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Abstract We study the role of the equilibrium equation in
bootstrapped Newtonian gravity (BNG) by including terms
inspired by the post-Newtonian expansion of the Tolman–
Oppenheimer–Volkov (TOV) equation. We then compare
(approximate) BNG solutions for homogenous stars with
their Newtonian and General Relativistic exact solutions.
Regardless of the additional terms from the conservation
equation, BNG stars do not exhibit a Buchdahl limit. How-
ever, specific extra terms added to this equation can cause the
pressure to become negative inside stars with compactness
smaller than the critical values for BNG black hole formation.

1 Introduction

We live in a time when more and more experiments are aimed
at testing (directly or indirectly) the gravitational interaction
in its strong-field regime. Indeed there are many mysteries
surrounding the nature of the extremely compact objects that
would source these strong fields. A key question is whether
space-time singularities exist behind black hole event hori-
zons, as predicted by general relativity (GR) [1], or whether
an alternative description is needed in this regime that can
lead to regular interior solutions (see, e.g. Ref. [2]), for exam-
ple to effectively account for quantum effects in the classical
theory. With this in mind, bootstrapped Newtonian gravity
(BNG) was introduced in Ref. [3] and subsequently devel-
oped in a series of works [4–10] as a simple theoretical frame-
work to investigate the role that non-linearities added to the
Newtonian theory could play in the interior of very compact
objects and even possibly black holes. One of its main moti-
vations was exactly to find if there could exist non-singular
configurations for the matter trapped behind the event hori-
zon of a black hole in a description of gravity that is not quite
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the full-fledged GR. BNG is viewed as a bottom-up approach,
that starts from the Newtonian theory and incorporates sev-
eral additional (non-linear) terms similar to those that appear
at leading orders in the weak-field expansion of GR. How-
ever, all additional terms are treated on equal footing from the
outset, and we regard BNG as a distinct alternative descrip-
tion of compact objects.

The additional non-linear terms add a considerable amount
of complexity. As a result, it becomes usually impossible to
find analytic solutions. In BNG, the model for a compact
object is governed by a system of two differential equa-
tions, namely the Euler–Lagrange equation for the gravi-
tational potential and the conservation equation, which are
solved by imposing the corresponding boundary conditions.
While the Euler–Lagrange equation obtained from the action
that includes the non-linear terms has remained unchanged
throughout the development of the BNG, higher levels of
complexity were achieved in successive increments by tak-
ing into account extra terms in the equation that is respon-
sible for the equilibrium between the gravitational pull and
the pressure. Initially the simplest Newtonian conservation
equation was employed. However, the pressure was shown
to become very large in the compactness regime of inter-
est, and the pressure was then added to the density, in what
might have seemed an ad-hoc extension. In order to achieve
a more comprehensive understanding of what our model of
compact objects can lead to, we will here add all of the first
order terms resulting from the expansion of the TOV equa-
tion in the Newton constant and pressure. Besides extending
the model, this also works as a check which shows that the
pressure term added previously is found among these extra
first order terms.

The BNG is built upon a Lagrangian that incorporates sev-
eral additional terms beyond those found in the Lagrangian
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for the Newtonian potential,

LN[V ] = −4 π

∫ ∞

0
r2 dr

[ (
V ′)2

8 π GN
+ ρ V

]
, (1.1)

which leads to the well known Poisson equation in spherical
coordinates, with primes denoting derivatives with respect to
r . More exactly, the BNG Lagrangian from Ref. [4] is given
by

L[V ] = LN[V ] − 4 π

∫ ∞

0
r2 dr

[
qV JV V + qp Jp V

+qρ Jρ

(
ρ + qp Jp

)]

= −4 π

∫ ∞

0
r2 dr

[ (
V ′)2

8 π GN
(1 − 4 qV V )

+ (ρ + qp p
)
V
(
1 − 2 qρ V

) ]
, (1.2)

with V = V (r) representing the potential for static spheri-
cally symmetric objects, and primes denote derivatives with
respect to the radial coordinate r . Without the additional
terms proportional to qV , qp and qρ , the potential V is the
same as the Newtonian potential VN satisfying the field equa-
tions derived from Eq. (1.1) for an object of matter density
ρ = ρ(r). Note that when comparing with GR expressions,
the radius r in the above Lagrangian should be viewed as
the “harmonic” radial coordinate (which leads to the Pois-
son equation for the Newtonian potential from the weak-field
expansion of the Einstein equations [11]).

The term proportional to qV in the integral (1.2) should
be understood as the gravitational self-coupling sourced by
the gravitational energy UN per unit volume

JV � dUN

dV = −
[
V ′(r)

]2
2 π GN

. (1.3)

The BNG was designed to be applicable to highly compact
objects, with the compactness defined as

X ≡ GN M

R
, (1.4)

where M represents the Arnowitt–Deser–Misner (ADM)-
like mass [12], which should be understood as the mass cal-
culated by studying orbits around the star [8,13], and R is
the star radius. For X ≥ 0.1, the static pressure p = p(r)
was found to be no longer negligible [3]. A corresponding
potential energy term Up was then introduced in Ref. [4],
such that

Jp � −dUp

dV = p . (1.5)

The effect of the pressure term is to replace ρ → ρ + qp p
in the Lagrangian, with the dimensionless coupling qp intro-
duced to formally interpolate between the relativistic limit

qp → 1 and the non-relativistic limit qp → 0. The inclu-
sion of the pressure by effectively shifting the density follows
along the lines of the definition of the Tolman mass [14].

The last term in the Lagrangian in Eq. (1.2) is a higher-
order term, namely

Jρ = −2 V 2 , (1.6)

which couples with the matter source. In fact, all of the cou-
pling constants qV , qp and qρ were specifically introduced
to study the different regimes of the BNG when they vary
between zero and one. The Newtonian regime is recovered
in the limit qV = qp = qρ → 0, as the only remaining term
in Eq. (1.2) is the Lagrangian for the Newtonian potential.
Each of the additional terms in Eq. (1.2) was discussed in
more detail in Ref. [4] and the effects of the coupling qρ

were further investigated in Ref. [7].
Varying the action (1.2) with respect to V yields the Euler–

Lagrange equation

�V = 4 π GN
(
ρ + qp p

) 1 − 4 qρ V

1 − 4 qV V
+ 2 qV

(
V ′)2

1 − 4 qV V
,

(1.7)

where � is the Laplacian operator in spherical coordinates.
The conservation equation for the energy–momentum ten-

sor of a spherically symmetric fluid in GR is given by
the Tolman–Oppenheimer–Volkov (TOV) equation [15,16],
which follows from the Einstein equations without extra
assumptions [see Appendix A]. Instead, one must impose
an equilibrium equation between the pressure and the grav-
itational pull in Newtonian gravity. The situation is similar
in the BNG, where the equilibrium equation must also be
imposed beside the field equation (1.7) that determines the
potential. In the original proposal [3], we assumed the New-
tonian conservation equation,

p′ � −ρ V ′ . (1.8)

Noting that some configuration involved very large values of
p, we later added its contribution to the density term [4], so
that

p′ � − (ρ + p) V ′ . (1.9)

Using the above conservation equation, it was found in Ref.
[4] that there is no Buchdahl limit [17] for isotropic sources.

In this work, we perform a more systematic investiga-
tion of the effects of the conservation equation and how the
BNG can “interpolate” between the Newtonian regime and
the full GR picture in the equilibrium of compact astrophys-
ical objects. For this purpose, we expand the TOV equation
in the Newton constant and pressure up to second order in
Appendix A, and obtain the modified equilibrium equation

p′ � − (ρ + p) V ′ − 4 π GN r p ρ − 2 ρ V V ′ , (1.10)
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where we set the coupling constants qV = qp = qρ = ε = 1.
In the following sections, we will compare solutions of the
field equation

�V = 4 π GN (ρ + p) + 2
(
V ′)2

1 − 4 V
(1.11)

supplemented by the conservation Eq. (1.9) with solutions
obtained by adding the additional terms in Eq. (1.10). In par-
ticular, we will employ a homogeneous density profile, since
this case can be analytically solved both in Newtonian grav-
ity and in GR [see Sect. 2], and analyse the effect of adding
the second term in the right hand side of Eq. (1.10) in Sect. 3,
respectively the complete Eq. (1.10) in Sect. 4. Approximate
analytic and numerical solutions for the potential and inte-
rior pressure are obtained in each case. These two solutions
are compared by calculating the relative difference between
them. The solutions for the pressure are also compared to
the approximate GR pressure derived in Appendix B. The
main difference with respect to the previously analysed cases
resulting from the addition of the last term from Eq. (1.10) is
that, while the approximate potential remains well behaved,
the pressure inside these BNG stars becomes negative before
they reach black hole compactness values.

2 Homogeneous spherical stars and BNG vacuum

Isotropic stars of radius r = R with homogeneous density

ρ =
⎧⎨
⎩

3 M0
4 π R3 ≡ ρ0 for 0 ≤ r < R

0 for R < r
(2.1)

are the simplest cases that can be studied analytically both
in GR and Newtonian physics. The exact GR solutions are
recalled in Appendix B along with their Newtonian approx-
imation. In particular, GR and Newtonian solutions in the
outer vacuum are unique and do not depend on the interior
of the star but only on its mass: the GR solution contains the
ADM mass M̄ = m(R̄) obtained from Eq. (A.6), whereas the
Newtonian solution contains the proper mass M0 in Eq. (2.1)
given by the flat volume integral of the energy density.

The vacuum solution in BNG is also unique and does not
depend on the equilibrium equation. In fact, Eqs. (1.8)–(1.10)
are all trivially satisfied for r > R where ρ = p = 0, while
Eq. (1.11) becomes

�V = 2
(
V ′)2

1 − 4 V
. (2.2)

After fixing the integration constants so as to recover the
Newtonian behaviour at infinity, one finds the unique solution

[3]

Vout = 1

4

[
1 −

(
1 + 6GN M

r

)2/3
]

. (2.3)

The above expression at large r yields the Newtonian term
and the next-to-leading order post-Newtonian term of order
G2

N, without any additional assumptions. An important dif-
ference with respect to Newtonian gravity is that the ADM-
like mass M above does not equal the proper mass M0 in
Eq. (2.1), which remains defined by

M0 = 4 π

∫ R

0
r2 dr ρ(r) . (2.4)

Note that r above represents the radial distance from the
centre in both Newtonian gravity and BNG, so that M0 is
indeed the proper mass of the star in a flat space.1

The potential must be smooth across the star surface
located at r = R, which means

Vin(R) = Vout(R) ≡ VR = 1

4

[
1 − (1 + 6 X)2/3

]
, (2.5)

and

V ′
in(R) = V ′

out(R) ≡ V ′
R = X

R (1 + 6 X)1/3 , (2.6)

where Vin = V (0 < r < R) denotes the potential inside the
source. Finally, the potential must be regular at r = 0,

V ′
in(0) = 0 , (2.7)

in order to accommodate smooth density profiles in the cen-
tre.

3 Additional pressure term

After including the extra term proportional to the pressure,
the conservation equation becomes

p′ � − (ρ + p) V ′ − 4 π GN r p ρ . (3.1)

Together with the field equation (1.11) this forms a system of
differential equations which, along with the boundary con-
ditions at r = 0 and r = R, determine the gravitational
potential V and the pressure p given the homogenous den-
sity (2.1). Additionally, the dependence of the density on the
ADM-like mass M which results from solving the system,
determines M in terms of the proper mass M0 in Eq. (2.1).
Unfortunately, finding analytic solutions for a general value
of the compactness X proves to be an impossible task.

Following previous works [4], we start from an approxi-
mate analytic solution Vs for the potential Vin obtained from

1 The proper mass in GR is given by the spatial integral of the density
with the appropriate volume measure.
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Fig. 1 Approximate potential (3.3) for sources of compactness X =
0.1 (dotted line), X = 0.46 (dot-dashed line) and X = 0.7 (dashed
lines) joined to the corresponding outer potential (2.3) for the same
compactness (solid lines)

a series expansion around r = 0, to wit

Vs = V0 + V2 r
2 , (3.2)

where V0 ≡ Vin(0) < 0. The term proportional to r must
vanish in order for the regularity condition (2.7) to be ful-
filled. The same constraint eventually leads to the vanishing
of all odd orders in r in the Taylor expansion about r = 0.

The boundary conditions at the edge of the star from
Eqs. (2.5) and (2.6) allow us to fix the factors V0, respec-
tively V2, and write the approximate potential as

Vs = −1 + 8 X − (1 + 6 X)1/3

4 (1 + 6 X)1/3 + X ξ2

2 (1 + 6 X)1/3 , (3.3)

where ξ ≡ r/R. It is important to remark that the potential
inside the source is fully determined by the matching condi-
tions with the unique outer potential in this approximation.
Nonetheless, it will be shown later that this approximation
fits well the numerical solutions of Eqs. (1.11) and (3.1) when
the compactness is not very large. The potential inside the
source and its continuation in the outer vacuum are plotted
in Fig. 1 for several values of the compactness X .

For consistency, a similar approximation is employed for
the pressure, namely p � ps with

ps = p0 + p2 r
2 , (3.4)

where, again, the term linear in r must vanish to ensure
the regularity condition (2.7). Using the above approximate
expressions for the potential and pressure in Eqs. (1.11)
and (3.1) yields

ps = X2
(
1 − ξ2

)
8 π G3

N M2

⎡
⎣ 3 X

(1 + 6 X)1/3

−2

⎛
⎝1 −

√
1 + 3 X

[
7 X − 4 (1 + 6 X)1/3

]
4 (1 + 6 X)2/3

⎞
⎠
⎤
⎦

� 3 X4
(
1 − ξ2

)
8 π G3

N M2
, (3.5)

where the last expression is the leading order term for X 
 1.
Within this approximation, the density can be expressed

in terms of the ADM-like mass as

ρ � X2

8 π G3
N M2

⎡
⎣ 3 X

(1 + 6 X)1/3

+2

⎛
⎝1 −

√
1 + 3 X (7 X − 4 (1 + 6 X)1/3)

4 (1 + 6 X)2/3

⎞
⎠
⎤
⎦

� 6 X3

8 π G3
N M2

. (3.6)

Of course, the pressure is highest in the centre of the object
and it is interesting to compare this central pressure with the
density. A plot of the two quantities is shown in Fig. 2, where
the vertical axis of the left panel scales in units of G−3

N M−2.
The variation of the pressure with ξ inside sources of different
compactness is represented in Fig. 3.

Starting from the two expressions for the density, the one
in terms of the proper mass M0 from Eq. (2.1) and the expres-
sion above in terms of the ADM-like mass M � Ms, we find
the ratio

M0

Ms
� 1

2 (1 + 6 X)1/3 + 1

3 X

×
⎛
⎝1 −

√
1 + 3 X (7 X − 4 (1 + 6 X)1/3)

4 (1 + 6 X)2/3

⎞
⎠

� 1 − 5

2
X , (3.7)

which is represented graphically in Fig. 4.

3.1 Comparisons with numerical solutions

Numerical solutions for the potential V and pressure p can be
obtained by solving the system of the second order Eq. (1.11)
and first order Eq. (3.1) with the three boundary conditions
V ′(ξ = 0) = 0 in the centre [see Eq. (2.7)], V (ξ = 1) = VR

[see Eq. (2.5)] and p(ξ = 1) = 0 at the surface of the star.
Such solutions will depend on the values of ρ0 (hence M0)
and M . A solution is then considered acceptable if the fourth
boundary condition (2.6) is also satisfied, that is V ′ is also
(sufficiently) continuous across the surface of the star, which
determines M = M(M0) [4,5].

Figure 5 presents the comparison between the approxi-
mate analytical solution Vs for the potential from Eq. (3.3),
and the solution Vnum obtained by solving numerically the
system of differential Eqs. (1.11) and (3.1) for three different
values of the compactness. Since the difference is very small,
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Fig. 2 Left panel: density
(solid line) and approximate
central pressure (dashed line) in
units of G−3

N M−2. Right panel:
ratio of the central pressure and
density

Fig. 3 Analytic approximation (3.5) for the pressure (in units of
G−3

N M−2) for compactness X = 0.1 (dotted line), X = 0.46 (dot-
dashed line) and X = 0.7 (dashed line)

Fig. 4 Ratio (3.7) of proper mass over ADM-like mass

the bottom panels of Fig. 5 show the relative difference∣∣∣∣�V

V

∣∣∣∣ =
∣∣∣∣Vnum − Vs

Vnum

∣∣∣∣ , (3.8)

between the two expressions in each of the three cases. The
comparison between the approximate analytical solution ps

in Eq. (3.5) and the numerically computed pressure pnum for
the same values of the compactness is shown in Fig. 6, along
with their relative difference∣∣∣∣�p

p

∣∣∣∣ =
∣∣∣∣ pnum − ps

pnum

∣∣∣∣ . (3.9)

The relative difference between the numerical and approx-
imate analytical solutions for the potential remains very small
for X � 0.7, which shows that the approximation Vs can be
used into the (relatively) large compactness regime. The rel-

ative difference for the pressures instead increases to very
significant values already for X � 0.1. In particular, the top
panels of Fig. 6 show that ps significantly overestimates the
pressure in the high compactness regime.

The ratio of the proper mass to ADM-like mass in the
three cases discussed above is shown in Table 1, both for
the approximate analytical and numerical cases. In the high
compactness regime, the numerical solutions result in smaller
proper mass to ADM-like masses than the approximate ana-
lytical ones.

3.2 Comparisons with GR

As long as the isotropic star is larger than the Buchdahl limit
[17], below which the GR pressure cannot support a sta-
ble configuration, we can compare the BNG pressure to the
GR pressure expressed in harmonic coordinates at the same
order in GN. We recall that the use of harmonic coordinates
is necessary to identify properly the Newtonian regime and
post-Newtonian corrections in GR [11]. In particular, we only
consider contributions up to second order inGN for which we
just need the explicit form of the harmonic radial coordinate
to first order in GN [see Appendix B]. In order to compare
expressions from the BNG with their GR counterparts, we
consider stars in BNG with values of M equal to the ADM
mass M̄ in GR and the same compactness in both theories,
since these are the observables one can in principle measure.

The approximate GR pressure at order G2
N in harmonic

coordinates is taken from Eq. (B.22) and a comparison
with the analytic approximation (3.5), respectively numer-
ical solution for the BNG pressure is shown in Fig. 7. The
approximate GR pressure becomes negative for X � 0.4,
which means that the expansion to orderG2

N fails at those val-
ues of the compactness and the comparison becomes impos-
sible already before reaching the Buchdahl limit. However,
the approximate BNG and GR pressures are in very good
agreement for values of the compactness X � 0.1. Above
this regime their values diverge fairly quickly, most likely
due to the unreliability of the GR approximation.

An important difference between BNG and GR must be
emphasised. As detailed in Appendix B, the Buchdahl limit
is reached for X = 4/5 using harmonic coordinates in GR
[see Eq. (B.18)] and the event horizon appears at X = 1, as
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Fig. 5 Top panels: analytical approximation (3.3) (solid lines) and
numerical (dashed lines) BNG potentials for X = 0.01 (left plot),
X = 0.1 (center plot) and X = 0.7 (right plot). Bottom panels: rel-

ative difference between the numerical and approximate potentials for
the same values of the compactness in the top plots

Fig. 6 Top panels: analytical approximation (3.5) (solid lines) and
numerical (dashed lines) pressures in units of G−3

N M−2 for X = 0.01
(left plot), X = 0.1 (center plot) and X = 0.7 (right plot). Bottom pan-

els: relative difference between the numerical and approximate pres-
sures for the same values of the compactness in the top plots

Table 1 Proper mass to ADM-like mass ratios in the approximate ana-
lytical case, respectively in the numerical case for the three compactness
values discussed

X M0
Ms

M0
Mnum

0.01 0.976 0.976

0.1 0.813 0.807

0.7 0.382 0.295

shown in Eq. (B.17). As discussed in Ref. [4], the location
rH of the horizon in BNG can be calculated as the radius at
which the escape velocity of test particles equals the speed
of light, that is

2 V (rH) = −1 . (3.10)

When the compactness is small, V (0) > −1/2 and no hori-
zon exists. For X � 0.46 one hasV (0) = −1/2 and a horizon
appears in the centre. For larger values of the compactness,
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the potential well deepens and the size rH of the horizon
increases to equal the radius R of the source for X � 0.69,
when the star becomes a BNG black hole. The above rea-
soning is what motivated our choice of compactness values
shown in the plot in Fig. 1. For even larger compactness,
the horizon radius is located in the outer vacuum given in
Eq. (2.3). An important point to note is that BNG objects
described this far do not exhibit an equivalent of the Buch-
dahl limit [4,5]. This implies that both pressure and density
remain well-behaved functions as the compactness increases,
up until the object forms a black hole. A more detailed dis-
cussion of the phenomenological implications resulting from
the absence of a Buchdahl limit is presented in the concluding
Sect. 5, since it is a more general topic that not only applies
to the conservation equation used in this section, but to the
forms investigated in previous works as well.

3.3 Gravitational energy

We can calculate the gravitational potential energy UG start-
ing from the effective Hamiltonian H [V ] = −L[V ], with
the Lagrangian given by Eq. (1.2) (with all couplings set to
one). The gravitational potential energy can be written as the
sum of two terms, with the second term also containing two
parts [4], namely

UG = UBG +UGG

= UBG +U in
GG +U out

GG

= 4 π

∫ ∞

0
r2 dr (ρ + p) Vin (1 − 2 Vin)

+ 1

2 GN

∫ R

0
r2 dr

(
V ′

in

)2
(1 − 4 Vin)

+ 1

2 GN

∫ ∞

R
r2 dr

(
V ′

out

)2
(1 − 4 Vout) . (3.11)

The result is very cumbersome, but the total gravitational
energy is plotted as a function of the compactness in Fig. 8.

In the low compactness limit X 
 1, and keeping the first
two lowest order terms, one obtains

UG � −3GN M2

5 R
+ 9G2

N M3

7 R2 , (3.12)

where the compactness X was written explicitly in terms of
the ADM-like mass and the radius of the star. We immedi-
ately notice that the lowest order term is indeed the usual
Newtonian gravitational energy for a homogenous star.

4 Additional pressure and potential terms

We now consider the full conservation equation (1.10), that
is

p′ � − (ρ + p) V ′ − 4 π GN r p ρ − 2 ρ V V ′ . (4.1)

The difficulty of obtaining analytic solutions is similar to
the case discussed in Sect. 3 but results in much more cum-
bersome expressions for the interior pressure and density, as
well as relationship between the proper and ADM-like mass.

The analytic approximation for the potential obtained by
Taylor expanding around r = 0 is fully constrained by impos-
ing the boundary conditions (2.5)–(2.7) and remains the same
Vs given in Eq. (3.3). The differences within this approxima-
tion are therefore seen in the expressions for the pressure
and density. The full expressions are very cumbersome to
display, but their first two lowest order terms in the small
compactness limit X 
 1 are given by

ps � 3 X4 (2 − 11 X)
(
1 − ξ2

)
16 π G3

N M2
, (4.2)

for the pressure and

ρ � 3 X3 (2 − 5 X)

8 π G3
N M2

(4.3)

for the density.
Figure 9 shows the plots of the density and central pres-

sure, the ratio of the central pressure to the density, and the
central pressure, all as functions of the compactness. These
plots show that the additional term from the conservation
equation results in considerable differences with respect to
the previous case. First of all, in contrast to the previous
case, while the density is still increasing, the pressure remains
small and it eventually goes through zero and becomes neg-
ative somewhere in the range 0.4 < X < 0.5. This is also
very different from the GR case in which the central pres-
sure diverges at the Buchdahl limit. Another detail to remark
is that the ratio of the central pressure to the density goes
through a maximum and then decreases, only to become neg-
ative as the pressure becomes negative. Fig. 10 shows some
plots for the pressure for values of the compactness in the
range in which the pressure is well behaved. In the same
range, the ratio of M0/M decreases for increasing compact-
ness as expected (Fig. 11). It is worth emphasising that some-
thing unexpected happens well before the object reaches the
compactness of a black hole: the central pressure becomes
negative before the compactness reaches X � 0.46, the value
for a horizon to appear in the centre of the object.

4.1 Comparisons with numerical solutions and GR

Numerical solutions can be obtained from the same algorithm
described at the beginning of Sect. 3.1. Figure 12 shows the
comparison between the approximate analytic solution for
the potential Vs and the numerical solution Vnum, along with
the corresponding relative difference for each compactness
value. The plots show that the approximate analytic solution
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Fig. 7 Analytic approximation (3.5) for the BNG pressure (solid lines), numerical BNG pressure (dashed lines) and approximate GR pressure (B.22)
(dotted lines) in units of G−3

N M−2 for X = 0.01 (left panel), X = 0.1 (center panel) and X = 0.4 (right panel)

Fig. 8 Gravitational energy UG in units of ADM-like mass M

remains very good for X � 0.5 (down from X � 0.7 in the
previous case).

The behaviour of the pressure at relatively high compact-
ness is again more interesting. As noted earlier, the analytic
approximation becomes negative somewhere in the interval
0.4 < X < 0.5. The numerical simulations also lead to
negative values of the pressure, but the sign change occurs
somewhere in the range 0.5 < X < 0.6. This is the rea-
son why the largest compactness value shown in Fig. 12 is
X = 0.5.

We recall from Fig. 7 that the approximate GR pressure
becomes negative for X � 0.4. Figure 13 now shows a com-
parison between the analytical approximation ps and numeri-
cal BNG pressure pnum, along with the approximate GR solu-
tion. These three quantities remain very close In the small
compactness regime X 
 1. For X � 0.1 the numerical

Fig. 10 Pressure for compactness X = 0.1 (dotted), X = 0.2 (dot-
dashed) and X = 0.4 (dashed) in units of G−3

N M−2

pressure matches the analytic approximation and they both
predict a smaller pressure than the GR approximation. For
X � 0.5, the numerical pressure is positive throughout the
entire star volume, while the other two approximations are
negative. As the compactness further increases, the numeri-
cal solution for the system of differential equations results in
negative pressure somewhere in the interval 0.5 < X < 0.6.
To summarise, while the numerical solutions for the BNG
potential are similar to those obtained in the previous section
all the way up to compactness X � 0.7 (the potential for this
value is not displayed herein), both solutions for the pressure
become negative before the compactness of the star is large
enough for it to become a black hole.

Fig. 9 Left panel: density (solid curve) and central pressure (dashed curve) (in units of G−3
N M−2). Center panel: ratio of the central pressure and

density. Right panel: central pressure
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Fig. 11 Ratio between proper and ADM-like mass

5 Discussion

The results obtained in Sect. 3 show that, within the discussed
approximation, the conservation equation with the additional
pressure term included allows the formation of sufficiently
compact objects to be enclosed by a horizon. When com-
pared to numerical solutions, the approximate solution for the
BNG potential closely follows the numerical result through-
out the entire range taken into consideration. This can also
be inferred from the plots that display the relative difference
between the two. The approximate analytical solution for the
pressure is larger than the one obtained by solving the equa-
tions numerically. Their relative difference is largest when
the compactness is X � 0.7.

The BNG pressure and the approximate GR pressure
were also compared and the three quantities follow one
another closely all the way up to X � 0.1. Beyond this
value of the compactness, the GR approximation diverges

fairly quickly, likely because the approximation (obtained
for X 
 1) becomes problematic in the high compactness
regime. Notably, the GR pressure becomes negative already
around X � 0.4.

It is worth mentioning that while the BNG horizon appears
at X � 0.69, the GR horizon forms when X = 1. The
BNG compactness for which the horizon is as large as the
star is calculated using the exact BNG potential in vacuum,
where no approximation is needed. In contrast to GR, BNG
objets do not show an equivalent to the Buchdahl limit,
which means that both the pressure and the density can be
well behaved functions as the compactness increases until
the object becomes a black hole. Finally, while the expres-
sions for the different components of the gravitational energy
are cumbersome, the small-compactness limit recovers the
familiar Newtonian gravitational energy at leading order.

In Sect. 4, an additional term proportional to the potential
and its first derivative was included in the conservation equa-
tion, leading to deviations from previous results. While the
match between the approximate analytic and numeric poten-
tial remains very good up to the fairly large value of X � 0.4,
the extra term affects the analytic approximation for the pres-
sure significantly, causing it to remain much smaller relative
to the density, as illustrated in the middle panel of Fig. 9. The
right panel of the same figure also highlights the most crit-
ical difference between the two cases: the pressure starts to
decrease for X ≥ 0.4 and quickly becomes negative before
the formation of a horizon. When the pressure is evaluated
numerically, this transition to negative pressure takes place
somewhere in the range 0.5 < X < 0.6, before the compact-
ness is large enough for the object to be a black hole.

Fig. 12 Top panels: analytical approximation (solid lines) and numerical (dashed lines) BNG potential for X = 0.01 (left plot), X = 0.1 (center
plot) and X = 0.5 (right plot). Bottom panels: relative difference between the numerical and approximate potentials for the same values of the
compactness
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Fig. 13 Analytic approximation for the BNG pressure (solid lines), numerical BNG pressure (dashed lines) and approximate GR pressure from
Eq. (B.22) (dotted lines) in units of G−3

N M−2 for X = 0.01 (left panel), X = 0.1 (center panel) and X = 0.5 (right panel)

What both cases analysed here show is that the analytic
approximation Vs for the BNG potential in Eq. (3.3) works
very well within the source for all values of the compactness
up to the appearance of a horizon at X ∼ 0.7. Quite inter-
estingly, this is approximately the same value at which the
second order GR expansion of the pressure fails in the centre
of the star [see Appendix B].

The absence of a Buchdahl limit represents a fundamen-
tal difference between stars in BNG and their description
in GR. The second essential difference is the existence of
non-singular pressure and density profiles that can be hid-
den behind the event horizon. While the scientific commu-
nity currently lacks the necessary knowledge or means to
look behind the horizon and investigate the interior of black
holes, if gaining such insights is even possible, searching for
a Buchdahl limit (or its absence) in ultra-dense stars on the
verge of becoming black holes may provide an indirect way
to understand these extreme conditions. Future experiments,
similar to the Event Horizon Telescope [23], may eventu-
ally achieve the precision needed to observe such dense stars
and measure their compactness in this regime. If objects that
violate the Buchdahl limit are discovered, this could also sug-
gest the possible existence of non-singular density profiles
for objects hidden behind the horizon.
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A Post-Newtonian TOV equation

The general condition of equilibrium for self-gravitating
spherically symmetric and isotropic compact objects in GR
is given by the TOV equation [15,16], which can be eas-
ily derived starting from a static and spherically symmetric
metric in the form

ds2 = −eν dt2 + eλ dr̄2 + r̄2 d	2 , (A.1)

where r̄ is the areal radius, λ = λ(r̄) and ν = ν(r̄). Assuming
matter is given by a static perfect fluid with proper energy
density ρ = ρ(r̄) and isotropic hydrostatic pressure p =
p(r̄), the Einstein equations read [18]

G0
0 = −e−λ

(
λ′

r̄
− 1

r̄2

)
+ 1

r̄2 = −8 π GN ρ (A.2)

G1
1 = e−λ

(
ν′

r̄
+ 1

r̄2

)
+ 1

r̄2 = 8 π GN p (A.3)

G2
2 = G3

3 = e−λ

[
ν′′

2
+ (ν′)2

4
− ν′ λ′

4
+ ν′ − λ′

2 r̄

]

= 8 π GN p , (A.4)

where primes denote derivatives with respect to r̄ . From
Eq. (A.2), one then obtains

e−λ = 1 − 2 GN m(r̄)

r̄
, (A.5)

where the Misner–Sharp–Hernandez mass function [19,20]

m(r̄) = 4 π

∫ r̄

0
ρ(x) x2 dx (A.6)
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is such that the total mass of a star of radius r̄ = R̄ is given
by M̄ = m(R̄), which is the Arnowitt–Deser–Misner (ADM)
mass [12] of the system in the outer Schwarzschild metric
[21]. The Bianchi identity ∇μG

μ
ν = 0 then implies the con-

servation equation ∇μT
μ
ν = 0 or

∇μT
μ
1 = p′ + ν′

2
(ρ + p) = 0. (A.7)

The TOV equation is now obtained by solving for ν′ from
Eq. (A.3) and replacing its expression into Eq. (A.7),

p′ = − (ρ + ε p)
GN

r̄2

[
m + 4 π ε r̄3 p

]

×
[

1 − 2 GN m

r̄

]−1

, (A.8)

where ε � 1/c2 (with ε ∼ GN 
 1) was introduced to keep
track of the factors inversely proportional to the speed of
light. Let us also replace the GR expression proportional to
the Misner-Sharp-Hernandez mass with an effective potential

GN m

r̄
→ V ≡ GN V + G2

N W. (A.9)

By expanding Eq. (A.8) up to second order (in ε and GN),
we then find

p′ � −GN ρ V ′ − ε GN p
(V ′ + 4 π r̄ ρ

)
−G2

N ρ
(W ′ + 2V V ′) , (A.10)

whose leading order clearly reproduces the Newtonian con-
dition (1.8) with V = GN V and r̄ = r [11].

Going beyond leading order is of course ambiguous, since
GN and ε are not dimensionless and the validity of the above
(formal) expansion can only be checked a posteriori by esti-
mating the size of the neglected higher-order terms for any
given solution. In particular, we rewrite Eq. (A.10) as

p′ � − (ρ + ε p) V ′ − 4 π GN ε r̄ p ρ − 2 ρ V V ′, (A.11)

and test the effects of the various terms on a homogeneous
star, for which the exact Newtonian and GR solutions are
recalled in Appendix B.

B Homogenous stars in GR and Newtonian approxima-
tion

Let us consider a ball of radius r̄ = R̄ and homogenous
density (2.1). In GR, the exact solution of the correspond-
ing Einstein equation is given by the Schwarzschild metrics,
namely Eq. (A.1) with [21,22]

e−λ =

⎧⎪⎨
⎪⎩

1 − 2 GN M̄ r̄2

R̄
for 0 ≤ r̄ < R̄

1 − 2 GN M̄
r̄ for R̄ < r̄

(B.1)

and

eν =

⎧⎪⎪⎨
⎪⎪⎩

1
4

(
3
√

1 − 2 GN M̄
R̄

−
√

1 − 2 GN M̄ r̄2

R̄3

)2

for 0 ≤ r̄ < R̄

1 − 2 GN M̄
r̄ for R̄ < r̄ ,

(B.2)

where R̄ is the areal radius of the star and M̄ its ADM mass.
The weak-field expansion of the exact solution is obtained

by formally2 expanding in GN and yields

VGR = eν − 1

2
= VN + O(G2

N), (B.3)

where the Newtonian solution is given by

VN =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

GN M0

2 R3

(
r2 − 3 R2

)
for 0 ≤ r < R

−GN M0

r
for R < r ,

(B.4)

in which we set r̄ = r , R̄ = R and M̄ = M0, since eν ∼ eλ ∼
1+O(GN) implies that r̄ = r +O(GN). The corresponding
exact GR pressure for 0 ≤ r̄ < R̄ is given by

p = ρ0

√
1 − 2 GN M̄/R̄ −

√
1 − 2 GN M̄ r̄2/R̄3√

1 − 2 GN M̄ r̄2/R̄3 − 3
√

1 − 2 GN M̄/R̄
, (B.5)

which diverges in the Buchdahl limit R̄ → R̄B =
(9/4)GN M̄ [17]. At first order in GN, the above pressure
reads

p �
(

1 − r2

R2

)
3GN M2

0

8 π R4 , (B.6)

and is therefore of the same order as VN. In order to neglect
the pressure, one must therefore also expand for c → ∞, as
recalled in Appendix A.

In order to properly determine terms of higher order in GN

from the exact GR expressions, however, one needs to employ
the harmonic coordinate r = r(r̄), which must satisfy [8,11]

d

dr̄

[
r̄2 e(ν−λ)/2 dr

dr̄

]
= 2 e(ν+λ)/2 r . (B.7)

Since V ∼ O(GN), the explicit knowledge of r = r(r̄)
becomes necessary only from the second order in GN as
anticipated.

For R̄ < r̄ , Eq. (B.7) reads

d

dr̄

[
r̄2
(

1 − 2 GN M̄

r̄

)
dr

dr̄

]
= 2 r (B.8)

and one finds

r = r̄ − GN M̄ , (B.9)

2 It is in fact an expansion in the compactness X = GN M̄/R̄, as can
be more easily seen by introducing the dimensionless areal radius r̄/R̄.
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which yields the post-Newtonian expansion

VGR � VN + G2
N M̄2

r̄2 . (B.10)

For 0 ≤ r̄ < R̄, however, Eq. (B.7) becomes much more
involved,

d

dr̄

⎡
⎣ r̄2

2

√
1 − 2 GN M̄ r̄2

R̄3

×
⎛
⎝3

√
1 − 2 GN M̄

R̄
−
√

1 − 2 GN M̄ r̄2

R̄3

⎞
⎠ dr

dr̄

⎤
⎦

= 3
√

1 − 2 GN M̄/R̄ −
√

1 − 2 GN M̄ r̄2/R̄3√
1 − 2 GN M̄ r̄2/R̄3

r .

(B.11)

Since we only wish to include terms up to the second order
in GN which arise as corrections to the first order Newtonian
expressions, it is sufficient to compute solutions of Eq. (B.11)
to first order in GN. Eq. (B.11) to order GN reads

d

dr̄

{
r̄2
[

1 −
(

3 + r̄2

R̄2

)
GN M̄

2 R̄

]
dr

dr̄

}

� 2

[
1 −

(
1 − r̄2

R̄2

)
3GN M̄

R̄

]
r . (B.12)

Assuming r = r̄ + GN f (r̄), we then obtain

r̄2 f ′′ + 2 r̄ f ′ − 2 f = 5 M̄ r̄3

R̄3
, (B.13)

whose general solution is given by

f = a r̄ + b

r̄
+ M̄ r̄3

2 R̄3
. (B.14)

We must set the integration constant b = 0 in order for r to be
well-defined for r̄ = 0. The constant a can then be so chosen
to ensure continuity of r across r̄ = R̄, that is f (R̄) = −M̄ ,
which yields

a = −3 M̄

2 R̄
. (B.15)

For 0 ≤ r̄ < R̄, we thus have

r � r̄

(
1 − 3GN M̄

2 R̄

)
+ GN M̄ r̄3

2 R̄3
, (B.16)

with r(0) = 0 and R ≡ r(R̄) = R̄−GN M̄ . From this expres-
sion one finds that the horizon radius in harmonic coordinates
is located at

r(R̄H) = GN M̄ ⇒ XH = GN M̄

r(R̄H)
= 1 , (B.17)

while the Buchdahl limit, where the central pressure becomes
infinite, is located at

r(R̄B) = 5

4
GN M̄ ⇒ XB = GN M̄

r(R̄B)
= 4

5
. (B.18)

The relation (B.16) can be inverted and, at order GN, yields

r̄ � r

[
1 +

(
3 − r2

R2

)
GN M̄

2 R

]
, (B.19)

where we used R̄ = R + GN M̄ . We can finally replace the
areal coordinate in Eq. (B.10) with the expression (B.19) and
obtain the weak-field potential for 0 ≤ r̄ < R̄ (corresponding
to 0 ≤ r < R) to second order in GN as

VGR � VN +
(

15 − 6
r2

R2 − r4

R4

)
G2

N M̄2

8 R2

� VN +
(

15 − 6 ξ2 − ξ4
) X2

8
, (B.20)

where the Newtonian potential is now properly expressed in
terms of the harmonic coordinate as

VN � −
(

3 − r2

R2

)
X

2
, (B.21)

with X = GN M̄/R and ξ = r/R. Finally, the pressure in
harmonic coordinates reads

p �
(

1 − r2

R2

)
3GN M̄2

8 π R4 −
(

2 − r2

R2 − r4

R4

)
3G2

N M̄3

8 π R5

� 3 X4

8G3
N M̄2

[(
1 − ξ2

)
−
(

2 − ξ2 − ξ4
)
X2
]

. (B.22)

In particular, one finds

p(0) � 3 X4

8G3
N M̄2

(
1 − 2 X2

)
, (B.23)

which is positive only for X2 < 1/2. Clearly, this approxi-
mation breaks down for X � 0.7, which is about the BNG
compactness for black hole formation.
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