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1 Introduction

Actions with higher-derivative (HD) operators generically lead to higher-order equations of
motion, which require the specification of additional initial conditions for the solution of
the Cauchy problem and hence signal the presence of new degrees of freedom. Such new
degrees of freedom can be described by new fields called ghosts, featuring the wrong sign
kinetic term, and imply the presence of the Ostrogradsky’s instability [1]. There are however
two instances in which HD theories are ghost-free. Firstly, it is well know that not all HD
actions lead to equations of motion that are of higher order in time derivatives. Scalar-tensor
theories with HD operators and two-derivative equations of motion (hence free of ghosts)
have been classified in [2]. The simplest examples are P(X = (0¢)?) theories. Other theories
with HD operators lead to higher-order equations of motion but avoid the presence of ghosts
due to particular degeneracy conditions [3]. The second situation where a theory can be free
of instabilities associated with the presence of HD terms is when it is taken to be an effective



field theory (EFT), valid below a cutoff energy scale. In this case the HD terms can be recast
as perturbative corrections to a well defined two-derivative action.

Higher-derivative operators naturally arise from certain UV complete theories such as
string theory, the DBI action being the prime example. A large corner of 4d reductions of
string theory preserves some amount of supersymmetry (SUSY), so that the study of HD
operators in supersymmetric theories is rather natural. One can argue that when the UV
theory is consistent, the apparent instabilities in the EFT are a consequence of the truncation
at finite order of an entire series of HD operators. Such series are free from instabilities but
their truncations are not, see e.g. [4, 5] for concrete examples. String theory compactifications
to four dimensions are described at leading order by two-derivative SUSY action and feature
HD operators suppressed by powers of the cutoff scale, thus only contributing as perturbations.
Following this discussion, it is necessary to understand how to deal with HD perturbations
to well-defined two-derivative supersymmetric EFT. We will see how a consistent treatment
of the HD terms relegates their associated instabilities to energies above the cutoff of the
EFT, leaving a healthy and well defined theory at low energies [6]. Our work builds on and
extends [7-11] where supersymmetric extensions of ghost-free scalar field theories and some
of their phenomenological consequence have been studied.

The goal of the present paper is to shed light on the treatment of higher-derivative
perturbations to supersymmetric EFTs. Our main message is that one can consider any
HD SUSY operator and render the EFT consistent below its cutoff by employing the same
EFT methods used in the absence of SUSY. More concretely, we focus on chiral SUSY
theories and review how most HD operators induce derivative terms for the auxiliary field.
These generally lead to non-algebraic equations of motion which naively seem to render
these fields dynamical. Whereas previous works have avoided such operators or simply set
derivatives of the auxiliary fields to zero, we show how to systematically eliminate them
together with the scalar ghost degrees of freedom by employing methods equivalent to those
used in e.g. [12-14] for particular operators. To do so, we can either generalise the method
of [15] to the supersymmetric theories or use field redefinitions. These methods eliminate the
derivatives of the auxiliary field without explicitly solving its equations of motion (contrary
to e.g. [16] where the auxiliary field’s equations of motion, containing derivatives, were
solved perturbatively before performing the field redefinition). After proper treatment of
HD operators, one obtains a two-derivative, ghost-free effective action where kinetic and
interaction terms receive perturbative corrections that can be traced back to the HD operators
and that can lead to interesting phenomenological consequences.

The paper is organised as follows. In Section 2, we study higher-derivative operators in
quantum field theories for scalar fields. We start by reviewing how these operators generically
lead to instabilities signalled by the presence of ghost fields. We then show in detail how
to systematically deal with such HD operators to eliminate potential instabilities from the
EFT. In Section 3 we extend this analysis to the case of supersymmetric EFTs. In that case,
particular attention is paid to the auxiliary fields, which naively seem to become dynamical in
the presence of HD operators for scalar superfields. We analyse in detail, both in components
and in superspace, four-derivative operators correcting the scalar superfield Kahler potential.
We apply these EFT methods in Section 4 to three phenomenologically interesting cases. We



first review higher-derivative extensions of the MSSM, we then address the scalar sector of the
supersymmetric Dirac-Born-Infeld action describing the brane position moduli. We conclude
with a preliminary study of higher-derivative operators of 4d A/ =1 SUSY reductions of type
IIB string theory and their implication for moduli stabilisation. Supplementary material is
presented in the three appendices. Appendix A contains a short review of the quantisation of
theories with higher-derivative operators, while Appendix B shows our SUSY conventions
and notations. Appendix C shows in detail the elimination of dimension-five HD operator
in components, showcasing explicitly the discrepancy arising when incorrectly applying the
procedure for the elimination of HD operators from the EFT.

2 Higher-derivative operators in scalar field theories

In this section we review the problems associated with HD actions and then employ two
equivalent techniques, reduction of order in the equation of motion (eom) in 2.2.1 and field
redefinitions in the action in 2.2.2, to eliminate HD terms in scalar (quantum) field theories.
The methods introduced here will then be used in section 3 to consistently treat HD terms
in supersymmetric field theories.

2.1 Fundamental higher-derivative operators

Before dealing with the treatment of HD terms in EFTs, let us start by analysing a simple
example of genuine HD theory (by which we mean a theory that is truly HD instead of an
EFT with HD terms) to illustrate the problems that generically arise in such cases. We
consider the theory of a real scalar field ¢, described by the following Lagrangian:!
L= _13%3 ¢ — 1m2¢2 - i(m)?. (2.1)
2 T2 2M?
The mass scale M guarantees the correct dimension for the higher-derivative term ((J¢)? and
will later be related to the expansion coefficient € in the EFT context, through ¢ = ﬁ
The quantisation procedure of ¢ is shown in appendix A, here we restrict our attention to
the equation of motion derived from (2.1). The Euler-Lagrange equation for higher-derivative

theories, derived by requiring stationarity of the action, is of the form:?
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For the Lagrangian (2.1) it simply reads
(-O+m?+e0) 6 =0, (2.3)
and leads to the fourth order energy-momentum relation

Ept+pP+m? =0, (2.4)

'This example is the field theory equivalent of the point-particle example treated in [17].
*We adopt the notation (9,)* = 0y ps.. sy -



which admits two distinct solutions:

— V1 —4m?2e?

1

T L ) 2.5)
1+ V1 —4m?2e2 1

= TSI L e o) (26)

These two modes have convergent or divergent momentum respectively in the limit ¢ — 0 (or
M — o00). In this limit, the Lagrangian (2.1) recovers the standard Lagrangian of a massive
scalar field. The divergence of pg shows that the mass of the associated mode goes to infinity.

The quantisation of ¢, shown in appendix A, indeed shows that the theory contains two
types of particles. The “convergent-type” and “divergent-type” particles of momentum p,
which contribute +v'1 — 4m?e? w.z and —v'1 — 4m?e? wgyy to the energy of system. Higher-
derivative terms thus introduce negative energy states, or equivalently negative norm states if
one modifies the commutation relations. As explained in appendix A, divergent-type particles
also lead to an energy that is unbounded from below, thus to a system without a ground state.

Similar conclusions regarding the theory of (2.1) can be found by introducing a new field
variable and diagonalising the problem [18]. In this simple example, one can simultaneously
diagonalise both the kinetic and mass matrices of the two-scalar field system (this is in general
not possible). Let us define the dimensionless constants:

1 — 1 —4m2e?

o = 5 = —pzé =m’ + O(c"), (2.7)
1+ V1 —4m?2e?
o= 5 T = P =1-mPe 4+ O(eY), (2.8)
which obey the following identities:
2o _ M’ 2 2.2 2 2.2
petpa =1 pepa=mIE = Tm pe = fle—mie, g =pg—mies. (29)
Defining the two scalar fields:
1=~ — g, (2.10)
Vidd — pe M/ g — e
Hd 1

= — O 2.11
P2 m¢ Mgm st ( )

brings the Lagrangian of eq. (2.1) to the form:

1 1
L= =510 = paM*)pr + Sp2(0 = peM?)po. (2.12)

As anticipated, the Lagrangian has diagonal kinetic and mass terms for the two scalars.
This allows to directly identify the physical modes and it is clear that the kinetic term
of the field ¢; has the wrong sign: the latter is a ghost. Extracting its mass-momentum
relation —p? = pgM? one deduces that the ghost ¢ is the divergent-type particle. Similar
considerations show that ¢ is the convergent-type particle.



2.2 Treatment of higher-derivative operators in EFTs

We now review how instabilities of HD theories can be treated in effective field theories
studied below a certain cutoff scale M. In this context, higher-derivative interactions should
be thought as low-energy remnants of high-energy interactions. The latter involve UV degrees
of freedom, above the scale M, that have been integrated out to obtain the effective theory
with HD operators. Ghost fields coming from these HD operators might thus be artefacts
of the effective theory below the scale M, see section 1.

We show below how to deal with HD operators in effective theories with unknown UV
completion. In this framework, HD operators are treated as perturbative corrections to a
well-defined two-derivative theory, suppressed by powers of 1/M. They are thus included at
least at order O(e) in the expansion of the Lagrangian in powers of e = 1/M.

Consider the HD theory of a scalar field and expand its Lagrangian in € as

L= —%awam - Z " Vi(6,09,...,0W¢) + O(e"). (2.13)
k=0

By writing the Lagrangian in this form we have separated the canonical kinetic term from the
scalar potential and higher-derivative interactions. In this notation Vj(¢) is the scalar potential,
Vi(¢, 0¢) contains corrections to the scalar potential and the canonical kinetic term, while
Vie(¢,00, ..., 8(k)<b) for k > 2 encode higher-derivative interactions. The above Lagrangian
is seen as an expansion in the order parameter ¢ and considered as an approximation to
order O(e"t1).

In what follows, we analyse the resulting EFT using two equivalent methods to exorcise
the ghosts (reduction of order/JLM and field redefinitions), showing that there are no
instabilities when the HD terms are treated as a perturbative correction to the well-defined
two-derivative theory.

2.2.1 Reduction of order/ JLM procedure

The method developed by Jaen, Llosa and Molina (henceforth called JLM /reduction of order)
in [15] is a systematic procedure for reducing the differential order of the equations of motion
obtained from a HD Lagrangian interpreted as an EFT.

The equations of motion derived from the HD Lagrangian (2.13) will be considered as

a perturbative expansion up to order O(e"*t1):
0o — Y " Fr(9,...,0%¢) = O™, (2.14)
k=0
where: .
A
Fo=S (=1)8u, 00, - .. 00 : 2.15
k 72( ) 1 2 ra(aa aocg . aoc,-¢) ( )

encodes the HD terms for & > 2.

The goal of the JLM procedure is to obtain an equation of motion without higher-
derivative terms. The solution of this equation of motion describes the same physics as
the ones of (2.14), which includes HD operators. It is thus a systematic way to treat and
eliminate HD terms at the level of the equations of motion of the system.



The procedure relies on constraints to eliminate from the EFT the HD terms that
would otherwise give rise to unphysical degrees of freedom. These constraints are derived
from (2.14) by working order by order in the expansion parameter € and allow to express
each HD term in terms of lower derivative ones. The procedure is iterative and starts with
a derivation of the constraints needed to eliminate the ¢ HD terms included in F},, and
goes down order by order until O(e). In the end, only terms without higher derivatives
remain in the final equation of motion.

The algorithmic procedure. Let us now explain the two different steps of the JLM
procedure, performed for each order of approximation O(e*) with n > k > 1. At order
k, they are:

« First, derive the set of constraints needed to eliminate O(e*) higher-derivative terms
included in Fj. These constraints are obtained by multiplying the full equation of
motion (2.14) and its space-time derivatives by €¥, and then truncating at order O(e").
They thus read:

n—k
Vs <2k—2, 9¥0¢ =3 "o E; + 0>, (2.16)
j=0

For the moment, we omit Lorentz indices for the derivatives, generically denoted 9(%).
We come back to the accurate treatment of contractions below.

e Second, take care of the higher-derivative terms on the right-hand sides of the above
constraints. These terms are eliminated using the previous constraints, obtained either
at the same order with less derivatives, for j = 0, or at the previous order for j > 0.
For instance, the ¢¥+19(*) F;($) terms of the constraints (2.16), with s > 2, depend a
priori on €¥9(9)¢. They can be treated through the constraints of higher orders.

Iterating this algorithm progressively lowers the differential order of the equation of motion
and eventually leads to the final equation of motion of a two-derivative theory:

O¢ = i F F(6,00,0%) ) + O(e"+). (2.17)

k=0

The F}, are the result of the repeated substitutions described for each step, properly grouped
in terms of powers of e. Each F}, will generically depend on all the initial F; for i < k. Note
that eq. (2.17) is compatible with all the previous constraints, properly multiplied by powers
of €, differentiated, and plugged back to eliminate possible undesired higher derivatives.
We should note that the reduction of order/JLM procedure applied to field theories is
more involved that its application to mechanics as: 1) there are two non-equivalent operators
containing two time derivatives, namely ¢ and 0,,¢, and 2) not all HD operators can be
written as spacetime derivatives of the leading order eom. Point 1) is the reason for the 03¢
dependence in the r.h.s. of eq. (2.17), though we stress that the eom are still of order two in
time derivatives. Formally only higher-order time derivatives give rise to ghosts and need to
be eliminated. In field theory, this will sometimes require performing a 143 splitting of the



Lorentz invariant theory to eliminate higher-order time derivatives. More concretely, in the
scalar field case, not all HD operators are given as derivatives of U¢, e.g. while a term of the
form 9,¢ can be immediately eliminated form the eom, a term proportional to 9,0,0,¢
cannot be replaced without first isolating the third order time derivative terms [17].

Let us now comment on the use of the JLM procedure, introduced in [15] in mechanics
and generalised above to field theory. This algorithmic procedure is based on the manipulation
of the equation of motion of a HD theory, written in terms of an expansion parameter €. It
produces a two-derivative equation of motion with the same solutions as the initial one, at
a certain total order O(e”™). In the EFT context, this expansion is natural below a certain
cutoff scale M and the procedure thus leads to a two-derivative effective equation of motion,
describing the same physics up to a certain order. One can try and reconstruct an effective
Lagrangian leading to this two-derivative equation of motion. This is not necessary to find
the solutions to the dynamical problem, but can be very useful for physical interpretation
and to compare with the original HD Lagrangian. As explained below, in some cases this
effective Lagrangian can be obtained using directly the effective equation of motion in the
original Lagrangian to eliminate HD terms, a procedure that must be done with extreme
care as it is not correct in general.

Application of the procedure for the first two orders. Let us now show more explicitly
how to apply the steps for the first two orders, k = n,n — 1. We thus want to eliminate the
HD terms €"F, and ¢""!F,_; of the equation of motion (2.14).

The first step consist in deriving the constraints, at order k = n, necessary to treat Fj,.
These constraints are obtained by multiplying eq. (2.14) by € and will thus only contain the ¢’
terms of eq. (2.14), O¢ and Fy, and their derivatives. Indeed, according to eq. (2.16) they are:

"D = " Fy(@) + (™),

: (2.18)
6na(2n72)|:|¢ — €n8(2n72)F0(¢) + O(€n+1) )

The second step of the procedure consists in eliminating the higher-order terms on the r.h.s.
of the constraints. For instance, the constraint obtained at order k£ = n by taking two
derivatives, given implicitly in (2.18), reads

"9@0¢ = "0D Fy(¢) + O(") = €" f(¢,06,0¢) + O(™ ™)
=" f(¢,00, Fy) + O(E"H) =e"g(p,00) + O(e”“), (2.19)

with f involving the derivatives of Fj. In the second line we have used the expression for [l
obtained from the first line of eq. (2.18). This process can be iterated for all the constraints
obtained at order k = n with higher-derivative terms €9 Fy(¢) with s > 2.

Once F}, has been exorcised from HD terms through substitutions of the above constraints,
one can go to the next order and treat ¢” 'F,_;, which depends on ¢,d4, ... ,0En=2) g,



According to eq. (2.16), the necessary constraints at order K = n — 1 are thus of the form:

" 10¢ = LR (¢) + € Fi(6, 09, 0P p) + O(e"H),

(2.20)
e la(Qn 4) |:|(j5 — 18(271 4) (Cb) +6n8(2n 4)F (¢, oo, 8(2)625) —|—O(6n+1).

Substitutions similar to the ones for the €” constraints are again required to keep only ¢,
¢, and 9@ ¢ dependences throughout the various differentiations. After being treated this

n—1

way, these € constraints can eventually be used in " 1F,_;.

2.2.2 Field redefinitions in the Lagrangian

A well-known method to obtain on-shell equivalent theories consist in applying field redefini-
tions at the level of the Lagrangian [19-23]. When applied in the context of effective theories,
it allows for the elimination of some higher-order derivative terms, when they are proportional
to the lowest order equations of motion. We briefly review how field redefinitions operate in
our case. For clarity, let us rewrite here the Lagrangian of eq. (2.13):

L=— fa%am Z EVi(0,00,...,0%¢) + O(eHY). (2.21)

The use of field redefinitions allows to eliminate terms proportional to the lowest order equation
of motion, order by order. For a certain order O(e*) one should thus write them in the form

L=Ly 1 — 06+ FV + O(r ), (2.22)
by defining
Vi = Vi + T:00. (2.23)

We introduced T}, which is thus a function of ¢ and its derivatives. We can always extract a
term proportional to (¢ from the O(e¥) term by integrating by parts repeatedly a generic
term f(¢, 09, ... )aU )¢, except for constant f where such term is a total derivative.

It is possible to perform the field redefinition

¢ — ¢+ 06 =0+ Ty, (2.24)

under which the Lagrangian transforms as

2
g; + - l‘(&é) pOL + O(™h). (2.25)

L— £+5q5 o7

5+ 500

The first-order perturbation of the Lagrangian under the field redefinition is exactly the
field equation (2.14) and reads:

oL =0O¢ — Zeka 0% g) 4 O, (2.26)
5¢ k=0



This tells us that the field redefinition (2.24) will always allow to eliminate HD terms
proportional to (¢ at order €*. Due to the higher order terms in eqs. (2.24) and (2.25), such
field redefinition will also generate HD terms at higher orders, that can be treated iteratively.
Hence the field redefinition method starts from the lowest order in € and proceeds by increasing
the order, until the elimination of all HD terms at order O(e"*!) has been accomplished.

The fact that we work in an € expansion appears in two ways. The field redefinition (2.24)
includes an €* dependence, while the resulting Lagrangian is considered at order e®*!. Hence,
one only has to perturb the Lagrangian (2.25) at order p such that kp < n + 1.

This last consideration tells us that, for a field redefinition proportional to €™ with n > 1,
it is sufficient to look at the first order perturbation of the Lagrangian. Under eq. (2.24)
with £ = n, the Lagrangian (2.22) hence goes to:

oL 0Ly 0Ly
L—s L+ 0p— + Ot :[,—i—e”Tn(—aa)—i—Oem'l
5o O 06~ Pa.e) T
=L+ T, (—%‘;0 + D(b) + O(e”‘H) =Lp1 + €V, — enTn%‘j + O(e”“) . (2.27)

The field redefinition thus removes the €71;,[J¢ term and replaces it using the zeroth order
eom ¢ = V. Other terms of the same form could remain in 7;,. They can be eliminated
by integrating by parts, if necessary, to create other €"[J¢ terms, and making a new field
redefinition of the same form. Iterating the procedure at the order k = n leads to:

L="Ly1+"Vo(d,00), (2.28)
where all higher-derivative terms have been removed.

Using JLM constraints in the Lagrangian. We see that this first field redefinition is
completely equivalent to substituting the first JLM constraints, proportional to €”, directly
into the Lagrangian. This is due to the fact that the JLM constraints are derived from
the eom and that at the order we considered the field redefinition replaces the HD terms
by powers of the first order eom. This equivalence actually holds true only when the first
order perturbation in eq. (2.25) is sufficient, hence at all orders O(e¥) such that 2k > n + 1.
When this is not the case one cannot directly replace the constraints obtained by the JLM
procedure in the Lagrangian. The equivalence is thus trivial for the n = 1 case, for which
one only studies the effect of O(e€) corrections up to O(€?) effects, see [22].

2.3 A simple EFT example with higher-derivative operators
In this section we revisit the simple example of section 2.1, but we now interpret it as an

EFT, assuming that m < M or yet em < 1. The Lagrangian (2.1) at order O(€?) reads:

L= —Ltoe2 - %m2¢2 _ %8(5@2 + O . (2.29)

1
2
from which we find the full equation of motion:

Op — m2¢ — 0% = O(€?). (2.30)



Comparison with (2.14) prompts the identifications Fy = m2¢, Fy = 0 and F» = [J2¢, for the
functions introduced in eq. (2.15). Following the JLM procedure, the constraints at order
k = 2 are obtained by multiplying the above equation and its appropriate derivatives by €2
and truncating. For the equation without derivatives, we obtain:

E0¢ = m?p + O(e) . (2.31)

We also need a constraint for €2[0%¢ in (2.30), so that we should differentiate twice and
contract (2.31) to obtain the second constraint:

E0%¢ = €m? 0o + O(%). (2.32)

The second step of the JLM procedure eliminates the (¢ dependence in the r.h.s. by making
use of the previous constraint, namely eq. (2.31). It thus amounts to writing:

0% = E2mio + O(€3). (2.33)

Hence, the healthy equation of motion is the one obtained by plugging (2.33) into the
original equation (2.30):

O¢p = m?(1 + m2e*)é + O(€3). (2.34)

We can thus identify the F}, functions defined in eq. (2.17) to Fy = m2¢, Fy = 0 and Fy = m*¢.
This equation of motion is clearly of second order and thus well behaved. As mentioned
above, one can try and infer a Lagrangian leading to this equation of motion. It reads:

L= —%8“@1)8,@ - %mQ(l +m?e?)g? + O(e?). (2.35)

We also notice that using (2.31) twice directly in the original Lagrangian produces the same
equation of motion. This is not a surprise since the constraints are used to treat a term
proportional to €2 at order O(e®) and that 2 x 2 > 3. As explained below eq. (2.28), in
that case plugging the JLM constraints directly in the Lagrangian is equivalent to making
field redefinitions and is thus fully justified.

The Lagrangian (2.35) is just the one for a free real scalar field of mass m?(1 + m?2e?).
Treating the HD terms as perturbative corrections, i.e. considering the regime €?m? < 1, thus
amounts to correcting the mass of the real scalar field ¢. It is easy to make the connection with
the way we dealt with this case in section 2.1, by comparing to the Lagrangian (2.12) obtained
after the explicit introduction of a new degree of freedom. Inserting the constraint (2.34)
in the definition of the ghost field ¢ of eq. (2.10), one finds that:

1
vV Hd — He

where the definition (2.7) of 1. has been used in the last equality. On the other hand, the
physical state ¢y of eq. (2.11) is now expressed as:

P1— — (he — m*e*)p = O(€), (2.36)

(= mt ) = (1= me)o + O, (237

Y2 —

,10,



Treating the Lagrangian in the EFT context then naturally eliminates the ghost state ¢
while keeping ¢s in the effective theory. The Lagrangian (2.12) indeed reads:

1 1
L= 5@2(5 — peM?)pa + O(e*) = 5@2[]@2 —m?*(1+m?e®)p3 + O(eh), (2.38)

which exactly coincides with eq. (2.35). We see that the advantage of the analysis made
directly at the EFT level is to avoid the introduction of a new degree of freedom and the
diagonalisation of the kinetic and mass terms. Field redefinitions or application of the JLM
procedure take care of this treatment automatically by relegating the ghost modes to higher
orders in the perturbative € expansion.

3 Higher-derivative operators in supersymmetric theories

In this section, we show how to generalise the ideas described above to the treatment of
higher-derivative supersymmetric chiral Lagrangians. Higher-derivative terms for chiral
superfields induce higher-derivative terms for the scalar component and derivative terms for
the auxiliary field. These are related by supersymmetry. We show how to take care of the
extra degrees of freedom in the context of SUSY EFTs.

A standard procedure for higher-derivative theories rewrites them as two-derivative
theories containing additional (ghost) fields. When heavy, such fields can then be integrated
out and a well-behaved low-energy Lagrangian is obtained. This path was followed in HD
SUSY theories in [12] and we come back to it in section 3.5. The approach of the previous
section, based on the equations of motion, avoids the introduction of new fields and the
identification of ghosts and treats all HD theories in a systematic way.

We start this section by reviewing the general structure of the SUSY theories under
consideration before introducing the HD SUSY operators relevant for this work. They are four
space-time derivative operators, containing two, three or four chiral fields. We then apply the
methods described above to eliminate them in the EFT context, and show how this modifies
the effective Lagrangian. We follow the SUSY conventions of [24], recalled in appendix B.

3.1 Global SUSY Lagrangians for chiral superfields with higher-derivative
terms

Effective field theories include all operators compatible with the symmetries of the theory,
leading generally to an infinite series of higher-derivative operators. We start our discussion
by considering the generic supersymmetric chiral Lagrangian

c :/d40K(CI>, &, Da®, Dpd, DaDpd,...) + Ucﬂe W (®, 8,8, D%®,8,0,9,...) + h.c.
(3.1)

The Kéahler potential K is real and includes an arbitrary number of superspace derivatives of
® and ®. The superpotential W is a holomorphic function, including only chiral superfields.
It can thus depend on ® and its spacetime derivatives, and a priori also on D?® and its
spacetime derivatives. As noted in [25], since the superspace derivatives D4, introduced in
appendix B, are the only objects that anti-commute with the supersymmetry generators,
they are the only required ingredients to study higher-derivatives terms in global SUSY.
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We will consider SUSY Lagrangians expanded in inverse powers of a cutoff scale M = 1/e,
and irrelevant HD operators will thus be multiplied by powers e.

We study the HD corrections of K and W following [25]. We however do not use
the superfield condition 9,® = 8M<i> = 0, imposed to reject terms not contributing to the
scalar potential. Using eq. (B.10) and the chirality of ®, the Kéhler potential introduced
in eq. (3.1) can be rewritten in terms of space-time derivatives and at most two SUSY
covariant derivatives:

K =K(099,008, D*0® o, D,o0® &, D20P @, D20P) ), (3.2)

where the operators 9®, D, &, D29P) &, have mass dimensions i + 1, k + % and p + 2
respectively. In the above expression one should read 9©® = & and properly contract
both Lorentz and spinorial indices. To go from the Lagrangian (3.1) with SUSY covariant
derivatives to (3.2), with explicit space-time derivatives, one makes use of expressions such
as eq. (B.13) or yet the slightly more involved:

—é(&ﬂ)dBDaDdDw?D?cb x Da0® . (3.3)

The superpotential’s dependence in higher-derivative operators turns out to be simpler
once written as a finite series of chiral operators. As explained above, it could a priori depend
on the chiral superfields ®, D?®, and their derivatives. However, terms containing D?>® and
derivatives can be integrated by parts and included in the Kéhler potential instead, using the
identity of eq. (B.11). Hence, we write the corrected superpotential as:

W =w(©"e). (3.4)
There are some ambiguous higher-derivative terms such as:
/ d26(D*®)" + c.c. = —4 / 2'9(B(D*®)" " + c.c.). (3.5)

According to the remark above, it should be seen as correction to the Kéahler potential. As it
only contains the chiral superfield D2® , it is however tempting to interpret it as a correction
to the superpotential. This shows that in SUSY theories with higher-derivative operators,
the distinction between Kahler potential and superpotential is no longer unique. This was to
be expected since these functions were introduced for two-derivative SUSY theories.

Let us comment on the use of SUSY derivatives or space-time derivatives. Higher-
derivative operators refer to space-time derivatives, hence egs. (3.2) and (3.4) have been
written in terms of higher space-time derivative operators. In this way, the link with the
field theory discussion of previous section is clear. One can however express all the higher-
order space-time derivatives as properly-contracted anti-commutators of SUSY covariant
derivatives, using eq. (B.10) repeatedly. Superspace calculus and integration being facilitated
by the use of SUSY derivatives only, in the following we will construct specific Lagrangians
using only the latter.

In what follows we will consider a SUSY theory with irrelevant HD operators appearing in
the action with the adequate power of the EFT expansion parameter ¢ = 1/M. As marginal
part, we will only consider the canonical Kéhler potential of 4d chiral SUSY Lagrangians:

Ko(®,d) = 0. (3.6)
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This choice does not change the discussion on HD terms and one could start from other
Kéhler potentials. As irrelevant part, we will mainly focus on operators with four space-time
derivatives. A subset of these four-derivative operators, like the supersymmetric extension
of the P(X, ¢), leads to second-derivative equations of motion and so does not introduce
additional (ghost) degrees of freedom. Other four-derivative operators could lead to the
presence of ghosts. As noted in [7, 11, 12, 26] such higher-derivative operators will in general
also introduce derivative terms for the auxiliary field of the chiral multiplet. In the past
such operators were either discarded [7, 11] or treated by setting the derivatives of the
auxiliary field to zero by hand [27]. In [12] some of these operators were carefully studied
by introducing new dynamical fields. In this way, the authors showed how to bring the
original theory into a two-derivative one with additional ghost fields. We will explain how
to treat all possible HD operators at a certain order of € expansion in a systematic way, by
consistently treating these terms in an EFT approach.

We essentially focus on theories which do not correct the superpotential, with the caveat
explained below eq. (3.4). Unless otherwise stated, we will thus consider the uncorrected
superpotential:

W =W (®). (3.7)

3.2 Four-derivative corrections to the Kiahler potential

We consider operators with two additional spacetime derivatives with respect to the canonical
kinetic term. As can be seen in eq. (3.6), the latter is written as an integral over the whole
superspace of an operator without covariant derivatives. According to eq. (B.10), for a
generic chiral superfield ® we have:

DD® ~ 9+, (3.8)

so that four-derivative operators correcting the Kéhler potential shall be constructed with
four SUSY covariant derivatives. Most of the operators we consider below were studied in
the past in various contexts [12, 14, 28, 29].

Two chiral superfields. The only four covariant derivative operators correcting the Kéhler
potential including two fields read:

N1 =®D?’D*®,  N| = D*®D*d. (3.9)

Once integrated over the whole superspace to form a Lagrangian, they can be related by partial
integration. We can thus consider only the first operator, whose top bosonic component reads:

U [ o e _
G / d*ON, = O¢0¢ + FOF . (3.10)

Three chiral superfields. The four-derivative operators correcting the Kéhler potential
with two chiral and one anti-chiral fields are:

My = dD*®D*P, M| = ddD*D?®, (3.11)
My = D*®D“®D,,, L =®DD®DDP. (3.12)
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To construct real corrections to the Kéahler potential, such operators should be accompanied
by their hermitian conjugates. Note that integrating by parts in superspace and using
eq. (B.14) shows that:

M| = My + tot., 2M4 = My + My + tot. (3.13)

where tot. denote total derivatives. Hence, only two operators (and their conjugates) give
distinct corrections to the Kahler potential at this level. Their top bosonic components read:

% / d*OM; = ¢0¢0¢ + FFOp + ¢FOF + tot. (3.14)
% / d*OMs = 0,00"¢0¢ + 2F0,00" F + tot. . (3.15)

Four chiral superfields. Several different operators can be assembled with four covariant
derivatives, two chiral and two anti-chiral superfields [7]:

o - __\2
Oy = D®DIDIDY, O, = |92D?0D%D, 0y = ®D*® (D®)",  (3.16)
O3 = |[®>DDO®DD®, O, = ®*DDODDY, Os = ®D®DPDDP.  (3.17)
One should also consider additional operators made from complex conjugation of the above
operators, if not already in the list. As in the case with fewer fields, some operators are

redundant and can be related to others via superspace integration by parts. For instance,
we have that:

205 = Og + O3 + tot.. (3.18)

In fact, it is enough to consider only the first line of the list, namely operators constructed
from Op, O1, and Oy and their complex conjugates. Their top bosonic components read,
up to total derivatives:

1
E/d49(90:A—2B+C, (3.19)
1

g/d4901:2C+2D+E+3F+2G, (3.20)
% / ' (05 + c.c.) = —2C — 2F — 2G + H, (3.21)

where we defined the following component expressions:
A =(09)%(99)?, B = [F[*9¢?, (3.22)
C =[F[, D = [¢*|09[?, (3.23)
E =|¢|*FOF + |¢|* FOF, F = |F|?¢0¢ + | F >0, (3.24)
G =¢Fd¢ - OF + ¢Fd¢ - OF, H = ¢0¢(00)? + oo (09)>. (3.25)

We use the notation |0¢|? = (‘9“(;38“(13. The operator Oy is special since it contains no derivative
of ' and its bosonic part only contains a top component.

For completeness, we mention that in addition to the operators considered above, one
could also consider operators with three chiral and one anti-chiral superfields (and their
complex conjugates). There are two independent operators [7]:

P; = &2D*®D?*®, Py = ®DIDID?P. (3.26)
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3.3 Treatment of higher-derivative Lagrangians in components

In this section, we show how to study a particular SUSY Lagrangian including all possible
four-derivative terms with two chiral and two anti-chiral superfields, seen as the lowest-order
expansion of a full theory. In this section, we work in component form, postponing the
superspace study to section 3.4.

We consider a theory with an uncorrected superpotential W. The Kéahler potential K
of eq. (3.6) is corrected by the irrelevant operators of eqs. (3.19)—(3.21). These all have
mass dimension eight and therefore appear in the Lagrangian multiplied by 1/M*. We then
choose the expansion parameter to be e = 1/M, and parameterise the Lagrangian in terms
of dimensionless constants «, 3, v, as:

64

L="Lo+ LD :/d40 {KO(CI‘, ) + T6<%OO — pO2+ (01 + Oz) + c.c.)}

+ / POW (®) + O(c"). (3.27)

According to egs. (3.21), (3.24) and (3.25), the Lagrangian in components thus reads:

- oW OW -
L =—0"pd F?P+-—F+-—F

+ e {a(99)2(96)” + 2419”06 — (8 — ) (¢06(96)” + 606(09)°)
+ (a+28) |[FI* = 20| FP|09[* + (28 +7) (|F*606 + | F*600)
+7 (|62FOF + [62POF ) + 28 (9F06 - OF + 6F0¢ - OF ) } + O(c"). (3.28)

As motivated above, we view this Lagrangian as an EFT valid to order O(e’) of an
unknown but well-defined UV theory. In this sense, we assume that the presence of ghost
modes is an artefact of the truncation below the energy scale M. Treating this Lagrangian
with the methods reviewed in section 2.3 allows for the rewriting of the theory in terms of
an equivalent Lagrangian, valid below the energy scale M, containing the same dynamical
degrees of freedom as the O(e”) theory and where the ghosts are absent.

3.3.1 Eliminating derivatives of the auxiliary field F’

We turn our attention to F', the auxiliary field of two-derivative chiral SUSY theories. In
the O(e*) higher-derivative perturbation under study, derivatives F or (JF appear and can
lead to questions regarding the nature of F. It could possibly become dynamic, signalling
the appearance of new degrees of freedom. This can be understood in the SUSY context
from the fact that higher-derivative terms give rise to additional degrees of freedom for
the dynamical field ¢. The new degrees of freedom of ¢ and F' are expected to be related
by supersymmetry [28]. In the EFT context, we thus expect that the would-be dynamical
part of F' can be eliminated in the low-energy theory, in the same manner as the ghost
degrees of freedom associated to the higher derivatives of ¢. The field F' should thus stay
non-dynamical in the low-energy theory, after elimination of its derivative terms. We now
show that this elimination is indeed possible by performing field redefinitions or equivalently
by using the constraints of the JLM procedure.
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Field redefinitions. We now show how to eliminate the terms containing derivatives of
the auxiliary field F' in the Lagrangian (3.28). For this purpose, it is sufficient to study
the F-dependent part of the Lagrangian:
Lot Lo = 1FP + D0+ VB4 o 29|
o¢ o
¢ (T-0F +T-0F + TOF + TOF) 4 O(c"). (3.29)

The part Lyp, containing derivatives of F', is defined as the second line of eq. (3.29). It

is expressed in terms of the functions:
T = yF|¢|?, T, =28F$d,¢ . (3.30)

The term L, without derivatives of F, is defined as the first line of eq. (3.29) and contains
the usual algebraic terms in F, F', supplemented with an |F|* arising from the HD operators.

We can now transform the Lagrangian (3.29) to eliminate terms containing derivatives
of F', making use of the field redefinition:

F—F+(0-r-0T), (3.31)

and the similar one for F. We used the notation 9 - T = O0*Y,. Under this redefinition,
the Lagrangian transforms as:

aﬁo a‘CO

:£F+£3F+e4(8-T—DT)[F+8W] & (0- T — 07 F+8—W +O(e)
¢ o
oW oW _ 14 oW
=Lp—€e(T.0 +TD> ol ) +TO-—= | + O(¢),
F 6( <8¢>> 99 6( <a¢> a¢> ()
(3.32)

where we have used integration by parts in the last step. We comment now on the fact
that the full Lagrangian (3.28) presents additional terms containing the auxiliary field F', at
order O(e?), appearing without derivatives. Under the field redefinition (3.31) these terms
only generate O(e*) terms. We thus have shown using the above field redefinition that the
full Lagrangian of (3.28) is equivalent to:

oW OW
L= 002+ |F?+-——-F+——F
|0¢]° + | F| 90 9

' {a(09)2(06)* + 2116 Dof? - (5 - ) (606(03)? + 305(00)")
+ (a+28) |F|' = 20| FP|06 ] + (28 + ) (IF 606 + | F*600)

oW oW o o -
7. a(a¢> o5 -1 a((%) Tm(%}ﬂ)(e ) (3.33)

,16,



JLM constraints for F. When equivalent to field redefinitions, plugging the JLM con-
straints in the Lagrangian gives a systematic way to treat the F' derivatives. The equation
of motion for F is:

oL oL oL

Oy + 00 ————
O 9(0,0,F)

— - = =0, 3.34
oF  "9(9,F) (3:34)

and when applied to the Lagrangian of (3.28), it takes the explicit form:

F+ 88‘3: + 64{(—2a — 2B+ 27)F|0¢|* + 2(a + 2B) F|F)?
+2v|¢*POF + 2v¢FO¢ + (26 + 2v) ¢ FO¢
+(28 + 27)$0¢ - OF — (28 — 27)¢d¢ - aF} =0(e) . (3.35)

Strictly following the JLM procedure described in section 2.3, the first constraints for F' are
obtained by multiplying (3.35) by the expansion parameter €, getting the trivial expression:

oW

F+ 55| = o) . (3.36)

€

The full set of constraints is then obtained by multiplying again by € and differentiating,

leading to:
| F+ 88‘;/_ =0(e%), (3.37)
W . ]
64 [8NF + ?1323”(;5 = 0(68), (338)
FPW .~ PW_]
4 2 _ 8
€ lDF—{— 057 (09) + 932 Dgf)_ =0(e%) , (3.39)

with similar expressions holding for F. We can then plug these last two equations in (3.35)
to get the algebraic equation of motion for F:

F+ (Zg - 64{(—2a — 2B+ 29)F|0¢|* + 2(a + 2B)F|F|? + 2v¢FO¢
_ PW o W _-
+(28 + 27)pFU¢ — 27|¢|* 953 (09)* + 952 Dqﬁ}
PW - _0*W
~(28 + 2055 (06) + (28— 1) 100 | = O(). (3.0)

When used directly in the Lagrangian (3.28), the above constraints give exactly the La-
grangian (3.32) obtained by field redefinitions and hence lead to the same equation of motion
of (3.40). The equivalence between the two methods is then clear at the order we are working
on. This is in agreement with the comments below eq. (2.28) on the use of the JLM constraints
in the Lagrangian, since we are treating e* corrections in an approximation at order 0(65).
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3.3.2 Integrating out the auxiliary field

At this stage, we are left with the Lagrangian (3.33) containing no derivatives of F. The
latter is thus indubitably a non-propagating auxiliary field. The Lagrangian takes the form:

oW oW .
LD A+f)F?+ ( + 64g> F4 | == +¢€'g | F+ k", (3.41)
o0 o)
with k = a + 283 constant and f and ¢ functions of ¢, ¢, and their derivatives, that can

be read from eq. (3.33).
The equation of motion (3.40) is solved perturbatively as:
ow
F=F +F+0(0), Fy= ~a (3.42)
In the O(e*) part of the Lagrangian, F' can be replaced by Fy. On the other hand, the zeroth
order part could in principle generate new O(e*) terms coming from ¢*Fy. Nevertheless, we
see that the part of the zeroth order Lagrangian depending on the auxiliary field reads

oW oW - oW oW
2 o 2 4 * A 5
2
=— ‘?gj +0(). (3.43)

Hence, the scalar potential obtained from the zeroth order Lagrangian computed with
the corrected auxiliary field is the same, at order O(e’), as the one computed from the
uncorrected one. We denote it:

2

- ow
Vg, 0) = | 5| =Rl (3.44)

¢

and recall that it is corrected by HD terms, as we see below. To conclude, the zeroth order

value Fy is sufficient to evaluate the full Lagrangian at order O(e®).

3.3.3 Higher-derivative scalar field Lagrangian and final physical Lagrangian

After integrating out the auxiliary field F' as described in the previous subsection, we obtain
the Lagrangian for the scalar ¢:

£=—100 ~ V + {a(06)(05)" ~ 20V 100" + (a -+ 26) V2 + 29/6f" Do
+ 1612 (Voo + Vi (00)2 + V30 + V5(06)%)
+(28+7)V (606 + 600) + 28 (6V;(06)* + 6V, (90)?)
— (5= ) (606100 +305(00)%) | + 0(€). (3.45)

where the subscripts denote partial derivatives with respect to the scalars, e.g. Vi = 0V /0¢.
The equation of motion for ¢ reads:

O¢ — Vd_>+64"' = 0(éY), (3.46)
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so that the first constraints of the JLM procedure are:
e[0p - V5| = 0(e") (3.47)

and its complex conjugate, together with their derivatives (*). The only constraints needed
are the ones necessary to eliminate the ¢*(J¢ terms in (3.45). They are obtained by multiply-
ing (3.47) by ¢, which is the second order, k = n— 1, of the JLM procedure. At the order O(e?)
under consideration, the JLM constraints can be used directly in the Lagrangian, leading to:

£=—100P ~ V + {a(00(03)" - 20V 0]
+ (NSRVos + (B +7)8Vs) (06)*
+ (Ne12Vs + (B+7)8V3) (96)°
+(a+28) V2 + 4y Ve + (2B +7)V (¢V¢ + évq;) } +0(€) , (3.48)
which only depends on ¢, ¢, and their first derivatives, and is on-shell equivalent to the
initial Lagrangian.

Upon integrating by parts, the kinetic terms of the above Lagrangian can be brought to
a standard form, including only @ﬂﬁ@“(ﬁ For instance, we can write:

PV (00)? = oW W'0,00" ¢ = oW 9, W' 0"
= (W2 + oWW")8,00" ¢ — *d|W'PW'W' + tot.
=~ (V + ¢V3)0,00" ¢ — €'V V5 + tot. . (3.49)

In the second line, we used once again the constraint on ¢*(J¢ derived from eq. (3.47).
Similarly, one can write the following combination as:

(161 Voo + 0Ve) (00)" = —e!(dVy + [0[*V5) 000" 6 — €' ¢*|Vo|* + tot..  (3.50)
Hence, the second and third lines of eq. (3.48) can be written as:

LD =28V + (B+1)(0Vs + 0Vj) + 29[91%V,5)8,00" ¢
— 2V BPVo[* + BOVV + SOV V). (3.51)
The total Lagrangian, up to a total derivative, is equal to:
L=—10g =V + e'a(06)*(99)’
— e {2(a+ BV + (B+ 1)V, + 6Vy) + 24162V, 5} 00
+ e {(a+28) V24290 [Vo] + (B+7) (6V Vs +6VV) b +0(),  (352)
and it contains:

> A non-standard kinetic term:

—(1+ S0, IO, =20+ BV + (5 +7)(0Vs +0Vy) + 2|6V, (3.53)

,19,



> A higher-derivative term:

eta(09)%(99)%. (3.54)
> A modified scalar potential:

Vit = V(¢ 8) — ! { (@ +28) V2 + (B +7) (6V Vi + BV V5) + 2v|0*[Vy[*}
= V(6,9) = €'V (f(6,6) —aV), (3.55)

where V (¢, ¢) = 8¢W8(13W and we used the identity V'V, = Vs 2.

Each ghostly higher-derivative term has been eliminated, leaving a Lagrangian with
no unphysical degrees of freedom. One can obtain different physical effective theories by
choosing different values of the three free coefficients «, 5 and ~.

Note that the correction to the scalar potential comes from the elimination of the
higher-derivative terms through the redefinition of the field variables. In absence of a scalar
potential, the corrections are absent.

3.4 Treatment of higher-derivative Lagrangians in superspace

In this subsection, we show how the treatment of the HD Lagrangian under consideration
can be performed entirely at the level of superfields, without using the component expansion.
This renders the relation between the higher-derivatives of the auxiliary field and those for
the scalar field explicit. We will see that the higher-derivatives are treated all at once. We
recall that the superspace Lagrangian under study reads:

L= Lo+ e Lip :/d49K0(<I>, ) + /dQHW@)
1
+ 64/d40T6(%00 B0, +1(O1 + On) +ee) +O(E). (356)

3.4.1 Superfield equations of motion

The first step of the JLM procedure is to write the equation of motion as an expansion in
e = 1/M parameter. Let us warm up with the standard field equation for a renormalisable
chiral SUSY Lagrangian:

L— / d*OK, (D, D) + / oW (D) — / 400D + / 4% W (@)
2 L =oz
_ /d 0 <—4D c1>> D+ W (®), (3.57)
from which we derive the standard 0-th order superfield equation of motion:

—=D*®+ —(®) =0. (3.58)
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One can then treat higher-derivative operators in superspace in the same way to obtain the
higher-order equation of motion. Varying the operators with respect to the superfield ¢ gives:

/ d*0 50, = / d*0 5(dD>D) (Déf - / 440 <D2q> (Déf + D2 ((I) (D¢)2)> 50

_ _\2 g
_ _% /d29D2 (D2q> (D<I>) + 2D<1>DD<I>D<1>) 5P (3.59)

/ d'0 50, = / d*6 5(®D*3) 5D — / 40 <<I>D2<1>D2<i> +D? (<1><T>D2<i>)> 5@

1 _ _ o _ o _ o
= / d?0D? (2<I>D2<1>D2<b +20DDPDD*® + q>c1>D2D2c1>> BY: (3.60)

/ d4*0 50, = / d*0 5(D®DS)DBDD — —2 / 4 <D2<I>D‘5D<i> + 2D¢>DD&>D&>) 5@
1 _ o o __
=3 / d*9 D? (D2<I>D<I>D<b + 2D<1>DD<I>D<I>> ) (3.61)
where the notation DD indicates that, contrary to D? = DgD%, the spinor indices are

not contracted between the two covariant derivatives but with the other ones appearing
in the same operator.

The equation of motion for the generic theory of eq. (3.56) thus reads:

ow

L=z 4 A A A A — (5
— DR+ S (@) + e (0600 — B3O + (501 + 502)09 = 0(é). (3.62)
On a generic chiral superfield ¥, we have according to eq. (B.10):
DDV ~ 0", (3.63)

such that the first step of the JLM procedure can be applied by replacing space-time derivatives
by the DD operator on the zeroth order equations of motion eq. (3.58), namely by writing:

& <_1D2<i> + %Z(@)) _0(),
el (—iDDD2<I> + DD%Z((I))) = 0("), (3.64)

The other constraints are then obtained following the procedure described earlier, on the full
equation of motion (3.62). When only the first order is needed, the tree-level equation of
motion is sufficient. Once all the HD operators are expressed in terms of D?® or D?®, it is then
possible to eliminate higher-order derivatives, making use of eq. (3.58). Not all HD operators
can be written as covariant derivatives of these superfields, even after partial integration, for
reasons similar to the ones explained in the non-supersymmetric case below eq. (2.17).
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3.4.2 Treating the SUSY HD Lagrangian at order O(e?)

For the higher-derivative Lagrangian (3.56) at order O(€?), we can use directly the tree-level
eom in the Lagrangian. For the O; and Os operators it gives:

! / d'00, — / d08D’SDBDP — de* / 30 S (3)DBDP — 4e* / d*0 & D(W (3)) Dd

— 4 / d*0 W (3)D?® — —16¢* / 440 SW' (@) () + O(%), (3.65)
el / d*00; = ¢! / d*0d®D*®D*® = 16¢* / d*9OW' (D)W (®) + O(e°), (3.66)
while the Qg operator does not contain terms proportional to the tree-level eom. From

the two above expressions, it is easy to extract the component Lagrangian, by using the
expression of the top component of the product of chiral and anti-chiral superfields:

/ 2'0F(@)3(2) = f'(8)g (8) {FF — 0,603} + fermions + tot. (3.67)

We thus have that the following bosonic expansions:
et - - _ -
” /d4002 0y = (WP + gWW) [FF — 9,004} +c.. +O(E),  (3.68)
4 — —
S [ @600 =26 (0) + oW (@) {FF - 0,603} + O(). (3.69)

The operator Oy does not contain any higher-derivative terms, hence it does not need to
be treated. We recall its bosonic component expansion:

4 —_ —_ - —_ —
%6 / d*Oy = ¢ / d*0D®DPDPDP = * {ama%amaw — 2FF0,00"¢ + \Fy‘*} . (3.70)

Putting everything together, we find that the higher-derivative Lagrangian Lgp of (3.56)
reads:
Lip = ¢ {alF* + a(99)2(06)*

—QaFF +28\W'* + (B + 1) (6W'W' + gW"W') + 29|6*|W" ), 60"

+ FF (260 4 (B +1)(@W"W + W' W') + 26 P[W'?) | +0().  (3.71)
One can now integrate out the auxiliary field F' using its algebraic equation of motion. The
tree level F' = —W' 4 O(€*) is once again sufficient, and using it in the above Lagrangian
yields the Lagrangian (3.52), previously derived fully in component form.
3.5 Relation with the standard procedure

In this section, we shortly make a parallel between our treatment of higher-derivative operators
in SUSY theories and other treatments made in the past [12, 28]. Already at the level of
higher-derivative non-supersymmetric field theories, the standard procedure [1, 3] to identify
ghost degrees of freedom consists in introducing additional fields in order to write the theory
in terms of an on-shell equivalent two-derivative one. This is exactly what was done at
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the end of the simple example of section 2.1. In the two-derivative multi-scalar theories,
one can then identify the ghost modes by diagonalising the kinetic terms. It might not be
possible in general to diagonalise the mass matrix simultaneously. In an EFT treatment
where the higher-derivative terms are suppressed, the mass of the ghost states will be higher
than those of the well-behaved ones. Integrating out the ghost modes then gives an effective
two-derivative Lagrangian for the well-behaved modes.

In [28], this search for new degrees of freedom was done directly at the level of superfields,
by introducing two new chiral superfields W1 and W,, for each chiral superfield appearing
with a [ operator. Of these two new superfields, one comes from the superfield constraint
U — %DQ@ = 0, and the other from the associated Lagrange multiplier: £ D [ d26 Uy(Wy —
%DQ@) + h.c.. These new chiral superfields W1 and Wy account for the two new degrees
of freedom generated by ¢ and the dynamical part of F, both encountered in the field
component expansion of the original ClP.

In the treatment we described in the previous sections, the ghost modes are not explicitly
identified. Instead, the higher-derivative operators are directly eliminated from the low-energy
theory by field redefinitions or by the use of equations of motion at a certain order of
approximation. It avoids the introduction of the new fields, diagonalisation of kinetic terms
and integration of the heavy ghost modes, a task which can be tedious.

4 Some applications of higher-derivative supersymmetric EFTs

In this section, we apply the methods outlined above to physically interesting systems where
HD terms play a prominent role: an extension of the MSSM, the SUSY embedding of the
DBI action and the effective action of moduli in string compactifications. In the first case,
we mostly review an example of treatment of HD operators in SUSY theories, whereas in
the last two cases we are able to offer new insights (and corrections) on old.

4.1 MSSM with HD operators

Higher-derivative operators of mass dimension five and six have been used to extend the
MSSM and to correct the physical parameters [13, 14]. We show here how such models
naturally fit in the description we have given so far. We do not write the exact dimension-five
and dimension-six higher-derivative operators used in the extension of the MSSM but rather
study a simple scalar Lagrangian including the operators of interest. The main goal is to
give a first application of the above methods in superspace and give a particular example
where plugging the JLM constraints directly in the Lagrangian fails to reproduce the correct
effective theory. This discussion closely follows the model studied in [28] with Lagrangian:

L= /d4 {(I)@Jr<I>D<I>}+(/dZG{W(@)Jr;(I)D@}Jrh.c.)+O(1/M3) (4.1)

/d4 {qxp— : ]'0\42<1>D?D2 }+ (/dQH{W@)—1(;\4<I>D2D2<I>}+h.c.> +O(1/M3).

Varying with respect to ®, using eq. (B.11) together with the chirality of ® and integrating

by parts, one obtains the following equation of motion:

1, oW
—ZD2<I>—|————D2D2<I>+— P

D?D?D?® = 0. 4.2
ob SM 416 M2 (4.2)
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We can then apply the reduction of order/JLM procedure defining ¢ = 1/M and working
at order O(e?).

4.1.1 O(€?) correction to the Kihler potential

We first study the case with o = 0. The HD operator reduces to an O(e?) correction to the
Kahler potential. The Lagrangian indeed reads:

L= /d49 {q><1> — 6256@[)21)2@} + (/ d?0 W(®) + h.c.) + O(€%). (4.3)

The first constraints of the JLM procedure, obtained at order k£ = 2 by multiplying the
equation of motion (4.2) by €2, and differentiating, thus read:

o Lo 8”)_ 3
€ < 4D (I)+8<I> = 0(e”), (4.4)

o L omos 28”)_ 3
€ ( 4DD<I>—&—D 5% = 0(e€”). (4.5)

There are now two ways to proceed. Strictly following the JLM procedure, one should expand
the second term of eq. (4.5) and replace terms of the form D?®, including second derivatives of
the scalar field, using the first constraint (4.4). Another way is to directly plug the (hermitian
conjugate of the) constraint (4.5) in the Lagrangian (4.3) and integrate by parts:

L= /d49 {q@ - 62Z<1>D2%Z} + (/ d?0 W(®) + h.c.) + O(€®)

- /d49 {q)i) — 62Z(D2§>)m} + </ d*o W(®) + h.c.) + 0(63)

9%
_ /d40{<I><I> _ 2|
0%

2
} + (/ d?0 W (®) + h.c.) +O(é%). (4.6)

This is exactly the Lagrangian obtained in [28] by superspace field redefinitions or via the
standard procedure, namely by introducing additional fields accounting for the additional
degrees of freedom and integrating them out.

4.1.2 O(e) correction to the Superpotential

We next consider the case p = 0. This corresponds to an O(e) correction to the superpotential.
The Lagrangian thus reads:

L= /d4e<1><i> + (/ d*0 {W((I)) — ef6<I>D2D2¢} - h.c.) +0(é%). (4.7)

This case is more involved than the previous one, as we expect that using the JLM constraints
directly in the Lagrangian does not lead to the correct effective Lagrangian. According to
the last paragraph of section 2.2.2, one can only do this to eliminate terms of order O(e*)
when working with a Lagrangian approximated at O(e"*!) with 2k > n + 1. This is not
the case here as we consider O(e) corrections but keep working at order O(e?). This was
already noticed in [14, 28].
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We quickly show below the Lagrangian obtain from the wrong procedure, namely using
directly the constraints in the Lagrangian. The first constraints are identical to those of
the previous case, shown in egs. (4.4) and (4.5), supplemented with a third one obtained
by differentiating once more:

1= _5- = ow
€ <—D2D2D2<1> + D2D2> = 0(e%). (4.8)
4 0P
The secondary constraints are obtained by multiplying the equation of motion (4.2) by e
and differentiating. They read:

1 N2 F ow 2 2 _ 3
e( 4D<I>+aq) 8DD<I>> O(e”),
( D252 4 p2 %Z e‘;D2D2D2<I>> = O(e%). (4.9)

Using the primary constraints eqs. (4.4), (4.5) and (4.8), these last constraints shall be

rewritten as:

€ <1D2<1>+8W - DZaW) O(é®),

4 90 2 0P
ow _, OW
“D?D*0 + D> — 2 D?D* T | = O(éY). 4.1
( DD+ DU - TR ) — o) (4.10)
Plugging the last constraint in the Lagrangian (4.7) and using eq. (B.11) leads to:
Lurong = / d'05P + < / 2OW (D) + / d4960<1> / 292 @DQ%Q) h.c.> L 0.

(4.11)
This third and last term of eq. (4.11) can be rewritten using superspace integration by parts
and the primary constraint (4.4) and lead to the equivalent Lagrangian:

2
Lurong = /d49 <<I><I> — 820 %I(/T;’ > (/ d2 —eocW' } + h.c.) +O(e?). (4.12)

This result does not agree with the one obtained using field redefinitions in superspace or by

including additional fields and integrating them out. Indeed, the correct result is [28]:
) (/d2 ®) — oW’ + 2¢ 202W’2W”}+hc>+0( ).

L= / 44 (q@ 46202
(4.13)

This shows explicitly that one should use the prescription of the last paragraph of section 2.2.2

to know when the equivalent effective theory can be obtained using the constraints directly
in the Lagrangian. We recall that when this is not the case, one should use the constraints
recursively in order to obtain the physical equation of motion, as explained in detail in
section 2.2.1. Solutions of this effective eom are identical to the ones derived from the
equivalent two-derivative Lagrangian obtained using field redefinitions.

In appendix C we show, working in components, that the difference between the two
above Lagrangians is exactly made of the second order terms of the field redefinitions. These
terms are neglected when plugging the JLM constraints in the Lagrangian.
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4.2 Supersymmetric embedding of the chiral DBI action

In this section, armed with the techniques developed previously to analyse higher-derivative
SUSY EFTs, we revisit the SUSY description of the DBI action proposed in [27].

The bosonic part of the DBI action describing a Dp brane in a type IIB toroidal orbifold
compactification can be expressed as (see e.g. [27]):

Lppr = —% fozf(ﬁf%‘)\/— det{gu + Z02(0,$:0y i + 0,$i0v i) }, (4.14)

where o = 21a/, V,_3 is the volume of the cycle wrapped by the brane, u, = 1/(27)Pv /P!
and Z is a possible wrapping factor. The scalars ¢; correspond to the moduli parameterising
the transverse position of the brane. The determinant inside the square root can be expanded
and reads exactly:

A(¢;) = — det{ g+ Z0*(0u0i0v i + 0,0i0v ;) }
=14220%0,¢;0"¢;+ Z*c* (2(au¢i3“€5i)2 — 00" 9;0,$;0" dj — au¢ia“<5j3u¢jayéf;i) ,
(4.15)

so that the DBI Lagrangian reads:

Lppr = —% -3 (9i)\/ D). (4.16)

s

To obtain an approximate Minkowski vacuum, we consider the presence of an orientifold
plane, described by the Lagrangian:

Lop = % V,_s. (4.17)

Finally, the brane Lagrangian also includes the Chern-Simons term, which in a SUSY setup
reads [27]:

Los = —% Vp—3(f(¢i) — 1), (4.18)

s

so that the total 4d Lagrangian is:
=12V, |2 £00) — £60y/AG0] (119)

We now consider the case with only one complex scalar modulus ¢. It corresponds to a two-
dimensional transverse space, hence to a D7 brane. In that case, the determinant A(¢) reads:

A(9) =1+ 220°0,60"¢ + 220" ((9,00"9)? — 0,00"$0,60"9) . (4.20)

Using p7 = 1/(8730*) and defining the dimensionless volume V; = V,/0?, we can write
the Lagrangian as:

L= (2:)39; [2 — £(6) - f(#) J 1+22020,000) + 220" ((9,0016)2 — <a¢>2<6é>2)] :

(4.21)
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Dropping the warp factor Z and expanding the square root allows to rewrite the action as

£ = iy [0 1(0) = [(0)0%0,00"5 + 3 £(0)0 00(0) + ..
= V(%) - a (1 + Zv«m) 0,006 + 1%(00)2(06)” + O(c"), (1.22)
with: 9 Vi
V(o) = F(F0) - ). a= gl (1.23)

4=

Rescaling b = Vvag and defining the new expansion parameter € 0?/a, we obtain

the Lagrangian:
4 _
L=-V- (1 - ;V> 00 + (0812001 + O(S), V(3 =V(3/va). (429

Note that the scalar potential does not receive any correction proportional to €. This feature
plays a pivotal role in the search for a SUSY description of this action, as shown hereafter.
We indeed look for a SUSY description of the physics of the above brane action by
comparing with the Lagrangian (3.52) and adjusting the three free coefficients a,5 and ~.
It amounts to identify the linear combination of higher-derivative operators leading to the
brane action. In particular, we look for parameters eliminating the correction to the scalar
potential in eqgs. (3.52) and (3.55). The functions introduced there should thus satisfy:

f(¢,0) = aV (6, 9), (4.25)

leading to a Lagrangian of the form:
L=-V—(1+aV)|0¢]* + ' a(09)?(00)? . (4.26)

Notice how the exact matching of the coefficients in (4.24) is recovered by setting aw = 1/2
for a potential subject to eq. (4.25).

It is interesting to investigate what constraints are placed on the scalar potential by
requiring that the HD action matches the form of the brane action. These constraints arise
from the correct treatment of terms involving spacetime derivatives of the F' auxiliary field
and were absent in [26, 27|, where these were set to zero. The potential V must solve the
partial differential equation (4.25), that explicitly reads:

(o 28) V +2416[2V5 + (B+7) (8Vi + 0V5) =0 . (4.27)

This equation is solved by:

V($,6) =22u0l¢|", (4.28)
with the power n depending on the coeflicients «, 3, v of the HD operators through

yn? +2(8+y)n +2(a+28) =0 . (4.29)
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This constraint admits both positive and negative integer solutions for n, depending on the
underlying parameters a, 8 and . Such scalar potential can be obtained in global SUSY
from the following superpotential:

1
+1,3
Yo

a3

2

W ="

2t (4.30)

To conclude, the explicit form for the supersymmetric Lagrangian that allows to recover the

characteristic features of the brane Lagrangian at its first-order expansion is given by the

superpotential (4.30) together with the corrected Kéahler potential:

et P —— _ o= _

K=oP+ [aDODBDEDD + 29| @2D*®D*® + (8 — ) (SD*®(D®)? + h.c.)| +O(e).
(4.31)

We stress that this result differs from that of [26, 27] where the terms containing derivatives

of F' were set to zero by hand.

4.3 Moduli stabilization in 4d /' = 1 SUSY String reductions

In this section we reevaluate the HD corrections to the scalar potential for moduli fields in IIB
string compactifications [11] originating from the dimensional reduction of o/ R* terms of the
10d action. Such terms, besides the well-known correction to the Kéhler potential originating
from a correction to the scalar kinetic term [30, 31], also give rise to Kéahler moduli dependent
four-derivative interactions which, through SUSY, generate extra terms in the scalar potential.

The specific coefficients for the |F|* terms and the additional four-derivative operators
were computed in [32]. We consider the case of one Kdhler modulus u = log(V — Vp), where
V denotes the internal volume and V) its vacuum expectation value. The second-derivative

terms then take the standard form:?

M? 2
Sﬁg = LOQ s /d4:m/ -9 (R 3 uu&“u) ; (4.32)
while up to partial integration, the bosonic four-derivative terms read:
S%)B = ﬁ/d‘lx\/fg {a (Opu)* +b (Ou)® + ¢ Duaﬂua“u} , (4.33)

where [ is a dimensionless parameter dependent on the compact space’s geometry and a,b
and ¢ are rational numbers. The authors of [11] focus only on the first term of eq. (4.33),
arguing that it suffices to get the functional dependence and that the remaining ones would
give rise to ghosts. Furthermore, when looking for the correct SUSY operator to describe
this action they consider exclusively the Oy operator, introduced in eq. (3.16), arguing that
it is “the unique ghost-free operator”, with all the others giving rise to dynamical F' fields.
Given the perturbative treatment developed in this paper we know that not to be the case.
A more systematic approach was employed in [32], where these additional terms of eq. (4.33)
were eliminated via a field redefinition in the kinetic part of the Lagrangian. However, when
the action is supplemented by a scalar potential the field redefinitions performed exclusively

3We omit the ' correction to the kinetic term [30, 31] as it does not play a role in this discussion.
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in the kinetic part of the action miss some of the corrections to the scalar potential as we
have explicitly shown in the global SUSY result of eq. (4.40). We are therefore compelled
to revisit this in light of the methods outlined before. Using that 1/x%, ~ o e M2/ Vo,
and o/ = 1/M2, one can rewrite the above action in terms of the canonically normalized

scalar ¢ = \/%UMP as:

. M3 1 "
SriB :/d T/ —g TR_ 5(%906 %)

) ; )
+8 [ dtov=g {“m@) O + 775 Dwauwa“cp} L (434)
MP P

M2

where & = 9/4 a, b =3/2 band & = (3/2)%/? c. We see that even though all HD terms originate
from the same ten dimensional o/ correction, upon dimensional reduction and canonical
normalisation they are suppressed by different powers of Mp. Clearly in an expansion in
1/Mp the leading term is (Oy)? rather than (9p)* as considered both in [11] and [32].

We could introduce the following redefinition of the scalar ¢, similar to the one used
n [32] for the dimensionless field u:

b
o= p—p0 ( 5o + i 8,,@8“90) . (4.35)

It brings the above HD action to:
4 M3, 1 m 4 a 4 2
St = [ d'ay=g LR~ 50,00"0 | + 8 [ d'ov=g1r(0u0) + OB, (436)
P

so that we see that it is indeed sufficient to keep only the @ term when keeping the leading
term in the S expansion. However, how should be clear from the rest of the paper, this
is not true when a scalar potential is present, as is the case in a global SUSY embedding
with non-vanishing superpotential. We thus refrain from using this field redefinition and
study the action (4.34).

The four derivative operators correcting the Kéhler potential with one chiral and one
anti-chiral superfield were given in eq. (3.9). Those with two chiral and one anti-chiral
superfields were given in egs. (3.11) and (3.12), and the ones with four superfields in eq. (3.16).
A correction of the form:

8 : ¢
oK =+ [ Lo e
16 M4 OJFM?N1 2M3M 2M1?3M2
I S : R S
~ 5 (% pepeDaDd + 2 55D’ - - o,
16 \ M} ME 203 203

(4.37)
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would thus lead to:

L=¢0¢+ FF + FW' + FW'

+ﬁ< (06)2(06)% + bDﬂM+

mwg,@&wmé+aﬁaﬁmw

M}, M2
+ O(6?). (4.38)

+ <05 (~2FF8,00"¢ + F2F?) + L ey (Fa $O"F + F ¢8“F)>
M}

We see that, upon identifying ¢ = Re(¢), this reproduces the form of the HD terms of
eq. (4.34) and contains derivative terms for the auxiliary field, as expected. As described
earlier, the Lagrangian can be treated as an EFT in 8 and, either through field redefinitions
or through the use of the perturbative constraints, it can be brought to the form

L=¢0¢p+FF+FW +FW' + 5 (8¢) 2(0¢)?

- B ( FF + MQ ‘W”‘Q . 2]\043 (WIWH + W’W”)) 8u¢3“<l_5
+ 8 ( FF + M2 W% — 2M3 W'W" + W W”)) FF+0(6%)), (4.39)

where the auxiliary field F' appears algebraically and the only remaining HD term for ¢ is of
the form (9¢)%(0¢)%. After elimination of F using F = —W' 4 O(3), the Lagrangian reads:

L=¢0¢— HVP+ﬂ (¢>(éﬂ

2a —
_ - W/ 2 _ W// 2 W W// W W// 8 a/},

&
2M3

-WWVQ%WW”ﬁWW— <WW%WW®+mM, (4.40)
P P

so that the four-derivative correction to the scalar potential is of the form:

W”‘Q _

Vip = B|W'|? (@\W’F + (W'W” + W’W”)) . (4.41)
P

C
s o3

Had we performed the field redefinitions to eliminate the b and ¢ terms before doing the SUSY
embedding as in [32] we would have obtained instead (by setting b = &= 0 in eq. (4.38))

£= 600~ WP+ 05 (06706 — 20/ Po6015+ W'Y . (142
P

where, in accordance with [11], one finds an |F|* = |W’|* correction to the scalar potential
on top of a correction to the kinetic term and a HD term. The authors showed that this
term is embedded in SUGRA with multiple scalars ®; as:

Vipp = XT9MD,W D; Dy W DW (4.43)
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where D; = 0; + K; denote here Kéahler covariant derivatives. Here T’ ik §s the multi-scalar
field extension of the parameter a, which is thus related to the effective action eq. (4.38). In
SUGRA the Kéahler covariant derivatives lead to a correction to the scalar potential, even
in presence of a constant superpotential W = Wy, of the form [11]:

II,t*

t
i [Wol*. (4.44)

Vipp = =A

We note from eq. (4.40) that, in global SUSY and for a generic superpotential, the functional
form of the correction to V is different from those considered in [11], with the b term
dominating the 1/Mp expansion. It is natural to ask whether these differences persist in the
SUGRA embedding. If this would be the case there could be interesting consequences for the
Kéhler moduli vacuum structure where subleading corrections often play a crucial role in
moduli stabilisation due to the no-scale structure the leading order F-term scalar potential
is either flat or of run-away form. We will return to this issue in the future.

5 Discussion

In this work we have studied higher-derivative perturbations of supersymmetric EFTs, focusing
on the methods to systematically eliminate ghosts from the spectrum. We have done so by
applying two equivalent methods: JLM /reduction of order in the eom and field redefinitions
in the action.

This investigation was prompted by the desire to clarify the status of the auxiliary fields,
F', in the EFT in the presence of higher-derivative terms. HD actions generically give rise
to higher-order eom for scalar components that, in non-supersymmetric theories can be
eliminated by both of the above methods. In the presence of SUSY, the higher-derivative
terms will in general also induce non-algebraic (i.e. differential) and non-linear eom for the
auxiliary fields. A study of the literature reveals diverging approaches on how to deal with
these “dynamical” auxiliary fields: from the ab initio exclusion from the EFT of the HD
terms that induce them [7-9, 11] to the ad hoc imposition of the constraint 0F = 0 based
on EFT intuition [26, 27].

Through a systematic application of JLM /reduction of order or field redefinitions we have
indeed shown that the auxiliary fields remain non-dynamical in the EFT. The elimination
of terms containing its derivatives yields perturbative corrections to the action. This is
unambiguous when the action is expanded in component fields but can also be worked
out using superfields. We have indeed proposed a reduction of order procedure directly
in N' = 1 superspace.

We have applied these methods to the study of several phenomena, reviewing at first
possible higher-derivative MSSM extensions [13, 14] and then investigating the scalar sector
of the SDBI action and the effective action of 4d N' = 1 compactifications of type IIB
string theory.

In the first of these applications, we have shown that a particular combinations of
four-derivative operators reproduce the first terms of the bosonic expansion of D7-brane
actions. One peculiarity of the brane action is that the HD operators do not correct the scalar
potential, a feature that constrains the SUSY embedding of said potential to be of monomial

,31,



form. We produced a supersymmetric EF'T with all these properties, namely an uncorrected
scalar potential and the correct matching of the coefficient of the first higher-derivative term.
It is described by a power-law superpotential and a corrected Kéhler potential.

In our study of 4d N/ = 1 compactifications of type IIB string theory, we have argued
that one should extend the previous study [11] by including all the HD operators deriving
from the reduction of the 10d effective action [32], not only the trivially ghost-free one.
Working in global SUSY, we showed that the elimination of the additional “pathological” HD
operators from the EFT gives rise to a ghost-free theory with a corrected scalar potential.
We found that the corrections to the scalar potential coming from the previously neglected
HD terms actually dominate in an 1/Mp expansion over the one considered in [11, 32].
The form of these corrections in the global SUSY case can give intuition on their lift to
SUGRA. One can crudely estimate the Kahler moduli dependence of the novel corrections by
replacing derivatives with the Kéhler covariant derivatives of supergravity. For a constant
superpotential, this dependence is then identical to the one of the usual |F|* corrections
from the trivially ghost-free operator. Should this ansatz be confirmed by a full SUGRA
analysis, we would then conclude that including all HD operators descending from the 10d
effective action merely modifies the A coefficient of the |F|* higher-derivative corrections,
while keeping its functional form unchanged. If on the other hand the dependence in the
Kahler moduli does not follow this naive guess, the functional shape of the scalar potential of
the EFT could be modified. Both possibilitites can have important consequences for moduli
stabilisation in models where HD corrections plays an important role, see eg [33, 34]. It is
thus necessary to perform this analysis directly at the level of the supergravity theory and
derive the exact form of the corrections to the EFT scalar potential when including all the
HD operators, for a fixed internal manifold, a task that we leave for future work.
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A Quantization of higher-derivative Lagrangians

In this appendix, we shortly review quantisation of higher-derivative Lagrangians, and refer
to [35] for a more comprehensive review. The canonical quantisation of the theory uses
the Hamiltonian formalism, described by first splitting time and space derivatives in the
Lagrangian:
L., 1 2 1 99 1og 1o n o 2700
L=:¢"=S(Ve) —om 9" — Se¢” — S (V7g)" + eV o, (A1)
2 2 2 2 2
and then defining the conjugate momenta. Lagrangian theories with higher-derivatives
contain several conjugate momenta. We refer to [36] for a review of Ostrogradsky’s original

- 32 —



theorem [1] and methods. The two canonical momenta for the Lagrangian (A.1) read:

: oNk ac oL 9oL . . _

_ k(9 _ 9L _d00L _ 2 v |

e = ,§< Y (8t> oo+ T 9d Ot 9 bp+e 9 —eVig, (A.2)
e 37,6 _ 22, 27

Me=gg=cVome (A.3)

The Hamiltonian density defined using these momenta is thus given by
H =Ty + (¢, 6, T1y) — L(¢, 9, 11,)

: 1 1., 1
= ¢+ 11, V2¢ — 5 TI% — iqﬁ? + 5(vgb)2 +

2,2
5 m-p° . (A4)

2
Note that in this case only ¢ is eliminated from the Hamiltonian, since ¢ has become part of
the configuration space. In higher-derivative theories, only the higher time-derivatives are
not part of the configuration space and must be substituted in terms of the momenta.

After quantisation, the scalar field ¢(z) described by the Lagrangian (A.1) can be
expanded as:

~ d3p 1 . ol . L
2 o4\ A o= (Wegt—PT) | AT +i(wept—p-T)
o(Z,t) = / Ok { T ( e e + et ) + (A.5)

L

(dﬁe—i(wdﬁt—ﬁ'f) + d}e"ri(wdﬁt_ﬁ'f))]’

g

dep

where ¢, é;r; (resp. Jﬁ, d}) are the annihilation and creation operators of a convergent (resp.
divergent) mode of momentum p and energy wey (resp. wap)-

As in the canonical quantisation procedure, one imposes the commutation relations
between the fields and their conjugate momenta

[6(F,1), Ty (5,0)] = i6®N(Z - §),  [6(F ), T4(5,1)] = 6 (& - §). (A.6)

This leads to the following commutation relations for the creation and annihilation operators:

e ef] = @m*6 - ), (A7)
|, dl] = (2m)%6 @ (5 - ). (A.8)

The commutators vanish for every other pair.

The momenta given in eqs. (A.2) and (A.3) can be derived from the expansion of ¢. The
Hamiltonian of the system is then obtained by integrating the Hamiltonian density (A.4)
over space and making use of the above commutators. It reads

d3p N
H= /d3 H = / { 1 —4m2e wey c;;cp — V1 —4m2e2 wdﬁd}dﬁ}
d3p 1 o
+ / \/ 1—4m?2 25 0 [wcﬁ - wdﬁ] . (AQ)

We can thus notice that every “convergent-type particle” of momentum p’ contributes with the
energy v'1 — 4m?e? w.; to the system, whereas every “divergent-type particle” contributes with
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the energy —v/1 — 4m2e? wgy. Moreover, there are two divergent vacuum energy contributions
of opposite signs which, in absence of gravity, can be removed by normal ordering of H.
Negative energy states also lead to an energy unbounded from below. Indeed, one can
construct the Fock space by applying creation operators on the vacuum state |0) defined
through:
éxl0) =0, dy|0) =0, VF. (A.10)

According to eq. (A.9), the energy of a state with ny convergent-type particles of momentum
pr and my, divergent-type particles of momentum ¢, for k= 1,..., N, is then given by

N
E =1 —4m?2e? Z [MkWep, — MiWag, ] (A.11)
k=1

where the vacuum energy has been eliminated through normal ordering. Even if |0) has
energy F = 0, we see that creating divergent-type particles out of this state lowers the energy
to negative values. The energy is thus unbounded from below and there is no ground state.

B Notation and conventions

For both notation and conventions we follow [24]. We thus use the mostly-plus metric
(—,+,+,+) to raise, lower or contract Lorentz indices. To raise, lower or contract spinorial
indices we use the antisymmetric tensors

5 0 -1
P = 8 = <+1 0 ) = —€ap = —€44- (B.1)

Introducing the generalized Pauli matrices
(")as = (1,6),  (#")°* = (~1,8) = (o)

s (B.2)

we show the following relation on Grassmann variables, often used in superspace computations

908 = —%eaﬁee, 696" = %e‘wéé, (B.3)
_ 1 __
05100510 = —ieeaenab, (B.4)
Tr{0"6"} = (0")aa(”)** = —20" . (B-5)

We also write down the superspace derivatives
DA = (aMaDaaDd) 3 (B'G)

in terms of the space-time and SUSY covariant derivatives

0 0
— _ (M _
Da + 90 +Z(U G)aal_ua
— 0 , 0
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The latter satisfy the graded Lie algebra

{Da;Dd} = _2Z.(Uu)adau,a (BS)
{Da, Dg} = {Da, Dy} = [Da, 0] = [Da 0] = 0. (B.9)

The anticommutation relation (B.8) can be used to express space-time derivatives of a generic
superfield S through SUSY derivatives only:

oS = %(wwwﬁ,ba}s. (B.10)
We use the standard notation D? = D*D,, and the superspace identity for a superfield S:
4 1 20792 L om0
/d@S:—f/dGDS:—DDSk). (B.11)
4 16
In the present paper, we mostly use chiral and anti-chiral superfields, satisfying the constraints
Dy® =0, D, =0. (B.12)
Egs. (B.8) and (B.12) shows that a chiral superfield ® satisfies:
D?’D?*® = —1601®, (B.13)
D*DyDo® = —%Ddzﬂqm (B.14)
The bosonic chiral and anti-chiral component expansions of chiral superfields read:
_ 1
® = ¢+ i00"00,0 + Z@GQGDqﬁ + 00F, (B.15)
L 1
¢ = ¢ —i00"00,¢ + 19990D¢ + 60F, (B.16)
with both ¢(x) and F(x) complex fields.

C Dimension-five HD SUSY operators in components

In this appendix we show explicitly that the two Lagrangians (wrong and correct) shown
in section 4.1.2 differ exactly by the higher order of the field redefinition used to obtain
the correct one from the initial HD Lagrangian.

The bosonic components of the correct effective Lagrangian (4.13) read:

L=¢0¢+ FF — 4252 (W’DVT/’ + FW”FW”)
+{FW = 20 FW'W' 4 226 F(W?W")' } + h.c. + O(é). (C.1)
This Lagrangian is linear in the auxiliary field F. Its equation of motion is solved by:

F =W+ 2eW"W' = 220> (W*W") + 40*EW'|W"|? + O(€?). (C.2)
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Putting back the solution for the auxiliary field in the total component Lagrangian thus gives:

L= ¢0p — 42> W'OW' — FF(1 — 4252 |W" %)
= ¢0¢ — 42*WOW' — WW' + 20 (W |W'|> + W|W'|?) — 82| W'|2|[W" |?
_ 2€2U2W/(W/2W”)/ _ 2620_2W/(V_V/2W//)/ + 0(63). (0'3)

The same Lagrangian is obtained starting from the initial HD Lagrangian (4.7) in components,
solving for the auxiliary field F' and performing the field redefinition:

b — &+ 0p= b+ 2caW' 4 26200 + 2202 QW' W' + W'W') + O(€3). (C4)

This field redefinition is actually identical to the superspace one made by the authors of [28§]
to derive the Lagrangian (4.13).

Note that in the above Lagrangians, we did more than just removing the higher-derivative
terms. Indeed, kinetic terms such as W'¢, which are not higher-derivative terms, have
also be replaced by on-shell equivalent terms.

We now look at the expansion of the wrong Lagrangian (4.12) in components. After
solving for the auxiliary field, the scalar field Lagrangian reads:

Ewrong — ¢D($ - Ww' - 260’(|W"2W” + ’W"QW”) _ 8620'2W/|:|WI
- 46202(\W/|2W"2 + |W’\2W”2) — 4| WA W2 + O(3). (C.5)

This result is inequivalent to eq. (C.3). According to the discussion at the end of section 2.2.2,
we expect the difference between the two Lagrangians to come from terms appearing at
second order in §¢ (of the field redefinition (C.4)), that are not of order O(e®) but rather
O(€?). The difference should thus come from terms of order O(e?) generated by expansion
at second order of the initial Lagrangian under the field redefinition:

¢ d+0p=d+2ecW'. (C.6)
They are:
3Ly o 0Ly~ 6%L
Laigr = 4e%0” W'+ — W2+ —— (W[
e ( 592 o7 sasel
1 _ 1 -
=4 (W'OW’ — 5(W’”W’)W’2 — 5(W”’W’)W’2 — W' W 3. (C.7)

We see that the wrong Lagrangian (C.5) supplemented with Ly gives indeed exactly the
correct Lagrangian (C.3), obtained through component or superfield field redefinitions.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.
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