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Abstract. The solution of linear inverse problems arising, for example, in signal and image
processing is a challenging problem since the ill-conditioning amplifies, in the solution, the noise
present in the data. Recently introduced algorithms based on deep learning overwhelm the more
traditional model-based approaches in performance, but they typically suffer from instability with
respect to data perturbation. In this paper, we theoretically analyze the trade-off between stability
and accuracy of neural networks when used to solve linear imaging inverse problems for cases that
are not underdetermined. Moreover, we propose different supervised and unsupervised solutions to
increase the network stability and maintain a good accuracy, by means of regularization properties
inherited from a model-based iterative scheme during the network training. Extensive numerical
experiments on image deblurring confirm the theoretical results and the effectiveness of the proposed
deep learning—based approaches to handle noise on the data.
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1. Introduction. Linear inverse problems of the form
(1.1) y=Azx,

where A € R™*" is a full-rank matrix discretizing a linear operator, & € R™ and
y € R™ with m > n, arise in various image processing tasks, such as deblurring or
tomographic reconstruction [14, 15, 23]. It is well known that in these applications,
(1.1) represents the discretization of an ill-posed problem. Following the well-known
Hadamard definition, a problem is ill-posed if either a solution does not exist, the
solution is not unique, or it does not continuously depend on the data y. In the case
considered in (1.1) the third condition holds; thereby the computation of the solution
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becomes very challenging when noise affects the data. In this work, we consider data
corrupted by Gaussian noise, i.e.,

(1.2) Yy’ = Az + e, e~N(0,6°1),

where § denotes the standard deviation of the white additive Gaussian noise, I is the
identity matrix, and x9 is the ground truth, clean image.

Traditional regularization approaches tackle problem (1.2) as the minimization
of an objective function containing a data-fit term and a regularization prior, with
possible further constraints on the solution [4, 9]. These terms theoretically grant sta-
bility, but, in general, the computational time required by solvers is high, and it may
be necessary to choose many parameters, tuning them by trial and error on the data.

In the last few years, neural networks have been introduced with great success
for the solution of problem (1.2), since they are capable in many cases of achieving
greater accuracy than iterative regularized methods [1, 6, 18]. However, their high
accuracy is obtained at the expense of robustness against noise in the input data,
hence noise-related issues still persist. Specifically, these networks frequently yield
suboptimal results when applied to data contaminated with noise that differs from
that encountered during the training phase. This tendency is commonly referred to
as network instability.

Some authors have already studied the behavior of neural networks in the presence
of noise on the data, focusing on the solution of underdetermined imaging inverse
problems (i.e., when m < nin (1.1)) [12, 30, 31, 2, 8, 17, 19, 21, 22, 25, 27, 32, 33, 13, 7).
We note that the paper [13] offers a comprehensive bibliography on this topic, with
the authors remarking that “stability implies a universal barrier on performance.”
However, to the best of our knowledge, a mathematically grounded understanding is
still lacking and no works address the case of m > n.

Contributions. In this work, we look at neural networks as solvers of discrete
ill-posed problems, and we contribute to the state of the art as follows.

First, we adapt the regularization theory presented by Engl, Hanke, and Neubauer
in [9] for solving discrete inverse problems using neural networks. It is noteworthy
that Engl et al. examined regularization in Hilbert spaces, while our focus is on dis-
crete inverse problems. Prior to introducing neural networks as solvers, we present
a more general theory encompassing a broader class of functions, termed reconstruc-
tors, designed for addressing problem (1.2). Within this framework, we first formalize
the two fundamental concepts of n~!-accuracy and e-stability, and then we present
significant findings for a class of functions called stabilizers. We establish a math-
ematical relationship that quantifies the trade-off between stability and accuracy,
demonstrating that enhancing a solver’s stability is impossible without compromising
its accuracy. In this theoretical approach, neural networks have been analyzed as
formal mathematical operators, shedding light on their widely discussed “black-box”
nature/misinterpretation.

Second, we propose a new ground truth—free scheme for reconstructors based on
neural networks. We refer to this approach as the regularized neural network (ReNN),
as the target images used in the training procedure are solutions of (1.2) computed
through a regularization method. Beyond being more stable than commonly used
neural networks as reconstructors, it is applicable in scenarios where collecting a set
of ground-truth solutions is challenging or impossible, such as in medical imaging.

Finally, we present a novel stabilization strategy tailored for deep learning—based
solvers, which incorporates a stabilizer within a preprocessing operator plugged into
a neural network reconstructor. This approach demonstrates substantial efficacy in
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handling elevated noise levels in data. We have termed this methodology stabilized
neural network (StNN). Furthermore, and when integrated with the ReNN scheme,
it evolves into the StReNN framework.

Structure of the paper. The paper is structured as follows. In section 2, we in-
troduce theoretical concepts related to reconstructors for solving an inverse problem
of the form presented in (1.2). In section 3, we present stabilizers and elucidate their
effectiveness by stating their properties, then section 4 is dedicated to reconstructors
based on neural networks and presents our proposals. Following that, in section 5,
we describe our experimental setup, whereas section 6 showcases numerical results
pertaining to deblurring and denoising. Finally, section 7 comprises conclusions and
outlines potential directions for future work.

2. Reconstructors for the solution of linear inverse problems. This sec-
tion establishes the theoretical background of the paper, providing essential definitions
and preliminary results. To improve the readability of the work, however, we start by
introducing the notation we will use throughout the paper. We always consider x9?
to lie in a subset X of R™, the set of admissible data. We denote by Y = Rg(A, X)
the range of A over &', where A is a continuous linear operator. We assume ) to
be dense-in-itself (i.e., with no isolated points) so that, for any admissible z9* € X
and any neighborhood V of y = Ax9, there is at least an ' € X, =’ # x9¢, such
that y' = Az’ € V. When ¢ € X CR" or y € Y C R™, then ||x|| and ||y|| will be
Euclidean norms. For any € > 0, we also define Y ={y+e;y € V,|le|| < e}. With the
following definitions, we can formalize the concept of reconstructor to solve problem
(1.1) accurately.

DEFINITION 2.1. Any continuous function ¥ : R™ — R"™, mapping y to x = V(y),
18 called a reconstructor.

DEFINITION 2.2. A reconstructor ¥ : R™ — R™ is said to be n~*

n>0, if

-accurate, with

n= sup [|U(Az) — x|
xzIteX

We define the set R, ={¥:R™ —=R™ U is a reconstructor with accuracy n—'}.
We observe that without any other restriction, 1 could be infinite.

Ezample 2.3. An oco-accurate reconstructor of problem (1.1) is given by
Uiy)=Aly=(a"4)"'A"y,

where AT is the pseudo-inverse matrix, A* is the transpose of A, and the last equality
holds since A is assumed to be full-rank. In this case ¥T:R™ — R™ is co-accurate, as

107 (Az?) — 29[| = [|(A"A) T A" (Az"") — 2| = [|(A*A) TN (A" A)z?" — 27| = 0.

To avoid any issue, we will always consider reconstructors with finite 7 in the following.
However, reconstructors are rarely applied to noise-free data, hence a focus on the
robustness of reconstructors with respect to noise is necessary.

DEFINITION 2.4. Let € >0, and let ¥ be an 0~ -accurate reconstructor applied to
problem (1.2). We define the e-stability constant C§, of ¥ as

U (Axdt — 9| —
O = sup 1¥A" ) =] —n

@itex lell
llell<e
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Ax+e e-unstable reconstructor

(35
Sl‘ab/e e

1

Fic. 2.1. Graphical representation of the e-stability and e-instability for an n™" -accurate recon-

structor.

We will consider in the following the realistic case of C§ < oco.

DEFINITION 2.5. The reconstructor ¥ is said to be e-stable for a given € > 0 if
Cg €10,1). Otherwise, ¥ is said to be e-unstable.

An e-stable reconstructor ¥ does not amplify corruptions having norm less than
€ (as graphically represented in Figure 2.1), since Definition 2.4 implies

[[U(Ax9" +e) — x| <n+CYllel Vad'eX, VecR" |le]|<e.
DEFINITION 2.6. We define the stability radius p of ¥ as
p=sup{e>0; Cf €[0,1)}.

Example 2.7. A reconstructor with an infinite stability radius is the following.
Given € > 0, if p is a probability distribution over X’ (for example, u is the normalized
Lebesgue distribution over X'), the reconstructor defined as

P (y?) = /X zu(dz) Yy’ € V*

is e-stable independently from the value of € > 0. Indeed,

0% (Az" +e) — 2| = H/qu(dw) —a?|| < p(X),

where p(X) is the radius of X, defined as p(X) = inf{r > 0: X C B([, zu(dx);r)}.
As a consequence the stability constant is infinite regardless of €, and W¥®):€ hag
accuracy p(X)~ L

Example 2.8. The pseudo-inverse reconstructor ¥'(y) in Example 2.3 is unstable
for any € >0 when A is ill-conditioned. Indeed,

107 (A2 +e) — x| = ||(A"A) " (A" A)z"" + (A" A) "' A%e — 27|
=|l(A"A)""A%l.
If A=UXV™ is the singular value decomposition (SVD) of A, then

n T
(A"A) ' ATe=(VEV) 'VEU e=VEUe=Y “ %,

i=1 '

which implies that [|(A*A)~1A%e|| > ||e|| when A has singular values close to zero.
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These examples shed light on a possible conflict between accuracy and stability
for a given reconstructor V. In the next paragraphs, we study this relationship.

2.1. Accuracy vs. stability trade-off. We can derive a relation between ac-
curacy and stability, which becomes particularly interesting when A is ill-conditioned.

LEMMA 2.9. Let ¥ :R™ — R" be an n~'-accurate reconstructor. Then, for any
29 € X and for any € >0, e € R™ with ||e|| < e such that

(2.1) 1U(Az" +e) — 2% > ||ATe|| — .

Proof. Since Ax9t €Y for any x9* € X, and since Y has no isolated points, then
for any € > 0 there is an & € R™ with ||é|| < e such that Az9" +eé€ ). Thus, Iz’ € X
such that Az9 + &= Ax’. Consequently,

¥ (Az?" + &) — 2| = || (Az) — || > [|a’ — 2| — || ¥ (Az) — 2']]
> ||lz" — 2| .

Since Az9 + & = Az’ by construction, it holds that & = A(x9 — '), which implies
that 29t — 2’ = A'e. To conclude,

10(Az" + &) — 2| > ||z’ — || —n=||ATe]| — . 0
We define the following set:
(2.2) E(x%,¥) = {e € R™; equation (2.1) holds for e, for some ¢ >0}.

THEOREM 2.10 (trade-off theorem). Under the assumptions of Lemma 2.9 it

holds that, for any 9 € X and for any € € E(x9, V) with ||e]| <e,
Afe|| -2
(2.3) cs > |'|3é||77

Proof. For any 9 € X,

_ _ gt —_ p9t|| —
Co = up WAL —all—y (AR o) ] -y

zeX el T lell<e |le]l
[le||<e

If e E(x9",0), ||e|| <, is a perturbation defined in Lemma 2.9, we have

|v(Az +e) — x| —n

= e, el
|U(Az9’ + &) —a||—n
B le]|
_ llAfe] —2
- el
which concludes the proof. 0

COROLLARY 2.11. Given the assumptions of Theorem 2.10, if X =R™ and if the
smallest singular value o, <1, then there is a constant C(A) >0, which depends only
on A, such that

2
< —_—
P=01C(A)
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Proof. Consider a reconstructor ¥. By Theorem 2.10, for any € > 0, any 9 € X,
and any e € E(x9,¥) with ||e|| <e,

|ATe]| — 29

2.4 cg > =
@4 Y2 ]

We first observe that if ¥ =R", then E(x9",¥) =) := Rg(A, X) for any 9" € X.
Indeed, e € E(x9, V) if and only if there exists ' € X’ such that e = A(x9" — a').
Since X = R" is closed under addition, then x9¢ — x’ € X', which implies that & € ),
and thus E(x9,¥) C Y. Conversely, if y € ), then by definition there exists ¢ € X
such that y = Az. By defining ' = 9 — x, then y = A(x9 — z’), which implies
that y € E(x9, V) and consequently E(x9, ¥)=).

Now, let A = UXV™ be the SVD of A and define & = A(~v,), where o,
and v, are the smallest singular value of A and its associated rightfsingular vector,
respectively. Note that € € Y = F(x9, ¥) by definition. Moreover,

- € « [ € € ©
e=A (Uvn) —UXV (vn> - ;ou (v]v,)

n On

€
= —O0npUp = €Up,
On

from which ||é|| =¢||u,|| =€ < e. Consequently, (2.3) holds for é. Additionally,

Ale=AtA <€vn> - o,
a.

Un n

hence ||Afe|| = ~. Given that, (2.3) reads as

n

|ATel| 2y 7 —21
B

cs >

oy 20
€

As a consequence of the above relationship, if >1, then Cy > 1, ie, p<e. A

simple computation shows that

o2 €
In > 1 &= — -29>¢

€ On
= — —€e>2n

0-77,

On
— > 2 2
€ -0, = -1 ’
—o. 7 10(A)

where we used that ¢, < 1 and we defined C(A) := == Thus,

. 2
p::SUp{€>0:CqJ<1}§m,

concluding the proof. O
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The relation in Corollary 2.11 between the stability radius p and the accuracy n=!
suggests that there exists a trade-off between accuracy and stability, showing that a
very accurate reconstructor is unstable for noise corruption larger than #C(A). We
remark that for ill-conditioned problems, C'(A) = 1;‘7" can be very large, making the
radius potentially very small. "
Similarly, Theorem 2.10 shows that a reconstructor ¥ can be e-stable only if its
accuracy is bounded.

COROLLARY 2.12. Given the assumptions of Theorem 2.10, there exists 7j( A, €, X)
€ RU {+00}, such that any reconstructor ¥ with accuracy n=t > (A, e, X))t is e-
unstable, i.e., C§, > 1. Moreover, if X =R™ and n~' > ﬁ, where C(A) = %,
then W is e-unstable.
Proof. From Theorem 2.10, ¥ is e-unstable for a given € > 0 if Mf# > 1.
Such a condition holds if and only if
< llATell - el
= 2 .
Thus, for any ¥ € R, if 3é € E(x9", ¥) with ||é]| < e such that n < wz‘_”é”, then
¥ is e-unstable. In particular, if we define
|A'e| —[[e]l

(2.5) (A, X)=  sup 5

xtcx
\IJEUT,>0R77

eCE(x9",W)
lle]|<e
we get the result. Note that, in general, (A, e, X') could be infinite.
In the assumption of X =R", we proved in Corollary 2.11 that for any € > 0 and any
x9' € X, we can always choose & € E(x9', ¥) with ||&|| < e such that ||ATe|| —||&]] =
1;—:”6 =C(A)e. Thus, ¥ is e-unstable if

C(A)e
2 )
which proves the corollary. 0

n<

2.2. A sufficient condition for stability. Whenever a reconstructor is (lo-
cally) Lipschitz continuous, we can also derive conditions assessing its stability. First
of all, we recall the definition of locally Lipschitz continuous reconstructors.

DEFINITION 2.13. Given Y CR™ and € > 0, we define the e-Lipschitz (also called
local Lipschitz) constant of ¥ over Y as

)= sp FEZYWI

yev.zer™ |2 —yl|
[lz—yl|<e

If L¢(0,)) < oo for some € >0, then U is said to be locally Lipschitz continuous.

Focusing on our problem (1.2), we remark that we are interested in the cases
where ) = Rg(A, X). In this case, y € Y implies that 3x9% € X such that y = Azt
and each z € R™ with ||z — y|| < € can be characterized by z = Az + e for some
e € R™ with ||e|| <e. Thus, the definition of L¢(¥,)) can be rewritten as

[¥(Ax" +e) — U(Aa)|

2oteX lel]
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The importance of the local Lipschitz constant L¢(¥,)) lies in its strong relationship
to the stability constant C§ of the reconstructor. Indeed, if y = Ax9" € Y gets
corrupted by additional noise e with ||e|| <€, then L¢(¥,)) represents the maximum
possible variation of the reconstruction obtained by ¥ around the corrupted y, as
stated by the following proposition.

PROPOSITION 2.14. If ¥ € R,, has local Lipschitz constant L¢(V,Y), then, for
any |le|| <e, the following holds:

10 (Az? +e) — x| <n+ L(L, V)|le]|.
Proof. By the triangle inequality, it follows that
1¥(Aa” + e) — ]| < |¥(Aa?" + ) ~ ¥(Aa")] + || ¥(Aa?") - 2|
Since ||e|| <, the definition of local Lipschitz constant implies that
[0 (Az? +e) — T(Az®)|| < LY(T,Y)|| Az + e — Az || = L(T, ))|le]|,
whereas the accuracy of ¥ gives
[0(Az) — 2| <1.
Thus, we can conclude that
[0 (Az? +e) — x| < L(T, V)| le]] +1. 0
COROLLARY 2.15. Under the assumptions of Proposition 2.14, it holds that
Cy < LE(,)).
Proof. From the inequality in Proposition 2.14, we have

| (Az?" +e) — x| —n

2(Az +e) — 2| <n+ LV, Y)|le]| <= L(V,Y) > el

for any x9 € X and any e € R™ with ||e|| <e. Consequently, L¢(V,)) is a majorant
of the set

W(Aa +e) — a9 —
{ el e llell<ep

Since Cy, is defined as the supremum of this set, by the minimality of the supremum
we have Cy < L<(¥,)). O

We remark that Corollary 2.15 proves that W is e-stable if L¢(¥,)) < 1, yielding
a useful sufficient condition to the assessment of stability.

Ezample 2.16. Under suitable parameter choices, the Tikhonov reconstructor is
e-stable for any € > 0. The Tikhonov reconstructor is built on the Tikhonov method
[26, 28] and defined as

1 A
2.6 M (y0) = in ~||Az —y°[|* + 5||La|
(2.6) (y°) =arg min 5||Az —y°|" + S| L%,
where A > 0 is the regularization parameter and L € R4*™ is a matrix such that

ker(A) Nker(L) = {0}. L is usually chosen as the identity or the forward-difference
operator. We can prove the following proposition regarding Tikhonov stability.

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.
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PROPOSITION 2.17. Let € >0 and L € R¥*™. Then 3\ >0 such that
L(OME ) < 1.
Proof. For any A >0 and any y° € )¢, it can be shown, by considering the normal
equations of (2.6), that
1
A
Consequently, for any y° € V¢, it holds that WML (y%) — 0 for A — oo. Then
\I/A,L A gt _ \IIA,L A gt
LE(\IJ)\,L7y): Sup H ( T +e) ( T )||

2ot ex lell
llell<e

M (y) = (A*A + /\L*L) Ay = (%A*A + L*L) Ay

—0 for A— oo,

which implies that, for all & > 0, there exists A > 0 such that for any A > X,
Le(PML V) < a. Choosing a =1 we obtain the required result. d

Corollary 2.15 and Proposition 2.17 demonstrate that it is always possible to build
a stable Tikhonov reconstructor. Such a property will play a crucial role in subsection
4.3 where we will explain our proposed ReNN approach.

3. Stabilizers in the solution of linear inverse problems. In this section,
we delve into additional properties pertinent to stable reconstructors by introducing
the novel concept of stabilizer which will be exploited in subsection 4.4 to define our
StNN and StReNN approaches.

3.1. Stabilizers and properties.
DEFINITION 3.1. A continuous function ¢ : R™ — R is an e-stabilizer of a recon-
structor W : R™ — R"™ if
L. Ve eR™ with |le]| < e, I C5 €[0,1) and 3 €' € R" with ||| = Cg|le|| such
that

¢(Az +e) = ¢(Azx) + €’;

2. 34:R* = R” such that ¥ =+o ¢.
The smallest constant C§ for which the definition holds is defined as the stability
constant of the stabilizer ¢.

We also define the set

Sy = {TeR,; Iv: R* — R", 3 ¢ e-stabilizer, s.t. ¥ =0 ¢}.

Whenever t =m and v : R™ — R" is a reconstructor, the reconstructor ¥ is said to
be e-stabilized with respect to 7.

Note that, in the definition of e-stabilizer, we only require a stability condition
for ¢ in the first item.

Interestingly, given a reconstructor ¥ = 7 o ¢, we can estimate its e-stability
constant C§ by means of the constant Cf and the local Lipschitz constant of v, as
proved in the following proposition.

PROPOSITION 3.2. Let U :R™ — R", W =~o0 ¢, with ¢ being an e-stabilizer. If
C’; is the constant mentioned in Definition 3.1, L¢(y,T) is the local Lipschitz constant
of v with T = ¢(Y), it holds that

Cy < L(v, T)Cy,.
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Proof. Let 9" € X and ||e|| <e. Then
1T(Az? +e) — 2| = [[7(s(Az? +e)) —x|].
Since ¢ is a stabilizer, ¢(Ax9" + ) = p(Ax9") + €’ with ||| < Cglle||. Thus,

(v(d(Az" +e)) — 2|| = [[7(¢(Az"") + €') — "]
<[V (o(Az?") +€') —v(p(Az?))|| + [|7(s(Az")) — 2|
<n+ LTl =n+ L. T)Csllell,

~— ~—

which implies that L(y,7)C§ is a majorant of the set

{|\I/(A:vgt—|—e) —z9' -1

;a9 e X |lel|<ep.
lel]

Since C§ is defined as the supremum of the same set, by the minimality of the
supremum we have C§g < L¢(v, T)C5. O

Proposition 3.2 implies the following important result.

THEOREM 3.3. For any € >0, n1,m2 >0, let U1 =y10¢1 €S}, and V2 € Ry, If

17

Cy
3.1 coelo,—2 |,
31 ¢1 [ Lewm}
then
s <5

Proof. Since (3.1) holds by hypothesis and Cg, < L¢(y1,T)C§, for ¥, € Sy, by
Proposition 3.2, we get

€ € € € C\EIJQ €
Cy, <L (M, T)C;, <L (7177—)W =Cy,,

which concludes the proof. 0

The theorem yields interesting consequences for the special case where ¥; and
W, share the same accuracy. For instance, when ¥y =~ o ¢ € Sfl and ¥y € R, if
(3.1) holds, the theorem suggests that ¥, is preferable to ¥, as ¥y is more stable
than ¥,. In addition, we can state the following result, whose proof is trivial.

COROLLARY 3.4. Let V1 =~y 0¢; € S; and Vg = y9 0 ¢g € S;. If (3.1) holds,
then C’; < C; .
1 2

In the next proposition, we show a result linking the accuracy of a reconstructor

U €S, to a characterization of its e-stabilizer ¢.

PROPOSITION 3.5. Let U =vo0¢€S;. Let

(3.2) o(¢) :=sup{||x1 — x2||; 1,22 € X, p(Ax1) = p(Axs)}.

Then
,7—1 < L

o(¢)
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Proof. Let 1,22 € X such that ¢(Axq) = $(Axs). Then

lz1 — o <[[¢(Az1) — @1 || + ||p(Az1) — 2|
= llo(Az1) — z1|| + [[9(A2) — @2 < 20,

which implies that

|1 — x|
> — .
T=""
Since the estimation above holds for any @1, xs with ¢(Axi) = ¢(Axs), it holds for
o(¢), thus concluding the proof. d

As a consequence of Proposition 3.5, if ¢ is the constant operator (having C; =0
as observed in Example 2.7), it results in o(¢) = oo, which implies that for any =, the
accuracy of ¥ =+ o ¢ will be zero whenever X is unbounded.

The question now is, how can I construct an e-stabilizer? In the following propo-
sition, we show that a sequence of functions {¢y, }ren approximating ¥ € R,, i.e.,

Jim sup |lox(y”) = ¥ (")l =0,
T yleye
can be exploited to construct a good stabilizer.

PROPOSITION 3.6. Given a reconstructor W :R™ — R™ with local Lipschitz con-
stant L¢(V,)) <1 and a sequence of functions {dx }ren approzimating U, there exists
K €N such that for any k> K, Cg <1.

Proof. Consider 9" € X and e € R™ with ||e|| <e. To prove the result, we need
to show that
(AT + e) = ¢, (Az9) + € for k> K,

with |le'|| = Cg|le]| and CF € [0,1).
Let € := ¢ (AxIt + e) — ¢ (Ax9?). Then

1€/l =[|pr (Az" + €) — o1 (Az")]|
<L(¢n, V)| Az + e — Az?'|| = L(¢r, V) €],

which implies that Cj < Le(¢k,Y). Since {¢r }ren is a sequence of approximators of

U, for any k € N there is a constant ¢, such that ||¢x(y?) — U(y°)|| < cx and cx — 0
as k — oo. Consequently, it holds that

L¢(¢y,Y) = sup l|pr(Az9* + ) — pr(Az9?)]

@9tex [lell
lle||<e
< sup llpx (A9’ +e) — V(A9 +e)||+||px (Axd’) -V (Ax9")||+||V(AzI* +-e) -V (AzI")]|
s s el
[lel|<e
gt — gt
< sup [|T(Az9t +e) — V(Ax )||—&-2q167
xItex He”
[lel[<e

which implies that L¢(¢g,)) — L¢(¥,)) as k — oco. Since L¢(V¥,Y) <1, 3K € N such
that for any k> K, L(¢x,Y) < 1. For those values of k, C5 < L*(¢p, V) < 1. 0
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3.2. Tikhonov stabilizers. In particular, we can apply the results of Proposi-
tion 3.6 by considering ¥ as the Tikhonov reconstructor % introduced in Example
2.16. A simple way to generate the sequence {¢y}ren is to consider a convergent
iterative algorithm for the solution of (2.6) such as

x0 e R,
wk+1 - E(wkay6>7

where T (2", %) models the application of the kth iterate of the algorithm, starting
from x* and with datum y°. To set an example, the conjugate gradient for least
squares (CGLS) algorithm is an iterative method solving the normal equations asso-
ciated with (2.6). Now, for any k € N we can define the Tikhonov stabilizers ¢y, to be
the composition of the first k iterations of the algorithm, i.e.,

k
(3.3) ()= O Ti(,y0).

For the convergence property of the algorithm, {¢g}ren is a sequence of functions
approximating UM and satisfying Cj, <1 for suitable k > K. Such a property will
be fundamental for the stabilization technique we propose in subsection 4.4.

4. Neural networks for the solution of linear inverse problems. In this
section, the theoretical results previously outlined are applied to scenarios where re-
constructors are operationalized through neural networks. Concurrently, we delineate
our methodologies aimed at advancing current state-of-the-art approaches. Figure
4.1 offers a detailed schematic that encapsulates all the approaches considered within
this study. The “Tik” label refers to the Tikhonov reconstructor WML, defined in
Example 2.16.

4.1. Parameter-dependent families of reconstructors. We now consider a
family of reconstructors {¥e }ocrs, depending on a vector of parameters O, approxi-
mating a reconstructor ¥ to solve problem (1.1). We prove in the following theorem
that the stability of Wg is strongly related to the stability of .

—
Tikhonov g
reconstructor A

ECe )t

Neural Network

NN V.
StNN Tikhonov

L]

L4 e

® ReNN stabilizer
e StReNN

e Tik

Fic. 4.1. A schematic representation of the proposed methods.
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THEOREM 4.1 (approximation theorem for reconstructors). Let ¥ be an n~!-

accurate reconstructor, and let {¥eolocrs be a set of reconstructors with accuracy
7761 for any ©. We define, for any © € R?,

A(©):= sup ||[Ve(Ax9") — T(Az?)||
xIteX

and

A (0):= sup ||Vo(Ax? +e)— VU(Ax +e)|.
fele
e||<e

If A(©) = 0 when © — ©F, then

4.1 li —n.
(4.1) Al ne =1

Moreover, if A(©) — 0 when © — OF, then

4.2 li Ccg . =0C%.
(42) Aé(l(—glao Yo v

Proof. Consider 9t € X. Since
Ve (Az?) — x| < ||V (Az) — x| + || Ve (Az’") — U(Az)||
and
1o (Az) — 2| > || ¥(Ax®) — %[ - || (Ax?") — T(Az?)],
it holds that
| [[Pe(Az) — || — [[T(Az?) — || | < ||Pe(Ax?) — T(Az)|| < A(O),

which implies that |[¥g(Az9) — x9|| — || ¥(Ax9t) — x9|| as A(O) — 0 and conse-
quently ne —n as A(0) — 0.
Now, consider € >0 and e € R™ with ||e|| <e. A similar computation shows that
| [[Po(Az" +e) — || — || U(Az? +e) — || | < A(O),

which implies that ||Tg(Ax9 + €) — 9| — || ¥ (Az9 + e) — x9t|| for A (O) — 0.
Consequently, for A.(©) — 0,

Uo(AxIt — p9t|| — U ( A9t — 9| —
Co = ap IWO(AY £ et e (AR o)
@dtex lell wItex lell
le||<e llel|<e
which concludes the proof. ]
COROLLARY 4.2. For any © € R®, it holds that
ne <n+A(0).

Proof. Consider 9t € X. Then
IPe(Aa) — 9| < || Vo (Az?") — T(Az)|| + ||U(Az?") — "|.

Since ||[¥e(Ax9t) — U(Ax9)|| < A(O) by hypothesis and ||¥(Ax9t) — x9t|| < n since
U is n~'-accurate, then

1Po(Az") — || <1+ A(6),
which shows that ne <n+ A(O). ad

Note that A(©) and A.(©) are, in general, not independent, as proved in the
following proposition.
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PROPOSITION 4.3. For any € > 0, let A(O©) and A (O) be the quantities defined
in Theorem 4.1. Then
A(O) < AL(0).

Proof. Observe that, by definition of Y and )¢, A(©) and A(O) can be
rewritten as

A(©) = sup |[We(y) — ¥(y)l],

yey
Ac(©) = sup [|[¥e(y) — Y(y)l,
yeye
where Y ={y+e;y € V,|le|]| <€} D V. The result follows from the property that
the supremum of a set must be larger than the supremum of its subsets. 0

An insight on the stability properties of ¥g can be obtained by the following
proposition.

PROPOSITION 4.4. Let Vg be a reconstructor parameterized by © € R*, approz-
imating a reconstructor U with error A(©) > 0. Let 77(__)1 and n~' be the accuracy of
Vg and VU, respectively. If

for a fixed € > 0, where (A, e, X) is the constant defined in Corollary 2.12, then
Cy, > 1.

Proof. Let € >0 be fixed. By Corollary 4.2, the accuracy of ¥g can be estimated
as no < n+ A(O). Consequently, by Corollary 2.12, if n + A(0) < 7j(A, €, X), then
ne < (A, e &), which implies that C§_ > 1. d

We note that if U is e-stable, then n > 7j( A, €, X'), implying that the right-hand side
of inequality (4.3) is negative. Given that A(O) is inherently positive, this indicates
that the conditions of Proposition 4.4 are never met when W is e-stable. Conversely,
if n < (A, €, X), implying that ¥ is far from being e-stable, then its approximation
Uo will be e-unstable even if A(©) is large. Therefore, Proposition 4.4 aligns with
the intuition that the approximation Wg behaves similarly to ¥ whenever A(O) is
sufficiently small. In the following paragraphs, we will analyze particular families of
reconstructors {¥e }ocrs based on deep learning.

4.2. Neural networks as reconstructors: The NN approach. We begin
by considering the set of neural networks defined by a fixed architecture as the family

{Volocrs-

DEFINITION 4.5. Given a neural network architecture A = (v,S), where v =
(vo,v1,---,vr) € NEFY v = myvp = n, defines the width of each layer and S =
(S11,---,5L,1),Sjk € RY* ¥k s the set of matrices representing the skip connections,
we define the parametric family of neural network reconstructors with architecture A,
parameterized by © € R*, as

F&={¥o:R™ - R™ 0 cR*},

L

where We(y®) = 2 is given by

@) oY
' 2 = p(Whzt 40 + 305 Sipz®) VI=0,...,L—1

and W' € R"+1%% s the weights matriz, b € RV+1 is the bias vector.
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Given D C X, consider the dataset D = {(y?,?"); 27" € D}?, of images according
to (1.2). Training a neural network to solve the inverse problem (1.2) results in finding
the parameters ©* such that the associated reconstructor Vg~ € ]-'é4 satisfies:

Np
1

4.5 Uo- carg min — > A(Te(y?d),z?
(45) o Carg min, ND; (To (), "),
where 6 > 0 and £: R™ x R™ — R, is the loss function.

In this work, we consider as reconstructors Wg the neural networks trained with
the mean squared error (MSE) loss. When we train the networks on noise-free data
(6 =0) (4.5) corresponds to

Ny N
4.6 min U ) — 2?2 = min U (Az?") — Ul (Az)|2,
(40 min 3 llWo(y) ~at[E= min 3 [[Vo(dat') - ¥'(Aat)

which results in the minimization of A(©) as introduced in Theorem 4.1 with ¥ = W',
We will name this family NN in the following.

We observe that when A is ill-conditioned, the value 7j(A, €, X') defined in (2.5) is
large. This becomes particularly apparent when X = R", as under these circumstances
7i(A, e, X) is bounded below by a quantity depending on C(A) =1=2=. Additionally,
the value of A(0©*) derived from NN training likely meets the established inequality in
Proposition 4.4, which leads to instability. This confirms that effective neural network
training can produce a very accurate but unstable reconstructor ¥g.

A widely adopted strategy to bolster robustness in neural networks is known as
noise injection. This technique involves adding noise to the input of the network
during its training phase. In this context, the set of reconstructors Vg, referred to as
iNN, is defined by a neural network trained through the following equation:

Np
4.7 min Uo(yd) — x|,
(4.7) %EFS;H o(y;) — i |2

where § > 0. Research detailed in [5] has demonstrated that this approach effectively
introduces a Tikhonov regularization term into the loss function. Although this tech-
nique, as described in [3], enhances the stability of the resultant network, the impact
of noise injection on the accuracy of the model remains somewhat ambiguous. Fur-
thermore, the optimal amount of noise to be added to each input to optimize the
balance between stability and accuracy is still a subject of investigation.

4.3. Regularized NN-based reconstructors: The ReNN approach. To
develop a reconstructor with improved stability compared to standard neural net-
works, we harness the properties of Tikhonov regularization. It is important to note
that a Tikhonov regularized reconstructor ¥ achieves stability for an appropri-
ately chosen regularization parameter, as delineated in Proposition 2.17. Hence, the
proposed reconstructor will be referred to as the regularized neural network (ReNN),
denoted by \Ifg’L and it is defined by training a neural network with a new loss ¢ as

Np
AL . ,
(4.8) Vgt earg min Y ||[We(y?) — UM ()5,
Ve 6]—'@;‘ =1
with § > 0. We underline that ReNN does not require any ground-truth solution
a9t since the target is computed from the corrupted datum g° via the Tikhonov-
regularized reconstructor. Furthermore, in the training of ReNN, noise is present not
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solely to the input of the neural network model, as is the case with iNN, but also to the
input of the Tikhonov-regularized reconstructor, which is responsible for generating
the target. In the following, we consider for simplicity the case X = R"™, but similar
results hold for a general X C R™.

Why does ReNN exhibit greater stability than NN? Starting from inequality (4.3)
it is easy to notice that (4.8) corresponds to the minimization of A.(©) in Theorem
4.1. Moreover, by Proposition 4.3, if A.(©) is small, as it is common when Ug is a
neural network, then A(0) € [0,A(O)] is also small. Regarding the right-hand side
(A, e, X) —n of (4.3), it is noted that in this instance n depends on A, and n(\) — oo
for A — co. Consequently, for sufficiently large values of A, it is probable that ReNN
does not fulfill inequality (4.3), which would lead to instability. Moreover, minimizing
A(O) is crucial for enforcing the method’s stability, as proven by Theorem 4.1, where
we have shown that in our hypothesis the stability constant C¢ WA <1 for bufﬁmently

small A (0). Hence, effective training of ReNN should produce an accurate and stable
reconstructor.

4.4. Stabilization on NN and ReNN: St-approaches. In the remainder
of this section, we discuss an application of the stabilizers, introduced in section 3,
to improve the stability of neural network—based reconstructors. We propose new
reconstructors ¥ € Sp, W =+o¢, where 7 is a neural network-based reconstructor. In
particular, we consider ¢ as the Tikhonov e-stabilizer ¢ defined in subsection 3.2 and
obtained by k iterations of the CGLS algorithm, with a suitable k. When -y is chosen
as NN, iNN, and ReNN we obtain the e-stabilized reconstructors StNN, StiNN, and
StReNN, respectively.

Note that, in this case, we can apply Theorem 3.3 with ¥; =~ o ¢y and ¥y =1,
and whenever we choose ¢ such that

CS

4.9 cf < —72

9 = T

the e-stabilized reconstructor ¥, gets more stable than its unstabilized version Ws.
We remark that it is always possible to find a Tikhonov stabilizer ¢y, fitting (4.9), by
suitably tuning A and k. Clearly, this comes at the expense of accuracy as discussed
in Proposition 3.5, but we will show that the accuracy does not suffer excessively, as
evidenced by empirical results in section 6.

5. Experimental setup. To assess the theoretical issues proposed, we con-
ducted a series of experiments. It is important to highlight that all tests were carried
out utilizing the same end-to-end U-net architecture. For details on the architecture
and its training, you can refer to [20, 10]. In the following experiments, the stabi-
lizer applied to all the considered reconstructors is obtained with k& = 3 iterations of
the CGLS algorithm on (2.6). The codes can be found in our GitHub repository at
https://github.com/loibo/ToBeOrNotToBeStable.

As a test case, we consider image deblurring [16], a common inverse problem in
imaging. In this case, A is a block circulant matrix with circulant blocks obtained from
a convolutional kernel with periodic boundary conditions [16]. In our experiments,
we use the 11 x 11 Gaussian blur filter K:

(5.1) Kij=e * & , i,je{-5,...,5}

with variance o2 = 1.3.
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5.1. Dataset. Our results have been tested on the famous GoPro image dataset
(https://seungjunnah.github.io/Datasets/gopro), introduced in [24], which is consti-
tuted by high-resolution RGB images. All the images have been cropped into patches
of size 256 x 256 (without overlapping), converted into grayscale, normalized in [0, 1],
and labeled as :Bft,i =1,... Np, with Np =3614. We generated the blurred and noisy
data y¢ = Az?" + e, where e ~ N(0,02T). We need the following datasets to train
the three considered neural networks—based reconstructors.

e For the NN training (see (4.6)) we consider the set D = {(y;, ")} ",
containing the blurred noiseless datum (i.e., 6 = 0) and the exact mft tar-
get, picture.

e For the iNN training (see (4.7)) we consider the set Ds = {(y?,x?")} ",
containing the blurred and noisy datum y¢ and the exact :cft target picture.

e For the ReNN training (see (4.8)) we consider the set ID);"L = {(v?,
WAL (y0)) 1N containing the blurred and noisy datum y? and the target
image computed by the Tikhonov reconstructor (using L = I in (2.6)). In
particular, we choose A heuristically and computed U*F(y°) by means of the
CGLS algorithm [14] to solve the normal equations of (2.6).

We finally split the Np data samples into train and test subsets, with Ng.qi = 2503
and Ntest =1111.

5.2. Results evaluation. In order to estimate in our experiments the accuracy
and the stability constants of a given reconstructor ¥ we compute the empirical
accuracy 7! and the empirical stability constant C‘&,, over the test set 7S. They
are, respectively, defined as

(5.2) = sup [[U(Az9)— x|
xzIteTS

and

(53) R

x9teTS 1

where e ~ N(0,52I) differs for each datum z9 € TS. Finally, we compute the
empirical reconstruction error on the test set as

E(V,8)= sup [|¥(y°)— x|
xIteTS

To evaluate a single image reconstruction, we also calculate the widely used Structural
Similarity Index (SSIM) [29], taking values in [0, 1].

To augment the stochastic nature of our experiments, we replicate the tests T =
20 times, each with different realization of noise. In the following, we report the
maximum value of the computed parameters 7 and C’&, over the T" experiments.

6. Numerical results. In this section, we present the outcomes achieved in
terms of empirical accuracy, stability, and reconstruction error for the solvers pro-
posed in this study. The objective of this section is twofold: first, to validate the key
theoretical findings established in the previous part of the paper, with a particular
emphasis on the deep learning—based reconstructors introduced in section 4; and sec-
ond, to examine the impact of the stabilizer in scenarios where the noise levels exceed
those the parameters were initially selected for.
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6.1. Results with NN-based reconstructors. We begin by considering the
NN and iNN approaches, and their stabilized counterparts, StNN and StiNN, assum-
ing the availability of ground-truth images :cft, 1=1,...,Np.

The first experiment concerns NN and StNN. The first row of Figure 6.1 shows
the reconstructions obtained with both the methods on one image y, from the test set
(without noise added). To assess the stability of our frameworks concerning unseen
noise on the data, we also tested the NN reconstructor on noisy images ¥ =y, +
e; with e; ~ N(0,52I) and 6 = 0.01. The second row of Figure 6.1 displays the
reconstructions obtained on the same test image.

From the images presented in Figure 6.1 and their SSIM values, it is observable
that the NN reconstructor excels in restoring the blurred image, yet it demonstrates
its unreliability as soon as even a minimal amount of noise is added to the data. In
contrast, StNN emerges as an effective compromise between accuracy, as evidenced by
the high-quality image in the first row with noise-free data, and stability, highlighted
by the superior quality of the StNN image compared to the NN one in the second
row under noisy conditions. Table 6.1 reports the values of the empirical accuracy
7~ and empirical stability constant C’&, for the considered methods on the whole test
set. It confirms that there is a trade-off between accuracy and stability, as proved in
Theorem 2.10, and that the stabilization strategy improves the value of C’fp.

To further investigate the different behavior of the two reconstructors for increas-
ing values of 4, in Figure 6.2 we plot the reconstruction error for ¢ € [0,0.03]. The
value of 6 = 0 used in the training is indicated with a star marker. We note that

w9t NN StNN
(SSIM = 0.9864)

(SSIM = 0.9142)

StNN

FIG. 6.1. Results obtained by the NN and StNN reconstructors on a single test image y°® with
0 =0 (first row) and § = 0.01 (second row). The ground-truth clean image is also reported for
reference.
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TABLE 6.1 o

Values of empirical accuracy and e-

stability constant obtained by NN and StNN
reconstructors, trained on noise-free data.

£V, 6)

20

0.000 0005 0010 0015 0020 0025  0.030

NN StNN
A1
n 0.1203 0.0616 FiG. 6.2. Plots of the empirical error
C§(6=0.01) 36.7298 0.1579 yielded by NN and StNN reconstructors for in-
creasing values of 6 in the test images.
TABLE 6.2

Values of empirical accuracy and stability constant obtained for iNN and StiNN reconstructors,
trained on noisy data with § =0.025 and tested with different values of 6.

iNN StiNN
A=t 0.0707 0.0606
Cg, (6 =0.025) 0.0899 0.0703
Cg, (6 = 0.060) 0.4309 0.2122
C¢, (6 =0.125) 0.8385 0.6215

the StNN curve is characterized by a notably flat trajectory, in contrast to the NN
curve, which exhibits a rapid increase. This observation aligns with and reinforces
the insights gathered from previous analyses.

In the second experimental setting, we considered the iNN reconstructor, trained
by (4.7), with § = 0.025. Table 6.2 reports the empirical accuracy and stability com-
puted for both iNN and its stabilized version, StiNN, when the methods are tested
on data yf with § = 0.025,0.060,0.125, respectively. The table shows that injecting
noise into the observed data during training produces slightly less accurate but far
more stable reconstructors (as visible by comparing the results with unseen noise in
Table 6.2 to those in Table 6.1).

6.2. Results with ReNN-based reconstructors. In this subsection, we focus
on the application of the proposed ReNN reconstructor and its stabilized variant
StReNN on noisy data characterized by 6 = 0.025. It is important to recall that
ReNN is trained following the methodology outlined in (4.8) and utilizes a dataset
that does not include the exact x9" images. The target images are the output of
Tikhonov reconstructor ¥ applied to the data yf,i =1,...,Np. The Tikhonov
regularization parameter A\ has been heuristically chosen as A = 0.31 to obtain a
small reconstruction error on the training set. The same value of A has been used
for computing the input and the target image of the ReNN scheme, as well as to
compute the Tikhonov reconstruction. However, in experiments not documented in
this paper, we observed that this is not a strict requirement; different values of A can
be selected at each step. We opted not to include these results here because using a
consistent A\ demonstrated slightly superior performance in our experimental setup.
The methods have been tested on noisy data with § =0.025,0.060,0.125, respectively.
The outcomes obtained in terms of accuracy and stability constants are reported in
Table 6.3. In the final column of this table, we also include the metrics pertaining to
the Tikhonov reconstructor. It is observed that the accuracy of the three methods is
quite comparable. Notably, the stability of the regularized NN-based reconstructors
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TABLE 6.3
Values of empirical accuracy and stability constant obtained for ReNN, StReNN, and Tikhonov
reconstructors, trained on noisy data with § =0.025 and tested with different values of §.

ReNN StReNN Tik
A1 0.0461 0.0420 0.0474

C5(6=0.025) 0.0270 0.0150 0.0614

Cg(6=0.060) 0.0739 0.0588 0.1490

Cg(6=0.125) 0.2261 0.1702 0.2822

iNN StiNN
(SSIM = 0.6063) (SSIM = 0.7203)
: (oM =

oy AT

- '[ - ‘
w - - o &

Tik ReNN StReNN
= 0.6137) ~ (SSIM = 0.6841) (SSIM = 0.7174)

(SSIM
Tatis :

P

FIG. 6.3. Blurred noisy input image y° (6 =0.06) on the top left and examples of reconstruction
obtained by the iNN, StiNN, ReNN, StReNN, and Tikhonov methods on a test image.

surpasses that of the Tikhonov method. Furthermore, the application of stabilization
to ReNN exhibits increasingly beneficial effects as the noise level in the data escalates,
as evidenced in the table’s last row.

6.3. Comparison among reconstructors. In this final subsection we provide
an overview of the results and compare the NN-based reconstructors with the ReNN-
based ones. Figure 6.3 shows the output images of the reconstructors trained on noisy
data yf, 0 =0.025 and tested on noisy data with § =0.060. As previously observed,
the stabilization technique is effective, as demonstrated by the image quality and the
SSIM value. Interestingly, comparing iNN and ReNN we observe that the ReNN
output images inherit smoothness from the regularized images used as target in (4.8),
and exhibits a higher SSIM. At last, ReNN also outperforms Tikhonov reconstructor
in terms of SSIM.

In Figure 6.4a we plot the reconstruction error of the methods for increasing value
of 0 € [0,0.1]. The value of § = 0.025 used in the training is indicated with a star
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F1G. 6.4. (a) Plots of the empirical error yielded by iNN, StiNN, ReNN, StReNN, and Tikhonov
reconstructors for increasing values of & in the test images. (b) Bozplots over the T =20 executions.

marker. It is discernible that the blue iNN curve demonstrates a markedly steeper
gradient, commencing from the minimal error value and escalating to the maximal.
The red plot, representing StiNN, intersects the blue iNN curve at approximately
0 = 0.055, indicating a more stable behavior at higher noise levels (color plot avail-
able in electronic version of this paper). The remaining three curves, corresponding
to the regularized approaches ReNN, StReNN, and Tikhonov, exhibit similar slopes
and behaviors. They manifest elevated errors for smaller values of d, yet surpass the
performance of iNN when § > 0.07, yielding results comparable to those of StiNN. We
underline that when we use Tikhonov reconstruction images as targets, i.e., in ReNN
and StReNN approaches, we aim at speeding the iterative process by means of the neu-
ral network. Finally, Figure 6.4b presents the boxplots of the experimental accuracy
achieved across T' = 20 executions with varied random realizations. The limited vari-
ance in these plots indicates that the values of 7~! are remarkably consistent for each
individual reconstructor, thereby affirming the robustness of our accuracy definition.

7. Conclusions. In this paper, we conducted a comprehensive theoretical analy-
sis of a broad spectrum of reconstructors for addressing a discrete ill-posed inverse
problem with noisy data. Our findings, particularly encapsulated in Theorem 2.10,
establish that enhancing stability in these reconstructors invariably leads to a decrease
in accuracy. Our focus was primarily on reconstructors that leverage neural networks.

In consideration of the trade-off theorem, our objective was to enhance the sta-
bility of reconstructors based on deep learning, while preserving their accuracy as
much as possible. We based our analysis on the reconstructors represented by the
popular end-to-end NN approach for image restoration, and we also considered the
extensively utilized noise injection stabilization technique, here referred to as iNN.
As is commonly understood, these approaches are trained using datasets that include
images with known ground truth.

We have proposed new deep learning—based approaches: (i) an additional recon-
structor, ReNN, which is trained on noisy images and increases the stability of NN by
inheriting regularization from a model-based scheme in its training; (ii) a stabiliza-
tion technique which stabilizes the solving process by reducing the impact of the noise
with few iterations of a model-based algorithm, and it is applied to all the proposed
reconstructors, resulting in StNN, StiNN, and StReNN.

We performed extensive numerical experiments on image deblurring and denois-
ing, with results serving to substantiate the theoretical framework presented in our
study. First, we observe, from Tables 6.1, 6.2, and 6.3, that the introduction of the
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proposed stabilizers reduces the stability constants of 99.6% in StNN, of about 50%
in StiNN and StReNN, with a minimal accuracy loss of about 10—20% in StiNN
and StReNN and of about 50% in StNN. Second, in cases where only noisy data are
available and ground-truth images are not accessible, the ReNN approach performs
exceptionally well and represents a more stable alternative compared to the Tikhonov
reconstructor, as demonstrated by Table 6.3 and Figure 6.4. ReNN outperforms even
NN when noise impacts the data.

We believe that this new approach for solving noisy linear inverse problems with
stable deep learning—based tools is relevant in this field. It can be further theoretically
extended to more general problems and formally applied in real imaging applications,
as, for example, in [11].

Reproducibility of computational results. This paper has been awarded
the “STAM Reproducibility Badge: Code and data available” as a recognition that
the authors have followed reproducibility principles valued by SISC and the scientific
computing community. Code and data that allow readers to reproduce the results in
this paper are available at https://github.com/loibo/ToBeOrNotToBeStable and in
the supplementary material (ToBeOrNotToBeStable.zip [local/web 3.76MB]).
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