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Abstract
We prove that nonnegative almost minimizers of the horizontal Bernoulli-type functional

2.2 1= [ (V6P + 0 0) d
Q
are Lipschitz continuous with respect to the Carnot-Carathéodory distance.
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1 Introduction and main result

In this paper, we study the regularity of almost minimizers of Bernoulli-type energy func-
tionals in Carnot groups.

In the Euclidean setting, the regularity of minimizers for the classical one-phase Bernoulli
energy functional

F(u, Q) = / (IVu@) P + xu=0,()) dx (1.1)
Q

has been deeply studied since the pioneering work of Alt and Caffarelli, see [3, 4]. We refer
the reader to [52] and the references therein for a comprehensive description of the subject.

More recently, the regularity of almost minimizers associated with Bernoulli-type func-
tionals was investigated as well. We recall that the notion of almost minimality is a relaxed
notion of minimality that arises from variational problems with constraints, such as problems
with prescribed volume or curvature and obstacle problems. Almgren introduced the notion of
almost minimizers in geometric measure theory [2]. In the nonparametric setting, this notion
was introduced by Anzellotti in [5]. Roughly speaking, almost minimizers may be considered
as local perturbations of minimizers, which have smaller contribution at small scales. Hence,
one may expect that similar regularity results for minimizers hold also for almost minimiz-
ers. Nevertheless, the condition satisfied by almost minimizers does not allow to obtain an
Euler-Lagrange equation as in the case of minimizers.

Concerning Bernoulli-type functionals, in [16], David and Toro proved that almost
minimizers of (1.1) are locally Lipschitz continuous, which is the optimal regularity for
minimizers. Results about the free boundary regularity can be found in [15]. These works
employ variational techniques involving tools coming from potential theory and geometric
measure theory. We refer to [48] for a comprehensive overview on the topic. More recently,
De Silva and Savin, in [18], introduced a more direct approach to obtain Lipschitz regular-
ity of almost minimizers of (1.1) based on a dichotomy argument. Since their techniques
involve, mainly, only metric properties, we point out that they may be extended to differ-
ent more general frameworks. In this direction, see, for instance, [17] and [19], dedicated
to the thin Bernoulli functional and a one-phase problem driven by the p-Laplace operator
respectively.

Free boundary problems arising from the minimization of Bernoulli-type functionals may
be formulated even in the noncommutative setting of Carnot groups. See, for instance, [20] for
the case of the Heisenberg group. Carnot groups are an intensively-studied noncommutative
structure playing a relevant role in many applications. For instance, they represent the tangent
model of a general sub-Riemannian manifold and are the natural framework to describe some
systems with nonholonomic constraints. On Carnot groups, there exists a comprehensive
literature involving geometric measure theory [28, 29, 43], subelliptic partial differential
equations [9, 24, 25], and differential geometry [11, 35, 36]. Nevertheless, very little is
known on Bernoulli free boundary problems in this setting. For the one-phase case, in [23],
only in the Heisenberg group, the authors proved the existence of minimizers, which turn
out to be intrinsic harmonic away from the free boundary and present linear growth close
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Regularity for almost minimizers of a one-phase... Page3of32 107

to the free boundary. Besides, they proved some density estimates. Furthermore, we recall
that, concerning the two-phase case, classical tools seem to fail in this setting. For instance,
as recently shown in [21, 22], an intrinsic Alt-Caffarelli-Friedman monotonicity formula,
written as the natural counterpart to the classical Euclidean one, does not hold. In addition,
the viscosity approach occurs some difficulties due to the characteristic points. For instance,
this is the case of the comparison principle, see [20, Section 8]. Moreover, we point out that,
for these functionals, the regularity results do not follow from the classical theory in the
calculus of variations, since the integrand of the functional is discontinuous (in the classical
case, the integrand is required to be, for example, Lipschitz continuous, see e.g., [31, condition
(8.48)] in the Euclidean context or, for example, under stronger regularity assumption in [12,
45], in Carnot groups).

The setting in which we are working on may be summarized as follows. Let G be a Carnot
group of step two. Assume that @ C G is a measurable domain. We define the following
energy functional

I, Q) = / (IV6u()P + xu=0,()) dx, (1:2)
Q

where u belongs to the horizontal Sobolev space H Wl’z(Q), u > 0a.e.in Q, Vgu is the
so-called horizontal gradient of u and dx denotes the Haar measure of the group. We refer
to Sect. 2 for the main notation and definitions.

In the present paper, we focus on some regularity properties of almost minimizers for J.

Definition 1.1 Letx > Oand 8 > 0, and Q2 C G be an open set. We say that u € HWI’Z(Q)
is an almost minimizer of J in Q, with constant ¥ and exponent g, if u > 0 L£"-almost
everywhere in 2 and

J(u, Bo(x)) < (1+k0P)J (v, By(x)), (1.3)
for every metric ball B, (x), of radius ¢ < 0 and center x € G, such that B, (x) C € and for
every v € HWl'z(BQ(x)) such thatu — v € HWOI’Z(BQ(x)).

Our main result is the following one.

Theorem 1.2 Let u be an almost minimizer for J in By with constant k and exponent p.
Then,

1960l 5y < C(1Vsul 208, +1)

where C > 0 is a constant only depending on the homogeneous dimension Q, k, and B.
In addition, u is uniformly Lipschitz continuous in a neighborhood of {u = 0}, namely if
u(0) =0, then

Voul < C in By,
Jfor some C > 0, only depending on Q, k and B, and ro € (0, 1), depending on Q, «, B and
IVeullz2(g,)-

In particular, the main contribution of our paper concerns the Lipschitz intrinsic regularity
of almost minimizers. We remark that our result is also relevant for the case of minimizers
(when k = 0), since it is new also in this direction. Our approach is a generalization of the
method introduced in [18]. Nevertheless, some tools in [18], mainly based on comparison
arguments with harmonic replacements, cannot be applied on Carnot groups. Indeed, if the
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step of the group is strictly grater then one, the vector fields X, ..., X,,,, generating the
first layer of the Lie algebra associated to G, have no trivial commutators, i.e.

[Xi. Xj]#0 < XiX;+#X;X;, foreveryi,je({l,....m}, ifi # j.

m

Consequently, denoting by £ = — ) s

L X 3 the positive sub-Laplacian on G, it results

XiL #LX; (1.4)
foralli = 1,...,m;. The lack of commutativity, encoded in (1.4), implies that functions
X;u, for i € {1,...,m}, are not G-harmonic even if u is. Therefore, the mean value

characterization of |Vgu|*> on which the argument proposed in [18] is based, is no longer
applicable in our case. To face this aspect, we apply the regularity estimates for subelliptic
equations, proved in [13], see also [44] in the case of the Heisenberg group. In addition,
following the original idea of Anzellotti in [5], we exploit well-known results concerning the
Morrey-Campanato-type estimates, developed in [39, 40] in homogeneous spaces. Moreover,
we employ some classical tools coming from geometric analysis in Carnot groups, such as
Poincaré and Sobolev-Poincaré inequalities, see, for instance, [26, 27, 30, 33, 37, 38]. Finally,
it is worth recalling that our Lipschitz intrinsic regularity result only implies Holder contin-
uous regularity from a Euclidean point of view, since the Carnot-Charathéodory distance is
not equivalent to the Euclidean one, see, e.g., [9, Proposition 5.15.1].

The classical motivations to study Bernoulli free boundary problems come from flows
with jets and cavities, see, for instance, [10, Section 1.1], heat flows [1], electrochemical
machining [34], combustion theory [7], electrical impedance tomography [6], and phase
transitions, see, e.g., [8, 46, 47, 50].

The paper is organized as follows. In Sect. 2, we recall basic notions concerning Carnot
groups and some useful tools. Next, in Sect. 3, we deal with a dichotomy property, a key step
to prove our main result. Finally, Sect. 4 contains the proof of Theorem 1.2. We remind, even
if it is not explicitly stated, that all the constants appearing in the sequel may change from
line to line when they are universal, i.e. when they depend only on the group G.

2 Notation and preliminary results
2.1 Carnot groups

A connected and simply connected Lie group (G, o) (in general non-abelian) is said to be a
Carnot group of step k if its Lie algebra g admits a k-step stratification, i.e. there exist linear
subspaces Vi, ..., Vi such that

g=Vi®...0V,, [Vi,Vil=Viqu, Vi #{0}, Vi={0}ifi >k, 2.1

where [V], V;] is the subspace of g generated by the commutators [X, Y] with X € V; and
Y € V;. The first layer Vi, the so-called horizontal layer, plays a key role in the theory
since it generates all the algebra g by commutation. We point out that a stratified Lie algebra
can admit more than one stratification. However, the stratification turns out to be unique
up to isomorphisms, thus, the related Carnot group structure is essentially unique (see [36,
Proposition 1.17]). Note that when k = 1 the group G is abelian, so we return to the Euclidean
situation.

Setting m; = dim(V;) and h; = m| + --- + m;, with hg = 0, fori = 1, ..., k (so that
hy = n = dimg = dim G), we choose a basis e, ..., e, of g adapted to the stratification,
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that is such that

€n; +1, ..., ep; isabasisof Vj foreach j =1,... k.
Let X = {X1,..., X,} be the family of left-invariant vector fields such that X;(e) = e;,
i =1,...,n,where e is the identity of (G, o). Thanks to (2.1), the subfamily {X, ..., X, }
generates by commutations all the other vector fields, we will refer to X, ..., X,,, as gen-

erating vector fields of (G, o).

The map X — X(e), associating a left-invariant vector field X to its value in e, defines
an isomorphism from g to TG, (in turn identified with R"). We systematically use these
identifications. Furthermore, by the assumption that G is simply connected, the exponential
map is a global real-analytic diffeomorphism from g onto G (see, e.g., [14, 51]), so each
x € G can be written in a unique way as x = exp(x;X; + --- + x,X,). Using these
exponential coordinates, we identify x with the n-tuple (xq,...,x,) € R" and G with
(R", %) where the explicit expression of the group operation  is determined by the Campbell-
Hausdorff formula (see, for example, [9, 25]). In these coordinates, ¢ = (0, ...,0) and
(x1y ..y X)L = (=x1, ..., —xy), and the adjoint operator in L?(@G) of X, X}f, for j =
1,...,n, turns out to be —X; (see, for instance, [29, Proposition 2.2]). Moreover, if x € G
andi = 1,...,k, weset x© := (Xn;_y+1s - .- xp;) € R™ so that we can also identify x
with [x(M, ..., x®] e R™ x ... x R™ = R".

Two important families of automorphism of G are the so-called intrinsic translations and
dilations. For any x € G, the (left) translation t,, : G — G is defined as

I T,Zi=Xx02Z.
For any A > 0 we call dilation, associated with X the linear automorphism of g such that
8,(v) =Alv, ifveV, fori=1,... k.

Through the exponential map, one can transfer the notion of dilation on the group G. We
denote again by §, the map

expo 8, oexp ! : G — G.

Using the identification given by exponential coordinates, one can read the map §, : G — G
as

Su(xry o xn) = WXy, A, 2.2)

where «; € N is called homogeneity of the variable x; in G (see [25, Chapter 1]) and is
defined as

aj =i whenever h;_| + 1< j <h,

hence l =1 =...=ay <opt+1 =2 < ... < o,y =k.
From Definition (2.2), one can easily verify the following properties of intrinsic dilations.

Lemma 2.1 Forall A, u > 0, one has:

(1) &1 =idg;

(2) 57" =8,1;

(3) 85,068, =bnus

(4) forevery p, p' € G, it holds 8;(p) - 8,(p") = 8;(p - p)).
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By left translation, the horizontal layer determines a subbundle of the tangent bundle TG
over G. This subbundle, spanned by the family of vector fields X = (X1, ..., X,,,), plays a
crucial role in the theory and is called the horizontal bundle HG. The fibers of HG are

HGy = span {X1(x), ..., X, (x)}, x€G.

A sub-Riemannian structure is induced on G by endowing each fiber of HG with a

scalar product (-, -),, that makes the basis X;(x), ..., X;;, (x) orthonormal, and the related
norm | - |,. These are defined as follows: if v = Z;":‘l Vi Xi(x) = (V1,..., V) and w =
Y wiXi(x) = (wi, ..., wy,) are in HG,, then (v, w), := ;":11 vjw; and [v|? =
(v, V)x.

The sections of HG are called horizontal sections, and for any x € G, a vector of HG is a
horizontal vector, while a vector in T G, that is not horizontal is called a vertical vector. Each
horizontal section is identified by its canonical coordinates with respect to this moving frame
X1, ..., X, Inthis way, a horizontal section ¢ is represented with a function ¢ : G — R™!.
To simplify the notation, when dealing with two horizontal sections ¢ and ¥, we drop the
index x in the scalar product and norm.

We collect some properties of the group operation and canonical vector fields, see [9].

Proposition 2.2 The group operation has the form
xoy=x+y+9x,y), forallx,yeG,

where Q = (Q1,...,9n) : G x G — Gandevery Q;,i = 1,...,n, is a homogeneous
polynomial of degree o with respect to the intrinsic dilations of G, that is,

Qi (81(x), 82(y)) = A% Qi (x, y) forallx,y € Gand i > 0.
Moreover; for all x, y € G, we have:
(i) Q is antisymmetric, namely,

Qi(x,y) =—Qi(—y,—x), fori=1,...,n;

(ii)
Qi(x,y)=...=Qp (x,y) =0,
Qi(x,0) =09;(0,y) =0and Q;(x,x) = Q;(x,—x) =0, form; <i<n,
Qi(x,y) = Qi(x1,, Xnj—1, Y1, -~ yhj—1),  If1 < j<kandi <hj;
(iii)

Qilx,y) = ZRZ,;((X, V)XkYh — Xn Vi),
k.h

where the functions R’h « are homogeneous polynomials of degree a; — o — ay, with
respect to the intrinsic dilations and the sum is extended to all h and k such that o+ <
o;.

The following result is contained in [29, Proposition 2.2].

Proposition 2.3 The vector fields X ; have polynomial coefficients and are of the form

n
X;j() =9+ Y qi ;3. j=1l....n and j<h,

i>h;
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where q; j(x) = ZTQ,;(X, W ly=o and the Q;’s are those ones defined in Proposition 2.2 for
hi—1 < j<hand1 <1<k So, ifhi—1 < j < hy,thenq; j(x) = q; j(x1,...,%n_,) and
qi,j(0) =0.

2.2 Intrinsic distance and gauge pseudo-distance

An absolutely continuous curve y : [0, T] — G is called sub-unitary with respect to
X1,..., Xy, if it is a horizontal curve, that is, if there exist real measurable functions
Cly...,Cmy 2 [0, TT — R such that

mi

p(s) = c;j()X;(y(s)) forL'-ae.s €0, T],
j=1

with Z;";l cj(s)2 < 1for Ll-ae. s €0, T].

Definition 2.4 (Carnot-Carathéodory distance) Let G be a Carnot group. For p, g € G, we
define their Carnot-Carathéodory distance d.(p, q) as

de(p,q) = inf{T > 0 : there exists a sub-unitary curve y with y(0) = p, y(T) = ¢q}.

We remark that this distance is well defined: the set of sub-unitary curves connecting p
and ¢ is nonempty by Chow’s theorem [9, Theorem 19.1.3], since by (2.1), the rank of the
Lie algebra generated by X1, ..., X, is n. The Carnot-Carathéodory distance d. induces on
G the same topology as the standard Euclidean one. We shall denote by B, (p) the open ball,
centered in p and of radius r > 0, associated with d,.. For the sake of simplicity, if p = e,
we will use the notation B, (¢) = B,.

The distance d, is equivalent to a more explicit pseudo-distance, called the gauge pseudo-
distance, defined as follows. Let || - || denote the Euclidean distance to the origin in the Lie
algebra g. Foru = uy + - -- + uy € g, with u; € V;, one defines

k m
lulg = (Z ||u,~||2k’/') : (2.3)
i=1

The nonisotropic gauge in G is
Iple == exp™" plg. peG,

see [24] and [25]. Since the exponential map exp : g — G is a C*°-diffeomorphism (actually,
analytic), the map p — |p|g is C*(G \ {e}). Notice that, from (2.3) and (2.2), we have, for
any A > Oand p € G,

18.(P)lc = Alplc- (2.4)

The gauge pseudo-distance in G is defined by

1

d(p.q) :=1p~ oqlg. p,q€G. (2.3)

The function d has all the properties of a distance, except the triangle inequality, which is
satisfied with a universal constant, usually different from one, on the right-hand side, see [9,
25]. Since the dilations are group automorphisms, from (2.5) and (2.4), it follows that d is
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homogeneous of degree one with respect to the group dilations, that is, for any A > 0 and all
/
p,peG

d(8,(p). 8:.(p") = 2d(p. p").

It is well known, see, for instance, Proposition 5.1.4 in [9], that there exists a constant Ag,
only depending on the group G, such that, for p € G,

AG'Iple < dete, p) < Aglple. (2.6)

The integer

k
Q=Y idim(V;) (2.7)
i=1
is the homogeneous dimension of G. It is the Hausdorff dimension of G = R” with respect
to the distance d., see [41, 42].

The n-dimensional Lebesgue measure £ is the Haar measure of the group G, i.e., for
every L"-measurable set E C G and x € G, it results £L" (x o E) = L" (E). Moreover, if
A > 0, then £" (5; (E)) = A2 LM (E), where Q is the homogeneous dimension, see (2.7). In
particular, for any r > 0 and p € G, it holds

L" (By(p)) =r2L" (Bi(p)) = r2L" (B)).

Let us point out that all the spaces L”(G) we will deal with are defined with respect to the
Lebesgue measure L. If A C G is £"-measurable, we write |A| = L"(A). Hereafter, unless
differently specified, all considered domains are at least £"-measurable.

Amap L : G — Ris G-linear if it is a group homeomorphism from (G, o) to (R, +) and
is homogeneous of degree 1 with respect to the intrinsic dilations of G, that is, L(8;, (x)) =
AL(x) for A > 0 and x € G. Similarly, we say that amap £ : G — R is G-affine if there
exists a G-linear map L and ¢ € R such that £(x) = L(x) + ¢ forevery x € G. Given a basis
(X1, ..., X»n), all G-linear maps are represented as follows.

Proposition 2.5 A map L : G — R is G-linear if and only if there is a = (a1, ..., an,) €
R™ such that, if x = (x1,...,x,) € G, then

mi
L(x) = Zaix,-.
i=1

Moreover, if x = (xq,...,x,) € G and xg € G are given, we set
m
T () = ) x; X (x0). (2.8)
j=1

2.3 Folland-Stein and horizontal Sobolev classes

Fixed © C G, the action of vector fields X ;, with j = 1,...,m1, onafunction f : Q — R
is specified by the Lie derivative. We say that a function f is differentiable along the direction
Xjatxg € G, when j € {1,...,my}, if the map A > f(zx,(5x(e;))) is differentiable at
A = 0, where e; is the j-th vector of the canonical basis of R™!. In this case, we will write

d
Xjf(xo) = —f (T (41(e))) .
A=
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If, instead, f € LIIOC(Q), X f exists in a weak sense if

/fijdﬁn:—/QXjfdﬁn
Q Q

for each ¢ € C§° ().

Let us fix a basis X1, ..., X,,, of the horizontal layer. For any function f : & — R for
which the partial derivatives X; f, j = 1, ..., my, exist, we define the horizontal gradient
of f, denoted by Vg f, as the horizontal section

mi

Vef =Yy (Xif)Xi, 2.9)

i=1
whose coordinates are (X1 f, ..., X, f). Moreover, if ¢ = (¢1, ..., ¢n,) is a horizontal
section such that X ;¢; € LlloC (G) for j = 1,...,my, we define divg¢ as the real-valued

function

mq

mi
diveg :==— Y Xip; =Y X;¢;.
j=I j=I

The positive sub-Laplacian operator on G is the second-order differential operator given
by

mj mi
L:=) XiX;=-> X
j=1 j=1

It is easy to see that
Lu = —divg(Vgu). (2.10)

The operator L is left-invariant with respect to group translations and homogeneous of degree
two with respect to group dilations, i.e., for any x € G and A > 0, we have

Luoty) = (Lu)ote, L8 () = 18 (Lu).

Furthermore, by the assumption (2.1), the system {X}, ..., X,,,} satisfies the finite rank
condition

rank Lie[X1, ..., X, 1 =n,

therefore by Hormander’s theorem [32] the operator £ is hypoelliptic. However, when the
step k of G is greater than one, the operator L fails to be elliptic at every point of G.

The Holder classes CK¢ had been introduced by Folland and Stein, see [24, 25]. The
functions in these classes are Holder continuous with respect to the metric d,.

Definition 2.6 (Folland-Stein classes) Let 2 € Gbeanopenset,0 <o < landu : @ — R.
We say that u € CY(Q) if there exists a constant M > 0 such that

lu(x) —u(y)| < Mdc(x,y)* foreveryx,y € Q.

Defining the Holder seminorm of u € C 0.2(Q) as

iloerg = sup 1) ZHO)
@ Ve de(x,y)e
x#y
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the space CY%*(Q) is a Banach space with the norm
lullcow(qy == llullLe(@) + [Ulcoe(q).

For any k € N, we say that u € cke(Q) if X;u e Ck—12(Q) for everyi =1,...,mj.

Note that C91() coincides with the class of Lipschitz continuous functions with respect
to the metric d. on Q. Also, we denote by C k”\(Q, HG) the space of all the horizontal
sections ¢ : Q — HG, ¢ :=($1,..., P, ), such that ¢; € kM) forj=1,...,m.

Definition 2.7 (Horizontal Sobolev spaces) Given an open set 2 € G, u : @ — R and
1 < p < oo, the horizontal Sobolev spaces are defined as

HW"P(Q) = {ue LP(Q): XjueLP(Q)forall j=1,....m},
which is a Banach space with the norm
lull gwir (o) == lullLr@) + IVeullLr @, me)-

The subspace H WOl P (Q) of HWL-P () is defined as the closure of C(°(R2) with respect
to the norm || - || w1.r(q)-

3 Dichotomy results

The first step for reaching Theorem 1.2 is to prove a dichotomy result. Roughly speaking, two
situations can occur: either the average of the energy of an almost minimizer decreases in a
smaller ball, or the distance between its horizontal gradient and a suitable constant horizontal
section becomes as small as we wish (that is, G-linear functions are the only ones for which
the average does not improve in small balls”’). Before passing to the proof of this result, let
us state the following remark.

Remark 3.1 Let be £ : G — R a G-affine map. By Proposition 2.5, there exist a suitable
qg=1(q1,---,qm) € R™ and ¢ € R such that

mi
L(x) = Z%’xi +c¢ foranyx € G.
j=1

Recalling (2.9), by Proposition 2.3, we directly get

mi

Vol(x) =Y q;X;(x)=:q(x), foranyxeG. (3.1
j=1

Thus, the horizontal gradient of a G-affine map £ is a horizontal section ¢, which has constant
components with respect to the moving frame given by generating vector fields. From now
on, we call such a horizontal section a constant horizontal section. Note, however, that a
constant horizontal section still depends on the point x € G due to the moving frame. We
also observe that all G-affine functions £ as before are G-harmonic in G, in the sense that
L0 = 0in G. Indeed, by (2.10) and (3.1), it immediately holds ££ = 0 in G. We refer to [9]
for further characterizations of G-harmonicity within Carnot groups.

Our first result is the following.
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Proposition 3.2 Leru € HW'“2(By) be such that
J(u, B1) < (1+0)J(v, By) (3.2)
forallv e HWY2(By) such thatu — v € HW&’Q(Bl). Denoting by

1/2
a:= (7[ |V<(;,u(x)|2dx> , (3.3)
J B

there exists eg € (0, 1) such that, for every ¢ € (0, gg) there exist n € (0,1), M > 1, and
oo € (0, 1), depending on ¢ and Q, such that, if o € [0, o9l and a > M, then the following
dichotomy holds. Either

) 1/2
(f |VGU(X)|2dx> <2 (3.4)
B 2
n
or
172
( [Vgu(x) — q(x)lzdx> < ea, (3.5)
B’7
where q : G — HG is a constant horizontal section, see (3.1), with
2 < Jal < Coa, (3.6)

4

for some universal constant Cy > 0.

Proof We split the proof into several steps.

Step 1: pointwise estimates. Let v : B — R be the G-harmonic replacement of u in By,
that is, the unique solution of Dirichlet problem

Lv=0 in By,
u—veHWy*(By),

or, equivalently, the minimizer of Dirichlet energy among all competitors w € HW!2(By)
such thatu — w € HW&’Q(BI), ie.,

IVgu(x)|* dx = min [Vew()|? dx. 3.7)
B u—weHW2(By) J By
By Theorem 1.1 in [13], there exists a constant Cy > 0, only depending on Q, such that
1/2
sup |Vgv| < Co (f |V<g,v(x)|2dx) .
B2 By

Then, recalling (3.3), by the minimality (3.7) of v for the Dirichlet energy, we conclude
Vvl < Coa in By . (3.9)

Step 2: oscillation estimates. By Theorem 1.3 in [13], we have the following oscillation
estimates: for all n € (0, 1/2], it holds

a 12
n 2
xv<c-L V. dy)
1331108(:3” v (1/2> («7@1 [Vev(y)] Y>
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for some o = «(Q) € (0, 1] and universal constant C > 0. Therefore, we have
1/2

o
n 2

max |X;v(x) — X;v(0)] < max oscp X;jv < C|—= Vgv(y)|“dy forx € B).

(s 1Xiv() = X0 < max - osep, Xjv < (1/2) <]£h| (I60] )) "

(3.9)

Thus, for any i = 1,...,m1, denoting by ¢; = X;v(0) and q : G — HG the constant
horizontal section defined as in (3.1), it results

o 12
Vev—ql < O —= IVev(y)2dy in B, (3.10)
1/2 B

for some universal constant C; > 0. This gives that, for all n € (0, 1/2],

20
][ IVeu(x) — q(x)[* dx < ][ (C%<i> |V«;v(y>|2dy>dx
B, B, 1/2 B

3.11
= Car | 9ot Py G0
J B,
< C2 n2a aZ’
for some « € (0, 1) and C, > 0O universal.
Step 3: proximity to the G -harmonic replacement. We know that
/ |Vgu — Vgu|>dx < J(u, By) +/ (IVgv|> — 2 (Vgu, Vgu)) dx
By B
=J(u,B) — | (IVgv|* +2(Ve(u —v), Vgv))dx.  (3.12)
B
On the other hand, since X;f =—Xjforj=1,...,mandu —v € HWOI’Z(BI), it occurs

mi

/ (Ve —v), Vov) dx =y / Xj(u—v)Xjvdx
B j=1 By
nmi
= Z —v)Xvdx= [ (u-v)Lvdx =0, (3.13)
=1 /B B

which together with (3.12) gives

[Vgu(x) — Vev(x)|>dx < J(u, By) —/ |Vgv(x)|>dx. (3.14)
B B

Then, using the hypothesis (3.2) and the minimality of v in (3.7), for ¢ > 0 to be made
precise later, we obtain

/B (IVgu(x) — Veu()*)dx < (140)J (v, Bi) — [ [Veu(x)|* dx
1

<C (o fy, IVov? dx + 1)

<C (a S, IVGu@)? dx + 1)
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for some suitable positive constant C only depending on Q. Consequently, taking the average
over Bi, we achieve

[Vgu(x) — Vgu(x)|? dx < C(oa® + 1).
By
Using this and (3.11), we get

7[ IVeu(x) — q(x)]* dx < 27{9 (IVgu(x) — Veu@)|* + |Veu(x) — q(x)[*) dx

B’]
<2 ('B1| ][ IVeu(x) — Veu(x)* dx + Can*™ a2>
5, 1 (3.15)
<2(CnCwa® + 1) + Cra®n™),
<200 %0a® + 2009 4+ 2Ca 0>
and hence

][ IVoux)|* dx <4Cn~C0a® +4Cn~2 + 4Ca’ ™ +21q)°. (3.16)
BW

Step 4: perturbative estimates. Now, given gg € (0, 1/4], we claim that for every € € (0, o),
there exists 1 small enough (depending on ¢) such that if o is sufficiently small and a
sufficiently large (depending on 7, and thus on ¢), then

a?

4Cn~%a® +4Cn~ 2 +4Cra*n** < 26%a® < < (3.17)

Let n > 0 sufficiently small such that 2 — 2Cn > 2C2n%“. So, defining

2079 2
M = s
<82 —2Cn - 2c2n2a)

we can suppose M > 1, by taking n small enough. Therefore, for every a > M and
0<o < nQ+l =: 09, we have, exploiting the expression of M,

4Cn~ % a® +4Cn~2 + 4Cra’*n™
< a? 4cn+4c2n2“)+4cn

a2(4C71 + 402;72“) n 2M2(s — 20— 2C21)2a)
az( cn + 4c2n2“) +2a (s — 20y - 202;72“)
2

which proves (3.17), choosing & small enough. Note that, by Step 2, n < 1/2, thus g < 1.
Step 5: conclusion of the proof. In order to complete the proof of Proposition 3.2, we distin-
guish two cases. First, we suppose that

a
< -,
lql 1

Then, by (3.16) and (3.17), we conclude that

a
\Y/ 2dx < — 42— = —,
B,7|GM(X)| x 8+16 2
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from which we immediately deduce the first alternative (3.4).
Otherwise, we assume, recalling (3.8),

— | |<(
< |ql & a,
1 0

and therefore, by (3.15) and (3.17), the second alternative (3.5) directly follows. ]

Now, we show that the alternative (3.5) in Proposition 3.2 can be "improved" when &
and o are sufficiently small. This result is the counterpart of Lemma 2.3 in [18] in the more
general setting of Carnot groups of step two.

Lemma3.3 Letu € HWY2(B)) be such that u > 0 a.e. in By and
J(u, By) < (14+0)J(v, B1) (3.18)

forallv e HWVY2(By) such thatu — v € HWOI’Z(Bl).
Let

172
a = ( IV([;,u(x)l2 dx)
B

and suppose that
ar = a > ag >0, (3.19)

for some suitable ay > ag. Assume also

1/2
( Vou(x) — a0 dx) < ¢a, (3.20)
By
for some constant horizontal section q : G — HG such that

% < |q] < 2Coa, (3.21)

where Co > 0 is the universal constant in Proposition 3.2.
There exists ag € (0, 1], only depending on Q, such that, given 0 < o < v, there exist
p=p Q)>0 8 =e¢(Q,a, a0, ar) >0, and co = co(Q, a, ap, ay) > 0, such that if

e<ey and o < cosz,

then

12
(7[ Vu() — §0oP dx) < o%a, (322)
By

where q : G — HG is a constant horizontal section, see (3.1), for some suitable § =
@1,y Gmy) € R™ such that

lq —q| < Cea. (3.23)

for some universal constant C > 0.

Proof of Lemma 3.3 We divide the proof into several steps.
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Step 1: energy estimates for the G -harmonic replacement and comparison of energies. Let

ussetT = ; 01\2 < 1, where Ag > 1is the structural constant given by (2.6) only depending
G
on G. Let v denote the G-harmonic replacement of u in B; and v be defined as
5 in B,
N L (3.24)
u in By \ B;.

We first note that v € HW'2(By) and u — v € HW,"*(B), thus, by hypothesis (3.18), we
have

J(u, By) < (1+0)J(v, By),
which leads to

J(w, By) + J(u, By \ B;) = J(u, By)
< (I +0)J(v, By)
= J(v, By) +oJ(v, By)
=J(v, B:)+J(v, Bi \ By) + o J(v, B1)
=JWw,B;)+J(u,B1\ By)+0J(v, By),

namely,
J(u, Br) < J(v, By) +0J(v, By).

By definition of J in (1.2), this reads as

IVu(x)|* dx + [{u > 0} N B | </ IVeu()|? dx + [{u > 0} N By | + 0 J (v, By)
B; B

</ Voo dx + [Be| + 0 (v, By),
B

which, since u > 0 a.e. in By by assumption, yields

| (NeuP = [VeomP ) dx < lu =010 Bl + ad 0. B, (325)

B,

Moreover, by definition of v in (3.24), we have
Jw, B) = / (V60 + 200/ () ) dx
By

< |va(x)|2dx+/ Vev () dx + | Bi|
B1\B;

Br (3.26)

=/ |VGa(x)|2dx+/ Ve dx + ||
B Bi\B;
</ Voul® dx +|Bil < [Bi] (@ + 1),

B

where in the second inequality we use the fact that v is the G-harmonic replacement of u in
B; and therefore v minimizes the Dirichlet energy on B;.
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Finally, recalling (3.13), by (3.25) and (3.26) we obtain that

[Veu(x) — Veu(x)|* dx = / (IVgu()* = 2 (Vgu, Vgv) + [Veu(x)[?) dx
B, B

_ / (IVeu(P =2 (Ve — v). Veu) — [Veu()P) dx

T

= / (IVgu)|* = [Vgu(x)|?) dx

< I{ut= 0} N B:|+0oJ(v, B1)
< H{u =0} N By| + |Bilo(a®> + 1). (3.27)
Step 2: measure estimates for the zero level set. Now, we claim that

|B, N {u=0}| < Cre?*?, (3.28)
for some C; > 0and § > 0.

Step 2.1: comparison with a G -affine function. To prove (3.28), we consider a function
£ : G — R defined by

mi
L(x) :=b 4+ (q(x), my(x)) =b+2qjxj, b :=][ u(x)dx. (3.29)

j=1 b

We remark that

mi

(u —£)p, :=7[ (u(x)—@(x))dx:b— b—l—f quxjdx =0,
B B =1

where the last equality is a consequence of the symmetry with respect to the identity element
of the Carnot-Carathéodory ball By. Then, by the Poincaré inequality (see, e.g., [33]) we
have

”M —4—(u—10)p ”Lz(Bl) = lu— Z||1‘2(131) <ClIVeu - Z)||L2(1_!gl) s
for some C > 0 universal.
Since by Proposition 2.3, Vgl = (, this, together with hypothesis (3.20), leads to
lu(x) — €)1 dx < Ce?a®. (3.30)
B

Finally, we point out that, since by assumption # > 0, it holds £~ < |u — £], so by (3.30),
we obtain

(€~ (x))*dx < Ce%a?, (3.31)
By

for some C > 0 universal.
Step 2.2: lower bounds on the G -affine function. We want to show that if ¢ is sufficiently
small, then

£ >cra in By, (3.32)
for some c¢; > 0. To prove this, we argue by contradiction assuming that

min ¢(x) < ca
X€E€B;
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for any ¢ > 0. We notice that, for every x € By, recalling t = and (2.6), we get

I
2
10AZ

lql
10Ag’

000 = bl = a0, 7 (0)] < lal [xO] < lal ¥l < lal Ag dee, ) <

where |x(1| denotes the Euclidean norm on R”!. Consequently,

lql gl

— </ — f € B¢,
ong SO —bsqgus  foranyx e B
and therefore
. lql
ca > min £(x) > b — ,
x€B, 10Ag

which gives

b <ca+

0AG” (3.33)

for any ¢ > 0. Now, taking into account the usual identifications given by exponential
coordinates, let us consider

B:= {x:[x(l),x(z)]eRm‘ xR =G: xﬁl) |qJ| +nj, forj=1,...,my;

xl-(z) =¢§, fori =mi +1,...,my, forsome (t,n,§) € A],

where we set

1 3
:{(t,n,g)eRme' meZ:te[—,i],

4Ac 10Ag
mi
1 1
2
DM S T @ Z 5 < Toon3 }
SV T a00aE T A T 100A,

We observe that if x € B, then

my

dete, v < aglxlt = ag (Y (- ‘q’| +n; 2) +ah Y g

j=1 i=m+1
4A4(t2+mzln2)2+A4 Z £ < ( 2 +#)2+L<1
© e ¢ 100A2 " 10042 100 =
j=1 i=mi+1 G
so we have
B C B;. (3.34)

Furthermore, by (3.33), we have, for x € B,

lql gl ol _ ., __ld
10Ag 4Ag 10Ag 20AG

£(x) —b—thl—i—Zq,nJ ca+
Jj=1

which implies, using hypothesis (3.21),
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Then, taking ¢ € (0, m), we infer that

a

) < — .
@) S = 30Ae

Accordingly, exploiting (3.34) into (3.31), we obtain

2
CB22>/£_ 2d>/z— 2d>/<a)d>’2,
|Bi|&e“a Bl( (x)“dx B( (x))*dx <\ 32040 X = ca

for some positive universal constant ¢. This establishes the desired contradiction if ¢ is
sufficiently small, and thus the proof of (3.32) is complete.
Step 2.3: conclusion of the proof of (3.28). We can now address the completion of the proof
of the measure estimate in (3.28).

Recalling the Poincaré-Sobolev inequality (see, e.g., [26, 38]), it holds

1/2% 1/2
(/ lu(x) — €)* dx> <C (/ Ve (u(x) — €0)|* dx)
By B

for some C > 0 universal, where

Then, by virtue of (3.20), (3.29), we get

i 1/2* 1/2
</ lu(x) — £(x)? dx) <C </ |V (u(x) — Z(/‘C))|2 dx)
B B

1/2
=C ( IVeu(x) — q(x)|? dx) < Cea.
B

This and (3.32) entail

1/2*
Cea > (/ 1€(x)[? dx) > cra|B; N{u =0}V,
B:N{u=0}

which means, up to renaming constants,

|B. N {u =0} < Ce”. (3.35)
We notice that
2 4—4 4
2% Q+7 =24
0-2 0-2
Therefore, setting
=22 (336)
= >0, .
Q-2

(3.28) immediately follows from (3.35).
Step 3: energy comparison. By (3.27) and (3.28), we have

/ |Vgu(x) — Veu(x)|* dx < C16*™° 4 |Bi|o (@ + 1). (3.37)
B
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Consequently, using (3.20) and (3.37), it holds

/ V() — g dx <2 (/ Vgu() — o) dx + / V(o) — Vguo)l? dx)
Br Br JB; (3.38)

< Cre2a’ + C1e* 4+ C30(a® + 1),

up to renaming constants. Let us suppose o < coe?, with cg to be made precise later. Recalling
(3.38), we infer

/ IVgu(x) — q(x)|? dx < Cae2a® + C162%° + C3cpe?(@® + 1) < Ce?a®, (3.39)
B

for some C > 0 universal.
Step 4: conclusion of the proof of Lemma 3.3. Since, by Remark 3.1, v—(q, 7.) is G-harmonic
in B; and

(u—(@m))—(v—(a7m))=u—veHW;*(B),

we have that v — (q, 7r.) is G-harmonic replacement of u — (q, 7.) in By, being v the G-
harmonic replacement of u in B;. Thus, by Theorem 1.1 in [13], it exists a constant Cy > 0,
depending only on Q, such that, for every x € By,

[VGu(x) — q(x)*> < sup |Vgv — qf* < Co ][ IVeu(y) — q(x)[* dy < Coe?a®(3.40)

B By

where the last inequality is a consequence of hypothesis (3.20). Consequently,

|[Vgv —q| < Cea in B, (3.41)
for some constant C > 0 universal.
Denoting by g; := X ;jv(0) — g; for j =1, ..., my, let us define the constant horizontal
section

mi
q() =) _G;X;(x), forxeG.
j=1

By (3.41), for all x € B;, we have
lq(0)| = 19(0)[ = [Vgv(0) — q(0)| < Céea. (3.42)
Hence, combining (3.41) and (3.42), we deduce that, for x € B,
IVev(x) —q(x) —q(x)| < [Veu(x) —q(x)| +1q(x)| < Cea, (3.43)
up to renaming C > 0 universal.
By Theorem 1.3 in [13], it exists a constant Cy > 0, depending only on Q, such that, for

each p € (0, t/2), it holds

IUNY p\M _ 2 w22
pr [Veux) — q(x) — §)|° dx < ][Bp (Co (;) [vgv *quI"Loo(Br)) dx < Cy p*e?a?,  (3.44)
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for some u = u(Q) € (0, 1] and C, > 0 universal, where in the last inequality we used
estimate (3.43). Putting together (3.37) and (3.44), we get

7[3 [Vou(x) — q(x) — qx)|* dx

_ 3.45
<2 (7[ Veu(x) — Vev(o dx +][ Vo) — q(x) — G2 dx) (3.45)
J B, By
< 201" C 4 2Co(a® 4 1)p~ 2 +2Cp%e%d?,
up to renaming constants.
Now, setting g := u, for every o € (0, op), we choose
1

1 20+Q 2\ § 20+Q 2

- Yoy L . 0 , _ P 0
p := min {(8C2) 0, 5 } g0 : ( 8C) ) and ¢ : 8C(a12 e (3.46)

With these choices, it holds, for every ¢ < g9 and o < cosz,

1
2C2p% < ZpZ“,

1
20,6302 < sz%zaz

1
and 2Co(a’>+ Dp 2 < szo‘szaz.

Consequently, using (3.45), we reach

1 1 1
][ Veu() — q(0) =4I dx < 7o™e%a + 2p™% + 1o < p*e’a,

B,
which gives the desired result in (3.22) by calling g; := ¢; + g;, foralli =1, ..., m.
Moreover, from (3.42) we have

lqg—q] = 14| < Cea,
which establishes (3.23). This completes the proof of Lemma 3.3. O

Next, by iterating Lemma 3.3 we obtain the following estimates.

Corollary 3.4 Let u be an almost minimizer for J in By (with constant k and exponent f3)
and

1/2
a:= ( |V(G,u()c)|2 dx) .
By

Suppose that there exist a; > ag > 0 such that
a € [ag, ay] (3.47)

and u satisfies (3.6) and (3.20).
Then, there exist gy, ko, and y € (0, 1), depending on Q, B, ao, and ay, such that, for
every e < g9 and k < Kko&2, it holds

||M — Z”CI'V(BI/Z) < Cea (348)

for a positive constant C only depending on Q and a G-affine function £ of slope q.
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Moreover,
IVeull s, < Ca, (3.49)
with C > 0 only depending on Q.

Remark 3.5 We point out that a consequence of (3.48) in Corollary 3.4 is that, if ¢ is suffi-
ciently small,

Veu # 0 in By, (3.50)
where 0 is the null horizontal section. Indeed, by (3.48), we have
|Vou — q| < Cea in By,
which gives
IVeu| > |q| — Cea in Byjs.
Finally, by (3.6), we get
|Voul| > % —Cea >0 in By,

as long as ¢ is small enough.
Furthermore, we can conclude that

u >0 in By. (3.51)

To check this, we suppose by contradiction that there exists a point xo € Bj, such that
u(xo) = 0 (by assumption # > 0). Therefore, since u € C Ly(B; /2), we know that
Vgeu(xg) = 0, which contradicts (3.50), and so (3.51) holds.

In order to prove Corollary 3.4, we recall the notion of Morrey-Campanato spaces in the
setting of Carnot Groups, see [40].

Definition 3.6 (Morrey-Campanato spaces) Let @ C G. For every | < p < 400 and
A € (0, +00), a horizontal section f = (f1,..., fm,) € Lf;C(Q, HG) is said to be in the
Morrey-Campanato space £ 7 (2, HG) if

1

1/p
flg-r@.ne) = sup (W /B Lf ) —fB(y)I”dy> < 400,

where the supremum is taken over all metric balls B C €2 such that B C  and fg is the
constant horizontal section given by

my
fp(y) =) (]é i@ dz) Xi(y), foryeQ.
i=1

Remark 3.7 For every u = (u1,...,um,) € EMP(Q, HG), the quantity [M]gp.}\(Q‘HG) is a
seminorm in (2, HG) and

it is equivalent to the quantity  sup

1 . 1/p
BCQ (Wﬂgf/g lu(x) — &(x)|P dx) ,(3.52)
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where the supremum is taken over all metric balls B such that B C  and the infimum is
taken over all the constant horizontal sections such that

E(x) = ZS,-X,-(x), forx € G and some & := (&1, ..., &,,) € R (3.53)

i=1

To prove (3.52), we observe that for every ball B C € such that B C  and constant
horizontal section & as in (3.53), by applying Jensen’s Inequality, we have
mi

2 mi
3 (]i e —si|dy> > )~ &ldy
i=1 i=1"

p
<C (]i [u(y) — &(y)l dy) < C]i lu(y) — &7 dy,

p

P
2
lug — 17 < <

for some constant C > 0 only depending on p and G. Consequently, up to renaming C > 0,
it occurs,

/B|u(y> —up)I? dy < 2P/B|u(y> — £ dy + 27|B|jup — &7

< c/B u(y) — E)I? dy

for every constant horizontal section £ as in (3.53) and for every ball B C Q such that B C 2,
which leads to

[ )~ w17 dy < cinf [ i) - g1 ay.
B § JB
On the other hand, for every ball B C Q such that B C , it is clear that
/Iu(y)—uB(y)Ip dy >ir§1f/ u(y) — WP dy.
B B

Now, we recall a result, proved in [40], which we will use in the proof of Corollary 3.4.

Theorem 3.8 ([40] Theorem 5) For every metric ball B C G, A € (0, 1), and p € [1, +00),
one has

EP(B, HG) = C*(B, HG).

More precisely, it results that a function ¢ belongs to EP(B) if and only if ¢ is equal, L"-
almost everywhere, to a function  in the Hélder class C*(B). Moreover; the seminorms
[¢]£A,1;(B’HG) and [Y1cor s He are equivalent.

We also point out the following scaling property of almost minimizers.

Lemma 3.9 Let u be an almost minimizer for J in By with constant k and exponent . For
anyr € (0, 1), let

ur(x) = (3.54)

u(8r(x))
—

Then, u, is an almost minimizer for J in By, with constant krP and exponent B, namely,

J(ur, Bo(x0) < (1 +«rP0P)J (v, By(x0)), (3.55)
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for every ball B, (xo) such that By(xo) C By)r and v € HWI’Z(BQ (x0)) such thatu, — v €
HW, (B, (x0)).

Proof Given xo € By, we take ¢ and v as in the statement of Lemma 3.9 and we define
w(x) :=rv (81/,()6)) . (3.56)

Then, with the notation y := §,(xp) and ¥ := rp, for all x € 9By (yp), we have §1,,(x) €
0B, (x0) and therefore,

w(x) — ux) = rv (81/r(x)) — ux) = rv (81 (x)) — ruy (81 (x)) = 0.

Accordingly, we can exploit w as a competitor for u, obtaining, see Definition 1.1,

/ (19641 + X0 ) dy < (1 +wﬂg“”>/ (196w )P + xw=01)) dy-
Bro(y0) B )

ro (V0

(3.57)

Furthermore, using, consistently with (3.54), the notation w, (x) := M , with the change
of variable x := 81, (y), we get, recalling that yy := 8, (xo),

[ (196w0P 4 0 ) dy =r@ [ (196060 + -0 60 ) d
Brg(y()) BQ(XO)

=rQ/ (|VGwr(x)|2+X{wr>0}(x)) dx,
By (x0)

and a similar identity holds true replacing w and w, with u and u,-. Plugging this information
into (3.57), we reach the desired result in (3.55) by observing that v = w, from (3.56). O

Proof of Corollary 3.4 Thanks to Lemma 3.9, without loss of generality we can suppose that
u is an almost minimizer for J in B, (with constant « and exponent j). (3.58)

We divide the proof into separate steps.

Step 1: iteration of Lemma 3.3. We prove that we can iterate Lemma 3.3 indefinitely with
o = (/2. More precisely, we show that, for all & > 0, there exists a constant horizontal
sectionq; : G - HG,

mi
@ (x) ==Y qi;X;(x), forsome g =: (qr.1.--- qem) ER™,  (3.59)
j=1
such that
Cea (1 — pko Cea (1 — pke
lqk| € 2_ (1=r ),Coa+ (1= ") forall x € G,
4 1—po 1— p“
1/2
(f IVeux) — qe(x)[? dx) < pMea, (3.60)
B k
P’

. 1/2
and 7[ IVeu(x)|? dx € [@, 2|q|],
B/)k 2

where p € (0, 1), Cy > 0, and C > 0 are universal constants.
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We prove it by induction. When k = 0, we choose qo := q. Then, the desired claims
follow from (3.6) and (3.20).

Now, we assume that (3.60) holds for k£ and we show it is true for k + 1. Setting r := ok
and u,(-) = M, by the inductive assumption we have

172
<7[ IVgur(x) — qi(x)[* dX> <r%a = ga,
By

with g := r% = p*®¢. Notice that the inductive assumption also yields (3.21), as long as
¢ is chosen conveniently small. Therefore, in view of Lemma 3.9, we can apply Lemma 3.3
on the function u, with o := xr?. We remark that the condition o < cpe? in Lemma 3.3
translates here into k < coe2, which is the requirement in the statement of Corollary 3.4 (by
taking «o there smaller or equal to cp). Hence, we get from (3.22) and (3.23) that there exists
a constant horizontal section qx1 such that

172
(][ |Veur () — qes1 (x) [ dX) <p%a and |k — qis1] < Cega.(3.61)
By

Since Vgu, = Vgu(,(x)), scaling back, we find, being &; = pkee,

1/2
][ |Vgu(x) — qurl(x)I2 dx < p"‘pk"‘ea = p(kH)“sa. (3.62)
Bt
Moreover, using again the inductive assumption and (3.61),
Cea (1=p*)  ~ .
Qk+1] < 19k + 19k = Qr+1] < Coa + BT +Cp™ea
Cea (1 — pk®) + Cpkea(l — p Cea (1 — pk+De
_ Coat (1= p") + Cp*ea( P)=C0a+(—p)
1—p“ 1 —p“

and, similarly,

a Cea(l—p?)
k1] 2 19| — |qk — Q1] 2 R P

a  Cea(l—p*)+Cpt%al —p*) a Cea(l—pkthe)

— Cpra

4 1—p* 4 1 —p”

Lastly, from (3.62), we also have

1/2
][ VeuP dx | — laesil
Bkt

1/2
1
B2 (/B IVeu(ol? dx) ~ It 11B e 172
pk+ k1

1
< — |Vgu —
|B 112 [vou qk“HLz(Bpk“)

IIV@ulle(Bpk+l) = lak+1 ||L2(Bpk+1)

= /2
1B p+1]

12
= 7[ ‘V((;,u(x)—qk+1(x)|2 dx < éa,
Bkt
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which yields, recalling that qo = q and (3.6),

1/2 1/2
(][ Veu(o)P dx) | = (7[ Vou()l? dx) ~ ol
Bkar[ Bkarl

1/2 k
< (ﬁ Vgu(x)|? dx) — gkl + ) [lajl = lajl|
pk+l

Jj=0

k 400 . ’C"
gea-l-Caz(:)sj <8a+CsaZ(:)pf“: (l—l— 1 _pa>8a
j= Jj=

<1+ ¢ 8IqI<@.
1— p* 2

These observations conclude the proof of the inductive step and establish (3.60).

Step 2: Morrey-Campanato estimates. We now want to exploit the Morrey-Campanato esti-
mates of Theorem 3.8, here applied to the function Vgu — q, with the following choices

p=2, B=Bjp, and A=a/0. (3.63)

To this end, we claim that, for every B C By such that B C B /25
1 inf/ IVeu(x) — qx) — E(x)|*> dx < Ce2a?, (3.64)
|B|l+2k & Jp

where the infimum is taken over all the constant horizontal sections § : G — HG as in
(3.53) and C > 0is a positive constant. In what follows, C may change from line to line. To
prove it, we distinguish two cases, either |B| > 1 or |B| € (0, 1). If | B| > 1, we use (3.20)
to get

B0 ing / Vou(x) — q(x) — £ dx < / Vou(x) — a2 dx < |B| 622,
B B

1/2

which gives (3.64).
If instead |B| € (0, 1), let kg = ko(B) € N be such that B C Bpk0 and Bpk C B for all
k > ko. Then, by (3.60) we have, recalling (3.63), choosing § = q, — q,

_ . — 2
|B|~(1+20) lrgf/BIVGu(x)—Q(x)—S(x)\2 dx < |B o1 “*“’/B |VGu(x) — i, ()| dx
ko
P

= |By| p~ kot DU+20) g k0|][ Veu(o) — qgy )| dx
Iz B 4o
< C|By| p~QUhotD(+2)+0ko+2koa (2,2 _ B, | p= @2 (242,
which implies (3.64).
Step 4: conclusion of the proof. Since, by (3.20),
IVeu — q||L2(Bl/2) < Ceéa,
and by (3.52) and (3.64), we have

[Vgu — q]gz-*(Bl/z,HG) < Céa,
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we can apply Theorem 3.8, from which it follows that
[Veu = d]cosp, . ne) < Cea. (3.65)

withA =a/Q € (0, 1).

Now, we define the G-affine function £ : G — R as £(x) := u(e) + (q(x), 7, (x)).
First, by Proposition 2.3, we have Vg{ = (. Also, for all x € By, let §; := d.(0, x) and
vx: [0, 8x] = B2 a sub-unitary curve such that

mj
ve(0) =e, y(6x)=x, and p(t) = Zhi(t)Xi(J/x(t)) forae. r € [0, ],

i=1

with 2'177:11(h]~(t))2 < lforaee. t € [0, 8;] (such a y exists thanks to Chow’s Theorem, [9,
Theorem 19.1.3]). Thus, we can write, according to (3.65),

lu(x) =€) = lux) —u(e) — {q(x), mx (x)) — (q(e), me(e))]
5 g
B ‘/o dr (e ) = (@ (), Ty 0 (v2 (1)) dt

6X
<c /O Vou(u (1) — a0 df < Cea,

which yields, by arbitrariness of x € By 2,
||u — E”L‘”(B]/z) g Caa.

This and (3.65) establish (3.48). ]

4 Lipschitz continuity of almost minimizers and proof of theorem 1.2

We now provide the proof of Theorem 1.2.

Proof of Theorem 1.2 By virtue of Lemma 3.9, up to rescaling, we can assume that u is an
almost minimizer with constant

%= ksP, 4.1)

which can be made as small as we wish by a suitable choice of s > 0.
Let ag € (0, 1] be the structural constant in Lemma 3.3 and define

1 { ﬂ}
= —min{ag, = ¢ -
2 2

We also consider &g of Proposition 3.2 and fix n € (0, 1) and M > 1 as in Proposition 3.2
(corresponding here to the choice ¢ := €¢/2). Let us denote by

1/2
a(t) = (][ IVau(x)|? dx) . (4.2)
B

We divide the argument into separate steps.
Step 1: estimating the average. We claim that

a(r)y <K CM,n)(1 +a(l)) foreveryr € (0, n], 4.3)
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for some C (M, n) > 0, possibly depending on Q.
To prove it, let us consider the set £ € N = {0, 1, 2, ...} containing all k’s for which

a(n') < CoM + 27 a(1), 4.4)
with
C(n) =209 4.5)
We point out that, for k = 0, (4.4) is obvious, hence
0e K #w@. (4.6)

We then distinguish two cases, namely, whether (4.4) holds for every & (that is, = N) or
not (ie., K G N).

Step 1.1: the case K = N. For every r € (0, n], we take ko € N = K such that plotl < <
nko. Thus, according to (4.2) and (4.4), we get

o<

1/2
iy [, Ve d) - =om0Rati) < ORCmm + ah)
ko

B
<792 max (CM, 1} (1 +a(1)) < C(M, n)(1 +a(l)),

provided C(M, n) > n~2/> max {C(y)M, 1}. The proof of (4.3) is thereby complete in this
case.

Step 1.2: the case K ; N. By (4.6), there exists kg € N such that {0, ..., ko} € K and
ko+1¢K. 4.7
We notice that this implies, recalling (4.2) and (4.5),
n~9PM < CopM < CM +2- % a(l) < aGot) <n=a(r),
and therefore
a(mnf) > M. (4.8)
Furthermore, (4.7) also gives

CopM +27Ma) _ a(h)

a@th) > caym + 270 a(1) > > >— (4.9)
We claim that
1/2
][ [Vou(x) — q(x)|* dx < ea(n'), (4.10)
Bﬂk0+l
for some constant horizontal section q : G — HG such that
k
a(m™)
1 < lal < Coa@n),

being Cy the constant given by Proposition 3.2.
To prove (4.10), we apply the dichotomy of Proposition 3.2 rescaled in the ball B,y.
Specifically, we obtain from Proposition 3.2, exploiting (3.4), (3.5), and (3.6), that (4.10)

ko+1 a(n*0) . : :
holds true, unless a(n ) < =5, but this contradicts (4.9). This proves (4.10).
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Now, we want to apply Corollary 3.4 rescaled in the ball B, «+1, namely, with By replaced

by B, ky+1 and a by a(nk+1). For this purpose, we need to check that the assumptions of
Corollary 3.4 are verified in this rescaled situation. First, we note that, according to (4.8) and
(4.9),
M
a(’]kO_H) = 5

Also, since kg € IC,
(@t < @Ra@) <pmCR(CM +270a(D) <R (CIM +a(D)).
These two conditions yields (3.47) in this rescaled setting with
ap 1= % and  a; = 22 (CPM +a(l)). (4.11)
Moreover, from (4.9) and (4.10), it holds

1/2
][ IVeu(x) —q))? dx | < 2sa(yfot),
Bnk0+1

so (3.20) is satisfied (here with 2¢ in place of ¢). Finally, we achieve from (4.9) and (4.10)

n®a@*th _ a@')
4 !
which gives that (3.6) is also fulfilled (even if with different structural constants). To sum-
marize, all the hypotheses of Corollary 3.4 in this rescaled context are satisfied.
We can thus exploit an adapted version of Corollary 3.4. This tells us that there exist &g
(possibly different from the one coming from Proposition 3.2) and kg, depending on Q, S,
ap and ap, such that if

< |q] < Coa (") < 2Coa(n*oth,

% < koed, 4.12)
then we have

IVeulles ., < Cam'®), 4.13)

for some universal constant C > 0. We stress that (4.12) holds by choosing s in (4.1) small

1
2\ B
enough, i.e., taking s := <%) . Notice, in particular, that

s depends on O, «, B, and [|Vgull12(p,)s (4.14)

by virtue of (4.11).
Using (4.13), we then get, for all r € (0, @), recalling the definition of ko,

_ (1 2 s k A —k
a(r) = (IBrI N [Vgu(x)| dx) < Ca(n) < C(CmM +27a(1)) “15)
< C(CMM +a(l)) < C(M,n)(1 +a(l)),

aslongas C(M, n) > C_'(C(n)M + 1).

@ Springer



Regularity for almost minimizers of a one-phase... Page290f32 107

. . ko+1
Otherwise, if r € [%, n], we take k, € N such that nk'“ <r< nk". Note that

1 < 1 2
7,)kr = ; nkoJrl ’
whence
kr < ko + Cu, (4.16)
where C, = 1 + lo](zgl 2 3 We then distinguish two cases depending on whether k, €

{0, ..., ko}. If this holds, then k, € K and therefore
a(f') < C(pM + 27 a(D),

from which, recalling (4.4), we obtain

12
1
a(r) < Veu ()| dx =922k
(r) <|Bnk,+l| Bk,| cu(x)| ) n (") 1)
< 9 (CmpM +27%a)) < C(M, ) +a(l).
If instead k, > ko, by (4.16), we have
! 12
ar) < | ——— IVeu()|?dx | = n~9GTD2g 0k
|Bnk0+cﬁ+1| B iy
< QD2 (oM +27%0a(1)) < n= QG2 (CM + a(D))
< C(M, (1 +a(l)),

as long as C(M, n) is chosen sufficiently large. Combining this with (4.17) and (4.15), we
reach (4.3).

Step 2: conclusions. Up to scaling and translations, we can achieve that (4.3) is true in all
balls with center x¢ in Bj,2 and sufficiently small radius. In other words, for all » € (0, n],
it holds

a(r,xo) < C(M, n)(1 +a(l)),

12
a(r, xo) == (7[ |Vau(x))? dx> .
By (x0)

Consequently, in view of the Lebesgue Differentiation Theorem (see, e.g., [49]), recalling
that u € HW12(B)), we obtain, for almost every xo € By,

where

Veu(o)l = lim a(r,x0) < CM. (1 +a() = C(1+ [Veull2qs, )
for some C > 0, and thus
19gull 5y < C(1+ 1Veull 2, ).

‘We now show that the second claim in Theorem 1.2 is also true. To this end, we can
suppose that

{u =0} N Bsj100 # 9, (4.18)
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and we consider a Lebesgue point X € Bj/100 for Vgu. Up to a left-translation, we can take
that x = 0 and modify (4.18) into

{u =0} N Byys0 # 2. (4.19)
We claim that, in this case,
K =N. (4.20)

Indeed, suppose this does not hold and let ko as before (recall (4.7)). Hence, according to
(4.10), we can apply Corollary 3.4 (rescaled as above) and get, from (3.51), that # > 0 in
By 2, in contradiction with (4.19). This establishes (4.20).

Therefore, in light of (4.4) and (4.20), for all k € N,

a(n®y < copm +27%a(1),
which yields
IVeu(®)| = |[Vou(0)| = lim a() < lim (CM +27%a(l)) = C(pM.
k——+00 k—+o00

The proof of the second claim in Theorem 1.2 is then complete by also recalling (4.14). O
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