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Exponentiation of parametric Hamiltonians via unitary interpolation
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The effort to generate matrix exponentials and associated differentials, required to determine the time evolu-
tion of quantum systems, frequently constrains the evaluation of problems in quantum control theory, variational
circuit compilation, or Monte Carlo sampling. We introduce two ideas for the time-efficient approximation of
matrix exponentials of linear multiparametric Hamiltonians. We modify the Suzuki-Trotter product formula
from an approximation to an interpolation scheme to improve both accuracy and walltime. This allows us to
achieve high fidelities within a single interpolation step, which can be computed directly from cached matrices.
Furthermore, we define the interpolation on a grid of system parameters, and show that the interpolation infidelity
converges with fourth-order accuracy in the number of interpolation bins.
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I. INTRODUCTION

The repeated construction of unitaries of linear parametric
Hamiltonians is a cornerstone task in various research do-
mains of quantum mechanics. The ability to accurately and
efficiently construct these unitaries enables us to predict and
control the dynamics of quantum systems. This is vital for
both theoretical insights and practical applications ranging
from quantum simulation [1,2] to quantum optimal control
[3] and quantum circuit compilation [4–6]. Due to the curse
of dimensionality caused by the exponential growth of finite-
dimensional representations of Hilbert spaces as a function of
the problem size, even the generation of a few unitaries can be
computationally taxing. Yet, the aforementioned applications
require the construction of many such unitaries.

A common challenge is calculating the time evolution op-
erator of time-dependent Hamiltonians. To address this, the
typical strategy involves approximating these Hamiltonians
using products of unitaries over sufficiently small time steps.
Standard approaches to numerically compute these time steps
include the Trotter-product formula [7], Dyson series [8],
Magnus expansion [9,10], Fer expansion [11], and Runge-
Kutta methods [12,13]. The case of quantum state propaga-
tion, is often tackled using Krylov subspace methods [14].

We consider Hamiltonians with a few linear parameters.
Simulating such quantum systems classically requires the
repeated construction of matrix exponentials (or their ac-
tion onto states). Such problems commonly occur within
the context of quantum optimal control theory [3], where
we shape system parameters in time to achieve the high
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fidelity operations required in high-precision quantum tech-
nologies. Methods such as gradient ascent pulse engineering
(GRAPE) [15–17], Krotov [18], dynamic optimization (DY-
NAMO) [19], chopped random-basis (CRAB) [20–22], and
single optimization with multiple application (SOMA) [23]
for generalized system parameter-dependent pulses, require
the repeated construction of matrix exponentials to compute
and optimize the time-propagation of quantum systems. Mul-
tiparameter Hamiltonians also find application in stochastic
evolution [24] and other Monte Carlo methods [25,26].

In this work we introduce a matrix-product approach,
which we call unitary interpolation (UI), which interpolates
between unitaries to approximate matrix exponentials to ar-
bitrary precision. We compare this new approach to existing
schemes, namely exact matrix exponentiation via Hermitian
eigenvalue decomposition, Trotterization, and in the case of
state propagation, Krylov subspace method that uses Lanczos
iterations [27]. Standard approaches to compute the time-
evolution of unitaries (vectors) have a time complexity of
O(d3)1 (O(d2)), where d is the matrix dimension. Further-
more, the time complexity of such methods has a large
constant prefactor compared to matrix-matrix (matrix-vector)
multiplication. As such, matrix exponentiation typically con-
stitutes a major bottleneck in the classical simulation of
quantum systems. We show that our approach can reduce
the computational cost of repeated matrix exponentiation
compared to Trotter-based approaches and eigenvalue decom-
position. Our method allows for the inclusion of multiple
system parameters at the cost of requiring more precomputa-
tions. We also consider the time evolution of quantum states,

1This can be reduced to O(d2.8) for matrix multiplication using
the Strassen algorithm, which is not often used in practice as its
advantages are limited to large matrices d > 1000.
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and find further speedups with respect to a Krylov subspace
method that uses Lanczos iterations.

The paper is structured as follows: in Sec. II we define
the unitary evolution of a time-dependent Hamiltonian with
continuous linear parameters. In Sec. III the interpolation
between two arbitrary unitaries via an interpolation operator
is introduced. This method is applied to problems with only
one time-dependent parameter in Sec. IV. We then generalize
the interpolation scheme to problems with multiple time-
dependent parameters in Sec. V. Furthermore, in Sec. VI we
discuss the special case of state evolution using UI and in
Sec. VII we discuss best practices for caching.

II. UNITARIES OF LINEAR
PARAMETRIC HAMILTONIANS

We consider the problem of computing unitaries Û (c) ∈
U(d ) generated by linear parametric d-dimensional Hamilto-
nians Ĥ (c),

Û (c) = exp(−iĤ (c)) with Ĥ (c) = Ĥ0 + cT Ĥ, (1)

where c = (c1, · · · , cn)T is a vector of n real amplitude-
bound parameters cp ∈ [cp,min, cp,max], Ĥ0 a d-dimensional
drift Hamiltonian, and Ĥ = (Ĥ1, · · · , Ĥn)T a n-dimensional
vector of d-dimensional parameter Hamiltonians. To keep the
presentation general, we removed references to time in this
definition. The absorption of time into the Hamiltonian is
considered in the discussion of the special case in Sec. II A.

Let us first consider two types of problems in which these
kinds of Hamiltonians are commonly encountered.

A. Time evolution via time-slicing

The time evolution Û (0, T ) of quantum systems with time-
dependent Hamiltonians,

H̃ (t ) = H̃0 +
n∑

p=1

c̃p(t )H̃p, (2)

is represented by a product of smaller time steps,

Û (0, T ) =
m−1∏
j=0

Û (t j, t j+1), (3)

with t j = j�t and �t = T
m . Each of the time steps [t j, t j+1)

is approximated by a unitary Û (t j, t j+1) ≈ Ũ (c j ) gener-
ated from a time-independent linear parametric Hamiltonian
Ĥ (c j ) of the form given in Eq. (1). In particular, the
time-independent “surrogate” Hamiltonian Ĥ (c j ) can be con-
structed from a truncated Magnus expansion [9,10]. The first
ñ terms of the expansion are given by the average parameter
values in the interval

cp = 1

�t

∫ t j+1

t j

c̃p(t ′)dt ′ (4)

and the normalized Hamiltonian elements Ĥp = H̃p�t .
Higher-order terms are given by the nested commutators of the
original Hamiltonian elements Ĥp and higher-order integrals
of the parameters c̃p(t ). An instructive introduction can be
found in Ref. [28].

FIG. 1. Interpolation between unitaries V̂0 and V̂1 via the interpo-
lation operation Ŵ α with α ∈ [0, 1] (here α = 3/4), which transforms
V̂0 into V̂1 for α = 1.

B. Computation via variational quantum circuits

The classical simulation of variational quantum circuits
requires the sequential multiplication of a given number l of
unitaries

Û (c(1), . . . , c(l ) ) =
l−1∏
i=0

Û (i)(c(i) ), (5)

where each Û (i) is a quantum gate with parameters c(i) acting
on one or more qubits. When dealing with n-qubit collective
gates, the computation of their unitary matrix, which needs
to be evaluated at multiple parameter values—e.g., in the
context of variational quantum algorithms [29]—is usually
computationally expensive, unless an analytical decomposi-
tion is available [23]. As parametric quantum gates can be
represented in the form of Eq. (1), they can benefit from
improved techniques to efficiently compute such unitaries
Û (i)(c(i) ), and the (analytical) gradients with respect to the
parameters dÛ (i) (c(i) )

dcp
.

To accelerate such computations, we develop a technique
to interpolate between unitaries, and to create a cache of
matrices from which we can construct such interpolations
efficiently. We assess the accuracy of the approximation

via the average gate infidelity Iavg = d
d+1 − |Tr(ÛapproxÛ †

exact )|2
d (d+1)

between Ûexact—the exact unitary—and Ûapprox—the approx-
imated unitary; see also Appendix C. We then perform an
analogous assessment for quantum states.

III. INTERPOLATION BETWEEN TWO UNITARIES

Any two unitary operators V̂0, V̂1 ∈ Cd×d can be written
in terms of generators Â and B̂ as V̂0 = exp(−iÂ) and V̂1 =
exp(−i(Â + B̂)), where B̂ is the difference generator. We wish
to efficiently construct operators of the form exp(−i(Â +
αB̂)), where Â and B̂ are Hermitian operators and α ∈ [0, 1].

To this end we can construct an interpolation between the
unitaries, from the following product formula of the unitaries:

V̂ (α) = (V̂1V̂
†

0 )α︸ ︷︷ ︸
=Ŵ α

V̂0. (6)

We call Ŵ = (V̂1V̂
†

0 ) the interpolation operator and α ∈ (0, 1)
the interpolation parameter; see Fig. 1. We find V̂ (α) to be
an interpolation, as it reproduces the original operators on the
edges of the open interpolation interval:

V̂ (0) = V̂0 with V̂ (1) = V̂1. (7)

The interpolation V̂ (α) is furthermore a unitary operator, as
any product of unitaries is itself unitary, hence the name UI.
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A. BCH expansion of the interpolation

The first-order BCH expansion [30] is constructed from the
sum of the generators (using a sign change for the Hermitian
conjugate), revealing

V̂ (α) = exp(−i(Â + αB̂) + · · · ). (8)

To first order, this corresponds to the desired operator V̂ (α) =
exp(−i(Â + αB̂)). Deviations from the desired form are given
by higher-order terms in the BCH expansion. We can investi-
gate these terms by studying the properties of the interpolation
operator Ŵ .

The BCH expansion of the interpolation operator Ŵ expo-
nentiated with the interpolation parameter α is given by

Ŵ α = (V̂1V̂
†

0 )α = (exp(−i(Â + B̂)) exp(iÂ))α

= exp

(
α(−iB̂ − 1

2
[Â, B̂] + · · · )

)

= exp

(
α
∑

i

Ĉi

)
, (9)

where we generically denoted the nested commutators of
Â and B̂ as Ĉi, e.g., Ĉ1 = −iB̂, Ĉ2 = − 1

2 [Â, B̂], Ĉ3 =
i

12 [B̂, [Â, B̂]], and so on. The nested commutators Ĉi are at
least linear in B̂, as commutators built from only one operator
(Â) would vanish. Furthermore, every term is linear in α.
Hence, for every term the order of B̂ is at least as large as
the order of α.

To study the properties of the interpolation scheme—see
Eq. (6)—we perform a similar generic BCH expansion for the
undesired higher-order terms,

V̂ (α) = exp

( Desired Terms︷ ︸︸ ︷
−i(Â + αB̂) +

Undersired Terms︷ ︸︸ ︷∑
i

pi(α)D̂i

)
. (10)

The undesired terms are represented by a sum of polynomi-
als pi(α) and corresponding nested commutators D̂i of the
generators Â and B̂, e.g., D̂1 = [B̂, [Â, B̂]]. The operators D̂i

can be constructed from nested commutators of Â and the
Ĉi—see Eq. (9). There are usually multiple different nested
commutators that generate the same operator D̂i. For example,
D̂1 is constructed both via [Ĉ1, [Â, Ĉ1]] and directly from Ĉ3.
The construction of D̂1 via Ĉ3 contains only one Ĉ term and
therefore contributes with only a linear α to the polynomial
p1(α), whereas the construction via [Ĉ1, [Â, Ĉ1]] contains two
Ĉ terms and contributes a quadratic term in α to p1(α).

Each of the undesired terms must vanish for α = 0 and
α = 1, hence the polynomials pi(α) must be at least quadratic
in α (because it has two roots at α = 0 and α = 1), meaning
that one of the constructions of D̂i must contain at least two Ĉ
terms. Therefore, every term D̂i is at least quadratic in B̂. The
average infidelity Iavg is quadratic in the undesired terms, and
scales with the fourth power of the difference operator B̂.

B. Construction from cached matrices

To repeatedly and quickly construct the interpolations
given in Eq. (6), we decompose the interpolation operator Ŵ

FIG. 2. The interpolation of a unitary using a single system
parameter c and multiple interpolation bins. The interpolation is per-
formed from the odd-indexed unitaries (Û1, Û3) toward the adjacent
even indexed unitaries (Û0, Û2, Û4), resulting in an odd-centered
interpolation grid.

via Schur decomposition

Ŵ = (V̂1V̂
†

0 ) = L̂ exp(−iÊ )L̂† (11)

into the eigenvector matrix L̂ and the diagonal eigenvalue
matrix exp(−iÊ ), which we cache as a vector E = diag(Ê ).
Furthermore, we cache the product R̂ = L̂†V̂0, so that we can
rewrite the interpolation as the product

V̂ (α) = L̂ exp(−iÊα)R̂. (12)

The matrix exponential in the middle can be performed as
a row-wise scaling operation on the right-side matrix R̂,
so that the relevant complexity reduces to a single matrix
multiplication.

IV. UNITARY INTERPOLATION
OF A SINGLE-SYSTEM PARAMETER

The UI method allows us to approximate unitaries of the
form exp(−i(Â + αB̂)) constructed from Hermitian operators
Â and B̂. Most importantly, we find that the corrections scale
with the fourth power of the difference operator B̂, which
we use to reduce the infidelity of the interpolation. We now
apply the approach to a Hamiltonian with a single parameter
and reduce the size of B̂ to suppress the contributions of the
undesired terms.

Let us consider the unitary Û (c) generated by a Hamilto-
nian H (c) with a single-bounded parameter c ∈ [cmin, cmax],

Û (c) = exp(−iĤ (c)) with Ĥ (c) = Ĥ0 + cĤ1. (13)

To repeatedly compute unitaries Û (c) for different values of
c, we separate the parameter interval into a suitably2 chosen
number N of (equidistant) interpolation intervals/bins—see
Fig. 2. The bins are separated by the interpolation of N + 1
grid vertices ci for i ∈ {0, · · · , N}:

ci = cmin + i
�c

N
with �c = cmax − cmin, (14)

for which we compute the corresponding grid unitaries,

Ûi = Û (ci ) = exp(−iĤ (ci )). (15)

To perform the UI for a system parameter c, we decompose it
into a grid vertex ci and an interpolation parameter α(c),

c = ci + α(c)
�c

N
, (16)

2We discuss optimal binning in Appendix F.
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where �c
N is the width of a single interpolation bin. The inter-

polation is performed between adjacent grid unitaries Ûi and
Ûi±1, starting from the closest odd-indexed unitary Ûi with i
mod 2 = 1 toward the closest even-indexed unitary Ûj with
j = i + sign(α(c)), where α(c) = (c − ci ) N

�c ∈ (−1, 1). The
interpolation ÛUI(c) is then constructed using a bin-specific
interpolation operator,

ÛUI(c) = (ÛjÛ
†
i )︸ ︷︷ ︸

=Ŵk

|α(c)|
Ûi. (17)

The interpolation operator Ŵk is uniquely indexed by the
minimum of the indices involved, i.e., k = min(i, j). Here, we
take the absolute value of the interpolation parameter |α(c)|,
which by definition can be negative now, as the interpolation
is performed from the odd-indexed unitaries toward the even-
indexed unitaries.

A. Accuracy analysis

In this subsection we investigate the accuracy of the single
parametric UI and comparing it to Trotterizations. Numerical
results are presented in the corresponding analysis for the n-
parametric generalization in Sec. V E. Using the separation of
the system parameter c into a grid vertex ci and interpolation
parameter α(c)—see Eq. (14)—we can separate the target
Hamiltonian given in Eq. (13),

Ĥ (c) = (Ĥ0 + ciĤ1)︸ ︷︷ ︸
=Âi

+α(c)
�c

N
Ĥ1︸ ︷︷ ︸

=B̂

. (18)

Here we use the operators Âi and B̂ corresponding to the
(interval specific) generators of our analysis in Sec. III. The
binning allows us to rescale the difference operator B̂ to
achieve our target infidelity. We show in Sec. III that the
infidelity scales with the fourth power of the difference op-
erator B̂, so that the infidelity of our binned interpolation is
proportional to O( �c4

N4 ). As a consistency check we give a
symbolically derived BCH expansion in Appendix F 3 a.

By comparison, the infidelity of NT Suzuki-Trotter steps

[7]—see Eq. (G1)—scales quadratically O( c2

N2
T

) both in the
number of steps NT and the parameter amplitude c—see the
BCH expansion in Appendix G 1. Similarly to the N bins
of the UI, the number of Trotter steps NT also rescales the
difference operator B̂ = �c

N Ĥ1.
We can improve on this ansatz by performing NS symmet-

ric Trotter steps (also known as split steps) [31]. In this case,

the infidelity scales as O( c2

N4
S

)—see Eq. (G2)—quadratically
in the parameter amplitude c, but fourth order in the number
of steps NS .

As a side remark, the symmetrization approach used in
the symmetric Trotter method, which removes all odd-ordered
BCH correction terms of NS , does not translate to significant
improvements in the UI. The symmetric (split-step) UI, de-
rived in Appendix H, still has fourth-order correction terms
in the infidelity as the odd-ordered BCH correction terms
are already zero. Thus, this method improves the infidelity
only by a constant factor. Attempts to increase the order of
convergence with an interpolation should instead rely on in-
creasing the number of interpolation roots (i.e., points at

TABLE I. Convergence orders of the infidelity for different
methods. The expansion was performed in orders of O( (�c)r

Ns ), the
Table lists the exponents r and s for the leading-order terms. In
Trotterization schemes time is split into N steps. Similarly, in UI
parameter amplitudes are split into N intervals (bins).

Method r for (�c)r s for Ns

Trotter 2 2
Sym Trotter 2 4
UI 4 4
Sym UI 4 4

which the interpolation is exact)—see also the argument in
Sec. III.

An overview of the leading-order scaling of the different
methods, both in the generators and the infidelity, is given in
Table I.

In Fig. 3 we show the infidelity as a function of the system
parameter c for a single parameter problem. We sample 100
random d = 16-dimensional Hamiltonians generated using
the approach in Appendix C 2, with standard deviation of
the eigenvalues std(Êp) = π/2 and the maximum parameter
amplitude cp,max = 0.025. We compare N ∈ [1, 2, 4, 8] inter-
polation bins and a single Trotter and symmetric Trotter step.
A single (optimized) Trotter step requires same number of
computational steps as the UI. Every doubling in the number
of bins leads to a reduction of the infidelity by a factor of
24 = 16.

B. Construction from cached matrices

Similar to the caching proposed in Sec. III B, we can
cache bin-dependent matrices L̂k , R̂k , and Êk of the Schur

FIG. 3. The target-unitary infidelity of a single parameter prob-
lem using (symmetric) Trotterization and unitary interpolation with
1, 2, 4, or 8 bins. The plot shows one standard deviation of the
infidelity sampled using 100 random d = 16-dimensional Hamil-
tonians with std(Êp) = π/2 and the maximum parameter amplitude
cp,max = 0.025. A single UI interval improves the infidelity of the
symmetric Trotterization by more than three orders of magnitude.
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decomposition of the interpolation operators Ŵk ,

Ŵk = (ÛjÛ
†
i ) = L̂k exp(−iÊk )L̂†

k , (19)

where k = min(i, j) is the minimum of the involved grid
indices, i being the odd index and j = i ± 1 the even index.
Furthermore, we define R̂k = L̂†

kÛi, so that the interpolation
can be calculated via

ÛUI(c) = L̂k exp(−iÊk|α(c)|)R̂k . (20)

The product of the diagonal exponential exp(−iÊk|α(c)|) with
the right side matrix R̂k can be performed as a row-wise
scaling operation, which has complexity O(d2). The relevant
complexity then reduces to a single matrix multiplication.

C. Gradients

Gradient-based optimization techniques, e.g., standard gra-
dient descent [32], noise propagation [33], as well as exact
[34] and approximate second-order optimizers, such as Adam
[35] and L-BFGS [36], require the gradients of the objective
function with respect to the system parameters. Our interpola-
tion scheme allows for the efficient calculation of the gradient
of the unitaries with respect to the system parameter,

dÛUI(c)

dc
= −sign(α)L̂k

iÊkN

�c
exp(−iÊk|α(c)|)R̂k . (21)

This removes the need for either (semi)automatic differen-
tiation [37,38] or analytical gradients from diagonalization
[17,39,40].

V. UNITARY INTERPOLATION
OF MULTIPLE PARAMETERS

We generalize the one-parameter UI to interpolate unitaries
of linear Hamiltonians with n system parameters—see Eq. (1).
First, we generalize the one-parameter interpolation operators
to the n-parameter case in Sec. V A. Afterward, we construct a
regular tiling of n-dimensional parameter spaces and general-
ize the odd-indexed grid to an odd-summed lattice in Sec. V C.
Eventually, we discuss the resulting n-parameter interpolation
scheme in Sec. V D.

A. Displacement operators in n-parameter space

Let us now consider n + 1 unitaries in U (d ), a seed unitary
V̂0 = exp(−iÂ) and n unitaries Ui = exp(−i(Â + B̂i )), with
the difference operator B̂i being the difference between the
generators of V̂0 and V̂i. We construct n one-parameter interpo-
lation operators Ŵ (i), i = 1, . . . , n to displace the seed unitary
V̂0 to the unitaries V̂i,

(Ŵ (i) )αi = (V̂iV̂
†

0 )αi . (22)

The n-parameter interpolation operator Ŵ is constructed as a
product of the one-parameter interpolation operators,

Ŵ (α) =
n∏

i=1

(Ŵ (i) )αi , (23)

with the interpolation parameter vector α = (α1, . . . , αn)T .
The action of this interpolation operator Ŵ (α) on the seed

unitary V̂0 corresponds to an n-parameter interpolation,

V̂ (α) = Ŵ (α)V̂0 =
(

n∏
i=1

(V̂iV̂
†

0 )αi

)
V̂0, (24)

which reproduces the unitaries used in its construction:

V̂ (0) = V̂0 and V̂ (ei ) = V̂i, (25)

where ei is the unit vector in the direction i. The first-order
BCH expansion of the interpolation given in Eq. (24) can
again be calculated from the sum of the generators, weighted
by the interpolation parameters αi, so that we can write

V̂ (α) = exp

(
−i(Â + αT B)︸ ︷︷ ︸

Desired Terms

+
∑

j

p j (α)D̂ j

)
. (26)

The first-order expansion reveals a linear equation of the
interpolation parameters α and the difference operators B =
(B̂1, . . . , B̂n)T , which we can use to approximate unitaries
of n-parameter Hamiltonians defined in Eq. (1). These
are the desired terms. The higher-order (undesired) terms
are represented by a sum of polynomials pj (α)—see also
Eq. (10)—and commutators D̂ j of the generators Â and B̂i,
i.e., D̂1 = [B̂1, B̂2].

The undesired terms must vanish for α = 0 and whenever
α = ei for all i. This (again) requires the polynomials p j (α)
to be at least quadratic in the αi, i.e., αiα j , to satisfy the
n + 1 roots.3 In addition, using the fact that every term in the
interpolation operators defined in Eq. (9) is linear in αi and
at least linear in B̂i, it must follow that the commutators D̂ j

must be at least quadratic in the B̂i—i.e., [B̂i, B̂ j]—as it was
the case for the one-parameter UI.

B. Tiling of the n-dimensional parameter space

To construct the UI of a linear n-parameter Hamiltonian as
the one given in Eq. (1), up to a target infidelity, for amplitude-
constrained system parameters cp ∈ [cp,min, cp,max], we divide
the n-dimensional parameter space V into a regular tiling of
interpolation cells Vi, to uniquely associate every point c ∈ V
with an interpolation cell Vi.

We divide the system parameter (hyper)volume into a sim-
ple cubic (hyper)lattice of N = (N1, . . . , Nn) bins4 along the n
parameter directions and the lattice-site parameter amplitudes

ci = (c1i1 , . . . , cnin

)T
with cp,ip = cp,min + ip

�cp

Np
. (27)

These amplitudes are given by the lattice-site indices i =
(i1, . . . , in), where ip ∈ {0, . . . , Np} and the lattice sizes
�cp = cp,max − cp,min. Analogously we define the lattice-site
unitaries Ûi

Ûi = exp
(−i
(
Ĥ0 + cT

i Ĥ
))

, (28)

3Proof. Any linear polynomial of degree n can be written as p(α) =∑n
i=1 ciαi + c0. From the seed root p(0) = 0, it follows ci = 0. From

the n roots p(êi ) = 0, it follows ci = 0 for all i. So that only the trivial
linear polynomial remains.

4Chosen to achieve a target infidelity, we discuss an approach for
binning in Appendix F.
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FIG. 4. Examples of interpolation lines, areas (rhombus), and
volumes (rhombic dodecahedron) for one, two, and three parameter
UI.

using the lattice-site parameter amplitudes ci. The interpo-
lation operators are then defined from adjacent lattice-site
unitaries Ûi and Ûi+ep , with ep pointing in the pth direction.

C. Voronoi cells

The interpolation (hyper)volumes are constructed as a reg-
ular Voronoi grid [41]. To construct the Voronoi grid, we
choose the odd-summed lattice sites ci with {i | (

∑n
k=1 ik )

mod 2 = 1} as seed points for the Voronoi cells Vi. All points
c that are closer to a seed point ci than any other odd-summed
grid points cj�=i are part of the Voronoi cell Vi,

Vi = {x ∈ Rd |‖x − ci‖ = min
j

‖x − cj‖}. (29)

For points with two or more odd-summed lattice sites at equal
distance, any choice between the neighbors can be made. The
specific method we employ is discussed in Appendix A. In
1D the Voronoi cells divide the parameter space into line
segments, in 2D the areas are given by rhombi and in 3D the
volumes are described by rhombic dodecahedra; see Fig. 4.

D. Unitary interpolation

To approximate a unitary Û (c), we first decompose the
system parameters c into the odd-summed lattice site ci (the
seed of the corresponding Voronoi cell) and interpolation pa-
rameters α = (α1, . . . , αn)T , via

c = ci + α
�c
N

. (30)

The interpolation parameter term α�c
N describes the relative

location with respect to the seed point ci of the corresponding
Voronoi cell.

The interpolation is achieved via the appropriate interpola-
tion operation Ŵi(α),

Ŵi(α) =
n∏

p=1

(
Ûi+bspepÛ

†
i

)|αp|
, (31)

where we use the signed index shift vector sp = sign(αp)ep

for more clarity. The sign of the interpolation parameter αp

determines the direction in which we interpolate from the seed
point ci (up or down the grid). The product is used from the
right to the left

∏s
i=1 xi = xs · · · x2x1. The interpolation is then

FIG. 5. A 2 × 2 Grid segment extracted from a two-parameter
interpolation grid. The arrows point from the seed points along
the approximate trajectory achieved by the one-parameter displace-
ments. The index vectors are expanded into their two components,
i.e., i = (2, 1) → 21. The interpolation is carried out from Û21 via
the interpolation operator D̂21(α).

constructed from

ÛUI(c) = Ŵi(α)Ûi =
⎛
⎝ n∏

p=1

(
Ûi+bspÛ

†
i

)|αp|
⎞
⎠Ûi, (32)

The interpolation procedure that starts at a seed point and ends
at a point within its Voronoi cell is shown in Fig. 5 for a two-
parameter interpolation grid.

E. Accuracy and performance

The decomposition given in Eq. (30) carries over the
Hamiltonian

Ĥ (c) = Ĥ0 + cT
i Ĥ︸ ︷︷ ︸

=Âi

+αT �c
N

Ĥ︸ ︷︷ ︸
=B̂

(33)

and is conveniently separated into the seed Hamiltonian Ai
and the difference operator B̂, which scales with the bin sizes
�c
N . Our analysis in Sec. V A proved that in the same way as

the one-parameter interpolation, the infidelity scales with the
fourth power of the difference operator B̂. Using Eq. (33) we
conclude, that the infidelity is proportional to O( �c4

N4 ) and that
the results in Table I remain valid. The BCH expansion for
n-parameter interpolations is given in Appendix F 3 b.

The leading-order correction is maximal at αp = 1/2 ∀p ∈
{1, . . . , n}. In Fig. 6 we show the infidelity as a function of
the system parameters for a 5 × 5 grid. We compare the
behavior of the UI and its symmetrization (symmetric UI),
which is derived in Appendix H, with that of Trotterization
(Trotter) and symmetric Trotterization (symmetric Trotter).
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FIG. 6. Infidelity map of a two-parameter UI using 5 × 5 bins
and a random Hamiltonian, see Appendix C 2, with std(Êp) =
π/2 ∀p ∈ {1, . . . , n} and �cp = 0.025. The UI achieves an infidelity
of I (c) < 1.37 × 10−10.

The corresponding numerical results are shown in Fig. 7 and
discussed below.

The infidelities in Fig. 7(a) and 7(b) converge according
to the predictions in Table I. In (b) we can see that the UI,
symmetric UI, and symmetric Trotterization are shifted by a
constant factor in the number of steps (bins) N . This factor
strongly depends on the parameter amplitudes cp,max (with
cp,min = 0). In Fig. 7(a) we show the infidelity as a function
of the parameter amplitudes cp,max, highlighting the quadratic
improvement of the UI methods over the Trotterizations for
smaller parameter amplitudes. The symmetric UI improves on
the UI only by a constant prefactor, which in our examples led
to a fourfold reduction in the infidelity, which will generally
not make up for the additional computational cost. Therefore,
we generally recommend using the UI over the symmetric UI.

In Fig. 7(c) the infidelity of a single step (bin) is shown
as a function of the number of system parameters n. Fi-
nally in Fig. 7(d) we show the walltime required to achieve
a target infidelity Itar for a 16-dimensional Hilbert space.
The UI can achieve machine precision [Fig. 7(d)] without
incurring additional computational costs beyond the initial
caching and the computations of a single UI step. Trotter-
ization, however, accumulates initial numerical errors (gray
dashed line) through the repeated squaring of the initial step
in the computation of N = 2 j steps. Furthermore, the repeated
squaring of (symmetric) Trotter steps add to the computational
cost. We find an extrapolated speedup of three times for the
UI over the symmetrized Trotterization in the construction
of unitaries, when extrapolating the fidelity improvements
of the Trotterization methods. Importantly, as was shown in
Fig. 7(b), such fidelities cannot be achieved by Trotter due to
the accumulation of numerical errors by repeated squaring. In
Fig. 8 we compare the computational time as a function of
the Hilbert space dimension for (symmetric) UI and (symmet-
ric) Trotter (using a single step), with (Hermitian) eigenvalue
decomposition-based exponentiation; see Appendix D. All
methods show roughly a O(d3) complexity, with roughly a

10-fold speedup for the matrix product approaches. Greater
speedups are expected for GPU implementations. For a
single step the Trotter approach and UI show similar wall-
times, as they require exactly the same number of matrix
multiplications.

F. Construction from cached matrices

The interpolation given in Eq. (32) can be computed from
cached matrices. Using Eq. (20), we can decompose the one-
parameter interpolation operators via Schur decomposition
into eigenvector and diagonal eigenvalue matrices V̂i,i±ep and
Êi,i±ep . The decomposition then reads(

Ûi+spÛ
†
i

) = V̂i,sp exp
(−iÊi,sp

)
V̂ †

i,sp
. (34)

The diagonal eigenvector matrices Êi,sp are stored as vectors.
From the eigenvector matrices we define the cached matrices

L̂i,sn = V̂i,sn , R̂i,s1 = V̂ †
i,s1

Ûi, Ĉi,sm+1,sm = V̂ †
i,sm+1

V̂i,sm . (35)

Using these cached matrices, we can construct the UI via

ÛUI(α) = L̂i+sn exp
(−iÊi+sn |αn|

)
×
⎛
⎝n−1∏

p=1

Ĉi,sp+1,sp exp
(−iÊi+sp |αp|

)⎞⎠R̂i+s1 . (36)

The multiplication of the diagonal exponentials
exp(−iÊi+sp |αp|) can again be performed as a row-wise
scaling operation with negligible computational cost,
effectively reducing the computational cost to n matrix
multiplications.

G. Gradients

In Sec. IV C we discussed the utility of calculating the
gradients of the unitaries with respect to the system pa-
rameters. These gradients are efficiently calculated from the
cached matrices. For the derivative ∂

∂cp
, we replace the energy

exponential exp(−iÊi+sp |αp|) in Eq. (36) with its derivative

− iÊi+sp Np

�cp
exp(−iÊi+sp |αp|).

To avoid unnecessary matrix operations in the compu-
tation of the derivatives, we adapt the differentiation trick
from Ref. [15]. Let Û (c) = (

∏n
p=1 ĈpÂp(αp))Ĉ0 be the matrix

product of an n-parameter interpolation, where we neglect
the grid indices for readability. We replace L̂ with Ĉn, R̂
with Ĉ0, and the diagonal-matrix exponential terms with
Âp(αp). The gradients can be calculated efficiently via the
chain rule, by first definining P̂0 = Û (c)Â†

0(c0)Ĉ†
0 , Q̂0 = Ĉ0,

and then iteratively starting from i = 1 to i = N calculating
P̂i = P̂i−1(Âi(ci )Ĉi )†, then dÛ (c)

dci
= P̂i

dÂi
dci

Q̂i−1 and then updat-

ing Q̂i = (ĈiÂi(ci ))Q̂i−1.
This requires only three additional matrix multiplications

per derivative, and compares favorably with diagonalization-
based differentiation, which requires four additional ma-
trix multiplications per system parameter; see Eq. (10) in
Ref. [34].
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FIG. 7. Comparison of (symmetric) UI and (symmetric) Trotterization methods for the construction of unitaries. The infidelity I is shown
as a function of (a) the maximum parameter amplitudes cp,max, (b) the number of Trotter steps or bins N , and (c) the number of system
parameters n. The walltime t needed to achieve a target infidelity Itar is shown in panel (d) for different numbers of Trotter steps and bins,
using powers of two, i.e., 1, 2,..., 2k Trotter steps/bins. Results are sampled 100 times for every datapoint from d = 16-dimensional random
Hamiltonians, constructed via the procedure in Appendix C 2, with std(Êp) = π/2 ∀p ∈ {1, . . . , n}. By default the unvaried parameters are set
to the maximal parameter amplitude of cp,max = 0.025, n = 2 system parameters and a single N = 1 Trotter step (interpolation bin). These
default values are highlighted by the vertical gray dashed lines when varied in a plot.

VI. STATE EVOLUTION

Tasks such as state transfer optimization [15] or the opti-
mization of subsystem dynamics [16] do not require the full
unitary but only its action on a wave function |ψ〉 = Û |ψ0〉
or a (sampled) set of wave functions.

While this does not impact the caching routine, it allows
us to replace matrix-matrix operations with time complexity
O(d3) with matrix-vector operations with time complexity
O(d2) once the cache is constructed. Trotterization techniques
can benefit from the improved scaling as well, but at the
cost of performing Trotter steps sequentially. The repeated
squaring approach explored in Sec. V E, that allowed the
construction of exponentially many Trotter steps T 2 j

1 = Tj via
j iterative steps Tj+1 = T 2

j is no longer possible. Furthermore,

the divide and conquer method used in the eigendecompo-
sition of the Hamiltonian can not profit from this, and is
replaced by direct computation of the action of the matrix ex-
ponential onto the wave function via Lanczos iterations [43].

To compare this approach with the other methods, we
adeveloped a CYTHON [44] version of the scipy imple-
mentation [42]. To improve the performance, we reuse the
computation of the hyperparameters of the Lanczos algorithm
to reach a target accuracy between different exponentiations,
further speeding up the procedure with respect to the scipy
implementation.

In Fig. 9 we compare the time to reach a target infidelity for
the different methods. The UI achieves machine precision one
order of magnitude faster than the Lanczos algorithm, which
already outperforms Trotter-based methods.

043278-8



EXPONENTIATION OF PARAMETRIC HAMILTONIANS … PHYSICAL REVIEW RESEARCH 6, 043278 (2024)

FIG. 8. Walltime required to compute a unitary as a function of the Hilbert space dimension d . We compare eigh [42], a single (symmetric)
Trotter step, or the (symmetric) unitary interpolation for (a) single parameter and (b) two-parameter problems, using the system parameters
from Fig. 7. Both eigh and (symmetric) unitary interpolation achieve machine precision in this time, whereas the fidelity of a single Trotter
step is about 10−4, as explored in Fig. 7.

VII. CACHING

The UI replaces the repeated diagonalization of Hamil-
tonians with the initial creation of an interpolation cache.
This cache scales as O(

∏n
i=1 Ni ), where Ni is the number of

interpolation bins along the ith parameter direction (a precise
formula for the cache size is derived in Appendix E).

To reduce cache size while maintaining accuracy, we
optimize the cache size. As a constraint, we require that
the accuracy of the constructed unitaries is below a tar-
get infidelity Itar. The optimization routine is developed
in Appendix F. Our approach consists of three main
steps:

× ×

FIG. 9. Required walltime for state evolution to reach a target infidelity for (a) single parametrer and (b) two-parameter problems, using
the system parameters from Fig. 7. The Trotter-based methods perform worse, because every step has to be executed. Expm multiply [42]
computes the action of the Hamiltonian onto the wave function using the Krylov subspace method with Lanczos iterations [14]. We find the
UI to be about 10 times faster than the Krylov subspace method.
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TABLE II. Required cache size C as a function of system parameters n, the maximum parameter amplitudes cp,max (and cp,min = 0), the
error of the optimization in determining the optimal binning, and the accuracy of the infidelity estimation. Cache is supposed to achieve
Itar = 10−12. The worst estimation with a relative Error >1% is highlighted in red.

n Parameter amplitudes Cache size Rel. err. cache optimum Rel. acc. infidelity

1 [2.5]10−2 9.6 ± 1.7 0 ± 0 (1.7 ± 1.3)10−3

2 [2.5, 1]10−2 (1 ± 0.3)102 (1.9 ± 6.8)10−3 (8.7 ± 8)10−2

2 [2.5, 2.5]10−2 (2.4 ± 0.7)102 (9.3 ± 44.1)10−4 (2.10 ± 2.6)10−2

3 [2.5, 1, 1]10−2 (1.3 ± 0.5)103 (4.6 ± 12.3)10−3 (8.9 ± 6.5)10−2

3 [2.5, 2.5, 2.5]10−2 (7.8 ± 2.6)103 (1.1 ± 3.7)10−3 (7.4 ± 5.4)10−2

4 [2.5, 1, 1, 1]10−2 (2 ± 0.9)104 (?)(2.6 ± 4.3)10−2 (8.10 ± 7.6)10−2

4 [2.5, 2.5, 2.5, 2.5]10−2 (3.1 ± 1.3)105 (5.8 ± 12.4)10−3 (9.4 ± 6.4)10−2

(1) Estimate the maximum infidelity I (N) as an inverse-
square relationship of the binning configuration N

I (N) ≈ 1

d + 1

n∑
i� j

1

N2
i N2

j

Ti j, (37)

where Ti j = 2Re[Tr(Â2
i j )] are bidirectional error terms con-

structed via Eq. (F4). We compare an interpolation using a
test binning (a single interpolation cell and Ni = 1 for all i)5

with the exact diagonalization at the halfway point along the
ith and jth axis.

The approximation is based on our previous results for the
convergence order from Sec. V E and can be derived from
the n-dimensional Taylor expansion of the infidelity in orders
of 1

Ni
for i ∈ {1, . . . , n}. The cache optimization is performed

using Eq. (37) for the infidelity. The test binning has to be
performed only once, to estimate the parameters Ti j .

(2) We increase the cache size to reach the target infidelity
Itar, by iteratively increasing the number of bins along the axis
j that has the highest ratio of infidelity decrease to cache size
increase; see Eq. (F6).

(3) We this solution via two additional optimization pro-
cedures:

(i) Using a local search, we check if any neighboring
positions have lower cache size while maintaining an esti-
mated infidelity below Itar. We repeat this until no further
improvement is possible.

(ii) Using a diagonal search, we decrease the binning
test-wise in one direction, we can find the first binning in
a second direction, so that the infidelity is below Itar and
except the resulting binning, if the resulting cache size is
smaller than before. Again, we repeat this procedure until
no further improvement is possible.
We compare the quality of the bin optimization with results

from exhaustive search, in Table II, sampled 100 times for dif-
ferent parameter amplitude combinations, cp,max ∈ {0.25, 1.0}
for Hamiltonians with std(Êp) = π/2, and number of parame-
ters n. This demonstrates that we can estimate the infidelity
with less than 10% error, and find bin optima typically within
1% of the optimal binning.

5Test binnings with other values of Ni can be performed by rescal-
ing �ci accordingly.

VIII. CONCLUSION

In this work we derived a new framework for the re-
peated computation of unitaries Û (c) generated by parametric
Hamiltonians Ĥ (c) with varying system parameters c. We
used two key insights to speedup such computations. First,
UI guarantees fourth-order convergence in system parameters
cp and interpolation bins Ni. Second, the interpolation can be
performed on a grid, which allows us to (in principle) reach
arbitrary numerical precision. The interpolation requires the
same amount of matrix multiplications as a single Trotter step,
but with the benefit of only requiring one step to achieve ma-
chine precision, whereas Trotterization needs to be repeated
to achieve desired target accuracies.

We optimized the binning to further reduce the time and
space needed for caching matrices as this remains the main
bottleneck especially for systems with many system param-
eters or large variation in the parameter amplitudes �cp =
cp,max − cp,min. A further limitation is the reliance on dense
operators. It remains unclear whether the interpolation can
bring additional speedup for sparse operators.

All methods were implemented in Cython (C compiled for
use in python) [44] and are available at Ref. [45]. The code
can be installed via pip using: pip install unipolator.
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APPENDIX A: FINDING THE ASSOCIATED
VORONOI CELL

To determine the interpolation cell, in which a point c lies,
we need to find the closest odd-summed lattice site ic. We do
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FIG. 10. The infidelity distribution of a two-dimensional UI, its
mean, and the bounds of both the classical and asymmetric standard
deviation. The values below the mean are clustered more strongly
in two peaks, whereas the values above the mean are more spread
out, with very few large values contributing the most to the standard
deviation.

this by first finding the closest lattice site ĩ = (ĩ1, . . . , ĩn) with

ĩp =
⌊

N (cp − cp,min) + 0.5

�cp

⌋
, p = 1, . . . , n. (A1)

If the lattice site is odd-summed, i.e.,
∑n

p=1 ĩp mod 2 = 1,
then ic = ĩ, otherwise we need to find the closest odd-summed
lattice site i. To do so, we calculate the relative location α̃

between c and the closest lattice site

α̃ = c − cĩ, where cĩ = cmin + ĩ
�c
N

. (A2)

The interpolation cell i is then found by moving in the direc-
tion of the largest component m = argmaxp|α̃p| of α̃, so that

i = ĩ + sign(α̃m)em. (A3)

In case there are multiple largest components, we choose the
one with the smallest index m.

APPENDIX B: ASYMMETRIC STANDARD DEVIATIONS

The infidelity distribution of the UI (but also of the Trot-
terization schemes) as a function of the system parameters
is not normally distributed; see Fig. 10. As a result the use
of a standard deviation can be misleading. Furthermore, as
the average infidelity approaches zero (with increasing num-
bers of bins or Trotter steps), the standard deviation can be
larger than the average, which would suggest values outside
of the possible range I ∈ [0, 1]. We therefore decided to use
an asymmetric standard deviation, with separately calculated
standard deviations for values below and above the average

infidelity. We calculated this standard deviation using the fol-
lowing formula:

stdmin(I) =
√√√√∑Ii�Iavg

(Ii − Iavg)2(∑
I�Iavg

1
)− 1

,

stdmax(I) =
√√√√∑Ii�Iavg

(Ii − Iavg)2(∑
I�Iavg

1
)− 1

. (B1)

The asymmetric standard deviations are used throughout this
paper and are either given by error bars or by a transparent
area around a line plot.

APPENDIX C: ESTIMATING AVERAGE INFIDELITIES

In this paper we construct the average infidelity of the in-
terpolation (approximation) with respect to the exact unitary.
For this purpose we average the infidelity over

(1) all possible states (analytically);
(2) sampled Hamiltonians with a gaussian eigenvalue dis-

tribution (numerically);
(3) the parameters within the interpolation/approximation

hypervolume (semianalytical).
In the following sections we explain the procedures for

each of those averaging procedures. For completeness we
also estimate the maximum infidelity over the space of
interpolation/approximation parameters.

1. Averaging infidelity over possible states

The fidelity F (|�〉) for an initial state �, between an ap-
proximated time evolution Ûap and the exact evolution Ûex

is given by the probability that the approximated final state
Ûap |�〉 collapses onto the exact final state Ûex |�〉 when mea-
sured in an eigenstate of the final state:

F (|�〉) = |〈�|Û †
exactÛapprox|�〉|2. (C1)

Using the overlap operator M̂ = Û †
exactÛapprox the fidelity can

be written in the short form:

F (|�〉) = |〈�|M̂|�〉|2. (C2)

Equivalently the infidelity is defined as I (|�〉) = 1 − F (|�〉),
and corresponds to the rate of error for a measurement in the
eigenbasis of Ûexact. Integrating the infidelity F (|�〉) over the
space of all normalized wave vectors |�〉 we use

Iav
def=1 −

∫
|〈�|M̂ |�〉 |2dS2d−2 = d

d + 1
− |Tr(M̂ )|2

d (d + 1)

(C3)

for the average infidelity, as derived in Eq. (4.4) in Ref. [46]
and more approachably derived again in Ref. [47]. where d
refers to the d × d-dimensional overlap operator M̂ ∈ Cd×d .

2. Sampling random Hamiltonians

We average the infidelities using random Hamiltonians
Ĥ of Hilbert space dimension d with normally distributed
random eigenvalues Êi = N (0, σ 2), as this emulates the
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eigenvalue distribution of large collections of particles (Stir-
ling limit). Starting from these randomly selected eigenvalues,
we construct the Hamiltonians via the transformation Ĥ =
Ûdiag(Ê )Û †, where Û is a random unitary matrix (generated
from a Haar measure).

a. Generating Haar measure random unitaries

We generate s-dimensional random unitaries Û (from a
Haar measure) using the following procedure:

(1) generate a random complex matrix X̂ of size d ×
d with real and imaginary parts chosen using normally
distributed pseudo random numbers (using the PCG-64 algo-
rithm [48]) X̂i, j = N (0, 1) + iN (0, 1);

(2) extract a unitary matrix Û from X̂ using the QR
decomposition (Gram-Schmidt orthogonalization and normal-
ization) Û , R̂ = QR(X̂ ).

3. Averaging infidelity
over the interpolation/approximation volume

We estimate the average infidelity over the
interpolation/approximation by fitting a set of basis
functions uUI(α, j) to samples of the infidelity within
the interpolation/approximation volume. For each basis
function we cache the average infidelity, which we calculate
analytically. The average infidelity is then given by the
weighted sum of the basis function averages, where the
weights are the coefficients of the basis function expansion,
determined via the regression procedure.

a. Basis functions

We choose n-dimensional polynomial basis functions of
degrees 1 to m,

u(α, j) =
n∏

i=1

α
ji
i with 1 �

n∑
i=1

ji � m, (C4)

using the fact that at α = 0 both approximation and inter-
polation is exact [Iav(α = 0) = 0]. We then approximate the
infidelity as a linear combination of the basis functions

I (α) ≈
1�‖j‖�m∑

j∈Nn

cju(α, j). (C5)

The coefficients cj are estimated by linear regression of sam-
ple values of the infidelity at randomly chosen points in the
interpolation volume. There are (m + n

n ) − 1 basis functions of
degrees 1 � ‖j‖ � m, which we can estimate accurately by
sampling (m + n

n − 1 ) − 1 points. Furthermore, we can use the fact
that in the case of the UI the infidelity returns to zero at
the corners I (α = êk ) = 0, where êk for k = 1, . . . , n are the
unit vectors in the kth direction. This reduces the number of
required sample points by n.

b. Average infidelities

We calculate the average infidelity by integrating over the
interpolation/approximation volume. This is accomplished by
calculating and caching the average infidelity of the basis
functions u(j) over the interpolation volume, and reusing the

regression coefficients cj:

Iav ≈
1�‖j‖�m∑

j∈Nn

cju(j). (C6)

The integration of the basis functions has to be performed
separately for UI and Trotter techniques, due to the different
interpolation volumes. We focus on the positive quadrant αi �
0 ∀i ∈ [1, n], as all other quadrants are structurally equivalent.

Average infidelity of Trotterizations. For Trotterizations the
interpolation volume is given by a hypercube, which allows
for the separation of the n-dimensions in the integral

uTr(j) = 1

VTr

∫
VTr

uTr(α, j)dα

=
n∏

i=1

∫ 1

0
α

ji
i dαi =

n∏
i=1

1

ji + 1
. (C7)

Average infidelity of the unitary interpolation. In the case
of the UI the solution is not as straightforward, as we need to
integrate over the interpolation cells. Using Eq. (30), i.e., the
definition of the Voronoi cells, Eq. (29) can be restated as

αp ∈ (−1, 1) ∀ p ∈ {1, . . . , n},
|αp| � 1 − |αq| ∀ q �= p ∈ {1, . . . , n}. (C8)

For every direction the integral is limited by the largest com-
ponent αmax, so that all other components αi satisfy αi �
min(αmax, 1 − αmax). Therefore, we split the integral into n
cases, one for each parameter, so that that parameter is the
largest component in α:

uUI(j) = 1

VUI

∫
VUI

u(α, j)dα

= 1

VUI

n∑
i=1

∫ 1

0
α

ji
i

⎛
⎝ n∏

h �=i

∫ min(αi,1−αi )

0
α

jh
h dαh

⎞
⎠dαi,

(C9)

with the hypervolume VUI = 2n−1. We split up this integral
further into the two cases αi ∈ [0, 1/2] and αi ∈ (1/2, 1], to
remove the min function in the integral bounds:

uUI(j) = 1

VUI

n∑
i=1

∫ 1/2

0
α

ji
i

⎛
⎝ n∏

h �=i

∫ αi

0
α

jh
h dαh

⎞
⎠dαi

+ 1

VUI

n∑
i=1

∫ 1

1/2

α
ji
i

⎛
⎝ n∏

h �=i

∫ 1−αi

0
α

jh
h dαh

⎞
⎠dαi

= 1

VUI

n∑
i=1

∫ 1/2

0
α

ji
i

⎛
⎝ n∏

h �=i

α
jh+1
i

jh + 1

⎞
⎠dαi

+ 1

VUI

n∑
i=1

∫ 1

1/2

α
ji
i

⎛
⎝ n∏

h �=i

(1 − αi ) jh+1

jh + 1

⎞
⎠dαi. (C10)

This expression can be expanded into a polynomial sum
and can be evaluated quickly for every basis function (in our
case via vector operations).
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× ×

× ×

FIG. 11. Infidelity maps of two-parameter UI (a) and Trotterization (c) with sample points at a point ratio of 2.0 in blue and boundary
condition points in orange with known vanishing infidelity, from which we construct an approximation to the infidelity map using second-order
Taylor expansion (neglecting zeroth-order terms). The difference between the estimation and the true infidelity map for unitary interpolation
and Trotterization are shown in panels (b) and (d), respectively. We find a relative accuracy of <10−4 for the unitary interpolation and <10−7

for the Trotterization. The fit works extremely well close to the sample points used in the estimation, the decrease in accuracy can be seen in
the top-right corner of panel (b) and bottom-right corner of panel (d).

c. Standard deviations

To evaluate the asymmetric standard deviations from the
average infidelity, we sample the fitted infidelity function at
100 randomly chosen sample points. This allows a fast evalu-
ation of the standard deviation, as the contribution of every
basis function can be cached for every sample point, thus
avoiding the evaluation of the matrix exponentials.

d. Quality of the basis function estimates

We test the quality of the basis function approach to ap-
proximate the average infidelity using two times as many
sample points as fit parameters. In Fig. 11 we show the in-
fidelity maps of the two-dimensional UI and Trotterization
and the deviations from the true infidelity as a function of the
system parameters. We find low relative errors of <10−4 for
the UI and <10−7 for the Trotterization across the space of
system parameters with high accuracies close to the sample

points used in the estimation. We found that using just as
many sample points as fit parameters is sufficient to obtain a
good approximation as long as the infidelities do not approach
the double precision limit of 10−16, we avert this problem
via the choice of two times as many sample points as fit
parameters. In Fig. 12 we explore the behaviour of the fit
method for UI, symmetric UI, Trotterization, and symmetric
Trotterization as a function of number of system parameters.
For The UI-based approaches the accuracy remains stable,
whereas for Trotterization it decreases from 10−7 to 10−4 for
two and seven system parameters, respectively.

APPENDIX D: (HERMITIAN) EIGENVALUE
DECOMPOSITION

In Fig. 8 we compare the matrix product approaches
(Trotterizations and UI) to eigenvalue decomposition-based
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FIG. 12. The relative accuracy of the fit using a point ratio of
2.0 for Trotterization and unitary intepolation techniques as a func-
tion of the number of system parameters. The relative accuracy is
computed for 100 systems with 100 sample points each. At each
of the sample points i ∈ {1, . . . , 100} we calculate the difference
di = |Ii,fit − Ii,true| between the true infidelity at the point and the
prediction prediction using the fit technique. The relative accuracy
at each point is calculated via ri = di

mean(Itrue ) . Importantly, we find
relative accuracies beyond 10−3 and higher relative accuracies in
estimating the infidelity for less accurate methods.

exponentiation. These are calculated via

Û = exp(−iĤ ) = V̂ exp(−iÊ )V̂ †, (D1)

with eigenvalues E = diag(Ê ) and eigenvector matrices V̂
determined for Ĥ via the Lapack function zheevd [49] for
the eigenvalue decomposition of Hermitian matrices, which
utilizes the optimized divide-and-conquer method.

APPENDIX E: CACHE SIZE

We want to analyze the computational demand of creating
the cache and the memory requirements of the cache. We can
count the number of cached matrices from the grid. For every
edge i ± s1 along the first parameter direction, we store one
L̂i±s1 matrix, likewise we store one R̂i±sn matrix for every edge
i ± sn along the last parameter direction, leading to

#L̂ = N1

n∏
i=2

(Ni + 1) and #R̂ = Nn

n−1∏
i=1

(Ni + 1). (E1)

For every grid point i we store as many Ĉi,sp,sp+1 matrices as
there are quadrants next to it, so that the number of cached
matrices is given by the number of odd-summed grid points
around a (hyper)cubic unit cell 2n−1 times the number of
quadrants

∏n
i=1 Ni

#Ĉ = 2n−1
n∏

i=1

Ni. (E2)

The overall number of cached matrices is then given by

C(N) = #Ĉ + #L̂ + #R̂

= 2n−1
n∏

i=1

Ni + N1

n∏
i=2

(Ni + 1) + Nn

n−1∏
i=1

(Ni + 1).

(E3)

In addition we store one eigenvalue vector Êi,sp for every
edge i → i + sp of the grid, leading to a cummulative #Ê =∏n

i=1 Ni. The cache is constructed by
(1) computing the grid point unitaries Ûi for all grid

points i;
(2) applying an eigendecomposition to the product of the

edges vertex unitaries for every edge i + sp of the grid as
defined in Eq. (35) to obtain the eigenenergies Ê and eigen-
vectors V̂ ;

(3) constructing the cached matrices L̂, Ĉ, and R̂ as defined
in Eq. (30).

APPENDIX F: OPTIMAL BINNING

In practice we wish to approximate our unitaries with guar-
anteed target precision Itar, while requiring the least amount
of caching. To facilitate this we approximate the maximum
infidelity of different binnings N as a polynomial function of
the bin widths �ci(Ni ) = ci,max−ci,min

Ni
, using constants derived

from a test binning (for example, a Ni = 1 ∀i ∈ {1, . . . , n}).
We then proceed to develop an optimization routine.

We expand the average infidelity given in Eq. (C3) of the
UI into a Taylor expansion, using Eq. (F16). The leading-order
corrections in the exponent of the overlap operators M̂ are of
the type

M̂ = Û †
exact(α)ÛUI(α, N)

= exp

(
n∑

i, j=1

1

NiNj
αiα j Âi j + O(N−3)

)
, (F1)

where the Âi j are linear combinations of commutator terms
involving a single Ĥi, Ĥj and different numbers of Ĥ0.6 To
estimate the maximum infidelity of the interpolation, we set
αi = 1

2 ∀i ∈ {1, . . . , n}. The trace Tr(Âi j ) = 0 must be zero,
as all terms in Âi j are constructed from commutators, and
commutators are traceless. Therefore in leading-order Taylor
expansion the trace is given by

Tr(M̂ ) = d+
n∑

i< j
k<l

1

16NiNjNkNl
Tr(Âi j Âkl ) + O(N−6). (F2)

In Appendix F 2 we show that the traces Tr(Âi j Âkl ) are
dominated by terms with i, j = k, l , while terms i, j �= k, l are
suppressed. We therefore neglect these terms in our expansion
of the trace of M̂:

Tr(M̂ ) = d +
n∑

1�i< j

1

16N2
i N2

j

Tr
(
Â2

i j

)+ O(�c6). (F3)

6The 1D case represents an exception, where i = j = 1 and the
commutators involved have two Ĥi and at least one Ĥ0 term.
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Lacking an efficient way to compute the terms Âi j or even just generally deriving the commutator terms, we instead approximate
at the point of maximum infidelity using

Âi j ≈ Û †
exact(αi = α j = 1

2 , αk �=i, j = 0)ÛUI(αi = α j = 1
2 , αk �=i, j = 0, Ni = 1)) − I −

{
0 i = j
(Âii + Â j j ) i �= j

. (F4)

Here we remove other terms depending only on i or j from
the approximation, as they are also included in the unitaries
but depend on 1

N4
i

. We cache the traces Ti j = 2Re[Tr(Â2
i j )]

once at the beginning of the procedure, to then repeatedly
approximate the infidelity as

I (N) = 1

d + 1

n∑
i� j

1

N2
i N2

j

Ti j + O
(

1

N6

)
, (F5)

to optimize the number of bins N.

1. Optimization of binning

The bin optimization is divided into three steps. First, we
increase the number of bins N to achieve an estimated in-
fidelity below the designated threshold I (N) < Itar. We then
decrease the number of bins in two steps, to minimize the
number of bins C(N) while keeping the infidelity below the
target infidelity.

a. Increasing cache size to reach a target infidelity

We start with an initial binning N (0)
i = 1 ∀i ∈ {1, . . . , n}. In

every iteration of the optimization, we increase the bin count
by one (N (k+1)

i = N (k)
i + 1) for one-parameter direction i, and

keep all other directions constant N (k+1)
h = N (k)

h ∀h �= i. For
every direction j ∈ {1, . . . , n}, we calculate the ratio L j of the
infidelity decrease to the cache size increase,

L j (N(k) ) = I (N(k) ) − I (N(k) + e j )

C(N(k) + e j ) − C(N(k) )
, (F6)

and choose the direction i with the largest ratio,

i = argmax jL j (N), (F7)

for the increase of Ni + 1. The procedure ends once the esti-
mated infidelity is below the target infidelity I (N(k) ) < Itar.

b. Decreasing cache size while staying below a target infidelity

In every optimization step we decrease the bin number by
one in one direction N(k+1)

i = N(k)
i − 1, where we choose the

direction i with the largest decrease in cache size, which still
keeps the infidelity below the target infidelity,

i = argminiC(N − ei ) ∀i : I (N − ei ) < Itar. (F8)

This procedure ends, when the current binning N is the small-
est binning, which still keeps the infidelity below the target
infidelity I (N) < Itar. In our tests, this procedure consistently
found optima that were within 1% of the optimal binning, as
determined by exhaustive search, while reducing the number
of bins by 50%.

c. Further decrease in cache size

We further refine the previous step, by utilizing a con-
strained analytical solution to find the number of bins in
direction m, so that the estimated infidelity I (N) is equal to the
target infidelity Itar, while at the same time keeping the other
binnings Nj �=m constant. Using Eq. (F5) and substituting both
si = 1

N2
i

and Ti j

d (d+1)) = Pi j , we can rewrite the target infidelity
condition as:

0 = I (s) − Itar

=
n∑

i< j

sis jPi j +
n∑

i=1

s2
i Pii − Itar

=
n∑

i< j
i �=m �= j

sis jPi j +
n∑

i �=m

s2
i Pii − Itar

︸ ︷︷ ︸
=Imin−Itar=I0

+sm

n∑
j �=m

s jPm j

︸ ︷︷ ︸
=Qm

+s2
mPmm.

(F9)

We solve this quadratic equation so that

sm,± = − Qm

2Pmm
±
√(

Qm

2Pmm

)2

− I0

Pmm
. (F10)

This equation only has relevant solutions if Imin < Itar → I0 <

0. We are furthermore interested in the smallest positive so-
lution of sm,±, which we call sm,min. If such a solution exists,
then determine Nm = 1

s2
m,min

.

We can now optimize the binning via test-wise reduction
of one of the bin numbers by one N (k+1)

i = N (k)
i − 1 and

then calculating the optimal bin number N (k+1)
m (N (k+1)

i �=m ) for
each of the other directions m. We then repeat this procedure
for every test-wise reduction of one bin number, and choose
the reduction combination (i, m), which leads to the largest
decrease in cache size, while keeping the infidelity below the
target infidelity. We repeat this procedure until no reductions
can be found.

2. Traces of products of traceless operators

We consider the traceless operators Ai j and Akl from Ap-
pendix F. We show that terms with i j �= kl are (statistically)
significantly smaller than terms with i j = kl . To show this,
let us expand the operators into the generalized Pauli matrices
(n-qubit Pauli matrices):7

Âi j =
4n−1∑
μ=0

aμσ̂μ, and Âkl =
4n−1∑
ν=0

bν σ̂ν . (F11)

7For systems that cannot be decomposed into qubits, we can simply
add dimensions with zero valued entries in Âi j and Âkl .
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TABLE III. The accuracy of the approximation in Eq. (F5) using
randomly generated and trace-orthogonalized Hamiltonians Ĥp. The
relative accuracy Iest−Iexact

Iexact
is estimated for different numbers of pa-

rameter terms n ∈ [2, 3, 4] and Hilbert space dimension s ∈ {4, 16},
each sampled 100 times according to Appendix C 2. In one- and
two-parameter dimensions the relative error is limited by machine
precision. For larger n the relative errors are about one order of
magnitude smaller than the values. The trace-orthogonalazied Hamil-
tonians behave similar to the unorthogonalized ones.

n s Rel. acc. Rel. acc. (orthogonalized)

1 4 (6.59 ± 49.48)10−6 (1.65 ± 8.79)10−6

1 16 (7.87 ± 9.54)10−9 (1.06 ± 1.50)10−8

2 4 (3.31 ± 4.82)10−8 (4.67 ± 8.05)10−8

2 16 (1.92 ± 0.95)10−8 (1.64 ± 0.95)10−8

3 4 (2.71 ± 2.75)10−1 (2.25 ± 2.24)10−1

3 16 (6.42 ± 4.72)10−2 (7.24 ± 5.47)10−2

4 4 (3.37 ± 3.04)10−1 (2.81 ± 2.55)10−1

4 16 (9.74 ± 7.69)10−2 (8.32 ± 5.91)10−2

Here the particular indexing of the Pauli matrices is not impor-
tant, as long as the same indexing is used for both operators.
We find that the trace of the product of the two operators is
given by

Tr(Âi j Âkl ) =
4n−1∑
μ,ν=0

aμbνTr(σ̂μσ̂ν ) =
4n−1∑
μ=0

aμbμTr
(
σ̂ 2

μ

)
, (F12)

where we used the fact that the trace of the product of two
Pauli matrices is zero Tr(σ̂μσ̂ν ) = dδμ,ν . We therefore con-
clude that

Tr(Âi j Âkl ) = 2d‖a‖‖b‖ cos(θ ). (F13)

For diagonal terms i j = kl we have cos(θ ) = 1, so that
Tr(Ai jAi j ) = d‖a‖2, while for off-diagonal terms i j �= kl
the result will depend on the angle between the matrices.
We assume that the Pauli vectors a and b are randomly
distributed In Table III we show this to also be a valid approx-
imation for trace-orthogonal Hamiltonian terms Tr(ĤiĤ j ) =
0 ∀i �= j. The cosine of the angle cos(θ ) between two ran-
dom vectors a and b isotropically sampled from the unit
(hyper)sphere, has the following n-dimensional isotropic
distribution [50]:

p(cos θ ) = �
(

n
2

)
√

π�
(

n−1
2

) (1 − cos2 θ )
n−3

2 for − 1�cos θ � 1,

(F14)

with expectation value E[cos(θ )] = 0 and variance
Var[cos(θ )] = E[cos(θ )2] = 1

d2 . We therefore conclude that
the trace of the off-diagonal terms will be E[Tr(Ai jAkl )] = 0
with variance Var[Tr(Ai jAkl )] = 1

d2 ‖a‖‖b‖—see Eq. (F13).

3. BCH expansion of unitary interpolations

a. One-parametric unitary interpolation

The BCH expansion of the one-parametric UI to third order reveals the leading undesired terms

ÛUI(α) = exp

⎛
⎜⎜⎜⎝−i

⎛
⎜⎜⎜⎝

Desired Terms︷ ︸︸ ︷
Ĥ0 +
(

c0 + α
�c

N

)
Ĥ1 −

Undesired Terms︷ ︸︸ ︷
�c2

12N2
(α2 − α)[[Ĥ0, Ĥ1], Ĥ1] + O

(
�c2

N2

)⎞⎟⎟⎟⎠
⎞
⎟⎟⎟⎠. (F15)

b. Multiparametric unitary interpolation

Similarly the BCH expansion for the multiparametric UI reveals

ÛUI(α) = exp

⎛
⎜⎜⎜⎜⎝−i

⎛
⎜⎜⎜⎜⎝

Exact Hamiltonian︷ ︸︸ ︷
Ĥ0 +

n∑
m=1

ck

Nk
Ĥm

⎞
⎟⎟⎟⎟⎠+

Corrections︷ ︸︸ ︷
1

2

n∑
1�p<q

αpαq
�cp�cq

NpNq
[Ĥp, Ĥq] + O

(
�c2

N2

)
⎞
⎟⎟⎟⎟⎠. (F16)

APPENDIX G: BCH EXPANSIONS OF TROTTERIZATIONS

1. Suzuki-Trotter

The BCH expansion of a Hamiltonian as the one defined in Eq. (1) into N Trotter steps, of an n-parameter problem, reveals

ÛTr(c) =
⎛
⎝
⎛
⎝ n∏

p=1

exp

(
−i

Ĥp

N
cp

)⎞⎠ exp

(
−i

Ĥ0

N

)⎞⎠N

= exp

⎛
⎝−i

⎛
⎝Ĥ0 +

n∑
p=1

cpĤp

⎞
⎠− 1

2N

⎛
⎝ n∑

p=1

cp[Ĥ0, Ĥp] +
n∑

1�p<q

cpcq[Ĥp, Ĥq]

⎞
⎠+ O

( c

N

)⎞⎠
⎞
⎠. (G1)
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Each of the parametrized exponentials can be eigendecomposed (as in the UI) as V̂iÊiÊ
†
i = Ĥi. The product of the adjacent

eigenvector matrices in the construction of the expression in Eq. (G1) can be precomputed Ĉi = V̂ †
i+1V̂i and cached together with

the eigenvalues Êi. Hence, a single Trotter step requires the same number of matrix multiplications as the UI. N = 2 j Trotter
steps can be computed from a single Trotter step ÛTr by repeated squaring Û 2 j

Tr = Û 2 j−1

Tr Û 2 j−1

Tr .

2. Symmetric Trotter (Strang or split-step)

The symmetrized split-step variant of the Trotter method is given by

ÛSt (c) =
⎛
⎝
⎛
⎝ n∏

p=1

exp

(
−i

Ĥp

2N
cp

)⎞⎠ exp

(
− i

Ĥ0

N

)⎛⎝ n∐
p=1

exp

(
− i

hHp

2N
cp

)⎞⎠
⎞
⎠N

= exp

(
− i

(
Ĥ0 +

n∑
p=1

cpĤp +
n∑

p=1

cp

12N2

(
[[Ĥ0, Ĥp], Ĥ0] + cp

2
[[Ĥ0, Ĥp], Ĥp]

)

+
n∑

1�p<q

cpcq

12N2

(cq

2
[[Ĥp, Ĥq], Ĥq] + cp[[Ĥp, Ĥq], Ĥp]

)

+
n∑

0�p<q<r

cpcqcr

12N2
([[Ĥp, Ĥr], Ĥq] + [[Ĥq, Ĥr], Ĥp]) + O

(
c

N2

)))
, (G2)

where the coproduct sign
∐n

p=1 denotes the reversed order of the product. This adds n − 1 additional matrix multiplication over
Trotterization and UI for the construction of a single symmetric Trotter step, while the repeated squaring remains the same.

APPENDIX H: SYMMETRIC UNITARY INTERPOLATION

In the main part of the manuscript we also compared the UI with a symmetrized version of the UI. As the additional accuracy
provided by this method did not justify the additional computational cost, we did not include its derivation in the main text. Here
we quickly introduce the method. We use the indexing and interpolation parameters from Sec. V D. We can generalize the UI in
analogy to the split step approach by symmetrization. This requires half-step unitaries on the interpolation grid:

Ũ i
2

= exp

⎛
⎝− i

2

⎛
⎝Ĥ0 +

n∑
p=1

(
cp,min + ip

�cp

Np

)
Ĥp

⎞
⎠
⎞
⎠. (H1)

The interpolation is then constructed as

ÛUI,S (c,α(c)) = Ũ i
2

⎛
⎝ n∏

p=2

(
Ũ †

i
2

Ũ i+sp
2

)|αp|
⎞
⎠(Ũ †

i
2

Ũ i+s1
2

Ũ †
i
2

)|α1|
⎛
⎝ n∐

p=2

(
Ũ i+sp

2
Ũ †

i
2

)|αp|
⎞
⎠Ũ i

2
. (H2)

Here the
∐

symbol denotes the product of the matrices in the reverse order (from the right side). The lattice indices i and
interpolation parameters α are calculated analogously to the case of the UI in Eq. (32). This product can be constructed
from cached matrices which are derived from the logarithmic decomposition of the products (Ũ i+sp

2
Ũ †

i
2

) = L̂i,sp exp(−iÊi+sp )L̂†
i,sp

and their counterparts (Ũ i+sp
2

Ũ †
i
2

) = R̂†
i,sp

exp(−iÊi+sp )R̂i,sp . As a result, we have Ĉ(L)
i,sp+1,sp

= L̂†
i,sp+1

L̂i,sp and Ĉ(R)
i,sp+1,sp

= R̂i,sp R̂
†
i,sp+1

,

respectively, doubling the number of central cached matrices in Eq. (E2).
By repeatedly applying the BCH expansion, we have

ÛUI,S (c,α(c)) = exp

(
− i

(
Ĥ0 −

n∑
p=1

cpĤp − 1

48

n∑
p=1

�c2
p

N2
p

(|αp|2 − |αp|)[[Ĥ0, Ĥp], Ĥp]

− 1

24

n∑
1�p<q

|αp||αq|�cp�cq

NpNq
(2[[Ĥ0, Ĥp], Ĥq] − [[Ĥ0, Ĥq], Ĥp])

− 1

48

n∑
1�p<q

(
dq�

c2
p

N2
p

(|αp| − |αp|2) − 2|αq|�cq

Nq

(
dp|αp|�cp

Np
+ 2

(|αp|�cp)2

N2
p

))
[[Ĥp, Ĥq], Ĥp]

+ 1

48

n∑
1�p<q

(
dp�

c2
q

N2
q

(|αq| − |αq|2) + 2|αp|�cp

Np

(
2dq|αq|�cq

Nq
+ (|αq|�cq)2

N2
q

))
[[Ĥp, Ĥq], Ĥq]
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− 1

12

n∑
1�p<q<r

|αr |�cr

Nr

(
|αp|�cp

Np
dq − dp|αq|�cq

Nq
− αp

�cp

Np
|αq|�cq

Nq

)
[[Ĥp, Ĥq], Ĥr]

+ 1

24

n∑
1�p<q<r

|αq|�cq

Nq

(
dp|αr |�cr

Nr
+ 2|αp|�cp

Np
dr

)
[[Ĥp, Ĥr], Ĥq]

− 1

24

n∑
1�p<q<r

|αp|�cp

Np

(
dq|αr |�cr

Nr
− |αq|�cq

Nq
dr

)
[[Ĥq, Ĥr], Ĥp] + O

(
�c2

N2

)))
, (H3)

where we used dp = cp,min + ip
�cp

Np
. As in the case of symmetric Trotterization, we obtain a method with leading-order infidelity

I ∝ O( 1
N2 ). The new approximation only outperforms UI by a constant ratio, due to the presence of better coefficients in the

expansion.
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