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Abstract

The specific objective of this study is to analyse the dynamics of functionally graded carbon
nanotubes reinforced double plates. Connected via an elastic layer, the plates have simply
supported boundary conditions. Three carbon nanotubes functionally graded patterns, varying
in the thickness direction are considered in the current study, including uniformly distributed,
functionally graded O pattern, and functionally graded X pattern. Following the development
of the coupled equations of motion using the Hamilton principle while considering the
influences of the elastic layer, the equations are subsequently solved utilising a two-spatial-
variable modal decomposition method. For verification purposes, the equations developed are
compared to simplified configurations provided in existing studies. The solution methodology
is verified through comparing against numerical results of simplified configurations of plates
obtained from the development of the finite element method (FEM) and existing studies. Both
verifications have shown very good agreement. Influences of plates’ dimensions, carbon
nanotubes reinforcement and the stiffness of elastic layer are analysed and provided in this
study. The transverse-motion natural frequencies of the double plates are also identified, and
they follow a decreasing trend as the aspect ratio increases for all the cases. The fundamental
lateral-motion and axial-motion natural frequency also follow a similar trend as the aspect ratio
increases. The reinforcement effect of carbon nanotubes on the transverse-motion natural
frequencies is less obvious for thinner plates. An increase in the elastic layer stiffness increases
the second series transverse-motion natural frequencies of the double-plate system. Among the
considered functionally graded patterns, the FG-X reinforcement provides the largest increase

in the transverse-motion natural frequencies.

keywords: double plates; elastic layer; Kirchhoff’s plate theory; carbon nanotubes reinforced;
FGCNT.



1. Introduction

Simple or intricate two-dimensional continuous systems like shells and plates are commonly
employed to model the majority of mechanical structures utilised in different engineering fields
[1]. Plates especially are popular across various engineering domains such as civil, mechanical

and automotive engineering disciplines [2].

Over the past few decades, numerous research has been carried out to address the challenges
posed by the dynamical issues of single isotropic plates [3-5]. One of the recent examples is
Karimi, Alahdadi and Ghayour [6]’s work, where they focused on the dynamics of a thin plate
with a moving mass. It was concluded that plate’s deflection has a considerable effect on the
mass motion. Furthermore, Zhang et al. [7] investigated the vibrations of a skewed rotating
plate. Their modelling results suggest the non-uniform centrifugal force could cause the skewed
plate to buckle. Exciting a plate using a travelling oscillator, Foyouzat [8] examined the
dynamics of the system. The results suggest the response of the plate is mostly less sensitive to
the assumed restitution coefficient. Moreover, Kubiak, Borkowski and Perlikowski [9]

investigated the dynamics of a plate when either a pulsating or harmonic load is acting on it.

Complex structures can be fabricated by combining at least two materials with distinct
properties, giving rise to a new form of materials, namely composite [10-20]. A subclass of
composite is functionally graded materials [21-25], made possible by additive manufacturing
[26], where the material properties vary in a continuous manner as the material changes [27].
This makes functionally graded material superior because it solves the problem of stress
concentrations which led to wide application in biomedical field and sports [28]. There has also
been a large number of studies carried out in the area of dynamics of functionally graded plates
[29-36]. For example, Hoang and Thanh [37] studied the influences of the Kerr foundation and
thermal environment on the dynamics of a functionally graded plate. Their study indicates that
the increase in temperature causes a decrease in the natural frequency of the plate. Rajasekaran,
Khaniki and Ghayesh [38] investigated the dynamics of a functionally graded plate that is
multi-layer multi-directional in a thermal environment. The results show that the natural

frequency decreases as the power law term increases.

Discovered by lijima [39] and made by rolling a graphite sheet into a tube, carbon nanotubes
are a promising new material to act as a reinforcement [40-42]. Carbon nanotubes are extremely
strong and lightweight, and they have excellent electrical and thermal conductivity [43]. These

properties make them well-suited for use in reinforcing plates that are subjected to high loads



or that need to conduct heat away from a source. There is also a plethora of research into carbon
nanotubes reinforced plates [44-50]. Kumar and Jana [51], for instance, focused on the
dynamics of a carbon nanotubes reinforced laminated plate in their studies. They found that
when the carbon nanotubes are distributed around the edges of the plate, the natural frequency
of the system is higher than the plate with carbon nanotubes in the middle. Dat et al. [52]
studied the vibrations of a functionally graded carbon nanotubes reinforced multilayered plate
with a porous core. The research found that the carbon nanotubes volume fraction reduces the
vibrations of the system. Interested readers to the topic of carbon nanotubes reinforced

structures may see a recent review paper by Khaniki and Ghayesh [53].

Consisting of two plates, a double plated structure has gained extensive utilisation in various
engineering fields, including construction due to their notable effectiveness in noise reduction
and vibration isolation. Examples of applications include the utilisation in the creation of the
bulkhead within the hull structure, and the integration into double-layer sound insulation panels
[54]. In practical engineering, elastic connections are frequently employed to connect the
double plates in order to enhance their mechanical properties. The presence of elastic structures
alters the vibrational behaviour of the original isotropic non-reinforced double plated structure,
garnering significant interest from researchers. Oniszczuk [55] first investigated the free
vibrations of double plates connected via an elastic layer using the Kirchhoff-Love plate theory
and the classical Navier method. The data suggest that the free vibrations of the system is
similar to a double membrane system in some aspects. Oniszczuk [56] then expanded the study
to investigate the forced vibrations of a double plates system. Wen et al. [57] modelled the
vibrational behaviour of double plates which consist of inner fluids and elastic layer. They
concluded that the inner air reduces the transmission of vibrations between the plates. Cao et
al. [58] investigated the dynamics of viscoelastically connected double plates with moving
loads. While not considering damping, they found that double plates’ deformations are
symmetric and the displacements increase as the moving load velocity increases. Increasing
the numbers of plates beyond two, Heidari and Ariaei [59] proposed a new approach for the
free vibrations of the multiple elastically connected plates. They found the prominence of the

elastic layer effects becomes smaller as the order of modes increases.

It is now well established that the dynamics of a carbon nanotubes reinforced and non-
reinforced single plate, and the dynamics of non-reinforced double plates using the Kirchhoff
plate theory are well investigated. However, the influence of carbon nanotubes on the

dynamics of double plates has remained unclear. Expanding on the prior investigations, this
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study represents the first free vibration analysis of functionally graded carbon nanotubes
reinforced rectangular double plates, connected via an elastic layer, with simply supported
boundary conditions. The carbon nanotubes are arranged in the thickness direction. Three
different functionally graded patterns are considered, namely uniformly distributed, FG-O and
FG-X. To formulate the equations of motion, the kinetic and potential energies are first
formulated after considering the Kirchhoff plate theory. The final equations are then obtained
by applying the Hamilton principle and solved using the two-spatial variable modal
decomposition method (MDM). The equations are verified with simplified versions of the
system under investigation that have been previously studied. Similarly, the numerical results
are verified using the simplified models from existing literature. A simplified version of the
proposed system is also simulated using the finite element method (FEM), and the numerical
results obtained using both the methods are compared to verify the accuracy of the proposed
methodology. This study investigates in details the effects of plates’ aspect ratios, plates’

thicknesses, the carbon nanotubes functionally graded patterns and the elastic layer stiffness.

2. Model development and solution methodology

This section models the dynamics of simply supported functionally graded carbon
nanotubes reinforced rectangular double plates. The plates are connected through an elastic
layer with a stiffness coefficient of k, per unit area. Plates 1 (top) and 2 (bottom) with a
thickness of hy and hy, in-plane dimensions of ai, az, bi1, and b in the x (axial) and y (lateral)

directions, are shown in Fig. 1(a).

2.1. Carbon nanotubes reinforced plates

The carbon nanotubes are distributed along the z-axis (out-of-plane coordinate), which is in

the thickness (i.e. transverse) direction of both the plates. Their volume fraction, Ve, , is

dependent on VgNT . As shown in Fig. 1(b), the three carbon nanotubes reinforcement patterns

employed for the double plates are
(1) Uniformly distributed (UD)

The surfaces of the carbon nanotubes reinforced plates maintain an equal volume fraction

of carbon nanotubes throughout its thickness. The volume fraction is formulated as [60]
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Venr (Z) =VC*NT ; (1a)
(2) Functionally graded O-pattern (FG-O)

With an O-pattern, the top and bottom plates surfaces do not contain carbon nanotubes,
while the mid-surface of the panel has an increased concentration of carbon nanotubes. The

formulation for the volume fraction is expressed as [61]

Vo ()= a

(3) Functionally graded X-pattern (FG-X)

The distribution of carbon nanotubes is concentrated near the top and bottom surfaces, while
the mid-plane has no carbon nanotubes, resulting in an X-shape. The volume fraction is defined

by the following formulation [62]

4
VCNT(Z)=H|Z

*

Vewr- (1c)

The volume fractions of the carbon nanotubes are also related to the volume fraction of the

matrix, Vm, through

VlCNT (21) zl_vlm (21)'
Voenr (Zz) =1-V,, (22)-

The final material properties (Young’s modulus, shear modulus, Poisson’s ratio and density)

()

of plates 1 and 2 are dependent on the carbon nanotubes reinforcement efficiency, . The
volume fraction employed in the current study with their corresponding carbon nanotubes

reinforcement efficiency are [63, 64]

when V/,; =0.11,

n, =0.149, n, = 0.934;

when V; =0.14,

n, =0.150, 7, = 0.941; 3
when Vg, =0.17,

n, =0.149, 5, =1.381;

forallViy,, 1, = 1..

Based on the rule of mixture, the material properties are [60]



B ( Z1) =11 Ernient Vienr ( Z1) +EVin ( Z ) ,
Exn (Zz ) = 1 Egnient Vaenr (Zz ) + By Vo (22 ) ,
N, Vienr (Zl) +V1m (21) Nyn Vaenr (22) +V2m (Zz)

Ei ( 21) Ezent En Es ( Z, ) Essent E,n
s VlCNT (21) +Vlm (21) M3 _ VZCNT (Zz) +V2m (22)

Gy, (Zl) Giysent Gy, ’ Gy, (Zz ) Gypaent G, , 4
Vit ( 21) = (V112CNT —Vim )V1CNT (Zl) +Vim Voro (Zz ) = (V212CNT ~Vom )VZCNT (Zz ) +Vom:
Vi ( Z ) Voro ( Z, )
Vo, (Z,)= E..(z),V,,,(2 )= E.(z,),
121( 1) E111(21) 122( 1) 221( 2) E211(Zz) 222( 2)

Pi ( 21) = Prent Vient (Zl) + PiVim (Zl) )
P2 (Zz ) = Pacnt Vaent (Zz ) + PomVonm (Zz )

2.2. Equations of motion

Based on the Kirchhoff plate theory, the strains of the carbon nanotubes reinforced double

plates with elastic layer can be formulated as follows [65]
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Double plates’ displacements field are specified within a Cartesian coordinate system and the

mid-plane coordinates are established using the x and y axes. The displacements of individual
points on the mid-plane of the plates in the x, y, and z directions from the static equilibrium (u
=v=w=0) are represented by u =u (x, y, t), v=v (x, y, t), and w = w (X, y, t), respectively.

The variable t denotes time.

The stresses can then be written as [65]
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Assuming both the plates have the same height and in-plane dimensions, the kinetic energy

of the carbon nanotubes reinforced double plates with elastic layer then can be written as

follows
B 2 2 2 2 7]
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The strain energy of the carbon nanotubes reinforced double plates with elastic layer can be

expressed as
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By employing the Hamilton principle and utilising Egs. (8) and (9), the following equations
are derived to describe the interconnected in-plane and transverse motions
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The following area moments of inertia about the z axis, and the stiffness terms can be expressed
as

{la 1o b= [ A(2){t z 2°}dz, (13)
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wherei=1, 2.

Nondimensionalising Egs. (10), (11) and (12) using
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2.3. Solution technique

The discretisation technique of two-spatial-variable modal decomposition is utilised to solve
the system of six coupled Egs. (16), (17) and (18). The in-plane and transverse motions of the
functionally graded carbon nanotubes reinforced rectangular double plates with simply
supported boundary conditions are expanded in the following manner:

M a X\ . [ rmy
=22u1qr sm( )sm( J

q=1 r= a b

M. N

ZZqur sm(qnxjsin(%}

a

(19)
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where M and N represent the respective numbers of half-waves in the x and y directions,
whereas Uig,r(t), Vigr(t), and wiqr(t) denote the generalised coordinates that are numerically
determined.

By applying the modal decomposition and substituting Eq. (19) into Egs. (16), (17) and (18),
and obtaining the inertial and stiffness matrices, the natural frequencies of the simply supported

functionally graded carbon nanotubes reinforced rectangular double plates can be determined.

3. Verifications of equations of motion and solution technique

To ensure the accuracy and reliability of the equations and solution technique proposed

above, this section outlines the verifications procedures and present the corresponding results.

3.1. Equation verification

To verify the mathematical equations developed, a non-carbon-nanotube reinforced

(isotropic) double plates with elastic layer is considered, where
A, =Cy, A3 =G,

Im:AzzBm:Cm:Dn:Q
4Dm+&%:2Ay

_Euh o Egh (20)
A (1—vf)’p‘3 12(1-v)’
h?
quﬂhlm:qz-

Ignoring in-plane motions, the equations are then simplified to
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—k (w, —w,)=0.

(21)

The equations of motion obtained were compared to the equations found in the existing

literature (Ref. [59]) for a double plates model, and they were found to be consistent.
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Further simplifying the kinetic energy term by excluding the rotational term in Eq. (8), Eq.

(21) becomes

oh o'w Eyh (84W1 Low
1

81:2 12(1—V12) aX4 8y4 8X28y2
2 3 4 4 4

av;/2+ Epuh aVZZ+6V\:2+2 82W22 —k(w, —w,)=0.
ot 12(1-vi) o' oy ox2oy

Eq. (22) was found to be the same as those of Ref. [55].

j+k(wl—wz):0,
(22)

p:h

3.2. Solution technique verification
(a) Existing literature

The solutions technique is verified by comparing the natural frequency of the two simplified
versions of the system by solving the equations of motion using the methodology of the current

study with numerical results available in the literature.

The first model employed is a functionally graded carbon nanotubes reinforced single plate
with simply supported boundary conditions, where h/b = 0.02. The first three natural
frequencies obtained from the current study and Ref. [66] for the different carbon nanotubes
volume fractions, and functionally graded patterns are tabulated in Table 1(a). A very good

level of agreement was achieved.

The second model used is a simply supported non-carbon-nanotube reinforced (isotropic)
double plates with an elastic layer. The dimensional natural frequencies (rad/s) of the system
obtained using the current methodology and in Ref. [55] are tabulated in Table 1(b). A very
good level of agreement was also achieved.

(b) FEM modelling

The free vibrational behaviour of a simply supported non-carbon-nanotube reinforced
(isotropic) double square plates with elastic layer was investigated using the FEM, specifically
ANSYS® (version 2022 R2, ANSYS Inc., Canonsburg, PA, USA). The elastic layer is
modelled by using an elastic material with an equivalent dimensional stiffness coefficient, k,
of 1 x 10° N/m3. The appropriate mesh size to ensure convergence of the natural frequencies
solutions is selected. The square plates have dimensions of a=b =1 m and h = 0.01 m, and

material properties of p = 7850 kg/m?, E = 2.1 GPa, and v = 0.3. The natural frequencies of the
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non-carbon-nanotube reinforced (isotropic) double square plates in Hz obtained using the FEM
and the modal decomposition method are tabulated in Table 1(c) where excellent agreement

was noted.

The corresponding first and second series mode shapes of each mode obtained from the
MDM are shown in Figs. 2 and 3. The mode shapes obtained from the FEM are shown in Figs.
4 and 5 instead for comparison. Each mode compromises of two series, where in the first series,
the double plates vibrate in an independent manner. The higher modes consist of higher
numbers of nodes and exemplify more complex vibrational patterns. The m in wmgqr denotes

the series number.

4. Results

To demonstrate the dynamics of the functionally graded carbon nanotubes reinforced double
plates, for the numerical section, the material properties and plates dimensions used are: pcnt
= 1400 kg/m?®, E11cnt = 5.6466 TPa, Exoent = 7.08 TPa, Giaent = 1.9445 TPa, vizent = 0.175,
pm = 1150 kg/m3, Em = 2.1 GPa, vm = 0.34 [67], a=b = 1 m, and h/b = 0.02. Firstly, to ensure
the convergence of the solutions, increasing the number of modes used for the solving process,
the lateral and axial motion natural frequencies of a FG-X carbon nanotubes reinforced square
double plates are plotted in Fig. 6. As anticipated, the natural frequency of both the in-plane
directions converges as the number of modes increases; 42 modes were selected for the

numerical calculations.

In order to investigate the impact of the in-plane dimensions of the UD carbon nanotubes
reinforced rectangular double plates on the transverse-motion natural frequency, aspect ratios
(b/a) of 0.25 to 4 were considered. This involved varying the value of b in the range of 0.25 m
to 4 m, while keeping a (1 m) and h (0.005 m) constant. Setting the dimensional stiffness
coefficient, k, to 10 x 10° N/m?, the first series dimensional transverse-motion natural

frequencies (rad/s) for the four different volume fractions of the carbon nanotubes (including
Vs =0) are plotted in Fig. 7. Generally, the transverse-motion natural frequency of all the

modes decreases as the aspect ratio increases, for all the cases. However, the rate of decrease
decreases as the aspect ratio increases. It is noted that the rate of decrease of natural frequencies
varies for different carbon nanotubes volume fractions. Most modes provide a higher natural

frequency as carbon nanotubes volume fractions increases, except for mode 1,12, where it only
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happens after b/a exceeds approximately 0.45. Initially (b/a = 0.25) for mode 1,12, V,, of
0.17 provides the highest natural frequency, followed by 0 (non-reinforced), 0.14 and 0.11.

Due to the aspect ratio, mode 1,12 also possesses higher natural frequency than mode 1,21, for
all systems, initially. The natural frequency of mode 1,21 eventually overtakes mode 1,12,
precisely when b/a = 1 for non-reinforced double plates. This also means the transverse-motion
natural frequency of mode 1,12 declines in a larger rate as the aspect ratio increases when

compared with mode 1,21.

In Fig. 8, the plotted dimensional transverse-motion natural frequencies for the second series
are depicted. Largely following the similar trends of the first series, as the aspect ratio increases,
the double plates transverse-motion natural frequency of all the modes decreases. The second
series transverse-motion natural frequencies are always higher than the first series due to the
effect of the elastic layer. This elastic layer effect is more pronounced for the non-reinforced
systems, which led to larger differences in natural frequencies between the two series when
compared with the reinforced systems. Additionally, increasing the value of carbon nanotubes
volume fractions, does not result in higher values of w211 and w»,1> for all aspect ratios. For
mode 2,11, the natural frequency of the non-reinforced system is always the highest. As the
aspect ratio increases beyond 0.4, the higher the carbon nanotubes volume fractions, the lower
the natural frequency of the system, demonstrating the effect of the elastic layer. The same
applies for mode 2,12 as the aspect ratio increases beyond 0.7. Overall, the double plates system
has shown larger transverse-motion natural frequencies changes to both the series of natural
frequencies initially. The first series also shown larger changes to natural frequencies than the
second series as the aspect ratio changes. For all the double plates systems, the transverse-

motion natural frequency is lowest when the aspect ratio is 4.

To further evaluate the effect of the aspect ratio on the system, the fundamental (mode 11)
lateral and axial-motion natural frequencies are plotted in Fig. 9. Since the elastic layer is
assumed to only be acting on the transverse direction, there is only one series of natural
frequency for both the directions. For both the motions, the natural frequency decreases as the
aspect ratio increases, for all the carbon nanotubes volume fractions. As the aspect ratio
increases, there is a decline in the rate of decrease. For the lateral motion, the natural frequency

does not differ too much for the first three cases of carbon nanotubes volume fractions when
compared with VS, of 0.17. Initially, a carbon nanotubes volume fraction of 0.17 has the

highest lateral-motion natural frequency, followed by 0, and 0.14, with 0.11 being the lowest.
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The axial motion possesses higher natural frequencies as the carbon nanotubes volume fraction

increases.

To examine how the thicknesses of the square plates, reinforced with UD carbon nanotubes,
affects its out-of-plane natural frequencies, the ratio of the plate length to height (b/h) is varied
within the range of 50 to 100. Different carbon nanotubes volume fractions are considered
while keeping a =b = 1.5 m and k = 6 x 10° N/m3, The first series dimensional transverse-
motion natural frequencies (rad/s) are plotted in Fig. 10. All natural frequencies follow a similar
trend, where an increase in thickness (from the right to the left of the graph) leads to an increase
in the values of w111, w112, w121, and w122. This is expected as thicker plates are stiffer than
thin plates. The rate of increase becomes higher as the thickness of the plates increases. The
transverse-motion natural frequencies are also more sensitive towards thickness changes when
the plates are reinforced by carbon nanotubes. It is also observed that the difference of
transverse-motion natural frequencies between different carbon nanotubes volume fractions

increase as the thickness of the double plates increases.

Figure 11 displays the plotted dimensional transverse-motion natural frequencies for the
second series as the thicknesses of the plates is varied. With higher values of natural frequencies,
the second series natural frequencies generally exhibit different behaviour from the first series

counterpart. The values of w211 generally decreases as the plates’ thicknesses increases, except
for the case of V,; = 0.17, where a slight increasing trend is noted when the thicknesses

increase beyond b/h = 52. It appears the effect of elastic layer is more prominent when the
plates are thinner. The values of w2,1 for all the reinforced systems follow a decreasing trend
initially as plates’ thicknesses increase till they reach a minimum point; then follow an
increasing trend as the thicknesses increase further. The non-reinforced system exhibits a
decreasing trend for both modes. However, for modes 2,21 and 2,22, the natural frequency of
the reinforced systems demonstrates an increasing behaviour as the thicknesses increase. On
the other hand, the non-reinforced system natural frequency decreases as plates’ thicknesses
increase for mode 2,21 for all thicknesses but increases after it reaches a minimum point for
mode 2,22. Generally, the thinner plates systems have smaller natural frequencies differences

between the different carbon nanotubes volume fractions when compared with thicker plates.

In order to investigate the impact of different elastic layer stiffness and carbon nanotubes
volume fractions, Fig. 12 showcases the plotted second series transverse-motion natural

frequencies of a simply supported UD carbon nanotubes reinforced square double plates. The
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dimensionless elastic layer stiffness, k*, is varied in a range of 0 — 30000. It is noted changing
the stiffness of the elastic layer does not affect the first series natural frequencies. The
introduction of the elastic layer leads to an increase in all the plotted natural frequencies. The
effect is more evident at the start of the introduction of elastic layer for w2,11 and w2,12, with a
larger increase in natural frequencies is observed, especially for the reinforced systems. The
effects of carbon nanotubes reinforcement become less notable with the differences of natural
frequencies between different carbon nanotubes volume fractions become smaller as the

stiffness of the elastic layer increases, especially for w211 and w2,1».

To examine and understand the effects of functionally graded patterns of the carbon
nanotubes reinforced double plates, the natural frequencies of systems reinforced by carbon
nanotubes with FG-O and FG-X patterns are plotted in Figs. 13 and 14, respectively, with
varying elastic layer stiffness. Following a general increasing trend with the introduction of
elastic layer, the FG-X pattern possess the largest natural frequencies for all cases. The FG-O
pattern has the lowest natural frequencies compared to the two other functionally graded
patterns.

5. Conclusions

The purpose of this study was to examine the free vibrations of simply supported
functionally graded carbon nanotubes reinforced double plates connected by an elastic layer.
Three carbon nanotubes functionally graded patterns were considered in this study: uniformly
distributed, FG-O, and FG-X. The coupled equations of motion are developed using the
Kirchhoff plate theory and the Hamilton principle. The equations were then solved using the
modal decomposition method and verified by comparing them to simplified models from
existing studies. The numerical results for simplified configurations obtained from the finite
element method (FEM) and existing studies were compared with the results obtained using the
proposed solution methodology. Good agreement was noted for both verifications. The
research shown that increasing plates’ aspect ratios cause the first and second series transverse-
motion natural frequencies to decrease. A similar trend can be observed for the lateral and
axial-motion natural frequencies. The effect of reinforcement of carbon nanotubes is also less
notable as the plates become thinner. The introduction of elastic layer increases the second

series transverse-motion natural frequencies. The FG-X carbon nanotubes pattern always
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possesses the highest transverse-motion natural frequency. The suitable CNT distribution is

subjected to the design requirements of the double plates.
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Table 1: Natural frequencies of simplified plate models obtained using the current method of
the study and (a) existing literature on carbon nanotubes reinforced single plate [66]; (b)
existing literature on non-reinforced double plates (rad/s) [55]; (c) the FEM on non-reinforced
double plates (Hz).

(@)

Functionally graded Mode Literature  Theory Mode  Literature  Theory
Vg =0.11 Vo =0.14

uD 1 19197 19574 1 21.363  21.889
2 23375  23.684 2 25203 25.747
3 34626  34.481 3 36.250  36.231
FG-O 1 14265  14.416 1 15.785  15.992
2 19338 19.426 2 20.546  20.689
3 31584  31.238 3 32495  32.194
FG-X 1 22954 23642 1 25555  26.516
2 26741 27.352 2 20.175  30.052
3 37528 37.652 3 39.791  40.147
V. =0.17
uD 1 23659  24.108
2 28942 29304
3 43106 42.902
FG-O 1 17502  17.675
2 23745  23.848
3 38823  38.39
FG-X 1 28345  29.180
2 33354 34077
3 47444 47538

(b)

Mode Literature Theory Mode Literature Theory Mode Literature Theory
1,11 52.8 528 w112 84.5 845 w113 137.3 137.3
w211 72 720 w212 97.7 97.6 2,13 145.8 145.7
121 179.5 1795 wi» 211.2 2111 w123 264 263.9
0221 186.1 186.0 w22 216.8 216.8 w223 268.5 268.4
1,31 390.7 390.6 w132 422.4 422.2 w133 475.2 475.0
®231 393.8 393.6 w232 425.2 425.0 w233 477.7 477.5

(©)

Mode FEM Theory Mode FEM Theory
w111 48.1 48.0 w112 1203 1199
w211 54.2 54.3 w212 1228 122.6
w121 1203 1199 w122 1922 1919
w221 1228 1226 w222 193.8 193.6
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Fig. 1: (a) Simply supported functionally graded carbon nanotubes reinforced rectangular
double plates; (b) carbon nanotubes reinforced patterns.
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Fig. 2: MDM based first series mode shapes of non-carbon-nanotube reinforced square double

plates, (a) w1,11; (b) w1,12; (C) w1,21; (d) w122
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Fig. 3: MDM based second series mode shapes of non-carbon-nanotube reinforced square

double plates, (a) w2,11; (0) w2,12; (C) w2,21; (d) w2,22.
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Fig. 4: FEM based first series mode shapes of non-carbon-nanotube reinforced square double

plates, (a) w1,11; (b) w1,12; (C) w1,21; (d) w122
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Fig. 5: FEM based second series mode shapes of non-carbon-nanotube reinforced square

double plates, (a) w2,11; (0) w2,12; (C) w2,.21; (d) w2,22.
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natural frequency.
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Fig. 10: Thickness effects on the first series dimensional transverse-motion natural frequencies
of a UD carbon nanotubes reinforced square double plates, (a) w1,11; (b) w112; (C) w121; (d)

w1,22.
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Fig. 11: Thickness effects on the second series dimensional transverse-motion natural

frequencies of a UD carbon nanotubes reinforced square double plates, (a) w2.11; (b) w2,12; (C)

2,21, (d) w2,22.
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Fig. 12: Elastic layer stiffness effects on the second series dimensional transverse-motion
natural frequencies of a UD carbon nanotubes reinforced square double plates, (a) w2,11; (b)

®2,12; (C) w2,21; (d) w2,22.
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Fig. 13: Elastic layer stiffness effects on the second series dimensional transverse-motion
natural frequencies of a FG-O carbon nanotubes reinforced square double plates, (2) w211; (b)

®2,12; (C) w2,21; (d) w2,22.
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Fig. 14: Elastic layer stiffness effects on the second series dimensional transverse-motion
natural frequencies of a FG-X carbon nanotubes reinforced square double plates, (a) w211; (b)

®2,12; (C) w2,21; (d) w2,22.
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