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 A B S T R A C T

The manipulation of the magnetization in a film at the nanoscale is one of the best means for controlling spin-
wave propagation in real time. In 3D Magnonics, the vertical or interfacial interaction with patterned layers 
can make the film magnetization depart from uniformity, which, in general, can introduce new spin-wave 
modes in the film, hence additional degrees of freedom for signal manipulation. In this paper, we suggest 
a sinusoidal distribution for the magnetization as an original and effective way to generate a magnonic 
crystal and control its magnon dynamics. Along with a uniform bias field, we introduce in the film layer 
a sinusoidal bias field, simulating the vertical/interfacial interaction with other layers: after relaxation, the 
film magnetization assumes a sinusoidal equilibrium distribution. Using micromagnetic simulations followed 
by Fourier analysis, we show how to control the magnon dynamics by tuning the magnetization undulation 
amplitude and symmetry. We compute the magnon dispersion curves and space profiles, we show the 
occurrence of new degrees of freedom for signal manipulation and the rise of localized and stationary magnon 
modes. We highlight the physical mechanisms governing the occurrence and variation of the frequency-
gap at zone-boundary. Finally, we indicate how to practically implement a sinusoidal field (and consequent 
magnetization) when the vertical coupling is the inverse magnetoelastic interaction between ferroelectric and 
ferromagnetic films. Our results suggest a new mechanism for controlling magnon propagation, which appears 
extremely appealing for its really wide range of tunable effects on their dynamics, particularly interesting in 
the engineering of signal filtering, information storage and delivery, and sensing activity.
1. Introduction

One of the biggest challenges in modern research is the conception 
of portable, multifunctional, environmentally friendly devices [1,2]. 
Miniaturization is certainly a key factor, however for the past two 
decades it has been clear that there is a limit below which the benefit 
of miniaturization is lost by the overheating of chips at the nanoscale 
(due to electron scattering), failing in efficiency and portability [3]. 
This explains in particular why current processor clock rates are almost 
the same as 20 years ago [2]. Furthermore, growing concerns regarding 
the carbon footprint of everyday devices demonstrate the urgency for 
alternatives to ordinary electronics [4].

A possible solution is to attain data transfer and manipulation by 
spin waves (SWs), which do not involve any charge motion, thereby 
producing minimal waste heat [5–7]. Moreover, at the GHz regime 
SWs have nanometric wavelengths, and hence are suitable for minia-
turization purposes. In particular, it is possible to influence the SW 
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propagation properties through Bragg diffraction after designing ap-
propriate geometries in the ferromagnetic medium within which SWs 
are confined [8–18]. More recently, due to improved fabrication tech-
niques, the exploration of SW physics in three-dimensional (3D) peri-
odic arrangements or stacks of layers with different geometries [19–22] 
has unveiled new possibilities such as reconfigurable spin-wave mi-
crostate fingerprinting [23–25] and interlayer dynamic coupling [26–
29], which are particularly promising in the perspective of control-
ling magnons at the nanoscale. The Dzyaloshinskii–Moriya interaction 
(DMI), forming at the interface with metal layers, can be thought of 
as a vertical (interfacial) interaction as well [9,30,31]. This interfa-
cial interaction is extremely appealing, e.g., since it can provide the 
system dynamics with a magnonic frequency comb for signal mul-
tiplexing [32], and non-reciprocal dispersions and magnonic mode 
localization [33]. Furthermore, its dependence on the electric fields 
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allows a strain-mediated magnetoelectric coupling between layers [34], 
which is promising for voltage-driven SW dynamics.

Most interestingly, in recent years many studies showed the possi-
bility of creating a temperature-activated magnonic crystal in the film 
layer of a ferromagnet/superconductor hybrid metamaterial (e.g., Nb/
Permalloy/Nb trilayer), thanks to the stray fields (vertical coupling) 
generated by the periodic superconducting structures when entering 
the Meissner (diamagnetic) state at temperature 𝑇 < 𝑇𝑐 ≡ 9 𝐾. The 
induced periodicity was confirmed by experimental verification of the 
occurring band gaps at zone boundary [35–38].

In summary, in a magnonic 3D structure, the top layer would act 
as a gate to control periodicity, group velocity, and phase of spin 
waves. Among the many possible 3D structures, an attractive category 
is composed of a ferromagnetic waveguide capped with a different 
layer to imprint on and modify the spin wave properties by vertical 
coupling [33,39]. In this context, the calculation of the SW dispersion 
in a film with a non-uniform magnetization, due to the vertical inter-
action, is indeed a crucial issue: depending on the group velocity at a 
given wavevector, and on the allowed and forbidden band widths, it is 
possible to design new devices with enhanced functionalities.

Our work has precisely that purpose: we present the sinusoidal 
distribution of the magnetization as an original way to generate a 
magnonic crystal, showing how its symmetry and amplitude can control 
the typical features in the magnon dynamics, like dispersion slope and 
curvature, allowed and forbidden bandwidths, localized and stationary 
modes. We consider a film with a sinusoidal magnetization (Fig.  1) de-
termined by a likewise sinusoidal bias field[40], which can be thought 
of as the simulation of a vertical (or interfacial) interaction resulting 
from the film being part of a 3D system with appropriate geometry. 
We show the simulated dispersion relations 𝑓 (𝑘) (i.e., frequency vs. 
wavevector) as a function of the sinusoidal field magnitude 𝐵𝑆 , and 
discuss the appearance of frequency gaps and stationary solutions as the 
undulation amplitude of the magnetization increases. Note how, in the 
sinusoidal field 𝐵𝑆 of Fig.  2(a), the fan angle (i.e., the angular spread 
of the vector field) is fixed to 𝜃𝐹 = 𝜋∕2. The corresponding relaxed 
magnetization [Fig.  2(b)] shows instead a reduced fan angle, due to the 
constant presence of the uniform bias field 𝐵0, in addition to 𝐵𝑆 . We 
also consider magnetization distributions following the relaxation to a 
chiral field, namely a vector field with a fan angle 𝜃𝐹 = 2𝜋, covering 
the full angle along a period [Fig.  2(c)]. This affects the symmetry 
of the corresponding relaxed magnetization, but not the sign of its 
𝑥-component: hence the resulting magnetization is always sinusoidal, 
though asymmetric [Fig.  2(d)]. We will show how this case produces 
a richer dispersion diagram with localized, stationary modes that are 
strongly sensitive, in number and frequency, to the variation of the 
sinusoidal field magnitude. The simultaneous presence of localized and 
propagating modes at a few MHz of frequency separation, and with 
a similar profile symmetry, is particularly attractive in the context of 
signal processing in magnonics and spin-wave computing [5,6,41].

A sinusoidal distribution of the static magnetization in thin films 
was first observed by electron microscopy in 1960 by Fuller and 
Hale [42]. Many attempts were made soon after to provide the the-
oretical description of such a natural effect, along with hypotheses 
around its physical origin, e.g., surface roughness, magnetic anisotropy 
due to inverse magnetostriction, etc.[43–45]. In our work, not only do 
we deal with shorter undulation wavelengths (close to the exchange-
dominated limit), but also we focus on the effects induced on the 
spin-wave dynamics. In particular, we make a conceptual jump: we sug-
gest to purposely create the magnetization undulation with a tunable 
amplitude to control magnons at the nanoscale. This is clearly a new 
concept, which brings along new physics. 

Achieving a sinusoidal magnetization in a film can have practical 
applications, particularly in the context of 3D Magnonics [20,46,47].

In a stack of layers with different geometries or material proper-
ties, an appropriate distribution of macrospins or ferroelectric domains 
could create a periodic, non-uniform interaction field impressing in 
2

Fig. 1. Generic ground state with a sinusoidal magnetization and the reference system. 
The angle 𝜃 ≡ 𝜃𝐹 ∕2 is the slope of the magnetization at 𝑥 = 0, while 𝑌0 is the spatial 
amplitude of the undulation, namely the maximum deflection from the ideal straight 
magnetization direction of an isolated film.

Fig. 2. Sketches of the vector field distributions subject of the investigation (the color 
marks the background, the arrows are only illustrative of the undulation). Panel (a): 
sine field which, combined with the uniform one, results, after relaxation, in the 
magnetization shown in panel (b). Panel (c): chiral field which, combined with the 
uniform one, results, after relaxation, in the magnetization shown in panel (d). In (d) 
the magnetization curvature is more pronounced in the second half of the primitive 
cell.

the film layer a corresponding sinusoidal, non-uniform magnetization. 
The control of the sinusoidal field amplitude, either by manipulation 
of the macrospin orientation in the ASI layer, or (as we suggest in 
Section 4) by a voltage-driven ferroelectric domains in multiferroic 
stacks, determines the corresponding magnetization amplitude, which 
in turn changes the magnonic band diagrams and the spin dynamics.

Our results shed light on the complexity of the dynamics in 3D 
magnonic architectures and directly address the engineering of signal 
filtering, information storage and delivery, and sensing activity. The 
ultimate purpose of our work is to show the potential of the magnon 
dynamics emerging from the undulation itself, in order to provide 
motivations and spurs for both the practical realization of such a 
magnetic configuration and the experimental/applicative investigation.

2. Methodology and ground states

Micromagnetic simulations are carried out by means of the graphic 
processing unit accelerated software MuMax3 [48]. We assume the 
magnetic parameters of permalloy, therefore: saturation magnetization 
𝑀𝑆 = 800 kA/m, exchange constant 𝐴 = 10 pJ/m, and gyromagnetic 
ratio 𝛾 = 185 rad GHz/T. We consider a 5 nm-thick film with a peri-
odic distribution of the magnetization, a lattice constant (period) 𝑎 =
256 nm, and the primitive cell volume is 256×256×5 nm3. The geometric 
Brillouin zone (BZ) width is hence 𝛥𝑘 = 2𝜋∕𝑎 = 0.0245 rad∕nm, and in 
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the following we will address also a wider BZ, 𝛥𝑘 = 0.0490 rad∕nm, due 
to an additional magnetization symmetry.

Since our aim is to compute the dispersion curves by Fourier analy-
sis, we replicate the volume 200 times along the x direction, so that the 
supercell is 51200×256× 5 nm3. The latter is discretized into 4×4×5 nm3

micromagnetic cells. As a consequence, each primitive cell consists of 
64 × 64 × 1 micromagnetic cells. With the magnetic parameters above, 
the exchange length, below which the spins are spontaneously aligned, 
turns out to be 𝜆𝑒𝑥 = 4.99 nm. This observation justifies our choice of an 
elemental cell of 4 nm. We use quasi-periodic boundary conditions [49], 
namely 800 copies of the primitive cell along the 𝑥 and 𝑦 coordinates 
to mimic an extended, realistic thin film.

In our investigation, we take into account both in-plane and out-of-
plane undulations, as well as dispersions with 𝑘 parallel and perpen-
dicular to the average magnetization direction (assumed along the 𝑥-
axis), corresponding to backward volume spin waves (BA) and Damon–
Eshbach surface spin waves (DE), respectively [50]. With reference to 
Fig.  1, to quantify the undulation amplitude 𝑌0, we consider the relative 
amplitude of the magnetization components 𝐴 = 𝑚0

𝑦∕𝑚
0
𝑥, taken at 𝑥 = 0. 

Hence, 𝑌0 can be seen as the spatial deflection from the reference case 
of a uniform magnetization (𝐴 = 0). It can be shown how, holding the 
metric relationship: 

𝑦(𝑥) = 𝑌0 sin 2𝜋
𝑎
𝑥 (1)

and considering the slope 𝜃 = arctan(𝐴), which is a half of the fan 
angle (𝜃𝐹 = 2𝜃), we obtain the expression 𝑌0 = 𝐴 𝑎

2𝜋 . Even if in the 
following we will refer only to 𝐴, we find it helpful to mention here 
the concept of spatial extension for practical applications: it is very 
useful to correlate the ratio between the magnetization components 
and the actual spatial deflection of the undulation along 𝑦 (i.e., the 
amplitude 𝑌0). For example, in our geometry, 𝐴 = 0.5 implies an 
amplitude 𝑌0 ≈ 20.4 nm. This piece of information is useful not only at 
the fabrication stage, to design the appropriate geometry and embrace 
all the desired amplitudes (e.g., if stripes, and not just films, were 
involved), but also at the characterization stage, when magnetic-force-
microscopy or space-resolved Kerr magnetometry are concerned for the 
analysis of the real samples.

The plan of the investigation is the following. First, we isolate the 
effects in the SW dynamics due to the sole fact of having a sinusoidal 
periodicity of the film magnetization (Fig.  1), with a period equal to 
the length of the primitive cell. We consider different amplitudes (𝐴 =
𝑚0
𝑦∕𝑚

0
𝑥 = 0, 0.1, 0.2, 0.3...). Such states, however, are not at equilibrium, 

particularly as we apply a uniform bias field 𝐵0 = 0.1 T. Therefore, 
we perform conservative simulations (eliminating damping), which is 
unrealistic but artificially preserves the undulated magnetization in a 
(fictitious) stable equilibrium state. This allows us to compare the re-
sulting dynamics with those of a uniformly magnetized film. We remark 
how, in keeping zero damping, our simulations indirectly assume that 
there is indeed a ‘‘physical cause’’ of such a non-uniform distribution, 
which we assume, at this stage of the investigation, to have no (or too 
little) influence on the spin-wave modes. For instance, an interaction 
(say, inverse-magnetostriction) could be strong enough to create a 
slight magnetization undulation, and hence induce the periodicity, but 
not so strong to lift the degeneracy of the stationary modes forming 
at zone boundary beyond the observation/measurement resolution. As 
we will see, this step in the strategy is necessary just to understand that 
the magnonic frequency gaps originate from the interaction of the SW 
modes with the ‘‘physical cause’’ of the magnetization curvature.

In a second and more realistic approach, we generate the sinusoidal 
magnetization as the relaxation of an initially uniform distribution to a 
sinusoidal bias field 𝐵𝑆 (𝑥, 𝑦) [Fig.  2, panel (a)], which is added to the 
uniform bias field 𝐵0 = 0.1 T. This method is particularly interesting 
because the sine-field keeps the undulated magnetization at equilibrium 
in the presence of a non vanishing damping. Moreover, the sine-field 
realistically mimics a possible vertical (or interfacial) interaction with 
some other layer which, due to its special geometry or material, can 
3

be responsible for such non-uniform distribution. Here, we expect to 
see the effects of the dynamic interaction with the physical cause of 
the non-uniform magnetization. After relaxation, the magnetization is 
at equilibrium in a sinusoidal distribution [Fig.  2, panel (b)]. We will 
address this case as a magnetization undulation polarized in the 𝑥𝑦-
plane. Note how 𝐵𝑆 can be seen as a non-chiral vector field, in the sense 
that the rotation of the field vector is not complete (i.e., smaller than 
2𝜋) [Fig.  2(a)] [51]. Based on this observation, we consider a chiral 
vector field 𝐵𝐶 in the third step, namely a field flux completing the 
2𝜋 rotation along the 𝑥-axis [Fig.  2, panel (c)]. The resulting relaxed 
magnetization [Fig.  2, panel (d)] is always in a sinusoidal distribution 
(i.e., not chiral), however here the left–right symmetry of the primitive 
cell is broken, since magnetization and 𝐵𝐶 point locally to either the 
same (panels (c-d), left half) or the opposite direction (panel (c-d), 
right half). Hence the magnetization undulation in the two halves of 
the primitive cell is no longer equivalent. Finally, we investigate the 
effects of an undulation polarized in the 𝑥𝑧 plane (i.e., out-of-plane 
undulation).

We observe that even when applying a chiral vector field, the 
resulting magnetization is not chiral (see for example Fig.  2(d)), nor 
is any of the involved interactions: careful inspection of the dispersion 
relations across 𝑘 = 0 demonstrates that the results are reciprocal, 
regardless of the undulation polarization or wavevector direction[52]. 

In order to calculate, by Fourier analysis, the dispersion curves and 
the SW space profiles [53], we apply a sinc microwave field for a total 
time of 100 ns, defining the frequency resolution to 𝛿𝑓 = 0.01  GHz. 
We record the time-resolved spatial maps at a time interval 𝛿𝑡 = 25 ps, 
defining the Nyquist-limited frequency to 𝑓𝑚𝑎𝑥 = 1

2𝑑𝑡 = 20 GHz.
The simulations are performed on a super-cell of 200 replicas of 

the primitive cell, defining our wavevector resolution to 𝑑𝑘 = 2𝜋
200×𝑎 =

0.123 × 107 rad/m≡ 0.0123 rad/nm. The plots that we will show are 
limited to slightly more than a BZ, enough to recognize, through their 
dispersion curves, either propagating or stationary modes.

As for the spatial dependence, we adopted a wavevector 𝑘𝑥=0.0490
rad/nm, i.e., twice as large as the BZ. For the temporal dependence, we 
use

𝑏(𝑡) = 𝑏0 sin(2𝜋𝑓0(𝑡 − 𝑡0))∕(2𝜋𝑓0(𝑡 − 𝑡0))

with 𝑏0 = 1 mT, cutoff frequency 𝑓0 = 40 GHz, and a delay time 
𝑡0 = 50 ns. Once we recorded the time-resolved 2D profile maps of 
the magnetization, we apply the Fast Fourier Transform (FFT) in order 
to obtain the SW dispersion relations [54]. We also determine the SW 
spatial profiles by performing simulations on a single primitive cell 
(and no longer on a supercell of 200 copies of it), keeping the previous 
periodic boundary conditions to mimic the realistic film. This technique 
limits the results to 𝑘 = 0, hence, we find the profiles as the real part 
of the FFT coefficients of each micromagnetic cell in the primitive cell. 
Such profiles must be understood within the Bloch picture, after which 
the spin wavefunction (i.e., the magnetization fluctuation) in periodic 
magnetic systems is expressed as [55]: 
𝛿𝐦𝐤(𝐫) = 𝛿𝐦̃𝐤(𝐫)𝑒−𝑖𝐤⋅𝐫 (2)

where 𝛿𝐦̃𝐤(𝐫) is the SW cell function (which extends over the primitive 
cell and has the periodicity of the system), 𝐤 is the wavevector, and 𝐫
is the position across the lattice. Hence, the profiles that we will show 
are the real part of the 𝑧-component of the SW cell function (always 
relevant to the experiments) [56–59].

3. Results and discussion

In this section, we show the results of the micromagnetic simula-
tions concerning the alterations of the film BA and DE dispersion, from 
a uniform to an undulated magnetization. We recall that the undulation 
is in the direction of the applied field (magnetic moments in a head-
to-tail configuration), namely the 𝑥-axis. After unveiling the ultimate 
physical effect responsible for the opening of the frequency gaps at 
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Fig. 3. Magnonic dispersion relations for BA waves in the non-interacting case of a film with in-plane sinusoidal magnetization prepared at different relative amplitude 𝐴 = 𝑚0
𝑦∕𝑚

0
𝑥: 

(a) 𝐴 = 0, i.e., the reference, uniformly magnetized film; (b) 𝐴 = 0.2; (c) 𝐴 = 0.5. Note in (b) and (c) the occurrence of the mirroring to the first BZ due to periodicity, and the 
remarkable absence of any frequency gap at the BZB, i.e., 𝑘 = 0.0245 rad/nm, as demonstrated in the inset by the crossing of the curves (in the inset the image is magnified and 
saturated). The color-bar is in arbitrary units, chosen to highlight the tiny lines mirroring in the reduced BZ to prove periodicity. Panels on the right: cell function profiles (real 
part of the z-component of the dynamic magnetization) of (d) the fundamental (F) mode, (e) the 1-BA mode, crossing the F mode curve at the BZB, and (f) the 2-BA mode. The 
magnetization undulation underlying these mode profiles qualitatively corresponds to the one shown in Fig.  2(b).
zone boundary, we review the film SW dynamics of the undulated 
magnetization distributions ensuing the application of either a sine or 
chiral bias field. In all simulations, we consider an additional uniform 
field, fixed to 0.1 T throughout this paper. Since the magnetization un-
dulation propagates along a fixed direction (𝑥-axis, Fig.  1), we expect a 
band structure along this direction only, hence for the BA configuration 
(corresponding to 𝐤 ∥ 𝐌) while no periodicity is expected along the 
other in-plane direction (𝑦-axis, i.e., DE configuration corresponding to 
𝐤 ⟂ 𝐌). Nevertheless, we will see how the sole existence of periodicity 
in one direction influences the dynamics in the other, introducing new 
solutions. For the sake of completeness, we observe here how the other 
possibility, with the magnetic moments perpendicular to the undulation 
direction and hence parallel to each other in any direction, would lead 
to the case of a uniformly magnetized film.

3.1. SW dispersions under an in-plane sinusoidal magnetization distribu-
tion: ‘‘non-interacting’’ case

Following the plan of the investigation outlined in Section 2, we 
prepared an in-plane sine magnetization with period 𝑎, with undulation 
at different relative amplitudes 𝐴, and subject to a uniform bias field 
𝐵0. However, no relaxation was allowed, nor was any external periodic 
field introduced; we might address this as the ‘‘non-interacting’’ case. 
As previously observed, in the simulation we set this distribution as 
an artificial equilibrium point (ground state) by setting to zero the 
damping parameter (𝛼 = 0). The application of an excitation to this 
artificial ground state will produce small fluctuations around it, which 
will be solely due to spin-waves. 

In Fig.  3 we show the dispersion relations for the cases (a) 𝐴 = 0, 
(b) 𝐴 = 0.2 and (c) 𝐴 = 0.5. We recall that the direction of the 
magnetization undulation is parallel to the direction of the wavevector, 
hence the dispersions refer to the BA mode [50,60]. In thicker films at 
low 𝑘, this volume wave is usually characterized by a negative slope 
in its dispersion relation, resulting in a negative group velocity. In 
our case, due to the very small thickness (5 nm), exchange interaction 
dominates and only a positive slope is observed at low 𝑘. Despite 
being unrealistic because of the vanishing damping, the resulting SW 
dispersion relations show two interesting features. First, the Brillouin 
zone boundary (BZB) occurs at 𝑘𝐵𝑍𝐵 = 0.0245 rad/nm, twice the 
expected value of 0.01225 rad/nm. This means that the actual lattice 
4

constant 𝑑 is a half of the geometric one 𝑎, and hence that the SW 
dynamics is invariant after a mirror operation 𝜎ℎ in the magnetization 
(across the horizontal axis, namely a change of sign of 𝑚𝑦 compo-
nent) [61]. As a consequence, the BZB wavevector is 𝑘𝐵𝑍𝐵 = 𝜋∕𝑑 ≡
2𝜋∕𝑎 = 0.0245 rad/nm. Second, no gap arises at the zone boundary, 
independently of the relative amplitude 𝐴. This is shown in the inset 
of Fig.  3(c), where the dispersion of the fundamental mode F is crossed 
by its reflection, 1-BA, with opposite group velocity. Given that the bias 
field is uniform, the modes responsible for the dispersion curves at the 
BZB are invariant for translations of a half period (𝑑∕2) [60]. The cell 
function (𝑘 = 0) of these SW modes is shown in Fig.  3. In panel (d) we 
show the fundamental mode (F), occurring at 9.81 GHz; in panel (e) we 
show the backward mode with 1 nodal line in the cell function (1-BA), 
occurring at 12.2 GHz; and in panel (f) we show the 2-BA mode, almost 
degenerate in frequency with the 1-BA. Following Eq. (2), at the BZB 
the F and 1-BA modes are indistinguishable and hence degenerate in 
frequency because the medium is continuous and homogeneous, and 
only a uniform field is applied. Of course, when dot or antidot lattices 
are concerned, or even multi-material systems [62], the two modes 
cannot be degenerate and a gap opens. In fact, in the next section, 
we illustrate in detail how the band-gap arises as a consequence of 
translational symmetry breaking, attained by introducing a sinusoidal 
bias field with period 𝑎 (‘‘interacting case’’). We recognize here how 
periodicity is a necessary, but not sufficient, condition for the opening 
of a gap [63].

It is interesting to observe how the crossing of the dispersions of 
the F and 1-BA modes at the BZB occurs in a linear form, which 
is reminiscent of the behavior of topological Dirac magnons [64–66] 
with a gapless metallic behavior, which will be the subject of a future 
investigation.

3.2. ‘‘Interacting’’ case: Relaxation to in-plane periodic bias fields

As mentioned in the investigation plan, a more realistic approach 
to obtain a sinusoidal magnetization is to relax an initial uniform 
magnetization to a bias periodic field 𝐵𝑃 , in addition to the uniform 
field, 𝐵0 = 0.1 T, with 𝐵𝑃 ∕𝐵0 ≤ 1. We will apply a sine oscillation 
(𝐵𝑃 ≡ 𝐵𝑆 ) and then a chiral oscillation (𝐵𝑃 ≡ 𝐵𝐶 ) [Fig.  2 (a, c)]. It 
helps recalling that the fan angle is partial in the former, 𝜃𝐹 = 𝜋∕2, 
while it is complete in the latter, 𝜃 = 2𝜋. In both cases, we consider 
𝐹
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Fig. 4. Relative amplitude 𝐴 = 𝑚0
𝑦∕𝑚

0
𝑥 between the 𝑦 and 𝑥 components of the 

magnetization at 𝑥 = 0 as a function of the 𝐵𝑆 magnitude (in tesla). The red line is a 
guide for the eye. For a correspondence with Fig.  3, we obtain 𝐴 = 0.2 for 𝐵𝑆 = 0.0227 T 
and 𝐴 = 0.5 for 𝐵𝑆 = 0.06 T.

an in-plane field oscillation, namely 𝐵𝑃 = 𝐵𝑃 (𝑥, 𝑦), which influences 
the resulting magnetization distribution, and must be thought of as the 
simulation of the vertical interaction with another layer in the context 
of 3D Magnonics. The application of a 𝐵𝑃  with a given magnitude 
and symmetry determines the relative amplitude of the equilibrium 
magnetization distribution and, hence, the fan angle of 𝑀(𝑥, 𝑦). Given 
that 𝐵𝑃  is a bounded function, the sum vector 𝐁tot = 𝐁𝑃 +𝐁0 possesses 
a fan angle that is always smaller than the vector 𝐁𝑃  alone, and for 
this reason, the apparent amplitude of the resulting magnetization 
oscillation (Fig.  2 (b, d)) will appear less pronounced compared with 
the corresponding sine or chiral fields (Fig.  2 (a, c)).

Note that in this case we did compute a relaxed, equilibrium mag-
netization prior to excitation: hence, we had to use a non-vanishing 
damping parameter 𝛼. However, in order to both attain the equilibrium 
magnetization and get (in reasonable times) clear-cut dispersion curves 
we used 1% of the real damping (i.e., we used 𝛼 = 0.0001), to attain long 
lasting precession, and consequently larger Fourier coefficients. We 
remark that in the linear (low power) regime the damping parameter 
has no role in determining the relationship between frequency and 
wavevector, but only to attenuate and possibly broaden the intensity 
of the corresponding curve at high 𝑘[62,67,68]. 

3.2.1. Sine-field
First we investigate the effects on the SWs of a periodic sinusoidal 

field, 𝐵𝑃 ≡ 𝐵𝑆 . As shown previously, after relaxation the magnetization 
varies along the 𝑥-direction as a sine function with amplitude 𝑌0 ∝ 𝐴. 
The relative amplitude 𝐴 of the magnetization undulation as a function 
of the magnitude of 𝐵𝑆 is plotted in Fig.  4, so that it is possible to trace 
a correspondence with the cases of the previous section, where only 𝐴
was given.

The resulting SW dispersion curves, as a function of the magnitude 
of 𝐵𝑆 , are shown in Fig.  5. In general, we recognize how the fre-
quency increases with the magnitude of 𝐵𝑆 , namely as the undulation 
amplitude of the magnetization increases. In fact, by increasing 𝐵𝑆 , 
the overall bias field (superposition of 𝐵𝑆 (𝑥, 𝑦) and 𝐵0) increases too, 
therefore the Zeeman potential energy increases making the magneti-
zation stiffer with respect to deflections from the equilibrium point; 
consequently the frequency (at a given k) increases too. This effect is 
general, hence independent of the propagation direction of the wave. 
Consequently, this is also seen for DE waves shown in Fig.  6. As in the 
previous case, where no sine-field is present, the dynamics is invariant 
with respect to the change of sign of the component 𝑚𝑦, and the 
unitary primitive cell corresponds to half the geometric one, with lattice 
constant 𝑑 = 𝑎∕2. Hence, the BZB occurs at 𝑘𝐵𝑍𝐵 = 𝜋∕𝑑 ≡ 2𝜋∕𝑎 =
0.0245 rad/nm (Fig.  5).

In contrast to the previous non-interacting case, here a frequency 
gap arises at the BZB for sufficiently large 𝐵𝑆 magnitudes. The two 
spin-wavefunctions F and 1-BA [Fig.  7(b,c)] are no longer invariant 
in frequency (energy) because of the presence of the sinusoidal bias 
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field 𝐵𝑆 with period 𝑎. As a consequence, here we demonstrate that the 
frequency gap is the result of the dynamic interaction with the vector 
field 𝐵𝑆 (𝑥, 𝑦) that causes the undulation.

The genesis of the frequency gap is the following. Due to Bragg 
diffraction, two stationary wavefunctions form at the zone boundary, 
one with nodes in correspondence to the nodes of the sine-field (i.e., at 
𝑑 = 𝑎∕2), the other with nodes in correspondence to the maxima of 
the sine-field (i.e., at 𝑑∕2 ≡ 𝑎∕4). This is illustrated in Fig.  8. Then, the 
two waves react to the field 𝐵𝑆 in different ways, the former achieving 
the lowest frequency (the top of the lower band), the latter the highest 
frequency (the bottom of the upper band), hence producing a visible 
frequency gap (inset of Fig.  5(c)). Conversely, in Fig.  3, there is no gap 
at the zone boundary (degeneracy): in such a case, the absence of the 
non-uniform sine-field 𝐵𝑆 restores a translational symmetry and hence 
an invariance with respect to translations of 𝑑∕2, such that it is not 
possible to discriminate between the wavefunction of either the F or the 
1-BA mode (shown in Fig.  3(d) and (e)). As the undulation amplitude 
increases, the discrepancy between the direction of each magnetic 
moment and the overall bias field 𝐁𝑆 +𝐁0 increases, particularly at the 
center and the ends of the primitive cell, hence the energy difference 
between the two modes F and 1-BA increases, i.e., the frequency gap 
increases (Fig.  9). More precisely, starting from 𝐵𝑆 = 0, and with 
increasing 𝐵𝑆 , the 𝑦 component of the magnetization progressively 
increases in correspondence to 𝐵𝑆 nodes (i.e., at 𝑥 = 0, 𝑎∕2, 𝑎), but re-
mains almost vanishing in correspondence to the crests (zero derivative, 
at 𝑥 = 𝑎∕4 and 𝑥 = 3𝑎∕4). In other words, the average angle 𝜃𝑘 formed 
by the local magnetization and the propagation direction (𝑥) is increas-
ingly larger in the first regions, where 1-BA has maxima, but almost 
constant in the second ones, where instead it is the F mode to have max-
ima. This makes the corresponding frequencies increasingly different 
(as is understandable, for example, by using the so called Herring–Kittel 
formula [69] or the corresponding one for thin films [70]). Hence, as 
𝐵𝑆 increases, the transverse component of the magnetization 𝑚𝑦 follows 
suit, causing the gap to increase. This increase is found to be linear up 
to 𝐵𝑆 = 0.03 T, then going to saturation. Apparently, after some critical 
𝑚𝑦, the energetic difference between the two regions stops increasing as 
it reaches saturation. By linear interpolation we estimate the increasing 
rate (up to 𝐵𝑆 = 0.03 T) around 5.00 rad GHz/T.

The profiles of the Bloch waves providing the dispersion of Fig.  5(b), 
with 𝐵𝑆 = 0.03 T, are shown in Fig.  7: panel (a) corresponds to the 
lowest frequency dispersion curve (fundamental mode), panel (b) to the 
1-BA mode, responsible of a negative dispersion curve that terminates 
in a gap at the BZB, and panel (c) to the 2-BA mode, almost degenerate 
with the 1-BA at 𝑘𝑥 = 0 but showing a positive slope in the dispersions. 
These curves are very similar to the non-interacting case (𝐵𝑆=0) of Fig. 
3.

Furthermore, we determine how the presence of the periodicity in 
one direction (𝑥) influences the dynamics in the other perpendicular 
direction (𝑦). This is a direct consequence of the Bloch theorem: due 
to periodicity, the dispersion along 𝑘𝑥 folds to the reduced BZ, inter-
cepting the 𝑘𝑥 = 0 axis in many points. Hence, while a uniform film 
has a single solution at 𝑘𝑥 = 0, a periodic system has many solutions 
(higher order modes, labeled as F or 0-BA, 1-BA, 2-BA, 3-BA etc.). Each 
of these new solutions correspond to a different cell function for a new 
Bloch wave (Eq. (2)) traveling also along the perpendicular direction 
(𝑦-axis), and showing a single-valued dispersion curve in analogy with 
the magnetostatic wave dispersions in uniformly magnetized films. 
Along 𝑦-axis no periodicity is present, which justifies why only single-
valued curves are found. This is valid also for the 𝑥𝑧-polarization 
(Section 3.2.3). Hence, periodicity along 𝑥 creates multiple spin-wave 
degrees of freedom also along 𝑦, visible as multiple dispersion curves. 

3.2.2. Chiral field
The application of a chiral field 𝐵𝐶 (𝑥, 𝑦) [Fig.  2, panel (c)] to a film 

with saturated magnetization breaks the mirror symmetry mentioned 
in the previous case, so that now the physical primitive cell coincides 
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Fig. 5. Magnonic dispersion curves for BA waves at different values of the sine field magnitude 𝐵𝑆 (polarization in the xy plane). Panel (a): 0.01 T. Panel (b): 0.03 T. Panel (c): 
0.05 T. Panel (d): 0.07 T. Panel (e): 0.09 T. In (c) the inset highlights by magnification the opening of a gap at the BZB.
Fig. 6. Magnonic dispersion curves for DE waves (intensity in arbitrary units) at different values of 𝐵𝑆 (polarization in the xy plane). Panel (a): 0.01 T. Panel (b): 0.03 T. Panel 
(c): 0.05 T. Panel (d): 0.07 T. Panel (e): 0.09 T.
Fig. 7. (a) Effective field 𝐵eff profile for in-plane polarized magnetization at 𝐵𝑆 =
0.03 T (color bar in tesla). (b-d) Real part of the out-of-plane (z) component of the 
dynamic magnetization at 𝑘 = 0 at the frequencies giving non-vanishing signal in the 
dispersions at 𝐵𝑆 = 0.03 T: (b) F-mode (11.13 GHz); (c) 1-BA mode (13.14 GHz); 
(d) 2-BA mode (13.14 GHz). Intensity in arbitrary units. The magnetization undulation 
underlying these mode profiles qualitatively corresponds to the one shown in Fig.  2(b).
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Fig. 8. Illustration of the origin of the frequency gap at the BZB: at the center, the 
(indicative) dispersion diagram taken from panel (c) of Fig.  5. On the left, the mode 
profiles F and 1-BA at 𝑘 = 0, referred to the actual primitive cell which is demonstrated 
to be 𝑑 = 𝑎∕2. On the right, the two reconstructed profiles (colors in arbitrary units) as 
must appear at the BZB following Eq. (2), superimposed to the sine-field 𝐵𝑆 (𝑥) (black 
curves) which has a period 𝑎. at the BZB the two wavefunctions F and 1-BA differ 
only for the translation of 𝑎∕4 ≡ 𝑑∕2 and lead to the emergence of the frequency gap 
because of the different phase relationship with 𝐵𝑆 (𝑥).
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Fig. 9. Evolution of the frequency gap as the magnitude of the sine field 𝐵𝑆 (in tesla) 
is varied (magnetization in xy plane). Blue dot: data. Red line: linear fit (𝑦 = 5𝑥 in the 
range [0, 0.03 T], then 𝑦 = 𝑐𝑜𝑛𝑠𝑡 = 0.15).

Fig. 10. Relative amplitude 𝐴 = 𝑚0
𝑦∕𝑚

0
𝑥 between the 𝑦 and 𝑥 components at 𝑥 = 0 as 

a function of the 𝐵𝐶 magnitude (in tesla). The red line is a guide for the eye.

with the geometric one (i.e., the lattice constant is 𝑎). The change of 
sign of component 𝐵𝑥

𝐶 , a turning point occurring at 𝑎∕2, divides the 
primitive cell into two nonequivalent regions. Since the x-component 
of 𝐵𝐶 is always smaller or equal to that of 𝐵0, its change of sign is 
unable to modify the corresponding 𝑚𝑥 component, hence it is unable 
to produce a likewise chiral magnetization, but is very effective in 
determining a larger demagnetizing field in the second half of the 
primitive cell because of its antiparallel orientation. This fact, together 
with the persisting negative component 𝑚𝑦 across the turning point, 
allows the magnetization flux to complete its sinusoidal shape, though 
with a curvature more pronounced than in the first half. As we will 
see, this asymmetry transfers to the effective internal field and, as a 
consequence, to the SW dynamics (mode profile and frequency).

In Fig.  10 the ratio 𝐴 = 𝑚0
𝑦∕𝑚

0
𝑥 of the magnetization components 

taken at position 𝑥 = 0 is shown as a function of 𝐵𝐶 for direct 
comparison with the analog Fig.  4. In the first part of the primitive 
cell, both the average chiral field and magnetization vectors point in 
the same direction, so they can be compared. Because of the larger fan 
angle inherent to the chiral field, the magnetization relative amplitude 
𝐴 is larger than in the case with the sine field 𝐵𝑆 .

In Fig.  11 we show the evolution of the dispersion curves as the 
chiral field magnitude 𝐵𝐶 is increased. In the figure, more than a BZ 
is included to recognize both stationary and propagating modes. The 
first observation to such dispersions is that the BZ boundary occurs at 
𝑘𝐵𝑍𝐵 = 𝜋∕𝑎 ≡ 0.01225 rad/nm, consistently with the fact that now the 
physical primitive cell coincides with the geometric one. In analogy to 
what happened with 𝐵𝑆 , even here, as 𝐵𝐶 is increased, we see that the 
dispersion structures gradually shift to higher frequencies. Ultimately, 
𝐵𝐶 is an additional bias field, as 𝐵𝑆 was, and its increase results in an 
increase of the overall Zeeman interaction, and consequently a general 
frequency increase [5]. As is apparent from the dispersions, at a given 
value of the magnetic field, the frequency increase is smaller if a chiral 
field is applied rather than a sine. In fact, the dipolar (demagnetizing) 
fields are on the average higher when a chiral field is applied, and these 
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higher dipolar fields are known to contrast the Zeeman interaction and 
hence hinder the overall frequency increase [70–72].

In contrast with the previous sine-field case, here we see the oc-
currence of a flat dispersion (i.e., a stationary mode) even at low 𝐵𝐶
values, the first one occurring at around 9.5 GHz when 𝐵𝐶 = 0.01 T
[Fig.  11, panel (a)]. Not only does its frequency tend to decrease as 
𝐵𝐶 is increased but also the number of flat dispersions increases with 
increasing 𝐵𝐶 . These features, distinctive of the chiral field, can be 
understood in light of 𝐵eff (Fig.  12, panel (a)). First, departing from 
the previous case, when a chiral field is applied, 𝐵eff loses the mirror 
symmetry 𝜎𝑣 [61] and, in the right-side of the primitive cell, reaches a 
deep absolute minimum, acting as a well for SWs. Hence, even at low 
𝐵𝐶 values, the lowest frequency mode happens to localize within such a 
well, its spin-wavefunction fast decaying outside it [Fig.  13, panel (a)]. 
The localization of the lowest frequency mode in the minimum of 𝐵eff
[Fig.  12, panel (a)] is a well known effect [13,73–78]. Due to the strong 
localization (i.e., the limited extension) its stray (dynamic) coupling 
fields are too small to determine a significant bandwidth, and the 
mode happens to be stationary (zero group velocity 𝑣𝑔 = 𝜕𝜔∕𝜕𝑘) [77]. 
Moreover, as 𝐵𝐶 is increased, 𝐵eff becomes increasingly deeper (Fig. 
12(b)) on the right-side of the primitive cell, where magnetization and 
chiral field are antiparallel. From one side, this allows the well to host 
more localized modes, determining more flat dispersions. From the 
other, this justifies the progressive frequency decrease of such localized 
mode with increasing 𝐵𝐶 , as appearing in the dispersions.

The dependence of this localized mode on 𝐵𝐶 is shown in Fig.  14: 
from linear interpolation, we found a slope 𝑑𝑓

𝑑𝐵=-35.2 GHz/T, from 
which we get the effective gyromagnetic ratio [14]: 

𝛾eff = 2𝜋
𝑑𝑓
𝑑𝐵

= −221 rad GHz/T, (3)

significantly larger than the permalloy material
(185 rad GHz/T). The negative value is an indication of the increasing 
instability of the magnetization on the right-side of the primitive 
cell, since locally chiral field and magnetization are antiparallel. Re-
markably, the periodicity of the magnetization provides our film with 
effective properties like 𝛾eff, which the material itself does not pos-
sess: this aspect is typical of meta-materials, which display enhanced 
properties arising from the designed structure [79]. The possibility of 
engineering 𝛾eff by a considerate design of the magnetization distri-
bution is particularly attractive in the perspective of making indirect 
measurements of magnetic field variations, for new generation sensing 
devices [80–82].

We remark upon the importance of having, in a single system, 
more solutions within few 100 MHz with opposite dynamic behavior 
(stationary vs. propagating) but with cell functions with compatible 
symmetry [(b) and (c) in Fig.  13]. In fact, in such conditions, the same 
antenna can excite one or the other merely by implementing a small 
frequency shift. As a consequence, information can be easily stored or 
delivered on the same physical device in real time. Our results showed 
precisely how the application of a chiral field provides a ferromagnetic 
film with this property.

3.2.3. Out-of-plane magnetization oscillation
We apply the relaxation approach to compute the dispersions in a 

film with an out-of-plane oscillation of the magnetization (i.e., polar-
ized in the 𝑥𝑧-plane), extending along the 𝑥-axis. Such an undulation is 
created after the application of a sine field 𝐵𝑆 with similar polarization 
and modulation, to which the magnetization relaxes. We consider again 
both BA and DE waves, the dispersions of which are shown in Figs. 
15 and 16, respectively. Clearly, the periodic structure is perceptible 
only for BA waves, while DE waves behave like plane waves in a 
homogeneous medium. However, again the folding of the BA dispersion 
to the reduced BZ introduces new solutions even for the DE waves, 
in particular the DE wave with a 1-BA cell function, visible in the 
dispersions as an additional sister curve intersecting the 𝑘 = 0 ordinate 
at higher frequency. We remark how, in principle, any DE wave with a 
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Fig. 11. Magnonic dispersion curves for BA waves at different values of the chiral field 𝐵𝐶 . Panel (a): 0.01 T. Panel (b): 0.03 T. Panel (c): 0.05 T. Panel (d): 0.07 T. Panel (e): 
0.09 T. Note that, due to a reduced magnetization symmetry, when a chiral field is applied the BZB occurs at 𝑘𝑥 = 0.01225 rad∕nm.
Fig. 12. (a) Beff along the x direction (color bar in tesla) when 𝐵𝐶 = 0.05 T, and (b) its behavior as a function of the chiral field amplitude (magnetization undulation polarized 
in the xz plane, BA configuration). The red line is a guide for the eye.
Fig. 13. Real part of the out-of-plane (z) component of the dynamic magnetization at 
𝑘𝑥 = 0 at the frequencies giving non-vanishing signal in the dispersions. For B𝐶 = 0.05 T: 
(a) localized F-mode Floc, 8.23 GHz; (b): 1-BA mode, 10.34 GHz; (c): 2-BA mode, 
11.58 GHz; (d) 3-BA mode, 13.17 GHz; (e) 4-BA mode, 13.17 GHz. The magnetization 
undulation underlying these mode profiles qualitatively corresponds to the one shown 
in Fig.  2(d).

𝑛-BA (𝑛 > 1) cell function profile creates its dispersion, though with an 
intensity rapidly decreasing with increasing 𝑛. In addition, we observe 
how the slope of the DE-dispersion is much larger for an out-of-plane 
undulation (Fig.  16) than for an in-plane one (Fig.  6). This might 
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Fig. 14. Evolution of the frequency of the localized mode as the magnitude of the 
chiral field 𝐵𝐶 is varied (magnetization undulation polarized in xy plane). Blue dot: 
data. Red line: linear fit (𝑦 = −35.2𝑥 + 9.9).

be ascribed to the different orientation of the magnon wavevector 
with respect to the polarization plane of the magnetization undulation, 
despite the fact that 𝐤 is always along 𝑦-axis. However, in the in-plane 
case, 𝐤 lies within the polarization plane of the magnetization and 
hence is properly in the DE configuration; in the out-of-plane case, 𝐤
is perpendicular to the polarization plane of the magnetization, hence, 
more appropriately, in the configuration of forward volume SW modes 
(FVSWM). In uniformly magnetized films, in general, the slope of the 
SW dispersion for FVSWM is larger than for DE modes, due to the 
different effects of the demagnetizing field [83].
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Fig. 15. Magnonic dispersion curves for BA waves at different values of the sine field 𝐵𝑆 polarized in the 𝑥𝑧 plane. Panel (a): 𝐵𝑆=0.01 T. Panel (b): 𝐵𝑆=0.03 T. Panel (c): 
𝐵𝑆=0.05 T. Panel (d): 𝐵𝑆=0.07 T. Panel (e): 𝐵𝑆=0.09 T.
Fig. 16. Magnonic dispersion curves for DE waves at different values of the sine field 𝐵𝑆 polarized in xz plane. Panel (a): 𝐵𝑆=0.01 T. Panel (b): 𝐵𝑆=0.03 T. Panel (c): 𝐵𝑆=0.05 
T. Panel (d): 𝐵𝑆=0.07 T. Panel (e): 𝐵𝑆=0.09 T.
Fig. 17. (a) Space profile of the x-component of 𝐵eff when 𝐵𝑆 = 0.05 T, where the 
color bar units are in tesla; (b-d) Spatial profiles, in arbitrary units, of the modes giving 
the dispersions of Fig.  15(c) with 𝐵𝑆=0.05 T (magnetization undulation polarized in
xz plane, BA configuration): (b): FM (12.03 GHz); (c): 1-BA mode forming a gap at 
the BZB with the FM (13.97 GHz); (d): 2-BA mode (13.97 GHz).
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Fig. 18. Evolution of the gap as the magnitude of the sine field 𝐵𝑆 is varied 
(polarization in xz plane). Blue dot: data. Red line: linear fit (𝑦 = 5.3𝑥).

The profiles responsible for the dispersion curves of the out-of-
plane case are shown in Fig.  17, and display similarities to those 
presented for the in-plane case of Section 3.2.1. First and foremost, 
the fundamental (F) mode, characterized by an in-phase amplitude (no 
phase changes) all across the primitive cell, though with larger values 
in correspondence to the nodes of the sine-field 𝐵𝑆 (𝑥): this follows the 
pattern of 𝐵eff (panel (a)). The F mode produces the most intense curve 
with a positive slope in both BA and DE configurations.

The 1-BA and 2-BA modes are responsible for the folding of the 
dispersion to the reduced BZ along the direction 𝑥. As commented 
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Fig. 19. Relative amplitude 𝐴 = 𝑚0
𝑧∕𝑚

0
𝑥 between the 𝑧 and 𝑥 components of the 

magnetization at 𝑥 = 0 as a function of the out-of-plane 𝐵𝑆 magnitude (in tesla). 
Here 𝐵𝑆 is polarized in the 𝑥𝑧 plane. The red line is a guide for the eye.

above, the 1-BA mode is also responsible for the second most intense 
curve in the DE configuration, where 𝐤 ⟂ 𝐱̂ (Fig.  16).

Similarly to the in-plane case, a frequency gap is formed at the 
BZB as 𝐵𝑆 is increased. The dependence of such a gap on the applied 
sine field 𝐵𝑆 (𝑥, 𝑧) is shown in Fig.  18. Curiously, in contrast with the 
in-plane case, the curve does not saturate, but keeps its linear trend 
independently of 𝐵𝑆 . This can be ascribed to the limited increase of 
the transverse magnetization component 𝑚𝑧 of the out-of-plane case, 
with respect to 𝑚𝑦 of the in-plane case, limiting the energetic difference 
between the complementary zones of the primitive cell where F and 1-
BA modes have their maxima (see Section 3.2.1). Due to the reduced 
thickness of the film, the very strong demagnetizing fields limit the 
increase of the out-of-plane component 𝑚𝑧 of the magnetization for any 
given applied 𝐵𝑆 . This was determined by comparing Fig.  4 with Fig. 
19: at a given 𝐵𝑆 the relative amplitude in the present out-of-plane 
case is around one order of magnitude less than in the in-plane case. 
Evidently, the critical value of the transverse magnetization component 
is hardly reached when this component has to align along the thickness 
of the film, because of the strong dipolar fields. As a consequence, 
the curve does not saturate. From a linear interpolation we found 
the (average) increasing rate about 5.30 rad GHz/T, which is close 
to the one found in the in-plane case (where it was limited to the 
interval [0, 0.03 T] before saturation) and represents a good validation 
of the proposed theory. Once more, the linear sensitivity of the gap 
to fine changes of the applied 𝐵𝑆 is clearly attractive for sensing 
activity [81,82].

In summary, in a system with undulated magnetization, the progres-
sive increase of 𝐵𝑆 , in either in-plane or out-of plane geometry, results 
in a general increase both of the dispersion curves and the frequency 
gap at the BZ boundary. The increase of the gap is associated with the 
increase of the transverse component of the magnetization, through its 
relative amplitude A. Instead, in contrast with the chiral case, in either 
in-plane or out-of-plane case, no evidence for any localized modes was 
found.

4. An example of implementation of the sinusoidal field: a peri-
odic inverse-magnetoelastic interaction

In this Section we show how it is possible to generate a continuous 
sinusoidal field through a discrete set of domains of a variable physical 
quantity. In our practical implementation, the physical quantity is 
the ferroelectric (FE) domain polarization in a FE layer, which can 
be oriented in different directions thanks to a periodic succession of 
stripes of different lattice elongation, forming the FE layer. Then, the 
polarization intensity can be tuned by an electric field of appropriate 
magnitude and direction, having the periodicity of the FE stripes [84,
85].  Through inverse magnetostriction (i.e., the vertical coupling), 
the FE polarization induces in the ferromagnetic underlayer a likewise 
discrete set of magnetic anisotropy domains with varying easy axis. This 
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effect was reproduced in real samples in Ref. [86–88], where it was 
shown how a multiferroic heterostructure, consisting of a structurally 
continuous ferromagnetic film on a ferroelectric BaTiO3 substrate with 
ferroelastic stripe domains, was able to cause the imprinting of a 
ferromagnetic stripe pattern by strain transfer at the interface of this 
hybrid structure. The strong polarization of the FE domains produced a 
pattern which was characterized by 90◦ rotations of a (strong) uniaxial 
magnetic anisotropy at ferroelectric boundaries, so forming magnetic 
domains (no sinusoidal magnetization). Experimental details can be 
extensively found in those papers. In the following, we demonstrate 
that alternating domains with a small enough magnetic anisotropy can 
produce a smooth, continuous sinusoidal magnetization. Inspired by the 
experimental papers cited above, we adopt a similar framework, but 
aim to reduce the FE/FM strain-mediated-vertical coupling (e.g., by 
tuning the applied electric field magnitude and direction), so to re-
duce the magnetic anisotropy coefficient until a continuous sinusoidal 
distribution is obtained.

In our simulations, we considered a uniform magnetic anisotropy 
coefficient 𝐾𝑢 but four different easy axis directions in four identical 
regions in the primitive cell: 45◦, 0◦, -45◦, and 0◦. The corresponding 
sketch of the periodic domain distribution is shown in Fig.  20(a). We 
also apply a uniform bias field 𝐵0 = 0.1 T, in analogy to what done in 
Section 3.2. We found that if 𝐾𝑢 ≥ 40 kJ∕m3, magnetic domains form 
in perfect correspondence with the FE domains, with a discontinuity 
of 𝜕𝑀∕𝜕𝑥 across each domain wall (Fig.  20(b)): this is clearly outside 
our interests. In contrast, if 𝐾𝑢 < 40 kJ∕m3, the magnetization relaxes 
in a continuous sinusoidal distribution (Fig.  20(c)). The upper limit 
value of 𝐾𝑢 was found to be strictly dependent on the applied uniform 
bias field: larger bias fields would delay the formation of magnetic 
domains, allowing sinusoidal distributions even at higher 𝐾𝑢. For this 
reason, we chose a low value 𝐾𝑢 = 10 kJ∕m3 for our investigation 
and computed the frequency-wavevector curves. The results are shown 
in Fig.  20(d), where the distinctive folding of the dispersion curve to 
the reduced Brillouin zone, as well as the frequency gap at the BZB. 
These results are qualitatively similar to those predicted by the more 
general approach of the in-plane sinusoidal field (Fig.  5). Hence, we 
demonstrated that it is possible to implement a sinusoidal field by 
vertical coupling with a discrete arrangements of domains of a given 
physical quantity (in our case, the magnetic anisotropy as a simulation 
of the inverse magnetostriction).

5. Conclusions

We devised an original method to control the SW propagation along 
a ferromagnetic film by manipulating the spatial undulation (amplitude 
and symmetry) of its magnetization. First, we recognized the frequency 
gaps, occurring after the introduction of the periodicity, as the result of 
the interaction between the SW modes and the magnetic field causing 
the non-uniform magnetization. This cause can be represented by a 
vertical or interfacial interaction in any multilayer system, where the 
sinusoidal distribution is conveyed by an overlayer of appropriate sym-
metry (macrospin chains, artificial spin ice, DMI, or even ferroelectric 
domains in multiferroics). To implement the dynamic interaction, we 
introduced a sinusoidal magnetic bias field 𝐵𝑆 , in addition to the 
uniform one 𝐵0 to which the magnetization relaxes into a sinusoidal 
distribution. The amplitude of such a sinusoidal distribution can be 
finely tuned by the magnitude of the sinusoidal field. The interaction 
of the SW modes with the sinusoidal field produced frequency gaps, 
which can be varied in magnitude and frequency range by appropri-
ately tuning the sinusoidal bias field magnitude. From the dynamic 
point of view, the physical primitive cell is half of the geometric one, 
because the orientation of the crest of the magnetization is seemingly 
ineffective, only the differential absolute value counts. We also con-
sidered the magnetization resulting after relaxation to a chiral field. 
In this case, the primitive cell divides into two inequivalent halves, 
one where the magnetization and chiral field are, on average, parallel, 
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Fig. 20. (a) Sketch of the FE domain distribution in the FE/FM bilayer. Despite discrete, the domains induce a continuous sinusoidal field and hence a continuous sinusoidal 
magnetization. In (b) we show the formation of magnetic domains when 𝐾𝑢 = 5 ⋅ 107 J∕m3; in (c) we show the formation of a sinusoidal magnetization, after relaxation, when 
𝐾𝑢 = 40 kJ∕m3 (this high value allows a visible undulation). In (d) the dispersion curves are shown for 𝐾𝑢 = 10 kJ∕m3, qualitatively similar to those shown in Fig.  5, with the 
characteristic folding of the dispersion curve to the reduced Brillouin zone and the formation of a frequency gap at zone boundary.
and the other almost antiparallel. In the second half, the demagnetizing 
interaction is much larger, due to the larger magnetization divergence, 
and this determines a deeper effective field where low frequency SWs 
localize. This asymmetry reflects also in every magnon space profile. In 
particular, even at a small 𝐵𝐶 , an additional solution is found at low 
frequency values, which is uniform but localized within this second 
half of the primitive cell. Interestingly, its frequency decreases with 
increasing 𝐵𝐶 , but its dispersion is always flat, hence this mode is 
localized and stationary independently of the value of 𝐵𝐶 . Localized 
modes are impossible in films with uniform distributions and not found 
after the application of a sinusoidal field. Their presence was found 
only after the application of a chiral field: being simultaneous to the 
propagating ones, with a similar symmetric profile, and just at a few 
MHz from them, these localized modes provide an additional channel to 
store and sort dynamic information (i.e., a waveguide can be switched 
into a dynamic memory without changing the physical ferromagnetic 
system). Furthermore, we found that the effective gyromagnetic ratio 
of this localized mode is larger than the one of FMR in permalloy, and 
this is interesting for designing new generation magnetic sensors.

In conclusion, we conceived and characterized a system where 
the spin-wave propagation properties can be altered on demand by 
finely tuning the amplitude of the sinusoidal spatial distribution of the 
magnetization. This achievement is particularly interesting in the field 
of 3D-Magnonics, where any appropriate macrospin distribution, mag-
netic domains or possibly ferrolectric domain orientations in a layer, 
can convey, by vertical interaction, such a sinusoidal distribution in 
the magnetization of the film layer underneath. We demonstrated this 
point by introducing a periodic variation of the magnetic anisotropy 
easy axis within the primitive cell, in discrete domains of width 64 nm, 
as a simulation of the inverse magnetoelastic interacton with a ferro-
electric layer: at a coefficient 𝐾𝑢 below some limit value, the relaxed 
magnetization was found in a continuous sinusoidal equilibrium state, 
producing a magnon dispersion similar to what found in the general 
case with the direct application of a sinusoidal field. The ultimate 
purpose of the present research is not only to shed light on the com-
plexity of the dynamics in 3D magnonic architectures, but also to 
provide and characterize new degrees of freedom for signal filtering 
and manipulation, as well as information storage and delivery. Further-
more, the enhanced properties arising from the sinusoidal distribution 
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(e.g., the effective gyromagnetic ratio) make our system an excellent 
meta-material candidate for sensing activity. For these reasons, we 
hope we raised interest on the subject and spur its practical realization 
with dedicated experimental investigations.
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