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1  Abstract

The study of wave propagation in the periodic nano-waveguides is of importance to advance the
development of energy and wave controlling systems. In this paper, firstly, the element discretiza-
tion of nano structures is introduced based on the second strain gradient theory. The displacement
field is determined through the utilization of six quintic Hermite polynomial interpolating func-
tions. By applying Hamilton’s principle, the weak form, which incorporates the element matrices,
is determined and the global dynamic stiffness matrix of a unit cell is assembled. Then, the wave
finite element method, based on the inverse form, direct form and contour integral solution, is
used to analyze the two-dimensional free wave propagation properties of complex nano structures
by solving the eigenvalue problems. The interpretation of the frequency spectrum is confined to
the irreducible first Brillouin zone, encompassing both the dispersion relation and band structure.
Furthermore, the slowness surfaces and energy flow vector fields are discussed via the second strain
gradient theory. The novel work, which utilizes the second strain gradient theory equipped with
the wave finite element method to investigate two-dimensional complex nano structures, has re-
vealed significant potential in elucidating the two-dimensional wave propagation characteristics of
the complex nano-waveguides.
1 Keywords: Wave propagation; Dispersion relation; Band structures; Second strain gradient

13 elasticity; Complex nano structures

1 1. Introduction

15 The waveguides ranging from resonators, valves and switches have advanced the technologies in

16 a wide range of field, including information processing, molecular manipulation and sensing. The
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investigation for the heterogeneous waveguides can improve the performance and development of
the existing wave and energy controlling systems. Initially, studies based on the Classical Theory
(CT) of elasticity concentrated on the field of solid-state physic in the macro-sized materials [1-3].
For instance, Fu et al.[4] devised a singular boundary technique for investigating wave propaga-
tion at low to moderate wavenumbers in macro-periodic systems. It has been confirmed that the
proposed technique produces satisfactory results and, as the number of boundary nodes increases,
it converges to the exact solutions. Vescovini and Fantuzzi [5] studied the free vibrations for stiff-
ened and unstiffened configurations. The result shows that the analytical evaluation of the Ritz
integrals guarantees high efficiency. The experimental investigations into the dynamic properties
of guided waves have recently garnered considerable attention. For instance, Fernando et al.[6]
tested an impedance-graded multi-metallic system for a high velocity impact. It is demonstrated
that the impedance-graded system has the capability of diminishing and reducing shock waves.
Ravindran et al.[7] conducted an experimental study on a compaction wave within a low-density
polymeric foam subjected to an intermediate-velocity projectile impact loading. The sound veloc-
ity determined analytically was in congruity with the precursor velocity observed experimentally.

Usually, in the macro-sized structures mentioned above, the local behavior of internal hetero-
geneity significantly impacts their dynamical properties; however, nano-materials exhibiting size
effects demonstrate structural properties distinct from those at the macro-sized level [8, 9]. There
are three main components of size effects. The first one is the large surface-to-volume ratio, which
results in surface tension caused by energy associated with the particles on the structure’s sur-
face [10-12]. The second one is the micro-deformations: the structure’s mechanical behavior is
significantly influenced not only by the macro-deformations brought about by the macro-material,
but also by the micro-deformations, including micro-rotation and micro-stretch, produced by the
micro-material [13-15]. The last one is the non-local interactions: besides the local interactions,
the non-local or long range interactions between different particles in the nano-sized structure can
occur [16-18]. Due to the existence of the size effects, the propagation of waves in nano-materials
can no longer be accurately estimated by the CT.

Interpreting the characteristics of nano-structures related to the size effects necessitates the
utilization of non-classical continuum theories of elasticity, as illustrated in Fig.1, which can be
categorized into the strain gradient family [19, 20], the micro-continuum theory [21, 22], the non-
local elasticity theory [23, 24] and the surface elasticity theory [25, 26]. The strain gradient family
consists of the couple stress theory [27-29], the First Strain Gradient (SG) theory [30, 31], the
Second Strain Gradient (SSG) theory [32, 33] and the modified couple stress theory [34, 35]. In
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couple stress theory, both the usual deformations and the gradient of the rotation vector are taken
into consideration when calculating the strain energy. In modified couple stress theory, the as-
sumption of symmetry of the couple stress tensor is used through the imposition of an equilibrium
condition of couple moments. Mindlin put forward the SG theory, in which the strain and the first
gradient of strain are employed to illustrate the elastic fields. However, the double stresses in the
SG theory have singularities at the defect line [36]. Then, the SSG theory considering the double
stresses and triple stresses was proposed to eliminate all the singularities of physical fields, such
as the elastic bend-twist tensor and dislocation density tensor which are singular in the SG theory
[37]. Most applications utilized SG theory instead of SSG elasticity primarily because SG theory
is easier to handle mathematically, while the SSG theory is more complex. In the SSG theory,
the energy density is a function of strain, the first derivative of strain, and the second deriva-
tive of strain. The SSG theory carries three distinct advantages: firstly, it is possible to remove
all singularities which are still present in the SG theory; secondly, it allows for the confirmation
of higher-order deformations caused by the higher-order scale lengths; and lastly, it explains the
stiffness hardening from the long-range interactions. Since all the physical state quantities are
smooth and non-singular through the SSG theory, utilizing a third strain gradient theory is unnec-
essary. On the other hand, the micro-continuum theory[38] consisting of the micro-polar theory,
the micro-stretch theory and the micro-morphic theory is introduced here. The independent ro-
tational scalar of the micro-material is taken into account in the micro-polar theory, while the
independent stretching scalar of the micro-material is evaluated in the micro-stretch theory. The
most general micro-morphic theory considers both the rotational and deformative behavior of the
micro-material in the structure. In the non-local elasticity [39], the stress at a point is dependent
upon the strains at all points of the body. A popularly employed model of surface elasticity[40]
was developed by postulating a scalar coefficient.

The Lattice Spring Model (LSM) theory [41] has been demonstrated to be a valuable approach
for elucidating the dynamic characteristics of nano-materials as well. The continuum governing
equations of elasticity can be expressed through Fourier series transform according to the lattice
governing equations. The LSM by the SSG relies upon the assumption that the force is reflective
of a non local interaction between particles, introducing a relation with nearest, next nearest and
next next nearest interactions, thus constituting a new type of elastic material with non-local char-
acters. As presented in Fig.1, the detailed concept of each theory and the connections between
different theories are elaborated. If the value of non-classical part in each theory is considered to

be 0, the non-classical theory will return to the CT.
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Fig. 1. State-of-the-art of non-classical theories of elasticity for nano-structures.

Recently, researchers have undertaken explorations of the properties of nano or micro-structures
utilizing non-classical theories. For example, Bruno and Kachanov [42] discussed the potential of
micromechanics in the formation of microstructures, including nonlinear stress—strain behavior
and effective elastic properties. Bacciocchi et al. [43-45] developed a finite element method for
the numerical investigation of static and dynamic problems of laminated plates, accounting for
the nonlocal strain gradient effect. Tocci Monaco et al. [46] explored the flexural behavior of
nanoplates in response to both sinusoidal and uniform loading through the semi-analytical strain
gradient theory. The result shows a good agreement with the one from literature. Furthermore,
Fu et al. [47] studied the dynamical properties of the isotropic materials through the analytical
strain gradient elasticity theory and predicted the material length-scale parameters and the deflec-
tions in the nano materials. Tuna et al. [48, 49] investigated the ‘explicit’ and ‘implicit’ non-local
continuum models through the micro-polar theory. It demonstrates that the proposed method is

efficacious for depicting the mechanical behaviour of complex materials. Meanwhile, Fantuzzi et al.
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[50] deduced the constitutive parameters of composite materials via a homogenization technique
equipped with the micro-polar theory. Zur et al. [51-53] introduced a variational principle and
studied the properties of ultra-small structures via the higher-order gradient elasticity.

On the other hand, a Wave Finite Element Method (WFEM) [54-57] has been proposed to
investigate wave propagation in complex periodic structures, and can be progressed from tradi-
tional FE method to enable the modeling of multiple intricate structures. The WFEM is capable
of reducing a periodic structure into a unit cell according to the periodic structure theory [58, 59],
thereby reducing the computational effort involved. The dynamic properties can be elucidated
through the spectral analysis of the unit cell [60]. Regarding the numerical simulation, a number
of works about the wave propagation characteristics can be found. For instance, Xiao et al. [61]
studied the flexural wave propagation in beams with periodically attached vibration absorbers.
It shows that the presence of both resonance-type and Bragg-type band gaps is a result of the
coexistence of local resonance and spatial periodicity. Wei et al. [62] demonstrated the wave
properties by analyzing the acoustic tensors of extremal materials. Their finding reveals that the
quantity of slowness surfaces can be determined based on the number of distinct characteristic
force vectors originating from the hard modes on a given wave front plane. What is more, Zhang
et al. [63] conducted calculations on group velocities to investigate how geometrical parameters
impact directional frequency-dependent energy flows within structures. It indicates that in the
auxetic chiral structure, the first mode of the elastic wave propagates exclusively along particular
specified directions. Nguyen et al. [64] introduced a novel deep learning technique to study the
wave propagation in media with multi-scale wave speed. The study demonstrates that the trained
neural networks can effectively approximate the nonlinear relationship between wave propagation
and wave speed.

In this paper, firstly, the 1D periodic structure technique used in the simple structures was
extended to the heterogeneous 2D nano structures. As far as the authors are aware, the WFEM
has never been exploited to investigate 2D wave propagation (e.g., slowness surfaces, band struc-
ture and energy flow) equipped with the SSG theory in complex 2D nano structures. Secondly,
the exploration of dynamic properties for nano structures was enriched. Actually, there exist more
complex waves such as higher-order waves in the realistic structures. The potential dynamic prop-
erties of complex nano structures cannot be obtained by studying the conventional waves (e.g.,
bending, tension and shearing) only. The exploration of multi-mode propagation is of great impor-
tance. Furthermore, the new insights on the stiffness hardening phenomena and size-dependent

characteristics were given. These properties have significant impacts on the results but can not
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be explained by the classical theories. Reflecting the size effects and stiffness hardening caused
by higher-order parameters into the WFEM framework is a novel and valuable approach to study
the dynamic properties of nano structures effectively. Lastly, the Contour Integral (CI) solution
was combined with the SSG theory to solve the eigenvalue problem for the first time. The results
match the ones from the traditional direct form solution well.

The primary objectives of this work are to confirm the element discretization of complex nano
structures using the SSG theory and to analyze the free 2D wave propagation properties by solving
the eigenvalue problems through the WFEM. The combination of the WFEM with the SSG theory
is necessary in order to study the dynamic characteristics of complex periodic structures, and to
investigate the size effects existing in nano-sized materials.

The structure of the article is as follows: Section 2 introduces the constitutive relations of the
3D nano-sized model via the SSG theory, and provides the weak form, comprising the element
matrices. Section 3 presents the free 2D wave propagation characteristics, deduced from the eigen-
value problem solved via the WFEM. Section 4 explains the wave dispersion, slowness surfaces,

band structure, and energy flow. Finally, some conclusions are outlined in Section 5.

2. Finite element discretization through the SSG theory

Within the SSG theory framework, this part introduces the constitutive relations of a 3D nano-
structure. Subsequently, employing six quin-tic Hermite polynomial interpolating functions, the
displacement vector is deduced. Finally, the weak formulation is interpreted through utilizing

Hamilton’s principle.

2.1. Constitutive relations

The strain energy density ¢ proposed by Mindlin [32] within the SSG theory framework is

expressed below:

— 1
U 25)\8“‘63']‘ + peijei; + a1&ii&ink + a2&iinrj; + as&iniin + aalijuiir + asijuEini + b1GiiCern
+ b2GijurCiju + 03GiinCiru + baGisjrCurs + 05CiinCQuir + beCijriCijrt + b7CijriCints + C1€4iC)jkk (1)

+ 264 Cijikk + €385 Chkiy

where e=sym(VU), £€=Ve, (=VVe, U indicates the displacement vector, V is the gradient

operator, A and p are related to the Young’s modulus F, Poisson’s ratio v and shear modulus G
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by the equations A = vE /(1 +v)(1 —2v) and p = G = E/2(1 4+ v). Additionally, a;, b; and ¢; are
the higher-order parameters, which can be determined through the inter-atom potential function
approach [65]. @j(i=1,..,5) are related to the first derivative of strain. b;;—,. 7 are related to the
second derivative of strain. c;i;—1,. 3) are related to the part coupled by the strain and second
derivative of strain. In this work, in order to make sure the structure macroscopically isotropic
and use the SSG formulation reasonably, the size of the structure is defined much larger than that
of a crystal unit in the structure.

The vector of the displacement field in the 3D Cartesian coordinate system (z, y, z) is expressed

as:

U(x7y7 Z,t) = {ul(xaywzat)qu(xvya Z7t)7u3(x7yvz7t)}T7 (2>

where uq, us and ug are the the displacements along the z, y and z direction, respectively. Super-
script T indicates the transpose of matrix or vector.

The strain energy density addressed by the €, & and ¢ can be verified as:

€= ‘Ilan £ = ‘IIQU7 C = \I’3U7 (3>

where Wy, Wy and W3 are represented in Appendix A.
Then, based on the SSG theory, the constitutive relations of the 3D model can be established:

7'1:L€+CC, T2:A€, TgZBC+CT€, (4>

where the expressions of Lsxg), A(isxis), Bsoxso) and Cgxap) are addressed in Appendix B.
Consequently, the strain energy density can be expressed in the matrix form through the SSG

theory:

1 1 1
U=;e"Le + J€"AE + S¢TBC +€7CC. (5)

2.2. Element matrices

After obtaining the matrix form of the strain energy density, the weak form will be computed
in this part. The node DOFs for the 1D and 3D Hermite elements are depicted in Fig.2.

A six-term polynomial function is employed to interpolate the scalar field U;=u4 (7, t) inside a

1D element, which ensures the continuity between the 1D elements, as follows:
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Fig. 2: Definition of the node numbers and nodal degree of freedoms (DOFs) for the one-dimensional and three-

dimensional Hermite elements with C? continuity. ﬁge) is the DOF's vector for the 1D element. ui(e) indicates the

DOFs on the 3D element nodes. I, is the half length of the 1D element. (T, 7, Z) are the local Cartesian coordinate
system.

Ul = {17E7f27f37f4775}{807817827S3vs47s5}T = XS8. (6>

As shown in Fig.2 (a), the ﬁge), named as the nodal displacement vector in a 1D element, can

be evaluated as follows:

ﬁge) = {d17d27d37d47d57d6}Ts = dS, (7>

where dl—{l L, 2, =13, 14, =}, dy={0, 1, =21, 312, —4I3, 514}, d3={0, 0, 2, —61., 1212, —2013},

d,={1, L., 12, 12, 1, 12}, ds={0, 1, 2I., 312, 413, 511}, dg={0, 0, 2, 6l., 1212, 20I3}. Then, by
combining Eq.7 with Eq.6, the displacement vector can be expressed in terms of the six quintic

Hermite polynomial interpolating functions and the nodal displacement vector, as follows:

U, =xd 'al” = s(@)ul?, (8)

in which the interpolating functions S(7) are expressed as:

= {S1(2). 81(@), 81(2),55(%), $(7), S3(7) } 9)

where S{(7), S}(Z), S¥(z), S3(7), Si(Z) and S2(7) are shown in Appendix C.

On the other hand, the interpolating functions in the 3 and z directions can be deduced as:
SW)la=2={S1®).51(),51(1).52(1),5:().53 (1)}, S(2)|z=={51(2).51(2),51(2).52(2),83(2) S3(2) }-
Subsequently, the hexahedral element’s interpolating functions, depicted in Fig. 2 (b), is estab-
lished by extending a 1D element to a 3D element [66, 67]:
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S(f ) {S (:E ya )®E1’ SQ(‘T y? )®E27 S3(x y7 )®E3} (10)

in which the elements in the S,(7,7,%) and E, (p = 1,2, 3) are expressed as follows:

Sy (@.5.7) = S{@SY)SY (2), )
E, = {eq, €2, €3}
wherei =1,...,8. u,v,w =0,1,2. S (k. l)(x ¥, %) is connected with the DOFs 9“ ™%y} /(9x“ 0y 0z")
of node 7 in the hexahedron element. The notation j, k,l = 1, 2 signifies the node numbering within
the respective 1D element, which can be established as either 1 or 2 depending on whether 7 is —[,
or [, respectively. Furthermore, the symbol €, is equal to 0 if ¢ # r and equal to 1 if ¢ = r for

any value of r from the set 1,2, 3.

Within the 3D element, the displacement vector U(Z,7,Z) can be written as:

U(z,7,%,t) =S(z,7,2)u (1), (12)

where S(Z, 7, 7) is the 3D interpolating functions, u®={u{®", u{’ INT @I =T )T,
s uf,(e)T}T (p = 1,2,3). Subsequently, the potential energy U can be acquired through the

integration of the strain energy density:

U= ./Zhﬂ/—z ITK@u®), (13)
\%

On the other hand, the kinetic energy is expressed as [68]:

’Tz%ﬂé(U-U+ﬁVU:VU+§VVGEVVU)ML (14)
in which the linear mass density, represented by p, and the higher-order length-scale parameters,
denoted by [y and Iy, are used. In this work, the classical part of the kinetic energy related to
the macro-inertia is considered only. The mass is composed of two parts which come from the
macro-material related to the macro-inertia and the micro-material related to the micro-inertia
respectively per unit volume in nano-structure [30]. The main influence of the mass on the me-
chanical properties comes from the macro-inertia. The effect of micro-inertia is prevalent at high

frequencies, but its impact is secondary in comparison to the macro-inertia, and therefore, often

neglected [69]. As a result:
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1 oU\T /ouU 1 /ou@\" _ /ou®
_2 (¥ oy _ 2 15
T 2V(8t) p<6t>dv 2(at)M(at)' (15)

In the meantime, the external force’s effect on the work done, represented by W, is expressed

as follows:

ow :/ SUTE,dV + / sUTfqdS = (Su(e)TF(e)7 (16)
\4 S

in which fy indicates the volume force, f5 represents the face force. Finally, by introducing the

Hamilton’s principle:

t2 t2 a2u(e)
/ (6W — 8U + 6T) dt = / {511(6” (M@ o+ K©ul©® — F<e>>} dt =0, (17)
t1 t1

the stiffness and mass matrices of the 3D element, along with the force vector, can be formulated

as follows:

K© = / (STETL®,S + STU]AW,S + STU;BY,S + 2ST ¥ C¥,;S) dV,
14

M = / (STpS) dV, (18)
\%

F© = / (S™fy) dV + / (S™fs) ds.
|4 S

3. Wave propagation within the WFEM framework

Upon procuring the matrices representing the 3D element matrices, the present section initiates
by deducing the unit cell’s dynamic equation. Subsequently, a 2D wave propagation analysis is
performed by solving the eigenvalue problems under free and periodic boundary conditions.

The formulation of the dynamic equilibrium of a unit cell, as outlined by the WFEM, can be

expressed as follows:

0%u(t)
ot?

where the unit cell stiffness matrix, K, and mass matrix, M, are constructed through the assembly

Ku(t) + Qagf) +M F, (19)

of element stiffness (K®)) and mass (M(®)) matrices, respectively. The damping matrix, Q, is
represented by Q = nK/w and takes into account the damping loss factor, 1, which is caused
by internal friction within the material. The nodal displacement vector is denoted by u, and the

force vector is represented by F. Given harmonic u and F, the dynamic stiffness matrix can be

10
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represented in the frequency domain as D = K — w?M, where K = (1+in)K. By categorizing the
DOFs into internal (I) and boundary (Bd) DOFs, Eq. 19 can be re-expressed. It is noteworthy
to mention that the DOF's on internal nodes of a unit are not impacted by external loads as the

coupling relations are restricted solely to their boundaries, as stated in [58]. So, F; = 0, this yields:

Dgaga Dsgar Upg _ ]?‘Bd (2())
Dipq Dy U 0

where the amplitudes of u and F are represented by u and F, respectively.

71'/Ly - y B
Ky
Ky QUL S
-mlL, i
-rlLy kx /Ly
(a) A 2D unit cell. (b) The first Brillouin
zone.

Fig. 3: Ilustration of the 2D periodic waveguide unit cell and the first Brillouin zone. u means the amplitudes
of the displacement, subscript L, R, B, T and I denote left, right, bottom, top boundary and internal DOFs. L,
and L, are the length of the unit cell along the  and L, direction respectively. 6 is the heading angle of wave
propagation. (z, y, z) are the global Cartesian coordinate system.

In Fig.3(a), a design for the 2D unit cell has been presented. The nodal DOFs in the unit cell
have been partitioned into six segments, including the four corners, the left, bottom, right, top,
and internal DOFs, the amplitudes of which can be described as: {ug,, af } = {af, u], aj, uj
uf, ag, ug, ok, af'}. It should be noted that the classification of the nodal forces is done in the
same way. The periodic structures theory [58] postulates that the nodal DOFs can be represented

through the utilization of the propagation constants, namely A, and A;:

Up = AIU.h us = /\yu17 Uy = )\z/\yula Ur = )\ruln ur = )\yUB, (21)

in which \, = e7#=l= )\ = e "Iy Within the confines of the first Brillouin zone, the wavenum-
bers k, and r, undergo alteration, as shown in Fig.3(b), ranging from —x/L, to 7/L,, and from
—n/L, to /L,, respectively. On the other hand, in the case of free wave propagation, the aggre-

gation of nodal forces from all elements linked to nodes 1, L, and B results in a null value:
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Fi+Fo 0+ F T+ F N =0,
Fr + FrA\;1 =0, (22)
Fp+FpA, ' = 0.

In order to solve the eigenvalue problems of Eq.20, three different solutions are proposed: the
inverse form solution, the direct form solution and the Contour Integral (CI) solution. For the
inverse form solution, the two wavenumbers x, and x, are given, the frequency w needs to be
calculated. For the direct form solution, the frequency w and one wavenumber are given, the other

wavenumber needs to be confirmed. For the CI solution, the frequency w and wave propagation

heading angle 6 are given, the wavenumber kg needs to be illustrated.

3.1. Inverse form solution

For the inverse form, the nodal DOFs of a unit cell can be represented by t,y={a], 4}, ug, uf }*,

as a result:
AT ~TVT At s
{tga, 07 } = ARy, (23)
with
T
Ao L AL A AN 000 0 0
R = ORI Ar=]0 0 0 0 Iwm 0 XL, O ;o (24)
I

0 0 0 0 0 I, 0 )\

where Iy, I, I, and Iy, are the identity matrices of dimensions I, s, sn and sm, respectively. On

the other hand, for the nodal forces:

F
AL TP Y o, (25)
0
with
. L A A A 000 0 0
AL 0| .
Al = 0 1 AL=10 0 0 0 L, 0 NI, O . (26)
! o 0 0 0 0 L, 0 AL,
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Then, submitting Eq.23 and Eq.25 into Eq.20, this yields:

AL (K . w2M> Aty = 0, (27)

which the standard, linear eigenvalue problem in w? subsequently results from the following:

[K* Ay Ay) — w’M* (A, Ay) ] Gpr = 0. (28)

The magnitude of the eigenvalue conundrum is equivalent to that of ti,;. The perspective of
the WFEM inverse form involves the fixation of A\, and \,, after which the w are illustrated. The
formation of the n-th slowness surface is established through w®’, in which 4 indicates the i-th term
of wavenumber along z direction, 7 means the j-th term of wavenumber along y direction, n is the
n-th term of frequency under ¢ and j. The energy flow vector, also known as the Poynting vector,
at a given point (k,, k), is equal to the gradient of the slowness surface. When considering the
iso-frequency contour of the slowness surface, the Poynting vector is perpendicular to the contour
curves. Furthermore, a 2D representation of the slowness surface, referred to as the band structure,

can be attained through plotting A\, and A\, along the O-A-B-C-O contour as depicted in Fig. 3(b).

3.2. Direct form solution

The direct form of the dynamic equilibrium equation will undergo a re-expression post-dynamic

condensation:

Diipy = Fga, (29)

where the condensed form of the dynamic stiffness matrix is represented by D = Dggpq —
DBdIDﬂlDIBd, subscript Bd and I are the boundaries and internal DOFs of the unit cell re-
spectively. After the internal DOFs condensation, the boundary nodal DOFs can be expressed

as:

ligq = AR, (30)

where t,={u], 4}, u5}". On the other hand, the nodal forces can be written as:

ALFpq = 0. (31)

By incorporating Eqs.30 and 31 into Eq.29, it follows that:
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ALDAgRt, = 0. (32)

Suppose one of (A, A,) is given (In this work A, is given). Subsequently, Eq.32 transforms into

a quadratic eigenvalue issue with respect to A\, as depicted below:

% (A2G + \H +J) a4, =0, (33)

where G, H and J are addressed in Appendix D. The solution to the eigenvalue problem of a
quadratic nature can be attained through the utilization of the polyeig function. The quadratic

eigen-problem in Eq.33 can be solved using the following linearization:

-J 0 ﬁb H G lAl’b
=\, : (34)
0 I A, g I 0 Az U,

In this work, the wavenumber is assumed as , = 0, which means A, = 1 and then the wave
propagates along the x direction. Finally, wavenumber k, can be solved from Eq.34 under different

frequency.

3.3. Contour Integral (CI) solution

In this part, as shown in Fig.3(b), when the wave propagation is along a heading angle 6, the

wave propagation constants A, and ), can be defined as:

Ay = exp(—ikgcos(0) L), N, = exp(—ikgsin(d)L,), (35)

in which k¢ means the wavenumber along the 6 direction. Then, submitting Eq.35 into Eq.32. As

a result, the dynamic equilibrium equation will be reformulated in the following form:

(AL(@, 0)D(w)Ar (o, 9)) i, = 0. (36)

In this work, the frequency w and the heading angle 6 are given, the eigenvalues kg can be

solved within a specific contour I':

~

D (k)i = 0, (37)

where D(/{g) e C™", ay, € C", n is the size of the eigenvector. The above nonlinear eigenvalues

problem can be deduced using the CI method [70], which is based on the analysis of the moments
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related to the matrix D(ky):

Ay = [ (kg D(g)~ Vi, (38)

-~ 2 Jp
where p € N, V € C™ is a probe matrix which can be chosen at random practically. Inside

the contour I', moments A, includes the spectrum information of ]f))(/ig). So as to illustrated the

nonlinear eigenvalue problems, 2p moments are utilized to built the block Hankel matrices By and

Bl € Cﬁn,ﬁl .

./40 . .,47971 Al - Ap
By = S : , Bi=1| . : , (39)
.»4571 . ./427072 ATJ - ./421571

in which p € N, p=0,...,2p — 1. Then, the Singular Value Decomposition (SVD) is expressed as:

By = VEIWH, (40)

which can be used to confirm the low rank approximation:

By ~ VoXoW;'. (41)

Namely, a tolerance oy, is introduced. Only the m leading singular values, which corresponds

the columns of V and W, are reserved according to the sorting of the singular values:

012"'>0mZatolzam-‘rl%"'%o' (42>

Then, the eigenvalues of matrix B can be calculated, whose values are same as the ones by

Eq.37 inside the contour I', as follows:

B=VIBW,n, (43)

where B € C™™. As a result, the nonlinear eigenvalue problem in Eq.37 is reformulated in terms
of a reduced sized linear eigenvalue problem with the same eigenvalues inside I'. After the low
rank decomposition, it should be noted that m > n,,, where n,, is assumed as the number of
eigenvalues within I'. So as to match the condition above, the number of moments and columns of
the probe matrix have to be chosen as pl > ng,, where p > 1 is necessary. At the same time, for the

accuracy and stability reasons, the maximum order of the moments 2p — 1 must keep small. What
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is more, a numerical approximation of the integral in Eq.38 is necessary. Set a parametrization of

the contour as:

I' =0 + m(cosp + iresing), (44)

where 0 < 8 < 27. Based on these circumstances, the integral is approximated by a N-point
trapezoidal rule, which causes to the discrete approximation of Eq.38, one gets:
5 N
1
.Ap ~ g Z(K@)?Wij, (45)

j=1
in which (kg); is the integration point along I', w; = (y2cosf; + 1 sinf;) is the weight and
D((/ig)j)Xj = V is the N linear system to be deduced. In order to ensure the numerical sta-
bility, the monomial basis ((ks — 79)/71)F is applied in Eq.38 and Eq.45 instead of (kg)P. The
procedure above can be used to confirm the wavenumber kg under the different wave propagation

heading angle 6 within a closed curve of the complex plane.

4. Numerical applications

The numerical investigation anchored in the SSG theory holds undeniable value in compre-
hending the dynamic characteristics of complex nano-sized structures. In this section, the inverse
form solution, direct form solution and CI solution of the WFEM are utilized to analyze the wave

propagation of three different nano-sized complex structures.

(a) Structure 1 and its unit cell. (b) Structure 2 and its unit cell. (¢) Structure 3 and its unit cell.

Fig. 4: Three different periodic nano-sized structures and their meshed unit cell. Element number n = 16 in unit
cell 1, n =12 in unit cell 2 and n = 24 in unit cell 3.

As shown in Fig.4, three different periodic nano-sized structures constructed with unit cells are
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introduced. The material of these three structures is Aluminum (Al) with L, = 200qay, L, = 160q,
L, = 10ag, L1 = 100ag, Ly, = 80ag, L,; = 40q, (the lattice parameter ay = 4.046 x 10710 m).
The Young’s modulus, denoted as E, is determined to be 70 x 10° Pa, while the mass density,
represented as p, is equal to 2700 kg/m? [71]. Additionally, the damping loss factor, designated as
n, is equal to 107%. The higher-order parameters for Al [65] are depicted in Table 1.

Table 1: Higher-order parameters a;(eV /A), bi(eV-A) and ¢;(eV/A). (1eV = 1.602 x 10~ J, 1A=10"1° m)

aq a9 as ay Qs b1 bg b3 b4 b5
0.1407  0.0027  -0.0083 0.0966 0.2584 0.7927 0.0644 -0.1943 -0.0009 0.0009
b6 b7 C1 Co C3

16.1566 48.5291 0.5041 0.3569 0.1782

4.1. Dispersion relation

a b
(D) RN (ﬁ 3T (C@) 34T
45 59 | 740 52 | 740 50
3L U 6 [ 1 A = ToreTemaT _§_ H ;\ s g‘ 1 So-aoe 7o
e > 5 5 o \1 5 Y
S AN 1
= 1 1 1 2
1 2 2 é 3 vl
. 7 I\l . g o)
0 N 34 YA\ = oL ATH
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
w/wo (S1) w/wo (S2) w/wo (S3)
—SSG (direct form) © SSG (CI) ——CT (direct form) o CT(CI) ——CT (analytical)

Fig. 5: Dispersion relations of three structures by the WFEM direct form and CI solutions. (a): structure 1 (S1),
(b): structure 2 (S2), (c¢): structure 3 (S3). 1: bending, 2: shearing, 3: tension.

In this part, to analyze the wave propagation along the x direction, as illustrated in Fig.5,
the dispersion relations of three waveguides are calculated using the WFEM direct form. Only
the waves with positive real parts are depicted, as the waves of both negative and positive are
symmetrical relative to the z-axis. The wavenumber’s real part, Re(k;), is defined as the phase
shift per unit length. Normalization of frequency is expressed as w/wy, with wy representing the
unit cell’s first natural frequency. The blue lines signify the outcome of the SSG theory, while
the black lines represent the outcome of the CT. The curve produced by the SSG theory is nearly
indistinguishable from that of the CT at low frequency. However, as the frequency increases, the
disparity between the results of the SSG and CT becomes increasingly apparent, which demon-

strates the existence of the size effects in the nano structures clearly. According the SSG theory,
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the stiffness hardening phenomena [72] appears in nano structures at the high frequency because
of the higher-order parts in the strain energy density containing non classical parameters related
to the long-range interactions between the microscopic particles. This significant phenomena can
not be illustrated by non-local elasticity theory and surface elasticity theory.

On the other hand, in order to verify the results of WFEM direct form, the CI method under
the propagation heading angle § = 0 is applied. The first three modes (bending, shearing and
tension) are calculated. The curves of the first three modes by the CI match the ones by the
direct form well. At the same time, the classical analytical methods for the tension, shearing and
bending cases [73] are applied to validate the results of the WFEM CT in stricture 1. The results
obtained from classical analytical methods are consistent with those obtained from the WFEM CT
at low frequencies, demonstrating the compatibility between the two methods, but the discrepancy
between them becomes bigger as the frequency increases. Here, it should be pointed out that there
exist higher-order modes (e.g., modes 4, 5, 6) that the classical analytical methods can not predict.
Note that the normalized first cut-off frequency for the complex thickness contractional wave 4
[55] in structure 1 is 260 by the CT, instead of 280 by the SSG. The wave 4 in structure 2 and
3 propagates continuously in the studied frequency domain. However, the classification of wave

modes becomes more confusing when dealing with complex waves such as 5 and 6.

0.02
0.015 %‘. _ CT-w _ SSGw
\ L 1
— \\ ---CT-w - - -SSGw
3 \ 2 2
4 00Lf
| — CT-w, - SSG-w3
\ \
AN
0.005} !
0 = .
10 14 18

Element number n

Fig. 6: Convergence of the dispersion relation in structure 1 when k., L, = 7w by the SSG and the CT.

What is more, as shown in Fig.5, the wave propagation characteristics of these three structures
are different. In the structure 1, there is no band gap for the first six waves. But in the structures
2 and 3, there exist band gaps. The first band gap of wave 1 in structure 2 and 3 starts at around
w/wo = 40. The first band gap range of the wave 1 in structure 2 is similar to the one in structure
3. However, the first band gap ranges of the wave 2 and 3 in structure 2 are very different to the

ones in structure 3. For the higher-order wave such as the wave 6, whose first band gap starts at

18



360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

around w/wp = 80 in structure 2, but w/wy = 0 in structure 3. Fig. 6 is about the convergence
of the first three frequencies in structure 1 when k,L, = 7 by the SSG and the CT. The meshed
element number of a unit cell in structure 1 serves as the horizontal coordinate, while the vertical
coordinate represents the frequency variant: Aw;=|(wjnt1) — Witn)|, where i=1, 2, 3 means the
first three frequencies, n is the meshed element number of a unit cell. As illustrated in Fig. 6, there
is a decline in frequency diversity as the number of elements in a unit cell increases, exhibiting a

convergent trait.

4.2. Band structures

500 " . .
@ (b)
400 [
o 3008
3
3 200 F
I 2 I
100 4 Y,
1
o 1 1 1 1 1 1 1 1 1
O A B C (@) A B C (0] A B C O
K-Space position (S1) K-Space position (S2) K-Space position (S3)
—SSG (inverseform) o SSG (CMS) —CT (inverseform) o CT (CMS) ¢ Direct form

Fig. 7: Band structures of three structures by the WFEM inverse form. (a): structure 1 (S1), (b): structure 2 (S2),
(c): structure 3 (S3). Red points: the first three modes from the WFEM direct form. 1: bending, 2: shearing, 3:
tension.

Next, So as to illustrate the wave propagation along the x and y, the band structures of three
nano structures are introduced based on the WFEM inverse form. As presented in Fig.7, the
illustration depicts the five branches with the lowest normalized frequency spectrums along O-A-
B-C-O. The blue lines indicate the outcomes derived from the SSG theory, while the black lines
symbolize the outcomes obtained from the CT. The curve produced by the SSG is substantially
similar to that produced by the CT at low frequencies. However, as the frequency increases, the
distinction between the CT and the SSG becomes increasingly pronounced. On the other hand,
the SSG’s frequency value surpasses that of the C'T at equivalent k-space locations, which can be
attributed to the fact that the dynamical equilibrium equation in the SSG theory includes non-
classical components that possess higher-order parameters. As a result, the eigenvalue w derived
from the SSG theory surpasses that of the CT under the same s-space. So as to validate the result
in this part, a Component Mode Synthesis (CMS) method [74] is used. The result by WFEM
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inverse form matches the CMS well. On the other hand, there is a visible band gap between
the third branch and fourth branch in the structure 3. At the same time, the result shows that
some parts of the waves by the direct form cannot be predicted by the inverse form, such as the
waves marked in red points between the third branch and fourth branch in the structure 3. This
phenomenon can be described as that in the framework of direct form, different waves can cross

and switch in some certain frequency ranges.

4.3. Slowness surfaces

(@ (b) (©)
100 160 280
75 120 210 =
o =) o 755
3 3 3 000,
3 50 3 80 3 140 ::::f::f:;:é?}?{
40 R N
0 0 0
4 4 4

Lo 1 Lo 1 L1
"yty 0o ' wlL "yoy oo 1 sl "yoy 0o 1 wL

The 1st slowness surface The 2nd slowness surface The 3rd downess surface

Fig. 8: The first three slowness surfaces of three structures in the first quadrant by the SSG. S1: structure 1, S2:
structure 2, S3: structure 3.

In this part, the first three slowness surfaces of three structures in the first quadrant, as
presented in Fig. 8, are introduced based on the SSG to study the wave propagation in the whole
first Brillouin zone. The 3D surfaces exhibit symmetry in relation to s, and x,. It shows that the
position of the slowness surface for structure 1 is elevated compared to structures 2 and 3, which
means that the energy in the structure 1 is biggest and the energy in the structure 3 is smallest on
each slowness surface at the same k-space position. The difference between the slowness surfaces is
caused by the different wave propagating and controlling capacity of each structure. The structure
1 has the high wave propagating capacity and low wave controlling capacity. The structure 3 has
the low wave propagating capacity and high wave controlling capacity. The wave propagating and
controlling capacity of structure 2 is between those of structures 1 and 3. On the other hand, the
result shows that the 1st slowness surface of each structure is smooth, but the 2nd and 3rd slowness
surfaces of each structure are rough. On the 1st slowness surface, the energy is always uniformly
distributed in the first Brillouin zone. However, on the 2nd and 3rd slowness surfaces, the main

energy is distributed in some specific regions. For example, the main energy is distributed along
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the y-axis on the 2nd slowness surface. However, the main energy is distributed at the k-space

position A and C on the 3rd slowness surface.

4.4. Energy flow vector fields

@ X /
BE VTR AR
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— SSG-saurface 1 (wlw O=30) — CT-surface 1 (w/w0=30) — SSG-surface 2 (wlw O=50) — CT-surface 2 (wlw 0=50)

Fig. 9: The energy flow on the first two slowness surfaces of three structures by the CT and the SSG. (a): structure
1, (b): structure 2, (c): structure 3.

For the purpose of delving deeper into the wave propagation in nano structures, an investigation
is conducted into the energy flow on the first two slowness surfaces of three nano structures using
both the SSG and CT methods. As presented in Fig.9, the direction and length of the arrow denote
the energy flow direction and gradient value respectively. The normalized frequencies of the iso-
frequency contours are chosen as 30 and 50 on the first and second slowness surfaces respectively.
The propagation of a plane wave is presented by the wave number kg under the heading angle
0. The arrows from the SSG and the CT almost overlap on the zy plane, which means that
the direction and gradient of energy flow projected onto the xy plane by the SSG are essentially
equivalent as that by the CT. On the first slowness surface, the wave propagates in all directions.
The iso-frequency contour posited by the SSG is situated within the one determined by the CT,
indicating that the ky computed by the SSG is of a lesser magnitude than that calculated by
the CT for the same heading angle #. On the second slowness surface, the energy propagates

outward in the middle part, but inward at the edge. The position of the iso-frequency contour as
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determined by the SSG lies exterior to that of the CT at the periphery, yet it lies interior to the
contour established by the CT in the central region.

On the other hand, when it comes to low frequency waves, the wave propagation properties of
the three structures bear a remarkable resemblance to one another. However, at high frequency,
the wave propagation of three structures are different, which can be clearly observed in Fig.9:
the range of energy that propagates outward in the structure 3 is the largest, but the smallest in
the structure 1 under the same theory. Additionally, the SSG theory encompasses higher-order
parameters that showcase non-local properties, thereby inducing a ”hardening” effect on the nano

structure. As a result, the wave propagation range experiences a transformation.

5. Conclusions

In this paper,the SSG theory, which is integrated with the WFEM, is utilized to conduct a
wave propagation analysis of three complex nano structures. In order to accomplish the numer-
ical modeling, firstly, the constitutive relations of the three-dimensional nano-sized structure are
confirmed through the SSG. The displacement field is determined through the utilization of six
quintic Hermite polynomial interpolating functions. The calculation of the weak form, inclusive of
the element matrices, is performed by employing Hamilton’s principle.

Subsequently, the dispersion relations for three nano structures are illustrated by the WFEM
direct form solution and the Contour Integral (CI) solution respectively. The advantage of the
WFEM is that it can predict the higher-order waves in nano-structures which cannot be solved by
the analytical solution. It shows that the results of the first three modes by the direct form solution
confirm the ones by the CI solution under the heading angle # = 0. The presence of non-classical
components featuring higher-order parameters within SSG can induce special stiffness-hardening
within nano-sized structures. The wave propagation characteristics of these three nano structures
are different. In the structure 1, there is no band gap for the first six waves. But in the structures
2 and 3, there exist band gaps.

Furthermore, the band structures of three nano structures are confirmed through the WFEM
inverse form solution respectively. The comparative analysis between the SSG and CT band struc-
ture curves reveals that the former exhibits close proximity to the latter at lower frequencies.
However, the difference between the two curves becomes increasingly pronounced as the frequency
increases. The frequency by the SSG is bigger than the CT under the same x-space point. Some
parts of the waves by the direct form cannot be predicted by the inverse form, such as the connec-

tion waves between the third branch and fourth branch in the structure 3.
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Lastly, the discussion pertaining to the energy flow and the slowness surfaces of three nano
structures is conducted. Results obtained show that the slowness surface position of structure 1 is
higher than structures 2 and 3, which means that the energy in the structure 1 is biggest and the
energy in the structure 3 is smallest on each slowness surface under same x-space. The structure
1 has the high wave propagating capacity and low wave controlling capacity, while the structure
3 has the low wave propagating capacity and high wave controlling capacity. Furthermore, due to
the existence of the "hardening” phenomena in the nano structures through the SSG, the wave

propagation range experiences a transformation.
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Appendix A. Definition of matrices ¥,;, ¥, and ¥3 in Eq.3

d, 0 0 0 90, O ' e; 0 O
=00, 00, 0 9| .%o=1]0 e 0 |® {0y, 0.,20,20,.,20,.}",
0 0 9, 0, 9, 0, 0 0 ¢
e; 0 O
Ts=| 0 e 0 |® {0 Oy Ousss 30uay, 300z, 30yyws 30yyss 30220, 3022y, 604}, Where sym-
0 0 e

bol ® indicates the Kronecker product, ejsx1) and ep1ox1) are the vectors of ones.

Appendix B. Definition of matrices Lgxe), A(18x18)s B(3ox30) and Cgx30) in Eq.4

The matrix Lsxe): La1) = L2 = Lis) = A+ 20, Lugy = Lis) = Lee) = 1, Lo =Ly =
Lag =Ly =Les =Ley = A

The matrix A(sxis): Ay = 2(ar + ag + a3 + ag + as), Aqg) = Apyy = az + 2a3, Az =
A@yy =ax+2a3, Ay = Apyy) = (201 +0a2)/2, Aus) = Ay = (201 +a2)/2, Apg) = 2(az +ay
Ay = Apz) = 2(as), Apg) = Aug) = (024 205)/2, Aps) = A = (02)/2, Ais) = 2(as+as
Aisa) = Aus) = 02/2, Ags) = Asg) = (02 +205)/2, Aay) = (01 + 204 +05)/2, Aus) = Apa) =
(a1)/2, A = (a1 + 2a4 + a5)/2, Age = 2(a1 + az + a3+ as + as), Agr = Age = az + 2as,
AGg) = Are) = a2 + 2a3, Agg) = Ape) = (202 + a2)/2, Aoy = Apoe) = (202 + a2)/2,

);
),
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A ry = 2(astas), Agg) = Agry = 2(a3), Ao = Ay = (a2+2a5) /2, Aza0) = Apor) = (a2)/2,
Ags) = 2(az+aq), Agg) = Apg) = a2/2, A0 = Apog) = (a2+2a5)/2, Ao = (a14+2a4+as5)/2,
A1) = Aoy = (a1)/2, Apoao) = (a1 + 2a4 + as)/2, Aqiny = 2(a1 + az + ag + ag + as),
A(11,12) = A(12,11) = az + 2as, A(11,13) = A(13,11) = az + 2as, A(11,14) = A(14,11) = (2&2 + Cl2)/2,
A(11,15) = A(15 1) — (2G2 + GQ)/2, A(12 12) — 2(613 + &4) A(12 13) — A(13,12) = 2(613), A(12,14) =
A(14 12) = (a2+2a5)/2 A (12,15) A(15 12) = (a2)/2 A (13,13) = 2(CL3+CL4) A(13,14) = A(14,13) = a2/2,
Apzis) = Agsisy = (a2 +2a5)/2, Aqaiey = (a1 + 2a4 + a5)/2, Aqais) = Apsay = (a1)/2,
Aqss) = (a1 +2a4 + as)/2, A 16,16) = a4, Ape1r) = A(i7,16) = (as)/2, A16,18) = Apsie) = (as)/2,
Anrir) = as, Aaris) = Apsar) = (a5)/2, Ausis) = ag.

The matrix B soxs0): B1,1) = 2(b1+ba+bs+bs+b5+bs+b7), B gy = Bs1) = (201 +bs+2b4+2b5) /3,
B(1,5) = B(s1) = (2b1 +b3+2bs+2b5) /3, B(1,12) = B121) = 201, B1,14) = B(1a,1) = (201 4+2b2403) /3,
B,19) = By = 201/3, B(i2s) = Bes,1) = 2b1, Bios) = Bas1y) = (201 + 202 + b3)/3, B1or) =
Bz = 201/3, Bag) = 2(bs + bs), Boay = Bug) = (bs + 205)/3, By = Bpa = 2b5/3,
B11) = Bai2) = 204, By = Buegz)y = (b3 + 20y + 2b7)/3, Ba,1s) = Bis2) = 204/3, B(aso) =
B0z = 03/6, Bgs) = 2(bs + bg), Bssy = Bpg = (bs + 2b5)/3, By = Brg) = 2b5/3,
B20) = Bog) = 03/6, B2y = Big) = 2bs, Bzos) = Bass) = 204/3, Bsos) = Bass) =
(b 4204 + 2b7) /3, Baay = 2(2b3 + b3 + b5 + 3bs + 2b7) /9, Bag) = B(o,a) = (bs +2b5)/3/3, Ba11) =
B1,4) = (b + 204 + 2b7)/3, Ba16) = Bi6.a) = 2(2by + b3 + b4)/9, Ba1s) = Bsa) = (b3 + 2b4)/9,
B (130) = B(30,4) = (202+b3) /18, B(5 5) = 2(2b2+b3+b5+3bs+2b7) /9, B(s 7y = B(75) = (b3+2b5)/3/3,
B9 = Baogs) = (202 + 03)/18, Bs20) = Baos) = (bs + 2bs + 2b7)/3, B(s25) = Bass) =
(bs +2b4)/9, Bs.27) = Bars) = 2(202 + b3 + 04) /9, Bss) = 2(by + 3bs + b7)/9 + 2(b1 + bs + b5) /9,
Bes)y = Bsg) = 2(01 +bs + 05)/9, B2y = Buoey = (2010 + 202 + 03)/3, B4y = Bae) =
2(by + b3 + 2b7)/9, B(s19) = Bioe) = (2b1 + 03)/9, B(s,23) = Bass) = 201/3, Bs25) = Base) =
(2014b3)/9, Bs2r) = Bare) = 2(b1 +02)/9, B(z,7) = 2(bs+3bs)/9, B(7,20) = B(2o,7) = (b3 +4b7)/18,
B2y = Bpiy = 204/3, Brosy = Basry = 2(bs + 07)/9, Bz2s) = Bsy = (b3 + 2b4)/9,
Bsg) = 2(ba+3bs+b7)/94+2(b1+bs+05) /9, Bis 12y = Brgsy = 201/3, B(s 14y = Buag) = (201+03)/9,
Bs19) = Bigg) = 2(b1 + b2)/9, B(s3) = Bass) = (201 + 203 + b3)/3, Bs2s5) = Bass) = 2(b1 +
bs + 2b7)/9, B(sory = Bars) = (201 + 03)/9, Bogy = 2(bs + 3bs)/9, Bo,11) = B1g) = 2b4/3,
Bo,16) = Be,g) = (b3 +204)/9, Bo,1s) = Busg) = 2(bs + 07)/9, B(g30) = Bso,9) = (b3 + 4b7)/18,
Bo0) = 2(ba + 3bs + 07)/9/2, Boas) = Bsio) = b3/6, Bioisy = Basjio) = (bs + 4b7)/18,
B1017) = Buri0) = (202 + 03)/18, B10,22) = B(a2,10) = 03/6, B(1o24) = Baa,10) = (b3 + 4b7)/18,
B(10,20) = B(29,10) = (202 + b3) /18, B(11,11) = 2(b5 + b6 ), B(11,16) = B(1s,11) = (b3 +205)/3, B(11,18) =
Bas11) = 205/3, Baise) = Bo,11) = 03/6, Bagiz) = 2(b1 + by + b3 + by + bs + bg + b7), B(1g,14) =
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Ba12) = (2b1 + b3 + 2by + 2b5)/3/3, B(12,19) = Bg2) = (2b1 4 bs + 2by + 2b5)/3/3, B1a,23) =
B (23,12) = 201, B12,25) = B(25,12) = 2b1/3, B(12,27) = By2r,12) = (2b1+2b2+03) /3, B(13,13) = 2(bs5+bs),
Basis) = Bsis) = 205/3, Busiry = Buris) = (b3 + 205)/3, Basgs) = 2B(22,13) = bs, Brgsos) =
B24,13) = 2b4/3, B(13,209) = B(29.13) = (b34+2bs+2b7) /3, B(14,14) = 2(b2+3bs+b7)/9+2(b1 +bs+b5)/9,
B(14,19) = B(1g,14) = 2(b1 + b4 + b5) /9, B(1a23) = B2s,14) = 4b1/3, B(ia25) = Bas4) = 2(b1 + b2) /9,
B2y = Brisy = (201 4+ 03)/9, Bassy = 2(bs + 3b6)/9, Bsiry = Barisy = (bs + 2b5)/3/3,
Bs22) = B22,15) = 204/3, Bis24) = Baa15) = 2(bs + 07)/9, Bis20) = B(20.15) = (b3 + 2b4)/9,
B16,16) = 2(202 + b3 + bs + 3bs + 2b7)/9, B16,18) = Bs,j6) = (b3 + 205)/3/3, B1s,30) = B(s0,16) =
(202 + b3) /18, Barary = 2(202 + bg + bs + 3bs + 207)/9, Bi7,22) = Bag,17) = (bs + 204 + 2b7)/3,
B724) = Bpairy = (bs + 204)/9, Barge) = Baoar = 2(202 + bs + b4)/9, Bsas)y = 2(b +
by + b3 + by + bs + bg + b7), Brsgsoy = Bois)y = (b3 + 4b7)/18, Big19) = 2(ba + 3bs + b7)/9 +
2(by + by + 05)/9, B(igosy = Basig) = (2b1 + 202 + 03)/3, Brogs) = Bsig = (201 + b3)/9,
B9y = Bar19) = 2(b1 + b3 + 2b7) /9, B(20,20) = 2(b2 + 3bs + b7)/9/3, B20,21) = Ba1,20) = b3/6,
B (20,26) = B26,20) = (b3 +4b7) /18, B20,28) = Bas,20) = (2b2+03) /18, B(21,21) = 2(b5+b5), B(21,26) =
B 26,21y = 2b5/3, B(21,28) = Bag21) = (b3 + 205)/3, B(22,22) = 2(bs5 + bs), B22,24) = B24,22) = 2b5/3,
B (22,29) = B(2g,22) = 2(b3 + 2b5) /3, B2 23) = 2(b1 + by + b3 + by + b5 + b + b7), B(2325) = By2s23) =
2(2by + by + 2bs + 2b5)/3, Bragar) = Biaras) = (2b1 + by + 2y + 2b5)/3/3, Biasagy = 2(bs + 3b6) /9,
B(24,29) = B(2g,24) = (bs + 2b5)/3/3, B25,25) = 2(by + 3bs + b7)/9 + 2(by + by + 15)/9, B 26,26) =
2(bs+3bs)/9, Baz,27) = 2(ba +3bs +b7) /94 2(b1 +bs+b5) /9, Bag 2s) = 2(2b2 + b3 + b5 +3bs +2b7) /9,
B (29.20) = 2(2b + b3 + bs + 3bs + 2b7)/9, B(30,30) = 2(b2 + 3bs + b7)/9/3.

The matrix Cgxs0): C11) =1+ 2+ c¢3, Cug) = (c1 +¢3)/3, Cag) = (a1 +¢3)/3, Cra12) = 1,
Cag = (a1 + ¢2)/3, Cai9) = c1, Cuasy = c1, Crios) = (c1 4+ ¢2)/3, Caporn = c1, Coyy = c,
Cpe = (c1 + ¢2)/3, Cpg = ¢, Cpiz = a1+ +c3, Cpg = (c1 + ¢3)/3, Cra3) = c1,
Ci25) = ¢1, Coony = (1 +¢2)/3, Cz1y = ¢1, Czey = 1, Cg) = (a1 + ¢2)/3, C2) = 1,
Caa) = ¢1, Cz9) = (c1+¢2)/3, Cz03) = c1 + a4+ ¢3, Cz.95) = (1 +¢3)/3, Czom) = (1 +¢3)/3,
C,10) = ¢2/6, Cuaisy = ¢3/2, Cuns) = c3/2, Cuar = (22 + ¢3)/6, Craz2) = ¢3/2, Craoa) = ¢3/2,
Ca29) = (2¢2 4 ¢3)/6, Cs3) = c3/2, Cs5) = (2c2 + ¢3)/6, C(57) = ¢3/2, C(520) = €2/6, C501) =
cs/2, Cso6) = €3/2, Crsas) = (22 + ¢3)/6, C2) = ¢3/2, Cay = (2c2 4 ¢3)/6, C9) = ¢3/2,
Ci,11) = ¢3/2, Cg8) = 3/2, Cs30) = c2/6. Here, it should be noted that the values of the rest
parts that not mentioned in the matrices L, A, B and C are 0.
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Appendix C. Definition of S{(Z), Si(Z), S?(z), S3(Z), S;3(¥) and S2(Z) in Eq.9

S¥(z)=>5x3/(812) — 157 /(16l.) — 3z°/(161°) + 1/2, S}(z)=5l./16 — 72/16 — 37*/(8l.) + 5T>/(8I?) +

7t/ (1613)—-3z° /(1612), S3(T)=I?/16—1.7/16—7* /8+7>/ (8L.)+x* /(1612)—=° / (1612), SY(T)=15T/(16l.)—

573 /(813) + 37 /(1612) +1/2, S}(7)=372/(8l,) — 7T /16 — 5. /16 + 53/ (81?) — = / (1613) — 37° / (1612),
Si(7)=1.7/16 + 1?/16 — T2 /8 — 7%/ (8l.) + T*/(161?) + Z°/(1613).

Appendix D. Expressions of the coefficients G, H and J in Eq.33

Gll GlL GIB Hll HIL HlB Jll JIL JlB
G = GLI GLL GLB ) H= HLI I_ILL HLB ) J = JLl JLL JLB )
GBl G"BL GBB HBl HBL HBB JBl JBL JBB

where Gi; = Dyp + D3g + ]1)32)\;1 + DigAy, Gin = Dir + DsR)\JI, Gip = 0, Gr1 = Dz + DraAy,
GLL = Dir, Gug = 0, Gp1 = Dpz + Dy + ]D)Tz)\y_l + Dpyy, GpL = Dpr + DTR)\y_17 Ggp = 0,
Hyy = Dyy + Doy + Dz + Dy + (D31 + D) A, " 4 (D3 +Dog) Ay, Hip, = Dip, +Dog + (Dsr, + Dar ) A,
Hig = Dip + Dap + DA, ' + Dip)y, Hyy = Duy + Dry + Dish, ' + Dra)y, Hip = Dip, + Dgg,
Hig = Dig + Dirdy, Hey = Dpy + Dpg + DriA' + Des)y, He, = Dpp, 4+ Drp ;! Hpg =
Dpg + Drp 4+ DypA, ' + Derdy, Jin = Doy 4 Dyg + DAyt + Dasy, Jip = Dop, + DA, Jip =
Do + Dyr + Dy, " + Dor)y, Jui = Dri + Drs)y, Jin = Dre, Jus = Drs + Drr)y, Jp1 = 0,
JpL =0, Jgg = 0.
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