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Abstract
In this work we are interested in the study of a class of anisotropic porous medium-type
equations whose prototype is

N
u,=Z(m,-um"_1uxi)xv , O<m<---<my<1, (1.1)

i=1
for which we derive several estimates, namely two Harnack-type inequalities; and, when

considering the associated Dirichlet problem, we determine the finite time of extinction and
thereby present a decay rate of extinction.

Mathematics Subject Classification 35K55 - 35K67 - 35B65 - 35Q35 - 35D30

1 Introduction

Several physical phenomena, such as groundwater infiltration or heat radiation in plasmas,
are described by nonlinear evolutionary differential equations of the form

N

u,:Z(mumfluxi)xi :A(um). (1.1)

i=1
These equations are the nonlinear version of the heat equation (m = 1) and are known in
the literature as the porous medium equation, when m > 1; when 0 < m < 1, the equation
is called the fast diffusion equation (some authors, call it porous medium type equation).
The mathematical challenges within their structure together with their physical relevance

Communicated by A. Mondino.

B Eurica Henriques
eurica@utad.pt

Simone Ciani

simone.ciani3 @unibo.it

Department of Mathematics of the University of Bologna, Piazza Porta San Donato, 5, 40126
Bologna, Italy

University of Tras-os-Montes and Alto Douro: Universidade de Tras-os-Montes e Alto, Douro, Vila
Real, Portugal

Published online: 24 March 2025 9\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-025-02979-7&domain=pdf
http://orcid.org/0000-0003-0844-5277

117  Page2of35 S.Cianietal.

(due to the variety of applications) rouse the interest of several authors since the middle of
the 20th century (see for instances [3—39] and the references therein). It is known that the
properties exhibit by the solution of (1.1) for m # 1 do not hold whenm = 1: form > 1, the
disturbances from the data propagate with finite speed, and, for 0 < m < 1, solutions become
zero (extinct) in finite time. These two properties were first obtained in [5] (we refer to [32,
40], in the case of the p-Laplacian). Although the subject is not new, it is still deserving the
attention of a wide community of mathematicians as can be seen in [8, 26, 28-31]; and also
in the recent works [7, 10, 17, 27] where a doubly nonlinear parabolic equation is considered.
All these works, although presenting different settings (for instance, the way the solution is
defined), methods and approaches, rely closely on the isotropic character of the diffusion
process. When in presence of electrorheological fluids, for instance when considering the
flow of a barotropic gas in a nonhomogeneous anisotropic porous medium, the exponent
associated with the diffusion is now a function y (x, t) of the thermodynamics, being the
process modelled by

u; — div (|u|y(x”)Du) - f (12)

Results on the existence, uniqueness and localization properties of the solutions to (1.2) were
obtained in [2]; in [21-24] a local regularity theory was developed (in [1] and the references
therein one can find a more complete description of the subject).

Consider now the water motion in an anisotropic porous medium. This particular feature
changes the scenario: we are in the presence of an anisotropic phenomenon modeled by
(1.1). In [35, 36], the author proves the existence and uniqueness, respectively, of generalized
solutions (also continuous by definition) to an initial-boundary value problem associated to
an anisotropic porous medium equation possessing also singular anisotropic advection and
strong absorption terms. In these works, the author stresses out the difficulties arising from the
anisotropies of the diffusions as well as the singularities of the advection. In [9] the authors
prove the local boundedness and continuity of weak solutions in terms of the linear Riesz
potential of the right-hand side of the equation, when this is sufficiently regular. In [33], the
authors proved the existence of fundamental solutions (continuous by definition) to (1.1),
for 0 < m; < 1, pointing out the need to take into account scaling techniques in each space
direction and the construction of suitable super solutions. In [34], the same authors establish
the existence of a unique solution to a Cauchy problem with integrable initial data as well as
a comparison principle; the adopted setting considers the arithmetic mean m = va m;/N
to be in the supercritical range m > (N — 2)/N, my < (2 + Nm)/N and L'-regular
solutions. Results on the local regularity of the weak solutions to (1.1), based on intrinsic
isotropic scaling, were derived in [22], separately, for the degenerate case, m; > 1, and for
the singular one, 0 < m; < 1.Inthe recent work [19], the authors contribute with the analysis
of self-similarity: they prove the existence of a unique fundamental solution of self-similar
type and present, in terms of the family of self-similar fundamental solutions, the asymptotic
behavior of all finite mass solutions. Their work is developed for the prototype anisotropic
fast diffusion equation (1.1) defined along the stripe RY x R*.

To the best of authors’ knowledge and within the context presented here and explicited below,
no results related to Harnack-type inequalities and extinction profile have been obtained so
far. This is precisely the scope of this work: not only to bring to light Harnack-type inequalities
and extinction profile towards (singular) anisotropic porous medium type equations, but also
(and no less significant) to do it in a wider context where lower order terms are considered,
so that absorption and advection may be taken into account. In fact, we will consider the
following class of anisotropic evolution equations
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u; —divA(x, t,u, Du) = B(x,t,u, Du) in Qr=Qx(0,T7T] (1.3)
for positive 7 and a bounded set Q2 of RN, N > 2, being A = (Aj,..., Ay) where
Al,...,AN,B : Q7 x RN +1 s R are measurable functions satisfying the structure
conditions

N N
Ax.t,u, Du) - Du = Co y_milul™Muy |2 = C* ) ju™ ! (1.4)
i=1 i=1
N N
AGetu, Du)| < Cr Y milul™ ™ Hug | +C Y Jul™ (1.5)
i=1 i=1
N N
|BCx, t,u, Du)| < C Y mylul™ g |+ C* Y jul™ (1.6)

i=1 i=1

for given positive constants C, and Cy, C anonnegative constantand0 < m| < --- <mpy <
1.

1.1 Setting the framework

To clarify notation, for a real valued function u(x,t), being (x,t) € Qr with x =

(x1,...,xn), we consider the time and space derivatives as
ou Ju .
Uy =—1i=1,....N Du:(uxl,...,uxN).

= — Uy
ot i 0x;

Within the setting (1.3)—(1.4)—(1.5)—(1.6), for 0 < m| < --- <my < 1, we are in presence
of a singular anisotropic differential equation: on the one hand, in every single direction, the
modullus of ellipticity u™ ~! becomes unbounded at the points where u vanishes—singular
character -; on the other hand, the diffusion occurs differently in each space direction since
there is an i-dependence on the exponents m;—anisotropic character.

This equation gives rise to two particular cases: when C = 0,nolower order term is considered
and we say the equation related to (1.3) is homogeneous; if furthermore C, = C; = 1, we
recover the prototype anisotropic porous medium type equation (1.1).

As mentioned before, the definition of solution taken at hands plays an important role when
deriving estimates, properties and other results. In what follows we present what we mean
by a local weak solution to (1.3)—(1.4)—(1.5)—(1.6).

Definition 1.1 A measurable function u : Q7 — R is called a local weak sub(super)solution
to (1.3)—(1.4)—(1.5)—(1.6) if

m;—1

ueC(0,T; L7, () and |u|"7 uy € L}, (0,T; L},.(Q), Viefl,...,N},

loc loc

and, for all K CC 2 and for all [#1, 2] C (0, T'], the inequality

/u(p(x,tz)dx—/ uga(x,tl)dx—// ug; dxdt
K K 0]

+// A(x,t,u, Du) - Do dxdt < (>) // B(x,t,u, Du)p dxdt (1.7)
(¢ (¢

holds true for all nonnegative test functions ¢ € WIIU’C2 (0, T; L*(K))NL}, (O, T; W01’2(K)),
being Q = K x [t1, 1z].
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A function u that is both a local weak sub and super solution is called a local weak solution
to (1.3)—(1.4)—(1.5)—(1.6).

Along the text, we will take test functions that depend on the solution itself, and thereby
have (if any) low regularity in time (in general the time derivative of # only makes sense in
a distributional context). To present accurate proofs one should consider either the Steklov
average of u, as proposed in [15], or the regularization u* proposed in [25] for the porous
medium equation. Loosely speaking, this procedure allows to work freely with time deriva-
tives of the regularized solution and then, due the regularity assumptions on u, pass to the
limit. The procedure and limit process are very similar to the one already known for the
isotropic equations. Hence, for the sake of simplicity and to keep the focus on the anisotropy,
we decided to proceed in a formal fashion. For an accurate approach we refer to [20], with
the obvious changes.

1.2 Novelties and main results

The study of the anisotropic porous medium type equation within this wider context is new
and adds up several other difficulties to the anisotropy. Indeed, not only one has to deal with
the anisotropic character of the differential equation, demanding and difficult by itself, but
also one has to cope with the lower order terms: roughly speaking and just to illustrate what
one has to deal with, when considering the prototype Eq. (1.1) one can skip to take space
derivatives of u™ and just work with

N
/ up(x, ) dx — / up(x,t;) dx — // up; dxdt + Z// u" @y, dxdt =0
K K 0 g

which is no longer possible in this large setting.

Unlikely to what happens to the porous medium type equation, where the transformation
v = u" can be considered, in the anisotropic setting that is no longer possible; so a different
nonlinear strategy has to be taken into account whose use might be adapted to a variety
of other different situations. We would like also to mention a technical improvement that
we think it may be useful in other contexts: the proof of the integral form of Harnack type
inequality, at a certain stage, requires to work with some sort of energy estimates exhibiting
negative powers. This turned out to be a technical difficulty which we overcome by keeping
the anisotropic estimate as it appeared and afterwards assume a certain condition on the
supremum of |[u (-, T)||;1,for0 < v < ¢.For aninsight on this simple but effective technique,
we refer to the proof of Lemma 4.1 and later condition (4.4), for the intrinsic anisotropic
setting; for the standard setting, see Lemmas 8.1 and 8.6 .

As said before, the anisotropy exhibited by the equation is quite a hard thing to deal with.
How can one entangle this relevant and difficult feature along with the theory of Harnack-type
inequalities? We realized that the adopted geometry plays a crucial role along the process
(and there is a price to be paid), unlikely to what happens in the isotropic setting. Our local
results will be presented and proved under two different geometries: for an interior point
(%0, tp) € Qr, we consider

* the standard one, meaning a geometry that keeps time and space independent, i.e.

O (X0, 10) = {|x — x| < p} X [, 15 + 1]

More details about this geometry and results obtained under its choice can be found in
Sect. 8.
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* an intrinsic anisotropic geometry, meaning a geometry for which time tangles within
the cube’s radius. More precisely, for fixed p > 0 and # > 0, we consider the intrinsic
anisotropic cubes and cylinders

N mi—m
t 2(1-m)
Kap(ro) = [ ] § i = xoil < (ﬁ) ap ¢ .
i=1
Qap(x()a 1) = ’Cap(xo) X [to, 2o +1t] a>0. (L.8)
In Sect. 3 this geometry and its choice will be made precise.

In what follows we present the main results stated within the anisotropic geometric framework
(under a translation argument, we will consider (x,, f,) = (0, 0)), starting with two Harnack-
type inequalities and finalising with results related to the existence of a finite time of extinction
and its associated decay rate. Analogous results will be derived (and proved) in Sect. 8§ where
a standard isotropic geometry is undertaken.

Theorem 1.2 (Integral form of a Harnack-type inequality) Let u be a nonnegative, local weak
solution to (1.3)—(1.4)—(1.5)—(1.6) in Q. There exists a positive constant y, depending on
N, C,, C1, my, such that, for all cylinders Q», C Qr, either

=0
Cp(—z) >1, forsomei=1,...,N (1.9)
0

or

1
t 1-m
sup / u(x,t)dx <y { inf / u(x, t)dx + <7> (1.10)
0<r=tJIK, O<t=t Jic,, P

where A = N(m — 1) + 2.

Theorem1.3 (L! — L

Toc i Harnack-type estimate) Let u be a nonnegative, locally bounded,

local weak solution to (1.3)—(1.4)—-(1.5)—(1.6) in Qr, for m > N. There exists a pos-

itive constant y, depending on N, C,, C1, m;, such that, for all cylinders Q;, C Qr,
either

¢\ 2=
CP<7> >1, forsomei=1,..., N, (1.11)
P
or
2/x 1
- : t I—m
sup  u<=<yt *| inf / u(x, ) dx +y<—2> . (1.12)
Kpax[t/2,t] O<t=<t Kap 0

Remark 1.4 The alternative condition (1.9) presented in both Theorems 1.2 and 1.3 is related
to the existence of lower order terms: it means that some projection of the set K, along a
coordinate axis has to be bigger than 1/C and implies an estimate for the integral terms
related to the lower order terms. When Eq. (1.3) is homogeneous (C = 0) this alternative
argument is void, while when all m; = m, that is, when Eq. (1.3) becomes the fast diffusion
equation, it reduces to the classical alternative Cp > 1.

If one adopts a standard geometry, the second terms on the right-hand sides of (1.10) and
(1.12) is replaced by a sum where each component will depend on m; instead of m; see Sect. 8
for a complete understanding.
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Another novelty concerns the attainment of extinction in finite time, regardless of the geom-
etry undertaken since one works with a rectangular bounded domain € C R" containing the
origin. In fact, when considering the Dirichlet problem

u; —divA,(x, t,u, Du) =0 (x,1) € Q x RT

u(x,t)=0 (x,1) € 92 x (0, +00) (1.13)
u(x,0) =uys(x) >0 x €Q
where the operator A, satisfies the homogeneous structure conditions,
N
Ao t,u, Du) - Du > Co Y mlul™ uy > Cop>0 (1.14)
i=1
N
|Ao(x, 8, u, D) < Cr Y mylul™ | C1 >0 (1.15)

i=1
assuming that (1.13) has a unique solution (see for the special cases [1, 2, 33, 34]), this
solution vanishes in a time 7* that can be quantified in terms of some L”-norm of the initial
datum u,,.

Theorem 1.5 (Finite time of extinction in bounded domains) Let Q2 be a rectangular bounded
domaininRN, N > 2. Assume u is the unique nonnegative, bounded weak solution to (1.13)—
(1.14)—(1.15), where u, € L°°(2). Then there exits a finite positive time T*, depending on
C,,mi,my,m, N, such that

u(x,t)=0 for all + > T*.

Moreover, letting By = [N(m — 1) + 2+ 2my]/[N(mpy + 1)2), the extinction time T* has
an upper bound:

1- N({-— -
g ||Mo||LNr<7—m)/2(Q) my < % —1 and 0 <m < —NNZ
* - - N(a- -
T < QP ol g, my = M5 =1 and 0 <m < M52 (116)
_ 1— _
y2 Q1P ol g ME <m < 1

where the positive constants y1 and y» only depend on C,, m1, my, m, N.

From this result one is able to derive the decay rate of extinction that relies on Harnack-type
estimates and therefore on the adopted geometry (see Sect. 8 for details on this topic when
one chooses to work within the standard geometry).

Theorem 1.6 (Decay rate of extinction) In the setting of Theorem 1.5, letm > (N —2)/N be
supercritical. Then, there exists a positive constant y, depending upon C,,my,my, N, m,
such that

T* — 1\
(., OllLewrc,) < v ( 3 ) for all T*/2 <t <T*,
0
being T* be a finite time of extinction and assuming K, = ]_[,N:l{|xi| <
w_ o\ (mi—m)/[2(1—m)]
<%) p} C Q.

No particular role is played by the boundedness of the domain within the range 0 < m <
(N —2)/N andmpy < [N(1 —m)]/2 — 1, hence the extinction in finite time holds true also
for unbounded domains.
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Corollary 1.7 (Finite time of extinction in RM) Assume that u € C@RT, LZ@RN)),
u(’”"_l)ﬂuxi e LE®RY, L2®RM)), N > 2, is the unique nonnegative bounded solution to
the Cauchy problem

u; —divAo(x, t,u, Du) =0 (x,1) e RN x RY,
N (1.17)
u(x,0) =u,(x) >0 x € RY,
where A, satisfies (1.14)=(1.15) and u, € L®°(RY) N LYRN). Consider
N1 — N -2
mN<M—1andO<m< .
2 N
Then there exits a finite positive time T*, depending on C,, N, m1, m, such that
u(x,t) =0 for all t > T*.
Moreover
* 1—
T f Y ||u0||LNr(r;—m)/2(RN) (118)

where the constant y only depends on C,, m1, m, N.

1.3 Adopted text structure

In Sect. 2, to keep the text as self-contained as possible, we present several known results; in
Sect. 3, we present an intrinsic anisotropic geometry within it (1.3) behaves as the (isotropic)
porous medium type equation with respect to the arithmetic average m = Z,N= (mi/N.In
Sect.4 and Sect. 5, working on the framework of intrinsic anisotropic geometry, we derive an
integral Harnack-type inequality and a L'—L° Harnack-type inequality, respectively. Still
under the framework of intrinsic anisotropic geometry, Sect. 6 comprehends the presentation
and proof of alocal L" estimate backward in time, while Sect. 7 is devoted to the study of the
extinction profile. Finally, in Sect. 8, all the previous results are revisited and proved within
the context of the standard geometry.

2 Auxiliary results

As it is well known, for the isotropic porous medium equation (see for instances [15]), the
proof of Harnack-type inequalities relies on two important estimates: the Holder inequal-
ity and the Sobolev-Nirenberg embedding. In the present setting, that is, in the context of
anisotropic diffusion equations, we will also need to have this kind of embeddings at hand.

While the first result, originally investigated by Troisi [37], provides an anisotropic elliptic
embedding, the second one (see [18]), gives us the expected embedding in the parabolic
framework. Although these two results are given in a wider fashion (see also [6]), for any
l < pi <oo(i =1,...,N), for our purposes it suffices to present them in the case of
L?-norms.

Proposition 2.1 (Anisotropic Sobolev-Troisi embedding) Let @ € RN be a rectangular
domain, for N > 2, and consider «; > 0,1 =1, ..., N. Define

N
a:Zai and 2% =2
i=1

* X
o N’
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where2* = 2N /N — 2 stands for the Sobolev exponent. Then, there exists a positive constant
C = C(N, «) such that, for every u € WJ’Z(Q),

N
; 1
lll 25 gy < € [TNCRG 11, 2.1
i=1

Proposition 2.2 (Anisotropic Gagliardo-Sobolev-Nirenberg embedding) Ler @ € RV be a
rectangular domain, N > 2, o; > 0,i =1,..., N, and o € [1, 2%], being 2}, as before.
For any number 0 € [0, (N — 2)/N], define

g=q0,a) =02 +0(1—0).

Then there exists a positive constant ¢ = ¢(N, «, 0, o) such that

1-0
// w9 dxdt <&T' 052 [ sup /|u|f’(x,t)dx
Qr te[0,T] JQ

N 72
I1 ( / /Q | (jul®),,, I” dx dz) : 2.2)
i=1 T

forany u € L'(0, T; WOI’I(Q)) for which the right hand side is finite (otherwise (2.2) is
trivially true).

The two nonlinear iteration Lemmata that we are about to describe can be found in [14]
(¢ > 1) or [13] (¢ > 0), and are related to some properties of sequences of numbers (¥,),,
n € N,. The first one concerns the geometric convergence of (¥},),,, while the second one turns
the qualitative information on an equibounded sequence (Y;), into qualitative information
on its first element Y,,.

Lemma 2.3 (Fast geometric convergence Lemma) Let (Y,), be a sequence of positive
numbers verifying
Ypt1 = cb" Ynl+a

being c > 0, b > 1 and o > 0 given numbers. If Y, < /e 17_1/0‘2 then Y, — 0, as
n— o0o.

Lemma 2.4 (Interpolation Lemma) If we have a sequence of equibounded positive numbers
{Y,} such that

Yy <€Yyy1+cb", ¢,b>1, €€(0,1), (2.3)
then there exists y = y (b, ¢) > 0 such that

Yo<yec.

3 Intrinsic anisotropic geometry

In this Section we introduce the intrinsic anisotropic geometry for which the results in the
next three Sections are presented (and proved). For this purpose, let p > 0 and ¢ > 0 be fixed
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and consider the arithmetic mean m := ZlN: 1 m;/N. We consider the anisotropic cubes and
the corresponding cylinders centered at the origin

N t 2<f7—_:«l>
Kap=]] |xi|<<;> apy and Qup =Kap x [0,1] for a>0. (3.1)

i=1
Observe that, although in each space direction we have intervals with different lengths (some
are very small and others are big, depending on the ratio (¢/p?) and on the difference m; —m),
this geometry preserves the volume:

1Kol =2V pN = |K,l,

being K, = {|x| < p} the usual cube in RY with edge 2p.

This type of anisotropic geometry will play a crucial role when deriving homogeneous esti-
mates for u. If not for anything else, this justifies (in some sense) its choice and use. However
one can go further on and understand it within a diverse but related subject: self-similar
solutions and geometries for which the energy estimates (fundamental tools in the theory
undertaken) are invariant. We refer to [4, 11, 12, 19] one some account on this topic.

To ease notation and have a glimpse on this topic, consider the prototype anisotropic porous
medium type equation (1.1). Let M, L;, T € R" and consider the change of variables

y=01,.-.,¥y8) =(L1x1,...,Lyxy) and z =Tt

and the function
vix,t) = M u(y, 2).

If we ask both u, v to be solutions to (1.1), they are called self-similar, and this determines a
relation between the coefficients M, L;, T. In fact, observe that, since

v, 1) =M '"Tu(y,z) and v, 1) = ML uy, (v, 2),

N N
u, = Z (m,-um"*luyi)yi — oy = Z [M””’lL;ZT (mivm"’lvxl.)xi].
i=1 i=1
The homogeneity is reestablished once we take, foralli =1,..., N,
mj—1
M"Y =12 = Li=M"T T 3.2)

. 1 1-m ... .
Let us consider 72 = M 2 A, for some positive real number A. Then (3.2) can be written
as

m;—m

Li=M"72 A, Vi=1,...,N.

Therefore from various possible choices, that usually take into account the conservation of
mass (see [11, 19]), we let Q1 = K x [0, 1] and focus on the self-similar transformations

my—1 my—1
Lo, t) = M~\u(M™ Tixy, ..., M~ Tixy, Tt) = M~ u(T (x. 1)), with

N
T Q) = 1"[{|xi| < M$T%l X 0,71,
i=1

my—m

2 v, ) =M WAM T X, .. AM T T xy, A2M) = M7 u(T (x, 1) with

N j—m
T (01) = l_[ {|xi| < AMMIT} x [0, A M'—™].

i=1
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In the geometries given by 7, ,5 and 7, Af} the energy estimates are invariant (see [11]). In
addition, there are two interesting features to be considered: in 7, 15 and for small M, stretched
intervals are considered in every single space direction (since all 0 < m; < 1) which is
consistent with the singular character of the equation, but the volume is not preserved. As
for 7, A’,}, the space intervals do not exhibit the same stretched behavior, while nevertheless the
volume is preserved: this last property is the best suited for our aim. This discussion motivates

1
the following introduction of geometry: for fixed p, t > 0, take A = p and M = (t/p?) ™",
then we obtain the intrinsic cylinders (3.1) as

TiH(01) =K, x [0, 1]. (3.3)

In the three following Sections, we consider that p and ¢ are fixed positive real numbers such
that

Qup = K4p x [0, 1] C Qr.

4 Proving the integral form of a Harnack-type inequality

In this Section we prove Theorem 1.2 with the help of the following result.

Lemma 4.1 Let u be a nonnegative local weak supersolution to (1.3)—(1.4)—(1.5)—(1.6) in
Qr. Leta € Rbesuchthat <a+1 < 1,0 <a+m; <1land0 < m; —a < 1. There
exists a positive constant y, depending on N, C,, C1,my, «, such that, for all cylinders
Q4+0)p C L, forall o € (0, 1), either

£\ Z=m
Cp (7) > 1, forsomei=1,...,N 4.1)
0
or
N N p 11 N 1—m;
. _ )/ -m. 0 _

Z//Q uhite 2|uxl_|2 dxdt < ) 1+ Z <<p2> S) S;+O‘ P Na
i=1 o im1

4.2)

where S = sup / udx and S = sup / udx.
K+o)p Kp

O<t=<t 0<t<t

Proof In the weak formulation (1.7), consider ¢ = u®*&(x), being

N
g0 =] &)
i=1

a smooth cutoff function defined in K(j44), and verifying § = 1in Ky, & = 0 outside
K(1+0)p such that

m—m;

1 (T
|Sl|57 ) l=1,...,N
op \p

and integrate over Q(14),. Recalling that « is negative, we then have

0< / ul(x, 1) £(x) dx —/ u*l(x,0) E(x) dx — // u(u®), & dxdr
Ka+o)p K+o)p Qi+o)p
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+// A-D (u”§) dxdt
Q(1+0)p

— // B u®E dxdt
Qi+0)p

=L+ 1+ I

Observe that

1 1
I = / u* M (x, DE(x) dx — —— u ™t (x, )€ (x) dx
a+1Jki0, @+ 1Ko
) a+1
< sup f ut(x, v) dx K (140)pl' @D
a+1o<r< K(1+0)p
71+2Nla|
< 75,3 p—N(x'
a+1

Now, by recalling the structure conditions (1.4)—(1.5)—(1.6), applying (twice) Cauchy’s
inequality to each ith-term, noting that

/ / Wit dxdr <t SMiTY (2p)N U= (mite)
Q(l+a)p

and that (4.1) is violated, we get

N

12:052// Ajux; u® dedt-i—Zf/ Aj u® &y dxdt
i—177Qx+o)p Q(1+0)p

< 2aC, Zm, // Wity 262 dxde

Qi+o)p

N 2 )?1*771[‘
C t - 21
22 —a(Cp) *71<*> " +C,0< ) T m) // u™iTY dxdr
(Uﬂ) P aC P Q+o)p

< 2aC, Zm, // Wity 262 dxde

Q

(1+0)p

N c 71[:,:1” C12 c t é;lf:»;?)
Z ( ) +Fo+ 14 p
1 1=m;
(([)lm pN) sat+l p=Na
2 Ky o
P o

< 2aC, Zm, // Wity 262 dxde
Qi+o)p

(N, Cy, Cy) N ! N o
YN, Co, Cq t\1-m p a+l —Na
+—" E (—) — S, 0
2 2 o
|a|o e ( P So
and

I < —aC, Zm // w2y 1262 dxdt

i=1 Q+o)p
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N

C?> Cy+1
+ 2 ot E // u™itY dxdr
lorjo Co i= Q+o)p

< —aC, Zm, // umite=2 )y 262 dxdr
QU+o)p
(N)C, + 1 AN
Y 4 + t t=m 14 a+1l —Na
— L N .
* ac?  C, Z (( ) So ) o P

2
i=1 P

Gathering all these estimates, and noticing that S < S, we arrive at

N

Z// w2y 262 gydr < YWV, Co, Cromy) 1
Q+o)p l B |Ol|2(Ol +1 o?

1 1—m;
1+Z<< ) o ) Sgﬂ p—Ne

which completes the proof. O

i=1

Proving Theorem 1.2

Let p > O and t > 0 be fixed and construct the increasing sequence of anisotropic cubes

N ml-—m
t 2(1—m)
Kn=]]1{l < <?> Pn
i=1

where
n

i 1
pSPnZPZZ 7 <2p and puq1 = (1 +04)pon io’nZﬁ'
Jj=0

N
In the weak formulation (1.1) take ¢ = &(x), being £(x) = 1_[ . & (x;) a smooth cutoff
=
function that: equals 1 in /C,;, vanishes outside /C,, 41, therefore satisfying

V’I—Vlli
, £\ 2=my Qn+l
&1 < -
o o

and consider the integration of (1.1) over K41 x [11, 2] C K2, x [0, £]. We then get,

/ u(x, 71)dx < / u(x, )dx
Ka Kn+1

N m—m;

2”+1 2(T=m) m)
+C Z ( ) / / u™ Muy, | dxdt
p n+l

+ch,/ /. M=y | dxdt
n+

on+1 ¢ m 1)
+C Z (—2) / / u™ dxdt
po p 71 It

i=1
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N .
+C2y / / u™ dxdr. 4.3)
71 Y1

i=1

Now we choose 1 € [0, ¢] such that

/ u(x,n)drt = inf / ulx,t)dx =171
KC2p 0<t=<t KCap

anddenote S, = sup / u(x, t) dxand Q, = K, x[0, t]. Thereby the previous inequality
o<t<tJK,
(4.3) now reads

ontl Ny —Z'Z’fmi) N
—m

Sy < T+C > (—2) ' // Wiy, | dxdr +CY // Wiy, | dxdr
P 1 P Qn+1 i=1 Q1

i=

ot N\ st N
+C > (—2> /f u™i dxdt +C*y /f u™i dxdr.
P i—1 P Qn+1 i=1 Qn+1

1

The terms evolving the directional space derivatives of u are bounded from above with

mj—l4a—1 m;—a
f/ umi*lluxi\dxdr = // (u 2 qui|> <MT> dxdt
Qntl Qn+t1
12 1
(// um"+a_2|uxl. 12 dxdr) (// umiY dxdr)
QVH»I QtH»l

1 2 i—a)/2 s
< y<2n Sr(l++la)/ P Na/Z) (Sr(:ill o)/ pN(l m,+a)/2tl/2)

y 2" S(’:—il“'l)/z pN(l—m,v)/Ztl/Z.
n

2

IA

A

These estimates were obtained by: means of Holder’s inequality; applying Lemma 4.1 to
the pair of cylinders Q, C Q,+1; recalling that (1.9) is not valid; assuming, without loss of
generality, that

1
t T=-m
S=3S, > <T) “4.4)

P

(otherwise, the results come immediately) and noting that, since 0 < m; — o < 1,

// u™i = dxdr < y(N) Sy pNUmmite) ¢
Qn+1
Combining the estimate

[ wmavar <y s, oM
Qn+1

with the previous ones, while assuming (1.9) is violated, we get

m—m;

N i 1/2 1/2

2 T\2=m [ N(1—m;) T N(-m;) (mi+1)/2

Sp < T+y2™" E Cl(p) (p)o i +Cp p/’ i St
i=1

N

t 2(1—m) t e t e .
-H/(N)Z"Z Cp(p) <p> pNUI=m) 4 (Cp)? (ﬁ) pNU=mi) S:::’Ll
i=1
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N 1—m; 1/2
t 1— X .
<THy2y ((2> Z pN(lml)) S;(z’i'lﬂ)/z

i=1 \ \P

1—m;

N
t I—-m . .
#r 23 () s

i=1
t \T-m
<esn+1+b"y(N,co,Cl,mN,e)[<A) m+z} b=22/0=mN)
P

The last inequality was obtained by applying (at both summation terms) Young’s inequality
with €; = € in each ith-term. At this moment, we are two steps away to conclude the proof:
firstly we iterate to get

n—1 1
t T—m
So < €"Sp+ ) (eb)ry [<A> +z}
k=0 P

and secondly we choose € € (0, 1) such that eb = 1/2. Since (S,), is equibounded, the
result follows by letting n — oo.

5 Proving local L1-L*> Harnack-type estimates

The main goal of this Section is to prove Theorem 1.3, local L'-L% Harnack-type estimates,
for which one needs to derive local L"-L*° estimates, for » > 1. Namely,

Proposition 5.1 (L] .— Ly estimates) Let u be a nonnegative, locally bounded, local weak
subsolution to (1.3)—(1.4)—(1.5)—(1.6) in Q. Letr > 1be suchthat ., = N(m—1)+2r > 0.
There exists a positive constant y, depending on N, C,, C1, m;, such that, for all cylinders
Q) C Qr, either

m;—m

t 2(1—m)
Cp<—2> > 1, forsomei=1,...,N 6.1
0

or

2/Ay 1
_N+42 t\1Im
sup u<yt // u" dxdt + (—2) . (5.2)
Kpax[t/2,t] Q) 1Y

Proof Leto € (0, 1), p > Oandr > Obe fixed. Forn € N, consider the increasing sequence

of levels |
kn =k <1 — 27)

being k a positive number to be chosen along the proof satisfying

1\ =m
k> (ﬁ) (5.3)

the decreasing sequences of time levels and radii

1—0 1—0
th=t|\0o+ o pn=p|0+ o
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from which we construct the sequences of nested and shrinking cubes and cylinders,
respectively

m;—m

N 2(1 —m)
1_[ |xl| < <7> Pn and Qn = ’Cn X [[ _tnst]-

Take smooth cutoff functions &(x,t) = &;(x)&(¢) defined in Q, and such that
N

§1(x) = Héli(xi) verifies
i=1

m—m;

) ) ¢\ 20=m) —my ontl
£ =1inKyp1; & =0inRN\K, [&];] < (;)

(I—0o)p
and &;, defined over [t — 1, t], verifies

T<t—t,
t—ty <T<t.

b2(r) = {?

In what follows we analyse each one of the two cases 1 < r < 2 and r > 2 separately. In
both cases we consider that (5.1) is not in force and take

Y, :// (u —ky) dxdrt; S= sup u and S, = sup u.
N Kpx[0,t] Kopx[ot,t]
Casel:1 <r<2
Take test functions ¢ = (u — k,1+1)+§2 (which are admissible test functions due to the
boundedness of # and the smoothness of £), and consider the integration over Q,. Recalling
the estimates for the cutoff functions, the structure conditions (1.4)—(1.5)—(1.6), the fact that
(5.1) is not valid and applying Cauchy’s inequality we arrive at

t—thp<t<t JKp,

N
C L
sup (u fkn_,_l)%rSQ dx + 70m1 E //Q u™i 1qu,- €% xlu > kys11dxde
i=179%n

211+]

2
=< m/ (u — kyy1)§ dxdr

m—m;

t T=m) .
+v(Co, Cl) )2 5 Z( ) //Q u™it sy lu > kypq] dxdt
n
24}1 t 7(17m)+1 1 )
<y(Co,C1)——- {1+ <7> - / (u — ky)3 dxdt

1 l—m;
a=m i} f/Q ( — kn)? dxdt 5.4)

4n

2 N t
y(Co, Cl)( 1+ Z (72>

i=1

I\

by noting that

// (u—k)+dxdt>// (u—k)+x[u>kn+1]dxa'r
:// (1——) xlu > kyq1] dxdt
+
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o\ 2
_ // ulmmi mitl (1 _ L’) x[u > kyt1] dxdt
n u +

k 1—m; 1
> (5) 205D //Q Wy (U > kpy1] dxdr.

Now recall condition (5.3) and observe that

N N
1
Z// umi_1|uxi|2$2 xlu > kpy1] dxdt > Z// ”mi|ux,'|2$2 xlu > kyy1]
i=1 n S iol)e
N
4
 (my+2)2S ;// \

From these estimates we get

2
((u — kn+1)$ni+2)/2)x_‘ €2 dxdr.

t—tiuspzst [K:n = an)%rEz e M ,ﬁ;[/Qn ((u - an)S’rniH)/z)xz‘ 2 § dxdz
4n -
=y (Co CLN) T S27 Yy
Now consider
g N-2 l:m,»+2 2*:2*M 5
N 2 e N

and 4
q=02;+2(1—0)=m+2+ﬁ>22r.

In what follows we derive an algebraic estimate involving the numbers Y, and Y,4: first
we apply Holder’s inequality with exponent ¢/r > 1 and then use the parabolic anisotropic
embedding (2.2) to obtain

Yoi1 < f / (U — kps 1), dxde

r/q
< ( / / (U — ko) +£)? dxdr) 10 N [ > ki1 ]I1 774
Qn

2/N
§y|:< sup / (u—km)is%x,ndx)
K:n

t—ty<T<t

N 1N
1_[ <//Q [ (((u— kn+1)+'§)ai)xl_ Izdxdr> ]
i=1 n

1-r
x|Qu N[ > kna1|' 774
b" _rg=n _(@onWADANr 1+ 20
q Ng Y, q
N+2r n

(1 —0)2t) Mo
> 1 (5.5)

<y(N,Co, Ci,my,mpy)

r(N(g—r)+4(N+2)
Ng

since

k r
Y, > //Q (u— ko) x[u > kyp1ldxdr > <2n+l> |1Qn N [u > kyt1]l.
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By choosing k > 0

y (2 P(N+2D+N N(q ™) t (=)
k= o S Nan // u" dxdt +1 = (5.6)
((1 = 0)2r)Na—n o o

not only one assures (5.3) but also one can apply Lemma 2.3 to conclude that

y Ry e =D
So < —(N+2) u” dxdt + - . (57
(1 = 0)20) Y o p

Define the sequences of real positive numbers

n

po=op n=plo+-0)) 27
j=1

n .

=0t f=t|lo+(l—-0)) 27
j=1

and construct the cylinders

mi—m

- - ~ N 2(1—m)
Qn = ]Cn X (t — In, t) IC 1_[ |xl| < <7) :5'1

i=1

Being S, = sup u, we then apply estimate (5.7) to the pair of cylinders O, and 9,1 and use
fo)f

Young’s inequality with exponent p = ——-4=1)

(2—r)(N+2)+N

1
Q=r)(N+2)+N r)(N+2)+N NG= £\ T=m
SV g N (f/ u dxdr> o (—2>
(1 - o)zl) N@G-1) Qn+1 P
1

1 e ¢\ Tm

555n+1+% (// ”rdx‘if) +(7) :
(1 —0)2t) 7 Qi p

By iteration (see Lemma 2.4) and taking o = 1/2 we finally get (5.2).
Case2:r > 2
In this case we adopt a similar reasoning as the one presented before for 1 < r < 2 but with
a crucial difference: the boundedness of u does not play a role as it did previously. We focus
our attention in the main differences starting with the choice of the test functions: here we
take ¢ = (u — kn+1)f[1§2. So, by considering test functions as such and integrating over
Qy, recalling that (5.1) is violated, one arrives at

s [t n a2 Com,

t—ty<t<t JK

N
Z// u"i - kn+1)f|__2|uxi %6 dxdr
i=1 n
on+2
< m/ o (u — kyq1), dxdt

to get
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C,,Ci,r o2n
_'_7/( 0 1 ) Z

2.2 u"i
r—1 (1 —0)p

u— ,H_])Jr dxdt

+

y(Co, Ci,r) 22 i
r—1  (1—0)2p2

)
N
y(Co, Cy,r) 2%
< 1
- r=1 (-0 +Z

y(Co, C1yr) 2% t
R (1—0)21‘; 02

y(Co.C1,r) 2%
r—1 (1 —0)%t

1-m 2
// Wt — k1) dxdt
1
T—-m

1—m;
t 1 .
? % o, (u - kn+1)+ dxdt

1 ]—m,-
T-m
ki| // u(u — k,,“)f[z dxdt

/ (u — kyq 1), dxdr. (5.8)
Qn

These estimates have been obtained observing that

k _
u>kn+1>§ = "l <

- kl—m,'

// (u —ky) dxdt > / (u— ko) x[u > ky1ldxdr
(oM (oM

k 2
// u? (1 - —") (W — k) 7% xlu > kny1] dxdr
n w4

1 —
= W//Q u*(u — ka5 2 dxdt

and taking k > 0 as to satisfy (5.3). As for the left-hand side of (5.8), observe that

1 m;+r—
// " U — k), 1262 dxd = E/ =k )T 2luy, 262 dxdr
o V(r) // (m +r)/2) 2 dxde
and then
Co,my,
up_ | (- 1)} 82(x, 1) dx 4 L C02 0T
t—ty<t<t S
Z// ) +r>/2)
4n
<y(C,,Ci,r) ——=Y,.
<y(C, 1r)(1—0‘)21 n
Note that
2
// (((” - kn+1)+§2)(’ni+r)/2)x_ dxdt
2(n+2)

2
(M _ kn+l)$ni+r)/2)x.‘ %.2 dxdt +

=2 f[, |(
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// (W — kpy )™ dxdr
o}

<w24n5{1+ sz—l}yng

y(r,Co, C1,my) 4,
- (1 —0)%t (1—0)%t

1
S{1+ 3 }Yn.

The last inequality was obtained by recalling that k/2 < u < S. In what follows we derive an
estimate for Y, | by means of Holder’s inequality and the parabolic anisotropic embedding
(2.2), now considering

N -2 ; N
6 = o{i='nl—i_r7 2;=2*M o=r
N 2 N
and
N 2r
q:92a+a(1—9):m+r+ﬁ>r
namely

C,,Ci,mi,m,r, N r(q N1+
Yo < VC0 b Vo srla =ty

((1—0)2r) Na

The remainder of the proof is quite similar to the one presented for 1 < r < 2, with the
obvious changes: now, once we choose

y 1 - N(qz—r) t ﬁ
k= ————F0 S~ u" dxdr +( = (5.9)
(1 = o)2n)Nar o p

we may conclude

, N s\

Sg < v+ Sa-r // u" dxdt + - . (510)
(1 —0)2) NG o p
and afterward, by considering this estimate applied to the pair of cylinders Q,, and O, 41,
being
v <2 AIGE AR = £\ T
Sn < —(N+2 (// u dxdt) + (—2>
((1 = 0)2r)Na—n Qnt1 P

2 1
1 ) o t \ -m
=< 7Sn+l + ;NJJ </:/‘~ u' dxdt) + <—2>
2 (1 = o)1) O o

The proof is concluded once we choose 0 = 1/2 and use Lemma 2.4. O

A

Proving Theorem 1.3

Consider that (6.1) is violated. From Proposition 5.1, forr = 1, and Theorem 1.2 one obtains

N+2 t ﬁ
sup wu <yt * /f udxdrt +\ =
Kp2x[t/2,1] Q, 1Y
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2/A ; %
<y t*¥ sup / u(x,t)dx + (7)
0<r<t JK, 0
1y 2/x 1
_N . t T—m t T—m
<yt * inf f u(x,t)dx + (7) + <72>
O<t=t Jx,, o P

which allows us to get (1.12).

6 L;oc estimates backward in time

This Section comprehends the presentation and proof of alocal L” estimate backward in time:
the following result states that the L"-norm of (a locally bounded, nonnegative, local weak
subsolution) « to (1.3) in an intrinsic anisotropic cube, located at any time level 0 < 7 < ¢,
can be bounded above by the L"-norm of u in a bigger cube located at the earliest time level
(the bottom of a bigger (in space) cylinder).

Proposition 6.1 (L], . estimates backward in time) Let u be a nonnegative, locally bounded,
local weak subsolution to (1.3)-(1.4)—(1.5)—(1.6) in Q7. Assume u € L;, (21), for some
r > 1. There exists a positive constant y, depending on r, C,, C1, m;, such that, for all

cylinders Q», C Qr7, either
ml —m

¢\ 20=m
Cp(—2> >1, forsomei=1,..., N, 6.1)
P

1
t T=m
sup / u(x,7)dx <y (/ u"(x,0)dx + (T) ) . (6.2)
O<t<tJK, Kap P

Proof Assume that (6.1) fails. Let p > 0,¢ > 0 and o € (0, 1) be fixed and consider the
cylinders Q, C Q(140)p C Q2p C Q7. Take ¢ = f(u)&2, for

f) =u! <M> max{r — 1,1} <s<r k>0

or

u
F(u) :/Mf(s)ds
k

and a time-independent smooth cutoff function £ € CS° (K(1+0),) that equals one in K,

vanishes outside K(1 ), and verifies [&,| < — =
ap \p

Recalling (1.4)—(1.5)—(1.6), the conditions on &, the failure of (6.1), the fact that

S )

= and f(u) <u""!
u

flw)=@-1)

from the several terms appearing in the weak formulation (1.7) one gets

supf F(u)(x,t)dxff F(u)(x,0) dx
O<t<tJIK, K

2p
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c e () o)™

(r — 1)0 0

x// WMy > k) dxdz
Q(l+cr)ﬂ

< / F(u)(x,0)dx

2p

C ’C R t I—m . —
e () T e et
(r—=1o“p= = \p Qi+o)p

In order to deal with the parabolic terms, on the one hand one proceeds as in [20] and chooses

k< _ / u" (x,t)dx
- 2’+1|1Cp| K, ’

to obtain the inferior bound to the left hand side

sup/ Fu)(x,t)dx > y(r) sup/ u"(x,7)dx
K K

O<t<t » O<t<t

on the other hand, since F(u) < u”,

J.

As for the elliptic terms, we start by applying Holder’s inequality and then Young’s inequality
in each i-term to get

N m—m;
C 9 C 9 1_7” . —
)(/r( 01)01 12 Z( > // W S > k] dxdt
- Q+o)p

i=1

Fu)(x,0)dx < / u"(x,0) dx.

2p }C2p

mj+r—1
1—m;

_ v, C1i1) ( ) // r dxd ' 22N N\ 7
(r—l)o 22 P ( Q<1+g)pu xdt (t P )

1—m;

N
y(Co. C1. r)( v )u mr | / .
=< S " Se = su u (x,t)dx
; (r — 1)02 7 7 P K+o)p

A
P o<r<t

1

1 tr T—m
580 +v(Co, C1,1r,0, N, m;) (T) :
2 pr

IA

Thereby

sup / u (x,7)dx <y(@r) u"(x,0) dx
o<r=<tJK, Kap
1

1 17\ Tom
+780+V(C07C15r70’7N1ml‘) <T> .
2 pr

Now consider

—; 1
1011:)022 J Pnt1 = A +0on)pn = U”Zﬁ
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and

) N ¢\ 2
Sp = sup / u"(x,t)dx  being K, = l_[ lxil < | —= On (-
Kn p

O<t<t i=1

Therefore

1
1 tr 1-m
Sp < ESn—H +0" y(Co,C1, N, my,my, 1) :/ u"(x,0) dx+< - ) } b>1
Kap P

The result is now a consequence of Lemma 2.4. O

Remark 6.2 The constant y, determined along the proof, depends on r in such a way that
y S toocasr N\ 1.

7 Extinction in finite time

In this Section we consider the Dirichlet problem (1.13)—(1.14)—(1.15), where 2 is a rect-
angular bounded domain in RN, N > 2, and the initial data 0 # u, € L%(Q). Let
u € C(RY; LA(Q)), with u™i=D/2y, e L2 (R*; L2(Q)), foralli = 1,..., N, be the
unique, nonnegative, locally bounded solution to (1.13)—(1.14)—(1.15). In what follows we
describe the procedure to determine the extinction of u in a finite time 77*, i.e.

u(x,t)=0 Ve>T*

We start by multiplying the differential equation associated to (1.13) by ¢ = L_ti_ T for
r
r > m;, Vi, and then we integrate over 2 to arrive at
d P
_ r+1 . mi+r—2 2
O—E/Qu dx+C0r+l;m,/;2u luy, |~ dx
d 1 4r N N2 m; +r
[ S [, f o -
dt Jqo (r+ 1)3 = Ja Xi 2
d 4 =
+1 r % =
ZE/QW dx+yC0m1m (/Qu dx) y =y(N,m,r) (71.1)

due to the elliptic anisotropic embedding (2.1). The next step consists in establishing a relation
between the two integral terms / w1 dx and / u% dx. For that purpose, we consider

Q Q
two possibilities: either the average m is below or above the critical value (N — 2)/N. We
recall that whenm; = m foralli =1, ..., N, this requirement distinguished between super
and sub-critical exponents. Define

70 = [ de = ol

and consider the alternative:

1. The average m is in the sub-critical range, 0 <m < (N —2)/N:
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(@ Ifmy < [N(1—m)]]/2—1,taker > my suchthatr 4+ 1 = [N(1 —m)]/2 and then

r+1=2; and
/u""ldx:/uz; dx
Q Q

From (7.1) one obtains the ordinary differential inequality

, P N-2
f+y ff <0 where y =y(Cy,mi,N,m), B= N <1
By integrating over the interval [0, ¢], one gets
THTD
yt
G Dl 1@y < Mol | 1 = ——a—5m
||u0||Lr+l(Q) +

and
1-m

0<T* <y ||’40||LNI(17m)/2(Q),

1 = v1(Cp, my, N, m)

(b) If my > N(1 —m)/2 — 1, take r = my. In this case we have r 4+ 1 < 2% and

my+1

. X 2-(limy)
/ utldx < (/ u% dx) Q] % .
Q Q

(=25 +1+my)

Thereby

2
fr+viQl ¥oniD P <0 where § = 7(Co,my,my, N, m),

being B = (m +mpy)/(1 + mpy) < 1. Proceeding as before,

1
(=25 +14+my) 5% T=pr+D)

2
)’; |Q| (mpy+1) t
G Ol @) = ol | 1 o [PCD
o L’*l(Q)

and
N(m—=1)+24+2m N
T Nmo+D2 1—
0<T" <y 1@ Y% luoll v ) v2 =v2(Co,mi,my, N,m).

2. The average m is in the supercritical range: (N —2)/N <m < 1.
In this case 2}, > r 4 1, for all » > m;. So we choose the smallest possible r, r = my,
and argue as in 1.(b) to get

1
(=24 +14+my) 5 A=-AHe+D

2
)'; |Q| (mpn+1) t
e Dllursiig) = Mollirsiay | 1= = a=gym
o L’+1(Q)

and
N(m—=1)+2+2m p
- ) 1—-
0<T*<plQ MW gl o 72 =2(Coimi my, Nom).

This proves Theorem 1.5.

Remark 7.1 Note that the assumption of boundedness of u and r > m;, foralli =1,..., N,
is necessary here to consider admissible test functions of the form ¢ = u” /(r + 1).
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As the proof shows, for0 <m < (N —2)/Nandmy < [N(1 —m)]/2—1, we did not make
use of 2 being a bounded domain. Therefore, the extinction in finite time holds true also for
the case of unbounded domains and one can present the result given by Corollary 1.7.

Remark 7.2 Note that these two results, concerning the finite time of extinction, were obtained
for a rectangular bounded space 2 and for the whole R”; no specification whatsoever in the
choice of either an intrinsic or standard geometry.

To the best of our knowledge, results concerning the existence and uniqueness of solutions to
anisotropic Cauchy problems were obtained in a different setting than the one present here.
In fact, in [34] the authors considered (1.1), defined in RY x R*, with initial data u(x, 0) =
uy(x) € LY(RN), and developed their work under the scope of L 1 -regular solutions: for each
€>0,ue CRSL'RY) UCRYN x RY) UL®@RN x [e, +00)).

The final part of this Section is devoted to the decay rate of extinction. For that purpose, let
p > Obefixedand take t > T*/2,being T* the finite time of extinction given by Theorem 1.5
from which we construct the cylinder

N 2T* — 1) (mi—m/@a=m)
Kapx(2t—T*, T*):l_[ {|x,-| < <T> 4p}><(2t—T*, T*) c QxRT.
i=1

From the integral Harnack-type inequality (1.10) one gets

T —t\ T
sup / u(x,r)dx§y< : ) A=N@m-—1)+2
Kap 1Y

2t —T*<t<T*

and so, for all T*/2 < t < T*, we have the following decay rate for the L'-norm of u

T —t =
/ ux,t)ydx <y ( N ) .
K, o

If in addition we consider A > 0, by recalling the local L!-L Harnack-type estimate (1.12),
we obtain Theorem (1.6).

8 The study of the anisotropic equation within the context of a
standard geometry

The previously chosen geometry is closely related to the anisotropic behavior of our equation:
considering radii p; = (¢/p%)"—m/@1=m)) 5 allowed us to obtain homogeneous estimates
written for the arithmetic mean m. Therefore one can say that the anisotropic differential
Eq. (1.3) behaves, in this intrinsic anisotropic geometry, as the (general) porous medium type
equation considered written for the arithmetic mean m. But p; either explodes or vanishes
as soon as any asymptotic behavior (in time or space) needs to be checked. In what follows
we present similar results to the ones given in the previous Sects.4, 5, 6 and 7, with the
exception that now we consider the standard geometry, meaning that we will consider the
usual (isotropic) cubes

K, = {lx] < p} Kap ={lx| <ap} , a>0,
and the correspondent cylinders

0, =K, x[0,1] Qap = Kap x[0,t], a>0.
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This will provide Harnack-type estimates that are stable from the geometric point of view:
nevertheless, there is a price to be paid. In this Section, the differences between results
obtained within the scope of the two adopted geometries will be clarified.

By presenting these two possible approaches, we provide the full picture; one may choose
to consider the geometric setting that suits best the purpose to pursue.

8.1 Integral form of a Harnack-type inequality

Lemma 8.1 Let u be a nonnegative, local weak supersolution to (1.3)—(1.4)—(1.5)—(1.6) in
Qr. Letaa € Rbesuchthat0 <a+1<1,0<a+m; <land0 < m; —a < 1. There
exists a positive constant y, depending on N, C,, C1,m1, a, such that, for all cylinders
O(1+0)p C Qr, forall o € (0, 1), either

Cp>1 8.1
or
N N ; = oN 1—m;
umi+ot—2|uxi|2 dxdt < L 1+ (7) PP Sl+a p—Na
;//Qp 0-2 ; ,02 S o
8.2)

where S, = sup / u(x,t)dx and S = sup f u(x, t) dx.
K(+0)p Ky

0<t<t 0<t<t

Proof The proof follows closely the one of Lemma 4.1, therefore we will just be focus on
the changes to be considered. Assume (8.1) does not hold and in the weak formulation (1.7),
consider ¢ = u“£(x), being £(x) a smooth cutoff function defined in K| 1), and verifying
& =1inK,, & = Ooutside K(144)p and |[D&| < 1/0p, and integrate over Q(140),. We then
have

0< f ul(x, 1) £(x) dx —/ ul(x,0) E(x) dx — // u(u®), & dxdt
Kto)p K4o)p OQ(i+a)p

N

+Z// Ai (e u® " uy, & +u® &) dxdt
Q+o)p

i=1

— // B u®“E dxdt
Q(l+a)p

=L+h+1

Observe that, as before,
2 142Nlel

—Na

I < setlp

a+1
as for I and /3, remember that we are considering Cp < 1, « is negative and we have the
estimate

/ / Wt dxdr <t St (@ap)NI-mite),
Qi+

Therefore

N N
L=u« Z// Ajuy, u*"V € dxdt + Z/f A; u® &, dxdt
i=1 Qa+o)p i=1

Qi+o)p
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< 2aC, Zm f/ W2y, 1262 dxdt
Q(1+a)p

1

(C)+ +Cp // u™t dxdr
|0l|(0'p)2 Z [ O1+o)p
< ZaCOZm, // w2y 2e% dxde

Qi+o)p

1 1—m;
y (N, Co, C1) N o
+w§ y=3 B Se

i=1 p

and

L < —aC, Zm // wmi ety 1262 dxde
QH—U
(N, C,) A
YV, Cy r\!=m p 1 —N
LS _ L SO!+ 01.
T alo? Z((p2> S) -7

i=1
Finally, we get

N

2// w2y 262 dxdr < YWV, Co, Ctomy) 1
Q1+0)p l N le)2(@+1) o2

N N
r\mp 1 —N
1 + Z <<p2) S) Sg 14 a.
i=1

This auxiliary lemma allows to derive an integral form of a Harnack-type inequality, namely

i=1

[m}

Theorem 8.2 (Integral form of a Harnack-type inequality) Let u be a nonnegative, local weak
solution to (1.3)—(1.4)—(1.5)—(1.6) in Q. There exists a positive constant y, depending on
N, C,, C1, my, such that, for all cylinders Qz, C Q7, either

Cp>1 (8.3)
or

Yo\
sup/ u(x,t)ydx <y inf/ u(x,t)dx—l—Z(T) (8.4)
O<t<t JK O<t<t Jk», iop \P™

P
forxi = N@m; — 1) + 2.
Proof Assume that (8.3) does not hold. Let p > 0 and ¢ > 0 be fixed and construct the
increasing sequence of (isotropic) cubes
Ky = {lx| < pn}

where
n

—j 1
PEPnZPZQ <2p and ppt1 = +o0ou)on = O’nZﬁ-
Jj=0
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In the weak formulation take ¢ = &(x), being £(x) a smooth cutoff function that: equals
1 in K,,, vanishes outside K,,1, verifies | D&| < on+l /p, and consider the integration over
Kut1 x [11, 2] C K2p % [0, £]. We then get,

f u(x, ty)dx 5/ u(x, )dx
Kn Kn+1
2n+1 N 1% )
+Cy Zm,-/ / u™ "y, |dxdt
p i=1 71 JKntl

N ™ X
+C2m,'/ / u™ ™ uy, | dxdt
i=1 11 JKnpy1

on+1 N

%) N (%3
Z/ / u™i dxdt + C? Zf / u™i dxdt. (8.5)
i=1Y71 Ky+1 i=1Y71 Kn+1

+C

Now choose 7, € [0, 7] such that

/ u(x, ) dr = inf / ux,7)dx =7
K O<t<t K2

2p

and denote S, = sup / u(x,7)dx and Q, = K, x [0, t]. Taking this into account,
0<t<t n
recalling Cp < 1 and Lemma 8.1, from the previous inequality (8.5) we get

'_l|uxi|dxdf

Qn+1

u™ dxdt

Q)H»]
1/2

22 N ,ON l_mj 14m; N(— m)
e e mX e (B) () T visE
o

i=1 j=1

zy(NnZS,ii?’“ i
1-*-2& o N(1—=m;) t 172
§I+Z Sn+1 2 (Cm Ci, N, m1),0 T )
i=1

_m b
+ZSZ11 [V(N)Z” PN '"’)p}
i=1

The last estimate was obtained assuming, without loss of generality (otherwise there is nothing
more to be done), the inequality

1
§=5,> Z ( N(m,—l)+2> : (8.6)

Our next step will be to apply in each i-term of the second and third terms, Young’s inequality
with €; = €/2N, for small € > 0, with exponents u; = 2/(1 —m;) and v; = 1/(1 — m;),
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respectively, and then get

N 1
t I—m; 1
Snfesn+1+bn V(N,COaCI,mN,€)|:§ (W) +I:| b=2"""n > 1.

i=1

The proof is concluded once we choose € € (0, 1) such thateb = 1/2andletn — co. 0O

8.2 Local L'-L> Harnack-type estimates and Decay rate of extinction

Proposition 8.3 (L] .— L. estimates) Let u be a nonnegative, locally bounded, local weak

subsolution to (1.3)—(1.4)—(1.5)—(1.6) in Q. Letr > 1be suchthat ., = N(m—1)+2r > 0.
There exists a positive constant y, depending on N, C,, C1, m;, such that, for all cylinders
0, =K, x[0,1] C Qr, either

Cp>1 (8.7)

2/Ar 1
_ 2 t 1—m;
sup u<yt = // u” dxdt + Z (—2> (8.8)
K2 x[t/2,t] Q, ‘ Y

i=1

or

Proof Leto € (0,1),p > 0andt > Obe fixed and forn =0, 1, ..., consider the decreasing

sequences of time levels
l-0o
t,=t|o+ o

l1—0o
Pn=p U+7

from which we construct the sequences of nested and shrinking cubes and cylinders,
respectively,

and of radii

K, ={lx| < pp} and Q, =K, x [t —t,1].

Consider the increasing sequence of levels, being k a positive to be fixed,

1
kn=k(1——> n=0,1,....
on

Take smooth cutoff functions & (x, 1) = &1 (x)&>(¢) defined in Q,, and such that & verifies
N n+1
§1=1inK,11; § =0inR"\K, [D§|< ——
(I—0o)p
and &;, defined over the interval [t — t,,, t], verifies
T<t—t,
t—th <T<t.

0,
&(r) = { )
assume (8.7) is not in force and define

Y, = / (u —ky )y dxdr S= sup u and Sy= sup u.
On K, x[0,1] Kopx[ot,t]
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Consider 1 < r < 2. Arguing as in the correspondent part of the proof of Proposition 5.1,
we arrive at

wp [ ke’ dx+—m12f/ 262 gl > ko1 dxd

=t <t=<t

2n+2 )
= m/ 0 (u — knt+1)3 dxdt

+ ¥ (Co, Cl) )2 3 Z// +l xlu > ky11]dxdr

4n
<J/(C0,C1)( 2™ { +Z< )kl m‘}/ (u—k)+dxdr (8.9)

For the sake of obtaining an estimate for the right-hand side that is independent of the index
i, we consider a level k such that

1
t o\ lmi
k2<—2> for all i =1,...,N. (8.10)
0

This is the price to be paid for having a homogeneous right-hand side, using the
nonhomogeneous assumption (8.10). As for the left-hand side we get the inferior bound

2
Z/f W Vg, |§2x[u>kn+1]dxdf>—2// ‘(u—k,, D) ‘ §7 dxde

and by combining both estimates

N )
(Cp,my) l_
sup / (= k1) 22 dx + % Z// ‘((u )™ +2)/2>X. 2
! i=1 n i

t—th=<t=<t JK

4n

<Y (Cor CL N ST,
- (1—0)%t
‘We now consider
* N -2 m; + 2 * *ZN: (2%}
q=02+201-0), 0=—r ai:lT, 28 =2 #

apply Holder’s inequality with exponent ¢g/r > 1 and then use the anisotropic embedding
(2.2) to obtain

n _ _ 2
b _rg=r) (=) (N+2)+N)r 1+N—:I

Voot =yWN, Co, Crom) ——— k0§ W Y, b>1.
(1 =0)2t) Na

To use Lemma 2.3 and accommodate assumption (8.10), we take

Q= (N+2)+N NG t
k= ;(NH) SR <// u dxd‘r) ! + Z <7> (8.11)
(1 = 0)2t)Na—n o

i=1
and then get
1

-2 N —
Q-r)(N+2)+N N(g—r) t T—m;
o< ——F S N (f/ u dxdr) B (—2) (8.12)
((1 = 0)2r)Na—n o ; p

=

—
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From this point on there are so significant changes to be made to the proof presented within
the anisotropic geometry setting.

Let us now consider r > 2. This case follows quite closely the reasoning presented before;
we only present the main differences ¢ = (1 — k,,+1)f[1$ 2. So by considering test functions
as such and integrating over Q,, one arrives at

(r—1Dr
sup (u — n+1)+$ (x,7)dx + 7 Comy
t—t, <t<t
Z/[ W — Ky 6 dxd e
2n+2

= 0=on — knp1), dxd
T (d-o) / o, (4~ Knr1)y dxdr
N
v(Co, C1, 1) 22n .
' r—1 a- 0)292 ; On u (u — kn+l)i dxdrt
N
+r(r —1)C? 2// WU k1) dxd
=177
N
+C22/f " (u — kny1)y " dxdr
i=1

V(Co,Cl,r)( )Zz/ (u — kny 1)’y dxdt (8.13)

These estimates were obtained, considering Cp < 1, assuming k verifies (8.10), noting that

u>k >§=>u’""_1< Vi=1 N;

n+1 ) _kl—mi = Ly oy IV,
and using the same reasoning as before (in the anisotropic setting) to estimate the several
integrals in terms of the L"-norm of the truncated functions (u — k). As for the left hand
side, once again one has

// W a2 i, P22 did T >@//

l/l —k (mz+r)/2>

thereby
(Co,my, 1)
sup (14 n+1)+$ (x,7)dx + Y&o M1, 1)
t—ty<t<t S
2
Z// (m,-+r)/2) >
Xi
2n
< y(Co, C1, r)m Y,.
Consider
N—-2 mi+r Y
4=02%+r(1=0) 6="g= «="7—, Z=20=T—
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and use Holder’s inequality and the parabolic anisotropic embedding (2.2), to get

C,. €1, N
Vg < LCo MmN g g

r(N+
(1 —0)2t) No

'(q r) 1+%
Y, "

The remaining of the proof is quite similar to the one presented for 1 < r < 2, with the
obvious changes: now, once we choose

2 N L
1 N(g—r) t T—m;
k= —Y 57 (// W dxdr) S (—2> (8.14)
(1 — o)20)¥an : i=1 P

we may conclude

14

(// udxdt)mq ')+Z< ) . (8.15)
(1= o0 :

and afterward, by considering this estimate applied to the pair of cylinders Q,, and Q0,41 (for
by and 7, defined as in the anisotropic geometry case studied in Sect. 5)

Sog < ——mm———

o =
q-r t —mj
Sn =< 4 (N+2) S:—krl (/f u" dxdt) + Z (7)

((1 = 0)2r)Va—n Ont1 i1 \P

2 N 1
1 V4 Ar t 1—m;
== n+l+72 <‘/‘/‘~ urdxdr> + <7>

2 (1= o)) % Onti ; 14

and the result follows by applying Lemma 2.4. O

By combining Proposition 8.3, for r = 1, and Theorem 8.2 one obtains

Theorem 8.4 (L! 1oc — L1y Harnack-type estimate) Let u be a nonnegative, locally bounded,
local weak solution to (1.3)—(1.4)—(1.5)—(1.6) in Qr, for m in the supercritical range, i.e.
m > (N — 2)/N. There exists a positive constant y, depending on N, C,, C1, m;, such that,
Sfor all cylinders Q, C Qr, either

Cp>1 (8.16)

or

2/n 0
1 1—m;
sup u<yrr | inf / u(x, ) dx +yz<7>
K, x[t/2,1] 0<t<p Kap 4 0
A(l m)
+y Z ( ) (8.17)

where A = N(m; — 1) +2and A = N(m — 1) + 2.

Remark 8.5 Note that the L ,10 .-L7>. Harnack-type estimate was derived just asking for m >
(N —2)/N, thatis, considering A > 0. However, with no further conditions on the exponents
mi,i =1,..., N, the exponents A; do not have a constant sign. The exponents’ positivity is
a relevant feature when deriving a decay rate of extinction.
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In what follows we present the decay rate of extinction in the case of the standard geometry.
We start by considering p > 0 fixed, 7*/2 <t < T*, being T* the finite time of extinction
given by (1.16), and then construct the cylinder

Kap x [2t = T*, T*] C @ x RT.
From the integral Harnack-type inequality (8.4)

sup / ulx,t)dx <vy Z(T*_t>
K

2t—T*<t<T* »

*
and so, for all > <t < T*, we have the following decay rate for the L'-norm of u

/ u(x t)dx<yZ(T*_t>lml.
K

P

Observe that if furthermore we assume A > 0, by recalling the local L'-L> Harnack-type
estimate (8.17), we have

N 1 N A
T* — ¢\ T=m; T* — ¢\ *xd=m;) T* N
luC. Ol k,) < v Zj( ) +yz<7> So<1<T"

(8.18)

By a simple analysis of each one of the two terms of (8.18), and being forced to assume a
stronger condition on the exponents m; (for instance observe that A; may be of either sign at
this point), we derive the following decay rate in the standard geometry.

Theorem 8.6 (Decay rate of extinction) In the setting of Theorem 1.5, consider the smallest
exponent my > (N — 2)/N to be supercritical. Then, there exists a positive constant y,
depending upon C,,my, my, N, m, such that, forall T*/2 <t < T*,

(a) When (T* —1)/p* < 1,

3}
T* — 1\ W
||M('J)||L°°(Kp)57( e )

(b) If otherwise (T* —t)/p* > 1,

AN
T* — 1\ =ny)
||M(~,t)||L<>°(K,,)SV< e ) :

We conclude with the study of backward estimates for the case of the standard geometry.

8.3 Local L" estimates backward in time

Proposition 8.7 (L], . estimates backward in time) Let u be a nonnegative, locally bounded,
local weak subsolution to (1.3)-(1.4)—(1.5)—(1.6) in Q7. Assume u € L;, (Q21), for some
r > 1. There exists a positive constant y, depending on r, C,, C1, m;, such that, for all

cylinders Q2, C Qr, either
Cp>1 (8.19)
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or

sup/ u(x,7)dx <y /
O<t<t JK K

being )i = N(m; — 1) 4+ 2r.

P 2p

1
W (x.0) dx+Z< ! )1> (8.20)

Proof Assume that (8.19) fails. Let p > 0,¢ > 0 and o € (0, 1) be fixed and consider the
cylinders Q, C Q(i+40)p C Q2p C Q7. Take ¢ = f(u)&'z, for

fw=u ((u k)+) max{r — 1,1} <s <r k>0
u

and a time-independent smooth cutoff function § € CJ° (K (140) p) that equals one in K,
vanishes outside K (14.4), and verifies | D&| < 1/op. Arguing in the same way as in the proof

of Proposition 6.1, defining S; = sup u"(x, t) dx, we arrive at
0<t=<t JK(110)p
sup / u (x,7)dx < y(r) u"(x,0) dx
Kp

0<t<t K2,

v(Co, C1, 1, N)

u™i +r—1
i xlu > k] dxdt
(r— 1)0' /O Z//;Z(H—a)p

<y(r) u"(x,0) dx
K2,

¥(Co, C1,7) t T
+ Z |: 1)0-2 pN(mi—l)+2r So

< y(r)/l; u"(x,0) dx
2p

N L

1 t" T—m;
+ESU+ZV(C07C17V701Nami) (W> .
i=1

By considering
—j 1
,0n=PZ2 pn+l=(1+an)pn:>0'nZW

and
S, = sup / u (x,7)dx  being K, = {|x| < ou}
Ky

0<t<t

1
Sp < =Spp1 +0"y(Cy, C1, N, my, my) |;/
K

[\

N 1
t" 1=m;
uf(x,O)dx—i—E <pkir> :| b>1
i=1

and now (8.20) is a direct consequence of Lemma 2.4. O

2p

Remark 8.8 The constant y deteriorates as r N\ 1, as shown along the proof.

@ Springer



117 Page 34 of 35 S.Ciani et al.

Remark 8.9 As a final remark, we emphasize that all the results obtained, whatever the geo-
metric setting chosen—either the anisotropic or the standard (isotropic) one—are consistent
with the theory known for a class of isotropic porous media type equations. In fact, if one
considers all the exponents m;,i = 1, ..., N, to be equal, say

mi=m Vi=1,...,N

the exponents appearing along the text become precisely the ones derived in the isotropic
context (see for instance [15, 16]).
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