a sequence (¢, )neN C
D (RP) and a function ¢ € D (RP) we say that ¢, converges to ¢ and write ¢,, — ¢
if:

o there exists a compact set K C R” such that supp (¢, — @) C K foralln > 1,
e lim,_, o D¥¢p, = D%¢ uniformly in K for every multi-index «.

Let B, (R?) e the o-field of all bounded Borel sets of R!. The first step is to extend
F; to a worthy martingale measure (see [24]). Using (2) we can verify that F; is
L?-continuous and, as such, we can extend it to a o-finite L?-valued measure by
approximating indicator functions of sets in 8, (R x R’) with elements of D (R ).
We set

Mi,t(B) = F,([O, [] X B)’ B e Bb(Rl)
and
Tl =0 (MisB)s <1, B e ByR)). Fi =T,V N,
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with A being the o -field generated by the P-null sets. We then have that, by construc-
tion, t — M, ;(B) is a continuous martingale and

Fi(¢)=/ /¢(I,X)Mi(dt,dX), ¢ € DR
R+ JRi

We call a function (s, x, ®) — g(s, x, ®) elementary if it is of the form
g(s,x,0) = l@p©)a)X (@), a,beR, 0<a<b, AcByR),
where X is a #; 4-measurable r.v. We denote by & the space of all finite linear com-

binations of elementary functions and call predictable the o-field on Ry x R x Q
generated by the elements of & Moreover, set

t
llgll+ == E (/0 dS/idY/Ri dx|g(s, x, ) fi(x = y)Ig(s, y, ~)|) @)

and

t
ligllo := E (fo deidy /R[ dxg(s,x,-) fi(x —y)g(s,y, -))- (8

In [24], Walsh defines the martingale-measure stochastic integral on the complete
space P of predictable functions g with ||g||+ < 400.

On the other hand, Dalang in his work [12] is able to extend such a construction
defining the martingale

t
t— / / v(s, x, )M (ds, dx)
O 1

for all elements v of the completion Py of (&, || - ||o). Moreover, denoting as 73 the
space of all predictable functions A (¢, x, ) such that x — h(t, x, w) € S'(R") for
every (t,w) € [0, T] x 2, Fh(t, -, w)(§) is a function a.s. and

1 12
nityi= £ ([ as [ e o@Pu@n) <t o)

and calling & the subset of #., consisting of all functions g(s, x, ) such that x
g(s, x, w) € S(R"), then we can identify Py with the set of elements & (z, x, ®) of P
such that it exists a sequence A, (¢, x, w) of elements of & that gives
lim ||k, — k|| = 0. (10)
n—>oo
Furthermore, we observe that this implies that for elements (s, x, w) € Py

l1Allo = lAllo-

Birkhauser



26  Page6of22 Journal of Fourier Analysis and Applications (2025) 31:26

Finally, we define the physicist’s Hermite polynomials and Hermite functions as (see
for instance [21])

2 d" o
Hy(x) = (=1)"e" ¢ -,

W, (1) 5 Hy ), (11)

1
= @miym2°
and name
pn (0, 8) = plnl @n + 1) +ag* — by
Pn() == pu(n, 0).

We are now ready to state our main result, which contains all the several claims proven
below, itemized according to the increasing number of space variables. Recalling that
our stochastic PDEs are

Pu; =Fi(t,x) t>0,x eR,ie(l,2, 3}
u; (0,x) =0
dru; (0,x) =0,

where the operators P;, i € {1, 2, 3} are defined as

Py := D> — (D? 4+ x%),

Py :=D; — (D} +x*D}) +bDy, bl < p

Py := D} — u(Dy + x°D}) —aD} +bDy, |b| <, a>0,
we have the following:

Theorem 1.1 (i) Let vi(d&) = d&y be the Lebesgue measure. Then the one-
dimensional problem has a random field solution given by

t
u1<t,x)=/ /E1 (1 — 5. x: x0) Fy (s, x0)ds dxo
0 JR

with
o0 .
sin(+/2n + 11)
Ei(t,x,x0) =—H(t ——— Y, (x0) ¥, (x).
12, X, X0) ()nzz(:) g V0@
(ii) Let vy = d&vy(dn) and assume that
/ L an <+ (12)
15 V2lan) < +00;
R 17112
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then the two-dimensional problem has a random field solution given by

t
us(t,x,y) =/ /252 (t —s,x,y — yo: x0) F1(s, x0, yo)ds dxo dyo
0o Jr

with

H (1)
E> (t,x,y; x0) = —7

sin (B (m)'/* 1
f’y"w”zz T e )wn(xo|n|”2) W, (xlnl'?)
n

(iii) Let v3(d€,d#,d) = dEDs(di, dT). Assume D3 is absolutely continuous with
respect to the Lebesgue measure and that it admits a density of the form (1}, ) +—>

w (|ﬁ|2 + |$|2) Sfor which it exists an « < 1/3 such that

1 A
/ . 03(dh, dE) < . (13)
(1712 +1£12)

Then the three-dimensional problem has a random field solution given by

t
M3(t,x,y,Z)=/ / E3(t —s,x,y — Y0, 2 — 20; X0)
0 Jr3

x F3(s, X0, Y0, 20)ds dxo dyo dzo
with

H (1)
Es(t,x,y,2; x0) = —7

sin (pn (1, )% ¢ )
w | ezt /2 (X0|n|1/2)q, (xlml/z)dnd;.
/RZ nX(:) on (1, 0)V/? Y !

We would like to highlight again how the color of the noise, observable through
the corresponding measures, relates to the geometry of the double manifolds.

The plan of the paper is as follows. In Sect.2 we organize the proof for the one-
dimensional case, parts of which are to be used in the later sections. In particular
in Subsect. 2.1 the formal fundamental solution is computed and in Subsect. 2.2 the
corresponding random field is constructed. Section3 contains the main arguments.
In Subsect. 3.1 the formal fundamental solutions are explicitly calculated for both
dimensions 2 and 3. Subsections 3.2 and 3.3 are devoted to the estimate of the formal
solutions obtained, and in the final Subsect. 3.4 the existence of the random field
solutions as stated in Theorem 1.1 is eventually proven.
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2 The Case of One Spatial Dimension
2.1 Fundamental Solution

We now proceed with the case of one spatial dimension. This, besides proving the
related simple case, helps us collecting all the major tools needed for the subsequent
parts.

We consider the problem

P E (1, x; x0) = 8(1)8(x — xp).

Performing an Hermite series expansion of x +— Ej(¢, x; xo) and using the well-
known identities (see [19] or [23])

D W, ()W, (x0) = 8(x — x0), (14)
n=0

@2 =2+ 21+ DY, (x) =0 & (D? +xH)W,(x) = 2n + DY, (x)

15)
we get
o o o
P1 Y Epa(t, x0)Wa(x) = Y (PLaErn)(t, x0)W,(x) = Y 8(1)W, (x) W, (x0),
n=0 n=0 n=0
(16)
where
Pi,=D?—(2n+1).
Equating term by term in (16) we obtain the ODE problem
Pl,nEl,n(t’ x0) = §(H) W, (x0),
E11(0, x0) = 9;E1,,(0, x0) =0,
whose solution is
! sin(v/2n +11)
E1n(t,x0) = =W, (x 8t —1)—————drt
1,n (7, X0) n( 0)/O ( ) NeTES
sin(+/2n + 11¢)
= —H({t)——F——=—VYx(x0), A7)
V2n+1

where H (¢) denotes the Heavyside function,i.e,

1, t>0,
0, otherwise.

H(t):{
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Hence

>, sin(x/2n + 11)

E : =—H v, v, .
1(, x; X0) (t),;) T (x0) Wy (x)

Now, the Hermite functions are eigenvectors of the Fourier transform (see e.g. [23]);

in particular

FY.(n) = (_i)n W, ()

and so
Fi(t, x; &) =F E1(t, x; ) (§0)

., sin(t4/2n 4+ 1)
=—H —i) W, (§0) W,y (X).
(”,;( i) T (80) Wy (x)

2.2 Random Field Solution

(18)

For the reader’s convenience, we recall the expression for the candidate random field

solution

t
ul(t,x):/ /El (t — s, x; x0) F1 (s, x0)ds dxg.
0 JR

In order to prove that the expression above is indeed a real-valued process, we need
to show that E1 (r — s, x; xg) is an element of the space Py. To do that, the first step

is to show the following.

Lemma 2.2.1 Let F(t, x; &) be defined as in (18). Then
t
1:= f / |F1 (t — s, x; &) |2d§ods < +o0.
0o JR
Proof By Parseval identity, we have
112 gin? 2n + 1 =
I = W2 (x)ds <t
/Z 2n+1 n(X)ds = nXZ(:)Zn—f—l

Now, we recall that there exist constants C; and C; such that, (see e.g. [9])

C]n_l/6 < max \IJ,%(x) < Czn_l/6 n>1.
xeR

This implies that

W2 (x).

19)

+o00 +o00
[ < Cot (wg(x) +) @n+ 1)—1n—1/6> < Cat (n_1/4 +Y @n+ 1)_1n_1/6>

n=1 n=1

Birkhauser
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which is bounded. O

This shows that the fundamental solution E (f — s, x; xo) belongs to the space P
However, to prove that E; € P as well we need to find a sequence of functions
(ELm)mGN in &y converging to Ep in P.

Unsurprisingly, we set

((t —s)a/2n + l)
V2n 4+ 1

Evm (t = 5.x:%0) == —H(®) Y — W, (x0) Wy ().

n=0

Firstly, we observe that for each m € N, xo — E1,, (f, x; x0) € S(R). Moreover,
setting

sin ((t —85)v/2n + l)
V2n+1

W (§0) W (x),

o0
P (1 —s,x;80) == —H () Y_(—i)"
n=m
we have
2 ! 2
||El,,,,_E1||0:/O ds/R|F’1" (i — 5. x: £0)|" dto.

Hence, from the proof of Lemma 2.2.1, we gather
+o00

|Evm — Eil|g < Cat Y @n+1)~la71/0 2255,
n=m

Now, it remains to prove measurability, and we do that by checking I.?(£2)-continuity
of the solution process in the separate variables. Denoting

2 sin? (t4/2n + 1)
Sittx =Y Sm(;n—fl (W (x + h) — W, ()2,

n=0
the increment in space gives
E [l (t,x + ) = i (t, )]
t
= [Cas [ i@ s it —Fy 6 s )P ey
t
:/ S1(t —s,x, h)ds.
0

Thanks to (19) we have

+o00
Si(t,x, h) < 4C» (7‘[—1/4 +y @n+ 1)—1n—1/6) < 400, (20)

n=1

Birkhauser
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granting uniform convergence and consequently the continuity of S1(t — s, x, h) with
respect to his last variable. Therefore, by dominated convergence

lim]E[Iul(t,x+h)—u1(t,x)|2] —0. 1)
h—0
For the increment in time we write
E[Iul(t Fhx) — ul(t,x)|2]
t
< 2/ dsf [F1 (4R — 5, x5 80) — F1 (1 — 5, % &) do
0 R
1+h
+2/ ds/ By (2 4 7 — 5, x; &0)|* d&o
t R
=2I11(h) + 212 (h).
Lemma 2.2.1 gives directly
lim I>(h) = 0.
Jim 2(h)
Similarly to the increment in the x variable, we call

~ = (sin (¢ + h)+/2n + 1) — sin (t4/2n + 1))2 )
Si(t,x, h) = v
10, %, ) Z:(j) T ()

and by Parseval’s identity, we obtain
t ~
Ii(h) = / S1(t —s,x,h)ds.
0

For § 1(t — s, x, h), abound similar to (20) holds. So, by dominated convergence

lim I1(h) = 0.
hlil%l()

3 The Case of Two and Three Spatial Dimensions

3.1 Common Computations: Fundamental Solution

Here we explicitly derive the fundamental solution of the operator Ps. Since the struc-

ture of the calculation is much the same as in the two-dimensional case, we omit the

latter and recover the corresponding fundamental solution at the end of the section.
Hence, our problem becomes now

P3E3 = 8(1)8(x — x0)8(y)8(2).

Birkhauser
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Taking the Fourier transform with respect to (y, z) we get

PyEy = (D} = o (D2 +2%0%) = ag® + by ) Ex (1,5,1, 83 50) = 8 (1)8 (x — %) .

(22)
Putting 0 = In]'/2x we define
W (t,0.1.¢;x0) = Es (t, Inl="2x.n, g“;xo> ;
thus .
O2W (t,0,m. &3 x0) = ||~ 02 Es (1, In ™, n, ¢ xo)
and, consequently
(Df +x2n2) E; (t, |~ 2x, . ¢ xo) = In| (Dg + 02) W (t,0,1, ;5 x0) -

Therefore, since Dirac’s delta is homogeneous of degree —1, naming A := th -
winl (D2 +o?) — ag? + bn, (22) finally becomes

AW (10,0, 83 %0) = [n]/26 1) 5 (o = xoln|"/2) 23)

We expand o — W(t, o, 1, ¢; x9) in Hermite functions
o0
W(t,0,n,8;%0) = Y Wy (t,0, ¢ %0) ¥y (0)
n=0

and define
Ay =D} — uln| @n+1) —ag? + by,

It follows by (14) and (15) that (23) transforms into

o0
AW(t, 0,1, 85 x0) = A Y Wy (£, x0) Wy (0)
n=0

= ZAan (t,n,¢;x0) ¥y (0)
n=0

=50 Y Wy (xolnl") W, @),

n=0

and we split the sum term by term, equating the coefficients of the expansion

(AaWa) (1,0, 83 x0) = 8 (1) Wy (xolnl ) n]/2,

Birkhauser
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so that we may focus on the ODE problem

(O + pn (1.0)) Wi (1,1, ¢ x0) = =8 (1) Wy (xoln|"/2) [n]'/2, o4
W, (0, n,¢;x0) =0 W,, (0,1, ¢; x9) =0,
which is solved by
! sin (pn (1, )% 7)
W (t, 1, 5 x0) = — Wy (x0ln|'/? |n|1/2-/ 5(1—1) dt
! "< ) 0 on (n, )2

1251 (pn (1, £)'72 1)
pn (0. 02

——H@®WY, (x0|r]|1/2) In|

Therefore, we find

o 12

W, (wolnl"?) W, ().,
n=0 pn (77» {)1/2 " "

which readily gives

A o sin (pn (1, 0)'/% 1
E3(t,x,n,¢;x0) = —H (1) |’I|l/2 Z ¥

n=0 n 1,

so that
H (1)
2

00 1/2

. . sin , t

xf T |12 (on (1 53/2 )\Iln (xolnll/2> W, (xlnll/z) dndc.
R2 =0 Pn (0, 8)

E3(t,x,y,2;x0) = —

Now, we are interested in

A

F3 (t—s,x,y,z;é‘o,ﬁ,f) =FE3;(t—s,x,y—2—"") (50”7’5)?

by translation and dilation properties of the Fourier transform, we see

N o
F3 (t -5, X, y9z;$07ﬁv ;) =ely7]+lZ§/

—00

e~ Eoxo £y (t — 5, x,—1, —f; xo) dxg.

) Birkhduser
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Thus, we finally get

~ H(t — Can
F3< —s,x, ¥, 2 &, C)=—%e‘y’7+‘“

7,
172
—i,5) (= ))
( " ) § wn<m§|?/2>%<m|1/2x)_

Following the above procedure along, one can also solve

00 sin (,0
x ) (=)
n=0

PyEy = 8(1)8(x — x0)8(y)

and obtain

H (1)
27r

sin (5, (n)'/* 1
/ ""|n|1/22 n(ml/z 2 W, (xolnl"2) @, (xlnl!/2) i,
Vl

E> (t,x,y;x0) = —

where 0, (1) := p,(n, 0). And thus

. H(t—s) .-
Fy(t —s.x,y:60.7) = —%e’y”
o sin(p () Pa-0) g 1
i\ /2
e ) )

3.2 Two Dimensions: Integral Bound

(25)

(26)

Again we rewrite here the expression for the two-dimensional candidate random field

solution

t
uz(t,x,y)=/ /2E2 (t —s,x,y — yo; x0) F1(s, x0, yo)ds dxo dyo.
0 JR

In the present section, we proceed with the study of the fundamental solutions E; to
argue that the formal expression above is well defined as a real-valued process. We

start proving

Lemma 3.2.1 Let Fp (t —s,x,y; &o, ﬁ) be defined as in (26) and the assumptions of

Theorem 1.1 (ii) hold. Then
! 2
I :=f0 AJFQ (t—S,x,y;g(),ﬁH v (d%'o,dﬁ) ds < +o0.
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Proof Let us call
J(t—=s,x,y;10) = /R |F2 (1 — s, x, y: &0, ) |* déo

and change variable in the following way: A = || ~!/2&). Then

2
J(t_s’x’y; ﬁ) :Z/ ‘Fz (t_S,x7Y§|7AI|1/2)L,ﬁ) Al/zd)\..
R
Now, if we denote

H(t — .

8&n (t — 8, X,Y; ﬁ) = —(27[ S)elyn
. 1
-nsm(p”(_)/ (t_s)> 172
X (—i) 17 v, (|77| x) . @D

pon (—1)

we get

o0
P (1= s, 33 101200 7) = D7 g (= 5.6, v3 ) W2
n=0

and hence, by Parseval’s identity,

/‘Fz — s, x, 3 17124, n)

It follows that

dk—zg;z I —5,X,Y; n)z. (28)
n=0
t o )

12=/ /Iﬁll/QZgn(t—smy;ﬁ) Dy (d) ds

1/2
0o SlIl ;On (— 77) (t — )) A ) ) )
I e A CES LS

Recalling (19) and denoting

t
Ty := /0 A;go (t—s,x,; ﬁ)2 171'7202 (d) ds,
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we get

7|'/2 A
T
—4n2/ /Z 176 (2n+1),u|ﬁ|+bﬁ)v2(dn) s+ To

Cot |7|1/2
47'[2111/6 Zf (@n+ 1) |f| + bA)

vy (dﬁ) + 1. 29)

Now, we have

1A'/ .
/((2”+1)M|77|+bn) 2 /|'7| Da(di) = —

where the last inequality comes from the fact that the condition |b| < w gives u +
sgn(m)b > 0. Finally, convergence of the integral Ty under this measure is easily
checked. Indeed, we can find an € > 0 such that y + sgn(n)b > € for all € R and
observe that \Ilg (|ﬁ|1/2x) = g~ /4= ilx*/2 < 7~ 1/4_ Therefore

—1/2 4
To = 47T9/46f |72 9 (di)) < +oo.

O

Now, we want to find a sequence Ej ,, (¢, x, y; X9) € & so that E ,, — E> in P.
We set

H (1)
2

foe"Y”sz%W% (olnl'/2) wa (xInl'/2) .

= 2

Ez,m (t’xs y’xO) =

Again for each m € N, (y, x0) > E2(t, x, y; x0) € S (R?), and so calling

FY (1 —s,x,y: 60, 1) ::%e’yﬁ
+oo sin (,5n( AN - s)) £
x> (=) wn< . )wn GIREEIR
;m pn (1) 11172 ( )

we have
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t
(B2 = Eally = s [ 125 6= 0550 8) oz a50.0)
_ Gt Al'? S
=2 Z/ V6 (@n+ 1) u || +bﬁ)v2(d")

<G, th‘”é mztes ),

n=m

3.3 Three Dimensions: Integral Bound

For the reader’s convenience, we recall the formal expression for the candidate three-
dimensional random field solution

t
u3(t,x,y,z)=/ / E3(t —s,x,y — Y0,2 — 205 X0)
0 JR3

x F3(s, x0, Y0, 20)ds dxo dyo dzo.
In the present section, we would like to understand whether the above epxression is a
real-valued process and to do that we need to check if E3 belongs to Pp. As always,

we start with showing that E3 € .

Lemma 3.3.1 Let F3 (t —s,x,y,2; &,1, 2) be defined as in (25) and the assump-
tions of Theorem 1.1 (iii) hold. Then

t
o] ]
0 JR3

Proof The proof is very similar to the one of Proposition 3.2.1. Indeed, calling

A\ |2 ~
Py (1= 5.2, 2360, 1, ;)\ vs (dgo, i, dt ) ds < oc.

~ ~ A H(t—s PRI
&n (l — 5, X, y; 1, i) SIS izt

nsm( (nC) (r—s)>
ou (-0.8)"

x (=i)"

w, (11'2x)
and
A d ~\2 A
foim [ [ 0 (r=soxvzn @) a2 (. dc) ds
0 JR?
i l!/2 (2
qn :=/ " V3 (dn,d§>,
“( A )

@n+ 1) p|d|+ac? +bi

with the same strategy employed in the previous section, we obtain
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Crt 165 | &
I; < a2 n qn + To. (30)

n=1
Now, since |b| < u, we have u + sgn(7)b > 0 and consequently
. In|'/? RN N
qn = / A—Azw(nz + §2) dnd¢ =: J(n).
R nu|f| +ag

We can then switch to polar coordinates and, recalling Young’s inequality

xP oyl 1 1
—+—==xy, —+-—-=1,
p q P g
obtain
+o0 /2 cos(9))1/2
J(n)=4/ dppw(pz)/ @ ())2 —
0 0 nup cos(0) + ap=sin“(0)

+o00 /2 172
=4/ dp pl/zw(pz)/ (costON ™ 5
0 0 npcos(@) + ap sin-(0)

1/p 1/q +o00 /2
- 4(1/p)1 (ll/q) n_l/,,/ dp p1/2—1/qw(p2)/ cos(@)1/2=1/P sing=2/14p.
n /Pa /q 0 0

We have

/2 CG3/4—1/2p)T(1/2 -1
f cos(8)/2 VP sing=44d6 = G/ 2P/ /9) < 400,
0

2 5/4—-1/2p —1/q)

with g selected as below. In fact, condition (13) guarantees that we can indeed select
q so that

+ee 1/2—1 2 +ee 1-2 2
/ p'2 " Vaw(p?)dp =f p' " w(pHdp < +oo.
0 0

From ql =20 — % we have

Therefore, we get J(n) < Cn~/?, 1/p > 5/6 which is sufficent for the convergence
of the series in (30).
Finally, taking € > 0 such that € < u + b sgn(n) we write

t 17|12 a2 A iagn
Ty < 94/ I 4 £2) didé,
479/ R2 a§2+e|n|
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which is finite, by the same arguments utilized above. O

Having proved that E3 € P, in order to show that E3 _€ Po, we need to find a
sequence of functions E3,, € &g such that E3 ,, — E3 in P. We set

H (1)
E3,m (t,x,y,z;x0) := _?

- - m sin , 1/2t
[t E OO ) g (17) v
RZ n=0 /Ol’l (777 é‘)

It is readily seen that (xq, y, z) > E3., (t,X,y,2;X0) € S (R3) for allm € N, and

+00

Czt _ A~ m—+00
n l/6qn —> 0.
=m

2
|| E3.m = Esly =gt 2

3.4 Common Computations: Measurability

To prove our claim, it is left to show that the maps (¢, x,y) — wua(f,x,y) and
(t,x,vy,z) — u3(t,x,y,z) are measurable. Our strategy in this regard is to show
L>(S2)-continuity of the solution processes. We only tackle the three-dimensional
case, as the two-dimensional case is pretty much analogous.

We first consider the variable y. We call

sin (pn (—f], 2)1/2 (- S))

oA\ 1/2

H(t—s) ;%
F3(t -8, X,Z; %.07 ﬁ’ é‘) = TelZ§ Z(—l)n \.I/n
n=0

£0 .
() ).
and get

E[lust,x,y 45,2 = (e, x, v, 2P

t
faf
0 R3
t
faf
0 R3

Now, Fs(f —s, x, z; &, 1, f) is integrable and, hence, by dominated convergence, we
have

F3 (t =5, %,y +h,z; 6,7, 5) —F3 (t —$,X,Y,2; 60, 7, 5)‘2 v3(déo, dj, dg)

N A 12 = ~ |12 N
0 — i M By — s, x, 25 80, 0, ©)| va(do, dil, dE).
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lim E [|u3(t, Xy +h2) —us(t, x, v, z)|2] —0.
h—0
The z variable is treated the same. For the increment in the x variable, we denote
. 12
+oo Sin (pn (—n, 4“) (r— S))
Syt —s. 7. 8.xh) =) —
n=0 Pn <_77, §>

x (Wa (Il x + 1) = Wil 20))

2

and write

E [Ius(t, x+h,y,z)—ust, x,y, z)lz]

t
L
0 R3

' <12 _
7l .o . 22\ s
= [as [ s = s e (14 132 + 1) diaé.
0 R2 47

F3 (t —s,x+h,y, 20, 7, 3) —F3 (t —s.x,y,2:£0. 1, 5)‘2 v3(déo, dy, dg)

Moreover thanks to (19), we have

+00
~ 4C
Ss(t—s. 4.8 x )<Yy 2

— <+ (31)
n=0 /6 py, (—r/, C)

granting uniform convergence and consequently the continuity of S3(t — s, 7, Z.x,h)
with respect to his last variable. Furthermore, in the proof of Lemma 3.3.1 we have
seen that

t +00 1 R
/ ds/ "2y —————<vs(déo, i), d§) < +o0.
0 R n=0 "1/6,0:1 <_77a C)

Therefore, by dominated convergence we get
lim B [Jus(¢, %+, v, 2) = us(t, x, v, 2] = 0. (32)
h—0

Lastly, the increment in time yields

E[lus(t +h,x,y,2) —u3(t,x, y,2)*]

t
52/ dsf
0 R3
t+h
+ 2/ ds/
t R3

=2J1(h) +2J2(h).

2 .
v3(déo, di), d¢)

F3 <t+h—s’x,y,z;*§o,ﬁ,§> —F3 (t—x,x,y,z;éo,ﬁ,f)

2 R
v3(déo, dn, d¢)

F3 <t+h—s,x,y,z;‘§0’ f),f)
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Lemma 3.3.1 immediately gives
lim J(h) = 0.
Jim 2(h)
Denoting

§3(t -, ﬁs $7x7h)

5 (sin (04 &3¢ + 1 — ) = sin (012G, Dt - 9)))
n=0

— w2(In'%x),
on(A, &) "

by Parseval’s identity, we obtain

! 7|/
Ji(h) 2/ ds/ 7
0 R2 47'[

For 5’3 (t —s,1, E, X, h), the same bound as in (31) holds. So, by dominated conver-
gence, again we have

~ ~ R AT A
S5t =s. . &oxm) (14102 + 1EP)  didé.

lim Jy(h) = 0.
Jim, 1(h)
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