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SINGULAR LIMIT OF BSDES AND OPTIMAL CONTROL

OF TWO SCALE SYSTEMS WITH JUMPS IN INFINITE

DIMENSIONAL SPACES

Elena Bandini1,*, Giuseppina Guatteri2 and Gianmario Tessitore3

Abstract. The paper is devoted to a stochastic optimal control problem for a two scale, infinite
dimensional, stochastic system. The state of the system consists of “slow” and “fast” component and
its evolution is driven by both continuous Wiener noises and discontinuous Poisson-type noises. The
presence of discontinuous noises is the main feature of the present work. We use the theory of backward
stochastic differential equations (BSDEs) to prove that, as the speed of the fast component diverges,
the value function of the control problem converges to the solution of a reduced forward-backward
system that, in turn, is related to a reduced stochastic optimal control problem. The results of this
paper generalize to the case of discontinuous noise the ones in [Guatteri and Tessitore, Appl. Math.
Optim. 83 (2021) 1025–1051] and [Świȩch, ESAIM Control Optim. Calc. Var. 27 (2021) Paper No. 6,
34].
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1. Introduction

Stochastic dynamic models that evolve based on distinct and divergent time scales constitute a well-
established area of research, encompassing both controlled and uncontrolled scenarios. This field has
found extensive applications, as evidenced by classical results detailed in [1, 2], and more recent appli-
cations, such as those explored in [3, 4], particularly in the realms of neural networks and climate
models.

Our specific focus lies in examining two scales controlled systems featuring both Wiener and discontinuous
(jump) noise:
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
dXε

t = AXε
t dt+ b(Xε

t , Q
ε
t , αt)dt+RdW 1

t +
∫
H\0 w[N1(dtdw)− r(Xε

t , Q
ε
t , αt, w)ν1(dw)dt],

X0 = x0 ∈ H,
εdQεt = [BQεt + F (Xε

t , Q
ε
t ) +Gρ(αt)]dt+

√
εGdW 2

t

+
∫
K\0 w[εN

ε
2 (dtdw)− γ(αt, w)ν2(dw)dt],

Qε0 = q0 ∈ K.

In the above, process (α) is the control, (Xε) is the slowly evolving state variable and (Qε) is the fast state
variable. Notice that (α), (Xε) and (Qε) all take values in infinite dimensional spaces. (W 1) and (W 2) are inde-
pendent cylindrical Wiener processes. N1(dtdw) and N

ε
2 (dtdw) = N2(d(t/ε) dw) are Poisson random measures,

independent of each other and from (W 1) and (W 2), with compensated random measures

Ñ1(dtdw) = N1(dtdw)− ν1(dw)dt,

Ñε
2 (d(t/ε) dw)= N2(dtdw)− ε−1ν2(dw)dt,

while r and γ represent their controlled intensity. Finally, A and B are, possibly unbounded, linear operators,
we assume that B + F is dissipative and that operator R is invertible; in other words, it is crucial to suppose
that, if we forget the controlled terms, the fast variable has an “ergodic” behaviour while the slow variable is
perturbed by non degenerate gaussian noise.

The above state equation is coupled with a standard cost functional as:

Jε(x0, q0, α) = E
[∫ 1

0

l(Xε
t , Q

ε
t , αt)dt+ h(Xε

1)

]
.

The value function of the optimal control problem is then classically defined by:

V ε(x0, q0) = inf
α
Jε(x0, q0, α). (1.1)

Our purpose is to characterize the limiting value function limε→0 V
ε(x0, q0).

As first we will need to represent the value functions of both the problems, the approximated and the limit
one, using the Dynamic Programming Principle. In literature there are two approaches. One is purely analytic
and consists in proving the existence and uniqueness of the viscosity solution (classical when the coefficients
are regular enough) to the Hamilton-Jacobi-Bellman (HJB) PDEs associated to each problem. The alternative
approach is probabilistic, as introduced in the pioneering paper by Pardoux and Peng [5]. This method replaces
the direct analysis of the PDE with the study of a forward-backward stochastic differential equation (FBSDE)
system, which generalizes the stochastic differential equations used in the Feynman-Kac formula. Once this
system is solved, the backward component of the FBSDE solution yields the value function and, in some cases,
even the optimal control. These two approaches are quite used in the finite-dimensional case; however, the
theory of viscosity solutions is generally preferred for fully nonlinear problems. In the infinite dimensional case
the BDSE approach becomes more competitive, see [6], Chapter 6, since it allows to treat more general noise
terms, like the cylindrical Wiener process, thus including the white noise case. On the other hand, the HJB
techniques provide more flexibility regarding the structure of the model (possibility of considering control-
dependent noise) but show an obstruction for the inclusion of cylindrical noise in the model and seem to be
limited to the treatment of regular (B-continuous) value functions (see [6], Chap. 3).

Once the representations of the value functions are at hand then we can proceed to study the convergence
as the rate ε tends to 0.

Numerous papers have addressed the aforementioned convergence problem within the finite-dimensional
framework, specifically considering continuous noise. If, in very specific cases, the result can be derived by
direct computations on the control problem (see for instance [2, 7]), in the largest part of the literature, see
[8–12], the problem is approached by examining the convergence of viscosity solutions to the HJB equation,
which describes the evolution of the approximating value functions V ε.
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As far as the infinite-dimensional scenario the earliest results, to the best of our knowledge, can be traced
back to [13]. In this work, the cylindrical Wiener process case is addressed, assuming non-degeneracy of the noise
in the slow evolution. The critical technical aspect lies in proving that the solutions to the resulting singular
sequence of forward-backward stochastic differential equations converge towards a reduced system existing in a
smaller space. When the two-scale system is controlled, we cannot expect the reduced system to be the original
system with the averaged coefficients, as in the free case [1], but we need to introduce the so-called effective
Hamiltonian, see [10]. The convergence argument becomes considerably more complex, as the coefficients of the
approximated problems completely differ from those of the limit (reduced) problem. In [13], we exploited the
fact that the effective Hamiltonian can be expressed in terms of the solution of an “ergodic” BSDE, a class of
equations discussed in works such as [14–16]. Subsequently, in [17], the author obtains similar results successfully
applying viscosity solution techniques in infinite dimensional spaces with, on the one hand, the restriction of
considering only a gaussian trace class noise, but, on the other hand, including the case of control dependent
noise.

It is worth noticing that in both approaches the problem of rapidity of convergence or the one of convergence
of optimal controls seems out of reach. The primary challenge is that, as already pointed out, the limit system
here does not correspond to the averaged system, thus the techniques used in the case without control (see
[18–21]) seem inapplicable.

The main novelty in the present paper lies in the inclusion of discontinuous noise, that is here present in
both the slow and fast equations beside the cylindrical Wiener process.

Building on the approach introduced in [13], and being interested in the generality of the noises, in particular
wanting to allow both cylindrical Wiener process and discontinuous noises, we opt for the forward-backward
stochastic system representation of the value function. To be slightly more detailed about this choice: the
inclusion of Poisson noises in the state equation induces the appearance of complicated, non local terms, in the
HJB equation, see [22, 23]. Moreover, as we have already mentioned, existence and uniqueness of a viscosity
solution to the corresponding integro-differential HJB equation has only been obtained when noise is trace class
and under the extra continuity assumptions on the solutions for uniqueness (see again [22, 23] and [24]). So a
proof of convergence of value functions, based on the convergence of the viscosity solutions of such non trivial
equations, seems technically tricky, beside being limited to trace class diffusions. On the other side, the crucial
tool for the forward-backward approach to control problems, the Girsanov transform, is still available, albeit in
a non-trivial form reported in Appendix A. Therefore, an approach based on the stochastic representation of
the value function seemed more feasible, although not easy, in the case of non-Gaussian noises.

In comparison with [13], we notice that integral terms of the form
∫
K
ϑ(w)N(dt, dw) appear in the BSDEs

under consideration (see (4.1), (4.2), (4.6)). While the treatment of such terms is well understood for a single
BSDE (see e.g. [25–28]) and poses minimal challenges regarding the existence and uniqueness of ergodic BSDEs
(see Sect. 4.1, where we have omitted details that closely mirror those in [13]), their interaction with the key
discretization argument (see the proof of Thm. 4.7) was previously unexplored. We note that identifying the
appropriate framework for embedding our problem and the necessary assumptions for our argument was not
initially straightforward (see Sect. 2).

Let us now describe the procedure we will follow.
We introduce the following forward-backward system to represent V ε(x0, q0) (see [29] for the extension of

the classical results to the discontinuous case):

dXt = AXtdt+RdW 1
t +

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0 ∈ H,
εdQεt = [BQεt + F (Xt, Q

ε
t )]dt+

√
εGdW 2

t +
∫
K\0 w[εN

ε
2 (dtdw)− ν2(dw)dt],

Qε0 = q0 ∈ K,

−dY εt = ψ
(
Xt, Q

ε
t , Z

ε
t ,

Ξε
t√
ε
, Uεt (·),

Θε
t (·)
ε

)
dt− Zεt dW

1
t − ΞεtdW

2
t

−
∫
H\0 U

ε
t (w)(N1(dtdw)− ν1(dw)dt)−

∫
K\0 Θ

ε
t (w)

(
Nε

2 (dtdw)−
ν2(dw)
ε dt

)
,

Y ε1 = h(X1).
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Then the main technical result, see Theorem 4.7, consists in the proof that the solution of the forward-backward
system above (depending on ε in a singular way) converges towards the solution of the following “reduced”
system 

dXt = AXtdt+RdW 1
t +

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0,
−dȲt = λ(Xt, Z̄t, Ūt(·))dt− Z̄tdW

1
t −

∫
H\0 Ūt(w)[N1(dtdw)− ν1(dw)dt],

Ȳ1 = h(X1).

The term λ is the effective Hamiltonian, that is characterized as the value function of a suitable ergodic control
problem that we find in Section 4.1 solving the associated ergodic BSDE. The proof relies on a discretization
strategy for the slow variable. In particular, the result is achieved through several applications of the Girsanov
transformation, which involve managing probability changes dependent on the parameter ε (see Steps 3 and 4
of the proof of Theorem 4.7), and that become delicate due to the presence of Poisson random measures N1

and N2. As a matter of fact, in order to deal with the new terms arising in the main freezing argument (see
for instance the terms involving U in (4.29)), one needs a general version of the Girsanov theorem, holding
for general random measures, as it is provided in Appendix A. To this end, a key tool is Hypothesis (Hψ)-d)
(see also Rem. 4.3), which we prove to be verified in our control problem, see Proposition 5.2. Notice that the
application of the correct transformation is quite tricky because uniform estimates have to hold at each step,
see (4.23), (4.34) and (4.35).

After establishing the result concerning the singular forward-backward system, we can finalize the program
by expressing the limit limε→0 V

ε(x0, q0) through the solution of an appropriate reduced forward-backward
system, see Theorem 5.4. Additionally, this limit can be further characterized as the value function of a suitable
“reduced” control problem, see Theorem 6.2.

The paper is structured as follows. Section 2 establishes notations. In Section 3 we point out some results on
the forward system. In Section 4, we present and prove the main result concerning the convergence of singular
forward-backward systems of stochastic equations, also discussing the well-posedness of the ergodic equation
required to characterize the effective Hamiltonian. Section 5 applies the aforementioned convergence result to
the original stochastic two-scale control problem featuring jump noise. Finally, in Section 6, we provide an
interpretation of the main result in the context of a “reduced” optimal control problem. We eventually provide
some results on the Girsanov transformation for general semimartingales in the Appendix.

2. Notation

For any topological space Λ, B(Λ) denotes the corresponding Borel σ-algebra. Let E be a Banach space norm
| · |E or simply | · | when no confusion is possible; for any other Banach space F , we denote by L(E,F ) the space
of bounded linear operators from E to F , endowed with the usual norm. If F = R, the dual space L(E,R) is
denoted by E∗.

Ξ, H,K are Hilbert spaces with scalar product denoted by ⟨·, ·⟩. They are assumed to be real and separable
and the dual of Hilbert spaces will never be identified with the space itself. By L2(Ξ, H) (resp. L2(Ξ,K)) we
will denote the space of Hilbert-Schmidt operators from Ξ to H (resp. to K).

We consider a complete probability space (Ω,F ,P), and a filtration (Ft)t≥0 satisfying the usual conditions.
T will be a fixed horizon, and P will denote the σ-algebra of predictable sets on Ω× [0, T ].

We consider two cylindrical (Ft)-Wiener processes (W 1
t )t≥0 and (W 2

t )t≥0) with values in Ξ. We assume
(W 1

t )t≥0 and (W 2
t )t≥0 to be independent. N1(dtdw), N2(dtdw) will be independent (Ft)-Poisson random

measures on H and on K respectively, with compensated random measures

Ñ1(dtdw) = N1(dtdw)− ν1(dw)dt,

Ñ2(dtdw) = N2(dtdw)− ν2(dw)dt,
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where ν1(dw) and ν2(dw) are σ-finite measure on H and on K respectively, such that

∫
H\0

|w|2ν1(dw) <∞,

∫
K\0

|w|2ν2(dw) <∞.

N1(dtdw) and N2(dtdw) are also independent of (W 1
t )t≥0 and (W 2

t )t≥0. Moreover for every ε ∈ (0, 1] we set

Nε
2 (dtdw) = N2(d(t/ε) dw)

that is a random measure with compensator 1
εν2(dw)dt.

We also introduce

L2(ν1) := {f : H → R measurable :

∫
H\0

|f(w)|2ν1(dw) <∞},

L2(ν2) := {f : K → R measurable :

∫
K\0

|f(w)|2ν2(dw) <∞},

and

L2(Ñ1) := {P ⊗ B(H)-measurable processesU such that the norm

||U ||L2(Ñ1)
:=
(
E
[ ∫ T

0

∫
H\0

|Us(w)|2ν1(dw)ds
])1/2

is finite},

L2(Ñ2) := {P ⊗ B(K)-measurable processesU such that the norm

||U ||L2(Ñ2)
:=
(
E
[ ∫ T

0

∫
K\0

|Us(w)|2ν2(dw)ds
])1/2

is finite}.

L2,loc(Ñ1) (resp. L2,loc(Ñ2)) denotes the set of processes defined on R+ such that their restriction to [0, T ]
belongs to L2,loc(Ñ1) (resp. L2(Ñ2)).

We also define the following spaces of equivalence classes of processes with values in a Hilbert space V . For
all τ ∈ [0, T ]:

S2(D([τ, T ];V )) := {P-measurable processesX with càdlàg paths in V , such that the norm

|X|S2 :=
(
E
[

sup
t∈[τ, T ]

|Xs|2V ds
])1/2

is finite},

L2
V := {P-measurable processesX with values in V , such that the norm

|X|L2
V
:=
(
E
[ ∫ T

0

|Xs|2V ds
])1/2

is finite}.

S2,loc(D([0, +∞);V )) denotes the set of processes defined on R+ such that their restriction to [0, T ] belongs

to S2(D([0, T ];V ). L2,loc
V denotes the set of processes defined on R+ such that their restriction to [0, T ]

belongs to L2
V .
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3. The forward system

Given four operators A : D(A) ⊆ H → H, B : D(B) ⊆ K → K, R : Ξ → H, G : Ξ → K and x0 ∈ H, q0 ∈ K,
we consider the following system of SDEs:

dXt = AXtdt+RdW 1
t +

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0,
εdQεt = [BQεt + F (Xt, Q

ε
t )]dt+

√
εGdW 2

t +
∫
K\0 w[εN

ε
2 (dtdw)− ν2(dw)dt],

Qε0 = q0,

(3.1)

where the “slow” variable X takes values in H and the “fast” variable Qε takes values in K.
We will consider the following assumptions on the coefficients of the system (3.1).

(HAB) A : D(A) ⊆ H → H and B : D(B) ⊆ K → K are two linear unbounded operators generating the C0

semigroups {etA}t≥0, {etB}t≥0 over H and K respectively, such that

|etA|L(H) ≤MAe
wAt, t ≥ 0,MA > 0, wA ∈ R,

|etB |L(K) ≤MBe
wBt, t ≥ 0,MB > 0, wB ∈ R.

Moreover, for t > 0, etA and etB are Hilbert-Schmidt operators with

|etA|L2(H,H) + |etB |L2(K,K) ≤Mt−γt,

for all t ∈ (0, 1), suitable γ ∈ (0, 1/4) and M > 0.

(HRG) R ∈ L(Ξ, H), G ∈ L(Ξ,K).

(HF) F : H ×K → K is bounded, and there exists LF > 0:

|F (x, y)− F (x′, y′)|K ≤ LF (|x− x′|H + |y − y′|K), x, x′ ∈ H, y, y′ ∈ K.

(HF+B) B + F is dissipative: there exists µ > 0 such that

⟨Bq + F (x, q)− [Bq′ + F (x, q′)], q − q′⟩ ≤ −µ|q − q′|2K , x ∈ H, q, q′ ∈ D(B).

Let (γt)t≥0 be a cylindrical Wiener process with values in Ξ and p(ω,dtdv) a random measure on K with
compensator κt(ω, v)ν(dv)dt, where ν is a σ-finite measure on K and κ is a random field on K such that∫

K\0
|v|2|κs(ω, v)|2ν(dv) <∞, for every (ω, s) ∈ Ω× [0, T ]. (3.2)

We denote by (βBt )t≥0 the stochastic convolution

βBt :=

∫ t

0

e(t−s)B
(
Gdγs +

∫
K\0

v[p(dsdv)− κs(v)ν(dv)ds]
)
.

We will assume the following:

(HβB) supt≥0 E[|βBt |2K ] <∞.

Remark 3.1. We notice that (HβB) is automatically satisfied when B is dissipative and consequently wB < 0
in (HAB).
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3.1. Well-posedness results

The well-posedness of the slow equation in system (3.1) comes from the following theorem, that is a direct
corollary of Theorem 9.29 in [30].

Lemma 3.2. Let assumptions (HAB), (HRG), (HF), (HF+B), and (HβB) hold. For any T < ∞, τ ∈
[0, T ] and any Fτ -measurable square integrable random variable X̃τ ∈ H,

{
dXt = AXtdt+RdW 1

t +
∫
H\0 z[N1(dtdz)− ν1(dz)dt], t ∈ [τ, T ],

Xτ = X̃τ

has a unique (up to modification) mild solution (Xτ,X̃τ

t )t∈[τ,T ] with a càdlàg version. More precisely, there exists
a unique process (Xt)t∈[τ,T ] ∈ S2(D([τ, T ];H)) such that

Xt = e(t−τ)AX̃τ +

∫ t

τ

e(s−τ)ARdW 1
s +

∫ t

τ

e(s−τ)A
∫
H\0

z[N1(dsdz)− ν1(dz)ds]

is satisfied P-a.s. Moreover, for every T there exists cT < +∞ such that

sup
t∈[τ,T ]

E[|Xτ,x
t −Xτ,y

t |2H ] ≤ cT |x− y|2H , x, y ∈ H,

and, for all p ≥ 1, there exists a positive constant cp depending only on p and on the quantities introduced in
the hypotheses, such that

E
[

sup
t∈[τ,T ]

|Xτ,x
t |p

]
≤ cp(1 + |x|p), x ∈ H. (3.3)

Concerning the fast equation in system (3.1), we start by noticing that, if we make the change of time s 7→ sε,
it reads{

εdQεεt = [BQεεt + F (Xεt, Q
ε
εt)]εdt+

√
εGdW 2

εt +
∫
K\0 w[εN

ε
2 (d(εt) dw)− εν2(dw)dt], t ∈ [0, T ],

Q0 = q0,

that in turn gives{
dQ̂t = [BQ̂t + F (Xεt, Q̂t)]dt+GdŴ 2

t +
∫
K\0 w[N2(dtdw)− ν2(dw)dt], t ∈ [0, T ],

Q̂0 = q0,
(3.4)

where we have set

Q̂t := Qεεt, Ŵ 2
t :=

1√
ε
dW 2

εt.

We have the following.

Lemma 3.3. Let (Γs)s≥0 be a given, H-valued, predictable process in L2,loc
H . Let (gs)s≥0 be a given, K-valued,

process with g ∈ L2,loc
K . Let (γt)t≥0 be a Q-Wiener process with values in Ξ and p(ω,dtdv) a random measure

on K with compensator κt(ω, v)ν(dv)dt, where ν is a σ-finite measure on K and κ is a random field on K such
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that (3.2) holds true. Let us consider the following equation:{
dQt = [BQt + F (Γt, Qt)]dt+ gtdt+Gdγt +

∫
K\0 v[p(dtdv)− κt(v)ν(dv)dt], t ∈ [0, T ],

Q0 = q0.
(3.5)

Then equation (3.5) admits a unique mild solution Q ∈ S2,loc(D([0, ∞);K)). Moreover, for all T > 0, there
exists k < +∞, independent of T , such that

sup
t∈[0,T ]

E[|Qt|2K ] ≤ k
(
1 + |q0|2K + sup

t∈[0,T ]

E[|Γt|2H ]+ sup
t∈[0,T ]

E[|βBt |2K ] + sup
t∈[0,T ]

E[|gt|2K ]
)
. (3.6)

Finally, if (Γ′
s)s≥0 is another process in L2,loc

H , and Q′ is a the mild solution of equation{
dQ′

t = [BQ′
t + F (Γ′

t, Q
′
t)]dt+ gtdt+Gdγt +

∫
K\0 v[p(dtdv)− κt(v)ν(dv)dt], t ∈ [0, T ],

Q′
0 = q0,

then, for all T > 0, P-a.s.,

|QT −Q′
T | ≤ κ

∫ T

0

e−µ(T−s)|Γs − Γ′
s|ds

where µ is the dissipativity constant in (HF+B), and κ does not depend on T .

Proof. The proof follows the same arguments of [30] as far as existence and uniqueness of the solution and
estimate (3.6) is concerned, while the last estimate follows as in [31] (also see [13][Lem. 3.10]) noticing that{

d(Qt −Q′
t) = [B(Qt −Q′

t) + F (Γ′
t, Q

′
t)− F (Γt, Qt)]dt, t ∈ [0, T ],

Q′
0 = q0.

For fixed Γ ≡ x ∈ H, q0 ∈ K and g ≡ 0, equation (3.4) is a special case of equation (3.5) and Lemma 3.3
applies to it. We will denote by Q̂x,q0 the mild solution to equation (3.4).

4. Limit equation and convergence of singular BSDEs

We introduce a function h : H → R satisfying the following assumption.

(Hh) h : H → R is bounded, and there exist positive constants Lh and M :

|h(x)− h(x′)| ≤ Lh|x− x′|H , |h(x)| ≤M, x, x′ ∈ H, q, q′ ∈ K.

We consider the following forward-backward system for t ∈ [0, 1]:

dXt = AXtdt+RdW 1
t +

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0 ∈ H,
εdQεt = [BQεt + F (Xt, Q

ε
t )]dt+

√
εGdW 2

t +
∫
K\0 w[εN

ε
2 (dtdw)− ν2(dw)dt],

Qε0 = q0 ∈ K,

−dY εt = ψ
(
Xt, Q

ε
t , Z

ε
t ,

Ξε
t√
ε
, Uεt (·),

Θε
t (·)
ε

)
dt− Zεt dW

1
t − ΞεtdW

2
t

−
∫
H\0 U

ε
t (w)(N1(dtdw)− ν1(dw)dt)−

∫
K\0 Θ

ε
t (w)

(
Nε

2 (dtdw)−
ν2(dw)
ε dt

)
,

Y ε1 = h(X1).

(4.1)
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Theorem 4.1. Assume (HAB), (HRG), (HF), (HF+B), (HβB), (Hψ) and (Hh). Then, for every ε > 0,
there exists a unique 7-uple of processes (X,Qε, Y ε, Zε,Ξε, Uε(·),Θε(·)) in S2(D([0, T ];H))×S2(D([0, T ];K))×
S2(D([0, +∞);R))×L2

Ξ∗ ×L2
Ξ∗ ×L2(Ñ1)×L2(Ñ2) such that P-a.s. the system (4.1) is verified for all t ∈ [0, 1].

Proof. System (4.1) is a decoupled forward-backward (that is, the forward equation can be solved independently,
see for instance [32]). The proof of existence and uniqueness for the finite dimensional case can be found in [33]
and can be extended easily to the infinite dimensional setting following [29].

We aim at studying the limit behaviour of Y ε as ε goes to 0.

4.1. The ergodic parametrized BSDE

To formulate an equation for the limiting system we first have to introduce ergodic BSDEs in the context of
discontinuous noise extending the results of [13], Section 4 and [14], Section 4. We remark that ergodic BSDEs
with jumps in infinite dimension have also been studied in a different contest in [34].

We assume that we are given a function ψ : H ×K × Ξ∗ × Ξ∗ × L2(ν1)× L2(ν2) → R, on which we ask the
following.

(Hψ)

a) ψ measurable;
b) supx∈H,q∈K ψ(x, q, 0, 0, 0, 0) =:Mψ <∞;
c) there exist positive constants Lx, Lq, Lz, Lζ , Lu, Lϑ such that

|ψ(x, q, z, ζ, u, ϑ)− ψ(x′, q′, z′, ζ ′, u′, ϑ′)|
≤ Lz|z − z′|Ξ∗ + Lζ |ζ − ζ ′|Ξ∗

+ Lu

(∫
H\0

|us(w)− u′s(w)|2ν1(dw)
) 1

2

+ Lϑ

(∫
K\0

|ϑs(w)− ϑ′s(w)|2ν2(dw)
) 1

2

+ Lx

(
1 + |z|Ξ∗ +

(∫
H\0

|us(w)|2ν1(dw)
) 1

2
)
|x− x′|H

+ Lq

(
1 + |z|Ξ∗ +

(∫
H\0

|us(w)|2ν1(dw)
) 1

2
)
|q − q′|K ;

d) for every x ∈ H, q ∈ K, z, ζ ∈ Ξ∗, u, u′ ∈ L2(ν1), ϑ, ϑ
′ ∈ L2(ν2), there exist measurable functions γ1 :

H → R, γ2 : K → R, (that may depend on x, q, z, ζ, u, u′, ϑ, ϑ′) such that

ψ(x, q, z, ζ, u, ϑ)− ψ(x, q, z, ζ, u′, ϑ) ≤
∫
H\0

(u(w)− u′(w))γ1(w)ν1(dw),

ψ(x, q, z, ζ, u, ϑ)− ψ(x, q, z, ζ, u, ϑ′) ≤
∫
K\0

(ϑ(w)− ϑ′(w))γ2(w)ν2(dw),

and satisfying

C1(1 ∧ |w|H) ≤ γ1(w) ≤ C2(1 ∧ |w|H), C1 ∈ (−1, 0], C2 ≥ 0,

C̄1(1 ∧ |w|K) ≤ γ2(w) ≤ C̄2(1 ∧ |w|K), C̄1 ∈ (−1, 0], C̄2 ≥ 0.

Remark 4.2. Notice that the lipschitzianity of f in the two latter components stated in (Hf)-c) is a
consequence of (Hf)-d).
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Remark 4.3. One can easily deduce (see e.g. the proof of Lemma 19.3.8 in [35]) from Hypothesis (Hψ)-d) the
existence of two functions γ1s and γ2s (that may depend on x, q, z, ζ, u, u′ ϑ, ϑ′) satisfying

C1(1 ∧ |w|H) ≤ γ1(w) ≤ C2(1 ∧ |w|H), C1 ∈ (−1, 0], C2 ≥ 0,

C̄1(1 ∧ |w|K) ≤ γ2(w) ≤ C̄2(1 ∧ |w|K), C̄1 ∈ (−1, 0], C̄2 ≥ 0,

and such that

ψ(x, q, z, ζ, u, ϑ)− ψ(x, q, z, ζ, u′, ϑ) =

∫
H\0

γ1(w)(u(w)− u′(w))ν1(dw)

and

ψ(x, q, z, ζ, u, ϑ)− ψ(x, q, z, ζ, u(·), ϑ′(·)) =
∫
K\0

γ2(w)(ϑ(w)− ϑ′(w))ν2(dw).

We are interested in ergodic BSDEs of the form: P-a.s., for all x ∈ H, q ∈ K, z ∈ Ξ∗, u ∈ L2(ν1),

Ŷt = ŶT +

∫ T

t

[ψ(x, Q̂x,qs , z, Ξ̂s, u(·), Θ̂s(·))− λ(x, z, u(·))]ds

−
∫ T

t

Ξ̂sdŴ
2
s −

∫ T

t

∫
Ξ\0

Θ̂s(w)[N2(dsdw)− ν2(dw)ds], 0 ≤ t ≤ T, (4.2)

where Q̂x,qs is the unique solution to{
dQ̂t = [BQ̂t + F (x, Q̂t)]dt+GdŴ 2

t +
∫
K\0 w[N2(dtdw)− ν2(dw)dt], t ∈ [0, T ],

Q̂0 = q.
(4.3)

Remark 4.4. Under assumptions (HAB), (HRG), (HF), (HF+B), and (HβB), the solution Q̂ to (4.3)
satisfies

|Q̂x,qt − Q̂x,q
′

t |K ≤ e−µt|q − q′|K , t ∈ [0, T ], q, q′ ∈ K, x ∈ H, (4.4)

E
[

sup
t∈[0, T ]

|Q̂x,qt |2K
]
≤ CT (1 + |q|2K), q ∈ K, x ∈ H, (4.5)

for some constant CT only depending on T (estimate (4.4) is a direct consequence of assumption (HF+B),
while the proof of (4.5) follows the same lines of the one of (3.6)).

The theorem below is the analogue of the result in [13], Section 4. We omit the proof since, on the one side it
is similar to the one in [13], on the other side the technical issues related to the presence of discontinuous noise
will be treated, in all details, in the much more complicated proof of Theorem 4.7.

Theorem 4.5. Under assumptions (HAB), (HRG), (HF), (HF+B), (HβB), and (Hψ), there exist
measurable functions

v̄ : H ×K × Ξ∗ × L2(ν1) → R,
ϑ̄ : H ×K × Ξ∗ × L2(ν1) → L2(ν2),

ζ̄ : H ×K × Ξ∗ × L2(ν1) → Ξ∗,

λ : H × Ξ∗ × L2(ν1) → R,
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such that

1. for all fixed x ∈ H, z ∈ Ξ∗, u ∈ L2(ν1), v̄ is Lipschitz with respect to q and verifies, for some c > 0,

|v̄(x, q, z, u)| ≤ c
(
1 + |z|+

(∫
H\0

|u(ℓ)|2ν1(dℓ)
) 1

2
)
|q|K ;

2. if we set, for fixed x ∈ H, q ∈ K, z ∈ Ξ∗, u ∈ L2(ν1),
Ȳ x,q,z,ut := v̄(x, Q̂x,qt , z, u),

Ξ̄x,q,z,ut := ζ̄(x, Q̂x,qt , z, u),

Θ̄x,q,z,ut (·) := ϑ̄(x, Q̂x,qt , z, u)(·),

then Ξ̄x,q,z,u ∈ L2,loc
Ξ∗ , Θ̄x,q,z,u(·) ∈ L2,loc(Ñ2), and the ergodic BSDE (4.2) is satisfied by

(Ȳ x,q,z,u, Ξ̄x,q,z,u, Θ̄x,q,z,u(·), λ(x, z, u)).
Moreover, if in addition, we impose that there exists a constant c > 0 such that |Ȳ x,q,z,ut | ≤ c(1 + |Qq0t |),
then λ(x, z, u) is uniquely determined.

3. for fixed x, x′ ∈ H, z, z′ ∈ Ξ∗, u, u′ ∈ L2(ν1),

|λ(x, z, u)− λ(x′, z′, u′)| ≤ L′
x

(
1 + |z|Ξ∗ +

(∫
H\0

|u(ℓ)|2ν1(dℓ)
) 1

2
)
|x− x′|H

+ L′
z|z − z′|Ξ∗ + L′

u

(∫
H\0

|u(ℓ)− u′(ℓ)|2ν1(dℓ)
) 1

2

for some positive constants L′
x, L

′
z, L

′
u.

4.2. Main convergence result

We can now come back to our main object of investigation, namely the characterization of the limit, as ε goes
to 0, of the sequence Y ε0 (where Y ε is the third component of the solution to equation (4.1).)

Our candidate limit is the component Ȳ of the solution of the following forward-backward system on the
finite horizon [0, 1] and on the reduced space H:

dXt = AXtdt+RdW 1
t +

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0,
−dȲt = λ(Xt, Z̄t, Ūt(·))dt− Z̄tdW

1
t −

∫
H\0 Ūt(w)[N1(dtdw)− ν1(dw)dt],

Ȳ1 = h(X1),

(4.6)

where λ is the function in Theorem 4.5 and h is the function in (Hh).

Theorem 4.6. Let assumptions (HAB), (HRG), (HF), (HF+B), (HβB), (Hψ) and (Hh) hold true.
Then, for every ε > 0, there exists a unique 4-tuple of processes (X, Ȳ , Z̄, Ū(·)) in S2(D([0, T ];H)) ×
S2(D([0, +∞);R)) × L2

Ξ∗ × L2(Ñ1) such that P-a.s. the system (4.6) is verified for all t ∈ [0, 1]. Moreover,
there exist measurable functions

v̄ : H → R, ζ̄ : H → Ξ∗, ϑ̄ : H → L2(ν1),

such that

Ȳt = v̄(Xt), Z̄t = ζ̄(Xt), Ūt(·) = ϑ̄(Xt)(·).
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Proof. See the proof of Theorem 4.1.

The following is the main technical result of the paper. The proof has the same structure of the one of
[13], Theorem 5.4. The involvement of discontinuous noises induces nontrivial technical difficulties. The main
differences lie in the application of the Girsanov transform (see Appendix A) and in the estimates of the residual
process Rε,N , see (4.21).

Theorem 4.7. Let assumptions (HAB), (HRG), (HF), (HF+B), (HβB), (Hψ) and (Hh) hold true.
For every ε > 0, let (X,Qε, Y ε, Zε,Ξε, Uε(·)) and (X, Ȳ , Z̄, Ū(·)) be respectively the unique solution to the
forward-backward systems (4.1) and (4.6) obtained in Theorems 4.1 and 4.6. Then

lim
ε→0

Y ε0 = Ȳ0.

Proof. Adding and subtracting the term
∫ 1

0
ψ
(
Xt, Q

ε
t , Z̄t,

Ξε
t√
ε
, Ūt(·), Θ

ε
t (·)
ε

)
dt in the equation for Y ε, we have

Y ε0 − Ȳ0 =

∫ 1

0

(
ψ
(
Xt, Q

ε
t , Z

ε
t ,

Ξεt√
ε
, Uεt (·),

Θεt (·)
ε

)
− ψ

(
Xt, Q

ε
t , Z̄t,

Ξεt√
ε
, Ūt(·),

Θεt (·)
ε

))
dt

+

∫ 1

0

(
ψ
(
Xt, Q

ε
t , Z̄t,

Ξεt√
ε
, Ūt(·),

Θεt (·)
ε

)
− λ(Xt, Z̄t, Ūt(·))

)
dt

−
∫ 1

0

(Zεt − Z̄t)dW
1
t −

∫ 1

0

ΞεtdW
2
t

−
∫ 1

0

∫
H\0

(Uεt (w)− Ūt(w))(N1(dtdw)− ν1(dw)dt)

−
∫ 1

0

∫
K\0

Θεt (w)
(
Nε

2 (dtdw)−
ν2(dw)

ε
dt
)
. (4.7)

The rest of the, rather lengthy, proof consists in estimating the right hand side in the above formula. For the
reader’s convenience we try to divide it in several steps.

Step 1. The proof is based on a discretization argument that allows to consider the “slow” variables as
“frozen” constants. We start by introducing the discretized processes.

Let N ∈ N. We introduce a partition of the interval [0, 1] of the form tk = k2−N , k = 0, 1, ..., 2N , and we
define a triple of step processes (XN , Z̃N , ŨN (·)) as follows:

XN
t = Xtk , t ∈ [tk, tk+1), k = 0, ..., 2N − 1, (4.8)

Z̃Nt = 0, t ∈ [0, t1), and Z̃
N
t = 2N

∫ tk

tk−1

Z̄ℓdℓ, t ∈ [tk, tk+1), k = 1, ..., 2N − 1, (4.9)

ŨNt (·) = 0, t ∈ [0, t1), and Ũ
N
t (·) = 2N

∫ tk

tk−1

ŪNℓ (·)dℓ, t ∈ [tk, tk+1), k = 1, ..., 2N − 1. (4.10)

By construction one has

lim
N→∞

E
[ ∫ 1

0

|Z̃Nt − Z̄t|2dt
]
= 0, (4.11)

lim
N→∞

E
[ ∫ 1

0

∫
H\0

|ŨNt (w)− Ūt(w)|2ν1(dw)dt
]
= 0. (4.12)
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For k = 0, ..., 2N − 1 we consider the following class of forward SDEs of the type in (3.4):{
dQ̂N,k

t = [BQ̂N,k
t + F (Xtk , Q̂

N,k
t )]dt+GdŴ 2

t +
∫
K\0 w[N2(dt dw)− ν2(dw)dt], t ≥ tk

ε ,

Q̂N,k
tk
ε

= Q̂N,k−1
tk
ε

,
(4.13)

with Ŵ 2
t = 1√

ε
dW 2

εt. At this point, let v̄ : H × K × Ξ∗ × L2(ν1) → R, ζ̄ : H × K × Ξ∗ × L2(ν1) → Ξ∗, and

ϑ̄ : H ×K × Ξ∗ × L2(ν1) → L2(ν2) be the functions introduced in Theorem 4.5, and set, for t ≥ tk
ε ,

Y̌ N,kt := v̄(Xtk , Q̂
N,k
t , Z̃Ntk , Ũ

N
tk
(·)),

Ξ̌N,kt := ζ̄(Xtk , Q̂
N,k
t , Z̃Ntk , Ũ

N
tk
(·)),

Θ̌N,kt (·) := ϑ̄(Xtk , Q̂
N,k
t , Z̃Ntk , Ũ

N
tk
(·))(·).

By Theorem 4.5, (Y̌ N,K , Ξ̌N,k, Θ̌N,k(·), λ(Xtk , Z̃
N
tk
, ŨNtk (·))) verifies, for all k = 0, ..., 2N − 1,

Y̌ N,ktk
ε

− Y̌ N,ks −
∫ s

tk
ε

[ψ(Xtk , Q̂N,k
s , Z̃Ntk , Ξ̌

N,K
s , ŨNtk (·), Θ̌

N,k
s (·))− λ(Xtk , Z̃

N
tk
, ŨNtk (·))]ds

+

∫ s

tk
ε

Ξ̌N,ks dŴ 2
s +

∫ s

tk
ε

∫
K\0

Θ̌N,ks (w)[N2(dsdw)− ν2(dw)ds] = 0, s ≥ tk
ε
. (4.14)

Moreover, there exists c > 0 independent of k and N , such that

|Y̌ N,ks | ≤ c
(
1 + |Z̃Ntk |+

(∫
H\0

|ŨNtk (·)|
2ν1(dℓ)

) 1
2
)
|Q̂N,k

s |K , s ≥ tk
ε
. (4.15)

Let us set, for s ∈ [0, 1ε ],

Q̂N
s =

2N−1∑
k=0

Q̂N,k
s 1[ tk

ε ,
tk+1

ε

)(s), (4.16)

and

Ξ̌Ns =

2N−1∑
k=0

Ξ̌N,ks 1[ tk
ε ,

tk+1
ε

)(s), Θ̌Ns (·) =
2N−1∑
k=0

Θ̌N,ks (·) 1[ tk
ε ,

tk+1
ε

)(s).
Taking s = tk+1

ε in (4.14), we get that, for all k = 0, ..., 2N − 1,

Y̌ N,ktk
ε

− Y̌ N,ktk+1
ε

−
∫ tk+1

ε

tk
ε

(
ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̌Ns (·))− λ(XN

εs, Z̃
N
εs, Ũ

N
εs(·))

)
ds

+

∫ tk+1
ε

tk
ε

Ξ̌Ns dŴ
2
s +

∫ tk+1
ε

tk
ε

∫
K\0

Θ̌Ns (w)[N2(dsdw)− ν2(dw)ds] = 0, (4.17)

where we have used that, for s ∈ [ tkε ,
tk+1

ε ], one has Xtk = XN
εs, Z̃

N
tk

= Z̃Nεs and ŨNtk (·) = ŨNεs(·) (recall (4.8)–
(4.9)–(4.10)).
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Step 2. Here we take advantage of relations (4.17) to rearrange equation (4.7) and prepare it to be estimated
by a suitable change of probability (see Step 3 below).

We go back to (4.7). The second term of it’s right hand side, namely:

∫ 1

0

(
ψ
(
Xt, Q

ε
t , Z̄t,

Ξεt√
ε
, Ūt(·),

Θεt (·)
ε

)
− λ(Xt, Z̄t, Ūt(·))

)
dt

can be rewritten as

ε

2N−1∑
k=0

∫ tk+1
ε

tk
ε

(
ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))− λ(Xεs, Z̄εs, Ūεs(·))

)
ds,

where we have denoted Q̂εs = Qεεt, Ξ̂
ε
s =

1√
ε
Ξεεs and Θ̂εs(·) = 1

εΘ
ε
εs(·). Adding in the previous expression the null

terms in (4.17) for k = 0, ..., 2N − 1, we get

∫ 1

0

(
ψ
(
Xt, Q

ε
t , Z̄t,

Ξεt√
ε
, Ūt(·),

Θεt (·)
ε

)
− λ(Xt, Z̄t, Ūt(·))

))
dt

= ε

2N−1∑
k=0

(
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

)

+ ε

2N−1∑
k=0

∫ tk+1
ε

tk
ε

(
ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̌Ns (·))

)
ds

− ε

2N−1∑
k=0

∫ tk+1
ε

tk
ε

(
λ(Xεs, Z̄εs, Ūεs(·))− λ(XN

εs, Z̃
N
εs, Ũ

N
εs(·))

)
ds

+ ε

2N−1∑
k=0

∫ tk+1
ε

tk
ε

Ξ̌Ns dŴ
2
s + ε

2N−1∑
k=0

∫ tk+1
ε

tk
ε

∫
K\0

Θ̌Ns (w)(N2(dsdw)− ν2(dw)ds). (4.18)

On the other hand, the first term in the right-hand side of (4.7) reads

∫ 1

0

(
ψ
(
Xt, Q

ε
t , Z

ε
t ,

Ξεt√
ε
, Uεt (·),

Θεt (·)
ε

)
− ψ

(
Xt, Q

ε
t , Z̄t,

Ξεt√
ε
, Ūt(·),

Θεt (·)
ε

))
dt (4.19)

= ε

∫ 1
ε

0

(
ψ(Xεs, Q̂

ε
s, Z

ε
εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))− ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))

)
ds.

Plugging (4.19) and (4.18) in (4.7) we obtain

Y ε0 − Ȳ0 = ε

2N−1∑
k=0

(
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

)
+ ε

∫ 1
ε

0

(
ψ(Xεs, Q̂

ε
s, Z

ε
εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))− ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))

)
ds

+ ε

∫ 1
ε

0

(
ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̌Ns (·))

)
ds
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− ε

∫ 1
ε

0

(
λ(Xεs, Z̄εs, Ūεs(·))− λ(XN

εs, Z̃
N
εs, Ũ

N
εs(·))

)
ds

−
∫ 1

0

(Zεt − Z̄t)dW
1
t −

√
ε

∫ 1

0

(
Ξ̌Nt

ε
− Ξ̂εt

ε

)
dW 2

t

−
∫ 1

0

∫
H\0

(Uεt (w)− Ūt(w))(N1(dtdw)− ν1(dw)dt)

− ε

∫ 1

0

∫
K\0

(Θ̌Nt
ε
(w)− Θ̂εt

ε
(w))

(
Nε

2 (dtdw)−
ν2(dw)

ε
dt
)
. (4.20)

Now we notice that

ψ(Xεs, Q̂
ε
s, Z

ε
εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))− ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))

+ ψ(Xεs, Q̂
ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̌Ns (·))

= ψ(Xεs, Q̂
ε
s, Z

ε
εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))− ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))

+ ψ(Xεs, Q̂
ε
s, Z̄εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))− ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))

+Rε,Ns

+ ψ(XN
εs, Q̂N

s , Z̃
N
εs, Ξ̂

ε
s, Ũ

N
εs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̂εs(·))

+ ψ(XN
εs, Q̂N

s , Z̃
N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̌Ns (·)),

where we have set

Rε,Ns := ψ(Xεs, Q̂
ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̂

ε
s, Ũ

N
εs(·), Θ̂εs(·)). (4.21)

Recalling Hypothesis (Hψ)-c), there exist Lx, Lq, Lz, Lu > 0 such that

|Rε,Ns | ≤ Lz|Z̄εs − Z̃Nεs|Ξ∗ + Lu

(∫
H\0

|Ūεs(w)− ŨNεs(w)|2ν1(dw)
) 1

2

+ Lx

(
1 + |Z̄εs|Ξ∗ +

(∫
H\0

|Ūεs(w)|2ν1(dw)
) 1

2
)
|Xεs −XN

εs|H

+ Lq

(
1 + |Z̄εs|Ξ∗ +

(∫
H\0

|Ūεs(w)|2ν1(dw)
) 1

2
)
|Q̂εs − Q̂N

s |K . (4.22)

At this point we introduce

δ1,ε(s) =

{
|ψ(Xεs,Q̂

ε
s,Z

ε
εs,Ξ̂

ε
s,U

ε
εs(·),Θ̂

ε
s(·))−ψ(Xεs,Q̂

ε
s,Z̄εs,Ξ̂

ε
s,U

ε
εs(·),Θ̂

ε
s(·))|

|Zε
εs−Z̄εs|2

(Zεεs − Z̄εs)
∗, if |Zεεs − Z̄εs| ≠ 0,

0, otherwise,

δ2,ε,N (s) =

{
|ψ(XN

εs,Q̂
N
s ,Z̃

N
εs,Ξ̂

ε
s,Ũ

N
εs(·),Θ̂

ε
s(·))−ψ(X

N
εs,Q̂

N
s ,Z̃

N
εs,Ξ̌

N
s ,Ũ

N
εs(·),Θ̂

ε
s(·))|

|Ξ̂ε
s−Ξ̌N

s |2 (Ξ̂εs − Ξ̌Ns )∗, if |Ξ̂εs − Ξ̌Ns | ≠ 0,

0, otherwise.

We notice that, by Hypothesis (Hψ)-c), we have the uniform bounds

|δ1,ε(s)| ≤ Lz, |δ2,ε,N (s)| ≤ Lζ , s ∈
[
0, 1/ε

]
. (4.23)
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Moreover, by Hypothesis (Hψ)-d), Remark 4.3 insures the existence of two functions γ1,εs and γ2,ε,Ns , depending
also on Uε, Ū , Θ̂ε, Θ̌N , such that

C1(1 ∧ |w|H) ≤ γ1,ε(w) ≤ C2(1 ∧ |w|Ξ), C1 ∈ (−1, 0], C2 ≥ 0,
C̄1(1 ∧ |w|K) ≤ γ2,ε,N (w) ≤ C̄2(1 ∧ |w|K), C̄1 ∈ (−1, 0], C̄2 ≥ 0,

(4.24)

and such that

ψ(Xεs, Q̂
ε
s, Z̄εs, Ξ̂

ε
s, U

ε
εs(·), Θ̂εs(·))− ψ(Xεs, Q̂

ε
s, Z̄εs, Ξ̂

ε
s, Ūεs(·), Θ̂εs(·))

=

∫
H\0

γ1,εs (w)(Uεεs(w)− Ūεs(w))ν1(dw)

and

ψ(XN
εs, Q̂N

s , Z̃
N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̂εs(·))− ψ(XN

εs, Q̂N
s , Z̃

N
εs, Ξ̌

N
s , Ũ

N
εs(·), Θ̌Ns (·))

=

∫
K\0

γ2,ε,Ns (w)(Θ̂εs(w)− Θ̌Ns (w))ν2(dw).

Identity (4.20) reads

Y ε0 − Ȳ0 = ε

2N−1∑
k=0

(
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

)
+ ε

∫ 1
ε

0

Rε,Ns ds

+ ε

∫ 1
ε

0

δ1,εs (Zεεs − Z̄εs)ds+ ε

∫ 1
ε

0

δ2,ε,Ns (Ξ̂εs − Ξ̌Ns )ds

+ ε

∫ 1
ε

0

∫
H\0

γ1,εs (w)(Uεεs(w)− Ūεs(w))ν1(dw)ds

+ ε

∫ 1
ε

0

∫
K\0

γ2,ε,Ns (w)(Θ̂εs(w)− Θ̌Ns (w))ν2(dw)ds

− ε

∫ 1
ε

0

(
λ(Xεs, Z̄εs, Ūεs(·))− λ(XN

εs, Z̃
N
εs, Ũ

N
εs(·))

)
ds

−
∫ 1

0

(Zεt − Z̄t)dW
1
t −

√
ε

∫ 1

0

(
Ξ̌Nt

ε
− Ξ̂εt

ε

)
dW 2

t

−
∫ 1

0

∫
H\0

(Uεt (w)− Ūt(w))(N1(dtdw)− ν1(dw)dt)

− ε

∫ 1

0

∫
K\0

(Θ̌Nt
ε
(w)− Θ̂εt

ε
(w))

(
Nε

2 (dtdw)−
ν2(dw)

ε
dt
)
,

and, rescaling the time, it gives

Y ε0 − Ȳ0 = ε

2N−1∑
k=0

(
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

)
+

∫ 1

0

Rε,Nt
ε

dt

−
∫ 1

0

(
λ(Xt, Z̄t, Ūt(·))− λ(XN

t , Z̃
N
t , Ũ

N
t (·))

)
dt



SINGULAR LIMIT OF BSDES AND OPTIMAL CONTROL OF TWO SCALE SYSTEMS WITH JUMPS 17

+

∫ 1

0

δ1,εt
ε

(Zεt − Z̄t)dt−
∫ 1

0

(Zεt − Z̄t)dW
1
t

+

∫ 1

0

δ2,ε,Nt
ε

(
Ξ̂εt

ε
− Ξ̌Nt

ε

)
dt−

√
ε

∫ 1

0

(
Ξ̌Nt

ε
− Ξ̂εt

ε

)
dW 2

t

−
∫ 1

0

∫
H\0

(Uεt (w)− Ūt(w))
(
N1(dtdw)−

(
γ1,εt

ε

(w) + 1
)
ν1(dw)dt

)
(4.25)

− ε

∫ 1

0

∫
K\0

(
Θ̌Nt

ε
(w)− Θ̂εt

ε
(w)
)(
Nε

2 (dtdw)−
(
γ2,ε,Nt

ε

(w) + 1
)ν2(dw)

ε
dt
)
.

Step 3.We can now simplify equation (4.25) by applying an appropriate change in probability (see Eq. (4.28)).
For further purposes we also carefully study integrability of the negative powers of the Girsanov density (see
relations (4.37) and (4.38) below). It is worth noting that the argument here differs from the purely diffusive
case.

We set, for s ∈ [0, 1],

M1
s :=

∫
[0, s]

δ1,εt
ε

dW 1
t +

∫
]0, s]

∫
H\0

γ1,εt
ε

(w)(N1(dtdw)− ν1(dw)dt), (4.26)

M2
s :=

∫
[0, s]

1√
ε
δ2,ε,Nt

ε

dW 2
t +

∫
]0, s]

∫
K\0

γ2,ε,Nt
ε

(w)
(
Nε

2 (dtdw)−
ν2(dw)

ε
dt
)
. (4.27)

Notice that the jumps of M1 and M2 in (4.26)-(4.27) are completely described by the discontinuities of the
processes X and Q (see system (4.1)), namely

∆M1
s = γ1,εs

ε
(∆Xs), ∆M2

s := γ2,ε,Ns
ε

(∆Qεs
ε
), s ∈ [0, 1],

where for any càdlàg process L we have set ∆Ls := Ls − Ls− . We define (see (A.1))

dPε,N

dP
:= E1(M1 +M2) = e

∫ 1
0
δ1,εt
ε

dW 1
t − 1

2

∫ 1
0

∣∣δ1,εt
ε

∣∣2dt
e
−

∫
]0, 1]

∫
H\0 γ

1,ε
t
ε

(ℓ)ν1(dℓ)dt

· e
∫ 1
0

1√
ε
δ2,ε,Nt
ε

dW 2
t − 1

2

∫ 1
0

1
ε

∣∣δ2,ε,Nt
ε

∣∣2dt
e
−

∫
]0, 1]

∫
K\0 γ

2,ε,N
t
ε

(ℓ) 1
ε ν2(dℓ)dt

·
∏

n≥1:Tn,Sn≤1

(
γ1,εTn

ε

(∆XTn
) + γ2,ε,NSn

ε

(∆QεSn
ε

) + 1
)
,

where Tn (resp. Sn) denote the jump times of N1(dtdw) (resp. N2(dt dw)).
By the Girsanov Theorem A.4 (notice that, by (4.24), γi,ε is uniformly bounded and γi,ε(ω, t, ·) ∈ L2(νi),

i = 1, 2, for all (ω, t) ∈ Ω× [0, T ]), the compensator of (N1(dtdz), N
ε
2 (dtdz)) under Pε is

((
γ1,εt

ε

(w) + 1
)
ν1(dw)dt,

(
γ2,ε,Nt

ε

(w) + 1
)ν2(dw)

ε
dt
)
,

and the process

(W̃ 1, W̃ 2) :=
(
W 1 −

∫
[0, ·]

δ1,εt
ε

dt,W 2 −
∫
[0, ·]

1√
ε
δ2,ε,Nt

ε

dt
)
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is such that W̃ 1 and W̃ 2 are cylindrical Wiener processes under Pε,N . Taking in (4.25) the expectation Eε,N
under the new probability Pε,N , we get

Y ε0 − Ȳ0 = ε

2N−1∑
k=0

Eε,N
[
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

]
+ Eε,N

[ ∫ 1

0

Rε,Nt
ε

dt
]

− Eε,N
[ ∫ 1

0

(
λ(Xt, Z̄t, Ūt(·))− λ(XN

t , Z̃
N
t , Ũ

N
t (·))

)
dt
]
. (4.28)

Recalling estimate (4.22), and the fact that, by Theorem 4.5, there exist some positive constants L′
x, L

′
z, L

′
u

such that

|λ(Xt, Z̄t, Ūt(·))− λ(XN
t , Z̃

N
t , Ũ

N
t (·))|

≤ L′
x

(
1 + |Z̄t|Ξ∗ +

(∫
H\0

|Ūt(w)|2ν1(dw)
) 1

2
)
|Xt −XN

t |H

+ L′
z|Z̄t − Z̃Nt |Ξ∗ + L′

u

(∫
H\0

|Ūt(w)− ŨNt (w)|2ν1(dw)
) 1

2

,

previous identity yields

Y ε0 − Ȳ0 ≤ ε

2N−1∑
k=0

Eε,N
[
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

]
+ (Lz + L′

z)Eε,N
[ ∫ 1

0

|Z̄t − Z̃Nt |Ξ∗dt
]

+ (Lu + L′
u)Eε,N

[ ∫ 1

0

(∫
H\0

|Ūt(w)− ŨNt (w)|2ν1(dw)
) 1

2

dt
]

+ (Lx + L′
x)Eε,N

[ ∫ 1

0

(
1 + |Z̄t|Ξ∗ +

(∫
H\0

|Ūt(w)|2ν1(dw)
) 1

2
)
|Xt −XN

t |Hdt
]

+ LqEε,N
[ ∫ 1

0

(
1 + |Z̄t|Ξ∗ +

(∫
H\0

|Ūt(w)|2ν1(dw)
) 1

2
)∣∣Q̂εt

ε
− Q̂N

t
ε

∣∣
K
dt
]

=: I1 + I2 + I3 + I4 + I5. (4.29)

We notice that
dXt = AXtdt−Rδ1,εt

ε

dt+RdW̃ 1
t +R

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0,

−dȲt = λ(Xt, Z̄t, Ūt(·))dt− Z̄t
[
dW̃ 1

t − δ1,εt
ε

dt
]
−
∫
H\0 Ūt(w)[N1(dtdw)− ν1(dw)dt],

Ȳ1 = h(X1).

(4.30)

We apply the Girsanov Theorem A.1 with ν(ω,dt dℓ) =
(
γ1,εt

ε

(ω, ℓ)+1
)
ν1(dℓ)dt, β(ω, t) = δ1,εt

ε

(ω) and Γ(ω, t, ℓ) =(
γ1,εt

ε

(ω, ℓ) + 1
)−1

. If follows that, setting

P̃ε := ρPε,N
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with

ρ = e

∫ 1
0
δ1,εt
ε

dW̃ 1
t − 1

2

∫ 1
0
|δ1,εt

ε

|2dt
e

∫
]0, 1]

∫
H\0 γ

1,ε
t
ε

(w)ν1(dw)dt ∏
n≥1:Tn≤1

(
γ1,εTn

ε

(∆XTn
) + 1

)−1
, (4.31)

then

W̃ 1
s −

∫
[0, s]

δ1,εt
ε

dt, s ∈ [0, 1],

is a cylindrical Wiener process, and the compensator of N1(ω,dt dℓ) is ν1(dℓ)dt, while W̃
2 remains a Wiener

process and the compensator of Nε
2 (ω,dt dℓ) is (γ

2,ε,N
t
ε

(ω, ℓ) + 1)
ν2(dℓ)

ε
dt.

In particular, by the uniqueness of the solution of the forward-backward system (4.30) (see Thm. 4.6), the
laws of the process (X) under P̃ε and P coincide. Moreover, also the laws of (Z̄) and (Z̃N ) and of (Ū(·)) and
(ŨN (·)) under P̃ε coincide with the corresponding laws under P. As a matter of fact, again by Theorem 4.6,
Z̄t = ζ̄(Xt) (resp. Ūt(·) = ϑ̄(Xt)(·)) where ζ̄ (resp. ϑ̄) is a deterministic Borel-measurable function from H to
Ξ∗ (resp. to L2(ν1)), so the laws of (Z̄) and (Z̃N ) (resp. of (Ū(·)) and (ŨN (·))) depend only on the law of (X)
in a non-anticipating way. From these considerations it follows that

Eε,N
[
ρ

∫ 1

0

|Z̄t|2Ξ∗dt
]
= E

[ ∫ 1

0

|Z̄t|2Ξ∗dt
]
< +∞, (4.32)

Eε,N
[
ρ

∫ 1

0

∫
H\0

|Ūt(w)|2ν1(dw)dt
]
= E

[ ∫ 1

0

∫
H\0

|Ūt(w)|2ν1(dw)dt
]
< +∞. (4.33)

Now we notice that, by (4.23) and (4.24), there exist constants η, C and M such that

|γ1,εt
ε

(w)| ≤ C1 ∨ C2, 0 < η ≤ (γ1,εt
ε

(w) + 1)−1 ≤ C, |δ1,εt/ε| ≤M. (4.34)

In particular , for every p ≥ 1,

(γ1,εt
ε

(w) + 1)p ≤ 1

ηp
. (4.35)

Recalling (4.31), for every p ≥ 1 we have

ρ−p = e
−

∫ 1
0
p δ1,εt

ε

dW̃t+
1
2

∫ 1
0
p|δ1,εt

ε

|2dt
e
−

∫
]0, 1]

∫
H\0 p γ

1,ε
t
ε

(w)ν1(dw)dt ∏
n≥1:Tn≤1

(
γ1,εTn

ε

(∆XTn
) + 1

)p
= e

−
∫ 1
0
p δ1,εt

ε

dW̃t+
1
2

∫ 1
0
p|δ1,εt

ε

|2dt
e
−

∫
]0, 1]

∫
H\0 p γ

1,ε
t
ε

(w)ν1(dw)dt

e
±

∫
]0, 1]

∫
H\0

[
1−
(
γ1,ε

t
ε

(w)+1
)p](

γ1,ε
t
ε

(w)+1
)
ν1(dw)dt

e
± 1

2

∫ 1
0
p2|δ1,εt

ε

|2dt ∏
n≥1:Tn≤1

(
γ1,εTn

ε

(∆XTn
) + 1

)p
= e

1
2

∫ 1
0
(p+p2)|δ1,εt

ε

|2dt
e

∫
]0, 1]

∫
H\0

(
−1−γ1,ε

t
ε

(w)(p+1)+
(
γ1,ε

t
ε

(w)+1
)p+1)

ν1(dw)dt
ρ̃p(1),
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with ρ̃p the exponential martingale defined as

ρ̃p(r) := e
−

∫ r
0
p δ1,εt

ε

dW̃t− 1
2

∫ r
0
p2|δ1,εt

ε

|2dt
e

∫
]0, r]

∫
H\0

[
1−
(
γ1,ε

t
ε

(w)+1
)p](

γ1,ε
t
ε

(w)+1
)
ν1(dw)dt

·
∏

n≥r:Tn≤1

(
γ1,εTn

ε

(∆XTn
) + 1

)p
. (4.36)

It follows that for every p ≥ 1

ρ−p ≤ κp ρ̃p(1), (4.37)

where we have set

κp := e
1
2 (p−p

2)M2

e
(p
(
1− 1

C

)
− 1

C + 1

ηp+1 )ν1(H)
.

Since Eε,N [ρ̃p(1)] = 1, we get that, for every p ≥ 1,

Eε,N [ρ−p] ≤ κp. (4.38)

Step 4. We are in a position to complete the proof by estimating the the terms I1 − I5 in (4.29). We set

∆X,N := sup
t∈[0,1]

|Xt −XN
t |H , ∆Z,N :=

∫ 1

0

|Z̄t − Z̃Nt |2Ξdt,

∆U,N :=

∫ 1

0

∫
H\0

|Ūt(w)− ŨNt (w)|2ν1(dw)dt,

where XN , Z̃N and ŨN are the processes defined in (4.8)–(4.9)–(4.10).
Below C will denote a constant independent of N and ε, that may vary from line to line. Let us start by

considering I4. Applying the Hölder inequality and using (4.32)–(4.33) and (4.38), we have

I4 = (Lx + L′
x)Eε,N

[ ∫ 1

0

(
1 + |Z̄t|Ξ∗ +

(∫
H\0

|Ūt(w)|2ν1(dw)
) 1

2
)
|Xt −XN

t |Hdt
]

≤ (Lx + L′
x)Eε,N

[
∆X,N

∫ 1

0

(
1 + |Z̄t|Ξ∗ +

(∫
H\0

|Ūt(w)|2ν1(dw)
) 1

2
)
dt
]

= (Lx + L′
x)Eε,N

[
ρ−3/4(ρ1/4∆X,N )ρ1/2

∫ 1

0

(
1 + |Z̄t|Ξ∗ +

(∫
H\0

|Ūt(w)|2ν1(dw)
) 1

2
)
dt
]

≤ (Lx + L′
x)(Eε,N [ρ−3])1/4(Eε,N [ρ∆4

X,N ])1/4·

·
(
2Eε,N

[
ρ

∫ 1

0

(
1 + |Z̄t|2Ξ∗ +

∫
H\0

|Ūt(w)|2ν1(dw)
)
dt
])1/4

≤ C (E[∆4
X,N ])1/4. (4.39)

Concerning I2, applying the Hölder inequality, (4.32) for Z̄t − Z̃Nt in place of Z̄t, and (4.38), we get
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I2 = (Lz + L′
z)Eε,N

[ ∫ 1

0

|Z̄t − Z̃Nt |Ξ∗dt
]

= (Lz + L′
z)Eε,N

[
ρ−1/2ρ1/2

∫ 1

0

|Z̄t − Z̃Nt |Ξ∗dt
]

≤ (Lz + L′
z)(Eε,N [ρ−1])1/2

(
Eε,N

[
ρ

∫ 1

0

|Z̄t − Z̃Nt |2Ξ∗dt
])1/2

≤ C(E[∆Z,N ])1/2. (4.40)

Analogously, for I3 (using (4.33) for Ūt − ŨNt in place of Ūt) we have

I3 = (Lu + L′
u)Eε,N

[ ∫ 1

0

(∫
H\0

|Ūt(w)− ŨNt (w)|2ν1(dw)
) 1

2

dt
]

≤ (Lz + L′
z)(Eε,N [ρ−1])1/2

(
Eε,N

[
ρ

∫ 1

0

∫
H\0

|Ūt(w)− ŨNt (w)|2ν1(dw)dt
])1/2

≤ C(E[∆U,N ])1/2. (4.41)

Moreover

I1 = ε

2N−1∑
k=0

Eε,N
[
Y̌ N,ktk

ε

− Y̌ N,ktk+1
ε

]
(4.42)

≤ εc

2N−1∑
k=0

Eε,N
[(

1 + |Z̃Ntk |+
(∫

H\0
|ŨNtk (·)|

2ν1(dℓ)
) 1

2
)
(1 + |Q̂N

tk
ε

|K + |Q̂N
tk+1

ε

|K)
]
,

≤ εc

2N−1∑
k=0

(
Eε,N

[
ρ
(
1 + |Z̃Ntk |

2 +
(∫

H\0
|ŨNtk (·)|

2ν1(dℓ)
)])1/2

·

·
(
Eε,N

[
ρ−1

(
1 + |Q̂N

tk
ε

|K + |Q̂N
tk+1

ε

|K
)2])1/2

,

≤ εc κ
1
2
1

2N−1∑
k=0

(
Eε,N

[
ρ
(
1 + |Z̃Ntk |

2 +
(∫

H\0
|ŨNtk (·)|

2ν1(dℓ)
)])1/2

·

·
(
Eε,N

[
ρ̃1(1)

(
1 + |Q̂N

tk
ε

|K + |Q̂N
tk+1

ε

|K
)2])1/2

,

where ρ̃1(1) is the process defined in (4.36) with p = r = 1, κ1 is the constant defined in (4.37) with p = 1, and
c is the constant (independent of k and N) appearing in (4.15).

We define a new probability P̃ε,N by

dP̃ε,N := ρ̃1(1)dPε,N .

Then last term in the previous inequality can be written as:

Eε,N
[
ρ̃1(1)

(
1 + |Q̂N

tk
ε

|K + |Q̂N
tk+1

ε

|K
)2]

= Ẽε,N
[(

1 + |Q̂N
tk
ε

|K + |Q̂N
tk+1

ε

|K
)2]

. (4.43)
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Again by the Girsanov Theorem A.1, under P̃ε,N ,

W̌ 1
s = W̃ 1

s +

∫ s

0

δ1,εr dr, s ∈ [0, 1],

is a cylindrical Wiener process, and the compensator of N1(ω,dt dℓ) is (γ
1,ε,N
t (ω, ℓ)+ 1)2ν1(dℓ)dt on [0, 1], while

W̃ 2 remains a Wiener process and Nε
2 (ω,dt dℓ) has compensator (γ2,ε,Nt

ε

(ω, ℓ) + 1)
ν2(dℓ)

ε
dt.

Therefore the forward equation (4.30) reads:
dXt = AXtdt− 2Rδ1,εt

ε

dt+
∫
H\0 w(2 γ

1,ε
t
ε

(w) + γ1,εt
ε

(w)2)ν1(dw)dt+RdW̌ 1
t

+
∫
H\0 w[N1(dtdw)− (γ1,εt

ε

(w) + 1)2ν1(dw)dt],

X0 = x0.

Moreover, by (4.16) and (4.13), (Q̂N
t )t∈[0,1/ε] satisfies

dQ̂N
t = [BQ̂N

t + F (Xεt, Q̂N
t )]dt−Gδ2,ε,Nt dt−

∫
K\0 w γ

2,ε
t (w)ν2(dw)dt+Gd ˆ̃W 2

t

+
∫
K\0 w[N2(dtdw)− (1 + γ2,εt (ω))ν2(dw)dt],

Q̂N
0 = q0,

with ˆ̃W 2
t = 1√

ε
dW̃ 2

εt. On the other hand, according to (4.1), (Q̂εt = Qεεt)t∈[0,1/ε] satisfies
dQ̂εt = [BQ̂εt + F (Xεt, Q̂

ε
t )]dt−Gδ2,ε,Nt dt−

∫
K\0 w γ

2,ε
t (w)ν2(dw)dt+Gd ˆ̃W 2

t

+
∫
K\0 w[N2(dtdw)− (1 + γ2,εt (ω))ν2(dw)dt],

Q̂ε0 = q0.

Then by Lemma 3.3 with gt = −Gδ2,ε,Nt −
∫
K\0 w γ

2,ε
t (w)ν2(dw), and recalling that (4.23), there exists k2 <∞,

independent of ε and N such that,

sup
t∈[0, 1ε ]

Ẽε,N [|Q̂N
t |2K ] ≤ k2

(
1 + |q0|2K + sup

t∈[0, 1ε ]

Ẽε,N [|Xεt|2H ] + |G|2L(Ξ,K)

)
. (4.44)

Recalling estimate (3.3),

sup
t∈[0, 1ε ]

Ẽε,N [|Xεt|2H ] ≤ c
(
1 + |x0|2]

)
(where the constant c, in view of (4.34), can be chosen independently of ε and N), estimate (4.44) reads

sup
t∈[0,1/ε]

Eε,N [|Q̂N
t |2K ] ≤ c. (4.45)

Then, plugging (4.45) in (4.42) (taking into account (4.43)) we get:

I1 ≤ 3εc

2N−1∑
k=0

(
Eε,N

[
ρ
(
1 + |Z̃Ntk |

2 +

∫
H\0

|ŨNtk (·)|
2ν1(dℓ)

)])1/2
. (4.46)
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Proceeding as above, recalling (4.32)–(4.33) and (4.9)–(4.10), we get

Eε,N
[
ρ
(
1 + |Z̃Ntk |

2 +

∫
H\0

|ŨNtk (·)|
2ν1(dℓ)

)]
≤ c
(
E
[
1 + 2N

∫ tk

tk−1

|Z̄t|2dt+ 2N
∫ tk

tk−1

∫
H\0

|ŪNt (·)|2ν1(dℓ)
])
, (4.47)

with c doesn’t depend neither on ε nor on N . Plugging in turn (4.47) in (4.46) we achieve

I1 ≤ εC

2N−1∑
k=0

(
E
[
1 + 2N

∫ tk

tk−1

|Z̄t|2dt+ 2N
∫ tk

tk−1

∫
H\0

|ŪNt (·)|2ν1(dℓ)
])1/2

≤ εC

2N−1∑
k=0

(
1 + 2

N
2

(
E
[ ∫ tk

tk−1

|Z̄t|2dt
])1/2

+ 2
N
2

(
E
[ ∫ tk

tk−1

∫
H\0

|ŪNt (·)|2ν1(dℓ)
])1/2)

≤ εC
(
2N + 2

3
2N
(
E
[ ∫ 1

0

|Z̄t|2dt
])1/2

+ 2
3
2N
(
E
[ ∫ 1

0

∫
H\0

|ŪNt (·)|2ν1(dℓ)
])1/2)

= Cε(2N + 2
3
2N ). (4.48)

Concerning now I5, we notice that P-a.s., for all s > 0,

|Q̂εs − Q̂N
s | ≤ K

∫ s

0

e−µ(s−t)|Xεt −XN
εt |dt, (4.49)

where µ is the dissipative constant in (HF+B), and K does not depend of ε and N . Thus, thanks to (4.49)
and proceeding as for I4, we deduce that

I5 ≤ LqKEε,N
[ ∫ 1

0

(
1 + |Z̄t|2Ξ∗ +

∫
H\0

|Ūt(w)|2ν1(dw)
)(∫ t

ε

0

e−µ(s−r)|Xεr −XN
εr | dr

)
dt
]

≤ C(Eε,N [∆4
X,N ])1/4. (4.50)

Collecting (4.39)–(4.40)–(4.41)–(4.48)–(4.50), we get from (4.29) that

Y ε0 − Ȳ0 ≤ C(ε(2N + 2
3
2N ) + (E[∆Z,N ])1/2 + (E[∆U,N ])1/2 + (E[∆4

X,N ])1/4). (4.51)

Finally we notice that, having X càdlàg paths and since E[supt∈[0,1] |Xt|4] <∞ by (3.3),

E[∆4
X,N ] → 0 as N → ∞.

Moreover, by (4.11)–(4.12),

E[∆Z,N ] → 0 and E[∆U,N ] → 0 as N → ∞.

Therefore, letting first ε→ 0 and then N → ∞ in (4.51) we get the result.
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Remark 4.8. Similar techniques would apply to the more general systems where the slow equation has
multiplicative noise term. In particular, the forward equation in (4.1) and (4.6) can be replaced by{

dXt = AXtdt+R(Xt)dW
1
t +

∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0,

where R is Lipschitz with values in L(Ξ, H), also see [36]. To avoid technicalities and improve readability, we
restrict our analysis to the additive case.

On the other hand, the dependence of R on Yε would transform our system (4.1) into a fully coupled forward-
backward system that is much more difficult to treat and doesn’t have such a natural control interpretation.

5. The two scale control problem

One of the purposes of the article is to give a representation of the limit of the value functions of a sequence
of optimal control problems for a singularly perturbed infinite dimensional state equation.

5.1. Formulation of the problem

We denote by A the set of predictable processes (αt)t∈[0,1] taking values in a complete metric space U . Given
a solution (X,Qε) of (3.1) and a control α ∈ A, we associate to them a probability measure Pε,α on (Ω,F) that
we are going to describe. Let b : H ×K × U → H, ρ : U → K, r : H ×K × U ×H → R and γ : U ×K → R be
measurable functions satisfying the following assumptions.

(Hbρ) There exist positive constants Lb and M
′ such that, for every x, x′ ∈ H, q, q′ ∈ K, a ∈ U ,

|b(x, q, a)− b(x′, q′, u)|H ≤ Lb(|x− x′|H + |q − q′|K),

|b(x, q, a)|H + |ρ(a)|K ≤M ′.

(Hrγ) There exist constants Cr > 1, Lr > 0 and Cγ > 1 such that, for every x ∈ H, q ∈ K, a ∈ U , w ∈ Ξ,

0 < η ≤ r(x, q, a, w) ≤ Cr,

|r(x, q, a, w)− r(x′, q′, a, w)| ≤ Lr(|x− x′|H + |q − q′|K),

0 < η′ ≤ γ(a,w) ≤ Cγ .

We also need to consider the following additional assumption on the operator R.

(H’) R admits a bounded right inverse R−1 ∈ L(H,Ξ).

Define the processes

M1 :=

∫
[0, ·]

R−1b(Xt, Q
ε
t , αt)dW

1
t +

∫
]0, ·]

∫
H\0

[r(Xt, Q
ε
t , αt, w)− 1](N1(dtdw)− ν1(dw)dt),

M2 :=

∫
[0, ·]

ρ(αt)√
ε
dW 2

t +

∫
]0, ·]

∫
K\0

[γ(αt, w)− 1]
(
Nε

2 (dtdw)−
ν2(dw)

ε
dt
)
,

and set

dPε,α

dP
:= E1(M1 +M2).
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By the Girsanov Theorem A.4, the compensator of (N1(dtdz), N
ε
2 (dtdz)) under Pε,α is (r(Xt, Q

ε
t , αt, w)ν1(dw)dt,

γ(αt,w)
ε ν2(dw)dt), and the process

(W̃ 1, W̃ 2) :=

(
W 1 −

∫
[0, ·]

R−1b(Xt, Q
ε
t , αt)dt,W

2 −
∫
[0, ·]

ρ(αt)√
ε

dt

)

is such that W̃ 1 and W̃ 2 are independent cylindrical Wiener processes under Pε,α. We can therefore conclude
that the solution (X,Qε) of (3.1) satisfies as well the system of controlled SDEs:

dXt = AXtdt+ b(Xt, Q
ε
t , αt)dt+RdW̃ 1

t +
∫
H\0 w[N1(dtdw)− r(Xt, Q

ε
t , αt, w)ν1(dw)dt],

X0 = x0 ∈ H,

εdQεt = [BQεt + F (Xt, Q
ε
t )]dt+Gρ(αt)dt+

√
εGdW̃ 2

t

+
∫
K\0 w[εN

ε
2 (dtdw)− γ(αt, w)ν2(dw)dt],

Qε0 = q0 ∈ K.

Remark 5.1. Similarly to Remark 4.8, see also [36], we could consider a more general controlled slow equation
with a multiplicative noise, namely:{

dXt = AXtdt+ b(Xt, Q
ε
t , αt)dt+R(Xt)dW̃

1
t +

∫
H\0 w[N1(dtdw)− r(Xt, Q

ε
t , αt, w)ν1(dw)dt],

X0 = x0 ∈ H,

with R Lipschitz and admitting a uniformly bounded right inverse. Nonetheless, we decided to remain with the
additive case to avoid further technicalities. On the other side, allowing R to depend on Q would completely
change the technical data of the problem.

5.2. Solution of the problem: the BSDE approach

Let us now consider a measurable function l : H ×K × U → R satisfying the following assumption.

(Hl) There exist positive constants Ll and Ml such that, for every x, x′ ∈ H, q, q′ ∈ K, a ∈ U ,

|l(x, q, a)− l(x′, q′, a)| ≤ Ll(|x− x′|H + |q − q′|K),

|l(x, q, a)| ≤Ml.

We define, for x ∈ H, q ∈ K, z, ζ ∈ Ξ∗, u ∈ L2(ν1), ϑ ∈ L2(ν2), the function

ψ(x, q, z, ζ, u, ϑ) := inf
a∈U

{
l(x, q, a) + z[R−1b(x, q, a)] + ζρ(a) (5.1)

+

∫
H\0

u(w)(r(x, q, a, w)− 1)ν1(dw) +

∫
K\0

ϑ(w)(γ(a,w)− 1)ν2(dw)
}
.

Proposition 5.2. Let assumptions (Hbρ), (Hrγ), (H’) and (Hl) hold true. Then the function ψ in (5.1)
verifies hypothesis (Hψ).

Proof. By standard estimates

|ψ(x, q, z, ζ, u, ϑ)− ψ(x′, q′, z′, ζ ′, u′, ϑ′)|

≤ Lu

(∫
Ξ\0

|us(w)− u′s(w)|2ν1(dw)
) 1

2

+ Lϑ

(∫
Ξ\0

|ϑs(w)− ϑ′s(w)|2ν2(dw)
) 1

2
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+ Lx

(
1 + |z|Ξ∗ +

(∫
H\0

|us(w)|2ν1(dw)
) 1

2
)
|x− x′|H

+ Lq

(
1 + |z|Ξ∗ +

(∫
H\0

|us(w)|2ν1(dw)
) 1

2
)
|q − q′|K ,

for some constants Lx, Lq, Lz, Lζ , Lu, Lϑ > 0 defined opportunely.
Finally, we have to verify that for every x ∈ H, q ∈ K, z, ζ ∈ Ξ∗, u, u′ ∈ L2(ν1), ϑ, ϑ

′ ∈ L2(ν2), there exist
measurable functions γ1 : H → R, γ2 : K → R (depending on x, q, z, ζ, u, ϑ, ϑ′) such that

ψ(x, q, z, ζ, u, ϑ)− ψ(x, q, z, ζ, u′, ϑ) ≤
∫
H\0

(u(w)− u′(w))γ1(w)ν1(dw) (5.2)

ψ(x, q, z, ζ, u, ϑ)− ψ(x, q, z, ζ, u, ϑ′) ≤
∫
K\0

(ϑ(w)− ϑ′(w))γ2(w)ν2(dw), (5.3)

and satisfying

C1(1 ∧ |w|H) ≤ γ1(w) ≤ C2(1 ∧ |w|H), C1 ∈ (−1, 0], C2 ≥ 0,

C̄1(1 ∧ |w|K) ≤ γ2(w) ≤ C̄2(1 ∧ |w|K), C̄1 ∈ (−1, 0], C̄2 ≥ 0.

We have ∫
H\0

u(w)(r(x, q, a, w)− 1)ν1(dw)

=

∫
H\0

u′(w)(r(x, q, a, w)− 1)ν1(dw) +

∫
H\0

(u(w)− u′(w))(r(x, q, a, w)− 1)ν1(dw)

≤
∫
H\0

u′(w)(r(x, q, a, w)− 1)ν1(dw) +

∫
H\0

(u(w)− u′(w))γ1(w)ν1(dw)

with

γ1(w) := sup
a∈U

(r(x, q, a, w)− 1)I[0,+∞)(u(w)− u′(w)) + inf
a∈U

(r(x, q, a, w)− 1)I(0,+∞)(u
′(w)− u(w)).

Notice that, by assumption (Hrγ),

−1 < η − 1 ≤ γ1(w) ≤ Cr − 1, Cr > 1.

Adding and subtracting in both sides

l(x, q, a) + z[R−1b(x, q, a)] + ζρ(a) +

∫
H\0

u(w)(r(x, q, a, w)− 1)ν1(dw)

and taking the infimum over a ∈ U , we get (5.2).
Analogously, one observes that∫

K\0
ϑ(w)(γ(a,w)− 1)ν2(dw) ≤

∫
K\0

ϑ′(w)(γ(a,w)− 1)ν2(dw)

+

∫
K\0

(ϑ(w)− ϑ′(w))γ2(w)ν2(dw)
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with

γ2(w) := sup
a∈U

(γ(a,w)− 1)I[0,+∞)(ϑ(w)− ϑ′(w)) + inf
a∈U

(γ(a,w)− 1)I(0,+∞)(ϑ
′(w)− ϑ(w)).

In particular, by assumption (Hrγ),

−1 < η′ − 1 ≤ γ2(w) ≤ Cγ − 1, Cγ > 1.

Proceeding as before (5.3) follows.

Let h : H → R be a measurable function satisfying (Hh). We consider the following BSDE: P-a.s., for
t ∈ [0, 1],

Y εt = h(X1) +

∫ 1

t

ψ
(
Xs, Q

ε
s, Z

ε
s ,

Ξεs√
ε
, Uεs (·),

Θεs(·)
ε

)
ds−

∫ 1

t

ZεsdW
1
s −

∫ 1

t

ΞεsdW
2
s (5.4)

−
∫ 1

t

∫
H\0

Uεs (w)(N1(dsdw)− ν1(dw)ds)−
∫ 1

t

∫
K\0

Θεs(w)
(
Nε

2 (dsdw)−
ν2(dw)

ε
ds
)
.

Lemma 5.3. Let assumptions (HAB), (HRG), (HF), (HF+B), (HβB), (Hbρ), (Hrγ), (H’), (Hl) and
(Hh) hold true. Then for every ε > 0, there exists a unique solution (X,Qε, Y ε, Zε,Ξε, Uε(·)) to the forward-
backward system (5.4), and

Y ε0 = V ε(x0, q0), x0 ∈ H, q0 ∈ K,

where V ε is the value function in (1.1).

Proof. The well-posedness of the forward-backward system (5.4) directly follows from Theorem 4.1 together with
Lemma 5.2. Then the control interpretation of Y ε0 follows as in [29], that extends to the infinite dimensional
framework the classical representation in finite dimension, see e.g. [25].

The following result is a direct consequence of Theorem 4.7, together with Lemma 5.3.

Theorem 5.4. Let assumptions (HAB), (HRG), (HF), (HF+B), (HβB), (Hbρ), (Hrγ), (H’), (Hl) and
(Hh) hold true, and let (X, Ȳ , Z̄, Ū(·)) be the unique solution to the forward-backward system (4.6). Then

lim
ε→0

V ε(x0, q0) = Ȳ0, x0 ∈ H, q0 ∈ K,

where V ε, ε > 0, is the value function in (1.1).

6. Control interpretation of the limit forward-backward system

Let (X, Ȳ , Z̄, Ū(·)) be the unique solution to the forward-backward system (4.6). We aim now at interpreting
Ȳ0 as the value function of a corresponding reduced control problem. To this end, we start by noticing that, for
every t ∈ [0, 1],

Ȳt = h(X1) +

∫ 1

t

λ(Xs, Z̄s, Ūs(·))ds−
∫ 1

t

Z̄sdW
1
s −

∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− ν1(dw)ds], (6.1)
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where (Xt)t≥0 is the mild solution of

{
dXt = AXtdt+RdW 1

t +
∫
H\0 w[N1(dtdw)− ν1(dw)dt],

X0 = x0,

and (see Thm. 4.5) λ : H × Ξ∗ × L2(ν1) → R is uniquely determined and satisfies, for fixed x ∈ H, z, z′ ∈ Ξ∗,
u, u′ ∈ L2(ν1),

|λ(x, z, u)− λ(x, z′, u′)| ≤ Lz|z − z′|Ξ∗ + Lu

(∫
H\0

|u(w)− u′(w)|2ν1(dw)
) 1

2

, (6.2)

|λ(x, 0, 0)| ≤ c(1 + |x|H), (6.3)

for some positive constants Lz, Lu and c. Moreover, λ(·, z, u) is concave with respect to z and u, so by the
Fenchel-Moreau theorem one can write λ = λ∗∗, where, for all x ∈ H,

λ∗(x, p, v) = inf
z∈Ξ∗,u∈L2(ν1)

(−zp− ⟨u, 1− v⟩L2(ν1) − λ(x, z, u)), p ∈ Ξ, v ∈ L2(ν1). (6.4)

It follows that, for all x ∈ H, z ∈ Ξ and u ∈ L2(ν1),

λ(x, z, u) = inf
p∈Ξ, v∈L2(ν1)

(−zp− ⟨u, 1− v⟩L2(ν1) − λ∗(x, p, v)).

Moreover, by the Lipschitzianity of λ we can restrict the infimum to a bounded set, namely the following
holds.

Proposition 6.1. We have

λ(x, z, u) = inf
p∈Ξ, v∈L2(ν1):

|p|≤Lz, |1−v|
L2(ν1)

≤Lu

(−zp− ⟨u, 1− v⟩L2(ν1) − λ∗(x, p, v)), (6.5)

where Lz and Lu are the Lipschitz constants in (6.2).

Proof. By (6.4) together with (6.3) we get

λ∗(x, p, v) ≤ −λ(x, 0, 0) ≤ c(1 + |x|), p ∈ Ξ, v ∈ L2(ν1).

Then, again by (6.4) together with (6.2), we obtain that, for all p ∈ Ξ, v ∈ L2(ν1),

λ∗(x, p, v) ≤ inf
z∈Ξ∗,u∈L2(ν1)

(−zp− ⟨u, 1− v⟩L2(ν1) + Lz|z|Ξ∗ + Lu|u|L2(ν1)) + c.

It follows that λ∗(x, p, v) = −∞ if |p|Ξ > Lz or |1− v|L2(ν1) > Lu, which implies (6.5).

We now define

S := {(ps, vs(·))s∈[0,1] : p progressively measurable s.t. |ps|Ξ ≤ Lz,

v(·) predictable s.t. |1− vs|L2(ν1) ≤ Lu}.
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For every (p, v(·)) ∈ S, let us set

M := −
∫
[0, ·]

p∗t dW
1
t +

∫
]0, ·]

∫
H\0

(vt(w)− 1)[N(dtdw)− ν1(dw)dt].

Being (1− vt(ω, ·)) ∈ L2(ν1) for all (ω, t) ∈ Ω× [0, 1], and since, for all t ∈ [0, 1],

E
[
e

1
2 ⟨M

c⟩t+⟨Md⟩t
]
= E

[
e

1
2

∫ t
0
|p|2sds+

∫ t
0

∫
H\0(1−vs(w))2ν1(dw)ds

]
≤ E

[
e(

1
2L

2
z+Lu)t

]
<∞,

by Theorem A.1 together with Corollary A.3, under Pp,v defined by

dPp,v

dP
:= E1 (M) ,

the process

W p
t :=

∫ t

0

psds+W 1
t , t ∈ [0, 1],

is a Q1-Wiener process, and N1(dtdw) has compensator vt(w)ν1(dw)dt.

We can finally give the following result that follows the classical argument relating the BDSEs to control
problems. We sketch the proof for the reader convenience.

Theorem 6.2. Assume that (HAB), (HRG), (HF), (HF+B), (HβB), (Hbρ), (Hrγ), (H’), (Hl) and
(Hh) hold true. Then

Ȳ0 = inf
(p,v(·))∈S

Ep,v
[
h(X1)−

∫ 1

0

λ∗(Xs, ps, vs(·))ds
]
.

Proof. We prove the two inequalities separately.
(⇐) Let (p, v(·)) ∈ S. By Proposition 6.1, for all t ∈ [0, 1], from (6.1) we get

Ȳt = h(X1) +

∫ 1

t

λ(Xs, Z̄s, Ūs(·))ds−
∫ 1

t

Z̄sdW
1
s −

∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− ν1(dw)ds]

≤ h(X1)−
∫ 1

t

λ∗(Xs, ps, vs(·))ds−
∫ 1

t

Z̄spsds−
∫ 1

t

∫
H\0

(1− vs(w))Ūs(w)ν1(dw)ds

−
∫ 1

t

Z̄sdW
1
s −

∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− ν1(dw)ds]

= h(X1)−
∫ 1

t

λ∗(Xs, ps, vs(·))ds−
∫ 1

t

Z̄sdW
p
s

−
∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− vs(w)ν1(dw)ds].

Applying the conditional expectation with respect to Pp,v we get

Ȳt ≤ Ep,v
[
h(X1)−

∫ 1

t

λ∗(Xs, ps, vs(·))ds
∣∣∣Ft], t ∈ [0, 1].



30 E. BANDINI ET AL.

that provides

Ȳt ≤ inf
(p,v(·))∈S

Ep,v
[
h(X1)−

∫ 1

t

λ∗(Xs, ps, vs(·))ds
∣∣∣Ft], t ∈ [0, 1],

by the arbitrariness of (p, v(·) ∈ S.

(⇒) Again by Proposition 6.1, we may choose, for any n ≥ 1, (pnt , v
n
t (·))t∈[0,1] such that |pns |Ξ ≤ Lz, |1 −

vns |L2(ν1),≤ Lu, and

λ(Xt, Z̄t, Ūt(·)) ≥ −Z̄tpnt − ⟨Ūt, 1− vnt ⟩L2(ν1) − λ∗(Xt, p
n
t , v

n
t (·))−

1

n
.

By a measurable selection theorem (see e.g. Thms. 8.2.10 and 8.2.11 in [37]) we can assume that (pnt )t∈[0,1] are
progressively measurable and (vnt (·))t∈[0,1] are predictable.

Recalling (6.1), we get

Ȳt = h(X1) +

∫ 1

t

λ(Xs, Z̄s, Ūs(·))ds−
∫ 1

t

Z̄sdW
1
s −

∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− ν1(dw)ds]

≥ h(X1)−
∫ 1

t

Z̄sp
n
s ds−

∫ 1

t

∫
H\0

Ūs(w)(1− vns (w))ν1(dw)ds−
∫ 1

t

λ∗(Xs, p
n
s , v

n
s (·))ds

− 1− t

n
−
∫ 1

t

Z̄sdW
1
s −

∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− ν1(dw)ds]

= h(X1)−
∫ 1

t

λ∗(Xs, p
n
s , v

n
s (·))ds−

1− t

n

−
∫ 1

t

Z̄sdW
pn

s −
∫ 1

t

∫
H\0

Ūs(w)[N1(dsdw)− vns (w)ν1(dw)ds].

Applying the conditional expectation with respect to Ppn,vn we get

Ȳt +
1− t

n
≥ Ep

n,vn
[
h(X1)−

∫ 1

t

λ∗(Xs, p
n
s , v

n
s (·))ds

∣∣∣Ft], t ∈ [0, 1].

We can therefore conclude that

Ȳt ≥ lim inf
n→∞

Ep
n,vn

[
h(X1)−

∫ 1

t

λ∗(Xs, p
n
s , v

n
s (·))ds

∣∣∣Ft]
≥ inf

(p,v(·))∈S
Ep,v

[
h(X1)−

∫ 1

t

λ∗(Xs, ps, vs(·))ds
∣∣∣Ft], t ∈ [0, 1].
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Appendix A.

A.1 Girsanov theorems

In the sequel we will denote by E(S) the Doléans-Dade exponential of general real-valued semimartingale S. We recall
that

ET (S) = eST− 1
2
⟨Sc⟩T

∏
s≤T

(1 + ∆Ss)e
−∆Ss . (A.1)

We recall the following version of the Girsanov theorem for martingales, see e.g. Theorem 15.3.10 in [35].

Theorem A.1. Let W be an (Ft) cylindrical Wiener process on Ξ, and µ(ω,dt dℓ) a locally integrable integer-valued
(Ft)-random measure on Ξ, with compensator ν(ω,dt dℓ). Assume that ν({t} × Ξ) = 0 up to indistinguishability (so µ
has no predictable jumps).

https://arxiv.org/abs/1406.4329v2
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o
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Let β : Ω × [0, T ] → Ξ∗ and Γ : Ω × [0, T ] × Ξ → R+ be predictable functions. Suppose that Γ − 1 is stochastically
ν-integrable, and set

M :=

∫
[0, ·]

β(t)dWt +

∫
]0, ·]

∫
Ξ\0

[Γ(t, ℓ)− 1](µ(dt dℓ)− ν(dt dℓ)). (A.2)

If E(M) is a uniformly integrable martingale, then under P̃ defined by

dP̃
dP

:= ET (M)

the process W −
∫
[0, ·] β(t)dt is a cylindrical Wiener process, and the compensator of µ(ω,dt dℓ) is Γ(ω, t, ℓ)ν(ω,dt dℓ).

Remark A.2. Noting that by (A.2)

−∆Ms =

∫
Ξ\0

(1− Γ(s, ℓ))N({s} × dℓ),

we have ∏
s≤T

e−∆Ms = e
∑

s≤T (−∆Ms) = e
∫
]0,T ]

∫
Ξ\0(1−Γ(s,ℓ))µ(ds dℓ)

,

so (A.1) reads

ET (M) = e
∫ T
0 β(t)dWt− 1

2

∫ T
0 |β(t)|2dte

∫
]0, T ]

∫
Ξ\0[1−Γ(t,ℓ)]ν(dℓ dt)

∏
n≥1:Tn≤T

Γ(Tn, ξn),

where (Tn, ξn)n denotes the sequence of jump times and positions associated to the counting measure µ.

The following result provides a sufficient condition under which a local martingale M is uniformly integrable, see e.g.
Corollary 15.4.4 in [35].

Corollary A.3. Let M be a local martingale with ∆M ≥ −1, and let

T = inf{t : ∆Mt = −1} = inf{t : Et(M) = 0}.

If M is a locally square integrable local martingale, and

E
[
e

1
2
⟨Mc⟩T+⟨Md⟩T

]
< ∞,

then E(M) is a uniformly integrable martingale and {E∞(M) > 0} = {T = ∞} almost surely.

With the help of Corollary A.3, when µ is a Poisson random measure one can specialize Theorem A.1 in the following
way.

Theorem A.4. Let (Ω,F , (Ft),P) be a fixed filtered probability space. Let W be an (Ft) cylindrical Wiener process on Ξ,
and N(dt dℓ) an (Ft)-Poisson random measure on Ξ, with compensator F (dℓ)ds, such that

∫
Ξ\0 ||ℓ||

2
ΞF (dℓ) < ∞. Suppose

we have uniformly bounded functions β : Ω× [0, T ] → Ξ∗, Γ : Ω× [0, T ]× Ξ → R+ such that Γ(ω, t, ·)− 1 ∈ L2(F ) for
all (ω, t) ∈ Ω× [0, T ], and define

M :=

∫
[0, ·]

β(t)dWt +

∫
]0, ·]

∫
Ξ\0

[Γ(t, ℓ)− 1](N(dt dℓ)− F (dℓ)dt).
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Then, setting

dP̃
dP

:= ET (M) ,

we have that dP̃
dP

∣∣∣
Ft

is a positive square integrable martingale. Moreover, under P̃,

W P̃ := W −
∫
[0, ·]

β(t)dt

is a cylindrical Wiener process, and the compensator of N(ω,dt dℓ) is Γ(ω, t, ℓ)F (dℓ)dt.
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