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SINGULAR LIMIT OF BSDES AND OPTIMAL CONTROL
OF TWO SCALE SYSTEMS WITH JUMPS IN INFINITE
DIMENSIONAL SPACES

ELENA BANDINIM, GIUSEPPINA GUATTERI? AND GIANMARIO TESSITORE®

Abstract. The paper is devoted to a stochastic optimal control problem for a two scale, infinite
dimensional, stochastic system. The state of the system consists of “slow” and “fast” component and
its evolution is driven by both continuous Wiener noises and discontinuous Poisson-type noises. The
presence of discontinuous noises is the main feature of the present work. We use the theory of backward
stochastic differential equations (BSDESs) to prove that, as the speed of the fast component diverges,
the value function of the control problem converges to the solution of a reduced forward-backward
system that, in turn, is related to a reduced stochastic optimal control problem. The results of this
paper generalize to the case of discontinuous noise the ones in [Guatteri and Tessitore, Appl. Math.
Optim. 83 (2021) 1025-1051] and [Swiech, ESAIM Control Optim. Cale. Var. 27 (2021) Paper No. 6,
34].
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1. INTRODUCTION

Stochastic dynamic models that evolve based on distinct and divergent time scales constitute a well-
established area of research, encompassing both controlled and uncontrolled scenarios. This field has
found extensive applications, as evidenced by classical results detailed in [1, 2], and more recent appli-
cations, such as those explored in [3, 4], particularly in the realms of neural networks and climate
models.

Our specific focus lies in examining two scales controlled systems featuring both Wiener and discontinuous
(jump) noise:
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2 E. BANDINI ET AL.
dX{ = AXEdt + b(X5, Q5 , o )dt + RAW,}! + fH\O w[Ny (dt dw) — r(X§, QF, oz, w)vy (dw)dt],

Xo=x9 € H,

edQ; = [BQ; + F(X{, Q) + Gp(ay)|dt + VeGdW?
+ fK\O wleN§ (dt dw) — (o, w)va(dw)dt],

QS =qp € K.

In the above, process («) is the control, (X¢) is the slowly evolving state variable and (Q¢) is the fast state
variable. Notice that (), (X¢) and (Q¢) all take values in infinite dimensional spaces. (W) and (W?) are inde-
pendent cylindrical Wiener processes. Ny (dt dw) and N5 (dt dw) = N2(d(t/e) dw) are Poisson random measures,
independent of each other and from (W1) and (W?), with compensated random measures

) =

):

Ny (dt dw
N5 (d(t/e) dw

Ny (dt dw) — vy (dw)dt,
No(dt dw) — e P (dw)dt,

while 7 and ~y represent their controlled intensity. Finally, A and B are, possibly unbounded, linear operators,
we assume that B + F' is dissipative and that operator R is invertible; in other words, it is crucial to suppose
that, if we forget the controlled terms, the fast variable has an “ergodic” behaviour while the slow variable is
perturbed by non degenerate gaussian noise.

The above state equation is coupled with a standard cost functional as:

1
(@0, d0,0) = E [ [ 0@t eoa + nx)]
0

The value function of the optimal control problem is then classically defined by:
Ve(zg,qo) = inf J*(zq, qo, @). (1.1)
«

Our purpose is to characterize the limiting value function lime_.o V¢ (o, qo).

As first we will need to represent the value functions of both the problems, the approximated and the limit
one, using the Dynamic Programming Principle. In literature there are two approaches. One is purely analytic
and consists in proving the existence and uniqueness of the viscosity solution (classical when the coefficients
are regular enough) to the Hamilton-Jacobi-Bellman (HJB) PDEs associated to each problem. The alternative
approach is probabilistic, as introduced in the pioneering paper by Pardoux and Peng [5]. This method replaces
the direct analysis of the PDE with the study of a forward-backward stochastic differential equation (FBSDE)
system, which generalizes the stochastic differential equations used in the Feynman-Kac formula. Once this
system is solved, the backward component of the FBSDE solution yields the value function and, in some cases,
even the optimal control. These two approaches are quite used in the finite-dimensional case; however, the
theory of viscosity solutions is generally preferred for fully nonlinear problems. In the infinite dimensional case
the BDSE approach becomes more competitive, see [6], Chapter 6, since it allows to treat more general noise
terms, like the cylindrical Wiener process, thus including the white noise case. On the other hand, the HJB
techniques provide more flexibility regarding the structure of the model (possibility of considering control-
dependent noise) but show an obstruction for the inclusion of cylindrical noise in the model and seem to be
limited to the treatment of regular (B-continuous) value functions (see [6], Chap. 3).

Once the representations of the value functions are at hand then we can proceed to study the convergence
as the rate € tends to 0.

Numerous papers have addressed the aforementioned convergence problem within the finite-dimensional
framework, specifically considering continuous noise. If, in very specific cases, the result can be derived by
direct computations on the control problem (see for instance [2, 7]), in the largest part of the literature, see
[8-12], the problem is approached by examining the convergence of viscosity solutions to the HIB equation,
which describes the evolution of the approximating value functions V¢.
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As far as the infinite-dimensional scenario the earliest results, to the best of our knowledge, can be traced
back to [13]. In this work, the cylindrical Wiener process case is addressed, assuming non-degeneracy of the noise
in the slow evolution. The critical technical aspect lies in proving that the solutions to the resulting singular
sequence of forward-backward stochastic differential equations converge towards a reduced system existing in a
smaller space. When the two-scale system is controlled, we cannot expect the reduced system to be the original
system with the averaged coefficients, as in the free case [1], but we need to introduce the so-called effective
Hamiltonian, see [10]. The convergence argument becomes considerably more complex, as the coefficients of the
approximated problems completely differ from those of the limit (reduced) problem. In [13], we exploited the
fact that the effective Hamiltonian can be expressed in terms of the solution of an “ergodic” BSDE, a class of
equations discussed in works such as [14-16]. Subsequently, in [17], the author obtains similar results successfully
applying viscosity solution techniques in infinite dimensional spaces with, on the one hand, the restriction of
considering only a gaussian trace class noise, but, on the other hand, including the case of control dependent
noise.

It is worth noticing that in both approaches the problem of rapidity of convergence or the one of convergence
of optimal controls seems out of reach. The primary challenge is that, as already pointed out, the limit system
here does not correspond to the averaged system, thus the techniques used in the case without control (see
[18-21]) seem inapplicable.

The main novelty in the present paper lies in the inclusion of discontinuous noise, that is here present in
both the slow and fast equations beside the cylindrical Wiener process.

Building on the approach introduced in [13], and being interested in the generality of the noises, in particular
wanting to allow both cylindrical Wiener process and discontinuous noises, we opt for the forward-backward
stochastic system representation of the value function. To be slightly more detailed about this choice: the
inclusion of Poisson noises in the state equation induces the appearance of complicated, non local terms, in the
HJB equation, see [22, 23]. Moreover, as we have already mentioned, existence and uniqueness of a viscosity
solution to the corresponding integro-differential HJB equation has only been obtained when noise is trace class
and under the extra continuity assumptions on the solutions for uniqueness (see again [22, 23] and [24]). So a
proof of convergence of value functions, based on the convergence of the viscosity solutions of such non trivial
equations, seems technically tricky, beside being limited to trace class diffusions. On the other side, the crucial
tool for the forward-backward approach to control problems, the Girsanov transform, is still available, albeit in
a non-trivial form reported in Appendix A. Therefore, an approach based on the stochastic representation of
the value function seemed more feasible, although not easy, in the case of non-Gaussian noises.

In comparison with [13], we notice that integral terms of the form [ ¥(w)N(dt,dw) appear in the BSDEs
under consideration (see (4.1), (4.2), (4.6)). While the treatment of such terms is well understood for a single
BSDE (see e.g. [25-28]) and poses minimal challenges regarding the existence and uniqueness of ergodic BSDEs
(see Sect. 4.1, where we have omitted details that closely mirror those in [13]), their interaction with the key
discretization argument (see the proof of Thm. 4.7) was previously unexplored. We note that identifying the
appropriate framework for embedding our problem and the necessary assumptions for our argument was not
initially straightforward (see Sect. 2).

Let us now describe the procedure we will follow.

We introduce the following forward-backward system to represent V¢(zg, qo) (see [29] for the extension of
the classical results to the discontinuous case):

dX; = AX;dt + RAW} + fH\O w[Ny (dt dw) — vy (dw)dt],

Xog=x9 € H,

edQ; = [BQj + F(Xy, Q7)]dt + VEGAWE + [y wleNs5 (dt dw) — vp(dw)dt],
Q6 = € K,

—dYy = (X, @5, 75, 5L, Uf (), S )dt - Zgaw} - Z5aw?

= oo Ui (w) (N1 (At dw) = vy (dw)dt) — [, 5 (w) (V5 (dt duw) — 282 ),
YE = h(Xy).
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Then the main technical result, see Theorem 4.7, consists in the proof that the solution of the forward-backward

system above (depending on ¢ in a singular way) converges towards the solution of the following “reduced”
system

dX; = AX,dt + RAW} + fH\o w[Ny (dt dw) — 14 (dw)dt],

Xo = o, o _ _
jd}/; = )\(Xt, Zt7 Ut())dt — thth — fH\O Ut(’LU)[Nl (dt dw) — (dw)dt},
Vi = h(X1).

The term A is the effective Hamiltonian, that is characterized as the value function of a suitable ergodic control

problem that we find in Section 4.1 solving the associated ergodic BSDE. The proof relies on a discretization
strategy for the slow variable. In particular, the result is achieved through several applications of the Girsanov
transformation, which involve managing probability changes dependent on the parameter € (see Steps 3 and 4
of the proof of Theorem 4.7), and that become delicate due to the presence of Poisson random measures Ny
and Ns. As a matter of fact, in order to deal with the new terms arising in the main freezing argument (see
for instance the terms involving U in (4.29)), one needs a general version of the Girsanov theorem, holding
for general random measures, as it is provided in Appendix A. To this end, a key tool is Hypothesis (H)-d)
(see also Rem. 4.3), which we prove to be verified in our control problem, see Proposition 5.2. Notice that the
application of the correct transformation is quite tricky because uniform estimates have to hold at each step,
see (4.23), (4.34) and (4.35).

After establishing the result concerning the singular forward-backward system, we can finalize the program
by expressing the limit lim._,q V¢(zo, o) through the solution of an appropriate reduced forward-backward
system, see Theorem 5.4. Additionally, this limit can be further characterized as the value function of a suitable
“reduced” control problem, see Theorem 6.2.

The paper is structured as follows. Section 2 establishes notations. In Section 3 we point out some results on
the forward system. In Section 4, we present and prove the main result concerning the convergence of singular
forward-backward systems of stochastic equations, also discussing the well-posedness of the ergodic equation
required to characterize the effective Hamiltonian. Section 5 applies the aforementioned convergence result to
the original stochastic two-scale control problem featuring jump noise. Finally, in Section 6, we provide an
interpretation of the main result in the context of a “reduced” optimal control problem. We eventually provide
some results on the Girsanov transformation for general semimartingales in the Appendix.

2. NOTATION

For any topological space A, B(A) denotes the corresponding Borel o-algebra. Let F be a Banach space norm
|- | or simply | - | when no confusion is possible; for any other Banach space F, we denote by L(E, F) the space
of bounded linear operators from E to F, endowed with the usual norm. If F' = R, the dual space L(E,R) is
denoted by E*.

=, H, K are Hilbert spaces with scalar product denoted by (-,-). They are assumed to be real and separable
and the dual of Hilbert spaces will never be identified with the space itself. By Lo(Z, H) (resp. Lo(E, K)) we
will denote the space of Hilbert-Schmidt operators from = to H (resp. to K).

We consider a complete probability space (€2, F,P), and a filtration (F;);>0 satisfying the usual conditions.
T will be a fixed horizon, and P will denote the o-algebra of predictable sets on  x [0, T7.

We consider two cylindrical (F;)-Wiener processes (W})i>o and (W2);>0) with values in =. We assume
(W10 and (W2);>0 to be independent. Nj(dtdw), No(dtdw) will be independent (F;)-Poisson random
measures on H and on K respectively, with compensated random measures

Ni(dt dw) = Ny (dt dw) — vy (dw)dt,
Ny (dt dw) = Ny(dt dw) — v (dw)dt,
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where 11 (dw) and vo(dw) are o-finite measure on H and on K respectively, such that

/ |w|?vy (dw) < oo, lw|*v (dw) < oco.
H\0 K\O

N;(dt dw) and No(dtdw) are also independent of (W}!);>o and (W2);>o. Moreover for every € € (0,1] we set
N5 (dt dw) = Na(d(t/e) dw)

that is a random measure with compensator Lvy(dw)dt.
We also introduce

L*(v1) := {f : H — R measurable : / | f (w)|?v1 (dw) < oo},
H\O

L?*(vy) := {f : K — R measurable : / | f(w)[Pra(dw) < oo},
K\0

and

L%(N;) := {P @ B(H)-measurable processes U such that the norm

T 2 vz oo
U2z = (]E{/O /H\O |Us(w)] Vl(dw)dsD is finite},

L2(N,) := {P @ B(K)-measurable processes U such that the norm

T ) /2 )
[ (n«:[/o /K\O|Us(w)| va(dw)ds|) " is finite).

L21°¢(Ny) (resp. H;Q’IOC(NQ)) denotes the set of processes defined on R, such that their restriction to [0, 7]
belongs to L2°¢(Ny) (resp. L2(Ny)).

We also define the following spaces of equivalence classes of processes with values in a Hilbert space V. For
all 7 € [0,T):

S%(D([r, T];V)) := {P-measurable processes X with cadlag paths in V', such that the norm

1/2
| X|g2 == (E[ sup |XS|%/d8:|) is finite},
te[r, T]

IL%/ := {P-measurable processes X with values in V', such that the norm

| XLz, = (E[/OT |X5\%,dle/Qis finite}.

S§%lec(D([0, +00); V)) denotes the set of processes defined on Ry such that their restriction to [0, 7] belongs
to SZ(D([0, T); V). ]L%/’IOC denotes the set of processes defined on R, such that their restriction to [0, T
belongs to L?,.
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3. THE FORWARD SYSTEM

Given four operators A: D(A)CH —-H,B:D(B)CK—>K,R:E—H,G:E— Kandxg € H, qo € K,
we consider the following system of SDEs:

dX; = AX;dt + RAW}! + Jiryo wIN1(dt dw) — vy (dw)dt],

XO = To, (3 1)
edQf = [BQ§ + F(X¢, Qf)]dt + VeGAW? + [y, wleN5 (dt dw) — va(dw)dt], '
Q(€) = qo,

where the “slow” variable X takes values in H and the “fast” variable Q¢ takes values in K.
We will consider the following assumptions on the coefficients of the system (3.1).

(HAB) A: D(A) C H— H and B: D(B) C K — K are two linear unbounded operators generating the Cy
semigroups {e'4};>0, {e!B};>0 over H and K respectively, such that

|etA|L(H) < Maye®at t>0,Myg >0,wys € R,
|etB|L(K)§MBewBt, t>0,Mp >0,wp € R.

Moreover, for t > 0, e and e!® are Hilbert-Schmidt operators with
A B _
e Ly mmy + 1 | Ly i) < METTY,

for all ¢ € (0,1), suitable v € (0,1/4) and M > 0.
(HRG) R e L(Z,H), G € L(Z, K).
(HF) F: H x K — K is bounded, and there exists Ly > 0:

|F(z,y) — F(«',9)|x < Lr(le —2'|lu+ |y —'|k), x,2" € Hy,y € K.
(HF+B) B + F is dissipative: there exists p > 0 such that
(Bq+ F(z,9) — [Bd + F(z,q)),¢ —¢) < —plg—¢'|%, =€ H,q,q € D(B).

Let (v¢)t>0 be a cylindrical Wiener process with values in = and p(w, dtdv) a random measure on K with
compensator k;(w,v)v(dv)dt, where v is a o-finite measure on K and k is a random field on K such that

/ [v|?| ks (w, v)[Pr(dv) < oo, for every (w,s) € Q x [0,T]. (3.2)
K\O

We denote by (38);>0 the stochastic convolution

. /Ot e(tfs)B(Gd’str /K \Ov[p(dsdv)fns(v)u(dv)ds]).

We will assume the following:
(HBP) supyo E[[871%] < 0.

Remark 3.1. We notice that (HA?) is automatically satisfied when B is dissipative and consequently wp < 0
in (HAB).
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3.1. Well-posedness results

The well-posedness of the slow equation in system (3.1) comes from the following theorem, that is a direct
corollary of Theorem 9.29 in [30].

Lemma 3.2. Let assumptions (HAB), (HRG), (HF), (HF+B), and (HS?) hold. For any T < oo, T €
[0, T| and any F,-measurable square integrable random variable X, € H,

{ dX, = AX;dt + RAW! + [y 2N (dtdz) — 11 (d2)dt], ¢ € [r,T],
X, =X,

has a unique (up to modification) mild solution (X:’X’)te[T7T} with a cadlag version. More precisely, there exists
a unique process (Xy)eir ) € S*(D([r, T); H)) such that

t t
X, =et=7AX, 4 / eCTIARAW! + / els—mA / z[N1(dsdz) — vi(dz)ds]
T T H\0

1s satisfied P-a.s. Moreover, for every T there exists cp < +00 such that

sup EHXZ—J_XZ—JJ@I} SCT‘I_yﬁ-Iv z7y€Ha
te[r,T)

and, for all p > 1, there exists a positive constant c, depending only on p and on the quantities introduced in
the hypotheses, such that

E[ sup |X;’I|p] <cp(1+|zP), xe€H. (3.3)
te(r,T)

Concerning the fast equation in system (3.1), we start by noticing that, if we make the change of time s — se,
it reads

{ edQZ; = [BQZ, + F(Xet, Q%y)Jedt + VeGAWZ, + [ g wleN5 (d(et) dw) — eva(dw)dt], ¢ € [0,T],
Qo = qo,

that in turn gives

(3.4)

{ 40; = [BO: + F(Xor, Q)Idt + GAWE + [, wINa(dt duw) — vo(dw)at], ¢ € [0,7],
QO = qo,

where we have set

. . 1
Qi = Q5 W7 .= ﬁdwft.

We have the following.

Lemma 3.3. Let (I's)s>0 be a given, H-valued, predictable process in IL%’[IOC, Let (gs)s>o0 be a gwen, K-valued,
process with g € ]L?gloc. Let (vi)e>0 be a Q-Wiener process with values in E and p(w,dt dv) a random measure
on K with compensator ki(w,v)v(dv)dt, where v is a o-finite measure on K and k is a random field on K such
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that (3.2) holds true. Let us consider the following equation:

{ dQ; = [BQ; + F(Ty, Qy))dt + g,dt + Gdry; + fK\O p(dt dv) — k¢ (v)v(dv)dt], te[0,T],

Qo = qo- (3:5)

Then equation (3.5) admits a unique mild solution Q € S*1°¢(D([0, 00); K)). Moreover, for all T > 0, there
exists k < +o0, independent of T, such that

sup BQuf%] < k(1 +laolic + sup EIT31+ sup BISPR]+ sup Ellgi]) (3.6)
te[0,T) t€[0,T) t€[0,T] t€[0,T]

Finally, if (I',)s>0 s another process in L2 100, and Q' is a the mild solution of equation

{ dQ; = [BQ} + F(I}, QUIt + godt + G + [,y vlp(dt dv) — wy(0)v(dv)de], ¢ € [0,7),
QO = qo,

then, for allT > 0, P-a.s.,
T
Qr—Qrl<n [ T, - T s
0

where p is the dissipativity constant in (HF+B), and k does not depend on T.

Proof. The proof follows the same arguments of [30] as far as existence and uniqueness of the solution and
estimate (3.6) is concerned, while the last estimate follows as in [31] (also see [13][Lem. 3.10]) noticing that

{ d(Qr — Q1) = [B(Qr — Q1) + F(I'}, Q) — F(I'y, Qy)ldt, ¢t €[0,T],
Qb = qo-

O

For fixed I' =z € H, ¢o € K and g = 0, equation (3.4) is a special case of equation (3.5) and Lemma 3.3
applies to it. We will denote by Q%% the mild solution to equation (3.4).

4. LIMIT EQUATION AND CONVERGENCE OF SINGULAR BSDES
We introduce a function h : H — R satisfying the following assumption.

(HAh) h: H — R is bounded, and there exist positive constants Ly and M:
h(z) = h(@')| < Lnlw — 2’|, W) <M, 2" € H,qq €K
We consider the following forward-backward system for ¢ € [0, 1]:

dX; = AX;dt + RAW} + fH\o w[Ny (dt dw) — 14 (dw)dt],

Xo=z9 € H,
edQ; = [BQj + F(X¢, Q7)]dt + VEGAWE + [y wleN5 (At dw) — vp(dw)dt],
—aYy =v(X0, Q7. 25, 5, U5 (), 91 )dt - Zgaw! — =5

~ Jiro Uf () (N1 (At dw) — vy (duw)dt) — [, o O5( )(Ng(dt dw) — @dt),
YE = h(X).
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Theorem 4.1. Assume (HAB), (HRG), (HF), (HF+B), (H3?), (Hv¢) and (Hh). Then, for every e > 0,
there exists a unique 7-uple of processes (X,Q°,Y ¢, 2,25, U%(-), ©°(:)) in S*(D([0, T]; H)) x S2(D([0, T); K)) x
S2(D([0, +00); R)) x L2, x LZ. x L2(Ny) x L?(N2) such that P-a.s. the system (4.1) is verified for all t € [0,1].

Proof. System (4.1) is a decoupled forward-backward (that is, the forward equation can be solved independently,
see for instance [32]). The proof of existence and uniqueness for the finite dimensional case can be found in [33]
and can be extended easily to the infinite dimensional setting following [29]. O

We aim at studying the limit behaviour of Y¢ as € goes to 0.

4.1. The ergodic parametrized BSDE

To formulate an equation for the limiting system we first have to introduce ergodic BSDEs in the context of
discontinuous noise extending the results of [13], Section 4 and [14], Section 4. We remark that ergodic BSDEs
with jumps in infinite dimension have also been studied in a different contest in [34].

We assume that we are given a function v : H x K x 2% x =% x L%(1;) x L?(15) — R, on which we ask the
following.

(Hy)

a) 1 measurable;
b) SuprH,qEK w(aj)qa Oa Oa 070) = M’lﬁ < 00
c) there exist positive constants L, Lq, L., L¢, Ly, Ly such that

|1r/)(x7Q7 2, <7u719) - ¢(I/7ql7 Zlv Cla Ul,’ﬁ/)|
< Lylz =2z« + Lel¢ = ¢

+Lu(/H\O |us(w) fu;(w)lzul(dw))% +L§(/K\O 19 (w) fﬁg(w)|2yz(dw))

=k

1
2

vL (e (f fae(w) dw)) o = @'l

—I—Lq(1—|—|z

ot (/H\O |us(w)|2ul(dw)>%)|q —q'|x;

d) for every x € H, ¢ € K, 2, € =%, u,u’ € L?(vy), 9,9" € L*(1»), there exist measurable functions 7; :
H — R, v5: K — R, (that may depend on z, g, z,(, u, v/, ¥,9") such that

(o, 0,7 6w 9) — 9l 4, 2,y 9) < /H () ) sy ),

(&, 4,2 ¢, 0) — (@, 4,2,y 9') < / (9(w) — O (w))ya (w)n(cuo),

K\0
and satisfying

Ci(I N |wlg) < 1i(w) <
Ci(1 A Jw|g) < ya(w) <

CQ(l/\|U)|H), C, e (—1,0],C2 >0,
02(1 N \w|K), C’l S (—1,0],02 > 0.

Remark 4.2. Notice that the lipschitzianity of f in the two latter components stated in (Hf)-c) is a
consequence of (Hf)-d).
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Remark 4.3. One can easily deduce (see e.g. the proof of Lemma 19.3.8 in [35]) from Hypothesis (H)-d) the
existence of two functions ! and 42 (that may depend on z, q, z,(, u, v’ 9,9’) satisfying

Ci(LAfwly) <71 (w) < Co(1A Jwln), Cr € (=1,0],C5
él(l A |w‘K> S 72(w> S C_12(1 A |w|K)7 C_Vl S (_170]5 2

Q
AVARLY,

0,
0,
and such that

B, 0,7 ¢ 9) — (0,2, G, ) = / o () () — (1)) (o)

H\0
and

w(x7Q727<7u719) - ¢(x7Q7Z7C7U(')719I(')) = / ’72(’“})(19('“}) - ﬁ/(w))VQ(du)),

K\0

We are interested in ergodic BSDEs of the form: P-a.s., for all 2 € H, ¢ € K, 2 € =%, u € L?(1),

T
A / o, 07, 2, B, (), 04()) — A, 2, u(-)))ds

T T
_ /t 2,2 - /t /: | Bo () Nads ) —du)as, 01T, (4.2)

where ngq is the unique solution to

{ dQs = [BQi + F(z,Q)]dt + GAWE + [0,y w[Na(dt dw) — vo(dw)dd], ¢ € [0, 7], 43)

Qo =4q.

Remark 4.4. Under assumptions (HAB), (HRG), (HF), (HF+B), and (HS?), the solution Q to (4.3)
satisfies

‘Qfﬂ - QAtw,q/|K S e_'ut|q - q/|K7 te [07 T]7 Qaq/ € K7 HAS Ha (44)
E[ sup 1Q7] <Cr(i+ k), acK zeH, (4.5)
t€l0, T

for some constant Cr only depending on T (estimate (4.4) is a direct consequence of assumption (HF+B),
while the proof of (4.5) follows the same lines of the one of (3.6)).

The theorem below is the analogue of the result in [13], Section 4. We omit the proof since, on the one side it
is similar to the one in [13], on the other side the technical issues related to the presence of discontinuous noise
will be treated, in all details, in the much more complicated proof of Theorem 4.7.

Theorem 4.5. Under assumptions (HAB), (HRG), (HF), (HF+B), (HB?), and (Hvy), there exist

measurable functions

7:Hx K xZ* x L*(v;) = R,
9:H x K xZ* x L*(v) = L*(»),
C:Hx K xE*x L) — E%,

A HxE*x L*(1y) = R,
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such that
1. for all fized x € H, 2 € Z*, u € L*(v1), v is Lipschitz with respect to q and verifies, for some ¢ > 0,

o2, q,2,u)] < o1+ 2] + (/ |u(£)|2ul(dé)>%)|q|K;

H\0

2. if we set, for fited v € H, g € K, z € =%, u € L*(vy),

}7/;17(1’2 “ = E_)(x’ th7q7 Z’ u)’
S = Q5 w),

(:)fﬂvzvu(. = ’9(.’17, Qtz,q, 2, U)(),

then Zme=v ¢ LZ°° @moau() e L2°¢(N,), and the ergodic BSDE (4.2) is satisfied by
(Y 2amu E0asu §Fasu () Nz, 2,u)).
Moreover, if in addition, we impose that there exists a constant ¢ > 0 such that |[Y,""%"| < c(1+|Q{°|),
then A(zx, z,u) is uniquely determined.

3. for fivzed v, € H, 2,2’ € =%, u,u’ € L*(11),

A, z,u) — A, 2/, )| < L, (1 + |z

=+ ([, (P (0) " )la - 'l
+ L)z — 2|z~ +L;</

[u(@) = (O)Pra(de) )
H\0

st / / /
for some positive constants L., L', L,,.

4.2. Main convergence result

We can now come back to our main object of investigation, namely the characterization of the limit, as € goes
to 0, of the sequence Y (where Y* is the third component of the solution to equation (4.1).)

Our candidate limit is the component Y of the solution of the following forward-backward system on the
finite horizon [0, 1] and on the reduced space H:

dX; = AX;dt + RAW}! + fH\o w[Ny(dt dw) — vy (dw)dt],

Xo = Zo, o _ _ (4 6)
—dY, = NX;, Z, U ()t — ZudW}E — [ Un(w) [Ny (dt dw) — vy (duo)l], :
Y1 = h(Xy),

where A is the function in Theorem 4.5 and h is the function in (HR).

Theorem 4.6. Let assumptions (HAB), (HRG), (HF), (HF+B), (HB?), (Hy) and (Hh) hold true.
Then, for every € > 0, there exists a unique 4-tuple of processes (X,Y,Z U(-)) in S*(D([0, T]; H)) x
S2(D([0, +00); R)) x L2. x L2(Ny) such that P-a.s. the system (4.6) is verified for all t € [0,1]. Moreover,
there exist measurable functions

v:H—-R, (:H—EZ" 9:H— L),

such that
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Proof. See the proof of Theorem 4.1. O

The following is the main technical result of the paper. The proof has the same structure of the one of
[13], Theorem 5.4. The involvement of discontinuous noises induces nontrivial technical difficulties. The main
differences lie in the application of the Girsanov transform (see Appendix A) and in the estimates of the residual
process R&N | see (4.21).

Theorem 4.7. Let assumptions (HAB), (HRG), (HF), (HF+B), (H5?), (Hy) and (Hh) hold true.
For every € > 0, let (X,Q°,Y®,Z5,25,U%(-)) and (X,Y,Z,U(:)) be respectively the unique solution to the
forward-backward systems (4.1) and (4.6) obtained in Theorems 4.1 and 4.6. Then

lim Yy = Y.

e—0

ef(‘))dt in the equation for Y¢, we have

Proof. Adding and subtracting the term fol 1/)<Xt, Q5, Zy, %, U(+),

i -vo= [ (v(x 7 Sor0, O <o (%02 500, %0 Jar
# [ (00002 200, %) 300 200 Yt
/1(25 Zy)dW} /:gdW2
/ / (UE (w) — T (w)) (N2 (dt dew) — vy (dw)dt)
H\0
/ / O (w Ng(dtd ) — (dw)dt) (4.7)
K\0

The rest of the, rather lengthy, proof consists in estimating the right hand side in the above formula. For the
reader’s convenience we try to divide it in several steps.

Step 1. The proof is based on a discretization argument that allows to consider the “slow” variables as
“frozen” constants. We start by introducing the discretized processes.

Let N € N. We introduce a partition of the interval [0,1] of the form t;, = k2=, k = 0,1,...,2", and we
define a triple of step processes (X, ZN,UN(.)) as follows:

XN =X, teltrten), k=0,..,2Y —1, (4.8)
~ ~ tk —
ZN =0, te[0,t), and Z} = 2N/ Zydl, tE [t trgr), k=1,..,2N —1, (4.9)
th—1
~ ~ tk —
UN()=0, te€[0,t1), and UY(-) = 2N/ NG, t€ [ty thrr), k=1,...,2Y — 1. (4.10)
te—1
By construction one has
1 ~ —
lim E[/ 1ZN —Zﬁdt} =0, (4.11)
N—o00 0

1
i TN — Up(w 21/1 w =0. .
lim E[/ /H\OUt (w) — U, (w)[2v1 (dw)dt] =0 (4.12)

N—oc0
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— 1 we consider the following class of forward SDEs of the type in (3.4)

For k =0,...,2%
AN,k N,k AN,k 5792 th
dON* = [BO} +F(th, p O]dt+ GAWE + [ g w[N2(dt dw) — vo(dw)dt], ¢ > &,
OGNk _ N k- (4.13)
ty 177
¢ = — =¥, and

with W2 = —-dWZ. At this point, let o : H x K x Z* x L*(1) - R, (: H x K x * x L*(11) =
9:Hx K x :* x L?(v1) = L?(v2) be the functions introduced in Theorem 4.5, and set, for ¢ > &,

Y/;Nk ?(tha Qi\,k tkatk( ))7
’_‘Nk = C(thaQNk ZktJZ7Utk())7
D) = DXy, O, ZN TN () (-

2N 1,

By Theorem 4.5, (YNH Nk @NE() N(Xy,, ZN,UN(-))) verifies, for all k = 0
U (), 0% () = M Xy, 28, U (-))]ds

>N,k <N, ° 3 =
oy [, QN 2 2NN ),
s R S . t
+/ ENkq2 —|—/ ONF (w)[Na(ds dw) — ve(dw)ds] =0, s> ;k (4.14)
e e JK\O
Moreover, there exists ¢ > 0 independent of k and N, such that
1
. . N 2\, A t
P <e(Le 12+ ([ O OPn@n) )10 e, sz 2 (4.15)
H\O
Let us set, for s € [0, %],
2N 1
oY = 30 A1y wuny(9) (4.16)
k=0 e’ €
and
N _1 2N _1
BV =) Eﬁy’kl[i M)(S% of()=> @f’k(')l[i ﬁ)(s)-
k=0 =T E k=0 e
Taking s = t’”% in (4.14), we get that, for all k =0,...,2~Y —1,
tht1
VIV - [ (RO ZXEY UX(),0Y () = M, 2, 0X()))ds
fet1 ’ fret1
+ [ T ENawr 4 6. (w)[Na(ds dw) — v(dw)ds] = 0, (4.17)
& s i
Le Detl) ope has Xy, = XN, ZN ZX and ﬁtIZ() = UXN() (recall (4.8)-

where we have used that, for s € [*&, =
(4.9)-(4.10)).
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Step 2. Here we take advantage of relations (4.17) to rearrange equation (4.7) and prepare it to be estimated

by a suitable change of probability (see Step 3 below).
We go back to (4.7). The second term of it’s right hand side, namely:

=L 0,0), ) - M(X0, 24,000

=1 [7t(.)’7

1 _
[ (lseaz o

can be rewritten as
2N 1 kil
e ] (X Q5 Ze BE U (), 05()) = A(Xes Zes, U (1) ) ds,
k=0 Y=
where we have denoted Q¢ = Q=,, 55 = —=E¢, and 6:() = 10¢,(+). Adding in the previous expression the null
1, we get

2NV -1
5Nk Nk
—e > (vt -vik)
k=0 c ‘
2N 1 tktd
b 30 [T (00 G5 2 B U0, 6500) — (X, QY Z,ZY, D), 6F () ds
k=0 Y=
2V -1 kit
- Z t ()\(XESa Zss; Ues()) - )\(Xé\; Zé\sl, Usj\sf()))ds
k=0 Y&
2N -1 let1 oN 1 tkt1
e / ENaW2+e Y ON (w) (N (ds dw) — v (dw)ds). (4.18)
k=0 k=0 /% K\O
On the other hand, the first term in the right-hand side of (4.7) reads
ZE e, OO S g O
€ e —t e(. t o £ =t . t
XtaQtaztv\/g’Ut()’ e ) w(XtaQtazh\/ngt( )a c ))dt (419)
257 9:() ) ds.

/N

[

= 5/ (w(XEm A‘; ngv —gs Uges()v éz()) - w(XES7 Q§7 Z€S7 éi7 UES(')7 )
0

Plugging (4.19) and (4.18) in (4.7) we obtain

2N -1
Y —Yo=¢ Z (Yg’k—ffﬁ)
k=0 © c
e [ (Bl 05 220 B U0, B50) — (X Q5 Zon 25, D (), 65() ) s
0
A NN, ZNEN UN(),0Y () )ds

1

e [ (DX 5 200 B2, U0, 650)) — (X
0



15

N, ZN,UN())ds
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€59

— 5/; ()\(Xss,Zssa Ues()) - )‘(X
0

1 B 1 . .
_ / (Z — Z,)dw} — ﬁ/ (EIE - Ei)dwf
0 O € €
1
- / / (Us (w) — Ug(w)) (N1 (dt dw) — vy (dw)dt)
o JH\0
L < A l/g(dw)
. / (O (w) — 65 (uw)) (N3 (de du) — 2 ay). (4.20)
0o JK\O ° € €
Now we notice that
’L/J(ng, Aiv nga éia Usss(')’ éi()) - w(XESv in ZeSa éi? UES(')a éi())
+ w(XESv in ZES? éi? USS(')? : i()) - ¢(Xs]\s[7 inv Zégv Eévv UE]\SI()’ (L)é\f())
= w(Xem Ai? Zeesv é§> Usas()7 s i()) - ’@[J(Xesa Aiu ng,éi, Uss()> : i( ))
+w(X€S7Q§7258aE§aUg€s(')a i()) _’(/}(XE& §7Z€SaE§7UES<')7@§('))
+ RSN
(4.21)

+y(xXN, oF,

where we have set
1
2

R(E’N = Y(Xes, Aiv Zes, éi, UES(‘)a éi( ) — w(Xéi’ Q
Recalling Hypothesis (Ht)-c), there exist Ly, Lq, L., L, > 0 such that
Teo(w) = U (w) 1 (dw))

2)‘Xes - Xg]\;|H

RN < L[ Zey — 28 )s- + Lu(/ A
H\O0
(4.22)

Ly (14 | Zeslz- + (/H\O|U€s(w)|21/1(dw))

<+ (] o) ) 5 - Q2

+ L, (1 + | Zes
At this point we introduce
Xeo, Q525,85 UL, (1,05 ()= (Xes,Q5, 76,55, UL (1,05 7 \x s 7
51,6(8) — WJ( Q' ( ) ‘Z(;s)_%i(sp @ ( ) ( ))l (ngb - Zes) ) lf ‘Zgé — Zas| 7é 07
0, otherwise,
u SEOET QSN 2y it -2 A0
otherwise.
(4.23)

52,5,N(s) _
0,
We notice that, by Hypothesis (H)-c), we have the uniform bounds
|52’€’N(s)| <L se€ [O, 1/5].

|65 ()| < Lz,
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Moreover, by Hypothesis (Hz))-d), Remark 4.3 insures the existence of two functions 2’
also on U, U, 0%, 0V such that
01(1/\|w|H)<’718( ) Cgl/\|w|5), Cle( 1, ],C _ZO (424)
Cr(1 A |w|g) < 25N (w) < Co(1 A |lwlgk), Ci € (=1,0],Cq >0, ’
and such that
Y(Xes, Q% Zesy B5, UZ (), 05(0)) = (X, Q5 Zes, 22, Ues (1), ©5()
— [ ) () = Ve ()
and
- / 2 ) B8 G i)
K\0
Identity (4.20) reads
2N _1 1
Y5 -Yo=e > (ng’“—mk“) +e/ RNds
k=0 °© 0
+e 6515(25 Esds—i—a/ 62N (22 —2N)ds
+ 5/ / UZ,(w) — Uss(w))v1 (dw)d
H\O
+5/ / 22N (1) (6% (w) — O (1))va(duw)ds
K\O
- 5/ (A(XES,ZES,UES( ) = AX, ZN, 0N ()))ds
0
1 - 1,
/ (25 — Z,)dW} f\/g/ (EN - ,)th
0 € €
/ / (U (w) — Oy (w) (N1 (dt du) — v (dw)dt)
H\O
. A d
fe/ [ ©Fw) - 63 () (W (araw) - 2ar),
0o JK\NO °© < €
and, rescaling the time, it gives
2N 1
e,N
)+ [

~Yo=¢Y_ (Y/}Z,k
k=0 ©

1
~ / (A(xhz,a(-)) - AN ZN O 0) )t
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1 1
l.e ~ ~ 1
RACERITE / (Z5 — Z,)dW,
0
+/ 526N(_t—é dt f/ Ei Ei)de
£ [ =

/ / (US (w ())(Nl(dtdw) (ygf(w)ﬂ)yl(dw)dt) (4.25)
H\0 e

_8/ /K\O O (w) - 6% (w) ) (V3 (dtdw) — (2=

ol N
)
—
=
_|_
—_
~—
V)

—

o,

S

~

(o
~
N—

Step 3. We can now simplify equation (4.25) by applying an appropriate change in probability (see Eq. (4.28)).
For further purposes we also carefully study integrability of the negative powers of the Girsanov density (see
relations (4.37) and (4.38) below). It is worth noting that the argument here differs from the purely diffusive
case.

We set, for s € [0, 1],

MY = / sheaw + / / 1 (W) (N3 (A dw) — 14 (dw)d), (4.26)
[0,s] ¢ 10,s] JH\O *
dw)
M? = / —526NdW2+ / / 72N (w) (N5 (dt dw) — va(dw) 4y (4.27)
0,s] VE ! 10,s] JK\O = ( 2 € )

Notice that the jumps of M! and M? in (4.26)-(4.27) are completely described by the discontinuities of the
processes X and @ (see system (4.1)), namely

AM} =15 (AX,), AM? :=~+>*N(AQ%), seo,1],
where for any cadlag process L we have set AL, := Ls — L,—. We define (see (A.1))

dps-N 51 cawp—1 [l |ste 2
= S (M4 M) = oo o 1o

dtef S0, 1 o vy (Ova(de)dt
€

1 1 2,e,N 2 1 p11
fo 5 AWy —3 Jo =

if ¥ar —f]O n o 25N (0) Ly (de)dt

[T (E@xn) 2N @ew) + 1),

n>1:Ty, S, <1
where T), (resp. Sy) denote the jump times of Ny (dt dw) (resp. Na(dt dw)).

By the Girsanov Theorem A.4 (notice that, by (4.24), v%¢ is uniformly bounded and ~*¢(w,t,-) € L?(v;),
i=1,2, for all (w,t) € Q x [0, T]), the compensator of (N1(dtdz), N5(dtdz)) under P* is

(3w + o, (42 () 1) 2E8ar),

and the process

- 1
WHW?) = (W' - / §yedt, W2 — / —=or=Nat
( = 0.1 ° 0.1 VE )
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is such that W' and W?2 are cylindrical Wiener processes under P=V. Taking in (4.25) the expectation E=V
under the new probability P*V, we get

YE - Yo _52%:11@”[1/“ ijjj] +E&N{/1Ri“dt]
k=0 o
1
] [ (X 20T~ MY, 20 () ) (4.25)
0

Recalling estimate (4.22), and the fact that, by Theorem 4.5, there exist some positive constants L, L', L,
such that

INXe, Ze, Ue()) = MXPY, 22 U ()]

< Lo(1+ 1zl + (0P 00) - 2

1
FLUZ - 2+ ([ (Ow) - OF )P (w))
H\0
previous identity yields
2N 1 1 B
Yg-Yo<e Y ESN [YN’“ thj;] + (L. + LL)ESN [/ \Z, — ZtN|E*dt}
k=0 0

+<Lu+L;>EEvN[/01 (/H\Owt(w) 0 () Pra(dw)) ]
+(Lx+L;.)]E€’N{/01 (1+|Zt|5* + (/H\O|Ut(w)|2y1(dw))é)|Xt—XtN|Hdt}

+LqEE’N[/01 (1+ 120+ ([ O P () )5 = @]

=: Il —|—IQ+I3+I4+I5 (429)

We notice that

dX; = AX,dt — Ré?dt + RAWE + R [y, o w[N1 (dt dw) — v (dw)di],

Xo = zo,

—dY; = N Xy, Zy, Uy (-))dt — Zy [dW} — 67°dt] — Jino Ue(w)[N1(dt dw) — vy (dw)d],
Y1 = h(X1).

(4.30)

We apply the Girsanov Theorem A.1 with v(w, dt df) = (Wi’e(w, 0)+1)vy(do)dt, Blw, t) = 61 (w) and D(w, t,¢) =
(yr"(w, 0) + 1)_1. If follows that, setting

P* = p]P’E’N
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with
S ovsdWi—3 [H6V 1Pt fiy 4 Sane vy (W) (dw)dt 1 1
p=e B B e 10 TN T (’yif (AXT,L) + 1) s (431)
£

n>1:T, <1

then

wl— / 6vedt, s el0,1],
[0, 5]

€

is a cylindrical Wiener process, and the compensator of N (w,dtdf) is vy (d)dt, while W2 remains a Wiener
Vo (dﬁ)
dt.
€

In particular, by the uniqueness of the solution of the forward-backward system (4.30) (see Thm. 4.6), the
laws of the process (X) under P and P coincide. Moreover, also the laws of (Z) and (ZV) and of (U(-)) and
(UN(-)) under P* coincide with the corresponding laws under P. As a matter of fact, again by Theorem 4.6,
Zy = ((Xy) (vesp. Up(-) = 9(X¢)(-)) where ¢ (resp. ¥) is a deterministic Borel-measurable function from H to
Z* (resp. to L?(11)), so the laws of (Z) and (ZV) (resp. of (U(-)) and (UN(-))) depend only on the law of (X)
in a non-anticipating way. From these considerations it follows that

EE,N{,)/OHZA;*@] —E[/lm

1
IEs’N[p/ / U (w)]?v1 (dw)d ]E / / )|?vi(dw)dt| < +o0. (4.33)
0 JH\0 H\0

Now we notice that, by (4.23) and (4.24), there exist constants 7, C and M such that

process and the compensator of N§(w,dtdl) is (7% =N (@, 0) + 1) 22

%*dt} < +o0, (4.32)

) SC1V G 0<n< (4 (w)+ )TN SO, 1y <M. (4.34)
In particular , for every p > 1,
1
(v (w) + 1P < — (4.35)
E ny
Recalling (4.31), for every p > 1 we have
— [l p oyt dW+ 3 [T plohe2de — [, L€ (w)rr (dw)dt
)P e Jop i 3 Jo Pl ‘ | o Jo, ]fH\oP’Yg (w)v1 (dw) (VQ(AXT’,L) n 1)17
n>1:T,<1 N
_ o Jop AWk g Jg pOLAL = fio ) Jaro p i (w)vn (duw)dt

ei S0, 11 Jervo [1_(7;5(11})"'1)?} (71575(1”)+1)”1(dw)dtei%f p |61tsl dt H ( 1
n>1:T,<1

. p+1
S Pdt [ [ (m1-2 b @) o)+ (V2 (w)+1) 7 v (dw)dt
=e £ e 5 € pp ,
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with p, the exponential martingale defined as
g(r)i=e foTP“l%’Eth*% Jp2|5%’5\2dtef]0,r] Jiro [1—(7%’5(w)+1)p] (ﬂ/%’s(w)Jrl)ul(dw)dt

II Gz @xn)+1)" (4.36)
n>rT, <1 ©
It follows that for every p > 1

p~P < iy pp(1), (4.37)
where we have set

o = b (1= )~ e m .

Since E=V[5,(1)] = 1, we get that, for every p > 1,

E=N[p7P] < k. (4.38)
Step 4. We are in a position to complete the proof by estimating the the terms I; — I5 in (4.29). We set

1
AX,N (= sup |Xt7XtN|H, AZ,N ::/ ‘thth‘zEdt,
t€[0,1] 0

1
Buxi= [ [ (0w) = OF (w)P(dwiat,
o JH\0

where XN, ZN and UN are the processes defined in (4.8)(4.9)(4.10).

Below C will denote a constant independent of N and e, that may vary from line to line. Let us start by
considering I;. Applying the Holder inequality and using (4.32)—(4.33) and (4.38), we have

- orl 1
Iy = (L, + LL)ESN / (1+12=- + (/ O (w)Pwr (dw)) ") IX = XY |t
LJo H\0O

- 1 1

< (Lo + LL)ESN AX,N/ (1412 + (/ 0 (w) 21 (@) )]
L 0 H\O
- 1

= (Ly + LB p‘3/4(p1/4Ax,N)p1/2/ (1+12
- 0

< (Lo + L) (BN [p ) A ESN[p A% N])

(oo {p/; (14122 +/H\O|Ut(w)|2u1(dw))dtD1/4

< C(E[A% DY

-t (/H\O \Ut(w)ﬁul(dw))%)dt}

(4.39)
Concerning I, applying the Holder inequality, (4.32) for Z, — ZN in place of Z;, and (4.38), we get
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1
Iy = (L, + L,)ESN [/ \Z, — ZN E*dt]
0

1
= (L. + L)EN [0’1/%1/2/ \Z, — Z
0

- dt}

< (Lo + L) E [ )2 (B[ /01 \Z,— ZN g*dt})w
< C(E[A L) (1.40)

Analogously, for I3 (using (4.33) for U, — UN in place of U;) we have

Iy = (L + L)ESY | /O 1 ( /H ) - 0tN(w>|2m(dw))%dt}

< i@ @ [ f B0 = O ) o ] )

< C(E[Ap,n])"2. (4.41)
Moreover
2N 1
Li=e) EE’N{Yg’k - Yf:;’i] (4.42)
k=0 € e
2N 1 1
<ec ESN (1412 + / TN (VPra(de)) ™) (1 + 9N |k + 19N k) |
S w (11200 () EROPna0) Y10 410 o]

<o’y (e o1+ 120+ ( [ 1o oraan))) "
o H\0
(E N [ (1410 Ik + 10K 1) )
< ccn? 2”21 (]EE,N {p<1 +|ZNP? + (/ \Utj,cv(.)|2u1(d€))})l/2.
o H\0
(B [ (1 + 104k + 10X 1) ])

where p1(1) is the process defined in (4.36) with p = r = 1, k; is the constant defined in (4.37) with p = 1, and
c is the constant (independent of k£ and V) appearing in (4.15).
We define a new probability PV by

dP=N =y (1)dP=N,

Then last term in the previous inequality can be written as:

BN 51 (1) (1 + 10 Ik + QY. 1K) ] =BV [(1 419K I + 0%, %) . (4.43)
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Again by the Girsanov Theorem A.1, under peN ,
. - S
wl=w! —|—/ S-edr, s€[0,1],
0

is a cylindrical Wiener process, and the compensator of Ny (w, dtdf) is (7= (w, £) + 1)2v; (d€)dt on [0, 1], while
1] (dé)
dt.

W2 remains a Wiener process and N5 (w,dt d¢) has compensator (72 (w, £) + 1)

Therefore the forward equation (4.30) reads:

dX; = AX.dt —2R6v°dt + fH\O w2y (w) + 71 (w)?)vy (dw)dt + RAW}
+ o lNa(dedw) — (415(w) + 1201 (duo) ),
XO = Z9-

Moreover, by (4.16) and (4.13), (in)te[o,l/s] satisfies

dOY = [BQY + F(Xep, Q)ldt — G67N dit= [ g wi® (w)vs(dw)dt + GAW?
+ [100 WINa(dt dw) — (147 (w))va(dw)dd],
Qév = qo,

with ﬁ/f = ﬁdWﬁt. On the other hand, according to (4.1), (Q5 = Q%)te(0,1 /) satisfies

Qi = [BQ; + F(Xet, QF)]dt — Go7 =™ di— [, wy* (w)va(dw)dt + GAW?
+ [ie0 WIN2(df dw) = (147 (w))wa(dw)dd],
&5 = qo-

Then by Lemma 3.3 with g, = def’s’foK\o w~¢ (w)va(dw), and recalling that (4.23), there exists ko < 00,
independent of € and N such that,

sup EVIQN 3] < ke (1+ laole + sup BSN[[XualE] + 161 ) ). (4.44)
tef0,1] tef0,1]

Recalling estimate (3.3),

sup BV 3] < 1+ o)
t€[0, ]

(where the constant ¢, in view of (4.34), can be chosen independently of e and N), estimate (4.44) reads

sup ]EeNHQAiVﬁ(] <ec. (4.45)
te(0,1/¢]

Then, plugging (4.45) in (4.42) (taking into account (4.43)) we get:
2N -1

I <3y (]EE’N [p<l+ 1ZN 2 +/H\O|Ug,j(.)2y1(dz))])1/2. (4.46)

k=0
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Proceeding as above, recalling (4.32)-(4.33) and (4.9)-(4.10), we get

BN [p(14+ 12 + /H O OPra(an)]

c(B|1+42V |Z;|2dt + 2V
(B2 [

tr—1 tr—1

[, OPn@]), (147

with ¢ doesn’t depend neither on € nor on N. Plugging in turn (4.47) in (4.46) we achieve

_ ) 1/2
) LB 0P @)

2N 1

Ilgacz (JE{1+2N/ |Z,|2dt + 2N

te—1 th_1

<eC Z (1+2%( [/t |Zt|2dt} +2z /tk / TN ()2 ( d()Dl/Q)
350(2N+2%N(E[/0 |Zt|2dtD1 2+2%N(E{/O /H\O|UtN(.)|2y1<dz)Dl/2)
= Ce(2N +27V). (4.48)

Concerning now [5, we notice that P-a.s., for all s > 0,
Qs — QN\<K/e‘”t\XEt XX dt, (4.49)
where 1 is the dissipative constant in (HF+B), and K does not depend of € and N. Thus, thanks to (4.49)

and proceeding as for I, we deduce that

t

2, —i—/H\O|Ut(w)21/1(dw))(/OE e*ﬂ(sfr)‘XsersAﬂdr)dt]

< CEN A% M)V (4.50)

Is < LKESN [/1 (1 12,
0

Collecting (4.39)—(4.40)—(4.41)—(4.48)—(4.50), we get from (4.29) that
YE = ¥ < C(e(2Y +28Y) + (BAzn ) + (B[Aun]) /2 + (BIAL )Y, (451)
Finally we notice that, having X cadlag paths and since E[sup,¢(o 1) |X¢[*] < o0 by (3.3),
E[A% y] = 0as N — .
Moreover, by (4.11)—(4.12),
E[Azn] =0 and E[Apn] —0as N — cc.

Therefore, letting first ¢ — 0 and then N — oo in (4.51) we get the result. O
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Remark 4.8. Similar techniques would apply to the more general systems where the slow equation has
multiplicative noise term. In particular, the forward equation in (4.1) and (4.6) can be replaced by

{ dXt - Adet + R(Xf)thl —+ fH\O w[Nl(dt dw) - Vl(dW)dt],
Xo = o,

where R is Lipschitz with values in L(Z, H), also see [36]. To avoid technicalities and improve readability, we
restrict our analysis to the additive case.

On the other hand, the dependence of R on Y. would transform our system (4.1) into a fully coupled forward-
backward system that is much more difficult to treat and doesn’t have such a natural control interpretation.

5. THE TWO SCALE CONTROL PROBLEM

One of the purposes of the article is to give a representation of the limit of the value functions of a sequence
of optimal control problems for a singularly perturbed infinite dimensional state equation.

5.1. Formulation of the problem

We denote by A the set of predictable processes (a)ie[o,1) taking values in a complete metric space U. Given
a solution (X, Q) of (3.1) and a control « € A, we associate to them a probability measure P=* on (92, F) that
we are going to describe. Let b: HX K XU - H, p: U - K, r: HxKxUXxH —Rand~v:U x K — R be
measurable functions satisfying the following assumptions.

Hbp) There exist positive constants L, and M’ such that, for every z,2’ € H, q,¢' € K, a € U,
0

b(z,q,a) — b(z', ¢, u)|g < Ly(|z — 2'|g + |¢ — ¢| k),
(2, q,a)|u + |p(a)|x < M.

(Hry) There exist constants C, > 1, L, > 0 and C,, > 1 such that, for every z € H, g€ K, a € U, w € E,

0<n<r(zqaw) <,
|T(xaQ7a7w) - T(x/7qlva’?w)| S LT(‘Jj - $/|H + ‘q - q/‘K)7
0<n <~v(a,w) <.

We also need to consider the following additional assumption on the operator R.
(H’) R admits a bounded right inverse R~! € L(H, Z).
Define the processes

M= [ R, QhandWE [ (X @Fanw) — 1)V (e du) - o)),
[O"] ]07] H\O

M2 .= /[O’ .] Pfjégt)dwtz + /]OV] /K\O['y(ozt,w) —1] (Ng(dtdw) _ Vz(jw)dt),

and set

dp=-
dP

=& (M 4 M?).
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By the Girsanov Theorem A.4, the compensator of (N1 (dt dz), N5 (dt dz)) under P=* is (r( X, QF, o, w)vy (dw)dt,

y(ae,w)
€

vo(dw)dt), and the process

(WL w?) = Wl—/ R’lb(Xt,Qf,at)dt,WQ—/ Mdt
0, ] 0,1 VE

is such that W' and W?2 are independent cylindrical Wiener processes under P=“. We can therefore conclude
that the solution (X, Q°) of (3.1) satisfies as well the system of controlled SDEs:

dX; = AX,dt + b(X,, Q5, o )dt + RAW} + Jeno wIN1 (dt dw) — 7(Xy, QF, g, w)vs (dw)dd],
Xog=x9 € H,
£dQf = [BQ; + F(Xy, QF)]dt + Gp(ay)dt + /eGdW?

+ fK\o wleN5 (dt dw) — (o, w)va(dw)dt],

QSZQOEK.

Remark 5.1. Similarly to Remark 4.8, see also [36], we could consider a more general controlled slow equation
with a multiplicative noise, namely:

{ dX; = AX,dt + b(X,, Q5, oy )dt + R(X,)dW} + S0 wINi (At dw) = 7(X¢, Q5 ag, w)rr (dw)dt],
Xog=1x9 € f[7

with R Lipschitz and admitting a uniformly bounded right inverse. Nonetheless, we decided to remain with the
additive case to avoid further technicalities. On the other side, allowing R to depend on ) would completely
change the technical data of the problem.

5.2. Solution of the problem: the BSDE approach
Let us now consider a measurable function [ : H x K x U — R satisfying the following assumption.

(H!) There exist positive constants L; and M; such that, for every z, 2’ € H, q,¢' € K, a € U,

|Z(LL'7 q7(l) - l(x’,q’7a)| < Ll(l(L‘ - x/|H + |q - q/|K)a
l(z, q,a)| < M.

We define, for x € H, ¢ € K, 2, € Z%, u € L*(11), ¥ € L?(), the function

(x,q,2,( u,9) = inlfj {l(a:, q,a) + z[R™'b(x, q,a)] + Cp(a) (5.1)

+/ 0w D)+ [ o) w) - D)}

K\0

Proposition 5.2. Let assumptions (Hbp), (Hrv), (H’) and (HI) hold true. Then the function v in (5.1)
verifies hypothesis (Hy).

Proof. By standard estimates
W(% q,%, Ca u, 19) - w(x/? qla Zl) CI7 ul7 19/)|
<Lu( [ o)~ diw)Pra@w)” + Lo( [ 10.00) - 04 0)Pra(dw))
E\O E

=\0

(NI
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e L (1 bl (o) e ol

=+ (/H\O ua(w) P (@) g~ .

for some constants Ly, Ly, L., L¢, Ly, Ly > 0 defined opportunely.
Finally, we have to verify that for every z € H, q € K, 2,{ € %, u,u’ € L*(1y), 9,9 € L*(1»), there exist
measurable functions v, : H — R, 75 : K — R (depending on z, g, z,(, u, 9,9') such that

+Lq(1+|z

¢($, q, z, <7 U, 0) - ¢($, q, 2, Cv ul7 19) < /H\O(U(w) - ul(w))’yl (w)yl (dUJ) (52)
U(z,q,2,¢ u,9) —¥(z,q,2,¢u, V) < /K\O(ﬁ(w) — ¥ (w))y2(w)r2(dw), (5.3)

and satisfying

Cl(]. A\ |’LU|H) < fyl(w) < 02(1 AN |U)‘H), C, e (*1,0],02 >0,
01(1 N |’LU|K) < 72(10) < 02(1 A \w|K), C’l S (—1,0],02 > 0.

We have
| uw)rega,w) - Do)
H\0
= o' (w)(r(z, q,a,w) — 1)1 (dw) —|—/ (w))(r(x,q,a,w) — 1) (dw)
H\0 H\0
< /H\Ou%w)( (24,0, w) — Lo (dw) +/H\O (1)) () ()
with

T(w) = 21615(7’(%(1, a,w) = 1)jo o0 (u(w) = u'(w)) + inf (r(z, g, a,w) = 1)I(g,100) (u' (w) = u(w)).
Notice that, by assumption (Hrv),

—1l<np—-1<mw)<C.-1, C,.>1.
Adding and subtracting in both sides

Uz, q.a) + 2[Rb(x, ¢, a)] + Cpla) + /H Mg w) — ()

and taking the infimum over a € U, we get (5.2).
Analogously, one observes that

fy PGt =) < [ )60 = Dustaw)
K\O o
[ 700 = 7)ot
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with

Yo(w) 1= sup(y(a, w) — 1)Ijo, o) (Hw) — ¥ (w)) + inf (v(a, w) — 1) (g 400) (¥ (w) — F(w)).
acU acU

In particular, by assumption (Hrv),
—1<n —1< W) <C, -1, C,>1.
Proceeding as before (5.3) follows. O

Let h: H — R be a measurable function satisfying (Hh). We consider the following BSDE: P-a.s., for
te[0,1],

YE = h(X1) + /1¢(Xs7 £ 78, \/‘an() @E('))d —/ ZEdW! — /l"fdwﬂ (5.4)

// US (w)(N: (ds dw) — v (dw)ds) — // O (w NQ(dd) (dw)ds>.
H\O K\O

Lemma 5.3. Let assumptions (HAB), (HRG), (HF), (HF+B), (H3?), (Hbp), (Hry), (H’), (Hl) and
(HR) hold true. Then for every e > 0, there exists a unique solution (X,Q°, Y, Z¢,E5,U¢(-)) to the forward-
backward system (5.4), and

YOEZVE(x07q0>7 onH,QO€K7
where V¢ is the value function in (1.1).
Proof. The well-posedness of the forward-backward system (5.4) directly follows from Theorem 4.1 together with
Lemma 5.2. Then the control interpretation of Y follows as in [29], that extends to the infinite dimensional
framework the classical representation in finite dimension, see e.g. [25]. O

The following result is a direct consequence of Theorem 4.7, together with Lemma 5.3.

Theorem 5.4. Let assumptions (HAB), (HRG), (HF), (HF+B), (H5?), (Hbp), (Hrv), (H’), (Hl) and
(HR) hold true, and let (X,Y,Z,U(-)) be the unique solution to the forward-backward system (4.6). Then

lim V*(z0,q0) = Yo, @0 € H,q € K,
e—0
where V&, € > 0, is the value function in (1.1).

6. CONTROL INTERPRETATION OF THE LIMIT FORWARD-BACKWARD SYSTEM

~ Let (X,Y,Z,U(-)) be the unique solution to the forward-backward system (4.6). We aim now at interpreting
Yy as the value function of a corresponding reduced control problem. To this end, we start by noticing that, for
every t € [0, 1],

Yth(Xl)Jr/tl)\( U())ds—/t Z AW} — / /H\O w) [N (ds dw) — vy (dw)ds], (6.1)
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where (X;);>0 is the mild solution of

{ dX, = AX,dt + RAWE + [,y o w[Ny (df dw) — vy (dw)d],
Xo = w0,

and (see Thm. 4.5) X\ : H x Z* x L?(v;) — R is uniquely determined and satisfies, for fixed x € H, 2,2’ € Z*,
u,u’ € L2(1y),

Az, z,u) — Mz, 2/, u)| < L]z — 2

st [ ) =Pt ©2)

IA(2,0,0)] < c(1+ |z|n), (6.3)

for some positive constants L., L, and c¢. Moreover, A(+, z,u) is concave with respect to z and u, so by the
Fenchel-Moreau theorem one can write A = A, where, for all x € H,

AT, p,v) = inf (—2p— (u,1 — V) r2(y) — Az, 2,0), pEE,ve L*(1n). (6.4)
z€E* ueL2(v) !

It follows that, for all z € H, z € Z and u € L%(11),

A —  inf —op—(u,1— oy — Az, p, ).
@)= i (oo (] =), — Mlap)

Moreover, by the Lipschitzianity of A we can restrict the infimum to a bounded set, namely the following
holds.

Proposition 6.1. We have

Mz, z,u) = peE,q;i££2(u1): (=2zp = (u, 1 = v) 20y) — Au(2,p,0)), (6.5)
<Ly

<L, |1-v
IPI<Lz,| L2 <

where L, and L, are the Lipschitz constants in (6.2).
Proof. By (6.4) together with (6.3) we get

Me(z,p,0) < =X(2,0,0) < c(1+ |z|), p€Z,ve L ().
Then, again by (6.4) together with (6.2), we obtain that, for all p € Z,v € L?(11),

)\* s s < inf - - 71_ v Lz =* Lu v .
(z,p,v) zea*,gémul)( zp = (u, 1 =) 2y + Lelz|z + Lululrz,)) + ¢

It follows that A.(z,p,v) = —oc if |p|z > L. or |1 —v|g2(,,) > Ly, which implies (6.5). O
We now define

S = {(ps, vs(-))se[o,1] : p progressively measurable s.t. |ps|z < L.,
v(-) predictable s.t. [1 — vs[z2(,) < Ly}
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For every (p,v(-)) € S, let us set

M = —/ prdw} +/ / (ve(w) — D[N (dt dw) — vy (dw)dt].
[0, ] 10,1 Y H\O
Being (1 — v(w,-)) € L%(1y) for all (w,t) € Q x [0, 1], and since, for all ¢ € [0, 1],

by Theorem A.1 together with Corollary A.3, under PP¥ defined by

dpP
dP

= 51 (M),

the process
t
wr ::/ psds—l—th, t €10,1],
0

is a Q1-Wiener process, and Np(dt dw) has compensator v (w)v (dw)dt.

We can finally give the following result that follows the classical argument relating the BDSEs to control
problems. We sketch the proof for the reader convenience.

Theorem 6.2. Assume that (HAB), (HRG), (HF), (HF+B), (HB?), (Hbp), (Hrv), (H’), (HI) and
(HR) hold true. Then

1
Vo= inf EPY[W(X)) = | A(Xe peve(-))ds].
o= it B [h(X)) / (Xo.pors())ds]

Proof. We prove the two inequalities separately.
(<) Let (p,v(-)) € S. By Proposition 6.1, for all t € [0, 1], from (6.1) we get

Y; = h(X1) + /1 N Xy, Zs, Ug(+))ds — /t1 Z AW} — -/tl o Us(w)[N1(ds dw) — vi(dw)ds]

<nx)— [ A s,ps,vso)ds—/t spsds—/ /H\Ol—vs DU, (w)vs (dw)ds
- / Zoaw) - / DN ) — s )]

= (X)) - / R 'z

/ D) — s s

Applying the conditional expectation with respect to PP¥ we get

<8 (0060~ [ A (Kepone()as|R] 01
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that provides

1
o<t E[0) - [ ()ds|F] te o)
(pv())es t

by the arbitrariness of (p,v(-) € S.

(=) Again by Proposition 6.1, we may choose, for any n > 1, (p},vf(-))epo,1] such that |p}|z < L., |1 —
U?|L2(V1), < Lu, and
I - - 1
>\<Xt7Zt7 Ut()) Z _th;l - <Ut71 - ’U;fn>L2(l/1) - )\*(th?ﬂv?(.)) - E

By a measurable selection theorem (see e.g. Thms. 8.2.10 and 8.2.11 in [37]) we can assume that (p;')ic[o,1] are
progressively measurable and (v} (-)):e[0,1] are predictable.
Recalling (6.1), we get

Vi = h(X1) + /thXs,zs,Us())ds— / ZudW} - / | D)V ds ) — )

> h(X) - / Zuprds — / /H @) =) (s - /:A*<Xs,pz,vs<->>ds

—ﬁ— Z - T (w sdw) — v1(dw)ds
/tzsdws / | TN @sau) (v

n

L R

_/t Z, dWP / /H\O w) [Ny (ds dw) — v2 (w)vy (dw)ds].

Applying the conditional expectation with respect to PP"*" we get

n ,n

1
Vot 2B [0 - [ A O)|E, e o1,
t
We can therefore conclude that

n—oo

1
2 liminf B (006 [ (g2 () ds| )
t

1
> inf Ep’”[h(Xl)—/ A*(Xs,ps,vs(-))ds‘ft} teo,1].
(po())eS :
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APPENDIX A.

A.1 Girsanov theorems

In the sequel we will denote by £(S) the Doléans-Dade exponential of general real-valued semimartingale S. We recall

that

Er (8) = 51755 TT (1 + AS.)e 5. (A.1)

s<T

We recall the following version of the Girsanov theorem for martingales, see e.g. Theorem 15.3.10 in [35].

Theorem A.1. Let W be an (Fi) cylindrical Wiener process on Z, and u(w,dtdl) a locally integrable integer-valued
(Fi)-random measure on E, with compensator v(w,dtdl). Assume that v({t} x ) = 0 up to indistinguishability (so u

has

no predictable jumps).
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Let B: Q2 x[0,T] > E" and T : Q x [0, T] x E — R4 be predictable functions. Suppose that I' — 1 is stochastically
v-integrable, and set

M:= [ Bt)dw, +/]O '} L\O[F(t’ 0) — 1)(u(dt de) — v(dt dt)). (A.2)

[0, ]

If E(M) is a uniformly integrable martingale, then under P defined by

dP
% = E&r (M)

the process W — f[o ] B(t)dt is a cylindrical Wiener process, and the compensator of p(w,dtdl) is I'(w, t, £)v(w, dt df).

Remark A.2. Noting that by (A.2)

—AM.= [ (1-T(s,0)N({s} x dt),

\O

P

we have

H e*AMs — ezng(*AMs) — eflOle fs\o(l—r(ssé))ﬂ(ds de)

)

so (A.1) reads

Ep (M) = e.f(;F B(t)aW,—3 [ \B(t)\Zdtef]o, 11 J2\0 (1T (t,0)]v(de dt) H (T, &),

n>1:T,<T

where (Th,,&,)n denotes the sequence of jump times and positions associated to the counting measure .

The following result provides a sufficient condition under which a local martingale M is uniformly integrable, see e.g.
Corollary 15.4.4 in [35].

Corollary A.3. Let M be a local martingale with AM > —1, and let
T =inf{t: AM; = —1} = inf{t : & (M) = 0}.
If M is a locally square integrable local martingale, and

E[e%<MC>T+<Md>T] < o0,

then E(M) is a uniformly integrable martingale and {Eoc (M) > 0} = {T = oo} almost surely.

With the help of Corollary A.3, when p is a Poisson random measure one can specialize Theorem A.1 in the following
way.

Theorem A.4. Let (2, F,(F:),P) be a fized filtered probability space. Let W be an (F;) cylindrical Wiener process on =,
and N (dt dl) an (F;)-Poisson random measure on =, with compensator F(d€)ds, such that fz\o [|1£||2F(df) < oo. Suppose
we have uniformly bounded functions B: Q x [0, T] = Z*, T : Q x [0, T] x E — Ry such that T'(w,t,-) — 1 € L*(F) for
all (w,t) € Q x [0, T], and define

M= [ Byaw, + /]0 '] /_ 0 v — Fana,

[0, ]
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Then, setting
dP
— =&r (M),
7P T (M)
we have that Z—];

is a positive square integrable martingale. Moreover, under P,

wh=w— [ Bdt
[0,]

is a cylindrical Wiener process, and the compensator of N(w,dtdl) is I'(w, t, £)F(d¢)dt.
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