
Journal of Optimization Theory and Applications          (2025) 206:21 
https://doi.org/10.1007/s10957-025-02716-2

Tracking Time Varying Parameters Via Online Simplified
Maximum Likelihood

Enrico Bernardi1 · Alberto Lanconelli1 · Christopher S. A. Lauria1

Received: 2 September 2024 / Accepted: 3 May 2025
© The Author(s) 2025

Abstract
Usually, log-likelihood functions fail to satisfy the classical assumptions of strong
convexity and Lipschitz-continuity of the gradient (as well as many of their mild
counterparts) that are common in general convergence results for stochastic gradi-
ent descent algorithms. Therefore, the use of gradient descent schemes to track the
maxima of a sequence of objective log-likelihood functions suffers from the lack of
theoretical results that guarantee the validity of the method. In this paper, we propose
a simplified online scheme to track unknown dynamic parameters that are the optima
of a sequence of objective log-likelihood functions. Under a Lipschitz assumption on
the time varying optimum we demonstrate that our estimator achieves mean square
convergence up to a neighborhood of the optimum, and we establish that the Lipschitz
continuity assumption is necessary when a specific desirable property is imposed.
The method is inspired by a Taylor expansion of the log-likelihood function around
the maximum likelihood estimator, and rigorously justified by the expression for the
Riemannian gradient of the log-likelihood of a multivariate Gaussian distribution.
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1 Introduction

Optimization problems where the objective function changes through time have been
studied in a variety of settings. In a deterministic setting [22], [23], [19], [26] find
asymptotic bounds on the estimates of gradient descent schemes. For a general review
see [25]. In the signal processing literature algorithms that aim to track a moving
target, driven by an unknown stochastic process, over time have been analyzed in
[14], see also [18] for a review of some standard techniques. While, in the machine
learning domain, time varying online optimization problems have been studied in a
multitude of works [32], [6], [30], [7], [10]. These challenges are frequently analyzed
within reinforcement learning frameworks [9], [27], particularly in contexts where
the environment undergoes continuous variation. Examples include dynamic robotic
systems and financialmarkets, where the optimal policymust be continuously adjusted
in response to evolving conditions.

Recently, a time-varying optimization problem that naturally arises in the context
of statistical inference, when a time varying parameter is present, was explored in [15].
To effectively follow the trajectory of this time-varying parameter, which represents
the optimawith respect to a sequence of objective log-likelihood functions, the authors
implemented a time-varying stochastic gradient descent scheme demonstrating that
themethod converges inmean-square error, within a certain neighborhood. A pertinent
real-world application of this model is adaptive control in robotics, wherein a robot is
required to accurately track a dynamically changing target. The primary objective in
such a scenario is to minimize the discrepancy between the robot’s estimated position
and the actual location of the target.

In the present paper, we introduce a statistically motivated simplification of the
stochastic gradient scheme presented in [15]. Our approach does not require the com-
monly assumed strong convexity of the objective function or the Lipschitz continuity
of the gradient. We prove that this algorithm converges to a neighborhood of the
time-varying optimum, and the same proof technique applies even when the param-
eter of interest is a matrix, such as the variance-covariance matrix. Furthermore, we
demonstrate that our proposed algorithm eventually outperforms the strategy of simply
estimating the unknown parameter at time t using the Maximum likelihood estimator
(MLE) for that specific time. Notably, achieving this result necessitates the Lipschitz
continuity assumption mentioned above.

2 The Framework

One of the classical problems in Statistical Inference is the estimation of parameters
that characterize the distribution of some given random observations. Assuming that
these observations, denoted throughout the paper as {Xt }t∈N, are independent and
identically distributed according to a probability density function p(·|λ), λ ∈ �, the
aim is to find, for any n ∈ N, a map

(X1, ..., Xn) �→ Sn(X1, ..., Xn),
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whose value converges as n tends to infinity, in some suitable probabilistic sense, to the
true or pseudo-true unknown parameter λ�. Specifically, if the unknown distribution of
the observations is assumed to belong to the parametric family p(·|λ)λ∈�, we refer to
λ� as the true parameter. This implies that Xt ∼ p(·|λ�), and the model is considered
to be correctly specified. Otherwise, if the law of the observations, say p̃, doesn’t
coincide with any density from the model {p(·|λ)}λ∈�, then λ� is interpreted as the
value that minimizes the Kullback-Leibler divergence of p̃ from p(·|λ), in symbols

λ� := argmin
λ∈�

D( p̃(·)||p(·|λ)) = argmin
λ∈�

∫
Rm

ln

(
p̃(x)

p(x |λ)

)
p̃(x)dx .

In this case we are in the framework of mis-specified models and λ� is called the
pseudo-true parameter [29], [1].

The Principle of Maximum Likelihood provides a natural and practical solution to
estimate the parameter λ� using the quantity

Tn(X1, ..., Xn) := argmax
λ∈�

[p(X1|λ) · · · p(Xn|λ)], n ∈ N, (2.1)

where the function Tn is referred to as the maximum likelihood estimator. It is well
known (see for instance [29]) that under suitable regularity conditions on the model
{p(·|λ)}λ∈� the maximum likelihood estimator converges an n tends to infinity to the
true or pseudo-true parameter λ�, establishing the consistency of the method.

It is important to remark that while the Principle of Maximum Likelihood is a
meaningful and theoretically justified criterion for solving the estimation problem, its
actual implementation according to the prescription (2.1) is not always straightforward
in many cases of interest. Indeed, the analytical solution for the maximum in (2.1)
is often not available. A notable example is when p(x |λ) represents a mixture of
Gaussian distributions, as discussed in [11] and [3]. To overcome this difficulty one
might employ a gradient descent algorithm [16] to approximate the maximum. There
are at least two different ways to do so:

– if we have a finite number of observations, say {X1, ..., XN }, all available at the
outset of our investigation, then the scheme

λt+1 = λt + αt∇λ ln(p(X1|λt ) · · · p(XN |λt )),

produces a sequence {λt }t∈N converging as t tends to infinity to TN (X1, ..., XN ).
Here, {αt }t∈N is the so-called learning rate, usually chosen to be proportional to
1
t , [22], while the objective function is the logarithm of the one in (2.1), as is
customary in the Statistical Inference’s literature.

– if the observations {Xt }t∈N are available one at a time, then the scheme

λt+1 = λt + αt∇λ ln p(Xt |λt ), (2.2)

produces a sequence {λt }t∈N that converges toλ� as t tends to infinity. The recursive
equation (2.2) is an instance of the class of so-called stochastic gradient descent
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algorithms, [24], since the gradient ∇λ ln p(Xt |λt ) can be interpreted as a random
selection of the deterministic gradient ∇λD( p̃(·)||p(·|λt )). In fact, observing that

∇λD( p̃(·)||p(·|λt )) = ∇λ

∫
Rm

ln

(
p̃(x)

p(x |λt )
)
p̃(x)dx

= −∇λ

∫
Rm

ln

(
p(x |λt )
p̃(x)

)
p̃(x)dx

= −∇λ

∫
Rm

ln (p(x |λt )) p̃(x)dx
= −∇λE[ln p(Xt |λt )]
= −E[∇λ ln p(Xt |λt )],

we see that minimizing the function λ �→ D( p̃(·)||p(·|λ)) through deterministic
gradient descent

λt+1 = λt − αt∇λD( p̃(·)||p(·|λt )),

can be approximated through the maximization of its random selection λ �→
ln p(Xt |λt ).

It should be noted that proving convergence for the aforementioned schemes neces-
sitates certain regularity conditions on the log-likelihood function λ �→ ln p(Xt |λ).
These conditions are standard in optimization problems and essentially require the
strong convexity and Lipschitz continuity of the gradient (see [22], [21], [5], [31]).
However, many important log-likelihood functions do not satisfy these assumptions.
Two typical examples illustrate this:

1. When the observations are Bernoulli with parameter q, the function

q �→ ln p(x |q) = x ln(q) + (1 − x) ln(1 − q),

is neither strongly convex nor does it have a Lipschitz-continuous gradient.
2. When the observations are Gaussian with unknown variance σ 2, the function

σ 2 �→ ln p(x |σ 2) = −1

2
ln(2πσ 2) − x2

2σ 2 ,

also fails to fulfill these conditions. Of course, in cases where the true parameter is
static, employing gradient descent schemes for parameter estimation is unnecessary
due to the availability of fully explicit maximum likelihood estimators. However, our
focus is on scenarios where the true parameter λ�

t is time-dependent.
In deterministic analogues to our case, the challenge of tracking the time-varying

optimum has been managed by utilizing tracking algorithms such as gradient descent
schemes [22], [23], [19]. While in a stochastic setting, a recent paper, [15], applies
the stochastic gradient scheme (2.2) to a time-varying generalization of the classi-
cal parameter estimation problem. More precisely, the authors assume that for any
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t ∈ N the random vector Xt possesses a probability density function which depends
on the d-dimensional parameter λ�

t ∈ � ⊂ R
d , in symbols Xt ∼ p(·|λ�

t ). Their
goal is to shadow the unknown true parameter through time utilizing the sequence of
observations {Xt }t∈N; notice that for any t ∈ N there is only one observation avail-
able to estimate λ�

t . From the purview of an optimization problem, this amounts to
maximizing an objective function that varies through time; in fact, the maximum of
λ �→ ∇λE[ln p(Xt |λ)] is attained at λ�

t and such a sequence depends on the time
t . We also remark that the time dependent nature of the problem suggests choosing
constant learning rates in (2.2), i.e. αt = α for all t ∈ N, since vanishing learning rates
wouldn’t allow to keep up with the dynamics of {λ�

t }t∈N. The authors in [15] prove
convergence of the iterative scheme (2.2) to a neighbourhood of the true time varying
parameter under the assumptions of strong convexity and Lipschitz continuity of the
gradient (the sequence {λ�

t }t∈N is assumed to be Lipschitz continuous in t as well).
It is worth mentioning that this result can be seen as a stochastic version of Theorem
1, Chapter 6.3 in [22] where non stationary optimization problems are investigated.
Unfortunately, the assumptions of strong convexity and Lipschitz continuity of the
gradient are fairly restrictive in a host of applied settings. These inconveniences force
workarounds, such as projecting each iteration on a subset of the parameter space,
which increase the complexity of the iterative scheme.

Example 2.1 Consider a robotic system that aims to estimate the position of a moving
target over time. At each time step t , the true target position is denoted by λ∗

t ∈ R,
which is unknown to the robot. Instead of directly accessing λ∗

t , the robot receives a
noisy observation Xt , modeled as:

Xt ∼ N (λ∗
t , σ

2),

where λ∗
t is the unknown true position of the target at time t , σ 2 represents the variance

in the observations, and Xt is a stochastic observation received at time t . The log-
likelihood function for a given estimate λ at time t is

ln p(Xt |λ) = −1

2
log(2πσ 2) − (Xt − λ)2

2σ 2 .

The expected log-likelihood, ignoring additive constants, attains its maximum at the
true parameter value. Specifically, the expectation of the squared deviation is given
by

E[(Xt − λ)2] = σ 2 + (λ∗
t − λ)2.

This property allows us to leverage a random selection to iteratively adjust the estimate
λt toward the true parameter λ∗

t over time, enabling dynamic tracking of the underlying
process.
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3 Statement of theMain Results

We now introduce some notation and a few standing assumptions that we will use
throughout the article. In the sequel we will write ‖ · ‖ for the Euclidean norm in

R
d and ‖ · ‖L2(�) for E[‖ · ‖2] 12 . We consider a sequence {Xt }t∈N of independent

random vectors with Xt possessing a probability density function which depends on
the d-dimensional parameter λ�

t ∈ � ⊂ R
d , in symbols Xt ∼ p(·|λ�

t ).

Assumption 3.1 (Unbiased MLE in closed form) The MLE for the one observation
log-likelihood ln p(Xt |λ), i.e.,

T (Xt ) := argmax
λ∈�

ln p(Xt |λ),

is unbiased for λ�
t , i.e. E[T (Xt )] = λ�

t , and can be written in closed form.

We emphasize that the assumption of having the single observation MLE in closed
form is significantly less restrictive than the corresponding requirement for n obser-
vations, with n ∈ N.

Utilizing Assumption 3.1, we are now prepared to propose a scheme that simplifies
(2.2) and will be employed in tracking the time-varying parameter λ�

t :

λt+1 := λt + α(T (Xt ) − λt ), t ∈ N, (3.1)

where λ1 ∈ R
d is an assigned initial condition and α ∈ R is positive. Before stating

our main results concerning the convergence of the scheme (3.1), we try to motivate
our algorithm from three different perspectives:

– Taylor expansion of the log-likelihood. An application of the Mean Value The-
orem to the function λ �→ ∇λ ln p(Xt |λ) from (2.2) gives

λt+1 = λt + α∇λ ln p(Xt |λt )
= λt + α∇λ ln p(Xt |T (Xt )) + αHλ[ln p(Xt |·)](ξt )(λt − T (Xt ))

= λt + αHλ[− ln p(Xt |·)](ξt )(T (Xt ) − λt ),

wherewe have utilized the definition of T (Xt ), the vector ξt belongs to the segment
[T (Xt ), λt ], and Hλ[ln p(Xt |·)](ξt ) denotes the Hessian matrix of the function
λ �→ ln p(Xt |λ) evaluated at ξt . If we were under the classical conditions used
to prove the convergence of stochastic gradient descent algorithms, i.e. strong
convexity of λ → − ln p(x |λ) with constant l and Lipschitz-continuity of λ →
−∇λ ln p(x |λ) with constant L , both independent of x , then we could bound the
Hessianmatrix as follows 
Id ≤ Hλ[− ln p(x |·)](ξt ) ≤ L Id , where Id denotes the
d × d identity matrix. Thus replacing the Hessian with β Id , for some 
 ≤ β ≤ L
to be tuned later, we obtain

λt+1 = λt + αβ(T (Xt ) − λt ),
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that, up to a re-parametrization of the learning rate, is equivalent to equation (3.1).
We remark that, in the case of the mean of a Gaussian distribution, equation (2.2)
is already in the form (3.1) (with T (Xt ) = Xt ).

– Riemannian gradient of a multivariate Gaussian log-likelihood. In the case
where the parameter of interest is the covariance matrix of a Gaussian distribution,
an analogue to equation (3.1) for the case of matrices is naturally obtained by
utilizing in (2.2) the Riemannian (as opposed to Euclidean) gradient given by the
Fisher-Rao metric. Indeed, given a covariance matrix S ∈ Sym+ (the class of
symmetric non negative definite matrices), the Fisher-Rao metric can be defined
as

gS(A, B) = 1

2
tr(S−1AS−1B),

where A and B belong to TS(Sym+) (see [28] for details). Under this metric the
induced Riemannian gradient on the one observation m dimensional Gaussian
log-likelihood, i.e.

ln p(X |S) = −m

2
ln(2π) − 1

2
ln S − 1

2
XT S−1X , (3.2)

satisfies the following relationwith the Euclidean gradient (here denotedwith∇E ):

∇gS ln p(X |S) = 1

2
S[∇E ln p(X |S) + ∇E ln p(X |S)T ]S. (3.3)

Since the Euclidean gradient of (3.2) is

∇E ln p(X |S) = −S−1 + S−1XXT S−1,

we see using (3.3) that the Riemannian gradient becomes

∇gS ln p(X |S) = S[−S−1 + S−1XXT S−1]S = −S + XXT .

Therefore, rewriting (2.2) for a Gaussian log-likelihood, using the Riemannian
gradient, one obtains

St+1 = St + α∇gS ln p(Xt |St ) = St + α(Xt X
T
t − St ), (3.4)

which is an instance of Equation (3.1), since Xt XT
t is the unbiased one observation

MLE for the covariance matrix of Xt .
– Law of Large Numbers. The well-known Law of Large Numbers states that the
arithmetic mean of n independent and identically distributed random variables
converges to their common expected value as n approaches infinity. In symbols

lim
n→+∞

X1 + · · · + Xn

n
= E[X1]. (3.5)
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The sample mean in (3.5) can be rewritten as a stochastic gradient descent scheme
of the form (3.1). To this aim we set

λt := X1 + · · · + Xt

t
, t ∈ N,

and notice that a simple algebraic manipulation gives

λt+1 = X1 + · · +̇Xt

t + 1
+ Xt+1

t + 1

= t

t + 1
λt + 1

t + 1
Xt+1

= λt + 1

t + 1
(Xt+1 − λt ).

Therefore, comparing the first and last members above we obtain

λt+1 = λt + 1

t + 1
(Xt+1 − λt ),

which corresponds to (3.1) with α := 1
t+1 and T (Xt+1) := Xt+1. We remark that

here the learning rate is vanishing as t increases (we are estimating the static value
E[X1]) and T (Xt+1) is an unbiased estimator of E[X1].

Remark 3.1 Equation (3.1) can also be interpreted as a time-varying stochastic gradient
descent algorithm for minimizing a randomly selected quadratic objective function

λ �→ 1

2
EXt [(λ − T (Xt ))

2].

These objective functions will, for each time t , achieve their minimum in λ�
t =

E[T (Xt )], thus each iteration of equation (3.1) will be a stochastic gradient step
towards the respective λ�

t .

Finally Equation (3.1) is similar to the optimization algorithm recently used in [8].
We now introduce a second assumption that will be required to prove the conver-

gence of recursion (3.1).

Assumption 3.2 (Bounded variance of MLE) There exists a positive real constant M
such that for all t ∈ N we have

E[‖T (Xt ) − λ�
t ‖2] =

d∑
j=1

V[Tj (Xt )] ≤ dM . (3.6)

Here, Tj (Xt ) stands for the j-th component of the d-dimensional vector T (Xt ).
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Boundedness of the variance of the one observation MLE is needed to control
the noise of the sequence of estimators generated by equation (3.1). The following
assumption pertains to the evolution of the time-varying parameter {λ�

t }t∈N and aligns
with the set of assumptions presented in [15].

Assumption 3.3 (Lipschitz continuity of the true parameter) There exists a positive
constant K such that

‖λ�
t+1 − λ�

t ‖ ≤ K for all t ∈ N.

Assumption 3.3 has been used in other settings, see for example [25], [7] and [30],
since a control on the behaviour of the sequence of true parameters is needed to be able
to shadow it. We will demonstrate that this condition is also necessary for the scheme
(3.1) to outperform the simple approach of setting λt = T (Xt ), t ∈ N, as a sequence
of estimators for tracking {λ�

t }t∈N. We explicitly note that the choice λt = T (Xt ),
t ∈ N, is not as naive as it might initially appear: given that the observations {Xt }t∈N
are independent, so, it may seem improbable to achieve improvement when dealing
with a parameter {λ�

t }t∈N that varies over time.
We can now state our first main theorem.

Theorem 3.4 Let Assumptions 3.1, 3.2 and 3.3 hold. Then running equation (3.1), with
0 < α < 1, we obtain

lim sup
t→∞

‖λt+1 − λ�
t ‖2L2(�)

≤ αdM

2 − α
+ (1 − α)2dK 2

α2 . (3.7)

In addition, the minimum of the right hand side in (3.7) is attained at

α = 6ϑ

ϑ2 + 4ϑ + 1
,

where ϑ := (1 + 27M/K 2 + 3
√
3
√
2M/K 2 + 27M2/K 4)1/3.

Remark 3.2 Theorem 3.4 is a generalization of Theorem 1, Chapter 6.3 in [22] to
stochastic quadratic optimization problems.

Remark 3.3 When d = 1, V[T (Xt )] = σ 2, and λ�
t evolves according to a linear

function of t , the limit superior becomes a limit and the bound in (3.7) is sharp.

Remark 3.4 As stated in Remark 3.1, equation (3.1) can be interpreted as a time-
varying stochastic gradient descent process applied to a sequence of objective functions
given by

ft (λ) = 1

2
EXt [(λ − T (Xt ))

2] = (λ − λ∗
t )

2 + σ 2.
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A fundamental metric for evaluating the effectiveness of a policy in the reinforcement
learning setting is the expected regret, [9], [13], [7]. The regret at time t is defined as

Reg(t) =
t∑

i=1

ft (λi ) − ft (λ
∗
i ),

where the λi are the control variables chosen by the policy. An ideal sequence of
control variables {λt } should posses sublinear expected regret, i.e., E[Reg(t)] ≤ o(t).
In our framework, for the policy specified by equation (3.1), the expected regret is
given by

E[Reg(t)] =
t∑

i=1

E[ ft (λi )] − ft (λ
∗
i ) =

t∑
i=1

E[(λi − λ∗
i )

2].

However, Theorem 3.4 establishes that

t∑
i=1

E[(λi − λ∗
i )

2] ∈ O(t),

implying that under its given assumptions, sublinear regret cannot be achieved. Fur-
thermore, modifying the learning rate dynamically over time does not resolve this
issue, as it is not possible to simultaneously drive both terms in the bound provided by
equation (3.7) to zero. This phenomenon illustrates a fundamental trade-off between
observational noise and the evolving nature of the time-varying parameter. In our set-
ting a regret analysis would become feasible if either the observational noise were to
vanish or the time-varying parameter were to converge.

The same proof technique utilized to prove Theorem 3.4 can be used to show the
convergence, up to a neighbourhood, of equation (3.4); in this case the Euclidean norm
must be replaced by the Frobenius norm.

It is also straightforward to extend the proof of Theorem 3.4 to the case in which
we have N ∈ N observations from the same parametric distribution at each time
t . In such a case the MLE at time t would be TN (X (1)

t , X (2)
t , . . . , X (N )

t ) where
X (1)
t , X (2)

t , . . . , X (N )
t are independent and identically distributed with parameter λ�

t .
Substituting this estimator into the proof in place of T (Xt ) does not introduce modi-
fications to the argument. In the presence of multiple observations at each time t the
variance of the MLE TN (X (1)

t , X (2)
t , . . . , X (N )

t ) will decrease with N . Consequently,
this reduction in variance will lead to a smaller value of M in Assumption 3.2, thereby
reducing the asymptotic tracking error bounds given in equation (3.7).

The next corollary follows immediately from Theorem 3.4.

Corollary 3.1 Let Assumptions 3.1 and 3.3 hold. If there exists a positive real constant
σ 2 such that E[‖T (Xt )−λ�

t ‖2] = dσ 2 for all t ∈ N (this is stronger than Assumption
3.2), then we can always find an 0 < α < 1 such that

123



Journal of Optimization Theory and Applications           (2025) 206:21 Page 11 of 24    21 

lim sup
t→+∞

‖λt+1 − λ�
t ‖2L2(�)

< dσ 2. (3.8)

Corollary 3.1 is of practical significance as it indicates that running equation (3.1)
will eventually yield a superior estimator, in terms of lower mean square error, com-
pared to using T (Xt ) as an estimator for λ�

t at each time t . Specifically, the right-hand
side of (3.8) corresponds exactly to the mean square error of T (Xt ). Thus, Corollary
3.1 states that for any K , it is always possible to find anα that improves upon the single-
observation estimator in terms of mean squared error. As K increases, the value of α

will approach 1; however, it is only in the limit as K → ∞ that equation (3.1) reduces
to λt = T (Xt ). In the case where multiple observations X (1)

t , X (2)
t , . . . , X (N )

t are
available at each time t , the comparison still holds true with the maximum likelihood
estimator TN (X (1)

t , X (2)
t , . . . , X (N )

t ).
We now state and prove the converse of Corollary 3.1.

Theorem 3.5 Let Assumption 3.1 hold and assume that there exists an α such that
running equation (3.1) with it we obtain

lim sup
t→+∞

‖λt+1 − λ�
t ‖2L2(�)

< dσ 2.

Then, there exists a positive constant K such that for all t ∈ N we have

‖λ�
t+1 − λ�

t ‖ ≤ K .

Theorem 3.5 shows that Assumption 3.3 is necessary to be able to, eventually,
perform better than the one observation MLE. This result resemble a stochastic coun-
terpart to ones obtained in the deterministic setting, as for example in [19].

In conclusion, we extend Theorem 3.4 to amore general setting inwhich theMLE is
approximated rather than computed exactly. This approximation introduces a potential
bias in the estimation process. Specifically, we make the following assumption:

Assumption 3.6 Suppose that instead of the exact MLE for the single-observation
log-likelihood function ln p(Xt |λ), we only have access to an approximation. That is,
at each time step t , the available estimator takes the form T (Xt )+ εt , where the noise
term εt has mean m and second moment m1. Furthermore, we assume that, for all t ,
εt is independent of all observations Xt .

Under this assumption, it remains possible to establish an upper bound on the asymp-
totic tracking error using a proof technique analogous to the one employed in the
exact MLE case. For ease of notation, we present the corresponding theorem in the
one dimensional setting.

Theorem 3.7 Let Assumptions 3.6, 3.2 and 3.3 hold. Then running the recursive equa-
tion

λt+1 := λt + α(T (Xt ) + εt − λt ), t ∈ N, (3.9)
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with 0 < α < 1, we obtain

lim sup
t→∞

E[(λt+1 − λ�
t )

2] ≤ α(σ 2 + m1) + (1 − α)m2

+ 1 − α

α2

(
K + α

1 − α
|m|

)2

.

The tracking error bound established in Theorem 3.7 can be again compared to the
mean squared error of the single-observation estimator, that now is E [(T (Xt ) + εt−
λ∗
t )

2
] = σ 2 + m1. Notably, in this setting, there is no guarantee that an appropriate

choice of α will always lead to an improvement when utilizing the approximation
to the single-observation MLE. The extent of improvement is highly dependent on
the bias term m; if the approximation is excessively inaccurate, the algorithm will no
longer be able to compensate for the error.

In the next section, we provide numerical illustrations of our findings, with an
emphasis on a connection to the econometric literature. Specifically, we observe that
when the parameter of interest is the variance of a Gaussian distribution, the iterative
schemewe propose belongs to the family ofGARCH(1,1)models [4]. The final section
will be dedicated to the proofs of our main results.

4 Examples and Numerical Illustrations

In this section we present a set of examples alongside relevant simulations.

4.1 TheMean of a Gaussian

Consider the setting of Example 2.1, where the observations are Gaussian with a
time-varying mean and a common variance σ 2, i.e.,

Xt ∼ N (λ∗
t , σ

2).

In Figure 1, we present a comparison of the algorithm described by (3.1) when the
mean λ∗

t evolves linearly, against the single-observation MLE, which in this case is
simply Xt . Even from a visual inspection, it appears that after a sufficient number of
iterations, λt outperforms the single-observation MLE on average.

Using the same data-generating process as in Figure 1, we also conduct a Monte
Carlo analysis to examine the distance between the estimator defined by equation (3.1)
and the true parameter value. The results are presented in Figure 2.

4.2 The Bernoulli Distribution

The log-likelihood of a Bernoulli distribution, i.e.,

p �→ ln(px (1 − p)(1−x)) = x ln(x) + (1 − x) ln(1 − p),
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Fig. 1 The simulation was conducted with the mean of the data-generating process following the equation
λ∗
t = 0.1 + 0.5t , while the standard deviation of the Gaussian noise was set to σ = 10. The initial value

for equation (3.1) was chosen as λ0 = 50, and the learning rate was fixed at α = 0.15

is neither strongly convex nor does it have a Lipschitz continuous gradient. So the
main theorem of [15] can’t be straightforwardly applied to show that a time varying
stochastic gradient descent scheme would track a time varying parameter {p�

t }t∈N
through time. However, the MLE of the parameter p is known in closed form and is
unbiased; for a single observation log-likelihood, we have T (Xt ) = Xt . Consequently,
the iterative scheme given by (3.1) can be implemented, and Theorem 3.4 provides a
theoretical guarantee of its convergence to a neighborhood of the true parameter. In
Figure 3, we simulate the algorithm given by (3.1) when p evolves linearly over time.

4.3 The Covariance Matrix of a Multivariate Gaussian Distribution

In this section, we analyze the tracking of an evolving covariance matrix in the context
of a multivariate Gaussian distribution. Specifically, we consider a sequence of inde-
pendent Gaussian observations Xt with a time-varying covariance matrix and apply
the iterative update given by equation (3.4)

St+1 = St + α(Xt X
T
t − St ).

Now St represents the estimated covariance matrix at time t .
To evaluate the performance of this approach, we conduct a numerical simulation

and visualize the results in Figure 4. The figure illustrates the behavior of the Frobe-
nius norm of St in comparison to the Frobenius norm of the true covariance matrix of
Xt . The simulation results indicate that, over time, the estimated covariance matrix St
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Fig. 2 A Monte Carlo analysis of the distance to the true parameter through time
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Fig. 3 The simulation was conducted with the mean of the data-generating process following the equation
λ∗
t = 0.1+ 0.0005t . The initial value for equation (3.1) was chosen as λ0 = 0.6, and the learning rate was

fixed at α = 0.01

Fig. 4 The simulationwas conductedwith the covariancematrix S∗
t of the data-generating process following

the equation S∗
t = 1.001S∗

t . The initial value for equation (3.1) was chosen as St = ( 6 0
0 6

)
, and the learning

rate was fixed at α = 0.01

effectively captures the underlying dynamics of the true covariance matrix, demon-
strating the efficacy of the proposed update rule in the multi-dimensional setting.

4.4 Link to the GARCH(1,1) Model

We notice that, in the univariate Gaussian case, equation (3.4) becomes
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Fig. 5 The data-generating process consists of independent Gaussian observations with variance given by
σ∗2
t = 0.1+0.0005t . The parameters of the GARCH(1,1) process are estimated usingmaximum likelihood

after observing the entire dataset. The initial value is set to 0.6 for both the GARCH process and the gradient
descent procedure

σ 2
t+1 = σ 2

t + α(X2
t − σ 2

t ) = (1 − α)σ 2
t + αX2

t ,

which has the form of a GARCH(1,1) model, [4],

σ 2
t+1 = w + γ σ 2

t + βX2
t ,

withw = 0, γ = (1−α), β = α. The GARCH(1,1) was introduced to model the time
varying volatility of financial time series and has since gained traction as an industry
benchmark, [12]. In the econometric literature it is a recognized empirical fact that
when estimating the parameters of a GARCH(1,1) one often finds w ≈ 0, γ + β ≈
1, see for instance, [20] [2], [17]. Thus, in applied settings, the GARCH(1,1) is of
the form of equation (3.1). In this context, Theorem 3.4 indicates that, under model
misspecification, the GARCH(1,1) model, as estimated in practice (with w ≈ 0 and
γ +β ≈ 1), converges to a neighborhood of the time-varying unconditional variance.
This observation could provide additional insight into why empirical estimates often
result in w ≈ 0 and γ + β ≈ 1. We highlight this finding for further research. In
Figure 5, after having estimated its parameters, we run a GARCH(1,1) and compare
its evolution to the iterations given by equation 3.1.

5 Conclusions

In this paper, we have introduced a simplified online scheme for tracking dynamic
parameters that evolve as the optima of a sequence of log-likelihood functions.
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Given the challenges associated with applying stochastic gradient descent in this
setting-namely, the failure of log-likelihood functions to satisfy strong convexity and
Lipschitz-continuity of the gradient-our approach provides a theoretically grounded
alternative that ensures mean square convergence up to a neighborhood of the true
parameter trajectory. These findings contribute to the broader understanding of online
estimation in non-convex settings and suggest potential avenues for further research.

6 Proofs of theMain Results

6.1 Proof of Theorem 3.4

We subtract λ�
t from both sides of our recursive equation (3.1), i.e.

λt+1 − λ�
t = (1 − α)(λt − λ�

t ) + α(T (Xt ) − λ�
t ), (6.1)

and we take the squared Euclidean norm to get

‖λt+1 − λ�
t ‖2 = (1 − α)2‖λt − λ�

t ‖2 + 2α(1 − α)〈λt − λ�
t , T (Xt ) − λ�

t 〉
+ α2‖T (Xt ) − λ�

t ‖2.

Taking conditional expectations we obtain

E[‖λt+1 − λ�
t ‖2|Ft−1] = (1 − α)2E[‖λt − λ�

t ‖2|Ft−1]
+ α2

E[‖T (Xt ) − λ�
t ‖2|Ft−1]

(6.2)

here we exploited independence of the observations and Assumption 3.1. Computing
expectations of both sides of equation (6.2) yields

St+1 = β2
E[‖λt − λ�

t ‖2] + α2σ 2
t , (6.3)

where for notational convenience we set

St+1 := E[‖λt+1 − λ�
t ‖2], σ 2

t := V[T (Xt )] = E[‖T (Xt ) − λ�
t ‖2],

and β := (1 − α);

moreover, elaborating on the term E[‖λt − λ�
t ‖2], we can write

E[‖λt − λ�
t ‖2] = E[‖λt − λ�

t−1 + λ�
t−1 − λ�

t ‖2]
= St + ‖Kt‖2 − 2〈Kt , vt−1〉,

where we introduced the additional notation

vt := E[λt+1 − λ�
t ] and Kt := λ�

t − λ�
t−1.
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Hence, equation (6.3) now reads

St+1 = β2[St + ‖Kt‖2 − 2〈Kt , vt−1〉] + α2σ 2
t . (6.4)

We now study the sequence {vt }t∈N; taking the expectation in (6.1) gives

vt = βvt−1 − βKt , (6.5)

and assuming for simplicity that v0 = 0, we can solve equation (6.5) to get

vt = −β

t∑
h=1

β t−hKh .

A substitution of the last expression in (6.4) yields

St+1 = β2

[
St + ‖Kt‖2 + 2〈Kt ,

t−1∑
h=1

β t−hKh〉
]

+ α2σ 2
t

= β2St + β2

⎡
⎣

∥∥∥∥∥Kt +
t−1∑
h=1

β t−hKh

∥∥∥∥∥
2

−
∥∥∥∥∥
t−1∑
h=1

β t−hKh

∥∥∥∥∥
2⎤
⎦ + α2σ 2

t

= β2St + β2+2t

⎡
⎣

∥∥∥∥∥β−t Kt +
t−1∑
h=1

β−hKh

∥∥∥∥∥
2

−
∥∥∥∥∥
t−1∑
h=1

β−hKh

∥∥∥∥∥
2⎤
⎦ + α2σ 2

t

= β2St + β2+2t
[
‖ct‖2 − ‖ct−1‖2

]
+ α2σ 2

t ,

where

ct := β−t Kt +
t−1∑
h=1

β−hKh =
t∑

h=1

β−hKh .

This implies that St solves

St+1 = β2St + β2+2t
[‖ct‖2 − ‖ct−1‖2

] + α2σ 2
t ;

S1 = 0,

whose solution is given by

St = α2
t−1∑
i=0

β2iσ 2
t−1−i + β2t‖ct−1‖2.
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Now, by virtue of Assumption 3.2 we conclude that

St ≤ α2dM(1 − β2(t−1))

1 − β2 + β2t‖ct−1‖2. (6.6)

Furthermore, an application of Hölder’s inequality with 
∞ and 
1-norms allows for
the upper bound

β2t‖ct−1‖2 = β2

∥∥∥∥∥Kt−1 +
t−1∑
h=1

β t−1−hKh

∥∥∥∥∥
2

= β2
d∑

i=1

〈K,β〉2

≤
d∑

i=1

‖K‖2∞‖β‖21 = β2dK 2
(
1 − β t−1

1 − β

)2

,

where K := (Kt−1, Kt−2, · · · , K1) and β = (1, β, · · · , β t−2). By means of this
estimate we deduce from inequality (6.6) that

St ≤ α2dM(1 − β2(t−1))

1 − β2 + β2dK 2
(
1 − β t−1

1 − β

)2

,

and thus

lim sup
t→∞

‖λt+1 − λ�
t ‖2L2(�)

≤ αdM

2 − α
+ (1 − α)2dK 2

α2 .

To find the optimal α it is enough to minimize the function

α �→ ψ(α) := α

2 − α
+ θ2

(1 − α)2

α2 ,

where θ := K/
√
M ; in fact,

αdM

2 − α
+ (1 − α)2dK 2

α2 = dM

[
α

2 − α
+ θ2

(1 − α)2

α2

]
= dMψ(α).

Wenow introduce a newvariable y through the equationα = 1/(1+y) =: g(y); notice
that α ∈ (0, 1) implies y ∈ (0,∞). Moreover, since g′(y) < 0 for all y ∈ (0,∞), we
can affirm that

d

dy
ψ(g(y)) = 0 if and only if

d

dα
ψ(α) = 0.

From

ψ(g(y)) = θ2y2 + 1

1 + 2y
,
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we obtain

d

dy
ψ(g(y)) = 2θ2y − 2

(1 + 2y)2
,

and the critical points are found at (1+2y)2y = 1/θ2. Notice also that in such a point
we have that

ψ(g(y)) = θ2y2 + 1

1 + 2y
= y

(1 + 2y)2
= 3y + 1

1 + 4y + 4y2
< 1.

so at the optimal α we will have

αdM

2 − α
+ (1 − α)2dK 2

α2 = dMψ(α) < dM .

An application of Cardano’s formula entails that the unique real positive solution to
(1 + 2y)2y = 1/θ2 is given by

y = 1

3

[
−1 + 1

2ϑ
+ ϑ

2

]
,

where ϑ := (1 + 27/θ2 + 3
√
3
√
2/θ2 + 27/θ4)1/3. Thus, the explicit value of the

optimal α is

α = 1

1 + −1/3 + 1/6ϑ + ϑ/6
= 6ϑ

ϑ2 + 4ϑ + 1

and at this value 0 < α < 1, since ϑ > 0 for any θ , and

6ϑ < ϑ2 + 4ϑ + 1 ⇐⇒ (ϑ − 1)2 > 0.

6.2 Proof of Corollary 3.1

From Theorem 3.4, substituting dM with dσ 2, we get

lim sup
t→∞

‖λt+1 − λ�
t ‖2L2(�)

≤ αdσ 2

2 − α
+ (1 − α)2dK 2

α2 ;

therefore, the statement will follow if we prove that

αdσ 2

2 − α
+ (1 − α)2dK 2

α2 ≤ dσ 2. (6.7)
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But inequality (6.7) is equivalent to

K 2

σ 2 ≤ 2α2

(1 − α)(2 − α)
,

and, since the right hand side above diverges to+∞ asα approaches 1,we can certainly
find, for any K and σ 2, a value in the interval (0, 1) for the learning rate α that fulfills
inequality (6.7).

6.3 Proof of Theorem 3.5

Let σ 2
t = dσ 2 for all t ∈ N; then, repeating the same calculations of Theorem 3.4, we

deduce that St solves

St+1 = β2St + β2+2t
[‖ct‖2 − ‖ct−1‖2

] + α2dσ 2;
S1 = 0,

which has solution

St = α2
t−1∑
i=0

β2i dσ 2 + β2t‖ct−1‖2 = α2dσ 2(1 − β2(t−1))

1 − β2 + β2t‖ct−1‖2.

Now, by assumption we have that lim supt→∞ St < dσ 2; this means that there exists
an N ∈ N such that t > N implies St < dσ 2, i.e,

β2t‖ct−1‖2 < dσ 2
[

2αβ

1 − β2

]
+ α2dσ 2β2(t−1)

1 − β2 ,

where we have utilized the relation β = 1− α. Moreover, if t − 1 > N , we also have

β2t+2‖ct‖2 < dσ 2
[

2αβ

1 − β2

]
+ α2dσ 2β2t

1 − β2 . (6.8)

From the definition of ct we get

β2t+2‖ct‖2 = β2

∥∥∥∥∥Kt +
t−1∑
h=1

β t−hKh

∥∥∥∥∥
2

, β2t‖ct−1‖2 =
∥∥∥∥∥
t−1∑
h=1

β t−hKh

∥∥∥∥∥
2

,

thus, from (6.8), we obtain

∥∥∥∥∥Kt +
t−1∑
h=1

β t−hKh

∥∥∥∥∥
2

< dσ 2
[

2α

β(1 − β2)

]
+ α2dσ 2β2t−2

1 − β2 .
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Therefore,

‖Kt‖ =
∥∥∥∥∥Kt +

t−1∑
h=1

β t−hKh −
t−1∑
h=1

β t−hKh

∥∥∥∥∥

≤
(
dσ 2

[
2α

β(1 − β2)

]
+ α2dσ 2β2t−2

1 − β2

)1/2

+
(
dσ 2

[
2αβ

1 − β2

]
+ α2dσ 2β2t−2

1 − β2

)1/2

,

6.4 Proof of Theorem 3.7

We subtract λ�
t from both sides of equation (3.9)

λt+1 − λ�
t = (1 − α)(λt − λ�

t ) + α(T (Xt ) + εt − λ�
t ),

and we take the square to get

(λt+1 − λ�
t )

2 = (1 − α)2(λt − λ�
t )

2 + 2α(1 − α)(λt − λ�
t )(T (Xt ) − λ�

t + εt )

+ α2(T (Xt ) + εt − λ�
t )

2.

Taking conditional expectations (with respect to the sigma algebra generated by both
the Xt and εt up to time t − 1) we obtain

E[(λt+1 − λ�
t )

2|Ft−1] = (1 − α)2E[(λt − λ�
t )

2|Ft−1]
+ 2α(1 − α)(λt − λ�

t )m + α2(σ 2 + m1)
(6.9)

here we exploited the independence of the observations, the independence of the noise
terms from the observations, and Assumption 3.1.

We now bound the double product term of equation (6.9) as follows

2α(1 − α)(λt − λ�
t )m ≤ α(1 − α)((λt − λ�

t )
2 + m2),

resulting in

E[(λt+1 − λ�
t )

2|Ft−1] = (1 − α)E[(λt − λ�
t )

2|Ft−1] + α(1 − α)m2 + α2(σ 2 + m1).

At this point, taking total expectations, calling σ̃ 2 := α(1 − α)m2 + α2(σ 2 + m1),
and utilizing the same notation that was introduced in the proof of Theorem 3.4 we
have

St+1 = βE[(λt − λ�
t )

2] + σ̃ 2.
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So we can follow the same derivation as in the proof of Theorem 3.4 to obtain

lim sup
t→∞

E[(λt+1 − λ�
t )

2] ≤ α(σ 2 + m1) + (1 − α)m2 + 1 − α

α2

(
K + α

1 − α
|m|

)2

.
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