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Extremum-Seeking Policy Iteration for Data-Driven LQR

Guido Carnevale, Nicola Mimmo, Giuseppe Notarstefano

Abstract— In this paper, we propose a data-driven strategy to
iteratively find the state feedback gain matrix solving a Linear
Quadratic Regulator (LQR) problem in a model-free fashion,
i.e., under unknown system and cost matrices. In our setup,
we assume that, at each iteration, an oracle provides the LQR
cost of the tentative policy, e.g., by running the system or a
simulator. Based on this information, we develop an algorithm
based on Extremum-Seeking to iteratively refine our tentative
solution without any additional knowledge on the system and
cost models. By using a Lyapunov-based approach exploiting
averaging theory for time-varying systems, we show that the
proposed algorithm exponentially converges to an arbitrarily
small ball containing the optimal gain matrix. We corroborate
the theoretical results by testing the proposed strategy via
numerical simulations.

I. INTRODUCTION

This paper focuses on infinite-horizon Linear Quadratic
Regulator (LQR) problems from a data-driven perspective.
In this context, iterative methods based on the Kleinman
algorithm [1] are given in [2]-[6]. Moreover, the paper [7]
investigates an off-policy Q-learning strategy, while the
works [8]-[10] develop iterative methods without assum-
ing stabilizing properties of the initial policy. Finally, the
work [11] proposes a model-free approach based on rein-
forcement learning.

A popular approach is given by the so-called direct meth-
ods, i.e., the off-policy strategies that use data in the policy
design phase, see the pioneering works [12]-[14]. In this
area, some extensions are given in [15] to deal with unknown
switching linear systems, and in [16] and [17] to deal with
data corrupted by noise.

Our work proposes a novel scheme inspired by the so-
called policy-gradient methods, see, e.g., the related sur-
vey [18] and the works [19], [20], where the convergence
properties of (policy-) gradient methods for discrete-time
LQR are studied.

More in detail, since in our model-free setup the policy-
gradient method is not implementable because the model is
unknown, we resort to an Extremum-Seeking technique, see,
e.g., the works [21]-[25].

The main contribution of the paper is the development
of EXtremum-seeking Policy iteration LQR (EXP-LQR), a
novel data-driven strategy based on Extremum-Seeking for
LQR problems. Our method assumes the presence of an
oracle providing the cost associated to the current policy.
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With this information at hand, we iteratively improve the
policy through a mechanism based on Extremum-Seeking.
We analyze the resulting algorithm by interpreting it as a
nonlinear time-varying system. Specifically, we focus on the
associated auxiliary dynamics named averaged system whose
stability is investigated with a Lyapunov-based approach.
Then, by relying on averaging theory, we leverage this result
to ensure the exponential convergence of our algorithm to
an arbitrarily small ball containing the optimal gain matrix.
In particular, this last step relies on Theorem 1, introduced
in Section II, which provides averaging-related stability
results for generic discrete-time systems. To the best of the
authors’ knowledge, the result of Theorem 1 represents a
side contribution of the work.

The paper is organized as follows. Section II introduces
some preliminaries about averaging theory for discrete-time
systems. Section III introduces the problem setup. Section IV
describes our novel strategy and states its theoretical features.
Section V is devoted to numerical simulations.

Notation: We say that a square matrix M € R"»*"
is Schur if all its eigenvalues lie in the open unit disk.
The identity matrix in R™*" is [,,. The vector of zeros of
dimension n is denoted as 0,,. The vertical concatenation of
vectors vy, ...,vy is col(vy,...,vn). Given r > 0 and z €
R™, we use B,(x) to denote the closed ball of radius r > 0
centered in z, namely B,(z) == {y € R" | ||y —z| < r}.
Given A € R™*", Tr(A) denotes its trace. Ry denotes is
the positive orthant in R.

II. PRELIMINARIES: AVERAGING THEORY FOR
DISCRETE-TIME SYSTEMS

In this preliminary part, we provide a generic stability
result for discrete-time systems in the context of averaging
theory. Although we will use it as an instrumental step for
proving the main result of the paper, we remark that it
represents a contribution per se.

Let us consider the time-varying discrete-time system

X =xF (5 k)

where x* € R"™ denotes the state, f : R” x N — R", and
~v > 0 is a tunable parameter. Let us enforce the following
assumptions.

X" = xo, (1)

Assumption 1. There exist T € N and fyy, : R* — R”
such that
| kT
fAV(X) = T Z f(X7T)7 (2)
T=k+1

forall x e R and k € N. |



Assumption 1 allows for properly writing a well-posed
averaged system associated to system (1), while the next one
guarantees some regularity conditions on f and f,y.

Assumption 2. There exists a set X C R" such that
the functions f(x,k), fav(x), and their derivatives are
continuous for all k € N over X. ]

The next assumption characterizes the convergence prop-
erties of the so-called averaged system associated to (1), i.e.,
the auxiliary dynamics described by

k+1

Xav = X]Acv + foAV(X]Zv) ng = Xo- 3)

To this end, we first introduce a continuous function V :
X — R, and, given any ¢ > 0, its level set 2. C R™ given
by

Qe :={z eR" | V(x) < c}.

Assumption 3. Consider (3), there exists a differentiable and
continuous function V : X — R such that (i) the level sets
of V' are compact and (ii), for all xo such that V (xo) < ¢o
with Q., C X and p € (0,V (x0)), there exist 1, a > 0 such
that, along the trajectories of (3) and for all v € (0,71), it
holds

V(xi) < V(xo) exp(—7ak), )
for all V(x%,) > p. |

We are ready to state the following result about the original
system (1). The proof has been omitted for the lack of space.

Theorem 1. Consider system (1) and let Assumptions 1-3
hold. Then, for all xo € X, ¢1 > V(xo) such that Q., C X,
and p € (0,V(xo)), there exist 7,k > 0 such that, for all
v € (0,%), it holds

V(ix*) < e, (5)
for all k € N and

VX" <o, (©)
for all k > k. [ |

III. PROBLEM SETUP

This section states the problem setup and recalls a model-
based approach to address it.

A. Data-Driven LOR Problem Setup
In this paper, we focus on the LQR problem

: 1
i E [2 > (o Qui + ufRut)} (72)
Uo,U1s--- t=0
subj. to w11 = Ay + Buy, 2’ ~ X0, (Tb)

where z; € R” and u; € R™ denote the state and the input
of the system at time t € N, A € R"*" and B € R™"*"™
represent the state and the input matrices, while @) € R"*"
and R € R™*™ are the cost matrices. As for the initial
condition z9 € R"™, we assume that it is drawn from a
probability distribution X°. The operator E[-] denotes the

expected value with respect to X°. We require the following
properties on the pairs (4, B) and (Q, R).

Assumption 4 (Properties of the system and cost matrices).
The pair (A, B) is controllable, while the cost matrices Q
and R are both symmetric and positive definite, i.e., Q) =
QT =0and R=RT 0. ]

While Assumption 4 is customary in the field of LQR, the
next assumption makes challenging our setup.

Assumption 5 (Unknown System and Cost Matrices). The
pairs (A, B) and (Q, R) are unknown. |

Under the properties enforced in Assumption 4, when
(A, B) and (Q, R) are known, the optimal solution to prob-
lem (7) is ruled by a linear time-invariant policy u; = K*xy
with K* € R™*" given by

K*=—(R+B"P*B)"'BTP*A,

where P* € R™ " solves the Discrete-time Algebraic
Riccati Equation associated to problem (7), see [26].

In this paper, we are interested in devising a data-driven
strategy to iteratively obtain a state-feedback controller solu-
tion to (7) without the knowledge of (A, B) and (Q, R) (cf.
Assumption 5).

B. Model-based Gradient Method for LOR

Next, we recall a model-based gradient method to address
problem (7). Let us introduce KC to denote the set of stabi-
lizing gains, namely

K:={K eR™"| A+ BK is Schur}.

As it will become useful later, we also introduce 7 > 0
to denote the radius of the largest ball contained in K. By
assuming that X' is a uniform distribution about the unitary-
radius sphere and considering the state-feedback control
uy = Ky, with K € R™*" guch that (A + BK) is Schur,
it is possible to recast (see, e.g., [19]) problem (7) as

min J (K), ®)

where the cost function J : L — R is given by

J(K):=3TrY (A+BK)"T(Q+ K'RK)(A+ BK)".
t=0

We remark that the choice on X° implies that K coincides
with the domain of J. Being the set of stabilizing gains K
open [27, Lemma IV.3] and connected [27, Lemma IV.6], one
could use the gradient descent method to solve problem (8)
(see, e.g., [19]). Namely, at each iteration & € N, an estimate
K* of K* is maintained and iteratively updated according
to

KM= K¥ — ~G(KP), )

where v > 0 is the step size, while, when R""*" is equipped
with the Frobenius inner product, G : R™*"™ — R™*"™ ig the
gradient of .J with respect to K evaluated at K*. If K° € K
and the step size ~y is sufficiently small, it is possible to



prove that the optimal gain K™* is an exponentially stable
equilibrium of system (9), see [19, Theorem 4.6]. However,
in the unknown scenario formalized by Assumption 5, the
update law in (9) cannot be implemented. Indeed, the gradi-
ent G(KF) reads as

G(K*) = (RK* + BT P*(A+ BK")) Wk,
where Wk € R"*" and P* € R™*" solve the equations
(A+ BK*)WkA+ BK"T — Wk =1,
(A+ BEK*)TP*(A+ BK*) — P* = —(Q + K* RK").

In our setup, it is not possible to compute G(K*) and
implement (9) because it requires the knowledge of the pairs
(A,B) and (Q, R) that are unknown (cf. Assumption 5).
Our idea is to employ an Extremum-Seeking mechanism to
compensate for this lack of knowledge.

IV. EXP-LQR: ALGORITHM DESCRIPTION AND
CONVERGENCE PROPERTIES

In this section, we present EXP-LQR, i.e., a novel method
to solve problem (7) without model knowledge. Our algo-
rithmic idea is to mimic the (model-based) gradient descent
update through an Extremum-Seeking scheme. To this end,
at each iteration k, we perturb a given policy gain K* to
get K* 4+ §D*, where § > 0 is an amplitude parameter and
DF € R™*™ is the so-called dither matrix, whose (i, 5)-th
element D is

DF. :=sin (m l) ,
where T;; € N and ¢;; € R are the period and the phase of
component (i, j), respectively. We force the orthonormality
of the dither in the following assumption.

Assumption 6. Let T' € N be the least common multiple of
all periods Ty, ..., Tym. Then, it holds

kZ;sin (Z;T—k +¢p):0 (10a)
isin (% + gzﬁp) sin (2%;1@ + fi)q) :g (10b)

k=1

T
3 sin<% —l—(%)sin(% +¢p)sin(%+¢,.) —0, (10c)
k=1

Sfor all p,q,r € {1,...,nm} such that p # q, q # r, and
pF#T. u

EXP-LQR follows the steps proposed in Algorithm 1.
More in detail, we suppose a simulation phase in which the
feedback control law u; = (K* + §D*)x; is implemented
into an oracle providing the corresponding J(K* + §D¥).
This scenario may occur, for example, when a simulator of
a complex system is available, but the analytical knowledge
of the dynamics being implemented for the simulations is
unavailable because confidential. With J(K* 4 §DF) at
hand, we perform the algorithm iteration detailed in (11).

Specifically, the variable z* € R filters the variation of

J(K*+46D*) (see (11a)), while the update of the gain matrix
KP* follows the extremum-seeking update (11b).

Algorithm 1 EXP-LQR
Initialization: 2° € R", KY € K, z° € R.

for k=0,1,2... do

Simulation phase
Set the controller u; = (K* + 6DF)a;

Simulate 74y, = A+ Bu; retrieving J(K*+5D¥)

Optimization phase:
2" = 28 4 4 (J(K* 4 6D%) — 2*)
2(J(KF* + 6DF) — zF)D*
0

(11a)

Kk-‘rl :Kk—’y

(11b)

end for

A block scheme of the strategy is depicted in Fig. 1.

2P = 2F 4 4 (J(KF + 6DF) — 2F)

2(J(K* + D) — zF)DF
D

KR — Kk _

J(Kk ha 5Dk) Oracle K" + oD

Fig. 1. Graphical representation of Algorithm 1.

Next, we provide the main result of the paper, i.e., the
practical stability properties of system (11).

Theorem 2. Consider (11) and let Assumptions 4, 5, and 6
hold. Then, for all (z°, K°) € R x K and 7 € (0,7x), there
exist 7,6,k > 0, such that, for all y € (0,7) and § € (0,6),
the trajectories of (11) are bounded and it holds

| K" - K*|| <7, (12)

for all k > k. [ |

The proof of Theorem 2 is based on three main building
blocks. The first block regards the gradient approximation
property of the mechanism incorporated in our algorithm,
see Lemma 1. The second block is the stability analysis of
the averaged system associated to system (11), see Lemma 2.
The third block is the stability result provided in Theorem 1
for generic time-varying discrete-time systems. For the sake
of space, the proofs of Lemma 2 and Theorem 1 will be
given in a forthcoming document. However, in Section V-B,
assuming the availability of both of these results, we provide
the proof of Theorem 2.



V. STABILITY ANALYSIS

In this section, we perform the stability analysis of sys-
tem (11). First, in Section V-A, by resorting to averaging
theory, we characterize the convergence properties of the so-
called averaged system associated to (11). In Section V-B,
we use the stability properties of the averaged system to
analyze the ones of the original time-varying system (11)
and conclude the proof. Assumptions 4, 5, and 6 are valid
throughout the entire section.

A. Averaged System

The averaged system associated to (11) is an auxiliary
system derived by averaging the vector field of (11) over a
time horizon of length 7' (see Assumption 6). To construct
this system, we exploit [28, Lemma 1].

Lemma 1 ([28]). There exists £ : R™*™ — R™*™ such that,
forall K e K, z € R, and k € N, it holds

9 k+T
=T > (J(K +6D7) = 2) D" = G(K) + 6°U(K). (13)
T=k+1

Moreover, given any compact set S C R™*™ if § € (0,1],
there exists Bs > 0 such that

[((K)| < Bs,
forall K € S. ]

(14)

By applying Lemma 1 and the frequencies’ property (10a),
the averaged system associate to (11) reads as

(15a)
(15b)

Zﬁvﬂ = Z]Zv +7 (JAV(K/}fva 6) - Z]:v)
Kf\j_l = Kfv - 'VG(KEV) - 752€(K§V)7

where the function J,y : L X R — R is defined as

1 k+T
Tw(K,8) = = > J(K +06D7).
T=k+1

The next lemma ensures that (J, (K*,d), K*) is a practi-
cally exponentially stable equilibrium point of system (15).
To provide this result, we need to introduce the candidate
Lyapunov function V : R x K — R defined as

Vin ) = 5 ol + A IK) — J(KY), (6)

with A > 1.

Lemma 2. Consider (15). Then, for all (z3,,K3,) € Rx K,
p >0, there exist ¥1,01,a > 0 and X\ > 1 such that, for all
€ (0,7), d € (0,01), and A\ > )\, it holds
V(Zl/zv - JAV(KfVa 5)a Kfv)

< exp(—yak)V (2% — Jaw (K, 9), K$), )
for all V (25, K%)) > p. u

The proof of Lemma 2 will be provided in a forthcoming
document.

B. Sketch of Proof of Theorem 2

The proof relies on the application to system (11) of
Theorem 1 (cf. Section II). In particular, we need to choose
the parameters p, c; > 0 and show that system (11) satisfies
the conditions required in Assumptions 1, 2, and 3, namely,
the ones due to apply Theorem 1. By looking at the statement
of Theorem 1 and given the desired final radius #, we start
by designing the parameters c; and p. By [29, Lemma 3.8],
there exists o > 0 such that

o|K - K*|| < J(K) - J(K"), (18)

for all K € K. Therefore, we set ¢; > V(20 —
Jav(K°,6),K°) and p € (0,7/0). Assumptions 1, 2, and 3
are verified as detailed hereafter. First, Assumption 1 is triv-
ially satisfied by the dither signal design (cf. Assumption 6).
Second, we need to guarantee the continuity of the EXP-LQR
system (11) and the corresponding averaged system (15)
required in Assumption 2. By looking at the dynamics of (11)
and (15), the continuity is guaranteed over the set {(z, K) €
R x K | K + 6D* € K for all k € N}. By looking at the
definition of the function V' (cf. (16)) and since A > 1, we are
able to guarantee that J(K)—J(K™*) < ¢; for all (z, K) such
that V(z—Ju (K, §), K) < ¢1. Then, by using the fact that
is open [27, Lemma IV.3] and D* is bounded for all k € N,
we guarantee the existence of d; > 0 such that K +0D* € K
for all K such that J(K) — J(K*) < ¢1, 6 € (0,82), and
k € N. Third, Lemma 2 ensures the convergence properties
of V along the trajectories of the averaged system (15)
required in Assumption 3 provides an upper bound §; for
8. Hence, we set 6 € (0,8) with 6 := min{dy, >} and apply
Theorem 1, thus guaranteeing

V(" — J(K*),K*) < p, (19)

for all k> k. The proof of (12) follows by combining .J (K )—
J(K*)<V(z—J(K), K), (18), (19), and the choice of p.

VI. NUMERICAL SIMULATIONS

In this section, we numerically test the effectiveness of
EXP-LQR. We generate the scenario outlined in Section III
by setting n = 4, m = 2, and by randomly generating
the system and cost matrices imposing the controllability of
(A, B) and the positive definiteness and symmetry for () and
R. Specifically, we randomly generate the matrix A such that
its eigenvalues have absolute values in the interval [0, 10],
the matrix B with components randomly extracted from the
interval [0, 1] with uniform probability, and the cost matrices
@ and R such that their eigenvalues lie in the interval
(0,10). As for the algorithm parameters, we empirically tune
v = 1077 and § = 1072. As for the dither frequencies,
we ordered the pairs (¢,j) € {1,...,n} x {1,...,m} with
indices p = 1,...,nm and chosen T, = 11~(~1/2 and
¢p = 0 for p odd, while T, = T,_; and ¢, = m/2
for p even. This choice ensures we satisfy Assumption 6
with 7" = 11. Fig. 2 shows the evolution of the cost error
J(K*)— J(K*) in logarithmic scale, while Fig. 3 shows the
evolution of J(K*) and J(K*). As predicted by Theorem 2,



Fig.

2 and 3 show that Algorithm 1 asymptotically converges
in a neighborhood of the optimal gain K™*.
10° ¢ E
o107 |
= i |
'\v . .
[ 10! | E
= i |
= 100F
—1 L |
10 0 0.5 1 1.5 2
-10°
Fig. 2. Evolution of the cost error J(K*) — J(K*).
800 -
— J(K*)
. t
600 |- J(K)
400 |-
200 L
0 | | | |
0 0.5 1 1.5 2
2105
Fig. 3. Comparison between J(K*) and J(K*).

VII. CONCLUSIONS

We proposed a data-driven method able to iteratively find
the state feedback gain matrix solving a Linear Quadratic
Regulator (LQR) problem without any knowledge of the
system and cost matrices. Given an oracle able to evaluate
the current cost, our method refines its estimate according to
a mechanism based on Extremum-Seeking. We analyzed the
resulting time-varying algorithm by exploiting system theory
tools based on Lyapunov stability and averaging theory.
Specifically, we guaranteed that our algorithm exponentially
converges to an arbitrarily small ball containing the optimal
gain matrix. We numerically tested the proposed solution.
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