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Cleaning the beam halo using nonlinear ac magnets
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Recently, nonlinear effects have been used to cool a special beam represented by an annular distribution
in a 2D phase space. This outcome was accomplished using an ac dipole combined with amplitude detuning
generated by static nonlinear magnets. In this paper, we investigate a more realistic scenario, in which a
beam distribution in a 4D phase space includes the presence of a beam halo and demonstrate how the latter
can be removed using nonlinear effects. The proposed approach employs high-order nonlinear ac magnets
to trap into nonlinear resonances and to perform an adiabatic transport of the beam halo in phase space.
Theoretical models are formulated and examined using numerical simulations to evaluate their efficacy.
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I. INTRODUCTION

The study of nonlinear effects highlights new phenom-
ena in beam dynamics that could pave the way for
innovative beam manipulation strategies. An example is
adiabatic trapping into a stable nonlinear resonance to
shape the transverse beam distribution [1]. This concept
underpins the beam splitting used in CERN multiturn
extraction (MTE) [2-4], which has been a routine pro-
cedure in the operation of the CERN Proton Synchrotron
for several years [5-7].

Yet, this is not the only nonlinear manipulation possible.
Inspired by [8], evidence suggests that it is possible to
control the redistribution of invariants between the two
transverse degrees of freedom [9], on the condition that a
suitable two-dimensional nonlinear resonance is traversed.
This suggests new methods in manipulating the transverse
beam emittances.

Recently, nonlinear effects have been shown to be highly
successful in achieving cooling for a distinctive 2D beam
[10], characterized by an annular distribution. This dis-
tribution is represented by a nonzero density within a range
of radii |y < r < ry, r; > 0 in the normalized phase space.
This distribution can be produced by applying a single
transverse kick to a centered beam under the condition of
decoherence. The principal component for the proposed
cooling technique is an ac dipole, which influences the
dynamics of the particles by imparting a time-dependent
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deflection, irrespective of the actual coordinates in the
phase space. For this reason, the beam distribution in the
phase space was assumed to be devoid of particles to
prevent any potential influence of the ac dipole on the
action of the initial conditions near the origin of the
phase space.

In this paper, we extend this methodology to devise a
technique to remove the beam halo. The key concept here is
that of high-order ac magnets. Conceptually, this generalizes
the ac dipole, allowing for a phase-space region around the
origin, where the ac element has minimal or no impact on
beam dynamics. Thus, the high-order nonlinear ac magnets
can be used to perform an adiabatic trapping of particles in
the beam halo while leaving the core particles unaffected.
This approach could become a promising technique based on
the removal of the halo particles. The aim of this research is to
explore new methods rooted in nonlinear beam dynamics
to evaluate their effectiveness and determine whether addi-
tional research is warranted. For this purpose, employing
Hamiltonian systems and polynomial maps is crucial as they
facilitate the use of analytical or semianalytical methods.
Moreover, thorough numerical simulations can elucidate
how the phenomena being studied are influenced by system
parameters. The models adopted in our study, while simple,
are nonetheless complex and capture the core aspects of
the beam dynamics in question. In this context, the MTE
example is highly illustrative, demonstrating that our models
are indeed predictive and reliable when applied to real-world
scenarios. We also stress that at this stage of our research, the
feasibility and performance of these ac magnets have not
been considered.

Although this method is not yet as advanced as current
beam-halo control techniques in circular particle acceler-
ators, such as the hollow electron lens [11-16], it appears to
be a notable and promising avenue for future developments.

Published by the American Physical Society
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The structure of this paper is as follows: A detailed
investigation of a Hamiltonian system that includes an ac
nonlinear magnet is presented in Sec. II, with a focus on the
2D scenario (one degree of freedom) and its potential
application to beam-halo cleaning. The 2D Hamiltonian
model is used to make some analytical computations and
propose a protocol to manipulate the beam halo. The map
models, derived from the prototype Hamiltonian, used for
the numerical analysis of this beam-halo cleaning method
are discussed in Sec. III. The map models are more realistic
than the Hamiltonian ones and allow probing the wealth of
phenomena that might occur in an accelerator ring. Extensive
numerical simulations of these models are conducted to
assess the technique, and the results are elaborated in Sec. I'V.
Finally, the conclusions are drawn in Sec. V. The detailed
mathematics behind the derivation of the Hamiltonian model
and the discussion of its fixed points are included in the
Appendices A and B, respectively.

II. A HAMILTONIAN MODEL FOR THE
PROPOSED BEAM-HALO MANIPULATION

Horizontal betatron motion in the presence of an ac
multipole can be described by the Hamiltonian of a generic
oscillator with sextupole nonlinearity and 2¢g-polar time-
dependent excitation [17-19], namely,

H(x, prr 1) = Ho(x, py) + Hy(x, 1)

x? + p? k
Ho(x.p,) = o —— 4 220

xq
H, (x, 1) = €, Ecos wt, (1)

where x and p, are the Courant-Snyder coordinates [20], 3,
is the horizontal beta function, k5 is the sextupolar gradient,
where the nonlinear gradient is generically defined as

1 dq‘lBy
1T T 2
Bop ox1
where Bp stands for the magnetic rigidity of the reference
particle, B, is the transverse component of the magnetic
field. The parameter

e, = Pk, 3)

represents the strength of the nonlinear ac multipole.

The use of sextupole nonlinearity is somewhat arbitrary
yet convenient because of the common presence in circular
accelerator lattices. Octupoles could also have been used
without altering fundamental conclusions, as the role of
nonlinearity is simply that of generating an amplitude-
detuning term.

It is customary to introduce rescaled dimensionless
coordinates [21]

_ kp? _ kp?
R e 4)

and one obtains

7:[()_5’ D t) = IHO()_C’ px) + ﬂq()_c’ t)’

_2 _2 _
_ wx +px+x

H,(x,1) =€ - € (—2 )q2 %)
X, 1) =& cos wt g, = E,,
? “q! T \kp?)

and &, is a dimensionless parameter.

The case of an ac dipole (¢ = 1) has been treated in [10].
If n>1, we can still use the normal form approach
to determine the nonresonant interpolating Hamiltonian
of (1) [21] and express it in the action-angle coordinates
(¢.J) of the unperturbed (g, = 0) system. In that case,
the Hamiltonian reads, in the most general way, as

Q
H(p,J. 1) = 0 J + ZTIJI

>2

+ &, Z Cymud™? cos(kep) cos wt, (6)
m,k

where we applied the Poincaré-Von Zeipel perturbation
theory [22] to Eq. (1) to find angle-action coordinates (¢, J)
and the detuning coefficients €2, and to write the expression
of x4(¢,J) as a Fourier expansion (details are found in
Appendix A).

If we impose a 1:1 resonant condition, i.e., ® % @,, we
can rewrite Eq. (6) in a rotating resonance frame where the
angle y = ¢ — wt is a slow variable. The Hamiltonian reads

Q
HrJw) = (o —w)] + 51T
>2

+ 8, > Cqmud™?coslk(y +w)] cosy, (7)
m,k

where v = wt. The average over the fast variable y is
nonzero only for k= 1. Therefore, we can define
Cgm = Cqm,1> Temove the sum over k, and truncate our
perturbative expansion to the order J™/? for which the ac
term gives its first nonzero contribution. In that case,
Eq. (6) reduces to

Q .
H(y.J) = (0, —w)J + ZTZJ[ + &,C ™ cosy.

®)
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For a sextupolar nonlinearity, the first detuning coef-
ficient is Q, = —5/(6 w,). We then compute ¢, ,, as

1 2r o
Cq.m —%RCA dgl')e‘/’[xq]m/z, (9)

An octupole or a decapole (g = 4 or ¢ = 5) ac element is
represented by the same power of J (as well as dodecapole
and the 14-pole), and we note that the Hamiltonian
description for ¢ = 6,7 includes a higher-order term of
amplitude detuning.

Furthermore, we note that the case of the sextupole
(g = 3) is less interesting for applications because it would
affect the chromaticity and the low-field region around the
origin would be less extended than for higher-order ac
multipoles. Hence, we will focus on the cases with ¢ = 4 or
q =5, whose difference mainly lies in the different
expressions of the value of the Fourier coefficient that
multiplies the ac multipole amplitude &, [see Eq. (A14)].

The next steps consist of performing an analysis of the
phase-space topology of the Hamiltonian models (10). It is
convenient to introduce two parameters 4, u,

w— W, 30 €qCqm
2

d =27 ——,
3 an Hq 92

(In

which encode the distance from resonance and the strength
of the ac multipole, respectively. Observe that the case
where Q, = 0 is degenerated, leading to k3 = 0, thereby
reducing the Hamiltonian H,, to a linear system, contra-
dicting the premises of the proposed method.

The Hamiltonians of Eq. (10) (¢ =4 or ¢ = 5) can be
rescaled and cast in the following form:

H(X,Y.q) = AX>+ Y + (X3 4+ Y2)? 4 pu,(X> + Y?)°X

=X+ )+ X+ V)1 +p, X)) (12)

where X = /2J cosy, Y = /2J siny. We observe that H is
invariant under the transformation (X,Y) — (X,-Y).

Hy,J) = (a)—a)x)J+7

Q Q
tH(y.J) = (a)—a)x)J+72J2 +?3J3 + &¢77J7/? cosy.

where [z], stands for the coefficient of the term J* in the
expression of z.

Details on the calculation of m and ¢, ; for different
values of ¢ are given in Appendix A. Here, we summarize
the results for some interesting cases:

Q
CH(y, J) = (CU—COX)J-F?ZJZ + &3¢33J%/% cosy,
Qn . 5/2
CH(y, J) = (a)—a)x)J—F?J + &4c4.5J° cosy,

Q
: H(}/, J) = (w_a)x)-]‘f'?z-]z +E‘5C'5’5J5/2 cosy,

Q
J2+ ?3J3 + EgcJ"/? cosy,

(10)

FIG. 1. Phase-space portraits of the Hamiltonian (12) with
parameters A = —0.1 (top), 4 = —0.18 (center), and A = —0.25
(bottom), ps5 = 1. The red and the dark green lines represent the
separatrices.
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FIG. 2. Phase-space portrait of the Hamiltonian (12) with
parameters 4 = —0.1, us = 1 zoomed in to the area closer to
the origin. The separatrix is represented in red and the fixed
points and the phase-space regions are identified.

Furthermore, the origin (X = 0,Y = 0) is always a stable
fixed point because the ac multipole has no effect at zero
amplitude. It is easy to show that there are no fixed points
along the Y axis. On the other hand, solving 07{/0X = 0
for Y = 0, we can find up to three other fixed points on the
X axis. The resulting cubic equation

5p X +4X* +21 =0, (13)

in fact, has three real solutions if —128/(675u;) < 4 < 0.
In this case, the phase-space portrait has two possible
configurations, which are shown in the top and center
plots of Fig. 1, while the bottom represents a case with
A < —128/(675u%) and a single real solution of Eq. (13).

We also note that no other fixed points are present and
this result is discussed in Appendix B.

It is also possible to compute an explicit closed-form
expression Y = Y(X) for the level lines of the Hamiltonian
(12) and observe that singularities might be present, in the
sense that Y (X) — co when X — —1/u,. This behavior is
clearly visible in the phase-space portraits in Fig. 1, where
there is a singularity at X = —1, as expected.

We are particularly interested in the regime correspond-
ing to 4 <0 and the phase-space structures at small
amplitude because, in the map model that we employ in
the numerical simulations (see the next section), the high-
amplitude fixed points and separatrices are outside of the
dynamic aperture of the map. We, therefore, focus on the
phase-space structure of Fig. 2, which is similar to the one
considered in Ref. [10], with a central region (A;) whose
stable fixed point is at the origin and a c-shaped island (A,)

0.3
0.2
0.1
0
—-0.1 .
—-0.2 .
-0.3

—0.4 ‘ ‘ ‘
0 0.04 008 012  0.16

—-A

X, —

10°

A Gooter]
As (island) —
1+A —

1071 :

Area

102

103

10—47 ] e
1073 101

FIG. 3. Position of fixed points (top) and area of the central
region (A;) and of the island (A,) (bottom) of the Hamiltonian
(12) for u5 = 1, as a function of 1 in the interval, where the phase-
space topology is equivalent to that of Fig. 2. The areas under
consideration depend on A almost like a power law.

surrounding it, with a stable fixed point at (X,,0) and a
hyperbolic point at (X3,0), whose positions can be evalu-
ated numerically.

It is also possible to evaluate the area of A; and A,
for a fixed value of Mg s a function of A, which is shown in
Fig. 3 (top). The bifurcation of the fixed points is clearly
visible and A can be used to control their distance to the
origin, thus controlling the area in phase space where the
motion is quasilinear. Concerning the area of A; and A,, it
is clearly visible in the bottom panel of the same figure that
they are constantly increasing as a function of A with a
variation very close to a power law.

III. BEAM-HALO CLEANING USING
NONLINEAR AC MAGNETS

A. The principle of the proposed method

The method of removing the beam halo is based on the
generation of an adiabatic time variation of the system
parameters 4, Hys which in turn induces a variation of the
position of the fixed points and of the area of the regions A;
and A,. This enables adiabatic trapping and transport of
initial conditions in phase space, and upon application of an

014001-4
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appropriate time variation of the parameters, similar to the
cooling of an annular beam distribution [10], it is possible
to trap high-amplitude particles and move them toward
even higher amplitude in a controlled way. By doing so, the
particles will either be lost in an aperture limit of the
physical system, e.g., a collimator jaw, or lost because of
the dynamic aperture. In either case, the high-amplitude
particles, which are part of the beam halo, will be removed
from the beam distribution.

Figure 3 (bottom) shows that both A; and A, increase
their area as A moves farther from the resonance. This
means that if 1 is adiabatically changed, according to
Neishtadt’s separatrix crossing theory [23], a particle that
orbits in phase space with action J outside the regions A,
and A, will be trapped in A; or A, in a probabilistic way,
when 1 =21" and A(1")+ Ay(4*) =2xJ. In fact, the
trapping into resonance occurs in a random way with
probabilities that depend on the time derivative of the areas
of A; and A, according to

1 if g >1
Pi: éi 1f0<§l<17 (14)
0 if & <0
where
dA;/dA

&= i=1,2, (15)

d(Al + AZ)/‘M A=A*

which is always different from zero.

The trapped particle assumes an action J = 27A;(1*),
which means that a generic particle orbiting outside of A,
and A, will be trapped in the resonance or in the central
region: in the first case, it will then be transported toward a
higher amplitude to be removed eventually from the beam
distribution; in the latter case, its action will be reduced so
that it will no longer be in the halo region but rather in the
core part of the beam distribution.

The goal of our approach is to remove from the beam
distribution the particles with amplitude higher than a
certain value, which corresponds to the qualitative concept
of a beam halo, using the effect of the ac multipole.
Therefore, we switch on the ac multipole at a frequency that
creates the island structure at the needed amplitude and
move A away from the resonance to trap a number of high-
amplitude particles into the island region and then transport
them at an even higher amplitude (or even out of the
dynamical aperture of the system), where they can be
removed from the beam distribution without harming the
core of the beam.

Some particles will be trapped in the center region, at a
lower but still high value of the amplitude, as A, also
increases during the process. However, since the process is
essentially probabilistic, one can simply iterate the pro-
cedure many times to ensure that a large enough fraction of

the beam halo is removed. The procedure should be carried
out leaving the beam emittance of the core beam unaffected
during the trapping and transport of the high-amplitude
particles.

B. 2D map model

To numerically test the proposed approach of beam-halo
removal, we first build a model that, although close to the
Hamiltonian models of Eq. (10), better reproduces the
transverse dynamics in a circular accelerator. To this aim,
we consider a 2D Hénon-like map with sextupolar and
octupolar nonlinearities, represented in the single-kick
approximation [21], which generate the amplitude detun-
ing, and an ac multipole magnet (¢ = 4 for the octupole or
g =5 for a decapole), which gives the following poly-
nomial map:

Xnt1 Xn
=R , 16
(px.n+l > (wX) < Pxn + Apx.n.q > ( )

where R(w) is a 2 x 2 rotation matrix and the nonlinear
kick Ap, , , is given by

k k €
s =P+ B )+ 2 con
= kyx2 + kyx; + 2,x] cos no, (17)

where ¢3,74,¢, stand for the length of the sextupole,
octupole, and ac multipole magnets, respectively, and we
introduced the scaled parameters 1%3, 124, and éq.

For w = w,, we expect that the phase space generated by
the map is topologically equivalent to that generated by the
Hamiltonian (12) and shown in Fig. 2. This is indeed the case,
as can be seen in Fig. 4, even though some chains of stable
higher-order fixed points are visible, which are not present
in the phase-space portrait of the Hamiltonian. This is a
consequence of the nonintegrable nature of the map (16) with
many nonlinear resonances excited in the phase space.

C. 4D map model

The polynomial map of Eq. (16) can be extended to
simulate the full 4D transverse space including nonlinear
coupling effects between the x and y planes. We consider a
4D Hénon-like map with sextupolar and octupolar non-
linearities, represented in the single-kick approximation
[21], and an ac normal multipole (octupole or decapole, as
in the 2D map)

Xn41 Xn

Pxn+1 _ R(a)x,n) 0 Px.n + Apx,n,q
Yn+1 N 0 R(wy n) Yn ’
py,n+1 py.n + Apy,n,q

(18)
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FIG. 4. Phase-space portrait of the map of Eq. (16), with
w, = 0414, 0=0.413, k3 =2m"/2, k, = 0, and &5 = 0.2 m™2.

where R(w) are 2 x 2 rotation matrices, and the nonlinear
kicks Ap, ,, and Ap, , . are given by

k k
Apeng =B 3—3; C3(xk —xy3) + B2 ﬁ £4(x3 — 3yx,y3)

15
+ YL Re(x, + iy Py,) cosnw  (19)
q:

and

k k
Apyng=—25 2)(3—3!f 3%V —/ﬁ){ﬁ C4(xyy —3x5y,)

E
— BV 2q,_qufqlm(xn +iy'?y,)cosnw,  (20)

where ¢3,74,¢, stand for the lengths of the sextupole,
octupole, and ac multipole magnets, respectively, and
x = Py/B,. The parameter y expresses the strength of the
nonlinear coupling between the transverse planes, i.e., how
much the horizontal dynamics affects the vertical one. Also
in this case, it is possible to introduce scaled parameters 123,
IAc4, &, with the same definition as in the 2D case, i.e., the
scaling includes only powers of the beta functions, but not y.

It is worth noting that the 4D model used in the
numerical simulations is more complicated than a simple
generalization of the 2D map. First, the nonlinear kicks can
be represented in a generic way by

X X
K- pyx | Pet VB x(y B.ox.\/Pyy) e
Py py+ \/:F}fx( B, ﬂy)’)

when in the original physical coordinates (x, p,.y, p,) are
given by

X X

K: Px px"’_fx(x’y) . (22)
y y
py py+ fy(x.y)

We finally consider a model of an accelerator lattice of
length L, whose Twiss parameters at s = 0 are given by
Bx = Pros By = Pyo» & = ay, = 0 and at s = L /2 they are
given by f, = B0, By = Pro, @ = a, = 0. For the sake of
symmetry, two sources of multipolar nonlinearities, repre-
sented in the single-kick approximation [21], are located at
s =0 and s = L/2. Furthermore, to optimize the overall
performance of the 4D system, two nonlinear ac elements are
placed at s = 0 and s = L/2. Note that y(0) = 1/x(L/2),
for this reason, at the location where y > 1 an ac multipole of
normal type is installed, while at the location where y < 1 the
ac multipole is of skew type. For the sake of clarity, we report
below the representation of the multipole expansion of a 2D
magnetic field, namely,

M
By+iB, =Y (B, +iA,)(x+iy)"",

n=1

where the B, and A, represents the normal and skew
multipoles, respectively.

This allows ac multipoles to operate under almost
2D conditions, the normal one affecting mainly the
horizontal phase space, and the skew one the vertical
phase space.

The one-turn map of this lattice can be written as

X' = MLK,[M, K, (X)], (23)

where M, , represent the transfer matrices of the lattice
sections in between the nonlinearities. If we introduce the
diagonal normalization matrix

T(s) = diag |1 (s). 4 (). 87 ().5,°(5)| - 24)

(assuming a, = a, = 0), then we can write the one-turn
map of the full accelerator lattice in normalized coordinates
according to

2

—M,K, [T (%) R @) Kl(x)} : (25)

X' = MZKQ{T (%) T! (5) M, T(0)T'(0)K, [T(O)x]}

014001-6
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which has been obtained by means of the following
relationships:

R @) - (%) M, T(0), (26)

K, (x) = T~ (0)K;[T(0)x], @7)

where R is a rotation matrix and the nonlinear kick has the
following expression:

X X
K] . Px s Px + \Y4 ﬁx,Ofx,l ( ﬁx.Ox’ ﬁy,Oy)
y y
py py =+ \Y4 ﬁyVOfy,l( ﬁy,Oy)
(28)

The map (25) can then be recast in the following form:

x' = T~ (0)M,T (g) T-! (g) K, [T (g) R (%) K, (x)]
—R @) K, {R (%) K, (x)} , (29)

where we have made use of the following relationships:

R (%) = T (0)M,T (%) , (30)
K,(x;) =T"! (%) K, <T <%>x1> (31)

and, using x; = R($)K;(x), we have

X1 X1

K2 . I;xl — [pxl + \ :By,() x,2 (y /B}*A,Oxl ) /Bx,Oyl )]
1 1

Dy Dy1+ \/:Bx,Ofy,Z( Py.oX1, ﬂx,oh)-

(32)

In the complex notation z = x + iy, the general expression
of the four kick functions reads

fe1(2) = Re(ksz® + ky2® + 2,29 cos nw),

fya(z) = —Im(ky2? + ky2® + 2 429 cos nw),

fea(z) = Re(ksz® + ky2® + i& 2% cos nw),

fya2(z) = —Im(k;2® + ky2* + i8,29 cos nw). (33)

Note that the presence of the imaginary unit that multi-
plies the term ¢,z cos nw makes the second ac element as a
skew element.

The numerical simulations have been performed using
the general form expressed in Eq. (33) but also the variant
form given by

fa(z) = Re(k
fua(z) = ~Im(ks
fra(z) = Re(iksz? + iky2® + 8,29 cos nw),
fy2(z) = —Im(

k32?4 k42 + 2,29 cos nw),

Z —Im(k3z* + ka2 + £,29cos nw),

—Im(ik;2? + iky2® + i8,2% cos nw). (34)

The reason for this choice is that the kicks in the form of
Eq. (33) generate an asymmetric amplitude detuning, much
stronger in x than in y, due to the factor y(0) > 1. The kicks
in the form of Eq. (34), instead, generate a symmetric
amplitude detuning, due to the presence of the skew
sextupole and octupole.

ny/ifz o
ny/Qm o

Qo /K3 —
Qxy/]%% -

0.5

0.25

—0.25

detuning coefficient
(e}

—0.5

0.5

0.25

—0.25

detuning coefficient
(e

—0.5 | ‘ ‘ 0
0 025 05 075 1

X

FIG. 5. Values of the dimensionless amplitude detuning co-
efficients computed using the normal form Hamiltonian H =
o, +o,d,+ Q. J2/2+Q,J . J, +Q,J2/2 obtained by ap-
plying the algorithm of Refs. [21,24] to the 4D map described in
Eq. (33) (top) and Eq. (34) (bottom), with @, = 0.414 and
w, = 0.424, as function of y = B, 1/, ¢. Note that for the map of
Eq (34) Q,, = Q,, and the amplitude-detuning coefficients are
perfectly symmetrlc
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We recall that the tune Q,, Q, can be expressed as
Qx(‘]xv Jy) =0, +Q.J, + Qxy‘]y
Q. Jy) =w, +QuJ, +Q,,J,, (35)

and that Q,,,Q,, Q,, l% for our model [24], given
that the sextupoles and octupoles at location s = 0 and
at s = L/2 have the same strength. The characteristics of
the amplitude-detuning coefficients are evident in Fig. 5,
which shows these coefficients calculated using normal
forms [21,24] for the two maps. The symmetry between
Q,, and Q, in the map of Eq. (34) is clearly shown in the
bottom graph. It is important to note that in our simplified
model, the inclusion of a skew element is crucial to achieve
symmetric amplitude detuning behavior. However, in an
actual accelerator lattice, this symmetry can be accom-
plished with standard magnets placed in suitable sections of
the regular arcs (an example being the LHC Ilattice [25],
where the Landau octupoles, used to mitigate collective
instabilities, create a symmetric amplitude detuning in the
two transverse planes).

IV. RESULTS OF NUMERICAL SIMULATIONS

A. Distribution of initial conditions

The initial conditions (x, y, p,, p,) in the 4D phase space
are generated using polar coordinates (r,,6,), (ry.6,),
according to

X =r,cos6,,
Py =r,sinf,,
y = rycos 9},,
py = rysinf, (36)

using a given distribution that depends only on the amplitude
variables r, (z = x,y), with r, = /2> + p?2, the angles being
uniformly distributed. Depending on their amplitude,
we classify particles as in the core or in the halo of the beam,
defining two quantities, r; and r, with 0 < r; < r,. The
particleswithO < r, < ryand0 < r, < ry identify the beam
core, whereas the particles withry < r, < ryorr; <r, <r
identify the beam halo. We also assume that particles with an
amplitude greater than r, are removed by the beam by the
action of collimators or other aperture limits.

To perform the numerical simulations, we generate n,
initial conditions in the core and n, in the halo, with
ny = ny, = 5 x 10°, according to the distributions:

3 r?
pirin) =5 (1-5). relon

rq rl
2r
pu(rsrmn) =———>, r.€lry, ra). (37)
ry —ry

0.4

m!/2

Pz

-0.2 -

—0.4

16

a? +p; [em]

FIG. 6. Initial conditions in the (x, p,) phase space and in the
action space for the 2D (top) and 4D (bottom) cases used in the
numerical simulations. The yellow conditions represent the beam
core, the violet ones the beam halo. On each plot, the smaller
plots represent, in arbitrary units, the projection of the distribution
on each axis.

The distribution of the core has been chosen to be zero at
r = r;. This corresponds to the expression of a g-Gaussian
distribution [26] with ¢ = 0, as this class of distributions
has been observed to be compatible with measured trans-
verse beam profiles in LHC [27]. Therefore, this choice
allows us to easily define the edge of the core. Of course,
for the case of 2D numerical simulations, we use the same
approach by simply setting y = p, = 0.

An example of the distributions used is shown in Fig. 6,
where the 2D distribution (top) is shown in the (x, p,)
phase space, while the 4D distribution (bottom) is repre-
sented in the linear action space. The yellow and violet
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markers represent the core and halo distributions, respec-
tively. The projections of the distribution along the axis
are also shown. The clear separation between the core and
the halo, made possible by the choice of the g-Gaussian
distribution, is clearly visible.

B. 2D map model

The assessment of the performance of the proposed
approach to clean the beam halo has been carried out by
studying the 2D case first. The numerical simulations are
performed using the 2D map model of Eq. (16), changing
the amplitude and frequency of the ac multipole according
to the protocol illustrated in Fig. 7 (top). The main goal is to
determine, as a function of the value of the main parameters
of the system, namely ., ®;, ¢, and N > 1, the period of
the excitation cycle, which fraction of particles is removed
from the beam halo. Additionally, it is important to assess
whether the beam core is affected by the manipulations,
either in terms of intensity loss or emittance growth.
Therefore, in the plots with the simulation results, i.e.,
Figs. 8—13, we will represent the conditions that preserve at
least 99% of the intensity of the beam core with a solid line,
while a dashed line is used when a larger fraction of the
beam core is lost.

We study 2D map models with two ac multipoles, namely,
an ac octupole (¢ = 4) and an ac decapole (¢ = 5). The scans
of the main parameters are performed using some default
values for parameters that are not part of the scan study, and
these valuesare: &, =0.2m /2,85 =02m 2, N = 1 x 10°,
w, = 0414, @, = 0413, w; = 0.407, k3 = 1 m~'/2, and
lAc4 = 0. In addition, the beam-halo cleaning process is
repeated 10 times, according to the scheme shown in
Fig. 7 (top), and the performance is evaluated at the end.

In Fig. 8 (left column), we show the results for the
octupole case, while those for the decapole case are shown
in the right column. Globally, the results are very similar for
both two ac multipoles. Figures 8(a) and 8(b) represent the
fraction that remains in the beam halo as a function of the
ac multipole strength &,. Our findings indicate that in both
scenarios, increasing the strength of the ac multipole
enhances beam-halo removal. However, this also raises
the potential for losses within the beam core, particularly as
the initial ac multipole frequency near the 1:1 resonance.
However, in both cases, it is feasible to achieve a removal of
the 99% halo while limiting the loss of the beam-core
intensity to 1%.

Figures 8(c) and 8(d) illustrate how the fraction of
particles remaining in the halo depends on the number
N of turns used to adjust the ac multipole frequency, thus
assessing the impact of adiabaticity of the process on the
overall efficiency of beam-halo cleaning. Naturally, higher
values of N lead to an increased trapping efficiency.
However, this also raises the likelihood of trapping particles
from the core within the island, thereby removing them
from the beam. The graphs indicate that the default value of

»
l l l &q
s \
z 3
g g
Howr b 3
410
0
turn number
=
g
5 0
P
e €
'g q
=
E
§ 0 Y 1
T \‘ T
Wy,i 1 g A
> ~_
9 1
g Wyr w
& Wai : .
g ¥¥
S |
Wy f - ‘
| ; |
0 N 2N 3N
turn number
FIG. 7. Description of the modulation protocol of the ac

multipole used for the 2D (top) and 4D (bottom) in the numerical
simulations, showing the strength of the ac multipoles and their
frequencies as a function of the number of turns. The vertical
dashed lines highlight the times when the particles with radius
higher than r, are removed from the beam distribution. In the 4D
case, the cleaning is performed in each plane sequentially, to
minimize the interplay between horizontal and vertical motion.
The quantity N represents the period of the excitation.

the excitation period N = 1 x 10° is nearly optimal, as the
beam-halo removal rate exhibits a minimal change between
N=1x10°and N = 1 x 10°.

Figures 8(e) and 8&(f) illustrate how halo cleaning
depends on the initial ac multipole frequency w; for several
values of &,. These results serve as a complement to those
shown in Figs. 8(a) and 8(b). It is notable that even when w;
is significantly distant from the resonance value and from
the region where the resonance island is formed, far from
the center and the most crucial part of the halo, a small
portion of the beam halo can still be cleaned using a
very high ac multipole strength. However, in these cases,
the particles are more likely to be removed by crossing the
dynamic aperture, i.e., the region in phase space where the
orbits are bounded over a finite time, rather than by a
controlled trapping and transport mechanism. As w; gets
closer to w,, which is the resonance condition, the island
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FIG. 8. Survival fraction of particles of the beam halo after the cleaning procedure using the 2D model of the map in Eq. (16) with
qg =4 [(a), (c), (e), and (g)] or with ¢ = 5 [(b), (d), (f), and (h)]. The dependence on the ac multipole strength [(a) and (b)], number of
turns of the excitation period [(c) and (d)], initial ac multipole frequency [(e) and (f)], and beam tune [(g) and (h)] is probed, following
the protocol of Fig. 7 (top). The dashed lines represent conditions for which more than 1% of the beam core is lost during the process.

Unless otherwise stated, we used &, = 0.2 m/2 (or&5 = 0.2 m™2), N = 1 x 10°, w, = 0.414, w; = 0.413, w; = 0.407, k3 = 1 m~'/2,
and ks = 0, and the beam-halo cleaning process is repeated 10 times.

forms closer to the center. An optimal value of the Finally, in Figs. 8(g) and 8(h), we illustrate the effects
frequency can be found that allows a larger fraction of  when the primary frequency w, deviates from the standard
the halo to be trapped in successive iterations of the  value of w, = 0.414. In both octupole and decapole cases,
protocol, with a minimal impact on the beam core. a slight increase in w, (setting @; = 0.413 and thus moving
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FIG. 9. Ratio between final and initial rms emittance for the
octupole (top) and decapole (bottom) model as a function of &, in
the 2D map model of Eq. (16). The initial emittance is defined as
the beam rms emittance after 1 x 10° turns performed with
&, = 0. This allows computing the impact of filamentation due to
the nonlinearities used to the generate the amplitude detuning.
Note that the filamentation effects increases rms emittance of
0.46% compared to the rms emittance of the ensemble of initial
conditions. We used @, = 0.414, o; = 0.407, N =1x 10°,
ks =1m~"/2 and k, = 0.

further from resonance) decreases the efficiency of the
process. In contrast, reducing w,, which brings it closer to
resonance, results in unacceptable losses in the core.
Eliminating the beam halo and preserving the emittance
of the beam core are the two crucial requirements for the
efficiency of the process. In Fig. 9, we show the ratio
between the rms emittance € = y/detCov(x, p,) of the
core particle ensemble at the end of the cleaning process
and before the cleaning process starts, as a function of &,
(top) and &5 (bottom) for different values of w;. To consider
potential filamentation phenomena resulting from the non-
linearities introduced in the model to generate the ampli-
tude detuning, initial numerical simulations track the
particle distribution for one excitation period of 1 x 10°
turns with the strength of the ac multipole set to zero. At
this stage, the core emittance is assessed and used to
normalize the final core emittance postcleaning. The
normalized emittance has increased by a factor of
1.0046 compared to the initial core emittance. As shown
in Fig. 8, the conditions where the beam loss exceeds 1%
are marked with a dashed line. For both ac multipoles,
specific values of w; can be found where the emittance

remains unaffected by the cleaning process within a certain
strength range of the ac multipoles. In contrast, significant
particle losses result in increased core emittance because of
the transport of particles to the outer regions by means of
resonance islands. However, in other scenarios, a signifi-
cant decrease in core emittance is noted as particles are
transported in a controlled manner to the halo region and
subsequently removed by the cleaning mechanism.

C. 4D map model: Asymmetric amplitude detuning

A comprehensive 4D transverse model of particle
dynamics has also been studied, using the map outlined
in Eq. (29) and the setup described in Eq. (33). Two types
of ac multipole (¢ = 4 or ¢ = 5) are activated alternately
following the protocol depicted in Fig. 7 (bottom) executed
10 times. The strategy of alternating the activation of two ac
multipoles with reciprocal y values is intended to trap and
transport the beam halo to higher amplitudes, ensuring
independent removal in each plane. However, the nonlinear
coupling introduced by an ac multipole in the orthogonal
plane can impact manipulation and degrade overall per-
formance. Thus, it is crucial to examine the influence of the
coefficient y, which allows both ac multipoles to function
in a quasi-2D manner.

Due to the features of the variation in amplitude detuning
across the two planes, it is necessary to apply different
amplitudes for each ac multipole. Thus, a crucial parameter in
the model is the ratio between the amplitudes of the normal
and the skew ac multipoles. The standard parameters for the
4D map (29)are: k3 = 1 m~'/2, 8, = 1,and k, = 0, with the
following parameters remaining constant unless otherwise
specified: w, =0.414, v, =0.424, w, ; =0.413, w, ; =0.423,
wy; = 0407, w,; = 0.417, &, = 0.1 m—>/2, &5 = 0.1 m2,
and N = 1 x 10°.

The results of numerical simulations to evaluate the
efficiency of the proposed halo-cleaning method in 4D are
shown in Fig. 10. The left and right columns refer to the
octupole and decapole scenarios, respectively.

Figures 10(a) and 10(b) present the efficiency of halo
removal in the octupole and decapole models, correlated
with the ratio of § functions and the ratio of the strength of
the skew and normal ac multipoles. Generally, a value of
x < 1/4 ensures that the core intensity remains largely
intact (we recall that in the plots, the color-gradient regions
indicate configurations where the core intensity does not
drop below 99% of the initial value). Although the octupole
model shows limited efficiency in halo reduction, the
decapole model demonstrates superior performance, where
a powerful skew decapole can eliminate over 90% of the
beam halo. Notably, the decapole model achieves remark-
able results for 0.75 < y < 1, effectively reducing the need
for a strong skew ac decapole. However, we will not
consider this particular configuration in any further detail.
Instead, we will proceed with the assumption of a 5:1 ratio
between the skew and normal ac elements, as previously
indicated.
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FIG. 10. Survival fraction of particles of the beam halo after the cleaning procedure using the 4D model of the map in Eq. (29), and the
configuration of Eq. (33), with ¢ =4 [(a), (c), (e), and (g)] or with ¢ =5 [(b), (d), (f), and (h)]. Unless otherwise stated, we used

ks=1m"2 k=0 8,=01m>? g5=01m> &, =5

q.x>

7= 0.1, o, = 0414, 0, = 0424, w,; = 0.413, w,; = 0.407,

w.p = 0423, 0,y =0417,and N = 1 X 10°, and the beam-halo cleaning process is repeated 10 times. In the 2D histograms, the filled
regions represent conditions that preserve more than 99% of the beam-core intensity, while the dotted regions represent conditions where

the beam-core intensity is less preserved.

Figures 10(c) and 10(d) present an adjusted version
of the previous studies, where we maintain the ratio
&,y = 58, and show the proportion of particles remaining
in the halo at the end of the process as a function of &, , for

three values of y. Strong ac multipoles significantly reduce
the halo but also excessively eliminate core particles,
exceeding the acceptable limit of 1%. The plots reveal
the impact of selecting a value of y outside the optimal
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Detailed studies of the beam-halo cleaning procedure using the 4D model of the map in Eq. (29) and the configuration of Eq. (33),

with g = 4 [(a), (c), and (e)] or with ¢ = 5 [(b), (d), and (f)]. We probe the fraction of beam halo removed (first row) and the fraction of beam
core lost (second row) as a function of the number of iterations of the cleaning procedure for different values of &, (encoded on the color
scale). We also plot in the third row the fraction of beam halo removed in a controlled way (cut) or lost on the dynamic aperture (lost) as a
function of y (third row), which is related with the strength of the nonlinear coupling between the two transverse planes. We follow the

protocol of Fig. 7 (bottom); unless otherwise stated, we set 123 =1 m2 IAc4 =0,8=0.1 m—3/2, & =0.1 m2, &

s Eqy =58, 1 =0.1,

o, =0414, 0, = 0424, 0,; = 0413, 0,y = 0407, 0,y = 0423, w,; = 0.417,and N = 1 x 10°, and the beam-halo cleaning process is

repeated 10 times.

small range, with substantial core losses occurring even at
low &,. Additionally, the decapole case proves to be more

efficient in halo removal.

The change in the slope of the curves in relation to the ac
octupole is particularly striking, suggesting a change in the

underlying dynamics, although a definitive explanation
remains elusive and will be subject of future investigations.

Figures 10(e) and 10(f) illustrate the effect of the ac
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FIG. 12. Ratio between final and initial rms emittance in the x and y planes for the octupole (top) and decapole (bottom) model as a
function of &, in the 4D map model of Eq. (29) and the configuration of Eq. (33) (left column) and the map with the configuration of
Eq. (34) (right column). The initial emittance is defined as the beam rms emittance after 1 x 10° turns performed with &, = 0. This
allows computing the impact of the filamentation due to nonlinearities used to generate the amplitude detuning. Note that the
filamentation effects generate an increase in the rms emittance of 0.56% in the x plane and a 0.08% reduction in the y plane compared to
the rms emittance of the ensemble of initial conditions for the configuration of Eq. (33), and a 0.52% (x) and 0.31% (y) increase for the

configuration of Eq. (34). We used y = 0.1, &, , = 5¢,, &, , = &
wyr=0417, and N = 1 x 10°.

frequency nears the resonance, a trend observed consistently
in both transverse planes. However, the highest halo-removal
efficiency also leads to a reduction in core intensity.
Furthermore, for the octupole case, the dependence on
@,; is more pronounced compared to w, ;. Conversely, in
the decapole case, the frequency dependency is similar for
both planes and relatively weak. Notably, the decapole
outperforms the octupole, achieving superior halo removal.
The influence on halo cleaning on the tunes of the 4D
model is evident in Figs. 10(g) and 10(h). We observe that the
core intensity remains well preserved, consistent with the 2D
scenario, only when , and w, diverge significantly from
o,; and w,;. Additionally, the overall behavior is quite
similar for the two ac multipoles analyzed, with the decapole
configuration consistently showing superior performance.
Figure 11 provides further insight into the characteristics
of the halo-cleaning protocol. The plots in the left and right
columns correspond to the octupole and decapole cases,
respectively. The two upper rows display the fraction of the
halo removed (top) and the fraction of the core removed
(center) as functions of the number of repetitions of the
trapping and transport stages. This analysis is performed
with respect to the strength &,, of the ac multipoles.
Overall, the decapole proves to be more effective than the

q

w, = 0414, 0, = 0.424, w,; = 0.413, w,; = 0.407, w,; = 0.423,

octupole, although the octupole outperforms the decapole
at low strengths. The superior performance of the decapole
ac multipole compared to the octupole ac multipole can be
attributed to its broader zone where the field, and con-
sequently the kick, is nearly null, along with the abrupt
transition to the region where the kick becomes nonzero.
These characteristics render the decapole ac multipole
largely harmless to the core of the beam distribution while
improving the capture of halo particles.

Additionally, the fraction of halo removed saturates more
rapidly at higher ac multipole strengths. The middle plots
reveal the behavior of core losses, which limits the permis-
sible range of ac-multipole strength and the number of
protocol repetitions.

Halo particles can be removed through either the trap-
ping and transport mechanism, which moves them to the r,
threshold, or by pushing them toward the system’s dynamic
aperture, reaching the boundary of stability. Both mecha-
nisms are useful for our purposes, although the first offers a
more controlled approach. These phenomena are analyzed
using dedicated postprocessing of numerical simulation
data, with results depicted in the plots at the bottom of
Fig. 11. The proportion of halo particles that are cut
(removed by trapping and transport) or lost (pushed to
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Survival fraction of particles of the beam halo after the cleaning procedure using the 4D model of the map in Eq. (29), and the

configuration of Eq. (34), with ¢ = 4 [(a), (c), and (e)] or with g = 5 [(b), (d), and (f)]. Unless otherwise stated, we used k3 = 1 m1/2,

fy =0, 8 =01 m32, 25 =0.1m2, 2, =5,

7 =01, o, = 0414, o, = 0424, w,; = 0.413, w,; = 0407, w,; = 0.423,

wyr = 0417, and N =1 x 10°, and the beam-halo cleaning process is repeated 10 times. In the 2D histograms, the filled regions
represent conditions that preserve more than 99% of the beam-core intensity, while the dotted regions represent conditions where the

beam-core intensity is less preserved.

the stability boundary) is plotted against &,, for some
values of y. Naturally, a stronger ac multipole results in a
higher fraction of lost particles. For the decapole case, the
transition from cut to lost particles is abrupt, whereas for
the octupole case, the transition is smoother.

Finally, Fig. 12 (left column) illustrates the variation in
the x and y rms emittances in the octupole (top) and
decapole (bottom) scenarios, as a function of the ac
multipole strength &,. The rms emittance values at the
conclusion of the beam-halo removal process are nor-
malized to their initial values. Similar to the 2D case, the

emittance growth caused by filamentation due to ampli-
tude detuning terms in the 4D map has been assessed and
used for normalizing the emittance values. The horizontal
rms emittance used to normalize the numerical results
shows a growth by a factor of 1.0056 relative to the initial
core emittance, while the vertical plane exhibits a slight
reduction (0.9992). Worth noting is the fact that the
distribution contains a few outliers that could influence
the estimate of the emittance. To address this, filtering is
employed to eliminate outliers before estimating the
emittance.
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The trends are comparable for both scenarios, with the
horizontal emittance typically decreasing and the vertical
emittance generally increasing. Halo cleaning with an
octupolar element shows a marginally broader range of
strength that maintains nearly constant emittance values.

D. 4D map model: Symmetric amplitude detuning

The amplitude detuning serves as a crucial parameter in
the model that evaluates the proposed halo-cleaning
method. Consequently, along with the analysis of asym-
metric amplitude detuning between the horizontal and
vertical planes, an additional analysis has been conducted
for the scenario, where the amplitude detuning is identical
in both transverse planes. This is modeled with normal and
skew nonlinear elements to produce the amplitude detuning
terms, as indicated by Eq. (34). A primary result of this
choice is that the strength of the ac multipoles has been
equalized, which means &, , =&, , = &,.

The results of the numerical simulation are shown in
Fig. 13, where the case with an octupole ac multipole is
shown in the left column, while that with a decapole ac
multiples is shown in the right column.

The first feature that appears in comparison to Fig. 10 is
the improvement in the performance of the halo-cleaning
method, which is mainly due to the symmetric detuning.
This has a clear impact as it reduces the asymmetry in the
nonlinear coupling between the two transverse planes. The
greatest improvement is obtained for the octupole case.
Once again, the decapole outperforms the octupole also for
the symmetric case depicted in Fig. 13. These results
indicate that for a model in which the nonlinear effects
in the two transverse planes are balanced, the performance
of the proposed method to clean the beam halo can be
extremely successful, easily achieving a cleaning level in
excess of 90%.

The other significant finding refers to the effect of the
cleaning method on the core beam emittance, illustrated in
Fig. 12 (right column). Here, too, the symmetric model
allows the cleaning method to perform optimally. Notably,
the emittance growth is less pronounced than that with the
asymmetric model, and this holds true across a wider range
of ac multipole strengths.

To conclude, we emphasize that for the scenarios
analyzed, specifically the asymmetric and symmetric
amplitude detuning, the strength ratio of the ac multipoles
employed to clear the beam halo has been set to specific
optimal values: a factor of five for the asymmetric scenario
and unity for the symmetric one. However, in a real-world
circular accelerator lattice, an intermediate situation might
occur, where the amplitude detuning in the two transverse
planes is similar but not identical. In such instances, the
strength ratio of the ac multipoles should be adjusted to
regain optimal method performance, which has proven to
be effective.

V. CONCLUSIONS

This paper proposes and thoroughly examines a new
method for beam-halo cleaning based on adiabatic trapping
into nonlinear resonances, supported by theoretical analysis
and comprehensive numerical simulations.

The technique employs ac multipoles to trap and transport
particles in the beam halo in phase space. This approach
signifies a novel advancement compared to the ac dipole
cooling method applied to annular beam distributions. The
key feature of our approach is the use of higher-order ac
multipoles rather than dipoles, thereby preventing potential
emittance growth in the beam core caused by ac dipoles.

An analytical study of a 2D model is presented to
elucidate the theoretical principles of the technique, and
numerical simulations demonstrate its promising potential.
In addition, two more realistic 4D models have been
extensively analyzed through numerical simulations. The
primary distinction between these models lies in the
amplitude detuning, which varies between being equal or
different in the two transverse planes. The effectiveness of
the method is significantly influenced by this condition,
although it consistently achieves impressive halo cleaning
results (around 60%—70%). When the amplitude detuning
is equal in both the horizontal and vertical planes, the halo
removal efficiency reaches 90%.

A comprehensive assessment of the procedure was
carried out, evaluating the sensitivity to various parameters,
such as the duration of the trapping and transport stages, the
number of repetitions of these stages, the system’s tunes,
and the frequencies and strengths of the ac multipoles. In
each case, ranges of parameter values were identified that
ensured good performance.

This paper’s theoretical analyses, along with the pos-
itive outcomes from the numerical simulations, indicate
that the suggested method is a promising strategy for
addressing the major problems caused by the beam halo in
modern and upcoming high-energy circular hadron col-
liders. Nonlinear ac multipoles can potentially trap and
direct particles within the beam halo to high amplitudes,
allowing interception by the collimator system. This
strategy can be implemented whenever the beam halo
becomes overly populated due to various processes in the
accelerator, surpassing a set threshold.

Further studies are certainly necessary to understand
the interplay of the halo formation mechanisms and the
adiabatic resonance transport. For example, if the halo
formation is driven by a diffusion process due to a large
weak chaotic region in the phase space, one has to study the
effectiveness of an adiabatic trapping mechanism in the
presence of weak chaos in the phase space.

Potential avenues for further research include the exami-
nation of the dynamics generated by ac multipoles in realistic
accelerator lattice configurations and the evaluation of the
practicality of these magnetic elements, along with an initial
assessment of their potential hardware performance.
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APPENDIX A: DETAILED DERIVATION OF THE
2D HAMILTONIAN MODEL

To determine the power of J that enters in the
Hamiltonian for a 1:1 resonance driven by an ac magnetic
multipole, we start applying the perturbation theory to the
Hamiltonian of Eq. (1) written using the coordinates

% = /2I cos 0, p= V21 sin @, namely,

B 23/2
Ho(0.1) = o, I + 5 I¥/%cos?0 (A1)

to find new action-angle coordinates (¢, J) that recasts the
Hamiltonian in the normal form
H (J):wJ+Z%JI (A2)
0 X l i .

To this aim, we use the method of Lie transformations
using a generating function F(¢,J) of the form

F($.J) =Y ful#)I"? (A3)

and we perturbatively determine f,,(¢) and €, solving the
equation

CXP(DF((p,J))?:{O(Q’ 1) = Ho(J) (A4)

in a pertubative way in the powers of J. DpH, is the
Lie derivative defined by the Poisson bracket {7:[0,F 1,
and its nth power is defined recursively as D%H, =
Dp(Df"Ho) ={{-+-{Ho. F}.--- . F}.F}.

At each order, Eq. (A4) results in a differential equation
for f,,(¢), the first terms being:

f3(¢) = —2\/3%(0%24’; +2)
i 546w,Q
1) =S iy 43+ L) (4

The quantity Q, is then found by eliminating the secular
term from f:

5

6w,

Q, = (AG)

We can then proceed to the subsequent terms, which read

S
f5(g) = \3@22)? (132sin*¢p + 55 sin’¢p — 1785)

o
folh) = PSP 05 costp — 1298 cosip + 1395)

3888 0’
9(235 + 144 3Qy)
x A7
LR TTT R B (A7)

and once again the secular term can be set to zero if

235
Q=——""r. A8
T 44w} (A8)

Finally, we compute
_ V2sing
933120

— 8275 sin%¢p — 98295),

f1(d) (9216 5in%¢p — 9552 sin*¢h

(A9)

which prevents us from going further, increasing the order
of the Poisson brackets, solving the differential equations
for f,,(¢), and determining Q; by canceling the secular
terms in f,,(¢).

The next step is to compute the transformation of
7:(,1(0, I, t), which is given by

27)a/2
H,(0.1.1) = Eq( )

o (A10)

cos?0 cos wt

to the (¢,J) coordinates using the generating function
F(¢,J). When averaging over time, the only nonvanishing
contributions are the terms of the Fourier expansion of X" =
(21)7/? cos? @ corresponding to the components exp(=ig).

If ¢ is odd, it is easy to see that the lowest-order,
nonvanishing contribution to the Fourier series is given by
the term

(27)1*cos?¢p
since
1 [2= . 1 (¢q q!
— do e'?cosih = — =
) et =5 ) =

and therefore the Hamiltonian reduces to

P 1

7,:{q((ﬁ"]? t) =_1

If g is even, the situation is more complicated: the term
immediately given by the linear part of the transformation
has a null projection on cos ¢, therefore, a further inspec-
tion to the higher orders of the transformation is needed,
namely, up to J™/2, with /i > ¢/2.

Depending on ¢, we retrieve different values of i,
which result in different exponents in the ac part of the
Hamiltonian. For a sextupole, the first nonzero term in the
Fourier expansion appears at ¢ = 3, and we have

V2

@1=%1

J/% cos ¢ cos wt.

(A12)

(A13)
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while for an octupole (¢ = 4) and a decapole (¢ = 5) the
resonant component appears at J>/?, and we have

7V2 V2
==, =—, Al4
45T 88w, 0T 480 alh
respectively. We can continue with a dodecapole and a
14-pole to find in both cases ¢ = 7 (note that in that case
the Hamiltonian will also include a term « Q5J°%) and

7V2 V2 Al5
67T 6336w, 7 16128 (AL5)
respectively. In general, we can conjecture that m = g + 1
if g is even and /1 = q if ¢ is odd: A proof should look in
detail at the trigonometric terms in the generating function
of the transformation.

It should be stressed that when transforming back to
physical coordinates, the expressions of the coefficients are
completely different, since some of them depend on ., k3
and f,, while others are simply numerical constants. This
characteristic can be used as a selection criterion for a
suitable choice of the ac multipole.

APPENDIX B: FIXED POINTS OF THE
HAMILTONIAN WITH AN AC MULTIPOLE

In Sec. 11, the analysis of the Hamiltonian of Eq. (12) has
been carried out, also considering the existence and
properties of the fixed points on the coordinate axis.
Here, we will show that there are no other fixed points
to be considered. To show this, we consider the general
equations whose solutions are given by the fixed points,
namely, the system of equations

dH /X =0
(B
0H/dY =0
or
22X +4X(X2 + Y?) + 4pu, XH (X + Y2)+
+ (X +Y?)2=0 (B2)

22Y +4Y (X2 + Y?) + 4p, XY (X* 4+ Y?) =0,

which is a system with 16 complex solutions if counted
with their multiplicity, and 4 solutions are given by the
fixed points on the X axis. Hence, there are 12 more
solutions. Furthermore, we note that if (X,Y) is a real
solution of Eq. (B1), then by symmetry, also (X, —Y) is a
solution, which indicates that real solutions appear in pairs.
If (X, Y) is a complex solution of Eq. (B1), then (X*,Y*),
the complex conjugate of (X, Y), is a solution of Eq. (B1)
because it is a system of polynomial equations with real

coefficients. However, the invariance of the equations
by the symmetry ¥ — —Y still holds, which means that
complex solutions appear in quadruples. In the end, the
following situations are possible: three quadruples of
complex solutions; two quadruples of complex solutions
and two pairs of real solutions; one quadruple of complex
solutions; and four pairs of real solutions.

The system (B 1) can be recast in a more convenient form
by transforming into a polar coordinate system (§,r)
defined as X = rcosd, Y = rsind, namely,

{ 24rcos 8 + 4r° cos & + 4, rtcos’s + p,rt = 0
(B3)
Arsing + 2r¥sin & + 2p,r* cos siné = 0,

from which one obtains the following equations:

pgr® —A4r +4rt + 4P — 4 = Pr+ 22 =0
142e (B4)

Z/Aqr3 ’

Ccosd = —

where we have used the assumptions 4 < 0 and r > 0.
The first equation can be studied by considering the two
functions

f(l") :ﬂqré
g(r) = (r=1)(V2r = VI (V2r + VIA])?,

so that the solutions of the first equation of the system (B4)
are the solutions of f(r) = g(r), r > 0.

It is straightforward to observe the following properties
of g(r), namely, (i) g(r) = 0 for r; = \/|4|/2 and r; = 1.
(i) g(r) >0 for r> r3. (iii) g(r) has a maximum for

ri = +/|4|/2 and a minimum for r, = 4+7\,1160+1012. For the
case under consideration, i.e., 4 <0, we have r, < r3.
These observations allow us to state that: (i) If u, <0,
then the first equation of the system (B4) has a single
solution 7 < ry. (ii) If 1, > 0, then the first equation of the
system (B4) has no real solution because f(r) >0, V r >0
and f(r)) =p,>0=g(r;) and f(r)/g(r) = +co for

r — +o00.
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