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Extremum Seeking Tracking for Derivative-Free
Distributed Optimization

Nicola Mimmo ®, Member, IEEE, Guido Carnevale

and Giuseppe Notarstefano

Abstraci—In this article, we deal with a network of
agents that want to cooperatively minimize the sum of lo-
cal cost functions depending on a common decision vari-
able. We consider the challenging scenario in which ob-
jective functions are unknown and agents have only ac-
cess to local measurements of their local functions. We
propose a novel distributed algorithm that combines a re-
cent gradient tracking policy with an extremum seeking
technique to estimate the global descent direction. The
joint use of these two techniques results in a distributed
optimization scheme that provides arbitrarily accurate so-
lution estimates through the combination of Lyapunov and
averaging analysis approaches with consensus theory. We
perform numerical simulations in a personalized optimiza-
tion framework to corroborate the theoretical results.

Index Terms—Distributed processing, gradient methods,
optimization.

[. INTRODUCTION

N RECENT years, distributed optimization over networks

has become a key research topic, see, e.g., [1], [2], and [3]
for an overview, also in the setting with a partially unknown
cost function [4]. Examples include data analytics in machine
learning [5] as well as automatic controller tuning [6], [7].

We organize the literature review in two blocks: collab-
orative/distributed extremum seeking and distributed zeroth-
order/derivative-free optimization. Early references on dis-
tributed extremum seeking for the so-calledconsensus optimiza-
tion framework are [8] for a discrete-time setting and [9] for a
continuous-time one. A proportional—integral extremum seeking
design technique is proposed in [10], while, in [11], the gradient
is approximated through a real-time protocol. Salamah et al. [12]
proposed the use of the sliding mode to generate the dither signal
at the base of the extremum seeking. More recently, in [13], a
distributed stochastic extremum seeking scheme is proposed for
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asource localization problem, while in [ 14], a distributed scheme
approximating a Newton method is proposed. As for constraint-
coupled distributed optimization, in [15], a distributed extremum
seeking control, based on evolutionary game theory, is designed
for real-time resource allocation. In [16], instead, a distributed,
continuous-time scheme based on sign-based consensus is de-
signed. In [17], a Lie bracket technique and extremum seeking
are used for problems with linear constraints. In [18], resource
allocation problems are addressed by an extremum seeking
scheme.

As for distributed zeroth-order/derivative-free optimization,
Mhanna and Assaad [19] developed a zeroth-order scheme
based on a I-point estimator and a gradient tracking pol-
icy. The work [20] instead proposes a zeroth-order algorithm
based on a two-point estimator with a distributed gradient de-
scent strategy and another one based on an n-point estimator
with a gradient tracking policy. Lu and Tang [21] proposed a
continuous-time gradient-free approach emulating a distributed
gradient algorithm for which optimal asymptotic convergence
is guaranteed. In [22], a sampled version of Lu and Tang [21]
is proposed. In [23], a continuous-time distributed algorithm
based on random gradient-free oracles is proposed for con-
vex optimization problems. In [24], the randomized gradient-
free oracles introduced in [23] are used to build a gradient-
free distributed algorithm in directed networks. Randomized
gradient-free algorithms are also used in [25], where sequential
Gaussian smoothing is used for nonsmooth distributed convex
constrained optimization. In [26], gradient-free optimization is
addressed with the additional constraint that each agent can
only transmit quantized information. The work in [27] instead
develops a “directed-distributed projected pseudo-gradient” de-
scent method for directed graphs. Wang and Xie [28] combined
the gradient-free strategy of [23] with a saddle-point algorithm.
Wang et al. [29] addressed an online constrained optimization
problem by relying on the Kiefer—Wolfowitz algorithm to ap-
proximate the gradients, and Bilenne et al. [30] combined
the estimation of the gradient via a “simultaneous perturba-
tion stochastic approximation” technique with the so-called
matrix exponential learning optimization method. In [31], an
overview of zeroth-order methods based on a Frank—Wolfe
framework is provided. Wang et al. [32] proposed a distributed
random gradient-free protocol to solve constrained optimization
problems by using projection techniques. All the cited papers
but Bilenne et al. [30] prove stability of the proposed schemes
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by using arguments not based on Lyapunov theory. We also note
that Bilenne et al. [30] proposed an algorithm neither based on
gradient tracking nor using extremum seeking.

This article proposes a novel algorithm to solve a distributed
optimization problem in which network agents can only evaluate
their local cost function at a given point, but not its gradient. The
proposed solution consists of a distributed protocol in which
the (unavailable) local gradients are approximated through an
extremum seeking scheme. The approximations of the gradi-
ents are used to feed a suitable tracking mechanism, which,
in turn, allows for steering the local solution estimates along
approximations of the global descent direction. The distributed
algorithm uses a further consensus action on the local solution
estimates. The convergence of our scheme is proved through
Lyapunov and averaging theories for discrete-time systems. It is
worth mentioning that our scheme, together with the ones in [33]
and [34], is the only distributed extremum seeking scheme
proposed in discrete-time with the following distinctive features.
The work [33] 1) does not address a consensus optimization
problem and 2) relies on consensus dynamics estimating the
global cost, while ours estimates the global gradient. Instead,
in [34], 1) the addressed consensus optimization problems have
scalar decision variables, and 2) an extremum seeking technique
is combined with a distributed gradient algorithm, i.e., with-
out a tracking mechanism. As for the literature on distributed
zeroth-order/derivative-free methods, the closest work is [19]
in which extremum seeking is not used and the global gradient
is approximated via a randomized 1-point policy. Consistently
with the comparison table provided in [19], we highlight that
there are no other distributed algorithms in the literature using
I-point gradient estimators. Indeed, although the distributed
scheme in [35] uses 1-point gradient estimators, we remark that
it is tailored for partition-based optimization, i.e., a simplified
setup in which each local function depends only on the neigh-
bors’ decision variables; see [3]. Also, our Lyapunov-based
tools combined with averaging theory for discrete-time systems
represent a distinctive feature in the algorithm analysis.

The rest of this article is organized as follows. Section II
introduces the problem and the proposed algorithm. The main
result is provided in Section III and proved in Section IV.
In Section V, we test the proposed algorithm via numerical
simulations. Finally, Section VI concludes this article.

Notations: Given N vectors x1,...,xxy € R™, we denote
by col(zy,...,zy) their column stacking. Given N scalars
dy,...,dy,wedenotebydiag(dy, ..., dy) the diagonal matrix
with ¢th entry d;. The Kronecker product is denoted by ®. The
identity matrix in R™*" is [,,. The column vector of N ones is
denoted by 1, and we define 1 := 1y ® [,,. Dimensions are
omitted whenever they are clear from the context. Finally, for
r>0,welet B, = {z e R" : ||z|| < r}.

[I. PROBLEM FORMULATION

We consider a network of NV agents communicating according
to an undirected graph G = (V, €, A), where V = {1,..., N}is
the setof agents, £ C V x Visthe setof edges, and A = [a,;] €
RN*N is the weighted adjacency matrix. Agents i and j can

exchange information only if (¢,7) € £. Accordingly, it holds
a;; > 0if (4,j) € € and a;; = 0, otherwise. We denote as \V; =
{j €V ](4,7) € &} the set of neighbors of agent i. Moreover,
we also associate with the graph the Laplacian matrix £ := D —
A € RN 'where D := diag(deg,,...,degy) € RV*V is
the so-called degree matrix in which deg; := 3 jen; @ij is the
degree of agent ¢. The next assumption specifies the class of
considered graphs.

Assumption 1: The graph G is connected and the adjacency
matrix A € RY*N is symmetric. O

In the proposed distributed setup, each agent 7 is equipped
with a sensor only providing measurements of the local cost
function f; : R™ — R and aims at solving the problem

min Zfl(w) (1)

We enforce the following assumptions about the problem.

Assumption 2: For all i € {1,..., N}, the function f; is
L-strongly convex for some L > 0. |

Assumption 3: Each cost f; is C®> and has L;-
Lipschitz continuous gradients. We denote L := max{Ly, ...,
I}, 0

Assumption 2 ensures the existence of a unique solution
x* € R™ to problem (1). Our aim is to iteratively find it via
a distributed algorithm. Namely, given the iteration index t € N
and by denoting with w! € R™ the ith agent’s estimate, at
iteration ¢, of the solution to problem (1), our goal is to design
a distributed protocol able to steer all these estimates to the
minimizer z*. The peculiar challenge of this article is that each
agent i cannot access either the gradients V f; (w!) (as in standard
gradient-based methods) or the cost functions in arbitrary points
(asin standard zeroth-order methods). More in detail, we assume
that agent i can only use the single measurement f; (w?) properly
combined with the so-called dither signal d! € R™ and the
amplitude parameter § > 0. The role of d! and § will become
clearer in the next section.

[[I. EXTREMUM SEEKING TRACKING: ALGORITHM
INTRODUCTION AND CONVERGENCE

Being the gradients V f; not available, we replace them with
an estimation based on a proper elaboration of the local costs
excited via suitable dithering signals d!. The arising distributed
method, termed extremum seeking tracking, is described in
Algorithm 1, from agent i’s perspective. In Algorithm 1,y > 0
represents the step size while the parameter 6 > 0 represents the
amplitude of the dither signal d! defined as

ot ot
dﬁcol(sin( T +¢i1),...,sin< T +¢in>> )
Til Tin

where 7, € N and ¢;, € R such that, given p,q,r €
{1,....,n},p#q,q#r,p#r, itholds

Tper— 1

sin (? + ¢¢p) =0
t=0 !

(3a)
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Tper— 1

sin (27rt + (ybz,,) sin (27rt + ¢1q) _ T;er (3b)
t=0
Tper— 1

3 sin(%’:+¢ip)sin(%—&—qﬁiq)sin(%—&-@r) —0 (3¢
t=0
for all i € {1,...,N}. Here, T € N is the least common
multiple of all periods 7; . Sinusoidal dither functions are useful
in practical applications to guarantee smooth inputs to the plant.
However, other possibilities, e.g., as square or triangular waves,
are possible [36].

Algorithm 1: Extremum Seeking Tracking (Agent 7).

initialization: z? € R™ and 2 = 0
fort=0,1,... do

Wi = wf 3 3 by — 6 — st + o(dL — )

JEN;
(4a)
st = sty Y s+ ST~ fiwh)d))
JEN;
(4b)
end for
The local gradient estimates generated by %é)d; are suit-

ably interlaced with 1) the term 3. £;;(w} — 0d}) to force
consensus among the quantities w! — dd! and 2) a tracking
mechanism to reconstruct the (estimated) global gradient. In
detail, the consensus step is performed by using the entries
¢;; the (i, j)-entry of the Laplacian matrix £ associated with
the graph G, while the tracking mechanism is implemented by
equipping each agent i with an auxiliary variable s € R™. In this
algorithm, agents exchange with their neighbors the information
col(w! — ddt, st) involving 2n components.

Remark 1: The main distinctive features of our method are as
follows. First, errors in our method are given by third-order resid-
uals as opposed to second-order ones in finite-difference meth-
ods. Second, gradient estimation is based on a single-function
query per agent. This could be advantageous in scenarios in
which multiple queries per agent are expensive or even not
allowed. Third and final, the estimation policy updates, and so
the convergence guarantees, are purely deterministic. g

The next theorem formalizes the convergence properties of
extremum seeking tracking. To this end, for all i € {1,..., N}
and given r > 0, we define the set D; ,. C R?™ as

D; - :={col(w;, s;) € R*|||lw; — z*|| < r,8;=2f;(w;)/5}.

Theorem 1: Consider (4) and let Assumptions 1-3 hold.
Then, for any r, p > 0, there exist v*,6*, k1 > 0, € € (0, p/2),
and ko > (p/2 — €) such that, for any v € (0,7%), 0 € (0,6*),
and col(w?, s) € D, foralli € {1,. N} the trajectories

of (4) are bounded and satisfy
! — 2| < 7 5)

for all ¢ € {1,...,N} and ¢t >t :=———1n((p/2—¢€)/k2),
i.e., the convergence to the set {w; € R™ | |[w!l—z*|| < p} is
linear. O

The proof of Theorem 1 is provided in Section IV-C. The-
orem | provides a semiglobal, practical exponential-stability
result restricted to the set D, := Dy, X --- X Dy,

Indeed, it is semiglobal because the parameters v* and §*
depend on the initial radius r, and it is practical because they
also depend on the arbitrary small final radius p > 0.

IV. EXTREMUM SEEKING TRACKING: STABILITY ANALYSIS

In this section, we analyze extremum seeking tracking. As-
sumptions 1-3 hold throughout the whole section. First, let the

coordinates z!, z! € R™ be defined as

2fi(wi)d;

o= wl - 8dl, 2li=sl - 5 (6)
foralli € {1,..., N}, which allow us to rewrite (4) as
2f; (! + od)d!
ot =at oy [ 3 byl 4 of 4 LI : A 70y
JEN:
2f;(at + odb)dt
=gty Z lij (zj + 3<J63)J> ) (7b)
JEN:

Remark 2: The new variables x} and z! allow us to interpret
extremum seeking tracking as an approximated discrete-time
version of the continuous-time gradient tracking method pro-
posed in [37]. Indeed, if the case gradients were available, the
distributed algorithm (7) would become

e =ty Y et -y (4 V(D) (8a)
JEN

at = el Y by (V). (80)
jENi

The analysis required to prove Theorem 1 will also require the
investigation of the convergence properties of (8) (see Lemma 3
and Remark 3). O

Then, we aggregate the local updates in (7) obtaining the
compact algorithm description

o't = gt — (Lo’ + 2" + fa(t,2")) (9a)
=2t — oy (L2t + Lfd(t xt)) (9b)
where we 1ntroduced L:=L®]I,, x':=col(z},...,zY),

2t i=col(zl,...,2Y), d' = col(di,... dN) and the func-
tion fg: N x ]RN” RN™ defined as
2 f(wr + 8t )dt 6
falt,x) :== (10)
2fn(xn + ddhy)dY /6
where we decomposed x according to x := col(x1,...,xN)

with x; € R™ for all 4 € {1,..., N}. We point out that sys-
tem (9) can be conceived as an extremum seeking scheme with
outputmap f(x + dd*); see also Fig. 1. We now give an overview
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H‘ st = col(2f1(wh)d: /b1, ..., 2fn(wh)dh /oN) }—

St

t+1 __

wt
G) ot |t = (I — L)zt = (2F+sh) | sk ><>
27 = (I —yL)z' — yLs}, :

—

Fig. 1. Block scheme of the proposed extremum seeking tracking
algorithm in the (z, z) coordinates.

of the main steps of the stability analysis carried out to prove
Theorem 1.
i) We perform two change of variables to describe the
dynamics (9) in terms of the mean value (over the agents)
Zayg Of z and the orthogonal part Z, (both in error coor-
dinates). Then, by relying on averaging theory (see [38]
for discrete-time systems or [39, Ch. 10] and [40] for
continuous-time ones), we introduce a suitable auxiliary
system named the averaged system. The later is obtained
by averaging the original algorithm dynamics over acom-
mon period. The averaged system is shown to be driven
by the cost gradients with additive estimation errors.

i) When neglecting these errors, the averaged system cor-
responds to an equivalent form of (8). Based on this
observation, we rely on existing stability properties of the
continuous gradient tracking to demonstrate that the tra-
jectories of the averaged system exponentially converge
to an arbitrarily small neighborhood of col(1z*, 1) for
some Z|! arising from the analysis.

iii) Finally, we prove Theorem 1 by exploiting the steps above
and by using averaging theory to show the closeness
between the trajectories of (9) and those of its averaged
system.

Step (i) is performed in Section IV-A, step (ii) is carried out

in Section IV-B, and Section IV-C is devoted to step (iii).

A. Coordinate Changes and Averaged System

We start by introducing a change of coordinates to highlight
the error dynamics of (9) withrespectto col(x*, —G(1x*)),i.e.,
the point in which each x! coincides with the optimal problem
solution z* and perfect tracking is achieved via z! (see [37]). To
this end, let G : RV™ — RN™ be defined as

G(z) = col(Vfi(z1),...,VIn(zN)). (11)
Then, let the error coordinates ., Z € RN™ be defined as
T=x—1z", Z=2z2+G(1lz") (12)

and let us introduce ¢, : N x RV? x RN — R2N7 a4

| —Li -z — fa(t, @ + 12¥) + G(12*)

(;Szz(t,if,i)i— _Lg_L(fd(t7j—|—1x*)—G(ll’*)) .

Then, by using the new coordinates, we rewrite (9) as

jt+1
2t+1

where we have used the property L1 = 0. As in [37], we take
advantage of the initialization 20 = 0 for all i € {1,...,N}.
To this end, we introduce the novel coordinates Z,, € R" and
7, € RW=Dn representing the average of the variables zt (over
the agents) and the orthogonal counterpart, namely

HE

where we introduced the matrix R € RN™*(N=1n guch that
R"1 =0, R"R = I. Further, given ng¢ := (2N — 1)n, let us
also introduce £ € R"¢ defined as

£ = {QET ZHT

Since 1"L = 0 in light of Assumption 1 and 1"G(1z*) =
Zfil Vfi(z*) = 0, we use (14) and (15) to rewrite (13) as

J~3t
+ V¢ (t, 3, 2) (13)

2t

3 (14)

15)

L = €' 4 yge(t, col (3, 12L + REY)) (16a)
Firl — 3t (16b)

where we introduced ¢¢ : N x R2NV™ 5 R™¢ defined as
¢e(t, col(z, 2)) = é ]O% G (t, 2, 2). (17)

Equation (16b) implies that 2t = z° for all t € N. Then, since
29 = 0foralli € {1,..., N}and 1TG(1z*) = 0,itholds 20 =
0, which allows us to ignore (16b) and rewrite (16) according to
the equivalent, reduced system

EF = ¢ +g(t,€")

where ¢ : N x R™ — R"¢ isintroduced to compactly describe
system (16a) with z{, = 0 forall ¢ € N, i.e., ¢ is defined as

¢(t7 f) = ¢§(t7 C01(i'7 Rél))

I 0
0 R

(18)

— L& — RZ, — f4(t, & + 12*) + G(12*)
—LRZ, — L(fa(t, % + 12%) — G(12*))
(19)

(@)

where in (@), we used the definition of ¢, [cf., (17)].

We resort to the averaging theory [38] to analyze the time-
varying system (18). As customary when this tool is employed,
we introduce an auxiliary scheme typically named the averaged
system, obtained by averaging the time-varying vector field
@(t, &) over Tper samples by freezing the system state. In detail,
the averaged system associated with (18) is

Gt = G + YPave(Eg) (averaged system)  (20)
with fz?vg = &, where ¢,y : R — R"¢ is defined as
1 t+Tper
Gang(€) 1= — > ¢(k,§), foranyt>0. (21)

-
Per p—t41
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Notice that, since ¢(k, £) is periodic with period 7., on the first
argument, the function ¢,y, (&) [cf., (21)] is time-invariant.

The next lemma shows that the gradient of each f; can be
approximated by averaging each block of fy [cf., (10)] over the
period Ty, on the first argument. For this reason, the next lemma
will be useful to explicitly write ¢,y [cf., (21)] in terms of G(x)
[i.e., the stack of the gradients V f;(x;), see (11)].

Lemma 1 (Gradient estimation): For all : € {1,..., N},
there exists /; : R™ — R" such that, for any given x; € R™ and
all t € N, it holds

t+7'per
2
5 > filwi 4 0df)df =V fi(w) + (). (22)
Pel p—t41

Moreover, given any compact set S; C R™, if § € (0, 1], there
exists L; s, > 0 such that

14i(z:)|| < Lis, (23)

forallz; € S;andi € {1,...,N}. O

The proof of Lemma 1 is in Appendix A.

We note that the quantity on the right-hand side of (22) is
time-invariant because df is periodic, with period 7, and the
left-hand side of (22) is averaged over the period Tpe,. Now,
let us introduce the function ¢ : RN™ — RN" stacking all the
approximation errors ¢;(z;) used in (22), namely

(z) :==col ({1(x1),...,.In(zN)) . (24)

Then, by using (22), the definitions of f4 in (10), G(x) as the
stack of the gradients V f;(z;) in (11), and £(x) as the stack of
the approximation errors ¢;(x;) in (24), it holds

t+7'per
1
. Z falk,x) = G(z) + £(x) (25)
P p—t41

for all z € RV and t € N. Hence, by introducing &y, :=
col(Zavg, Z1,,,) and by combining the definition of ¢y, in (21),
¢ in (19), and (25), we obtain

— Ly — RZ1,,, — G(Tayg+12%) + G(127)
¢avg(£avg) = RTLR3 T ~ " %
— Z1 e — R L(G(Zayg +12%) —G(127))
—U(Zavg + 1)
+ . 26
—RTL(Fag + 127%) 20
We define
—Lig — B2, ,, — G(ing+127) + G(12%)
(z)GT(éan) = T = T ~ * *
—R'LRZ, ,,—R'L(G(Tayg+12*)—G(12*))
.y ) .
B:= Ll U(ave) = U Tave + 12¥)

to short (26) as

¢avg(£avg) = ¢GT(£avg) + 52Bu(favg)
which, in turn, allows us to rewrite (20) as
G =6k + v0ar(El,) + 70 Bu(él,,) (averaged systenzl).
(27)

B. Averaged System Analysis

In this section, we analyze the averaged system (27). To this
end, we first consider an additional nominal system in which
the term ~0° Bu(&l,,) (i.e., the term describing the gradients’
estimation error) is neglected. Then, by using such a nominal
system analysis as a building block, we provide the result
concerning system (27). Therefore, we start by studying

=+ ydar(El,) (28)

which corresponds to system (27) in the case of v¢ 2Bu(§§vg) =
0. The next lemma proves the global exponential stability of the
origin for (28).

Lemma 2: There exist P = P' € R"*" and ay,as,
1,70 > 0 such that, for any v € (0,7p), along the trajectories
of (28), it holds

CL1] < P < GQI (2921)
t-‘rlTPé-t-‘rl _ gt Tpgt < —~c Hé-t H2 (29b)
avg avg avg avg > ~VCL ||Savg

forall £, € R™e, O

The prcg)of of Lemma 2 is in Appendix B.

Remark 3: Notice that Lemma 2 proves that algorithm (8)
linearly converges to the minimizer of (1), since (28) is an
equivalent formulation of (8). O

With this result at hand, we analyze the impact of u(-), thus
obtaining the stability properties of the averaged system (27).

Lemma 3: Consider the averaged system (27). Then, for any
re > 0and p € (0,r¢), there exist ¢3 € (0,¢1) and 67 € (0,1]
such that, for any € min{~o, 1}, 4 € (0,6}), and [|€0,, ]| < re,
it holds:

i) &y € B\/mr£ forall t € N;

i)

I€ave ]l < v/az/arexp (=tyes) €|

for all [|€L,, ]| > p. O

The proof of Lemma 3 is in Appendix C.

Remark 4: The result of Lemma 3 only involves the averaged
system (27). In the next section, such a result will be used as a
building block to study the original dynamics, i.e., system (18)
and, thus, to conclude the proof of Theorem 1. However, it is
a per se result that can be used to show robust stability for the
distributed algorithm (8). [

(30)

C. Proof of Theorem 1

Despite averaging tools for discrete-time systems are already
present in the literature, see [38] for example, we got the in-
spiration from continuous-time averaging [39, Ch. 10] and [40]
for elaborating the proof of Theorem 1 to make clear how ~y
affects the closeness of the trajectories of (18) and (27). Since
Assumptions 1-3 hold, we apply Lemma 2 to claim that there
exist P =PT € R"*" and ay,as,c1,7% > 0 such that, if
~ € (0,70), the conditions (29) are satisfied. Then, we evaluate
the norm of the initial conditions of system (18) and (27),
ie., [|€°] = [|EX - By using the definition of & [cf., (15)], the
changes of variables (12) and (14), and the triangle inequality,
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we get
I€°]] < fl=° = 127 + [ BT =* + (1))
1", (@)
+’N(z +G(1x*))H < rVN+ | R |G(12")]|

where in (a), we combine the initialization |z{ — z*| <
r and 2Y =0 for all i€ {1,...,N} with the fact that
17G(1z*) = SN | fi(z*) = 0. Hence, by defining r¢ :=
/N + ||R||||G(1z*)]|, we claim that

1670 = llgave | < re-

Once the initial distance from the origin has been evaluated,
we choose any p > 0, set ¢3 := y/az /a1, and choose any € €
(0, p(1 4 ¢2)/2). Then, we pick p € (0, (p/2 — (1 + c2)€)/c2),

' € (0,¢1), and use the matrix P satisfying (29) to apply
Lemma 3. Specifically, we claim that there exist ¢z > 0, 67 €
(0,1], and ~p > 0 such that, for any § € (0,67) and v €
(0, min{~o, 1}), it holds &, € Be, forallt € N and

(—
for all £, such that [|£},.[| > p. Now, we proceed by finding a
bound 77 > 0 such that, for any v € (0,~1), we guarantee the
e-closeness between the state §§vg of the averaged system (20)

and the one of the original system (18), i.e., that [|£* — & || < ¢
holds true for all ¢ € N. To this end, let us introduce

3D

t—

vu(t, favg) =

[

((;5(](5, gavg) -

0
By using this definition and the one of ¢y, [cf., (21)], it holds

U(t +1, E:f\jrgl) - U(t7 ggvg)
= Ot &y ) — Pave(Ea) + 0(t &) — vt G-

Then, let r’£ = cor¢ and define A := 5v/Nn. Under the as-
sumption of ¢! € Br’5+e for all ¢ € N (later verified by a proper
selection of 7y), we claim that the arguments of the functions f;
and their derivatives (embedded into the definitions of ¢(¢, -) and
¢avg(+) and their derivatives) lie into the compact set B, 4 c4a-
Thus, since the functions f; and its derivatives are continuous

¢avg (gavg)) :

>
Il

(32)

(cf., Assumption 3) and the functions ¢(-,-) and v(-,-) are
periodic in the first argument, we define
09(t,
Lo= sw {109l lowst@l] | 2252
€eB . 3
t€[0, Tper]
] el o
Consequently, for all £, &’ € Brr +e-and ¢ € N, it holds
H’U(t, )H < 2LqﬁTper (34a)
ot &) — o(t, ) < Loll§ = €l (34b)
[ Pave(§) — Gave (€)1 < Lgll€ = €l (34c)
lo(t,§) = v(k, &)l < 2L Tperll€ = € (34d)

[[ave (O < L. (34e)
Let us introduce ¢! € R™¢ defined as
("= G T 70(E G- 35)

Then, it holds

t—1

Z(£k+1 _ gk) _

k=0

(p(k,C*) + o(k, fdvg)), and use (32) to get

¢ —(h= (¢F = ¢h)
add £ 37,0

Ct—vz
+vz

ok, %) — p(k, "))

(k,C") = ok, &)

ghtl)
- VZ Cave

— (k&)

+ Y Z ¢avg avg (bavg (gavg))

it Z B e
Use (18), (27), and (34) to bound

t—1

16" = ¢l < vLp Y 11EF = Il + 77 L32 (1 + 27per) £ (36)
k=0

- U(k, €§vg>>'

Apply the discrete Gronwall inequality (see [41] and [42]) and

t—1

27L¢kexp( vLyk) < Z7L¢kzexp( vLgk) =1
k=0 k=0

to further bound (36) as
Hgt - CtH < 72L?¢2 (1+ 27—per)t

+7Lg2 (14 27per) exp (vLgt) . (37)
The definition of ¢* (35) and the triangle inequality lead to
I€" = &gl < [|€° = ¢+ [lo(t &)
& PI29(1 4 2me) 4 12L0 e
+vLy2 (1 4 27per) exp (7 Lgt) (38)

where (a) uses (37) to bound the first term and (34a) to bound
the second one. Then, set 6* € R such that
9* > —Lp (M)

- c3 .

core

(39)

. /(3¢c2) /(3c2) ._
Let 72 = gratiiarne 1 = S n ep@0) T4 =
Z/L(f?),a d% := min{vo, Y2, 73,74, 1}. Picky € (0,71) such
that t* := 7 € N. This can be done without loss of generality
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since 0* is a design parameter. Then, we bound (38) as

€
1€ — &hll < . (40)

forall t € {0,...,¢"}. As a consequence, since &/, € Bré for
all t € N, it holds ¢! € B, . for all t € {0,...,t*}, i.e., we
have verified that the bounés (34) can be used into the interval

{0, ..., t*}. Moreover, the exponential law (31) and the expres-
sion of 0* [cf., (39)] ensure that it holds

I€avell < (p/2 = €)/c2 @1
forall t > t*.
Now, by using the triangle inequality, we write
N N . @ p
IEE I < 11E" = Cavel + Naell < 5~ (42)

where in (a), we combined (40) and (41).
Inequality (42) guarantees that £¢” € B £ hence, we proved
c2

that the trajectories of (27) enters into 3 v with linear rate.
c2

Next, in order to show that £t € Bﬁ /2 for all t > t*, we divide
the set of natural numbers in intervals as N = {0,...,t*} U
{t*,...,2t*} U.... Define thu,(k +t*,£") as the solution
to (27) for &3, = &' and k € {0,...,¢*}. Thus, at the begin-
ning of each interval {¢*, ..., 2t*}, the initial condition of (27)
coincides with the one of ¥y, (k + t*,£'") and lies into B2 C
B,... Thus, we apply the same arguments above to guarantee
that

||£k+t* - wavg(k + t*agt*)H <e
Gung(26%,€7) € B(s/2-e) /e

forall v € (0,7*) and k € {0,...,t*}. By using Lemma 3, we
guarantee that system (27) cannot escape from B;/5_., namely,
Ehve € Bsja_c for all t > t*. Thus, we get & € B/, for all
t € {t*,...,2t*}. By recursively applying the same arguments
above for each interval {jt*, ..., (j + 1)t*} with j =2,3,...
and using ||z} — 2*|] < ||| foralli € {1,...,N}andt € N,
we get

|2} —2*|| < p/2 (43)

foralli € {1,...,N}andt € N.
The change of coordinates (6) and (43) and the triangle
inequality lead to
] (a) p
ot —a*|| < £+6dil| < £ +ovm (44)
where in (a), we use the boundedness of the dither signals.
The proof follows from (44) by setting §* := min{d7, ﬁ}

V. NUMERICAL COMPUTATIONS ON DISTRIBUTED
PERSONALIZED OPTIMIZATION

To corroborate the theoretical analysis, in this section, we
provide numerical computations for the proposed distributed
algorithm on a personalized optimization framework.

In several engineering applications, a problem of interest
consists of optimizing a performance metric while keeping
into account user discomfort terms [9], [43]. In these sce-
narios, the user discomfort term is usually not known in ad-
vance but can only be accessed by measurements. Specifically,
we associate with each agent ¢ € {1,..., N} a cost function
in the form fi(w)=w'Qw +rjw+log(> )_; ajebic®)
with QQ; = QiT e R™™ r, € R™, and a;p, b;y > 0, for all £ €
{1,...,n}. In the following, we provide different sets of sim-
ulations to study in detail the features of extremum seeking
tracking. In particular, each set consists of Monte Carlo simula-
tions over 20 randomly generated scenarios in which each one
differs from the other in terms of cost functions, communication
graphs, and algorithmic variables’ initialization. In particular,
unless differently stated, in each trial, the agents communicate
according to Erdés—Rényi random graphs (see, e.g., [44]) with
edge probabilities equal to 0.2. As for the problem parameters,
foreachtrialandalli € {1, ..., N}, we generate each matrix Q;
by premultiplying and postmultiplying a diagonal matrix (whose
diagonal elements are randomly extracted from the interval
[1073,5 - 10~3] with uniform probability) with an orthonormal
matrix (randomly generated by extracting its elements from
the interval [0,1] with uniform probability) and its transpose,
respectively. Further, forallé € {1,..., N}and /¢ € {1,...,n},
we randomly extract the components of r; within the inter-
val [-1072,3 - 1072 and the parameters a;z,b;; within the
interval [0,107%] with a uniform probability. In each set of
simulations, we choose the parameters 7;, and ¢;, according
to the following procedure. For all 7 € {1,..., N}, we take
bi, = %(1 +(=1)?) forall p=1,...,n, while 7;, have been
chosen as the first | (n + 1)/2] elements of odd numbers greater
than 3 since it is possible to show that such a set of frequencies
satisfy (3). Roughly speaking, ¢, , = O and ¢, , = 7/2 are used
to create orthogonal functions with the same frequency. It is
important to note that this selection is not unique. As for the
algorithm parameters  and 0, due to the complexity of the
dependencies of the bounds «* and §* provided in Theorem 1, we
choose them via a trial-and-error procedure. In each set of simu-
lations, the performance is evaluated by providing graphical re-
sults involving the relative errors | >, fi(z") — f(x*)|/|f(z*)]
and ||zt — 2*||/||z*| achieved along the trials of the Monte
Carlo simulations, where 7' := & 5"V 2!, Simulations are
performed using DISROPT [45], a Python package based on
message passing interface (MPI) to encode and simulate dis-
tributed optimization algorithms.

A. Monte Carlo Simulations for Large-Scale Problems

First, we perform numerical simulations over large-scale
problems with networks made of NV = 250 agents. We consider
different optimization variable sizes, namely, n = 10, 20. Part
of these simulations has been run on the Marconil00 HPC
Cluster of the Italian Cineca. We used ten nodes of the cluster,
and, for each node, we used 25 cores and four GPUs. The
code has been adapted in order to perform part of the com-
putation directly on GPUs. The results are shown in Fig. 2. In
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0 0.5 1 1.5 2 0 0.5 1 1.5 2
t -10* t 101

Fig. 2. Monte Carlo simulations for large-scale problems: Mean and
1-standard deviation band of cost error (left) and variable error (right).

1 1.5 0 0.5 1 1.5

2 2
t x101 t x10*

Fig. 3. Monte Carlo simulations for a varying number of agents: Mean
and 1-standard deviation band of cost error (left) and variable error

(right).

detail, as the number of agents increases, the Lipschitz con-
stant of the system to be averaged increases too. Moreover, a
larger domain of initial conditions also implies a potentially
larger L, constant [cf., (33)]. This implies smaller v*, which,
fixed the other parameters, makes the convergence slower. The
decision variable dimension instead impacts the selection of
the dither signal. A larger number of states implies a larger
number of frequencies. This, in turn, means a longer time to
estimate the gradient (cf., Lemma 1). Notice that, however,
the accuracy of the final estimate is guaranteed by design.
Indeed, since ¢ and ~y are designed on p, the trajectories of (5)
converge to a ball of radius p independently of the problem
size.

B. Monte Carlo Simulations Varying Number of Agents

Second, we test extremum seeking tracking in a frame-
work with n = 10 and different number of agents, i.e., N =
5,10, 20, 30. For each value of N, we generate communication
graphs with a diameter d such that the ratio N/d is constant
while varying N. The results depicted in Fig. 3 show that the
algorithm slows down as the number of agents increases.

C. Monte Carlo Simulations Varying the Size n

Then, we test the algorithm features with a fixed number of
agents NV = 10 and different decision variable dimensions n =
1,10, 100. The achieved results are reported in Fig. 4 and show
that Algorithm 1 slows down as n increases.

We conclude this section by providing in Fig. 5 the results of
a single trial in the case with n = 1 to show the evolution of the

=1
——n=10
—n =100

—n=1

0 0.5 1 15 2 2.5

5 3 2.5 3
t x10% t x10*

Fig. 4. Monte Carlo simulations varying n: Mean and 1-standard devi-
ation band of cost error (left) and variable error (right).

100 -

wf = 2|

. 1
t x101

Fig. 5. Evolution of the agents’ estimates w! in coordinate error with
respect to the optimal solution z*.

102 —4§=0.1
_—~ 10"
g
=
JA gwq N
=
Lj 107°
g
1077 |
6 0‘.5 1‘ 1‘.0 2‘ 2.5 0 0.5 1 1.5 2.5
t x101 t x10%
Fig. 6. Monte Carlo simulations for varying amplitude ¢: Mean and

1-standard deviation band of cost error (left) and variable error (right).

solution estimate of each agent in error coordinate with respect
to the optimal solution to the problem.

D. Monte Carlo Simulations Varying the Parameter §

Third, we provide numerical simulations in which we vary
0 in the case in which N = n = 10. As one may expect from
Theorem 1, we provide Fig. 6 to show that the final accuracy of
the algorithm increases with smaller values of 9.

E. Monte Carlo Simulations for Comparisons

We now perform simulations with n = 30 and N = 10 to
compare our method with the 1-Point Distributed Stochastic
Gradient-Tracking Method (1P-DSGT) by Mhanna and As-
saad [19]. We remark that, similarly to our scheme, when running
1P-DSGT, each agent estimates the local gradient with one query
of the objective function at each iteration. These results are
depicted in Fig. 7 and have been obtained by running the con-
sidered distributed schemes with the same objective functions,
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0 0.5 1

42 5 42
x10 Function value queries x10

Fig. 7. Monte Carlo simulations for comparison between extremum
seeking tracking and 1P-DSGT in [19]: Mean and 1-standard deviation
band of cost error (left) and variable error (right).
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Fig. 8.  Monte Carlo simulations in stochastic scenarios: Mean and 1-

standard deviation band of cost error (left) and variable error (right).

communication graphs, and initial conditions of the solution
estimates.

In detail, Fig. 7 shows that, although the algorithm in [19]
exhibits a faster convergence in the beginning phase of the
simulations, our scheme has a better convergence rate and fi-
nal accuracy. Both 1P-DSGT and extremum seeking tracking
employ a single function query per agent to approximate the
gradient. These methods rely on the concept that averaging
across iterations around the “quasi-static” local solution estimate
x! provides an accurate gradient approximation. However, in the
context of their theoretical frameworks, 1P-DSGT attains this
approximation using an infinite number of samples (mean of
an ergodic process), whereas extremum seeking tracking only
needs 7, samples. This makes the convergence rate of our
algorithm faster.

F. Monte Carlo Simulations in Stochastic Scenarios

Finally, we compare the considered distributed algorithms in
a stochastic scenario in which each agent receives cost measure-
ments affected by noise, i.e., in the case of f;(w!) + 7! in place
of f;(w!) in Algorithm 1, where each component 7! € R™ is
randomly generated according to the Gaussian distribution with
expected value 0 and standard deviation 0.1. Fig. 8 compares the
behavior of extremum seeking tracking and 1P-DSGT in [19]
in the case in which NV = 30 and n = 10. These plots confirm
that extremum seeking tracking exhibits faster convergence and
greater final accuracy with respect to the considered scheme
also in the considered stochastic setup. To interpret these results,
we also remark that Theorem 1 ensures (semiglobal, practical)
stability properties for extremum seeking tracking. Coherently,

Fig. 8 shows the typical behavior exhibited by the trajectories
of perturbed systems in the neighborhood of (practically) stable
equilibria.

VI. CONCLUSION

In this article, we addressed a distributed optimization prob-
lem in which the cost function is unknown and agents have
only access to local measurements. Taking inspiration from a
continuous gradient tracking algorithm, we proposed a novel
gradient-free distributed optimization algorithm in which gra-
dients are estimated via extremum seeking. We analyzed the
convergence properties of the proposed algorithm by using Lya-
punov and averaging tools from system theory. We corroborated
the theoretical analysis through Monte Carlo simulations on
personalized optimization problems.

APPENDIX

A. Proof of Lemma 1

Given o = col(ay,...,an) € N, y =col(y1,...,Yn) €
R™, and a smooth function f : R™ — R, we define
al =l ol y& =yt oy
aal aan
9% f(y) : fw),  lel=ar+-+o.

= 8y‘111 (Q)y%"

Being each function f; smooth (cf., Assumption 3), we can apply
Taylor’s expansion (cf., [46, Thm. 2]) and write

2
fi(z; +ddb) = fz‘(wi)+5dfTVfi($Ui)+%dﬁTVin(%)d?

where the remainder R; »(z;, dd}) is given by
0 fi(z; + cod: o
Rio (i, 0d}) = ) #(Mﬁ) (46)

|ar|=3
for some ¢ € (0, 1). Then, we can use (45) to write

t+ Tper

> di filw + 6df)

t+ Tper
_ 2fi($i) Zp dk—i—

k=t+1

t+ Tper

Tper

(dfdfT)] Vi (1)

k=t+1
t+7'per

(akat ") 92 i(w)at

> dfRio(xs, 6d)). (47)

By combining (3) and (47), we get

t4Tper 9 t+ Tper -
Y =0, — (dfdf ) —1,
T
k=t+1 P p—t41
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t+Tper

S (") O fuldt =0

k=t+1
which combined with (47) allow us to write

t+Tper
k=t+1

filz: + 5d§) = Vfi(x;) +

OTper

The proof follows by setting {;(z;) = = Z?;"L d¥
per
Rio(w;,0d¥)/63. Finally, given a compact set S; C R™,
let us bound ||¢;(z;)|| for all z; € S;. Note that ||ddt|| < dv/n
for all £ € N, and let S; C R™ be a compact set such that 1)
S; CS/ cR" and2)z; +ddt € S' forall z; € S;, 6 € (0,1],
and t € N. Thus, we can write
H Ri,2(1’ia 5d§) H
sup SRl A R R
z;€S]
ke{1,..., Tper—1}

53

(@) 1 O fi(%i) < kv
S o lFX a0
ke{1,....mper—1} =3

b 0% fi(x; o

® sup Z 7f'( )(df) =L, (48)
erES; ‘O(l:?) al

ke{l,...

7Tper_1}

where in (a), we use the expression (46) of R; a(w;,dd¥), the
definition of S}, and the fact that § € (0, 1], whereas in (b), we
drop out the term 62 from (§d¥)®. We underline that, since the
set S; is compact and f; is smooth, L g exists and is finite.
The bound of ¢;(x;) follows by defining L; s, := 2L’i’ s5,v/nand
combining the result (48) with the bound about the norm of the
dither signal, i.e., ||d}|| < \/nforallt € N.

B. Proof of Lemma 2

In [37],itis provided a Lyapunov function proving that, under
the Assumptions 1-3, the point £* = (1z*,z), with 271 :=
—R"G(1x*), is a globally exponentially stable equilibrium for
the continuous-time system

£(t) = gar(£(1))-

In detail, [§7, Tl_l. 3.1] introduces a full—_rank matrix T’ € R
to define ¢ := T¢, and a matrix P = PT € R™*"¢ such that

C_llj S p S (_IQI (493)
- — 1= _ =2
QQ/gPTQbGT(T lgavg) § —as ||§avg|| (49b)
for all &4 € _R”f and some a1, as, as > 0.
Let P :=T'PT.
Then, there exist ay, as,az > 0 such that
a1l <P <azl (50a)
260 Pt (Eave) < —0s [[avel? (50b)

for all &, € R"™.

Hence, we define the candidate Lyapunov function V (€, ) :=
Eavg PEave and bound AV ( V(e — V(L) along the
trajectories of (28) as

V(&;vg) < —yas HE;ngQ + 72¢GT(€§vg)TP¢GT(§;vg)' (5D

Moreover, by using the Lipschitz continuity of the gradients
of the objective functions (cf., Assumption 3) and the definition
of ¢gr, there exists a4 > 0 such that

[[dar(Ene) || < as [|&xell -

Finally, forany c; € (0, as3),lety := (a3 — ¢1)/(az2a?) and the
proof follows by using (51) and (52).

dvg) :

(52)

C. Proof of Lemma 3

The proof relies on 1) the matrix P satisfying (29), and 2)
the fact that the norm of the perturbation term véBu(fﬁvg) can
be arbitrarily reduced through the parameter ¢ as long as §§Vg
lies into a compact set. First of all, without loss of generality,
we assume p < 7¢. Indeed, we will use the parameter r¢ to
define a (compact) ball and arbitrarily bound the norm of the
perturbation term véBu(fgvg) through the parameters ¢ as long
as fﬁvg lies into this ball. Hence, we can always use the more
conservative condition. In detail, we introduce the candidate
Lypaunov function V(&) := faTVngavg and the set Q.. :=
{Ewvg € R | V(€ayg) < agri} C R™. Then, from (29a), we
derive B,, C Q,, C B, e = \/az/aire. Now, un-

der the assumptlon §avg € B, (later verified by a proper se-

lection of the algorithm parameters), it holds £§Vg € Q.. By

using this property and since v € (0,7p), we use (29b), the

Cauchy-Schwarz inequality, and (52) to bound AV/(¢l,) :=
V(ELEY) — V(L) along the trajectories of (27) as

V(&) < —re1llEhel® + 762 |1 PBI kel (g
+0%7°204 | PB| |G| (e

, Where r5

we) |

+ 642 (| B PB]| lu(€ o) (53)

Now, for all i€ {1,...,N}, let us introduce the S;:=
{wi € R™ | [|a; — || <r¢, }. Hence, we note that u, :=
(Zavgs ZL,ave) € Qpe = T € S C RN™, where S := 8y x -+ x
Sn. Then, we apply result (23) to claim that, for all ¢ €
{1,...,N}, it holds ¢;(z;) < L; s, for all z; € S;. Thus, by
defining Ls := max;{L1.s,,..., Ln.s, } and using the defini-
tion u(&l,,) = £(&* + 12*), we get

[u(éh)]| < VNLs. (54)
Since v € (0,1] and 6 € (0, 1], we bound (53) as
AV (Ehe) < —yerll€hgll® + 707 (by |[Ehel| +02) (55

where we introduced
by :=2||PB||VNLq,, +2a4|PB||VNLs

by := ||B" PB|| NL3.
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Therefore, for any p € (0,7¢) and ¢ € (0, ¢1), we define

5t = min{\/(cl — )02/ (b, + b)), 1} :

Hence, by combining (55) and (56), if 6 € (0, 07 ), then, for all
&avg € Dy such that [|&, || > p, it holds
avg

(56)

AV( zvg) < —’}/C/l Héﬁvg”z .
Thus, the inequality (57) ensures that the set €2, is forward-
invariant for system (27). Hence, if we pick fg\,g € B, weprove
that f,ﬁvg € Q,, forallz € N. Consequently, the bound (54) holds
forall £ € N, and, in turn, also the inequality (57) is verified for
all t € N, namely, we proved that the trajectories of system (27)
enter the ball B, exponentially fast. The result (30) follows from
the inequality (57) and (29a) by setting c3 := ¢} /(2a2).

(57)

REFERENCES

[1] A. Nedi¢ and J. Liu, “Distributed optimization for control,” Ann. Rev.
Control Robot., Auton. Syst., vol. 1, pp. 77-103, 2018.

[2] T. Yang et al., “A survey of distributed optimization,” Annu. Rev. Control,
vol. 47, pp. 278-305, 2019.

[3] G. Notarstefano et al., “Distributed optimization for smart cyber-physical
networks,” Found. Trends Syst. Control, vol. 7, no. 3, pp. 253-383, 2019.

[4] A.R.Conn, K. Scheinberg, and L. N. Vicente, Introduction to Derivative-
Free Optimization. Philadelphia, PA, USA: SIAM, 2009.

[5] S.Liuetal., “A primer on zeroth-order optimization in signal processing
and machine learning: Principals, recent advances, and applications,” I[EEE
Signal Process. Mag., vol. 37, no. 5, pp. 43-54, Sep. 2020.

[6] D.S.Zalkind, E. Dall’ Anese, and L. Y. Pao, “Automatic controller tuning
using a zeroth-order optimization algorithm,” Wind Energy Sci. Discuss.,
vol. 2020, pp. 1-32, 2020.

[7]1 A. 1. Maass, C. Manzie, I. Shames, and H. Nakada, ‘“Zeroth-order op-
timization on subsets of symmetric matrices with application to MPC
tuning,” IEEE Trans. Control Syst. Technol., vol. 30, no. 4, pp. 1654-1667,
Jul. 2022.

[8] A. Menon and J. S. Baras, “Collaborative extremum seeking for welfare
optimization,” in Proc. IEEE Conf. Decis. Control, 2014, pp. 346-351.

[9] M. Ye and G. Hu, “Distributed extremum seeking for constrained net-
worked optimization and its application to energy consumption con-
trol in smart grid,” IEEE Trans. Control Syst. Technol., vol. 24, no. 6,
pp. 2048-2058, Nov. 2016.

[10] M. Guay, I. Vandermeulen, S. Dougherty, and P. J. McLellan, “Distributed
extremum-seeking control over networks of dynamically coupled unstable
dynamic agents,” Automatica, vol. 93, pp. 498-509, 2018.

[11] S. Dougherty and M. Guay, “An extremum-seeking controller for dis-
tributed optimization over sensor networks,” IEEE Trans. Autom. Control,
vol. 62, no. 2, pp. 928-933, Feb. 2017.

[12] Y. B. Salamah, L. Fiorentini, and U. Ozguner, “Cooperative extremum
seeking control via sliding mode for distributed optimization,” in Proc.
2018 IEEE Conf. Decis. Control (CDC), 2018, pp. 1281-1286.

[13] Z. Li, K. You, and S. Song, “Cooperative source seeking via networked
multi-vehicle systems,” Automatica, vol. 115, 2020, Art. no. 108853.

[14] M. Guay, “Distributed newton seeking,” Comput. Chem. Eng., vol. 146,
2021, Art. no. 107206.

[15] J. Poveda and N. Quijano, “Distributed extremum seeking for real-time
resource allocation,” in Proc. Amer. Control Conf., 2013, pp. 2772-2777.

[16] J. Poveda, M. Benosman, and A. Teel, “Distributed extremum seek-
ing in multi-agent systems with arbitrary switching graphs,” IFAC-
PapersOnLine, vol. 50, no. 1, pp. 735-740, 2017.

[17] S. Michalowsky, B. Gharesifard, and C. Ebenbauer, “Distributed ex-
tremum seeking over directed graphs,” in Proc. IEEE 56th Annu. Conf.
Decis. Control (CDC), 2017, pp. 2095-2101.

[18] D. Wang, M. Chen, and W. Wang, “Distributed extremum seeking for
optimal resource allocation and its application to economic dispatch in
smart grids,” IEEE Trans. Neural Netw. Learn. Syst., vol. 30, no. 10,
pp. 3161-3171, Oct. 2019.

[19] E. Mhanna and M. Assaad, “Single point-based distributed zeroth-order
optimization with a non-convex stochastic objective function,” in Proc.
Int. Conf. Mach. Learn., 2023, pp. 24701-24719.

[20] Y. Tang, J. Zhang, and N. Li, “Distributed zero-order algorithms for
nonconvex multiagent optimization,” IEEE Trans. Control Netw. Syst.,
vol. 8, no. 1, pp. 269-281, Mar. 2020.

[21] J.LuandC.Y. Tang, “Zero-gradient-sum algorithms for distributed convex
optimization: The continuous-time case,” IEEE Trans. Autom. Control,
vol. 57, no. 9, pp. 2348-2354, Sep. 2012.

[22] J. Liu and W. Chen, “Sample-based zero-gradient-sum distributed con-
sensus optimization of multi-agent systems,” in Proc. 11th World Congr.
Intell. Control Automat., 2014, pp. 215-219.

[23] D. Yuan and D. W. C. Ho, “Randomized gradient-free method for multia-
gent optimization over time-varying networks,” IEEE Trans. Neural Net.
Learn. Syst., vol. 26, no. 6, pp. 1342—1347, Jun. 2015.

[24] Y. Pang and G. Hu, “Randomized gradient-free distributed optimization
methods for amultiagent system with unknown cost function,” IEEE Trans.
Autom. Control, vol. 65, no. 1, pp. 333-340, Jan. 2019.

[25] X. Chen, C. Gao, M. Zhang, and Y. Qin, “Randomized gradient-free
distributed algorithms through sequential Gaussian smoothing,” in Proc.
36th Chin. Control Conf. (CCC), 2017, pp. 8407-8412.

[26] J. Ding, D. Yuan, G. Jiang, and Y. Zhou, “Distributed quantized gradient-
free algorithm for multi-agent convex optimization,” in Proc. 29th Chin.
Control And Decis. Conf. (CCDC), 2017, pp. 6431-6435.

[27] Y. Pang and G. Hu, “Exact convergence of gradient-free distributed op-
timization method in a multi-agent system,” in Proc. 2018 IEEE Conf.
Decis. Control (CDC), 2018, pp. 5728-5733.

[28] C.Wangand X. Xie, “Design and analysis of distributed multi-agent saddle
point algorithm based on gradient-free oracle,” in Proc. 2018 Australian
New Zealand Control Conf. (ANZCC), 2018, pp. 362-365.

[29] L. Wang, Y. Wang, and Y. Hong, “Distributed online optimization with
gradient-free design,” in Proc. Chin. Control Conf., 2019, pp. 5677-5682.

[30] O. Bilenne, P. Mertikopoulos, and E. V. Belmega, “Fast optimization with
zeroth-order feedback in distributed, multi-user MIMO systems,” [EEE
Trans. Signal Process., vol. 68, pp. 6085-6100, 2020.

[31] A. K. Sahu and S. Kar, “Decentralized zeroth-order constrained stochas-
tic optimization algorithms: Frank—Wolfe and variants with applica-
tions to black-box adversarial attacks,” Proc. IEEE, vol. 108, no. 11,
pp. 1890-1905, Nov. 2020.

[32] D. Wang, J. Zhou, Z. Wang, and W. Wang, “Random gradient-free op-
timization for multiagent systems with communication noises under a
time-varying weight balanced digraph,” IEEE Trans. Syst., Man, Cybern.
Syst., vol. 50, no. 1, pp. 281-289, Jan. 2020.

[33] I Vandermeulen, M. Guay, and P. J. McLellan, “Discrete-time distributed
extremum-seeking control over networks with unstable dynamics,” IEEE
Trans. Control Netw. Syst., vol. 5, no. 3, pp. 1182-1192, Sep. 2018.

[34] K. Kvaternik and L. Pavel, “An analytic framework for decentralized
extremum seeking control,” in Proc. 2012 Amer. Control Conf. (ACC),
2012, pp. 3371-3376.

[35] W. Li and M. Assaad, “Distributed stochastic optimization in networks
with low informational exchange,” IEEE Trans. Inf. Theory, vol. 67, no. 5,
pp. 2989-3008, May 2021.

[36] Y. Tan, D. Nesié, and I. Mareels, “On the choice of dither in extremum
seeking systems: A case study,” Automatica, vol. 44, no. 5, pp. 1446-1450,
2008.

[37] G. Carnevale, I. Notarnicola, L. Marconi, and G. Notarstefano, “Triggered
gradient tracking for asynchronous distributed optimization,” Automatica,
vol. 147, 2023, Art. no. 110726.

[38] E.-W.Bai, L.-C. Fu, and S. S. Sastry, “Averaging analysis for discrete time
and sampled data adaptive systems,” IEEE Trans. Circuits Syst., vol. 35,
no. 2, pp. 137-148, Feb. 1988.

[39] H. K. Khalil and J. W. Grizzle, Nonlinear Systems. Upper Saddle River,
NJ, USA: Prentice Hall, 2002.

[40] J. A. Sanders, F. Verhulst, and J. Murdock, Averaging Methods in Nonlin-
ear Dynamical Systems. Berlin, Germany: Springer, 2007.

[41] J. Popenda, “On the discrete analogy of gronwall lemma,” Demonstratio
Mathematica, vol. 16, no. 1, pp. 11-26, 1983.

[42] J. M. Holte, “Discrete gronwall lemma and applications,” in Proc. MAA-
NCS Meeting at Univ. North Dakota, 2009, pp. 1-7.

[43] A.M. Ospina, A. Simonetto, and E. Dall’ Anese, “Time-varying optimiza-
tion of networked systems with human preferences,” IEEE Trans. Control
Netw. Syst., vol. 10, no. 1, pp. 503-515, Mar. 2022.

[44] P. Erd Hos et al., “On the evolution of random graphs,” Publication Math.
Inst. Hung. Acad. Sci., vol. 5, no. 1, pp. 17-60, 1960.

[45] E Farina, A. Camisa, A. Testa, I. Notarnicola, and G. Notarstefano,
“Disropt: A python framework for distributed optimization,” IFAC-
PapersOnlLine, vol. 53, no. 2, pp. 2666-2671, 2020.

[46] G. Folland, “Higher-order derivatives and Taylor’s formula in several
variables,” Preprint, pp. 1-4, 2005.



MIMMO et al.: EXTREMUM SEEKING TRACKING FOR DERIVATIVE-FREE DISTRIBUTED OPTIMIZATION 595

Nicola Mimmo (Member, |IEEE) received the
Ph.D. degree in automation from the University
of Bologna, Bologna, ltaly, in 2015.

Since 2010, he has been with the Depart-
ment of Electrical, Electronic, and Information
Engineering “Guglielmo Marconi,” University of
Bologna, working on national and European
projects for the development of pilot-less aerial
vehicles for civil applications with focus on
i search and rescue scenarios. He worked with

the major national and European aircraft com-
panies for the development of both flight systems and flight control
laws that are currently protected by international patents. He is the
coauthor of tens of scientific papers. His research interests range from
fault-tolerant controls to nonlinear control systems in aerospace.

Guido Carnevale (Member, IEEE) received the
M.Sc. (summa cum laude) degree in automation
engineering and the Ph.D. (summa cum laude)
degree in biomedical, electrical, and systems
engineering from the University of Bologna,
Bologna, ltaly, in 2019 and 2022, respectively.

He is currently a Junior Assistant Profes-
sor with the Department of Electrical, Elec-
tronic, and Information Engineering G. Marconi,
Alma Mater Studiorum Universita di Bologna,
Bologna. In 2022, he was a Visiting Scholar with
the University of Oxford, Oxford, U.K. His research interests include
distributed optimization and games over networks, robotics, and optimal
control.

Andrea Testa (Member, |IEEE) received the
Laurea (summa cum laude) degree in computer
engineering and the Ph.D degree in engineer-
ing of complex systems from the Universita del
Salento, Lecce, Italy, in 2016 and 2020, respec-
tively.

He is currently a Junior Assistant Profes-
sor with the Department of Electrical, Elec-
tronic, and Information Engineering G. Marconi,
Alma Mater Studiorum Universita di Bologna,
Bologna, Italy. He was a Visiting Scholar with
LAAS-CNRS, Toulouse, France, from July to September 2015 and in
February 2016, and with Aima Mater Studiorum Universita di Bologna
from October 2018 to June 2019. His research interests include control
of UAVs and distributed optimization.

Dr. Testa is an Associate Editor for IEEE International Conference on
Automation Science and Engineering (CASE).

Giuseppe Notarstefano (Member, IEEE) re-
ceived the Laurea (summa cum laude) degree
in electronics engineering from the Universita di
Pisa, Pisa, ltaly, in 2003, and the Ph.D. degree
in automation and operation research from the
Universita di Padova, Padua, Italy, in 2007.
He is currently a Professor with the De-
oY partment of Electrical, Electronic, and Informa-
, f\y ~ tion Engineering, University of Bologna. He was
P an Associate Professor with the Universita del
) Salento, Lecce, ltaly. He has been a Visiting
Scholar with the University of Stuttgart, Stuttgart, Germany, University
of California Santa Barbara, Santa Barbara, CA, USA, and University of
Colorado Boulder, Boulder, CO, USA. His research interests include dis-
tributed optimization, cooperative control in complex networks, applied
nonlinear optimal control, and trajectory optimization and maneuvering
of aerial and car vehicles.

Dr. Notarstefano was an Associate Editor for IEEE TRANSACTIONS
ON AUTOMATIC CONTROL, IEEE TRANSACTIONS ON CONTROL SYSTEMS
TECHNOLOGY, and IEEE Control Systems Letters. He has also been part
of the Conference Editorial Board of IEEE Control Systems Society and
EUCA. He was the recipient of an ERC Starting Grant.

Al

Open Access provided by ‘Alma Mater Studiorum - Universita di Bologna” within the CRUI CARE Agreement




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


