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A B S T R A C T

The exploration of graphene has attracted extensive interest owing to its significant structural and mechanical
properties. In this research, we numerically investigate wave propagation in defect-free single-layer graphene,
considering its geometrically nonlinear behavior through second-strain gradient elasticity. To capture the
geometric nonlinearity, firstly, the nonlinear strain–displacement relations are introduced. The governing
equation and associated boundary conditions are derived using Hamilton’s principle. Then, the weak form,
including the element matrices, is established. The eigenvalue problem is solved for 2D wave propagation
through periodic structures theory. Finally, the dynamical properties such as band structures, mode shapes,
energy flow, and wave beaming effects are analyzed. The numerical results reveal that the geometric
nonlinearity through the second strain gradient influences the wave propagation characteristics in graphene.
The findings are significant and contribute to the understanding of graphene’s dynamic response, with
implications for the engineering applications of graphene-based nanostructures.
1. Introduction

As a two-dimensional nanostructure, graphene has gained signifi-
cant attention due to its exceptional properties, including high strength,
acoustic controlling capacity, and low energy consumption [1]. There-
fore, investigating the wave motion in graphene is of importance in
gaining insight into its dynamic behavior, as it can be employed as
a waveguide in various nano- and micro-electromechanical systems,
including nanoelectronics and nanophotonics systems [2,3]. Various ex-
perimental and theoretical investigations have been conducted to com-
prehend the mechanical and physical characteristics of graphene-based
waveguides through diverse analysis techniques.

Among the initial approaches employed for analyzing graphene,
atomistic methods such as the Molecular Dynamics (MD) simulation
emerged prominently. For instance, Li et al. [4] reviewed the applica-
tions of MD simulation on mechanical properties of graphene sheet and
introduced the capabilities of the method mentioned above on explor-
ing mechanisms of graphene. Liu et al. [5] performed MD simulations
to study the propagation of elastic waves in a nano-sized aluminum
plate. Bo et al. [6] utilized the MD simulation to replicate the dis-
persion patterns of graphene within blends of polyvinylidene fluoride.

∗ Corresponding author.
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The results of their research demonstrate the accurate prediction of
graphene distribution within the polystyrene phase. On the other hand,
Arash et al. [7] developed a nonlocal elastic plate model to consider
the scale effects of the wave propagation in graphene sheets. The
result from finite element method is verified by MD simulations. Their
findings indicate that the phase velocity decreases and approaches an
asymptotic value as the width of the sheets reaches a sufficiently large
size. Hu et al. [8] explored the transverse and torsional waves in both
single- and double-walled carbon nanotubes (SWCNTs and DWCNTs),
with a specific emphasis on assessing the impact of carbon nanotube
microstructure on wave dispersion. Their findings revealed a good
correlation between the wave dispersion predicted by nonlocal elastic
cylindrical shell theory and the results obtained from MD simulations.
Rahman et al. [9] proposed a MD approach to examine the thermal vi-
brations of graphene under various boundary conditions. The research
was conducted on the examination of the natural frequency variations
and their dependence on factors such as boundary conditions, length
scale, and temperature.

However, the analysis of nanostructures such as graphene using
atomistic methods is well-known to be computationally heavy and
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often impractical when dealing with large-scale structures comprising
numerous molecules and atoms [10]. In such cases, an alternative
approach for analysis is to employ continuum mechanics. The me-
chanical behavior of nanostructures exhibits significant size effects
and stiffness hardening phenomena [11]. Nevertheless, the Classical
Continuum Theory (CT), lacking the additional length scale parameters,
fails to capture these special properties. Therefore, it is necessary to
enhance the CT to adequately account for the size-dependent behavior,
namely the non-local or long-range interactions [12], the large surface-
volume ratio [13], and the micro-deformations (e.g., micro-rotation
and micro-stretch) [14], observed in nanostructures.

In order to interpret the properties of the nano-sized structures
caused by the size effects, the non-classical continuum theories of
elasticity have been proposed. Generally, these non-classical theories
can be categorized into the First Strain Gradient (SG) theory [15], the
Second Strain Gradient (SSG) theory [16], the couple stress theory [17],
the modified couple stress theory [18,19], the micro-continuum the-
ory [20,21], the surface elasticity theory [22], and the non-local elas-
ticity theory [23]. Notably, a singularity problem arises at the defect
line of the double stresses by using the SG theory, in which the strain
energy density comprises both strain and the first gradient of strain.
To overcome this issue, the SSG theory was proposed, introducing the
potential energy as a function of the first, second, and third gradient of
displacement. The utilization of the SSG theory offers three significant
advantages. Firstly, by considering double and triple stresses, it effec-
tively eliminates the singularities present in physical fields, such as the
elastic bend-twist tensor, which is singular in the SG theory [24], and
the singularity of stress components at the crack tip [25]. Secondly, it
allows for the validation of higher-order deformations resulting from
a higher-order characteristic length. Lastly, it demonstrates stiffness
hardening due to non-local or long-range interactions. There seems to
be no need to employ a third strain gradient theory since, according
to the SSG theory, all physical state quantities are already smooth and
non-singular.

Recently, researchers have conducted some explorations on the
linear properties of nanostructures through the non-classical continuum
theories. For example, Jalaei and Civalek [26] examined the dynamics
of viscoelastic graphene sheet under periodic axial load via the SG
theory. It is indicated that the effects of temperature reduce when
the length scale parameter enhances. Ebrahimi et al. [27] reported
a Navier-based analytical method and a semi analytical differential
transform method to analyze the size-dependent vibration of nonlocal
Euler–Bernoulli nano-beam. Liu et al. [28] studied the acoustic wave
motion characteristics of the nanoplate through the modified couple
stress theory. Zhang et al. [29] explored the mass exchanges with
the bordering matrix and fracture, and reactive transport processes
in the altered layer. What is more, Hu et al. [30] investigated the
mechanical behavior of a Kirchhoff thin nanoplate based on the sur-
face elasticity. It shows that there is a singularity near the rigid line
inclusion tip for the bending moments. Zhang et al. [31] explained
the dynamics of quadrilateral single-layered graphene sheets using the
nonlocal elasticity theory. The result indicates that the skew angles
and the magnetic field help increase the fundamental frequencies of
single-layered graphene sheets.

Meanwhile, nanostructures, owing to their small size and unique
properties, exhibit nonlinear behavior [32]. This behavior can influence
the performance of structures in wave propagation, including frequency
shifting and consequently, a shift in the location of the band gap [33].
Understanding nonlinear wave propagation is crucial for designing and
optimizing the performance of nanostructures. Extensive research has
been conducted on the nonlinear characteristics of macro-sized struc-
tures [34–37]. However, there is a scarcity of literature concerning the
nonlinear dynamical behaviors of nanostructures. Karimiasl et al. [38]
investigated nonlinear vibration behavior of multiscale nanocomposites
nanoshell. Esfahani et al. [39] studied the nonlinear behavior of a
2

nonlocal strain gradient functionally graded nano resonator. It is shown
that the surface effects induce the stiffness hardening behavior. Behrouz
et al. [40] proposed a new biological layer detection strategy based
on the nonlinear couple stress theory and the results were validated
qualitatively with previous literature. Sahmani et al. [41] captured
the size dependencies in the nonlinear nano-beams by the nonlocal
SG theory. It shows that the increment from the size dependency
is more than the reduction caused by the nonlocality. On the other
hand, Audoly and Lestringant [42] proposed an approach to calculate
the equivalent one-dimensional nonlinear models of slender structures.
Khayat et al. [43] analyzed the nonlinear dynamic properties of a
sandwich structure reinforced with the graphene. According to the
results, the sensitivities of the responses have the highest values related
to the uncertainty sources. Furthermore, various experimental explo-
rations on the mechanical properties of graphene have been conducted.
For instance, Xu et al. [44] experimentally explored the interfacial
mechanical characteristics of a sizable monolayer graphene adhered
to a flexible Polyethylene Terephthalate (PET) substrate. It shows that
the mechanical characteristics of the interaction between a sizable
graphene sheet and a substrate are influenced by various factors,
including the dimensions of the graphene, the texture of the substrate
material, and the roughness of the substrate. Hadden et al. [45] studied
the mechanical properties of Graphene Nanoplatelets (GNPs) through
multiscale modeling and experiments. The result indicates that the
accuracy of the multiscale modeling approach offers valuable phys-
ical insights into the mechanical behavior of the composite. On the
other hand, Lopez et al. [46] summarized three experiments for the
investigation on the effect of rippling on the mechanical properties of
graphene. The consistent findings from the experiments suggest that the
mechanical properties of graphene are affected solely by rippling with
wavelengths of some certain ranges. Tu et al. [47] conducted exper-
imental analysis on the interfacial mechanical properties of graphene
on Self-Assembled Monolayers (SAM). Their findings indicate that the
head group chemistry of a SAM can notably influence the out-of-plane
elastic modulus of the graphene–SAM heterostructure.

On the other hand, the periodic nanostructures with special proper-
ties have been widely applied in various engineering fields. In order
to investigate the dynamics of these structures mentioned above, a
Wave Finite Element Method (WFEM) [48] has been put forward.
This approach represents an advancement from the conventional Finite
Element (FE) method and allows for modeling of complex structures.
By applying the principle of periodic structures theory, such as the
Floquet–Bloch theory [49], the WFEM can simplify a periodic structure
into a single unit cell, reducing the computational burden associated
with the analysis. What is more, the homogenization technique [50],
including the asymptotic homogenization method [51] and equivalent
strain energy method [52], has also been widely used to investigate the
periodic structures.

The authors have previously introduced adaptations of the WFEM
framework for the analysis of linear 1D bending and torsion wave
propagation [53], as well as linear 2D wave motion in periodic struc-
tures [54], within the context of strain gradient theories. In this study,
for the first time to the author’s knowledge, WFEM is used to investigate
the nonlinear 2D wave propagation in graphene within the framework
of SSG theory. The integration of the SSG theory with WFEM holds
importance as it enables the explanation of size-dependent character-
istics of micro-sized structures using the SSG theory and facilitates the
exploration of the dynamical properties of complex periodic structures
through WFEM. Furthermore, to capture the geometric nonlinearity,
the nonlinear strong and weak forms of graphene are derived based
on the SSG theory for the first time. Lastly, this paper gives new
insights regarding the properties observed in graphene, which have
considerable implications for the outcomes but cannot be explained
by the classical theories. The aforementioned novel findings in this
paper enhance the understanding of nonlinear dynamic properties of
graphene and make contributions to the practical implementation of

graphene-based nanostructures in engineering applications. The main
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Fig. 1. The design and structure of a nano-electromechanical resonator. (a): The schematic of a graphene resonator which is constructed by electrical excitation port, electrical
detection port, electrical tuning, and on-chip periodic graphene-based waveguide. (b): Two interacting carbon atoms in graphene. (c): The nonlinear mass spring model.
objectives of this work are, firstly, to introduce the nonlinear strong
and weak forms including the element matrices through the SSG theory,
and, secondly, to investigate the nonlinear 2D wave motion properties,
such as band structures, mode shapes, energy flow, and wave beaming
effects, by solving the eigenvalue problem through the WFEM.

The paper’s structure is the following: in Section 2, the geometri-
cally nonlinear mass–spring model and element matrices of graphene
are confirmed through the SSG theory. Afterwards, in Section 3, the
free nonlinear 2D wave propagation formulations are calculated by
solving the eigenvalue problem within the WFEM framework. In Sec-
tion 4, the dynamical properties of graphene are explored. Finally, some
conclusions are presented in Section 5.

2. Graphene modeling

In this part, firstly, the geometrically nonlinear mass spring model
of graphene is introduced. Then, the governing equation and associated
boundary conditions are confirmed by the SSG theory. Finally, the weak
form including the element matrices is calculated.

2.1. Nonlinear mass spring model

As shown in Fig. 1(a), a nano-electromechanical resonator con-
sisting of a graphene-based waveguide and electrical signal ports is
proposed in this paper. The intensity at electrical excitation port is
modulated at frequency 𝜔, causing a periodic motion. The motion can
be detected by monitoring the reflected light intensity at electrical
detection port. As shown in Fig. 1(b), the carbon atoms interact through
out-of-plane 𝜋-bonds and in-plane 𝜎-bonds. In this paper, the graphene
is assumed to be a defect-free single layer, referring to a structurally
perfect form of graphene without any defects or imperfections in its
carbon lattice. The in-plane 𝜎-bonds are considered only. Here, we
focus on the continuum mechanics of the graphene. As addressed in
Fig. 1(c), a geometrically nonlinear mass spring model is used to reflect
the interaction between two in-plane carbon atoms.

2.2. Finite element discretization

In order to confirm the mechanical model of the graphene, firstly,
the strain energy density  via the SSG theory [16] is introduced, as
below:

 = 1
2
𝜺 ∶  ∶ 𝜺 + 1

2
𝝃 ⋮  ⋮ 𝝃 + 1

2
𝜻 ∶∶  ∶∶ 𝜻 + 𝜺 ∶  ∶∶ 𝜻 + 0 ∶∶ 𝜻 ,

(1)
3

where 𝜺 = 𝑠𝑦𝑚(∇𝐔) indicates the first gradient of displacement, 𝝃 =
∇∇𝐔 represents the second gradient of displacement, and 𝜻 = ∇∇∇𝐔
denotes the third gradient of displacement.  is the classical stiffness
tensor determined by the conventional 𝐿𝑎𝑚𝑒́ parameters 𝜆 and 𝜇.  =
(𝑎𝑖)(𝑖=1,…,5),  = (𝑏𝑗 )(𝑗=1,…,7), and  = (𝑐𝑘)(𝑘=1,…,3) are the non-
classical stiffness tensors associated with higher-order parameters 𝑎𝑖, 𝑏𝑗 ,
and 𝑐𝑘, respectively. 0 = 0(𝑏0) is the dimension of force related to a
cohesion modulus 𝑏0. The parameters 𝑎𝑖, capturing variations in strain
throughout the material, are related to the first-order spatial derivatives
of the strain tensor. The parameters 𝑏𝑖, elucidating the curvature of
the strain field and offering insights into the spatial variations of
strain, describe the second-order spatial derivatives of the strain tensor.
Furthermore, the parameters 𝑐𝑖 encompass the coupled influence of
the strain tensor and the second-order spatial derivatives of the strain
tensor. The higher-order parameters mentioned above can be confirmed
by the inter-atom potential function method [55]. Here, ∇ signifies
the gradient operator, and 𝐔 denotes the displacement vector. In this
study, as shown in Fig. 1(c), the graphene is assumed as a defect-
free single layer. Consequently, only the in-plane 𝜎-bonds exhibiting
tension behavior along the 𝑥 direction are taken into account, while
no displacements are considered along the 𝑦 and 𝑧 directions. The
displacement vector can be expressed as:

𝐔 =
{

𝑢(𝑥, 𝑡), 0, 0
}⊤ , (2)

in which 𝑢(𝑥, 𝑡), representing the displacement along the local coordi-
nate 𝑥, is considered only. The Green–Lagrange strain [56] and its first
and second gradient, reflecting the geometric nonlinearity, are of the
form:

𝜀 =
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+ 1
2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2
,

𝜉 = 𝜕𝜀
𝜕𝑥

=
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

(

1 +
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)

,

𝜁 = 𝜕2𝜀
𝜕𝑥2

=
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

(

1 +
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)

+
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2

.

(3)

Substituting Eq. (3) into Eq. (1), as a result, the re-expression of the
strain energy density within the SSG theory is given by the following
equation:

 =1
2
𝐿
(

𝜀2 + 𝑙2𝑎𝜉
2 + 𝑙4𝑏𝜁

2 + 2𝑙𝑐𝜀𝜁
)

+ 𝑏0𝜁, (4)

where 𝐿 = 𝜆 + 2𝜇. 𝑙2𝑎 = 2(𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5)∕𝐿 = 𝑎∕𝐿, 𝑙4𝑏 =
2(𝑏1+𝑏2+𝑏3+𝑏4+𝑏5+𝑏6+𝑏7)∕𝐿 = 𝑏∕𝐿, and 𝑙𝑐 = (𝑐1+𝑐2+𝑐3)∕𝐿 = 𝑐∕𝐿 are
the higher-order material parameters existing in the SSG theory. 𝜆 and
𝜇 are related to the Young’s modulus 𝐸, the Poisson’s ratio 𝜈, and the
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shear modulus 𝐺, as 𝜆 = 𝜈𝐸∕((1 + 𝜈)(1 − 2𝜈)) and 𝜇 = 𝐺 = 𝐸∕(2(1 + 𝜈)).
Here, 𝐿 = 𝐸 for 1D mass spring tension model. Then, the constitutive
equations can be written as:

𝜎1 = 𝐸
(

𝜀 + 𝑙𝑐𝜁
)

, 𝜎2 = 𝐸𝑙2𝑎𝜉, 𝜎3 = 𝐸
(

𝑙𝑐𝜀 + 𝑙4𝑏𝜁
)

+ 𝑏0. (5)

Integrating the strain energy density in Eq. (4) over its volume to
obtain the strain potential energy, one arrives:

 = ∫

𝑑𝐿

0 ∫𝐴
 d𝐴d𝑥 = 1

2
𝐸𝐴

(

𝑉 + 𝑙2𝑎𝑉𝑎 + 𝑙4𝑏𝑉𝑏 + 𝑙𝑐𝑉𝑐
)

+ 𝑏0𝐴𝑉0, (6)

n which 𝐴 is the cross-sectional area and 𝑑𝐿 denotes the length of the
tructure along 𝑥. The definitions of 𝑉 , 𝑉𝑎, 𝑉𝑏, 𝑉𝑐 , and 𝑉0 are addressed

in Appendix A. On the other hand, the kinetic energy is represented
by the combination of the classical component and the non-classical
component, and it can be formulated in the form:

 = 1
2
𝜌𝐴∫

𝑑𝐿

0

[

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

)2
+ 𝑙21

(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥𝜕𝑡

)2

+ 𝑙42

(

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥2𝜕𝑡

)2]

d𝑥,

(7)

here 𝑙1 and 𝑙2 are the higher-order inertia parameters. Furthermore,
he work done by external classical force and higher-order forces are
iven by:

= ∫

𝑑𝐿

0
𝑓 (𝑥, 𝑡)𝑢(𝑥, 𝑡)d𝑥 + 𝑓0𝑢(𝑥, 𝑡)||

𝑑
0 + 𝑓1

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

|

|

|

|

𝑑

0
+ 𝑓2

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
|

|

|

|

|

𝑑

0
, (8)

n which 𝑓 (𝑥, 𝑡) means the distributed force, 𝑓0 denotes the classical
nodal force, and 𝑓1,2 are the higher-order forces, which are assumed to
be applied only at the both end sections.

Next, in order to illustrate the strong form, the Hamilton principle
is used via the SSG theory as follows:

∫

𝑡2

𝑡1
(𝛿 − 𝛿 + 𝛿)d𝑡 = 0, (9)

Where 𝛿 , 𝛿 , and 𝛿 represent the variations in kinetic energy,
strain energy, and external work done, respectively. Then, by substi-
tuting Eqs. (6), (7), and (8) into Eq. (9) and performing mathematical
calculations using the variation method, the governing equation can
take the following form:

𝐸𝐴
[

𝑊1 +
(

2𝑙𝑐 − 𝑙2𝑎
)

𝑊2 + 𝑙4𝑏𝑊3
]

− 𝜌𝐴𝑊4 + 𝑓 (𝑥, 𝑡) = 0, (10)

ith associated boundary conditions presented in Appendix B. The
etailed expressions of 𝑊1, 𝑊2, 𝑊3, and 𝑊4 are addressed in Ap-
endix C. The subsequent stage involves converting the strong form
nto its corresponding weak form. Based on the SSG theory, there are
hree DOFs, 𝑢𝑖,

𝜕𝑢𝑖
𝜕𝑥 ,

𝜕2𝑢𝑖
𝜕𝑥2

, 𝑖 = 1, 2, on each node of an element with length
𝑑𝑒. The total DOFs in a 1D element can be written as:

𝐮𝑒(𝑡) =
{

𝑢|𝑥=0 ,
𝜕𝑢
𝜕𝑥

|

|

|

|𝑥=0
, 𝜕2𝑢
𝜕𝑥2

|

|

|

|

|𝑥=0
, 𝑢|𝑥=𝑑𝑒 ,

𝜕𝑢
𝜕𝑥

|

|

|

|𝑥=𝑑𝑒
, 𝜕2𝑢
𝜕𝑥2

|

|

|

|

|𝑥=𝑑𝑒

}⊤

. (11)

In order to guarantee the continuity of high-order displacement, the
ix-term polynomial function is used to interpolate the scalar field 𝑢(𝑥, 𝑡)

inside the 1D element:

𝑢(𝑥, 𝑡) = {1, 𝑥, 𝑥2, 𝑥3, 𝑥4, 𝑥5}{s0, s1, s2, s3, s4, s5}⊤ = 𝐱𝐬. (12)

Substituting Eq. (12) into Eq. (11), the nodal displacement vector
𝐮𝑒(𝑡) can be re-written as:

𝐮𝑒(𝑡) = {𝐝1,𝐝2,𝐝3,𝐝4,𝐝5,𝐝6}⊤𝐬 = 𝐝𝐬, (13)

where 𝐝1 = {1, 0, 0, 0, 0, 0}, 𝐝2 = {0, 1, 0, 0, 0, 0}, 𝐝3 = {0, 0, 2, 0, 0, 0}, 𝐝4 =
{1, 𝑑𝑒, 𝑑2𝑒 , 𝑑

3
𝑒 , 𝑑

4
𝑒 , 𝑑

5
𝑒 }, 𝐝5= {0, 1, 2𝑑𝑒, 3𝑑2𝑒 , 4𝑑

3
𝑒 , 5𝑑

4
𝑒 }, and 𝐝6 =

{0, 0, 2, 6𝑑𝑒, 12𝑑2𝑒 , 20𝑑
3
𝑒 }. Then, combining Eq. (12) with Eq. (13), the

displacement vector can be illustrated by using the 𝐶2 continuum
Hermite interpolation function and nodal displacement vector:

−1 𝑒 𝑒 (14)
4

𝑢(𝑥, 𝑡) = 𝐱𝐝 𝐮 (𝑡) = 𝐍(𝑥)𝐮 (𝑡), g
in which the interpolating function 𝐍(𝑥) takes the following form:

𝐍(𝑥) =
{

N0
1(𝑥),N

1
1(𝑥),N

2
1(𝑥),N

0
2(𝑥),N

1
2(𝑥),N

2
2(𝑥)

}

, (15)

where N0
1(𝑥), N

1
1(𝑥), N

2
1(𝑥), N

0
2(𝑥), N

1
2(𝑥), and N2

2(𝑥) can be written as:

N0
1(𝑥) = 1 − 10 𝑥

3

𝑑3𝑒
+ 15 𝑥

4

𝑑4𝑒
− 6 𝑥

5

𝑑5𝑒
, N0

2(𝑥) = 10 𝑥
3

𝑑3𝑒
− 15 𝑥

4

𝑑4𝑒
+ 6 𝑥

5

𝑑5𝑒
,

N1
1(𝑥) = 𝑥 − 6 𝑥

3

𝑑2𝑒
+ 8 𝑥

4

𝑑3𝑒
− 3 𝑥

5

𝑑4𝑒
, N1

2(𝑥) = −4 𝑥
3

𝑑2𝑒
+ 7 𝑥

4

𝑑3𝑒
− 3 𝑥

5

𝑑4𝑒
,

N2
1(𝑥) =

1
2
𝑥2 − 3

2
𝑥3

𝑑𝑒
+ 3

2
𝑥4

𝑑2𝑒
− 1

2
𝑥5

𝑑3𝑒
, N2

2(𝑥) =
1
2
𝑥3

𝑑𝑒
− 𝑥4

𝑑2𝑒
+ 1

2
𝑥5

𝑑3𝑒
.

(16)

Multiplying 𝑢𝑡(𝑥, 𝑡) as a test function for the governing equation, and
performing the part-by-part integration respect to 𝑥. Then, by utilizing
Eq. (14) and 𝑢𝑡(𝑥, 𝑡) = 𝐍(𝑥)𝐮𝑒𝑡 (𝑡), the geometrically nonlinear governing
quation of an element in matrix form can be confirmed as:

𝑒𝐮𝑒 +𝐊𝑒
1𝐮

𝑒2 +𝐊𝑒
2𝐮

𝑒3 +𝐌𝑒 𝜕2𝐮𝑒
𝜕𝑡2

= 𝐅𝑒, (17)

here

𝐊𝑒 =𝐸𝐴∫

𝑑𝑒

0

[

𝐍′⊤𝐍′ −
(

2𝑙𝑐 − 𝑙2𝑎
)

𝐍′′⊤𝐍′′ + 𝑙4𝑏𝐍
′′′⊤𝐍′′′

]

d𝑥,

𝐊𝑒
1 =𝐸𝐴∫

𝑑𝑒

0

[ 3
2
𝐍′⊤(𝐍′𝐍′) −

(

2𝑙𝑐 − 𝑙2𝑎
)

(

2𝐍′′⊤(𝐍′𝐍′′) + 𝐍′⊤(𝐍′′𝐍′′)
)

+ 𝑙4𝑏
(

2𝐍′′′⊤(𝐍′𝐍′′′) + 𝐍′⊤(𝐍′′′𝐍′′′)
)]

d𝑥,

𝐊𝑒
2 =𝐸𝐴∫

𝑑𝑒

0

[ 1
2
𝐍′⊤(𝐍′2𝐍′) −

(

2𝑙𝑐 − 𝑙2𝑎
)

(

𝐍′′⊤(𝐍′2𝐍′′) + 𝐍′⊤(𝐍′′2𝐍′)
)

+ 𝑙4𝑏
(

𝐍′′′⊤(𝐍′2𝐍′′′) + 2
3
𝐍′′⊤(𝐍′′2𝐍′′) + 𝐍′⊤(𝐍′′′2𝐍′)

)]

d𝑥,

𝐌𝑒 =𝜌𝐴∫

𝑑𝑒

0

[

𝐍⊤𝐍 + 𝑙21𝐍
′⊤𝐍′ + 𝑙42𝐍

′′⊤𝐍′′
]

d𝑥,

𝐅𝑒 =∫

𝑑𝑒

0
𝐍⊤𝑓 (𝑥, 𝑡)d𝑥 + 𝐍⊤𝑓0

|

|

|

𝑑𝑒

0
+ 𝐍′⊤𝑓1

|

|

|

𝑑𝑒

0
+ 𝐍′′⊤𝑓2

|

|

|

𝑑𝑒

0
,

(18)

n which 𝐊𝑒 and 𝐌𝑒 represent the linear stiffness matrix and mass
atrix, respectively. 𝐊𝑒

1 and 𝐊𝑒
2 indicate the nonlinear stiffness ma-

rices. 𝐅𝑒 denotes the linear force vector. Superscript (′) is the partial
erivative with respect to coordinate 𝑥.

3. Nonlinear wave motion

After obtaining the nonlinear element matrices and force vector, in
this part, firstly, the dynamic equilibrium equation of a unit cell is de-
duced. The frequency and displacement components for the perturbed
system are defined. Then, the 2D wave motion properties are analyzed
by solving the eigenvalue problem through the periodic structures
theory.

3.1. Nonlinear dynamic formulation of a unit cell

According to the WFEM, only one unit cell or substructure is mod-
eled through the traditional finite elements. The dynamic equilibrium
formulation of a unit cell can be written as:

𝐊𝐮 +𝐊1𝐮2 +𝐊2𝐮3 + 𝐂 𝜕𝐮
𝜕𝑡

+𝐌 𝜕2𝐮
𝜕𝑡2

= 𝐅, (19)

here 𝐊, 𝐊1, 𝐊2, and 𝐌 are the unit cell stiffness and mass matrices
ssembled by 𝐊𝑒, 𝐊𝑒

1, 𝐊
𝑒
2, and 𝐌𝑒. 𝐂 = 𝜂𝐊∕𝜔 is defined as a damping

atrix, in which 𝜂 is the damping loss factor caused by internal friction
ithin the material. 𝐮 is nodal displacement vector. 𝐅 represents nodal

orce vector. A scheme for the 2D periodic structure and its unit cell is

iven in Fig. 2(a). The nodal DOFs in the unit cell are divided into six
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Fig. 2. A unit cell in 2D periodic structures and the first Brillouin zone. L, R, B, T
denote left, right, bottom, top boundaries DOFs. I means internal DOFs. 𝑐1, 𝑐2, 𝑐3 and
𝑐4 indicate the DOFs on four corners. 𝐿𝑥 and 𝐿𝑦 are the length of the unit cell along
the 𝑥 and 𝑦 directions, respectively.

parts: four corners, left, bottom, right, top, and internal DOFs formed
as index = {Bd I} =

{

c1 c2 c3 c4 L B R T I
}

. Then, the DOFs positions in
𝐮, 𝐊, 𝐊1, 𝐊2, 𝐌, and 𝐅 are reordered according to the index. Here, the
dimensionless time takes the following form:

𝜏 = 𝜔𝑡, (20)

in which 𝜔 is the frequency and 𝑡 indicates the time. To characterize the
perturbed response of the structural system, a perturbation parameter
𝛾 is introduced. Using the Linstedt–Poincaré method [57], Eq. (19) can
be asymptotically expanded. The nonlinear stiffness matrices can be
written as:

𝐊1 = 𝛾1, 𝐊2 = 𝛾2, (21)

where perturbation parameter 𝛾 is used to quantify the magnitude of
he nonlinearity. The frequency and displacement components of the
erturbed system can be determined using the following first-order
instedt-Poincaré expansion:

= 𝜔0 + 𝛾𝜔1 + ◦(𝛾2),

𝐮 = 𝐮0 + 𝛾𝐮1 + ◦(𝛾2).
(22)

Substituting Eq. (20), Eq. (21), and Eq. (22) into Eq. (19), the
linear contribution ◦(𝛾0) and the first-order contribution ◦(𝛾1) can be
separated as:

◦(𝛾0) ∶ 𝐊𝐮0 + 𝜂𝐊
𝜕𝐮0
𝜕𝜏

+ 𝜔2
0𝐌

𝜕2𝐮0
𝜕𝜏2

= 𝐅,

(𝛾1) ∶ 𝐊𝐮1 + 𝜂𝐊
𝜕𝐮1
𝜕𝜏

+ 𝜔2
0𝐌

𝜕2𝐮1
𝜕𝜏2

= −2𝜔0𝜔1𝐌
𝜕2𝐮0
𝜕𝜏2

−1𝐮20 −2𝐮30.

(23)

Furthermore, the harmonic displacement and force components can
be expressed in the form:

𝐮0 = 𝐮̂0𝑒i𝜏 , 𝐅 = 𝐅̂𝑒i𝜏 , (24)

where 𝐮̂0 = Q0Φ0 and 𝐅̂ = QFΦF, with the amplitude 𝐐0∕F and the
eigenvector Φ0∕F. Then, for the ◦(𝛾0), the dynamic stiffness matrix
can be re-expressed as 𝐃 = 𝐊̃ − 𝜔2

0𝐌 in frequency (𝜔0) domain with
𝐊̃ = (1 + i𝜂)𝐊, as a result:

◦(𝛾0) ∶ 𝐃𝐮̂0 = 𝐅̂. (25)

It is important to highlight that the internal DOFs remain unaffected
y external loads, as the coupling actions are confined to the system’s
oundaries exclusively. So, 𝐅I = 0 and Eq. (25) will be rewritten as:
{

𝐮̂Bd0
𝐮̂I0

}

=
{

𝐅̂Bd

𝟎

}

, (26)

here D11 = 𝐃Bd,Bd, D12 = 𝐃Bd,I, D21 = 𝐃I,Bd, and D22 = 𝐃I,I. The
5

xpression of DOFs in accordance with the periodic structures theory
nvolves the utilization of propagation constants 𝜆𝑥 and 𝜆𝑦 [48]:

̂ c20 = 𝜆𝑥𝐮̂
c1
0 , 𝐮̂c30 = 𝜆𝑦𝐮̂

c1
0 , 𝐮̂c40 = 𝜆𝑥𝜆𝑦𝐮̂

c1
0 , 𝐮̂R0 = 𝜆𝑥𝐮̂L0 , 𝐮̂T0 = 𝜆𝑦𝐮̂B0 , (27)

in which 𝜆𝑥 = 𝑒−i𝜅𝑥𝐿𝑥 and 𝜆𝑦 = 𝑒−i𝜅𝑦𝐿𝑦 . The values of wavenumbers 𝜅𝑥
and 𝜅𝑦 vary within the boundaries of the first Brillouin zone, namely
[−𝜋∕𝐿𝑥, 𝜋∕𝐿𝑥] and [−𝜋∕𝐿𝑦, 𝜋∕𝐿𝑦], respectively, as depicted in Fig. 2(b).
Meanwhile, in the case of free wave propagation, when the sum of
nodal forces exerted on all elements connected to nodes c1, L, and B
are zero, one arrives:

𝐅̂c1 + 𝐅̂c2𝜆−1𝑥 + 𝐅̂c3𝜆−1𝑦 + 𝐅̂c4𝜆−1𝑥 𝜆−1𝑦 = 0,

𝐅̂L + 𝐅̂R𝜆−1𝑥 = 0,

𝐅̂B + 𝐅̂T𝜆−1𝑦 = 0.

(28)

3.2. Corrected frequency solution

In this part, the 2D wave propagation problem will be discussed.
The nodal DOFs of a unit cell can be expressed as:
{

𝐮̂Bd0
𝐮̂I0

}

= ΛR𝐮̂b0, (29)

with

ΛR =

⎡

⎢

⎢

⎢

⎢

⎣

𝐈𝑠 𝜆𝑥𝐈s 𝜆𝑦𝐈s 𝜆𝑥𝜆𝑦𝐈s 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝐈sm 𝟎 𝜆𝑥𝐈sm 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝐈sn 𝟎 𝜆𝑦𝐈sn 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝐈i

⎤

⎥

⎥

⎥

⎥

⎦

⊤

,

(30)

where 𝐮̂b0 =
{

𝐮̂c10
⊤ 𝐮̂L0

⊤ 𝐮̂B0
⊤ 𝐮̂I0

⊤
}⊤

, 𝐈s, 𝐈sn, 𝐈sm, and 𝐈i indicate the
identity matrix of size s, sn, sm, and i, respectively. On the other hand,
the nodal forces can take the form:

𝐮̂b0
⊤
ΛL

{

𝐅̂Bd
𝟎

}

= 0, (31)

with

ΛL =

⎡

⎢

⎢

⎢

⎢

⎣

𝐈s 𝜆−1𝑥 𝐈s 𝜆−1𝑦 𝐈s 𝜆−1𝑥 𝜆−1𝑦 𝐈s 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝐈sm 𝟎 𝜆−1𝑥 𝐈sm 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝐈sn 𝟎 𝜆−1𝑦 𝐈sn 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝐈i

⎤

⎥

⎥

⎥

⎥

⎦

.

(32)

Then, combining Eq. (26), Eq. (29), and Eq. (31), this yields:

𝐮̂b0
⊤
ΛLDΛR𝐮̂b0 = 0. (33)

To solve Eq. (33), we follow the approach of fixing the values of 𝜆𝑥
and 𝜆𝑦, enabling the calculation of the corresponding 𝜔0 values. These
𝜔0 values are then sorted in ascending order as 𝜔𝑖,𝑗

0(1,2,3,…,𝑘,…,𝑚), where 𝑖
represents the 𝑖th term of wavenumber along the 𝑥-direction, 𝑗 denotes
the 𝑗th term of wavenumber along the 𝑦-direction, 𝑘 is the 𝑘th term
of frequency under 𝑖 and 𝑗. The formation of the 𝑘th slowness surface
is established based on 𝜔𝑖,𝑗

0(𝑘). At a given point (𝜅𝑥, 𝜅𝑦), the energy flow
vector, also known as the Poynting vector, is equal to the gradient of the
slowness surface. When considering the iso-frequency contour of the
slowness surface, the Poynting vector is perpendicular to the contour
curves. A convenient way to represent the wave propagation is through
the band structure, which can be obtained by plotting the wavenumbers
along the contour O-A-B-C-O, as illustrated in Fig. 2(b).

On the other hand, submitting Eq. (29) into the part of 𝐮0 in
Eq. (24), and doing the same calculation on 𝐮1, one arrives:

𝐮0 = ΛR𝐮̂b0𝑒
i𝜏 , 𝐮1 = ΛR𝐮̂b1𝑒

i𝜏 . (34)

Then, submitting Eq. (34) into the part of ◦(𝛾1) in Eq. (23), as a
result:

◦(𝛾1) ∶ 𝐮̂b⊤Λ DΛ 𝐮̂b = 2𝜔 𝜔 𝐮̂b⊤Λ 𝐌Λ 𝐮̂b − 3 𝐮̂b⊤Λ 
(

Λ 𝐮̂b
)3 . (35)
1 L R 1 0 1 1 L R 0 4 1 L 2 R 0
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Fig. 3. A defect-free single layer armchair graphene sheet and its unit cells. (a): The graphene is constructed by 𝑛𝑥 unit cells along 𝑥 and 𝑛𝑦 unit cells along 𝑦, respectively. (b):
A unit cell and its geometric description.
Here, it should be pointed out that the expression 𝑒i𝜏 was equiv-
alently replaced by cos𝜏, cos3𝜏 was linearized as 3

4 cos𝜏. Due to its
disruptive effect on the symmetry property, the stiffness matrix 1 was
disregarded [58]. Meanwhile, the eigenvector of the left side of Eq. (35)
is identical to the one of Eq. (33), namely 𝐮̂b1 = 𝐮̂b0 = Qb

0Φ
b
0. So, the

Eq. (35) will be re-expressed as:

2𝜔0𝜔1Φ
b
0
⊤
ΛL𝐌ΛRΦ

b
0 −

3
4
Qb
0
2
Φb

0
⊤
ΛL2

(

ΛRΦ
b
0
)3 = 0. (36)

The corrected frequency 𝜔1 can be calculated by submitting 2 in
Eq. (21) into Eq. (36). As a result, frequency 𝜔 can be subsequently
determined by combining the solutions of the linear zero-order system
and the perturbed system. This results in the following expression:

𝜔 = 𝜔0 + 𝛾𝜔1 = 𝜔0 +
3Qb

0
2
Φb

0
⊤
ΛL𝐊2

(

ΛRΦ
b
0
)3

8𝜔0Φ
b
0
⊤
ΛL𝐌ΛRΦ

b
0

. (37)

On the other hand, according to Eqs. (22) and (34), the nonlinear
eigenvector can be illustrated by determining 𝐮 = QΦ𝑒i𝜏 , as follows:

Φ =
(1 + 𝛾)Qb

0
Q

ΛRΦ
b
0, (38)

and the nonlinear forced response can be expressed as:

𝐃∗𝐰 + 3
4
𝐊∗

2𝐰
3 = 𝐅∗, (39)

where 𝐰 is the amplitude of displacement vector of global structure.
𝐃∗ = 𝐊̃∗ − 𝜔2𝐌∗ with 𝐊̃∗ = (1 + i𝜂)𝐊∗. The global stiffness 𝐊∗ and
mass 𝐌∗ matrices are assembled by the unit stiffness (𝐊) and mass (𝐌)
matrices, respectively. 𝐅∗ is the amplitude of global force vector.

4. Numerical results

The numerical exploration of graphene’s nonlinear characteristics
using the SSG theory holds significant value, as it provides essential
insights for the practical utilization of graphene-based nanostructures
in engineering applications. In this part, the dynamic behaviors such
as band structure, mode shapes, energy flow vector fields, and wave
beaming effects are illustrated.

As shown in Fig. 3, a defect-free single layer armchair graphene
sheet constructed with unit cells is introduced. The physical and ge-
ometric parameters, according to [59–61], are as follows: the Young’s
modulus of 𝜎-bond 𝐸 = 5.49 × 1012Pa, mass density 𝜌 = 2200kg∕m3,
𝑑 = 1.42Å(1 Å= 1 × 10−10m), 𝐿𝑥 = 3𝑑, 𝐿𝑦 =

√

3𝑑, the cross-section
radius of the tension 𝜎-bond is 0.733 Å, the mass of a carbon atom
𝑚 = 1.99×10−26kg, damping loss factor 𝜂 = 1𝑒−4. For the computations,
amplitude Qb

0 = 𝑑∕35 has been used. In order to ensure the stability of
higher-order parameters by SSG theory [62], we consider the higher-
order material parameters 𝑙𝑎 = 0.25Å, 𝑙𝑏 = 2𝑙𝑎, 𝑙𝑐 = 𝑙2𝑎, and the
higher-order inertia parameters 𝑙 = 𝑙 = 𝑙 .
6

1 2 𝑎
4.1. 2D wave propagation

In this section, the band structures of graphene are introduced to
investigate the 2D wave propagation. Fig. 4(a) illustrates the first ten
branches of the normalized frequency spectrum along the boundary
O-A-B-C-O of the irreducible first Brillouin zone. The results obtained
from the linear SSG theory are represented by the continuum lines,
while the dotted lines correspond to the linear CT results. It shows that
at low frequencies, the linear SSG theory closely aligns with the linear
CT curve. However, as the frequency increases, the disparities between
the linear SSG theory and linear CT results become more pronounced.
Furthermore, the frequency values obtained from the linear SSG theory
are higher than those from the linear CT at the same 𝜅-space position.
This discrepancy can be attributed to the potential energy density
in the linear SSG theory with the additional first gradient of strain
and second gradient of strain. The dynamical equilibrium equation
by linear SSG theory becomes a high-order partial differential func-
tion encompassing both classical and non-classical components. The
inclusion of non-classical components involving size effects causes the
eigenvalue calculated from the linear SSG theory to surpass the value
obtained from the linear CT at the same 𝜅-space position, and leads the
stiffness to be increased. To validate the band structure derived from
the linear SSG, a linear Component Mode Synthesis (CMS) method [63]
is employed. As depicted in Fig. 4(a), the CMS results match well with
the WFEM results, especially at low frequencies. Additionally, when the
higher-order parameters are set to zero, the linear SSG theory converges
to the linear CT, providing a reasonable way to verify the accuracy of
the simulation results obtained using the linear SSG theory.

On the other hand, Fig. 4(b) exhibits the band structures of the first
five branches obtained through both linear and nonlinear SSG theories.
A comparison between the two reveals that the results from linear
SSG theory are close to the ones from nonlinear SSG theory for the
first and fifth branches. However, along the O-A-B-C-O contour of the
first Brillouin zone, the frequency values obtained from the nonlinear
SSG theory surpass those from the linear SSG theory for the second
branch. Additionally, concerning the third branch, the frequency values
obtained from the nonlinear SSG theory are higher along the O-A and
B-C-O contours but nearly equivalent to those obtained from the linear
SSG theory along the A-B contour. Regarding the fourth branch, the
frequency values from the nonlinear SSG theory are higher along the
O-A-B contour but approach those from the linear SSG theory along the
B-C-O contour. The difference between linear and nonlinear outcomes
can be elucidated by considering the potential energy density in the
nonlinear SSG theory. This density is a function of strain, the first
gradient of strain, and the second gradient of strain, which includes
a geometric nonlinear component. Consequently, the dynamical equi-
librium equation becomes a high-order partial differential function
comprising both linear and nonlinear parts. The incorporation of a
nonlinear element in the strain energy density leads to higher fre-
quency values at the same position in 𝜅-space, resulting in stiffness

hardening of the material. This phenomenon illustrates the influence of
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b

Fig. 4. The band structures of the defect-free single layer armchair graphene. (a): The first ten branches of band structures through linear SSG theory and CT. (b): The first five
ranches of band structures via linear and nonlinear SSG theory. 𝜔𝑝 = 𝜔0 indicates linear, 𝜔𝑝 = 𝜔 means nonlinear.
Fig. 5. The impact of higher-order material and inertia parameters on the first frequency at 𝜅-space position A1 of band structures. (a): The influence of higher-order material
parameters on the frequency growth rate. (b): The influence of higher-order inertia parameters on the frequency growth rate.
nonlinearity on structural properties. To validate the nonlinear results,
the nonlinear CMS is employed, and its findings match well with the
nonlinear WFEM results.

4.2. Impact of higher-order parameters

As discussed in the previous section, the band structures within the
SSG theory framework are affected by the higher-order parameters 𝑙𝑎,
𝑙𝑏, 𝑙𝑐 , 𝑙1, and 𝑙2. To examine the influence of these parameters on the
outcomes, each parameter is multiplied by a ratio 𝛿, and the effects
are analyzed by varying the value of 𝛿 from 0 to 5 in increments
of 0.5. There are 5 different cases: 𝑙𝑎 changes only for case 1, 𝑙𝑏
changes only for case 2, 𝑙𝑐 changes only for case 3, 𝑙1 changes only
for case 4, and 𝑙2 changes only for case 5. In this study, we focus on
analyzing the first normalized frequency at the 𝜅-space position A1.
Fig. 5 presents the impact of the higher-order parameters on the results.
Here, the frequency growth rate 𝛥𝜔𝑝 is defined as lg|(𝜔𝑝(𝑛+1) − 𝜔𝑝(𝑛))|,
where 𝑛 as number of 𝛿 ranges from 1 to 10. Fig. 5(a) addresses the
influence of the higher-order material parameters (𝑙𝑎, 𝑙𝑏, and 𝑙𝑐). The
figure demonstrates that as the values of these parameters increase,
the frequency growth rate also increases, except for the nonlinear 𝑙𝑐 ,
which initially decreases and then increases. For 𝑙𝑎 and 𝑙𝑐 , the frequency
growth rate considering nonlinearity is smaller than the linear one,
except for 𝛿 = 5 in the case of 𝑙𝑐 . For 𝑙𝑏, the frequency growth
rate considering nonlinearity is greater than the linear one at high 𝛿
7

value. Furthermore, Fig. 5(b) illustrates the impact of the higher-order
inertia parameters (𝑙1 and 𝑙2). The results indicate that as the value
of 𝛿 increase, the frequency growth rate initially increases and then
decreases. At the same 𝛿 value, the frequency growth rate considering
nonlinearity is higher than the linear rate. Notably, the higher-order
material parameter 𝑙𝑏 exhibits the most significant influence on the
wave propagation characteristics.

To specifically discuss the impact of higher-order parameters on
the results, the normalized frequencies at A1 using both linear and
nonlinear SSG theories for various 𝛿 values are calculated. As presented
in Table 1, within the SSG theory framework, the nonlinear case
consistently produces higher frequency values than the linear case,
indicating a significant influence of nonlinearity on wave propagation.
Furthermore, for case 1 (effect of 𝑙𝑎), the frequency value obtained
from both the linear and nonlinear SSG theory increases as 𝛿 increases.
For case 2 (effect of 𝑙𝑏), the frequency value obtained from both the
linear and nonlinear SSG theory decreases firstly and then increases as
𝛿 increases. For case 3–5, the influences of 𝑙𝑐 , 𝑙1, and 𝑙2 continue to
diminish as 𝛿 increases. Notably, the impact of 𝑙𝑏 is more pronounced
than that of other higher-order parameters when 𝛿 exceeds 1.5.

4.3. Mode shapes of a unit cell

The mode shapes provide insight into the propagation of waves
in graphene. The normalized mode shapes at the intersecting points,
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Table 1
The normalized linear and nonlinear frequencies at A1 via different cases.
𝛿 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

Case 1
𝜔0 1.83 1.84 1.89 1.97 2.08 2.20 2.34 2.50 2.67 2.84 3.03
𝜔 2.03 2.04 2.08 2.15 2.25 2.36 2.50 2.65 2.81 2.99 3.17

Case 2
𝜔0 1.65 1.62 1.89 2.61 3.92 5.78 8.14 10.96 14.25 17.99 22.17
𝜔 1.89 1.63 2.08 3.42 5.66 8.69 12.44 16.88 22.02 27.85 34.37

Case 3
𝜔0 2.01 1.96 1.89 1.83 1.76 1.68 1.60 1.51 1.40 1.25 0.97
𝜔 2.19 2.14 2.08 2.03 1.97 1.91 1.85 1.80 1.75 1.74 1.98

Case 4
𝜔0 1.94 1.93 1.89 1.84 1.77 1.69 1.60 1.52 1.44 1.36 1.28
𝜔 2.14 2.12 2.08 2.02 1.95 1.86 1.76 1.67 1.58 1.49 1.41

Case 5
𝜔0 1.95 1.94 1.89 1.71 1.41 1.08 0.82 0.63 0.49 0.39 0.32
𝜔 2.15 2.14 2.08 1.88 1.54 1.18 0.89 0.68 0.53 0.43 0.34
Fig. 6. The first four mode shapes of a unit cell by SSG. (a): The mode shape at A1. (b): The mode shape at A2. (c): The mode shape at A3. (d): The mode shape at A4. (e): The
mode shape at C1. (f): The mode shape at C2. (g): The mode shape at C3. (h): The mode shape at C4.
namely A1, A2, A3, A4, C1, C2, C3, and C4 as shown in Fig. 4(b), are
depicted in Fig. 6. It should be noted that in Eq. (37), the nonlinear
eigenvector is constructed by the nonlinear amplitude ((1 + 𝛾)Qb

0∕Q)
and the linear eigenvector (ΛRΦ

b
0). Upon normalization, the nonlinear

eigenvector will be same as the linear eigenvector. For this discussion,
only the normalized mode shapes are considered. Figs. 6(a) – 6(d)
present the mode shapes corresponding to wavenumbers 𝜅𝑥 = 𝜋∕𝐿𝑥
and 𝜅𝑦 = 0. Figs. 6(e) – 6(h) display the mode shapes when the
wavenumbers are 𝜅𝑥 = 0 and 𝜅𝑦 = 𝜋∕𝐿𝑦. These figures reveal that
the mode shapes of the hexagonal carbon ring at 𝜅-space position A3
exhibit similarities to those at position C4. However, the mode shapes
of the left and right branches connected to the hexagonal carbon ring at
position A3 differ from those at position C4. Additionally, at the same
𝜅-space position, the mode shapes undergo changes as the frequency
increases. For example, at 𝜅-space positions A1 and A2, the mode
shapes at the junctions between the hexagonal carbon ring and the
two branches appear smooth. As the frequency increases, such as at 𝜅-
space positions A3 and A4, the mode shapes at these junctions become
non-smooth. Moreover, the simulation results indicate that the wave
has a greater influence on the hexagonal carbon ring than on the two
branches at both low and high frequencies.

4.4. Energy flow vector fields

The energy flow vector fields by linear and nonlinear SSG theories
related to the first (low) and fifth (high) frequencies in the first Bril-
louin zone are studied in this part. Fig. 7 illustrates the energy flow,
where the arrow’s direction indicates the energy flow direction and
the arrow’s length represents the gradient value of the energy flow.
At low frequencies (see Figs. 7(a) and 7(b)), the behavior of graphene
resembles that of a homogeneous plate. The dynamic energy spreads
in all directions and is perpendicular to the iso-frequency contour.
From the center point to the boundary, the change of energy gradually
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decreases as the frequency rises, becoming more concentrated. The
structure maintains its stability in all directions. However, at higher
frequencies, such as 31.6 (Figs. 7(c) and 7(d)), the majority of the
energy is limited to the 𝑦 direction, resulting in stop bands in the 𝑥
direction. The high-energy waves, which cause significant vibrations in
the structure, predominantly propagate in the 𝑦 direction. Furthermore,
at low frequencies, the iso-frequency contour and wave propagation
behavior of the linear model closely resemble those of the nonlinear
model. However, at high frequencies, a noticeable discrepancy emerges
between the linear and nonlinear models. The wave propagation range
in the nonlinear model is wider than that in the linear model.

The propagation of plane waves can be depicted by measuring the
distance between any point on the iso-frequency contour and the cen-
tral point of the figure. At lower frequencies, the iso-frequency contour
by nonlinear SSG theory lies within that by linear SSG theory, signifying
a smaller wavenumber from nonlinear SSG theory compared to linear
SSG theory at the same wave propagation angle. In contrast, at higher
frequencies, the iso-frequency contour by nonlinear SSG theory extends
beyond that by linear SSG theory, indicating a larger wavenumber from
nonlinear SSG theory compared to linear SSG theory.

4.5. Wave beaming effects

In this part, the wave beaming effects under Born-von Karman
boundary conditions [63] are investigated by exploring the harmonic
displacement fields. In damped systems, the response of harmonic dis-
placement is treated independently of the boundary conditions, as the
damping loss factor 𝜂 limits the input power from external forces, re-
sulting in minimal energy reaching the system boundary. Consequently,
the system’s response closely approximates that of an infinite system. In
this work, the graphene is constructed by 20 unit cells along 𝑥 direction

and 20 unit cells along 𝑦 direction with free boundary condition. The
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Fig. 7. Energy flow vector fields by SSG. (a): Linear energy flow related to the first frequency in the first Brillouin zone. (b): Nonlinear energy flow related to the first frequency
in the first Brillouin zone. (c): Linear energy flow related to the fifth frequency in the first Brillouin zone. (d): Nonlinear energy flow related to the fifth frequency in the first
Brillouin zone. The yellow line indicates the iso-frequency contour.
Fig. 8. Harmonic displacement field by SSG. (a): 𝜔0=1.2 through linear SSG. (b): 𝜔=1.2 through nonlinear SSG. (c): 𝜔0=31.6 through linear SSG. (d): 𝜔=31.6 through nonlinear
SSG. 𝑛𝑥 indicates the number of unit cells along 𝑥. 𝑛𝑦 is the number of unit cells along 𝑦.
loss factor 𝜂 = 0.2 is used and a harmonic force with unit amplitude at
the central location of the graphene along 𝑦 direction is applied.

The displacement amplitudes, normalized with respect to the am-
plitudes at the central point, are depicted in Fig. 8. The linear and
nonlinear SSG theories are employed to generate displacement fields.
The directional patterns of the harmonic displacement response match
the predictions derived from the energy flow vector fields. Moreover,
the linear SSG theory accurately predicts the wave propagation range
at low frequencies, matching the results obtained from the nonlinear
SSG. However, discrepancies arise at high frequencies, where the wave
9

propagation range estimated by the nonlinear SSG theory differs from
that predicted by the linear SSG theory. Notably, the wave propagation
range estimated by the nonlinear SSG theory surpasses that of the linear
SSG theory when the normalized frequency reaches 31.6.

Lastly, Fig. 9 depicts the iso-displacement contours calculated using
both linear and nonlinear SSG theories. These contours are obtained un-
der a normalized displacement w = 0.2. The normalized frequency was
set to 31.6, representing a high frequency. Both linear and nonlinear
SSG theories demonstrate wave spreading in the 𝑦 direction, indicating
strong and evident beaming in that direction. The presence of geometric



Thin-Walled Structures 198 (2024) 111713B. Yang et al.

s
a

i

𝑉

Fig. 9. Normalized forced response contours by SSG theory under w=0.2. 𝑛𝑥 denotes
the number of unit cells along 𝑥. 𝑛𝑦 means the number of unit cells along 𝑦.

nonlinearity in the structure gives rise to distinct properties, leading to
a change in the range of wave propagation. When employing nonlinear
SSG theory at the same frequency, the wave propagation range sur-
passes that by linear SSG theory. Furthermore, as one moves from the
midpoint of the graphene to the edge along the 𝑦 direction, the wave
propagation range initially diminishes and then expands by nonlinear
SSG theory. In contrast, the wave propagation range shows a consistent
increase by linear SSG theory.

5. Conclusions

This paper presents an analysis of 2D wave propagation in geometri-
cally nonlinear graphene waveguides. Based on the results of this study,
some conclusions are presented and listed as follows:

(1) The study takes into account the higher-order strain gradient
effect. To carry out the numerical modeling, the strain–displacement
relations considering geometric nonlinearity based on the SSG theory
are introduced. The governing equation and boundary conditions are
derived using Hamilton’s principle. The weak form, which includes the
element matrices, is established.

(2) Subsequently, the band structures of graphene are analyzed.
The investigation compares the frequency values obtained from the
SSG theory with those from the CT at corresponding 𝜅-space positions.
Remarkably, the SSG theory yields higher frequency values than the CT
at the same 𝜅-space position and leads to stiffness hardening phenom-
ena in nanostructures. The different outcomes between the linear and
nonlinear results arise due to the incorporation of geometric nonlin-
earity. The consideration of a nonlinear component in the strain energy
density contributes to elevated frequency values in the nonlinear results
when compared to the linear results. The influence of higher-order
parameters on the band structures is demonstrated. Notably, the higher-
order material parameter 𝑙𝑏 exhibits the most significant impact on the
results.

(3) Furthermore, an analysis is conducted on the mode shapes,
which offer insights into wave propagation in graphene. The findings
indicate that the mode shapes of the hexagonal carbon ring located at
𝜅-space position A exhibit similarities to those at 𝜅-space position C.
However, the mode shapes of the left and right branches connected
to the hexagonal carbon ring at 𝜅-space position A differ from those
at 𝜅-space position C. The study also investigates the energy flow
vector fields using linear and nonlinear SSG theories associated with
the low and high frequencies. At low frequencies, graphene behaves
similarly to a homogeneous plate. The iso-frequency contour and wave
propagation behavior of the linear model closely resemble those of
the nonlinear model. At high frequencies, a significant portion of the
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energy is confined to a single direction. The wave propagation range
in the nonlinear model is wider compared to that in the linear model.

(4) Lastly, the wave beaming effects are investigated by exploring
the harmonic displacement fields through the linear and nonlinear
SSG theories. The observed directional patterns of the harmonic dis-
placement response align with the predictions derived from the energy
flow vector fields. At low frequencies, the wave propagation range
by the linear SSG theory is consistent with the one by the nonlinear
SSG theory. However, discrepancies arise at high frequencies, where
the estimated wave propagation range from the nonlinear SSG theory
deviates from the prediction made by the linear SSG theory. To further
illustrate this, the iso-displacement contours were calculated. Both the
linear and nonlinear SSG models exhibit wave spreading in the 𝑦
direction, providing strong beaming effects. The findings presented in
this study can enhance the comprehension of the dynamic response
of graphene, with potential implications for engineering applications
involving graphene-based nanostructures.
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Appendix A. Definitions of 𝑽 , 𝑽𝒂, 𝑽𝒃, 𝑽𝒄 and 𝑽𝟎 in Eq. (6)

𝑉 =∫

𝑑𝐿

0

[

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2
+
(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)3
+ 1

4

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)4
+ 𝑙2𝑎

(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2

+ 𝑙4𝑏

(

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

)2

+ 2𝑙𝑐
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

]

d𝑥,

(A.1)

𝑎 =∫

𝑑𝐿

0

[

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 ( 𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2

+ 2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2]

d𝑥,

(A.2)
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A

𝑊

𝑊

R

𝑉𝑏 =∫

𝑑𝐿

0

[

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 ( 𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

)2

+ 2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)2 𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

+
(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)4

+ 2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

(

𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

)2

+ 2
(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)2 𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

]

d𝑥,

(A.3)

𝑉𝑐 =∫

𝑑𝐿

0

[

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)3
+
(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 ( 𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2

+ 3
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2
+ 2

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2]

d𝑥,

(A.4)

𝑉0 =∫

𝑑𝐿

0

[

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3
+
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2

+
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

]

d𝑥. (A.5)

Appendix B. Expressions of boundary conditions

− 𝐸𝐴
[

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+
(

2𝑙𝑐 − 𝑙2𝑎
) 𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3
+ 𝑙4𝑏

𝜕5𝑢(𝑥, 𝑡)

𝜕𝑥5

]

− 𝐸𝐴

[

3
2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2
+ 1

2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)3
]

− 𝐸𝐴
(

2𝑙𝑐 − 𝑙2𝑎
)

[

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3
+ 2

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

+
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2

+
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2]

− 𝐸𝐴𝑙4𝑏

[

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 𝜕5𝑢(𝑥, 𝑡)

𝜕𝑥5
+ 2

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕5𝑢(𝑥, 𝑡)

𝜕𝑥5

+ 4
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4

+4
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
+ 3

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

(

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

)2

+ 3
(

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

)2]

− 𝜌𝐴
[

𝑙21
𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥𝜕𝑡2

−𝑙42
𝜕5𝑢(𝑥, 𝑡)

𝜕𝑥3𝜕𝑡2

]

+ 𝑓0 = 0 or 𝛿𝑢(𝑥, 𝑡) = 0, for 𝑥 = {0, 𝑑𝐿},

(B.1)

− 𝐸𝐴
[

(

𝑙2𝑎 − 𝑙𝑐
) 𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
− 𝑙4𝑏

𝜕4𝑢(𝑥, 𝑡)
𝜕𝑥4

]

− 𝐸𝐴
(

𝑙2𝑎 −
1
2
𝑙𝑐
)

[

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2

+2
𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

]

+ 𝐸𝐴𝑙4𝑏

[

2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕4𝑢(𝑥, 𝑡)
𝜕𝑥4

+ 2
𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

−
(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)3

+
(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 𝜕4𝑢(𝑥, 𝑡)
𝜕𝑥4

+ 2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

]

− 𝐴𝑏0
𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

− 𝜌𝐴𝑙42
𝜕4𝑢(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

+ 𝑓1 = 0 or 𝛿
(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)

= 0, for 𝑥 = {0, 𝑑𝐿},

(B.2)

− 𝐸𝐴
[

𝑙𝑐
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+ 𝑙4𝑏
𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

]

− 𝐸𝐴𝑙4𝑏

[

𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2

+
(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)2 𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+
(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)2

+ 2
𝜕3𝑢(𝑥, 𝑡)
𝜕𝑥3

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

]

− 𝐸𝐴𝑙𝑐

[

1
2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)3

+ 3
2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2
]

− 𝐴𝑏0

[

1 +
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

]

+ 𝑓2 = 0 or 𝛿
(

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

)

= 0, for 𝑥 = {0, 𝑑𝐿}.

(B.3)
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ppendix C. Definitions of 𝑾𝟏, 𝑾𝟐, 𝑾𝟑 and 𝑾𝟒) in Eq. (10)

𝑊1 =
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
+ 3

2

(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
+ 3

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

+ (2𝑙𝑐 − 𝑙2𝑎)
𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
+ 𝑙4𝑏

𝜕6𝑢(𝑥, 𝑡)

𝜕𝑥6
,

(C.1)

𝑊2 =
(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
+ 4

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

+ 4
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3
+
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)3

+ 2
𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

,

(C.2)

3 =
(

𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

)2 𝜕6𝑢(𝑥, 𝑡)

𝜕𝑥6
+ 6

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
𝜕5𝑢(𝑥, 𝑡)

𝜕𝑥5
+ 10

𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

+ 2
𝜕6𝑢(𝑥, 𝑡)

𝜕𝑥6
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+ 10
𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+ 6
𝜕5𝑢(𝑥, 𝑡)

𝜕𝑥5
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

+ 4
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2

)2 𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4

+ 3
(

𝜕3𝑢(𝑥, 𝑡)

𝜕𝑥3

)2 𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
,

(C.3)

4 =
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
− 𝑙21

𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥2𝜕𝑡2
+ 𝑙42

𝜕6𝑢(𝑥, 𝑡)

𝜕𝑥4𝜕𝑡2
. (C.4)

eferences

[1] A.H. Ghadimi, S.A. Fedorov, N.J. Engelsen, M.J. Bereyhi, R. Schilling, D.J.
Wilson, T.J. Kippenberg, Elastic strain engineering for ultralow mechanical
dissipation, Science 360 (6390) (2018) 764–768.

[2] N. Zen, T.A. Puurtinen, T.J. Isotalo, S. Chaudhuri, I.J. Maasilta, Engineering
thermal conductance using a two-dimensional phononic crystal, Nat. Commun.
5 (1) (2014) 3435.

[3] Y. Lu, K. Cai, Y. Li, Z. Duan, Y. Xi, Z. Wang, A high speed optical modulator
based on graphene-on-graphene hybrid nanophotonic waveguide, Optik 179
(2019) 216–221.

[4] Y. Li, Q. Wang, S. Wang, A review on enhancement of mechanical and
tribological properties of polymer composites reinforced by carbon nanotubes
and graphene sheet: Molecular dynamics simulations, Composites B 160 (2019)
348–361.

[5] C. Liu, J. Yu, B. Zhang, C. Zhang, Size parameter calibration of nonlocal
strain gradient theory based on molecular dynamics simulation of guided wave
propagation in aluminum plates, Thin-Walled Struct. (2024) 111659.

[6] R. Bo, J. Wang, C. Wang, Y. Wang, P. He, Z. Han, Selective distribution of BaTiO3
and graphene in PS/PVDF blends: Molecular dynamics simulations, Mater. Today
Commun. 34 (2023) 105247.

[7] B. Arash, Q. Wang, K.M. Liew, Wave propagation in graphene sheets with
nonlocal elastic theory via finite element formulation, Comput. Methods Appl.
Mech. Engrg. 223 (2012) 1–9.

[8] Y.-G. Hu, K.M. Liew, Q. Wang, X. He, B. Yakobson, Nonlocal shell model for
elastic wave propagation in single-and double-walled carbon nanotubes, J. Mech.
Phys. Solids 56 (12) (2008) 3475–3485.

[9] R. Rahman, J. Foster, A molecular dynamics based investigation of thermally
vibrating graphene under different boundary conditions, Physica E 72 (2015)
25–47.

[10] H. Liu, Z. Lv, H. Wu, Nonlinear free vibration of geometrically imperfect
functionally graded sandwich nanobeams based on nonlocal strain gradient
theory, Compos. Struct. 214 (2019) 47–61.

[11] D.C. Lam, F. Yang, A. Chong, J. Wang, P. Tong, Experiments and theory in strain
gradient elasticity, J. Mech. Phys. Solids 51 (8) (2003) 1477–1508.

[12] T. Aksencer, M. Aydogdu, Levy type solution method for vibration and buckling
of nanoplates using nonlocal elasticity theory, Phys. E: Low-Dimens. Syst.
Nanostruct. 43 (4) (2011) 954–959.

[13] B. Zhang, H. Li, L. Kong, J. Wang, H. Shen, Strain gradient differential quadrature
beam finite elements, Comput. Struct. 218 (2019) 170–189.

http://refhub.elsevier.com/S0263-8231(24)00156-3/sb1
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb1
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb1
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb1
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb1
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb2
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb2
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb2
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb2
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb2
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb3
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb3
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb3
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb3
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb3
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb4
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb5
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb5
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb5
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb5
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb5
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb6
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb6
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb6
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb6
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb6
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb7
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb7
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb7
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb7
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb7
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb8
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb8
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb8
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb8
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb8
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb9
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb9
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb9
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb9
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb9
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb10
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb10
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb10
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb10
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb10
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb11
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb11
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb11
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb12
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb12
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb12
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb12
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb12
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb13
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb13
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb13


Thin-Walled Structures 198 (2024) 111713B. Yang et al.
[14] S. El-Sapa, Effect of magnetic field on a microstretch fluid drop embedded in an
unbounded another microstretch fluid, Eur. J. Mech. B Fluids 85 (2021) 169–180.

[15] R.D. Mindlin, Micro-structure in linear elasticity, Arch. Ration. Mech. Anal. 16
(1964) 51–78.

[16] R.D. Mindlin, Second gradient of strain and surface tension in linear elasticity,
Int. J. Solids Struct. (1965) 147–438.

[17] H. Shodja, A. Goodarzi, M. Delfani, H. Haftbaradaran, Scattering of an anti-plane
shear wave by an embedded cylindrical micro-/nano-fiber within couple stress
theory with micro inertia, Int. J. Solids Struct. 58 (2015) 73–90.

[18] A.M. Dehrouyeh-Semnani, M. Nikkhah-Bahrami, The influence of size-dependent
shear deformation on mechanical behavior of microstructures-dependent beam
based on modified couple stress theory, Compos. Struct. 123 (2015) 325–336.

[19] X. Yu, A. Maalla, Z. Moradi, Electroelastic high-order computational continuum
strategy for critical voltage and frequency of piezoelectric NEMS via modified
multi-physical couple stress theory, Mech. Syst. Signal Process. 165 (2022)
108373.

[20] A. Eringen, Simple microfluids, Internat. J. Engrg. Sci. 2 (1964) 205–217.
[21] A. Eringen, Linear theory of micropolar elasticity, J. Appl. Math. Mech. 15 (1966)

909–923.
[22] M.E. Gurtin, A.I. Murdoch, A continuum theory of elastic material surfaces, Arch.

Ratl. Mech. Anal. 57 (4) (1975) 291–323.
[23] E. Kroner, Elasticity theory of materials with long range cohesive forces, Int. J.

Solids Struct. 3 (1967) 731–742.
[24] M. Lazar, G.A. Maugin, Nonsingular stress and strain fields of dislocations and

disclinations in first strain gradient elasticity, Int. J. Eng. Sci. 43 (13–14) (2005)
1157–1184.

[25] S.M. Mousavi, Dislocation-based fracture mechanics within nonlocal and gradient
elasticity of bi-Helmholtz type–Part I: Antiplane analysis, Int. J. Solids Struct. 87
(2016) 222–235.

[26] M. Jalaei, Ö. Civalek, A nonlocal strain gradient refined plate theory for dynamic
instability of embedded graphene sheet including thermal effects, Compos. Struct.
220 (2019) 209–220.

[27] F. Ebrahimi, E. Salari, Size-dependent free flexural vibrational behavior of func-
tionally graded nanobeams using semi-analytical differential transform method,
Composites B 79 (2015) 156–169.

[28] C. Liu, J. Yu, W. Xu, X. Zhang, X. Wang, Dispersion characteristics of
guided waves in functionally graded anisotropic micro/nano-plates based on the
modified couple stress theory, Thin-Walled Struct. 161 (2021) 107527.

[29] Q. Zhang, H. Deng, Y. Dong, S. Molins, X. Li, C. Steefel, Investigation of coupled
processes in fractures and the bordering matrix via a micro-continuum reactive
transport model, Water Resour. Res. 58 (2) (2022) e2021WR030578.

[30] Z.-L. Hu, Y. Yang, X.-F. Li, Singular elastic field induced by a rigid line inclusion
in a thin nanoplate with surface elasticity, Int. J. Mech. Sci. 198 (2021) 106386.

[31] L. Zhang, Y. Zhang, K. Liew, Vibration analysis of quadrilateral graphene sheets
subjected to an in-plane magnetic field based on nonlocal elasticity theory,
Composites B 118 (2017) 96–103.

[32] B. Anand, S. Krishnan, R. Podila, S.S.S. Sai, A.M. Rao, R. Philip, The role
of defects in the nonlinear optical absorption behavior of carbon and ZnO
nanostructures, Phys. Chem. Chem. Phys. 16 (18) (2014) 8168–8177.

[33] K. Manktelow, R.K. Narisetti, M.J. Leamy, M. Ruzzene, Finite-element based
perturbation analysis of wave propagation in nonlinear periodic structures, Mech.
Syst. Signal Process. 39 (1–2) (2013) 32–46.

[34] N.N. Balaji, W. Chen, M.R. Brake, Traction-based multi-scale nonlinear dynamic
modeling of bolted joints: Formulation, application, and trends in micro-scale
interface evolution, Mech. Syst. Signal Process. 139 (2020) 106615.

[35] M.V. Shitikova, The fractional derivative expansion method in nonlinear dynamic
analysis of structures, Nonlinear Dynam. 99 (1) (2020) 109–122.

[36] S.A. Emam, J. Hobeck, D.J. Inman, Experimental investigation into the nonlinear
dynamics of a bistable laminate, Nonlinear Dynam. 95 (2019) 3019–3039.

[37] A.J. Lee, D.J. Inman, Electromechanical modelling of a bistable plate with Macro
Fiber Composites under nonlinear vibrations, J. Sound Vib. 446 (2019) 326–342.

[38] F. Ebrahimi, V. Mahesh, et al., On nonlinear vibration of sandwiched polymer-
CNT/GPL-fiber nanocomposite nanoshells, Thin-Walled Struct. 146 (2020)
106431.

[39] S. Esfahani, S.E. Khadem, A.E. Mamaghani, Nonlinear vibration analysis of an
electrostatic functionally graded nano-resonator with surface effects based on
nonlocal strain gradient theory, Int. J. Mech. Sci. 151 (2019) 508–522.
12
[40] S.J. Behrouz, O. Rahmani, S.A. Hosseini, On nonlinear forced vibration of nano
cantilever-based biosensor via couple stress theory, Mech. Syst. Signal Process.
128 (2019) 19–36.

[41] S. Sahmani, B. Safaei, Nonlinear free vibrations of bi-directional functionally
graded micro/nano-beams including nonlocal stress and microstructural strain
gradient size effects, Thin-Walled Struct. 140 (2019) 342–356.

[42] B. Audoly, C. Lestringant, Asymptotic derivation of high-order rod models from
non-linear 3D elasticity, J. Mech. Phys. Solids 148 (2021) 104264.

[43] M. Khayat, A. Baghlani, M. Najafgholipour, The propagation of uncertainty in
the geometrically nonlinear responses of smart sandwich porous cylindrical shells
reinforced with graphene platelets, Compos. Struct. 258 (2021) 113209.

[44] C. Xu, T. Xue, J. Guo, Q. Qin, S. Wu, H. Song, H. Xie, An experimental
investigation on the mechanical properties of the interface between large-sized
graphene and a flexible substrate, J. Appl. Phys. 117 (16) (2015).

[45] C.M. Hadden, D.R. Klimek-McDonald, E.J. Pineda, J.A. King, A.M. Reichanadter,
I. Miskioglu, S. Gowtham, G.M. Odegard, Mechanical properties of graphene
nanoplatelet/carbon fiber/epoxy hybrid composites: Multiscale modeling and
experiments, Carbon 95 (2015) 100–112.

[46] G. Lopez-Polin, C. Gomez-Navarro, J. Gomez-Herrero, The effect of rippling on
the mechanical properties of graphene, Nano Mater. Sci. 4 (1) (2022) 18–26.

[47] Q. Tu, H.S. Kim, T.J. Oweida, Z. Parlak, Y.G. Yingling, S. Zauscher, Interfacial
mechanical properties of graphene on self-assembled monolayers: experiments
and simulations, ACS Appl. Mater. Interfaces 9 (11) (2017) 10203–10213.

[48] D. Mead, A general theory of harmonic wave propagation in linear periodic
systems with multiple coupling, J. Sound Vib. 27 (1973) 235–260.

[49] M. Ichchou, F. Bouchoucha, M.B. Souf, O. Dessombz, M. Haddar, Stochastic
wave finite element for random periodic media through first-order perturbation,
Comput. Methods Appl. Mech. Engrg. 200 (41–44) (2011) 2805–2813.

[50] J. Furer, P.P. Castañeda, Homogenization, macroscopic instabilities and domain
formation in magnetoactive composites: Theory and applications, J. Mech. Phys.
Solids 169 (2022) 105081.

[51] A.L. Kalamkarov, E.M. Hassan, A. Georgiades, M. Savi, Asymptotic homogeniza-
tion model for 3D grid-reinforced composite structures with generally orthotropic
reinforcements, Compos. Struct. 89 (2) (2009) 186–196.

[52] G. Wang, S. Li, H.-N. Nguyen, N. Sitar, Effective elastic stiffness for periodic
masonry structures via eigenstrain homogenization, J. Mater. Civ. Eng. 19 (3)
(2007) 269–277.

[53] B. Yang, C. Droz, A. Zine, M. Ichchou, Dynamic analysis of second strain gradient
elasticity through a wave finite element approach, Compos. Struct. 263 (2021)
113425.

[54] B. Yang, M. Bacciocchi, N. Fantuzzi, R. Luciano, F. Fabbrocino, Wave propagation
in periodic nano structures through second strain gradient elasticity, Int. J. Mech.
Sci. 260 (2023) 108639.

[55] H.M. Shodja, F. Ahmadpoor, A. Tehranchi, Calculation of the additional constants
for fcc materials in second strain gradient elasticity: behavior of a nano-size
Bernoulli-Euler beam with surface effects, Appl. Mech. 72 (2) (2010) 021008.

[56] M.H. Abedinnasab, M.I. Hussein, Wave dispersion under finite deformation, Wave
Motion 50 (3) (2013) 374–388.

[57] J.I. Ramos, On Linstedt–Poincaré techniques for the quintic Duffing equation,
Appl. Math. Comput. 193 (2) (2007) 303–310.

[58] K.L. Manktelow, M.J. Leamy, M. Ruzzene, Topology design and optimization of
nonlinear periodic materials, J. Mech. Phys. Solids 61 (12) (2013) 2433–2453.

[59] A. Sakhaee-Pour, Elastic properties of single-layered graphene sheet, Solid State
Commun. 149 (1–2) (2009) 91–95.

[60] F. Scarpa, S. Adhikari, A mechanical equivalence for Poisson’s ratio and thickness
of C–C bonds in single wall carbon nanotubes, J. Phys. D: Appl. Phys. 41 (8)
(2008) 085306.

[61] J.S. Bunch, A.M. Van Der Zande, S.S. Verbridge, I.W. Frank, D.M. Tanenbaum,
J.M. Parpia, H.G. Craighead, P.L. McEuen, Electromechanical resonators from
graphene sheets, Science 315 (5811) (2007) 490–493.

[62] S. Khakalo, J. Niiranen, Form II of Mindlin’s second strain gradient theory
of elasticity with a simplification: For materials and structures from nano-to
macro-scales, Eur. J. Mech. A Solids 71 (2018) 292–319.

[63] V. Cotoni, R. Langley, P. Shorter, A statistical energy analysis subsystem
formulation using finite element and periodic structure theory, J. Sound Vib.
318 (2008) 1077–1108.

http://refhub.elsevier.com/S0263-8231(24)00156-3/sb14
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb14
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb14
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb15
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb15
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb15
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb16
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb16
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb16
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb17
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb17
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb17
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb17
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb17
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb18
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb18
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb18
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb18
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb18
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb19
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb20
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb21
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb21
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb21
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb22
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb22
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb22
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb23
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb23
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb23
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb24
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb24
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb24
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb24
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb24
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb25
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb25
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb25
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb25
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb25
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb26
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb26
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb26
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb26
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb26
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb27
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb27
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb27
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb27
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb27
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb28
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb28
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb28
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb28
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb28
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb29
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb29
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb29
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb29
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb29
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb30
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb30
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb30
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb31
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb31
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb31
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb31
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb31
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb32
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb32
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb32
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb32
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb32
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb33
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb33
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb33
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb33
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb33
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb34
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb34
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb34
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb34
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb34
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb35
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb35
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb35
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb36
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb36
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb36
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb37
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb37
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb37
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb38
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb38
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb38
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb38
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb38
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb39
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb39
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb39
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb39
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb39
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb40
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb40
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb40
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb40
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb40
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb41
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb41
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb41
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb41
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb41
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb42
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb42
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb42
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb43
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb43
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb43
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb43
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb43
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb44
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb44
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb44
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb44
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb44
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb45
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb46
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb46
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb46
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb47
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb47
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb47
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb47
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb47
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb48
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb48
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb48
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb49
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb49
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb49
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb49
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb49
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb50
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb50
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb50
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb50
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb50
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb51
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb51
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb51
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb51
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb51
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb52
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb52
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb52
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb52
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb52
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb53
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb53
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb53
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb53
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb53
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb54
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb54
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb54
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb54
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb54
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb55
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb55
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb55
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb55
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb55
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb56
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb56
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb56
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb57
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb57
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb57
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb58
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb58
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb58
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb59
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb59
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb59
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb60
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb60
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb60
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb60
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb60
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb61
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb61
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb61
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb61
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb61
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb62
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb62
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb62
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb62
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb62
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb63
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb63
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb63
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb63
http://refhub.elsevier.com/S0263-8231(24)00156-3/sb63

	Nonlinear wave propagation in graphene incorporating second strain gradient theory
	Introduction
	Graphene modeling 
	Nonlinear mass spring model 
	Finite element discretization 

	Nonlinear wave motion
	Nonlinear dynamic formulation of a unit cell
	Corrected frequency solution

	Numerical results
	2D wave propagation
	Impact of higher-order parameters
	Mode shapes of a unit cell
	Energy flow vector fields
	Wave beaming effects

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix A. Definitions of ) in Eq. Eq6 
	Appendix B. Expressions of boundary conditions
	Appendix C. Definitions of ) in Eq. Eq10 
	References


