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Abstract
In this work we are interested in the study of a class of anisotropic porous medium-type
equations whose prototype is

ut =
N∑

i=1

(
mi u

mi −1uxi

)
xi

, 0 < m1 ≤ · · · ≤ m N < 1 , (1.1)

for which we derive several estimates, namely two Harnack-type inequalities; and, when
considering the associated Dirichlet problem, we determine the finite time of extinction and
thereby present a decay rate of extinction.

Mathematics Subject Classification 35K55 · 35K67 · 35B65 · 35Q35 · 35D30

1 Introduction

Several physical phenomena, such as groundwater infiltration or heat radiation in plasmas,
are described by nonlinear evolutionary differential equations of the form

ut =
N∑

i=1

(
mum−1uxi

)
xi

= �
(
um) . (1.1)

These equations are the nonlinear version of the heat equation (m = 1) and are known in
the literature as the porous medium equation, when m > 1; when 0 < m < 1, the equation
is called the fast diffusion equation (some authors, call it porous medium type equation).
The mathematical challenges within their structure together with their physical relevance
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(due to the variety of applications) rouse the interest of several authors since the middle of
the 20th century (see for instances [3–39] and the references therein). It is known that the
properties exhibit by the solution of (1.1) for m �= 1 do not hold when m = 1: for m > 1, the
disturbances from the data propagate with finite speed, and, for 0 < m < 1, solutions become
zero (extinct) in finite time. These two properties were first obtained in [5] (we refer to [32,
40], in the case of the p-Laplacian). Although the subject is not new, it is still deserving the
attention of a wide community of mathematicians as can be seen in [8, 26, 28–31]; and also
in the recent works [7, 10, 17, 27] where a doubly nonlinear parabolic equation is considered.
All these works, although presenting different settings (for instance, the way the solution is
defined), methods and approaches, rely closely on the isotropic character of the diffusion
process. When in presence of electrorheological fluids, for instance when considering the
flow of a barotropic gas in a nonhomogeneous anisotropic porous medium, the exponent
associated with the diffusion is now a function γ (x, t) of the thermodynamics, being the
process modelled by

ut − div
(
|u|γ (x,t) Du

)
= f . (1.2)

Results on the existence, uniqueness and localization properties of the solutions to (1.2) were
obtained in [2]; in [21–24] a local regularity theory was developed (in [1] and the references
therein one can find a more complete description of the subject).
Consider now the water motion in an anisotropic porous medium. This particular feature
changes the scenario: we are in the presence of an anisotropic phenomenon modeled by
(1.1). In [35, 36], the author proves the existence and uniqueness, respectively, of generalized
solutions (also continuous by definition) to an initial-boundary value problem associated to
an anisotropic porous medium equation possessing also singular anisotropic advection and
strong absorption terms. In theseworks, the author stresses out the difficulties arising from the
anisotropies of the diffusions as well as the singularities of the advection. In [9] the authors
prove the local boundedness and continuity of weak solutions in terms of the linear Riesz
potential of the right-hand side of the equation, when this is sufficiently regular. In [33], the
authors proved the existence of fundamental solutions (continuous by definition) to (1.1),
for 0 < mi < 1, pointing out the need to take into account scaling techniques in each space
direction and the construction of suitable super solutions. In [34], the same authors establish
the existence of a unique solution to a Cauchy problem with integrable initial data as well as
a comparison principle; the adopted setting considers the arithmetic mean m = ∑N

i mi/N
to be in the supercritical range m > (N − 2)/N , m N < (2 + Nm)/N and L1-regular
solutions. Results on the local regularity of the weak solutions to (1.1), based on intrinsic
isotropic scaling, were derived in [22], separately, for the degenerate case, mi > 1, and for
the singular one, 0 < mi < 1. In the recent work [19], the authors contribute with the analysis
of self-similarity: they prove the existence of a unique fundamental solution of self-similar
type and present, in terms of the family of self-similar fundamental solutions, the asymptotic
behavior of all finite mass solutions. Their work is developed for the prototype anisotropic
fast diffusion equation (1.1) defined along the stripe RN × R

+.
To the best of authors’ knowledge andwithin the context presented here and explicited below,
no results related to Harnack-type inequalities and extinction profile have been obtained so
far. This is precisely the scope of thiswork: not only to bring to lightHarnack-type inequalities
and extinction profile towards (singular) anisotropic porous medium type equations, but also
(and no less significant) to do it in a wider context where lower order terms are considered,
so that absorption and advection may be taken into account. In fact, we will consider the
following class of anisotropic evolution equations
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ut − divA(x, t, u, Du) = B(x, t, u, Du) in �T = � × (0, T ] (1.3)

for positive T and a bounded set � of RN , N > 2, being A = (A1, . . . , AN ) where
A1, . . . , AN , B : �T × R

N+1 → R are measurable functions satisfying the structure
conditions

A(x, t, u, Du) · Du ≥ Co

N∑

i=1

mi |u|mi −1|uxi |2 − C2
N∑

i=1

|u|mi +1 (1.4)

|A(x, t, u, Du)| ≤ C1

N∑

i=1

mi |u|mi −1|uxi | + C
N∑

i=1

|u|mi (1.5)

|B(x, t, u, Du)| ≤ C
N∑

i=1

mi |u|mi −1|uxi | + C2
N∑

i=1

|u|mi (1.6)

for given positive constantsCo andC1,C a nonnegative constant and 0 < m1 ≤ · · · ≤ m N <

1.

1.1 Setting the framework

To clarify notation, for a real valued function u(x, t), being (x, t) ∈ �T with x =
(x1, . . . , xN ), we consider the time and space derivatives as

ut = ∂u

∂t
uxi = ∂u

∂xi
i = 1, . . . , N Du = (ux1 , . . . , uxN

)
.

Within the setting (1.3)–(1.4)–(1.5)–(1.6), for 0 < m1 ≤ · · · ≤ m N < 1, we are in presence
of a singular anisotropic differential equation: on the one hand, in every single direction, the
modullus of ellipticity umi −1 becomes unbounded at the points where u vanishes—singular
character -; on the other hand, the diffusion occurs differently in each space direction since
there is an i-dependence on the exponents mi—anisotropic character.
This equationgives rise to twoparticular cases:whenC = 0, no lower order term is considered
and we say the equation related to (1.3) is homogeneous; if furthermore Co = C1 = 1, we
recover the prototype anisotropic porous medium type equation (1.1).
As mentioned before, the definition of solution taken at hands plays an important role when
deriving estimates, properties and other results. In what follows we present what we mean
by a local weak solution to (1.3)–(1.4)–(1.5)–(1.6).

Definition 1.1 Ameasurable function u : �T → R is called a local weak sub(super)solution
to (1.3)–(1.4)–(1.5)–(1.6) if

u ∈ C
(
0, T ; L2

loc(�)
)

and |u| mi −1
2 uxi ∈ L2

loc

(
0, T ; L2

loc(�)
)
, ∀i ∈ {1, . . . , N },

and, for all K ⊂⊂ � and for all [t1, t2] ⊂ (0, T ], the inequality
∫

K
uϕ(x, t2) dx −

∫

K
uϕ(x, t1) dx −

∫∫

Q
uϕt dxdt

+
∫∫

Q
A(x, t, u, Du) · Dϕ dxdt ≤ (≥)

∫∫

Q
B(x, t, u, Du)ϕ dxdt (1.7)

holds true for all nonnegative test functionsϕ ∈ W 1,2
loc

(
0, T ; L2(K )

)∩L2
loc

(
0, T ; W 1,2

o (K )
)
,

being Q = K × [t1, t2].
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A function u that is both a local weak sub and super solution is called a local weak solution
to (1.3)–(1.4)–(1.5)–(1.6).

Along the text, we will take test functions that depend on the solution itself, and thereby
have (if any) low regularity in time (in general the time derivative of u only makes sense in
a distributional context). To present accurate proofs one should consider either the Steklov
average of u, as proposed in [15], or the regularization u� proposed in [25] for the porous
medium equation. Loosely speaking, this procedure allows to work freely with time deriva-
tives of the regularized solution and then, due the regularity assumptions on u, pass to the
limit. The procedure and limit process are very similar to the one already known for the
isotropic equations. Hence, for the sake of simplicity and to keep the focus on the anisotropy,
we decided to proceed in a formal fashion. For an accurate approach we refer to [20], with
the obvious changes.

1.2 Novelties andmain results

The study of the anisotropic porous medium type equation within this wider context is new
and adds up several other difficulties to the anisotropy. Indeed, not only one has to deal with
the anisotropic character of the differential equation, demanding and difficult by itself, but
also one has to cope with the lower order terms: roughly speaking and just to illustrate what
one has to deal with, when considering the prototype Eq. (1.1) one can skip to take space
derivatives of umi and just work with

∫

K
uϕ(x, t2) dx −

∫

K
uϕ(x, t1) dx −

∫∫

Q
uϕt dxdt +

N∑

i=1

∫∫

Q
umi ϕxi xi dxdt = 0

which is no longer possible in this large setting.
Unlikely to what happens to the porous medium type equation, where the transformation
v = um can be considered, in the anisotropic setting that is no longer possible; so a different
nonlinear strategy has to be taken into account whose use might be adapted to a variety
of other different situations. We would like also to mention a technical improvement that
we think it may be useful in other contexts: the proof of the integral form of Harnack type
inequality, at a certain stage, requires to work with some sort of energy estimates exhibiting
negative powers. This turned out to be a technical difficulty which we overcome by keeping
the anisotropic estimate as it appeared and afterwards assume a certain condition on the
supremumof ||u(·, τ )||L1 , for 0 ≤ τ ≤ t . For an insight on this simple but effective technique,
we refer to the proof of Lemma 4.1 and later condition (4.4), for the intrinsic anisotropic
setting; for the standard setting, see Lemmas 8.1 and 8.6 .
As said before, the anisotropy exhibited by the equation is quite a hard thing to deal with.
How can one entangle this relevant and difficult feature alongwith the theory of Harnack-type
inequalities? We realized that the adopted geometry plays a crucial role along the process
(and there is a price to be paid), unlikely to what happens in the isotropic setting. Our local
results will be presented and proved under two different geometries: for an interior point
(xo, to) ∈ �T , we consider

* the standard one, meaning a geometry that keeps time and space independent, i.e.

Q(xo, to) = {|x − xo| < ρ} × [to, to + t]
More details about this geometry and results obtained under its choice can be found in
Sect. 8.
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* an intrinsic anisotropic geometry, meaning a geometry for which time tangles within
the cube’s radius. More precisely, for fixed ρ > 0 and t > 0, we consider the intrinsic
anisotropic cubes and cylinders

Kaρ(xo) =
N∏

i=1

⎧
⎨

⎩|xi − xoi | <

(
t

ρ2

) mi −m
2(1−m)

aρ

⎫
⎬

⎭ ,

Qaρ(xo, to) = Kaρ(xo) × [to, to + t] a > 0. (1.8)

In Sect. 3 this geometry and its choice will be made precise.

Inwhat followswepresent themain results statedwithin the anisotropic geometric framework
(under a translation argument, we will consider (xo, to) = (0, 0)), starting with two Harnack-
type inequalities andfinalisingwith results related to the existence of a finite time of extinction
and its associated decay rate. Analogous results will be derived (and proved) in Sect. 8 where
a standard isotropic geometry is undertaken.

Theorem 1.2 (Integral form of a Harnack-type inequality) Let u be a nonnegative, local weak
solution to (1.3)–(1.4)–(1.5)–(1.6) in �T . There exists a positive constant γ , depending on
N , Co, C1, m N , such that, for all cylinders Q2ρ ⊂ �T , either

Cρ

(
t

ρ2

) mi −m
2(1−m)

> 1, for some i = 1, . . . , N (1.9)

or

sup
0≤τ≤t

∫

Kρ

u(x, τ ) dx ≤ γ

{
inf

0≤τ≤t

∫

K2ρ

u(x, τ ) dx +
(

t

ρλ

) 1
1−m
}

(1.10)

where λ = N (m − 1) + 2.

Theorem 1.3 (L1
loc − L∞

loc Harnack-type estimate) Let u be a nonnegative, locally bounded,

local weak solution to (1.3)–(1.4)–(1.5)–(1.6) in �T , for m >
N − 2

/
N. There exists a pos-

itive constant γ , depending on N , Co, C1, mi , such that, for all cylinders Q2ρ ⊂ �T ,
either

Cρ

(
t

ρ2

) mi −m
2(1−m)

> 1, for some i = 1, . . . , N , (1.11)

or

sup
Kρ/2×[t/2,t]

u ≤ γ t−
N
λ

(
inf

0≤τ≤t

∫

K2ρ

u(x, τ ) dx

)2/λ

+ γ

(
t

ρ2

) 1
1−m

. (1.12)

Remark 1.4 The alternative condition (1.9) presented in both Theorems 1.2 and 1.3 is related
to the existence of lower order terms: it means that some projection of the set Kρ along a
coordinate axis has to be bigger than 1/C and implies an estimate for the integral terms
related to the lower order terms. When Eq. (1.3) is homogeneous (C = 0) this alternative
argument is void, while when all mi ≡ m, that is, when Eq. (1.3) becomes the fast diffusion
equation, it reduces to the classical alternative Cρ > 1.
If one adopts a standard geometry, the second terms on the right-hand sides of (1.10) and
(1.12) is replaced by a sumwhere each component will depend onmi instead ofm; see Sect. 8
for a complete understanding.
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Another novelty concerns the attainment of extinction in finite time, regardless of the geom-
etry undertaken since one works with a rectangular bounded domain� ⊂ R

N containing the
origin. In fact, when considering the Dirichlet problem

⎧
⎨

⎩

ut − divAo(x, t, u, Du) = 0 (x, t) ∈ � × R
+

u(x, t) = 0 (x, t) ∈ ∂� × (0,+∞)

u(x, 0) = uo(x) ≥ 0 x ∈ �

(1.13)

where the operator Ao satisfies the homogeneous structure conditions,

Ao(x, t, u, Du) · Du ≥ Co

N∑

i=1

mi |u|mi −1|uxi |2 Co > 0 (1.14)

|Ao(x, t, u, Du)| ≤ C1

N∑

i=1

mi |u|mi −1|uxi | C1 > 0 (1.15)

assuming that (1.13) has a unique solution (see for the special cases [1, 2, 33, 34]), this
solution vanishes in a time T ∗ that can be quantified in terms of some Lr -norm of the initial
datum uo.

Theorem 1.5 (Finite time of extinction in bounded domains) Let � be a rectangular bounded
domain inRN , N > 2. Assume u is the unique nonnegative, bounded weak solution to (1.13)–
(1.14)–(1.15), where uo ∈ L∞(�). Then there exits a finite positive time T �, depending on
Co, m1, m N , m, N, such that

u(x, t) ≡ 0 for all t ≥ T �.

Moreover, letting β1 = [N (m − 1) + 2 + 2m N ]/[N (m N + 1)2], the extinction time T ∗ has
an upper bound:

T � ≤

⎧
⎪⎪⎨

⎪⎪⎩

γ1 ||uo||1−m
L N (1−m)/2(�)

m N <
N (1−m)

2 − 1 and 0 < m < N−2
N

γ2 |�|−β1 ||uo||1−m
Lm N +1(�)

m N ≥ N (1−m)
2 − 1 and 0 < m < N−2

N

γ2 |�|−β1 ||uo||1−m
Lm N +1(�)

N−2
N ≤ m < 1,

(1.16)

where the positive constants γ1 and γ2 only depend on Co, m1, m N , m, N.

From this result one is able to derive the decay rate of extinction that relies on Harnack-type
estimates and therefore on the adopted geometry (see Sect. 8 for details on this topic when
one chooses to work within the standard geometry).

Theorem 1.6 (Decay rate of extinction) In the setting of Theorem 1.5, let m > (N −2)/N be
supercritical. Then, there exists a positive constant γ , depending upon Co, m1, m N , N , m,
such that

||u(·, t)||L∞(Kρ) ≤ γ

(
T � − t

ρ2

) 1
1−m

for all T �/2 < t < T �,

being T � be a finite time of extinction and assuming Kρ = ∏N
i=1

{
|xi | <

(
2(T ∗−t)

ρ2

)(mi −m)/[2(1−m)]
ρ
}

⊂ �.

No particular role is played by the boundedness of the domain within the range 0 < m <

(N − 2)/N and m N < [N (1 − m)]/2− 1, hence the extinction in finite time holds true also
for unbounded domains.
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Corollary 1.7 (Finite time of extinction in R
N ) Assume that u ∈ C(R+, L2(RN )),

u(mi −1)/2uxi ∈ L2(R+, L2(RN )), N > 2, is the unique nonnegative bounded solution to
the Cauchy problem

{
ut − divAo(x, t, u, Du) = 0 (x, t) ∈ R

N × R
+,

u(x, 0) = uo(x) ≥ 0 x ∈ R
N ,

(1.17)

where Ao satisfies (1.14)–(1.15) and uo ∈ L∞(RN ) ∩ L1(RN ). Consider

mN <
N (1 − m)

2
− 1 and 0 < m <

N − 2

N
.

Then there exits a finite positive time T �, depending on Co, N , m1, m, such that

u(x, t) ≡ 0 for all t ≥ T �.

Moreover

T � ≤ γ ||uo||1−m
L N (1−m)/2(RN )

(1.18)

where the constant γ only depends on Co, m1, m, N.

1.3 Adopted text structure

In Sect. 2, to keep the text as self-contained as possible, we present several known results; in
Sect. 3, we present an intrinsic anisotropic geometry within it (1.3) behaves as the (isotropic)
porous medium type equation with respect to the arithmetic average m = ∑N

i=1 mi/N . In
Sect. 4 and Sect. 5, working on the framework of intrinsic anisotropic geometry, we derive an
integral Harnack-type inequality and a L1–L∞ Harnack-type inequality, respectively. Still
under the framework of intrinsic anisotropic geometry, Sect. 6 comprehends the presentation
and proof of a local Lr estimate backward in time, while Sect. 7 is devoted to the study of the
extinction profile. Finally, in Sect. 8, all the previous results are revisited and proved within
the context of the standard geometry.

2 Auxiliary results

As it is well known, for the isotropic porous medium equation (see for instances [15]), the
proof of Harnack-type inequalities relies on two important estimates: the Hölder inequal-
ity and the Sobolev-Nirenberg embedding. In the present setting, that is, in the context of
anisotropic diffusion equations, we will also need to have this kind of embeddings at hand.
While the first result, originally investigated by Troisi [37], provides an anisotropic elliptic
embedding, the second one (see [18]), gives us the expected embedding in the parabolic
framework. Although these two results are given in a wider fashion (see also [6]), for any
1 < pi < ∞ (i = 1, . . . , N ), for our purposes it suffices to present them in the case of
L2-norms.

Proposition 2.1 (Anisotropic Sobolev-Troisi embedding) Let � ⊆ R
N be a rectangular

domain, for N > 2, and consider αi > 0, i = 1, . . . , N. Define

α =
N∑

i=1

αi and 2�
α = 2� α

N
,
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where 2� = 2N/N − 2 stands for the Sobolev exponent. Then, there exists a positive constant
C = C(N , α) such that, for every u ∈ W 1,2

o (�),

||u||L2�α (�)
≤ C

N∏

i=1

||(|u|αi )xi ||1/αL2(�)
(2.1)

Proposition 2.2 (Anisotropic Gagliardo-Sobolev-Nirenberg embedding) Let � ⊆ R
N be a

rectangular domain, N > 2, αi > 0, i = 1, . . . , N, and σ ∈ [1, 2∗
α], being 2∗

α as before.
For any number θ ∈ [0, (N − 2)/N ], define

q = q(θ, α) = θ 2∗
α + σ (1 − θ).

Then there exists a positive constant c̃ = c̃(N , α, θ, σ ) such that

∫∫

�T

|u|q dx dt ≤ c̃ T 1−θ N
N−2

(
sup

t∈[0,T ]

∫

�

|u|σ (x, t) dx

)1−θ

N∏

i=1

(∫∫

�T

| (|u|αi
)

xi
|2 dx dt

) θ
N−2

, (2.2)

for any u ∈ L1(0, T ; W 1,1
0 (�)) for which the right hand side is finite (otherwise (2.2) is

trivially true).

The two nonlinear iteration Lemmata that we are about to describe can be found in [14]
(c > 1) or [13] (c > 0), and are related to some properties of sequences of numbers (Yn)n ,
n ∈ No. Thefirst one concerns the geometric convergence of (Yn)n , while the second one turns
the qualitative information on an equibounded sequence (Yn)n into qualitative information
on its first element Yo.

Lemma 2.3 (Fast geometric convergence Lemma) Let (Yn)n be a sequence of positive
numbers verifying

Yn+1 ≤ cbn Y 1+α
n

being c > 0, b > 1 and α > 0 given numbers. If Yo ≤ c−1/α b−1/α2
then Yn → 0, as

n → ∞.

Lemma 2.4 (Interpolation Lemma) If we have a sequence of equibounded positive numbers
{Yn} such that

Yn ≤ εYn+1 + cbn, c, b > 1, ε ∈ (0, 1), (2.3)

then there exists γ = γ (b, c) > 0 such that

Y0 ≤ γ c.

3 Intrinsic anisotropic geometry

In this Section we introduce the intrinsic anisotropic geometry for which the results in the
next three Sections are presented (and proved). For this purpose, let ρ > 0 and t > 0 be fixed

123
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and consider the arithmetic mean m :=∑N
i=1 mi/N . We consider the anisotropic cubes and

the corresponding cylinders centered at the origin

Kaρ =
N∏

i=1

⎧
⎨

⎩|xi | <

(
t

ρ2

) mi −m
2(1−m)

aρ

⎫
⎬

⎭ and Qaρ = Kaρ × [0, t] for a > 0. (3.1)

Observe that, although in each space direction we have intervals with different lengths (some
are very small and others are big, depending on the ratio (t/ρ2) and on the differencemi −m),
this geometry preserves the volume:

|Kρ | = 2N ρN = |Kρ |,
being Kρ = {|x | < ρ} the usual cube in R

N with edge 2ρ.
This type of anisotropic geometry will play a crucial role when deriving homogeneous esti-
mates for u. If not for anything else, this justifies (in some sense) its choice and use. However
one can go further on and understand it within a diverse but related subject: self-similar
solutions and geometries for which the energy estimates (fundamental tools in the theory
undertaken) are invariant. We refer to [4, 11, 12, 19] one some account on this topic.
To ease notation and have a glimpse on this topic, consider the prototype anisotropic porous
medium type equation (1.1). Let M, Li , T ∈ R

+ and consider the change of variables

y = (y1, . . . , yN ) = (L1x1, . . . , L N xN ) and z = T t

and the function
v(x, t) = M−1u(y, z).

If we ask both u, v to be solutions to (1.1), they are called self-similar, and this determines a
relation between the coefficients M, Li , T . In fact, observe that, since

vt (x, t) = M−1T uz(y, z) and vxi (x, t) = M−1Li uyi (y, z),

uz =
N∑

i=1

(
mi u

mi −1uyi

)
yi

�⇒ vt =
N∑

i=1

[
Mmi −1L−2

i T
(
miv

mi −1vxi

)
xi

]
.

The homogeneity is reestablished once we take, for all i = 1, . . . , N ,

Mmi −1T = L2
i ⇒ Li = M

mi −1
2 T

1
2 . (3.2)

Let us consider T
1
2 = M

1−m
2 A, for some positive real number A. Then (3.2) can be written

as
Li = M

mi −m
2 A, ∀i = 1, . . . , N .

Therefore from various possible choices, that usually take into account the conservation of
mass (see [11, 19]), we let Q1 = K1 × [0, 1] and focus on the self-similar transformations

1. v1(x, t) = M−1u(M
m1−1

2 T
1
2 x1, . . . , M

m N −1
2 T

1
2 xN , T t) = M−1u(T T

M (x, t)), with

T T
M (Q1) =

N∏

i=1

{
|xi | < M

mi −1
2 T

1
2

}
× [0, T ],

2. v2(x, t) = M−1u(AM
m1−m

2 x1, . . . , AM
m N −m

2 xN , A2M1−mt) = M−1u(T A
M (x, t)) with

T A
M (Q1) =

N∏

i=1

{
|xi | < AM

mi −m
2

}
× [0, A2 M1−m].
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In the geometries given by T T
M and T A

M the energy estimates are invariant (see [11]). In
addition, there are two interesting features to be considered: in T T

M and for small M , stretched
intervals are considered in every single space direction (since all 0 < mi < 1) which is
consistent with the singular character of the equation, but the volume is not preserved. As
for T A

M , the space intervals do not exhibit the same stretched behavior, while nevertheless the
volume is preserved: this last property is the best suited for our aim. This discussionmotivates

the following introduction of geometry: for fixed ρ, t > 0, take A = ρ and M = (t/ρ2
) 1
1−m ,

then we obtain the intrinsic cylinders (3.1) as

T A
M (Q1) = Kρ × [0, t]. (3.3)

In the three following Sections, we consider that ρ and t are fixed positive real numbers such
that

Q4ρ = K4ρ × [0, t] ⊂ �T .

4 Proving the integral form of a Harnack-type inequality

In this Section we prove Theorem 1.2 with the help of the following result.

Lemma 4.1 Let u be a nonnegative local weak supersolution to (1.3)–(1.4)–(1.5)–(1.6) in
�T . Let α ∈ R be such that 0 < α + 1 < 1, 0 < α + mi < 1 and 0 < mi − α < 1. There
exists a positive constant γ , depending on N , Co, C1, m1, α, such that, for all cylinders
Q(1+σ)ρ ⊂ �T , for all σ ∈ (0, 1), either

Cρ

(
t

ρ2

) mi −m
2(1−m)

> 1, for some i = 1, . . . , N (4.1)

or

N∑

i=1

∫∫

Qρ

umi +α−2|uxi |2 dxdτ ≤ γ

σ 2

⎧
⎨

⎩1 +
N∑

i=1

((
t

ρ2

) 1
1−m ρN

S

)1−mi
⎫
⎬

⎭S1+α
σ ρ−Nα

(4.2)

where Sσ = sup
0≤τ≤t

∫

K(1+σ)ρ

u dx and S = sup
0≤τ≤t

∫

Kρ

u dx.

Proof In the weak formulation (1.7), consider ϕ = uαξ(x), being

ξ(x) =
N∏

i=1

ξi (xi )

a smooth cutoff function defined in K(1+σ)ρ and verifying ξ = 1 in Kρ , ξ = 0 outside
K(1+σ)ρ such that

|ξ ′
i | ≤ 1

σρ

(
t

ρ2

) m−mi
2(1−m)

i = 1, . . . , N

and integrate over Q(1+σ)ρ . Recalling that α is negative, we then have

0 ≤
∫

K(1+σ)ρ

uα+1(x, t) ξ(x) dx −
∫

K(1+σ)ρ

uα+1(x, 0) ξ(x) dx −
∫∫

Q(1+σ)ρ

u
(
uα
)

t ξ dxdτ
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+
∫∫

Q(1+σ)ρ

A · D
(
uα ξ

)
dxdτ

−
∫∫

Q(1+σ)ρ

B uαξ dxdτ

= I1 + I2 + I3.

Observe that

I1 = 1

α + 1

∫

K(1+σ)ρ

uα+1(x, t)ξ(x) dx − 1

α + 1

∫

K(1+σ)ρ

uα+1(x, 0)ξ(x) dx

≤ 2

α + 1
sup

0≤τ≤t

(∫

K(1+σ)ρ

uα+1(x, τ ) dx

)α+1

|K(1+σ)ρ |1−(α+1)

≤ 21+2N |α|

α + 1
Sα+1
σ ρ−Nα.

Now, by recalling the structure conditions (1.4)–(1.5)–(1.6), applying (twice) Cauchy’s
inequality to each i th-term, noting that

∫∫

Q(1+σ)ρ

umi +α dxdτ ≤ t Smi +α
σ (2ρ)N (1−(mi +α))

and that (4.1) is violated, we get

I2 = α

N∑

i=1

∫∫

Q(1+σ)ρ

Ai uxi uα−1 ξ dxdτ +
N∑

i=1

∫∫

Q(1+σ)ρ

Ai uα ξxi dxdτ

≤ 2αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ

+ 1

(σρ)2

N∑

i=1

⎧
⎨

⎩−α(Cρ)2 − C2
1

αCo

(
t

ρ2

)m−mi
1−m + Cρ

(
t

ρ2

) m−mi
2(1−m)

⎫
⎬

⎭

∫∫

Q(1+σ)ρ

umi +α dxdτ

≤ 2αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ

+ γ (N )

|α|σ 2

N∑

i=1

⎧
⎨

⎩(Cρ)2
(

t

ρ2

)mi −m
1−m + C2

1
Co

+ Cρ

(
t

ρ2

) mi −m
2(1−m)

⎫
⎬

⎭
⎛

⎝
(

t

ρ2

) 1
1−m ρN

Sσ

⎞

⎠
1−mi

Sα+1
σ ρ−Nα

≤ 2αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ

+γ (N , Co, C1)

|α|σ 2

N∑

i=1

⎛

⎝
(

t

ρ2

) 1
1−m ρN

Sσ

⎞

⎠
1−mi

Sα+1
σ ρ−Nα

and

I3 ≤ −αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ
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+ C2

|α|σ 2

Co + 1

Co

N∑

i=1

∫∫

Q(1+σ)ρ

umi +α dxdτ

≤ −αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ

+ γ (N )

ασ 2

Co + 1

Co

N∑

i=1

((
t

ρ2

) 1
1−m ρN

Sσ

)1−mi

Sα+1
σ ρ−Nα.

Gathering all these estimates, and noticing that S ≤ Sσ , we arrive at

N∑

i=1

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ ≤ γ (N , Co, C1, m1)

|α|2(α + 1)

1

σ 2

⎧
⎨

⎩1 +
N∑

i=1

((
t

ρ2

) 1
1−m ρN

S

)1−mi
⎫
⎬

⎭ Sα+1
σ ρ−Nα

which completes the proof. ��

Proving Theorem 1.2

Let ρ > 0 and t > 0 be fixed and construct the increasing sequence of anisotropic cubes

Kn =
N∏

i=1

⎧
⎨

⎩|xi | <

(
t

ρ2

) mi −m
2(1−m)

ρn

⎫
⎬

⎭

where

ρ ≤ ρn = ρ

n∑

j=0

2− j < 2ρ and ρn+1 = (1 + σn)ρn ⇒ σn ≥ 1

2n+1 .

In the weak formulation (1.1) take ϕ = ξ(x), being ξ(x) =
∏N

i=1
ξi (xi ) a smooth cutoff

function that: equals 1 in Kn , vanishes outside Kn+1, therefore satisfying

|ξ ′
i | ≤

(
t

ρ2

) m−mi
2(1−m) 2n+1

ρ

and consider the integration of (1.1) over Kn+1 × [τ1, τ2] ⊂ K2ρ × [0, t]. We then get,
∫

Kn

u(x, τ1) dx ≤
∫

Kn+1

u(x, τ2) dx

+ C1
2n+1

ρ

N∑

i=1

mi

(
t

ρ2

) m−mi
2(1−m)

∫ τ2

τ1

∫

Kn+1

umi −1|uxi | dxdτ

+ C
N∑

i=1

mi

∫ τ2

τ1

∫

Kn+1

umi −1|uxi | dxdτ

+ C
2n+1

ρ

N∑

i=1

(
t

ρ2

) m−mi
2(1−m)

∫ τ2

τ1

∫

Kn+1

umi dxdτ

123



Harnack-type estimates and extinction in finite time… Page 13 of 35   117 

+ C2
N∑

i=1

∫ τ2

τ1

∫

Kn+1

umi dxdτ. (4.3)

Now we choose τ2 ∈ [0, t] such that
∫

K2ρ

u(x, τ2) dτ = inf
0≤τ≤t

∫

K2ρ

u(x, τ ) dx = I

and denote Sn = sup
0≤τ≤t

∫

Kn

u(x, τ ) dx andQn = Kn×[0, t]. Thereby the previous inequality
(4.3) now reads

Sn ≤ I + C1
2n+1

ρ

N∑

i=1

(
t

ρ2

) m−mi
2(1−m)

∫∫

Qn+1

umi −1|uxi | dxdτ + C
N∑

i=1

∫∫

Qn+1

umi −1|uxi | dxdτ

+ C
2n+1

ρ

N∑

i=1

(
t

ρ2

) m−mi
2(1−m)

∫∫

Qn+1

umi dxdτ + C2
N∑

i=1

∫∫

Qn+1

umi dxdτ.

The terms evolving the directional space derivatives of u are bounded from above with
∫∫

Qn+1

umi −1|uxi | dxdτ =
∫∫

Qn+1

(
u

mi −1+α−1
2 |uxi |

)(
u

mi −α

2

)
dxdτ

≤
(∫∫

Qn+1

umi +α−2|uxi |2 dxdτ

)1/2 (∫∫

Qn+1

umi −α dxdτ

)1/2

≤ γ
(
2n S(1+α)/2

n+1 ρ−Nα/2
) (

S
(mi −α)/2
n+1 ρN (1−mi +α)/2 t1/2

)

= γ 2n S
(mi +1)/2
n+1 ρN (1−mi )/2 t1/2.

These estimates were obtained by: means of Hölder’s inequality; applying Lemma 4.1 to
the pair of cylinders Qn ⊂ Qn+1; recalling that (1.9) is not valid; assuming, without loss of
generality, that

S = So >

(
t

ρλ

) 1
1−m

(4.4)

(otherwise, the results come immediately) and noting that, since 0 < mi − α < 1,
∫∫

Qn+1

umi −α dxdτ ≤ γ (N ) Smi −α
n+1 ρN (1−mi +α) t .

Combining the estimate
∫∫

Qn+1

umi dxdτ ≤ γ (N ) Smi
n+1 ρN (1−mi ) t

with the previous ones, while assuming (1.9) is violated, we get

Sn ≤ I + γ 22n
N∑

i=1

⎧
⎨

⎩C1

(
t

ρ2

) m−mi
2(1−m)

(
t

ρ2
ρN (1−mi )

)1/2
+ Cρ

(
t

ρ2
ρN (1−mi )

)1/2
⎫
⎬

⎭ S
(mi +1)/2
n+1

+ γ (N ) 2n
N∑

i=1

⎧
⎨

⎩Cρ

(
t

ρ2

) m−mi
2(1−m)

(
t

ρ2

)
ρN (1−mi ) + (Cρ)2

(
t

ρ2

)
ρN (1−mi )

⎫
⎬

⎭ S
mi
n+1
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≤ I + γ 22n
N∑

i=1

⎛

⎝
(

t

ρ2

) 1−mi
1−m

ρN (1−mi )

⎞

⎠
1/2

S
(mi +1)/2
n+1

+ γ 22n
N∑

i=1

(
t

ρ2

) 1−mi
1−m

ρN (1−mi )S
mi
n+1

≤ ε Sn+1 + bn γ (N , Co, C1, m N , ε)

⎡

⎣
(

t

ρλ

) 1
1−m + I

⎤

⎦ b = 22/(1−m N ) > 1.

The last inequality was obtained by applying (at both summation terms) Young’s inequality
with εi = ε in each i th-term. At this moment, we are two steps away to conclude the proof:
firstly we iterate to get

So ≤ εn Sn +
n−1∑

k=0

(εb)kγ

[(
t

ρλ

) 1
1−m + I

]

and secondly we choose ε ∈ (0, 1) such that εb = 1/2. Since (Sn)n is equibounded, the
result follows by letting n → ∞.

5 Proving local L1–L∞ Harnack-type estimates

The main goal of this Section is to prove Theorem 1.3, local L1-L∞ Harnack-type estimates,
for which one needs to derive local Lr -L∞ estimates, for r ≥ 1. Namely,

Proposition 5.1 (Lr
loc − L∞

loc estimates) Let u be a nonnegative, locally bounded, local weak
subsolution to (1.3)–(1.4)–(1.5)–(1.6) in �T . Let r ≥ 1 be such that λr = N (m−1)+2r > 0.
There exists a positive constant γ , depending on N , Co, C1, mi , such that, for all cylinders
Qρ ⊂ �T , either

Cρ

(
t

ρ2

) mi −m
2(1−m)

> 1, for some i = 1, . . . , N (5.1)

or

sup
Kρ/2×[t/2,t]

u ≤ γ t−
N+2
λr

(∫∫

Qρ

ur dxdt

)2/λr

+
(

t

ρ2

) 1
1−m

. (5.2)

Proof Let σ ∈ (0, 1), ρ > 0 and t > 0 be fixed. For n ∈ No, consider the increasing sequence
of levels

kn = k

(
1 − 1

2n

)

being k a positive number to be chosen along the proof satisfying

k ≥
(

t

ρ2

) 1
(1−m)

(5.3)

the decreasing sequences of time levels and radii

tn = t

(
σ + 1 − σ

2n

)
ρn = ρ

(
σ + 1 − σ

2n

)
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from which we construct the sequences of nested and shrinking cubes and cylinders,
respectively

Kn =
N∏

i=1

⎧
⎨

⎩|xi | <

(
t

ρ2

) mi −m
2(1−m)

ρn

⎫
⎬

⎭ and Qn = Kn × [t − tn, t].

Take smooth cutoff functions ξ(x, t) = ξ1(x)ξ2(t) defined in Qn and such that

ξ1(x) =
N∏

i=1

ξ1i (xi ) verifies

ξ1i = 1 in Kn+1; ξ1i = 0 in R
N \Kn |ξ ′

1i | ≤
(

t

ρ2

) m−mi
2(1−m) 2n+1

(1 − σ)ρ

and ξ2, defined over [t − tn, t], verifies

ξ2(τ ) =
{
0, τ ≤ t − tn
1, t − tn+1 < τ ≤ t .

In what follows we analyse each one of the two cases 1 ≤ r ≤ 2 and r > 2 separately. In
both cases we consider that (5.1) is not in force and take

Yn =
∫∫

Qn

(u − kn)r+ dxdτ ; S = sup
Kρ×[0,t]

u and Sσ = sup
Kσρ×[σ t,t]

u.

Case 1: 1 ≤ r ≤ 2
Take test functions ϕ = (u − kn+1)+ξ2 (which are admissible test functions due to the
boundedness of u and the smoothness of ξ ), and consider the integration overQn . Recalling
the estimates for the cutoff functions, the structure conditions (1.4)–(1.5)–(1.6), the fact that
(5.1) is not valid and applying Cauchy’s inequality we arrive at

sup
t−tn<τ<t

∫

Kn
(u − kn+1)

2+ξ2 dx + Co

2
m1

N∑

i=1

∫∫

Qn
umi −1|uxi |2ξ2 χ [u > kn+1] dxdτ

≤ 2n+1

(1 − σ)t

∫∫

Qn
(u − kn+1)

2+ dxdτ

+ γ (Co, C1)
22n

(1 − σ)2ρ2

N∑

i=1

(
t

ρ2

)m−mi
(1−m)

∫∫

Qn

umi +1 χ [u > kn+1] dxdτ

≤ γ (Co, C1)
24n

(1 − σ)2t

⎧
⎨

⎩1 +
N∑

i=1

(
t

ρ2

)m−mi
(1−m)

+1 1

k1−mi

⎫
⎬

⎭

∫∫

Qn
(u − kn)2+ dxdτ

≤ γ (Co, C1)
24n

(1 − σ)2t

⎧
⎪⎨

⎪⎩
1 +

N∑

i=1

⎡

⎣
(

t

ρ2

) 1
(1−m) 1

k

⎤

⎦
1−mi

⎫
⎪⎬

⎪⎭

∫∫

Qn
(u − kn)2+ dxdτ (5.4)

by noting that
∫∫

Qn

(u − kn)2+ dxdτ ≥
∫∫

Qn

(u − kn)2+ χ[u > kn+1] dxdτ

=
∫∫

Qn

u2
(
1 − kn

u

)2

+
χ[u > kn+1] dxdτ
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=
∫∫

Qn

u1−mi umi +1
(
1 − kn

u

)2

+
χ[u > kn+1] dxdτ

≥
(

k

2

)1−mi 1

22(n+1)

∫∫

Qn

umi +1χ[u > kn+1] dxdτ.

Now recall condition (5.3) and observe that

N∑

i=1

∫∫

Qn

umi −1|uxi |2ξ2 χ[u > kn+1] dxdτ ≥ 1

S

N∑

i=1

∫∫

Qn

umi |uxi |2ξ2 χ[u > kn+1]

= 4

(m N + 2)2 S

N∑

i=1

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +2)/2
+

)

xi

∣∣∣∣
2

ξ2 dxdτ.

From these estimates we get

sup
t−tn≤τ≤t

∫

Kn
(u − kn+1)

2+ξ2 dx + γ (Co, m1, m N )

S

N∑

i=1

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +2)/2
+

)

xi

∣∣∣∣
2
ξ2 dxdτ

≤ γ (Co, C1, N )
24n

(1 − σ)2t
S2−r Yn .

Now consider

θ = N − 2

N
αi = mi + 2

2
, 2�

α = 2�

∑N
i=1 αi

N
, σ = 2

and

q = θ2�
α + 2(1 − θ) = m + 2 + 4

N
> 2 ≥ r .

In what follows we derive an algebraic estimate involving the numbers Yn and Yn+1: first
we apply Hölder’s inequality with exponent q/r > 1 and then use the parabolic anisotropic
embedding (2.2) to obtain

Yn+1 ≤
∫∫

Qn

(u − kn+1)
r+ξ r dxdτ

≤
(∫∫

Qn

((u − kn+1)+ξ)q dxdτ

)r/q

|Qn ∩ [u > kn+1]|1−r/q

≤ γ

[(
sup

t−tn<τ<t

∫

Kn

(u − kn+1)
2+ξ2(x, τ ) dx

)2/N

N∏

i=1

(∫∫

Qn

| (((u − kn+1)+ξ)αi
)

xi
|2 dxdτ

)1/N
]r/q

×|Qn ∩ [u > kn+1]|1−r/q

≤ γ (N , Co, C1, m1, m N )
bn

((1 − σ)2t)
(N+2)r

Nq

k− r(q−r)
q S

((2−r)(N+2)+N )r
Nq Y

1+ 2r
Nq

n

b = 2
r(N (q−r)+4(N+2)

Nq > 1 (5.5)

since

Yn ≥
∫∫

Qn

(u − kn)r+χ[u > kn+1] dxdτ ≥
(

k

2n+1

)r

|Qn ∩ [u > kn+1]|.
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By choosing k > 0

k = γ

((1 − σ)2t)
(N+2)
N (q−r)

S
(2−r)(N+2)+N

N (q−r)

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

(
t

ρ2

) 1
(1−m)

(5.6)

not only one assures (5.3) but also one can apply Lemma 2.3 to conclude that

Sσ ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
(2−r)(N+2)+N

N (q−r)

(∫∫

Qo

ur dxdt

) 2
N (q−r) +

(
t

ρ2

) 1
(1−m)

. (5.7)

Define the sequences of real positive numbers

ρ̃o = σρ ρ̃n = ρ

⎛

⎝σ + (1 − σ)

n∑

j=1

2− j

⎞

⎠

t̃o = σ t t̃n = t

⎛

⎝σ + (1 − σ)

n∑

j=1

2− j

⎞

⎠

and construct the cylinders

Q̃n = K̃n × (t − t̃n, t) K̃n =
N∏

i=1

⎧
⎨

⎩|xi | <

(
t

ρ2

) mi −m
2(1−m)

ρ̃n

⎫
⎬

⎭ .

Being Sn = sup
Q̃n

u, we then apply estimate (5.7) to the pair of cylinders Q̃n and Q̃n+1 and use

Young’s inequality with exponent μ = N (q−r)
(2−r)(N+2)+N to get

Sn ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
(2−r)(N+2)+N

N (q−r)

n+1

(∫∫

Q̃n+1

ur dxdτ

) 2
N (q−r) +

(
t

ρ2

) 1
(1−m)

≤ 1

2
Sn+1 + γ

((1 − σ)2t)
N+2
λr

(∫∫

Q̃n+1

ur dxdτ

) 2
λr +

(
t

ρ2

) 1
(1−m)

.

By iteration (see Lemma 2.4) and taking σ = 1/2 we finally get (5.2).
Case 2: r > 2
In this case we adopt a similar reasoning as the one presented before for 1 ≤ r ≤ 2 but with
a crucial difference: the boundedness of u does not play a role as it did previously. We focus
our attention in the main differences starting with the choice of the test functions: here we
take ϕ = (u − kn+1)

r−1+ ξ2. So, by considering test functions as such and integrating over
Qn , recalling that (5.1) is violated, one arrives at

sup
t−tn≤τ≤t

∫

Kn

(u − kn+1)
r+ξ2(x, τ ) dx + (r − 1)r

4
Com1

N∑

i=1

∫∫

Qn

umi −1(u − kn+1)
r−2+ |uxi |2ξ2 dxdτ

≤ 2n+2

(1 − σ)t

∫∫

Qn

(u − kn+1)
r+ dxdτ
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+γ (Co, C1, r)

r − 1

22n

(1 − σ)2ρ2

N∑

i=1

(
t

ρ2

)m−mi
1−m

∫∫

Qn

umi −1(u − kn+1)
r+ dxdτ

+γ (Co, C1, r)

r − 1

22n

(1 − σ)2ρ2

N∑

i=1

(
t

ρ2

)m−mi
1−m

∫∫

Qn

umi +1(u − kn+1)
r−2+ dxdτ

≤ γ (Co, C1, r)

r − 1

22n

(1 − σ)2t

⎧
⎨

⎩1 +
N∑

i=1

[(
t

ρ2

) 1
1−m 1

k

]1−mi
⎫
⎬

⎭

∫∫

Qn

(u − kn+1)
r+ dxdτ

+γ (Co, C1, r)

r − 1

22n

(1 − σ)2t

N∑

i=1

[(
t

ρ2

) 1
1−m 1

k

]1−mi ∫∫

Qn

u2(u − kn+1)
r−2+ dxdτ

≤ γ (Co, C1, r)

r − 1

24n

(1 − σ)2t

∫∫

Qn

(u − kn+1)
r+ dxdτ. (5.8)

These estimates have been obtained observing that

u > kn+1 >
k

2
⇒ umi −1 ≤ 2

k1−mi
∀i = 1, . . . , N ;

∫∫

Qn

(u − kn)r+ dxdτ ≥
∫∫

Qn

(u − kn)r+χ[u > kn+1] dxdτ

=
∫∫

Qn

u2
(
1 − kn

u

)2

+
(u − kn)r−2+ χ[u > kn+1] dxdt

≥ 1

22(n+1)

∫∫

Qn

u2(u − kn+1)
r−2+ dxdτ

and taking k > 0 as to satisfy (5.3). As for the left-hand side of (5.8), observe that
∫∫

Qn
umi −1(u − kn+1)

r−2+ |uxi |2ξ2 dxdτ ≥ 1

S

∫∫

Qn
(u − kn+1)

mi +r−2
+ |uxi |2ξ2 dxdτ

≥ γ (r)

S

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +r)/2
+

)

xi

∣∣∣∣
2
ξ2 dxdτ

and then

sup
t−tn≤τ≤t

∫

Kn

(u − kn+1)
r+ξ2(x, τ ) dx + γ (Co, m1, r)

S

N∑

i=1

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +r)/2
+

)

xi

∣∣∣∣
2

ξ2 dxdτ

≤ γ (Co, C1, r)
24n

(1 − σ)2t
Yn .

Note that
∫∫

Qn

∣∣∣∣
(
((u − kn+1)+ξ2)(mi +r)/2

)

xi

∣∣∣∣
2

dxdτ

≤ 2
∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +r)/2
+

)

xi

∣∣∣∣
2

ξ2 dxdt + 22(n+2)

(1 − σ)2ρ2 (r + 1)2
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∫∫

Qn

(u − kn+1)
mi +r
+ dxdτ

≤ γ (r , Co, C1, m1)

(1 − σ)2t
24n S

{
1 + t

ρ2 Smi −1
}

Yn ≤ γ (r , Co, C1, m1)

(1 − σ)2t
24n

S

{
1 + t

ρ2

1

k1−mi

}
Yn .

The last inequality was obtained by recalling that k/2 < u ≤ S. In what follows we derive an
estimate for Yn+1 by means of Hölder’s inequality and the parabolic anisotropic embedding
(2.2), now considering

θ = N − 2

N
αi = mi + r

2
, 2�

α = 2�

∑N
i=1 αi

N
σ = r

and

q = θ2�
α + σ(1 − θ) = m + r + 2r

N
> r

namely

Yn+1 ≤ γ (Co, C1, m1, m, r , N )

(
(1 − σ)2t

) r(N+2)
Nq

bn Sr/q k− r(q−r)
q Y

1+ 2r
Nq

n b > 1.

The remainder of the proof is quite similar to the one presented for 1 ≤ r ≤ 2, with the
obvious changes: now, once we choose

k = γ

((1 − σ)2t)
(N+2)
N (q−r)

S
1

q−r

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

(
t

ρ2

) 1
(1−m)

(5.9)

we may conclude

Sσ ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
1

q−r

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

(
t

ρ2

) 1
(1−m)

. (5.10)

and afterward, by considering this estimate applied to the pair of cylinders Q̃n and Q̃n+1,
being

Sn ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
(2−r)(N+2)+N

N (q−r)

n+1

(∫∫

Q̃n+1

ur dxdt

) 2
N (q−r) +

(
t

ρ2

) 1
(1−m)

≤ 1

2
Sn+1 + γ

((1 − σ)2t)
N+2
λr

(∫∫

Q̃n+1

ur dxdt

) 2
λr +

(
t

ρ2

) 1
(1−m)

The proof is concluded once we choose σ = 1/2 and use Lemma 2.4. ��

Proving Theorem 1.3

Consider that (6.1) is violated. FromProposition 5.1, for r = 1, and Theorem 1.2 one obtains

sup
Kρ/2×[t/2,t]

u ≤ γ t−
N+2

λ

(∫∫

Qρ

u dxdτ

)2/λ

+
(

t

ρ2

) 1
1−m
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≤ γ t−
N
λ

(
sup

0≤τ≤t

∫

Kρ

u(x, τ ) dx

)2/λ

+
(

t

ρ2

) 1
1−m

≤ γ t−
N
λ

{
inf

0≤τ≤t

∫

K2ρ

u(x, τ ) dx +
(

t

ρλ

) 1
1−m
}2/λ

+
(

t

ρ2

) 1
1−m

which allows us to get (1.12).

6 Lrloc estimates backward in time

This Section comprehends the presentation and proof of a local Lr estimate backward in time:
the following result states that the Lr -norm of (a locally bounded, nonnegative, local weak
subsolution) u to (1.3) in an intrinsic anisotropic cube, located at any time level 0 ≤ τ ≤ t ,
can be bounded above by the Lr -norm of u in a bigger cube located at the earliest time level
(the bottom of a bigger (in space) cylinder).

Proposition 6.1 (Lr
loc estimates backward in time) Let u be a nonnegative, locally bounded,

local weak subsolution to (1.3)–(1.4)–(1.5)–(1.6) in �T . Assume u ∈ Lr
loc(�T ), for some

r > 1. There exists a positive constant γ , depending on r , Co, C1, mi , such that, for all
cylinders Q2ρ ⊂ �T , either

Cρ

(
t

ρ2

) mi −m
2(1−m)

> 1, for some i = 1, . . . , N , (6.1)

or

sup
0<τ<t

∫

Kρ

ur (x, τ ) dx ≤ γ

(∫

K2ρ

ur (x, 0) dx +
(

t

ρλr

) 1
1−m
)

. (6.2)

Proof Assume that (6.1) fails. Let ρ > 0, t > 0 and σ ∈ (0, 1) be fixed and consider the
cylinders Qρ ⊂ Q(1+σ)ρ ⊂ Q2ρ ⊂ �T . Take ϕ = f (u)ξ2, for

f (u) = ur−1
(

(u − k)+
u

)s

max{r − 1, 1} < s < r k > 0

F(u) =
∫ u

k
f (s) ds

and a time-independent smooth cutoff function ξ ∈ C∞
o

(
K(1+σ)ρ

)
that equals one in Kρ ,

vanishes outside K(1+σ)ρ and verifies |ξxi | ≤ 1

σρ

(
t

ρ2

) m−mi
2(1−m)

.

Recalling (1.4)–(1.5)–(1.6), the conditions on ξ , the failure of (6.1), the fact that

f ′(u) ≥ (r − 1)
f (u)

u
and f (u) ≤ ur−1

from the several terms appearing in the weak formulation (1.7) one gets

sup
0<τ<t

∫

Kρ

F(u)(x, τ ) dx ≤
∫

K2ρ

F(u)(x, 0) dx
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+γ (Co, C1, r)

(r − 1)σ 2ρ2

N∑

i=1

⎧
⎨

⎩(Cρ)2 +
(

t

ρ2

)m−mi
1−m + (Cρ)

(
t

ρ2

) m−mi
2(1−m)

⎫
⎬

⎭

×
∫∫

Q(1+σ)ρ

umi +r−1 χ [u > k] dxdτ

≤
∫

K2ρ

F(u)(x, 0) dx

+γ (Co, C1, r)

(r − 1)σ 2ρ2

N∑

i=1

(
t

ρ2

)m−mi
1−m

∫∫

Q(1+σ)ρ

umi +r−1 χ [u > k] dxdτ.

In order to deal with the parabolic terms, on the one hand one proceeds as in [20] and chooses

kr ≤ 1

2r+1|Kρ |
∫

Kρ

ur (x, τ ) dx

to obtain the inferior bound to the left hand side

sup
0<τ<t

∫

Kρ

F(u)(x, τ ) dx ≥ γ (r) sup
0<τ<t

∫

Kρ

ur (x, τ ) dx

on the other hand, since F(u) ≤ ur ,
∫

K2ρ

F(u)(x, 0) dx ≤
∫

K2ρ

ur (x, 0) dx .

As for the elliptic terms, we start by applying Hölder’s inequality and then Young’s inequality
in each i-term to get

γ (Co, C1, r)

(r − 1)σ 2ρ2

N∑

i=1

(
t

ρ2

)m−mi
1−m

∫∫

Q(1+σ)ρ

umi +r−1 χ[u > k] dxdt

≤ γ (Co, C1, r)

(r − 1)σ 2ρ2

N∑

i=1

(
t

ρ2

)m−mi
1−m

(∫∫

Q(1+σ)ρ

ur dxdt

)mi +r−1
r (

t 22N ρN
) 1−mi

r

≤
N∑

i=1

⎡

⎣γ (Co, C1, r)

(r − 1)σ 2

(
tr

ρλr

) 1−mi
(1−m)r

⎤

⎦ S
r−1+mi

r
σ Sσ = sup

0≤τ≤t

∫

K(1+σ)ρ

ur (x, τ ) dx

≤ 1

2
Sσ + γ (Co, C1, r , σ, N , mi )

(
tr

ρλr

) 1
1−m

.

Thereby

sup
0≤τ≤t

∫

Kρ

ur (x, τ ) dx ≤ γ (r)

∫

K2ρ

ur (x, 0) dx

+1

2
Sσ + γ (Co, C1, r , σ, N , mi )

(
tr

ρλr

) 1
1−m

.

Now consider

ρn = ρ

n∑

j=1

2− j ρn+1 = (1 + σn)ρn ⇒ σn ≥ 1

2n+1
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and

Sn = sup
0<τ<t

∫

Kn

ur (x, τ ) dx being Kn =
N∏

i=1

{
|xi | <

(
t

ρ2

) mi−m
2(1−m)

ρn

}
.

Therefore

Sn ≤ 1

2
Sn+1 + bn γ (Co, C1, N , m1, m N , r)

{∫

K2ρ

ur (x, 0) dx +
(

tr

ρλr

) 1
1−m
}

b > 1.

The result is now a consequence of Lemma 2.4. ��

Remark 6.2 The constant γ , determined along the proof, depends on r in such a way that
γ ↗ +∞ as r ↘ 1.

7 Extinction in finite time

In this Section we consider the Dirichlet problem (1.13)–(1.14)–(1.15), where � is a rect-
angular bounded domain in R

N , N > 2, and the initial data 0 �= uo ∈ L∞(�). Let
u ∈ C

(
R

+; L2(�)
)
, with u(mi −1)/2uxi ∈ L2

(
R

+; L2(�)
)
, for all i = 1, . . . , N , be the

unique, nonnegative, locally bounded solution to (1.13)–(1.14)–(1.15). In what follows we
describe the procedure to determine the extinction of u in a finite time T �, i.e.

u(x, t) = 0 ∀t ≥ T �.

We start by multiplying the differential equation associated to (1.13) by ϕ = ur

r + 1
, for

r ≥ mi ,∀i , and then we integrate over � to arrive at

0 = d

dt

∫

�

ur+1 dx + Co
r

r + 1

N∑

i=1

mi

∫

�

umi +r−2|uxi |2 dx

≥ d

dt

∫

�

ur+1 dx + Com1
4r

(r + 1)3

N∑

i=1

∫

�

∣∣∣
(
uαi
)

xi

∣∣∣
2

dx αi = mi + r

2

≥ d

dt

∫

�

ur+1 dx + γ Com1
4r

(r + 1)3

(∫

�

u2�
α dx

) 2
2�

γ = γ (N , m, r) (7.1)

due to the elliptic anisotropic embedding (2.1). The next step consists in establishing a relation

between the two integral terms
∫

�

ur+1 dx and
∫

�

u2�
α dx . For that purpose, we consider

two possibilities: either the average m is below or above the critical value (N − 2)/N . We
recall that when mi ≡ m for all i = 1, . . . , N , this requirement distinguished between super
and sub-critical exponents. Define

f (t) =
∫

�

ur+1(x, t) dx = ||u(·, t)||r+1
Lr+1(�)

and consider the alternative:

1. The average m is in the sub-critical range, 0 < m < (N − 2)/N :
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(a) If m N < [N (1− m)]]/2−1, take r > m N such that r +1 = [N (1− m)]/2 and then
r + 1 = 2�

α and ∫

�

ur+1 dx =
∫

�

u2�
α dx

From (7.1) one obtains the ordinary differential inequality

f ′ + γ f β ≤ 0 where γ = γ (Co, m1, N , m), β = N − 2

N
< 1

By integrating over the interval [0, t], one gets

||u(·, t)||Lr+1(�) ≤ ||uo||Lr+1(�)

⎛

⎝1 − γ t

||uo||(1−β)(r+1)
Lr+1(�)

⎞

⎠

1
(1−β)(r+1)

+
and

0 < T � ≤ γ1 ||uo||1−m
L N (1−m)/2(�)

, γ1 = γ1(Co, m1, N , m)

(b) If m N ≥ N (1 − m)/2 − 1, take r = m N . In this case we have r + 1 < 2�
α and

∫

�

ur+1 dx ≤
(∫

�

u2�
α dx

)m N +1
2�α |�|

2�α−(1+m N )

2�α .

Thereby

f ′ + γ̃ |�|(−2�
α+1+m N ) 2

2�(m N +1) f β ≤ 0 where γ̃ = γ̃ (Co, m1, m N , N , m),

being β = (m + m N )/(1 + m N ) < 1. Proceeding as before,

||u(·, t)||Lr+1(�) ≤ ||uo||Lr+1(�)

⎛

⎝1 − γ̃ |�|(−2�
α+1+m N ) 2

2�(m N +1) t

||uo||(1−β)(r+1)
Lr+1(�)

⎞

⎠

1
(1−β)(r+1)

+
and

0 < T � ≤ γ2 |�|−
N (m−1)+2+2m N

N (m N +1)2 ||uo||1−m
Lm N +1(�)

γ2 = γ2(Co, m1, m N , N , m).

2. The average m is in the supercritical range: (N − 2)/N ≤ m < 1.
In this case 2�

α ≥ r + 1, for all r ≥ mi . So we choose the smallest possible r , r = m N ,
and argue as in 1.(b) to get

||u(·, t)||Lr+1(�) ≤ ||uo||Lr+1(�)

⎛

⎝1 − γ̃ |�|(−2�
α+1+m N ) 2

2�(m N +1) t

||uo||(1−β)(r+1)
Lr+1(�)

⎞

⎠

1
(1−β)(r+1)

+
and

0 < T � ≤ γ2 |�|−
N (m−1)+2+2m N

N (m N +1)2 ||uo||1−m
Lm N +1(�)

γ2 = γ2(Co, m1, m N , N , m).

This proves Theorem 1.5.

Remark 7.1 Note that the assumption of boundedness of u and r ≥ mi , for all i = 1, . . . , N ,
is necessary here to consider admissible test functions of the form ϕ = ur/(r + 1).
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As the proof shows, for 0 < m < (N − 2)/N andm N < [N (1 − m)]/2−1, we did not make
use of � being a bounded domain. Therefore, the extinction in finite time holds true also for
the case of unbounded domains and one can present the result given by Corollary 1.7.

Remark 7.2 Note that these two results, concerning the finite time of extinction,were obtained
for a rectangular bounded space � and for the whole RN ; no specification whatsoever in the
choice of either an intrinsic or standard geometry.
To the best of our knowledge, results concerning the existence and uniqueness of solutions to
anisotropic Cauchy problems were obtained in a different setting than the one present here.
In fact, in [34] the authors considered (1.1), defined in RN ×R

+, with initial data u(x, 0) =
uo(x) ∈ L1(RN ), and developed their work under the scope of L1-regular solutions: for each
ε > 0, u ∈ C(R+

o ; L1(RN )) ∪ C(RN × R
+) ∪ L∞(RN × [ε,+∞)).

The final part of this Section is devoted to the decay rate of extinction. For that purpose, let
ρ > 0 be fixed and take t > T �/2, being T � the finite time of extinction given by Theorem 1.5
from which we construct the cylinder

K4ρ×(2t−T �, T �)=
N∏

i=1

{
|xi | <

(
2(T � − t)

ρ2

)(mi −m)/(2(1−m))

4ρ

}
×(2t−T �, T �)⊂�×R

+.

From the integral Harnack-type inequality (1.10) one gets

sup
2t−T �≤τ≤T �

∫

K2ρ

u(x, τ ) dx ≤ γ

(
T � − t

ρλ

) 1
1−m

λ = N (m − 1) + 2

and so, for all T �/2 < t < T �, we have the following decay rate for the L1-norm of u

∫

Kρ

u(x, t) dx ≤ γ

(
T � − t

ρλ

) 1
1−m

.

If in addition we consider λ > 0, by recalling the local L1-L∞ Harnack-type estimate (1.12),
we obtain Theorem (1.6).

8 The study of the anisotropic equation within the context of a
standard geometry

The previously chosen geometry is closely related to the anisotropic behavior of our equation:
considering radii ρi = (t/ρ2)(mi −m)/(2(1−m))ρ allowed us to obtain homogeneous estimates
written for the arithmetic mean m. Therefore one can say that the anisotropic differential
Eq. (1.3) behaves, in this intrinsic anisotropic geometry, as the (general) porous medium type
equation considered written for the arithmetic mean m. But ρi either explodes or vanishes
as soon as any asymptotic behavior (in time or space) needs to be checked. In what follows
we present similar results to the ones given in the previous Sects. 4, 5, 6 and 7, with the
exception that now we consider the standard geometry, meaning that we will consider the
usual (isotropic) cubes

Kρ = {|x | < ρ} Kaρ = {|x | < aρ} , a > 0,

and the correspondent cylinders

Qρ = Kρ × [0, t] Qaρ = Kaρ × [0, t], a > 0.
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This will provide Harnack-type estimates that are stable from the geometric point of view:
nevertheless, there is a price to be paid. In this Section, the differences between results
obtained within the scope of the two adopted geometries will be clarified.
By presenting these two possible approaches, we provide the full picture; one may choose
to consider the geometric setting that suits best the purpose to pursue.

8.1 Integral form of a Harnack-type inequality

Lemma 8.1 Let u be a nonnegative, local weak supersolution to (1.3)–(1.4)–(1.5)–(1.6) in
�T . Let α ∈ R be such that 0 < α + 1 < 1, 0 < α + mi < 1 and 0 < mi − α < 1. There
exists a positive constant γ , depending on N , Co, C1, m1, α, such that, for all cylinders
Q(1+σ)ρ ⊂ �T , for all σ ∈ (0, 1), either

Cρ > 1 (8.1)

or

N∑

i=1

∫∫

Qρ

umi +α−2|uxi |2 dxdτ ≤ γ

σ 2

⎧
⎨

⎩1 +
N∑

i=1

((
t

ρ2

) 1
1−mi ρN

S

)1−mi
⎫
⎬

⎭S1+α
σ ρ−Nα

(8.2)

where Sσ = sup
0≤τ≤t

∫

K(1+σ)ρ

u(x, τ ) dx and S = sup
0≤τ≤t

∫

Kρ

u(x, τ ) dx.

Proof The proof follows closely the one of Lemma 4.1, therefore we will just be focus on
the changes to be considered. Assume (8.1) does not hold and in the weak formulation (1.7),
consider ϕ = uαξ(x), being ξ(x) a smooth cutoff function defined in K(1+σ)ρ and verifying
ξ = 1 in Kρ , ξ = 0 outside K(1+σ)ρ and |Dξ | ≤ 1/σρ, and integrate over Q(1+σ)ρ . We then
have

0 ≤
∫

K(1+σ)ρ

uα+1(x, t) ξ(x) dx −
∫

K(1+σ)ρ

uα+1(x, 0) ξ(x) dx −
∫∫

Q(1+σ)ρ

u
(
uα
)

t ξ dxdt

+
N∑

i=1

∫∫

Q(1+σ)ρ

Ai
(
α uα−1 uxi ξ + uα ξxi

)
dxdt

−
∫∫

Q(1+σ)ρ

B uαξ dxdt

= I1 + I2 + I3.

Observe that, as before,

I1 ≤ 21+2N |α|

α + 1
Sα+1
σ ρ−Nα

as for I2 and I3, remember that we are considering Cρ ≤ 1, α is negative and we have the
estimate ∫∫

Q(1+σ)ρ

umi +α dxdτ ≤ t Smi +α
σ (4ρ)N (1−(mi +α)).

Therefore

I2 = α

N∑

i=1

∫∫

Q(1+σ)ρ

Ai uxi uα−1 ξ dxdτ +
N∑

i=1

∫∫

Q(1+σ)ρ

Ai uα ξxi dxdτ
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≤ 2αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ

+ 1

|α|(σρ)2

N∑

i=1

{
(Cρ)2 + C2

1

Co
+ Cρ

}∫∫

Q(1+σ)ρ

umi +α dxdτ

≤ 2αCo

N∑

i=1

mi

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ

+γ (N , Co, C1)

|α|σ 2

N∑

i=1

((
t

ρ2

) 1
1−mi ρN

S

)1−mi

Sα+1
σ ρ−Nα

and

I3 ≤ −αCo

N∑

i=1

mi

∫∫

Q1+σ

umi −1+α−1|uxi |2ξ2 dxdτ

+γ (N , Co)

|α|σ 2

N∑

i=1

((
t

ρ2

) 1
1−mi ρN

S

)1−mi

Sα+1
σ ρ−Nα.

Finally, we get

N∑

i=1

∫∫

Q(1+σ)ρ

umi +α−2|uxi |2ξ2 dxdτ ≤ γ (N , Co, C1, m1)

|α|2(α + 1)

1

σ 2

⎧
⎨

⎩1 +
N∑

i=1

((
t

ρ2

) 1
1−mi ρN

S

)1−mi
⎫
⎬

⎭ Sα+1
σ ρ−Nα.

��
This auxiliary lemma allows to derive an integral form of a Harnack-type inequality, namely

Theorem 8.2 (Integral form of a Harnack-type inequality) Let u be a nonnegative, local weak
solution to (1.3)–(1.4)–(1.5)–(1.6) in �T . There exists a positive constant γ , depending on
N , Co, C1, m1, such that, for all cylinders Q2ρ ⊂ �T , either

Cρ > 1 (8.3)

or

sup
0<τ<t

∫

Kρ

u(x, τ ) dx ≤ γ

{
inf

0<τ<t

∫

K2ρ

u(x, τ ) dx +
N∑

i=1

(
t

ρλi

) 1
1−mi

}
(8.4)

for λi = N (mi − 1) + 2.

Proof Assume that (8.3) does not hold. Let ρ > 0 and t > 0 be fixed and construct the
increasing sequence of (isotropic) cubes

Kn = {|x | < ρn}
where

ρ ≤ ρn = ρ

n∑

j=0

2− j < 2ρ and ρn+1 = (1 + σn)ρn ⇒ σn ≥ 1

2n+1 .
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In the weak formulation take ϕ = ξ(x), being ξ(x) a smooth cutoff function that: equals
1 in Kn , vanishes outside Kn+1, verifies |Dξ | ≤ 2n+1/ρ, and consider the integration over
Kn+1 × [τ1, τ2] ⊂ K2ρ × [0, t]. We then get,

∫

Kn
u(x, τ1) dx ≤

∫

Kn+1

u(x, τ2) dx

+ C1
2n+1

ρ

N∑

i=1

mi

∫ τ2

τ1

∫

Kn+1

umi −1|uxi | dxdτ

+ C
N∑

i=1

mi

∫ τ2

τ1

∫

Kn+1

umi −1|uxi | dxdτ

+ C
2n+1

ρ

N∑

i=1

∫ τ2

τ1

∫

Kn+1

umi dxdτ + C2
N∑

i=1

∫ τ2

τ1

∫

Kn+1

umi dxdτ. (8.5)

Now choose τ2 ∈ [0, t] such that
∫

K2ρ

u(x, τ2) dτ = inf
0≤τ≤t

∫

K2ρ

u(x, τ ) dx = I

and denote Sn = sup
0≤τ≤t

∫

Kn

u(x, τ ) dx and Qn = Kn × [0, t]. Taking this into account,

recalling Cρ ≤ 1 and Lemma 8.1, from the previous inequality (8.5) we get

Sn ≤ I + 2n+1

ρ
(C1 + Cρ)

N∑

i=1

∫∫

Qn+1

umi −1|uxi | dxdτ

+2n+1

ρ2 (Cρ + (Cρ)2)

N∑

i=1

∫∫

Qn+1

umi dxdτ

≤ I + 22n

ρ
γ (Co, C1, N , m1)

N∑

i=1

⎧
⎨

⎩1 +
N∑

j=1

(
t

ρ2

)(
ρN

So

)1−m j

⎫
⎬

⎭

1/2
√

t S
1+mi

2
n+1 ρ

N (1−mi )
2

+ 2n

ρ2 γ (N ) t
N∑

i=1

S1+mi
n+1 ρN (1−mi )

≤ I +
N∑

i=1

S
1+mi

2
n+1

[
22nγ (Co, C1, N , m1) ρ

N (1−mi )
2

(
t

ρ2

)1/2]

+
N∑

i=1

Smi
n+1

[
γ (N )2n ρN (1−mi )

t

ρ2

]
.

The last estimatewas obtained assuming,without loss of generality (otherwise there is nothing
more to be done), the inequality

S = So >

N∑

i=1

(
t

ρN (mi −1)+2

) 1
1−mi

. (8.6)

Our next step will be to apply in each i-term of the second and third terms, Young’s inequality
with εi = ε/2N , for small ε > 0, with exponents μi = 2/(1 − mi ) and νi = 1/(1 − mi ),
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respectively, and then get

Sn ≤ ε Sn+1 + bn γ (N , Co, C1, m N , ε)

[
N∑

i=1

(
t

ρN (mi −1)+2

) 1
1−mi + I

]
b = 2

1
1−m N > 1.

The proof is concluded once we choose ε ∈ (0, 1) such that εb = 1/2 and let n → ∞. ��

8.2 Local L1-L∞ Harnack-type estimates and Decay rate of extinction

Proposition 8.3 (Lr
loc − L∞

loc estimates) Let u be a nonnegative, locally bounded, local weak
subsolution to (1.3)–(1.4)–(1.5)–(1.6) in �T . Let r ≥ 1 be such that λr = N (m−1)+2r > 0.
There exists a positive constant γ , depending on N , Co, C1, mi , such that, for all cylinders
Qρ = Kρ × [0, t] ⊂ �T , either

Cρ > 1 (8.7)

or

sup
K ρ/2×[t/2,t]

u ≤ γ t−
N+2
λr

(∫∫

Qρ

ur dxdτ

)2/λr

+
N∑

i=1

(
t

ρ2

) 1
1−mi

(8.8)

Proof Let σ ∈ (0, 1), ρ > 0 and t > 0 be fixed and for n = 0, 1, . . ., consider the decreasing
sequences of time levels

tn = t

(
σ + 1 − σ

2n

)

and of radii

ρn = ρ

(
σ + 1 − σ

2n

)

from which we construct the sequences of nested and shrinking cubes and cylinders,
respectively,

Kn = {|x | < ρn} and Qn = Kn × [t − tn, t].
Consider the increasing sequence of levels, being k a positive to be fixed,

kn = k

(
1 − 1

2n

)
n = 0, 1, . . . .

Take smooth cutoff functions ξ(x, t) = ξ1(x)ξ2(t) defined in Qn and such that ξ1 verifies

ξ1 = 1 in Kn+1; ξ1 = 0 in R
N \Kn |Dξ1| ≤ 2n+1

(1 − σ)ρ

and ξ2, defined over the interval [t − tn, t], verifies

ξ2(τ ) =
{
0, τ ≤ t − tn
1, t − tn+1 < τ ≤ t .

assume (8.7) is not in force and define

Yn =
∫∫

Qn

(u − kn )r+ dxdτ S = sup
Kρ×[0,t]

u and Sσ = sup
Kσρ×[σ t,t]

u.
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Consider 1 ≤ r ≤ 2. Arguing as in the correspondent part of the proof of Proposition 5.1,
we arrive at

sup
t−tn≤τ≤t

∫

Kn

(u − kn+1)
2+ξ2 dx + Co

2
m1

N∑

i=1

∫∫

Qn

umi −1|uxi |2ξ2 χ[u > kn+1] dxdτ

≤ 2n+2

(1 − σ)t

∫∫

Qn

(u − kn+1)
2+ dxdτ

+ γ (Co, C1)
22n

(1 − σ)2ρ2

N∑

i=1

∫∫

Qn

umi +1 χ[u > kn+1] dxdτ

≤ γ (Co, C1)
24n

(1 − σ)2t

{
1 +

N∑

i=1

(
t

ρ2

)
1

k1−mi

}∫∫

Qn

(u − kn)2+ dxdτ. (8.9)

For the sake of obtaining an estimate for the right-hand side that is independent of the index
i , we consider a level k such that

k ≥
(

t

ρ2

) 1
1−mi

for all i = 1, . . . , N . (8.10)

This is the price to be paid for having a homogeneous right-hand side, using the
nonhomogeneous assumption (8.10). As for the left-hand side we get the inferior bound

N∑

i=1

∫∫

Qn
umi −1|uxi |2ξ2 χ [u > kn+1] dxdτ ≥ 4

9 S

N∑

i=1

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +2)/2
+

)

xi

∣∣∣∣
2
ξ2 dxdτ

and by combining both estimates

sup
t−tn≤τ≤t

∫

Kn

(u − kn+1)
2+ξ2 dx + γ (Co, m1)

S

N∑

i=1

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +2)/2
+

)

xi

∣∣∣∣
2

ξ2 dxdτ

≤ γ (Co, C1, N )
24n

(1 − σ)2t
S2−r Yn .

We now consider

q = θ2�
α + 2(1 − θ), θ = N − 2

N
αi = mi + 2

2
, 2�

α = 2�

∑N
i=1 αi

N

apply Hölder’s inequality with exponent q/r > 1 and then use the anisotropic embedding
(2.2) to obtain

Yn+1 ≤ γ (N , Co, C1, m1)
bn

((1 − σ)2t)
(N+2)r

Nq

k− r(q−r)
q S

((2−r)(N+2)+N )r
Nq Y

1+ 2r
Nq

n b > 1.

To use Lemma 2.3 and accommodate assumption (8.10), we take

k = γ

((1 − σ)2t)
(N+2)
N (q−r)

S
(2−r)(N+2)+N

N (q−r)

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

N∑

i=1

(
t

ρ2

) 1
1−mi

(8.11)

and then get

Sσ ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
(2−r)(N+2)+N

N (q−r)

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

N∑

i=1

(
t

ρ2

) 1
1−mi

.(8.12)
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From this point on there are so significant changes to be made to the proof presented within
the anisotropic geometry setting.
Let us now consider r > 2. This case follows quite closely the reasoning presented before;
we only present the main differences ϕ = (u − kn+1)

r−1+ ξ2. So by considering test functions
as such and integrating over Qn one arrives at

sup
t−tn≤τ≤t

∫

Kn

(u − kn+1)
r+ξ2(x, τ ) dx + (r − 1)r

4
Com1

N∑

i=1

∫∫

Qn

umi −1(u − kn+1)
r−2+ |uxi |2ξ2 dxdτ

≤ 2n+2

(1 − σ)t

∫∫

Qn

(u − kn+1)
r+ dxdτ

+ γ (Co, C1, r)

r − 1

22n

(1 − σ)2ρ2

N∑

i=1

∫∫

Qn

umi −1(u − kn+1)
r+ dxdτ

+ r(r − 1)C2
N∑

i=1

∫∫

Qn

umi +1(u − kn+1)
r−2+ dxdτ

+ C2
N∑

i=1

∫∫

Qn

umi (u − kn+1)
r−1+ dxdτ

≤ γ (Co, C1, r)
22n

(1 − σ)2t

∫∫

Qn

(u − kn+1)
r+ dxdτ (8.13)

These estimates were obtained, considering Cρ ≤ 1, assuming k verifies (8.10), noting that

u > kn+1 >
k

2
⇒ umi −1 ≤ 2

k1−mi
∀i = 1, . . . , N ;

and using the same reasoning as before (in the anisotropic setting) to estimate the several
integrals in terms of the Lr -norm of the truncated functions (u − kn)+. As for the left hand
side, once again one has

∫∫

Qn

umi −1(u−kn+1)
r−2+ |uxi |2ξ2 dxdτ ≥ γ (r)

S

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +r)/2
+

)

xi

∣∣∣∣
2

ξ2 dxdτ

thereby

sup
t−tn≤τ≤t

∫

Kn

(u − kn+1)
r+ξ2(x, τ ) dx + γ (Co, m1, r)

S

N∑

i=1

∫∫

Qn

∣∣∣∣
(
(u − kn+1)

(mi +r)/2
+

)

xi

∣∣∣∣
2

ξ2 dxdτ

≤ γ (Co, C1, r)
22n

(1 − σ)2t
Yn .

Consider

q = θ2�
α + r(1 − θ) θ = N − 2

N
αi = mi + r

2
, 2�

α = 2�

∑N
i=1 αi

N
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and use Hölder’s inequality and the parabolic anisotropic embedding (2.2), to get

Yn+1 ≤ γ (Co, C1, m1, m, r , N )

(
(1 − σ)2t

) r(N+2)
Nq

bn Sr/q k− r(q−r)
q Y

1+ 2r
Nq

n

The remaining of the proof is quite similar to the one presented for 1 ≤ r ≤ 2, with the
obvious changes: now, once we choose

k = γ

((1 − σ)2t)
(N+2)
N (q−r)

S
1

q−r

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

N∑

i=1

(
t

ρ2

) 1
1−mi

(8.14)

we may conclude

Sσ ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
1

q−r

(∫∫

Qo

ur dxdτ

) 2
N (q−r) +

N∑

i=1

(
t

ρ2

) 1
1−mi

. (8.15)

and afterward, by considering this estimate applied to the pair of cylinders Q̃n and Q̃n+1 (for
ρ̃n and t̃n defined as in the anisotropic geometry case studied in Sect. 5)

Sn ≤ γ

((1 − σ)2t)
(N+2)
N (q−r)

S
1

q−r
n+1

(∫∫

Q̃n+1

ur dxdτ

) 2
N (q−r) +

N∑

i=1

(
t

ρ2

) 1
1−mi

≤ 1

2
Sn+1 + γ

((1 − σ)2t)
N+2
λr

(∫∫

Q̃n+1

ur dxdτ

) 2
λr +

N∑

i=1

(
t

ρ2

) 1
1−mi

and the result follows by applying Lemma 2.4. ��
By combining Proposition 8.3, for r = 1, and Theorem 8.2 one obtains

Theorem 8.4 (L1
loc − L∞

loc Harnack-type estimate) Let u be a nonnegative, locally bounded,
local weak solution to (1.3)–(1.4)–(1.5)–(1.6) in �T , for m in the supercritical range, i.e.
m > (N − 2)/N. There exists a positive constant γ , depending on N , Co, C1, mi , such that,
for all cylinders Q2ρ ⊂ �T , either

Cρ > 1 (8.16)

or

sup
K ρ/2×[t/2,t]

u ≤ γ t−
N
λ

(
inf

0≤τ≤ρ

∫

K2ρ

u(x, τ ) dx

)2/λ

+ γ

N∑

i=1

(
t

ρ2

) 1
1−mi

+γ

N∑

i=1

(
t

ρ2

) λi
λ(1−mi )

(8.17)

where λi = N (mi − 1) + 2 and λ = N (m − 1) + 2.

Remark 8.5 Note that the L1
loc-L

∞
loc Harnack-type estimate was derived just asking for m >

(N −2)/N , that is, considering λ > 0. However, with no further conditions on the exponents
mi , i = 1, . . . , N , the exponents λi do not have a constant sign. The exponents’ positivity is
a relevant feature when deriving a decay rate of extinction.
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In what follows we present the decay rate of extinction in the case of the standard geometry.
We start by considering ρ > 0 fixed, T �/2 < t < T �, being T � the finite time of extinction
given by (1.16), and then construct the cylinder

K4ρ × [2t − T �, T �] ⊂ � × R
+.

From the integral Harnack-type inequality (8.4)

sup
2t−T �<τ<T �

∫

Kρ

u(x, τ ) dx ≤ γ

N∑

i=1

(
T � − t

ρλi

) 1
1−mi

and so, for all
T �

2
< t < T �, we have the following decay rate for the L1-norm of u

∫

Kρ

u(x, t) dx ≤ γ

N∑

i=1

(
T � − t

ρλi

) 1
1−mi

.

Observe that if furthermore we assume λ > 0, by recalling the local L1-L∞ Harnack-type
estimate (8.17), we have

||u(·, t)||L∞(Kρ) ≤ γ

N∑

i=1

(
T � − t

ρ2

) 1
1−mi + γ

N∑

i=1

(
T � − t

ρ2

) λi
λ(1−mi ) T �

2
< t < T �.

(8.18)

By a simple analysis of each one of the two terms of (8.18), and being forced to assume a
stronger condition on the exponents mi (for instance observe that λi may be of either sign at
this point), we derive the following decay rate in the standard geometry.

Theorem 8.6 (Decay rate of extinction) In the setting of Theorem 1.5, consider the smallest
exponent m1 > (N − 2)/N to be supercritical. Then, there exists a positive constant γ ,
depending upon Co, m1, m N , N , m, such that, for all T �/2 < t < T �,

(a) When (T � − t)/ρ2 ≤ 1,

||u(·, t)||L∞(Kρ) ≤ γ

(
T � − t

ρ2

) λ1
λ(1−m1)

(b) If otherwise (T � − t)/ρ2 ≥ 1,

||u(·, t)||L∞(Kρ) ≤ γ

(
T � − t

ρ2

) λN
λ(1−m N )

.

We conclude with the study of backward estimates for the case of the standard geometry.

8.3 Local Lr estimates backward in time

Proposition 8.7 (Lr
loc estimates backward in time) Let u be a nonnegative, locally bounded,

local weak subsolution to (1.3)–(1.4)–(1.5)–(1.6) in �T . Assume u ∈ Lr
loc(�T ), for some

r > 1. There exists a positive constant γ , depending on r , Co, C1, mi , such that, for all
cylinders Q2ρ ⊂ �T , either

Cρ > 1 (8.19)
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or

sup
0<τ<t

∫

Kρ

ur (x, τ ) dx ≤ γ

(∫

K2ρ

ur (x, 0) dx +
N∑

i=1

(
tr

ρλir

) 1
1−mi

)
(8.20)

being λir = N (mi − 1) + 2r .

Proof Assume that (8.19) fails. Let ρ > 0, t > 0 and σ ∈ (0, 1) be fixed and consider the
cylinders Qρ ⊂ Q(1+σ)ρ ⊂ Q2ρ ⊂ �T . Take ϕ = f (u)ξ2, for

f (u) = ur−1
(

(u − k)+
u

)s

max{r − 1, 1} < s < r k > 0

and a time-independent smooth cutoff function ξ ∈ C∞
o

(
K(1+σ)ρ

)
that equals one in Kρ ,

vanishes outside K(1+σ)ρ and verifies |Dξ | ≤ 1/σρ. Arguing in the same way as in the proof

of Proposition 6.1, defining Sσ = sup
0≤τ≤t

∫

K(1+σ)ρ

ur (x, τ ) dx , we arrive at

sup
0≤τ≤t

∫

Kρ

ur (x, τ ) dx ≤ γ (r)

∫

K2ρ

ur (x, 0) dx

+γ (Co, C1, r , N )

(r − 1)σ 2ρ2

N∑

i=1

∫∫

Q(1+σ)ρ

umi +r−1 χ[u > k] dxdτ

≤ γ (r)

∫

K2ρ

ur (x, 0) dx

+
N∑

i=1

[
γ (Co, C1, r)

(r − 1)σ 2

(
tr

ρN (mi −1)+2r

) 1
r
]

S
r−1+mi

r
σ

≤ γ (r)

∫

K2ρ

ur (x, 0) dx

+1

2
Sσ +

N∑

i=1

γ (Co, C1, r , σ, N , mi )

(
tr

ρN (mi −1)+2r

) 1
1−mi

.

By considering

ρn = ρ

n∑

j=1

2− j ρn+1 = (1 + σn)ρn ⇒ σn ≥ 1

2n+1

and

Sn = sup
0≤τ≤t

∫

Kn

ur (x, τ ) dx being Kn = {|x | < ρn}

Sn ≤ 1

2
Sn+1 + bnγ (Co, C1, N , m1, m N )

[∫

K2ρ

ur (x, 0) dx +
N∑

i=1

(
tr

ρλir

) 1
1−mi

]
b > 1

and now (8.20) is a direct consequence of Lemma 2.4. ��

Remark 8.8 The constant γ deteriorates as r ↘ 1, as shown along the proof.
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Remark 8.9 As a final remark, we emphasize that all the results obtained, whatever the geo-
metric setting chosen—either the anisotropic or the standard (isotropic) one—are consistent
with the theory known for a class of isotropic porous media type equations. In fact, if one
considers all the exponents mi , i = 1, . . . , N , to be equal, say

mi = m ∀i = 1, . . . , N

the exponents appearing along the text become precisely the ones derived in the isotropic
context (see for instance [15, 16]).
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