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ABSTRACT

We consider bootstrap inference in predictive (or Granger-causality) regres-
sions when the parameter of interest may lie on the boundary of the parameter
space, here defined by means of a smooth inequality constraint. For instance, this
situation occurs when the definition of the parameter space allows for the cases of
either no predictability or sign-restricted predictability. We show that in this con-
text constrained estimation gives rise to bootstrap statistics whose limit distribu-
tion is, in general, random, and thus distinct from the limit null distribution of the
original statistics of interest. This is due to both (i) the possible location of the
true parameter vector on the boundary of the parameter space, and (ii) the possi-
ble non-stationarity of the posited predicting (resp. Granger-causing) variable. We
discuss a modification of the standard fixed-regressor wild bootstrap scheme where
the bootstrap parameter space is shifted by a data-dependent function in order to
eliminate the portion of limiting bootstrap randomness attributable to the bound-
ary, and prove validity of the associated bootstrap inference under non-stationarity
of the predicting variable as the only remaining source of limiting bootstrap ran-
domness. Our approach, which is initially presented in a simple location model,
has bearing on inference in parameter-on-the-boundary situations beyond the pre-
dictive regression problem.

KEYWORDS: Parameter on the boundary, random measures, weak convergence in
distribution, asymptotic inference, uniform inference.
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1 INTRODUCTION

In this paper we revisit the well-known problem of bootstrap inference in regressions
with parameter space defined by means of smooth inequality constraints. For instance,
consider the setup of a regression y; = a+pfx;_1+¢; where the parameter space for (o, 3)
is defined by the constraint g > 0. This framework arises when only the possibilities
B = 0 of no predictability (or no first-order Granger causality, generalizable to higher
orders), and 8 > 0 of sign-restricted predictability, are entertained, and the model is
estimated under the constraint 8 € [0,00). In applications, economic theory is often
informative about the direction of predictability, and such information could be used
to improve the efficiency of estimators and increase the power of hypotheses tests. A
prominent example is provided by predictive regressions for financial returns; see, e.g.,
Phillips (2014) and the references therein. Interest can then be in testing the very
hypothesis of no predictability (i.e., 5 = 0) by means of a one-sided test, or a special
case of this hypothesis (e.g., « = = 0), or a hypothesis where the parameter vector
may but need not lie on the boundary of the parameter space (e.g., « + 5 = 0).

While in this context the bootstrap is potentially useful, its application is not
straightforward if the parameter vector may lie on the boundary of the parameter space;
see Andrews (2000). In particular, as we discuss in the following, even in a simple loca-
tion model where the parameter space is a closed half-line, the cumulative distribution
function [cdf] of the parametric bootstrap t¢-statistic, conditional on the original data,
converges weakly to a random cdf, rather than to the target asymptotic distribution of
the t-statistic computed from the original data.

Our first contribution is to show that in predictive regressions with parameter values
on the boundary, the distribution of fixed regressor' bootstrap statistics, like the ¢-
statistic for § = 0 in the regression above, may be random in the limit. Limiting
randomness may arise in two ways. A first possible source of randomness in the limit
bootstrap measure is in the non-stationarity of the regressor, which operates through
the random limits of sample product moments. This is hardly surprising, see e.g.
Georgiev et al. (2019). A second potential source of randomness is the location of
the parameter vector on the boundary of the parameter space. Invalidity of standard
bootstrap schemes when a parameter is on the boundary was initially discussed in
Andrews (2000), where a simple location-model example was given; see also Chatterjee
and Lahiri (2011). In the context of hypotheses tests in predictive regressions, we revisit
Andrews’ result and show that, for a general bootstrap scheme, the occurrence or non-
occurrence of limiting bootstrap randomness due to the possible location of a parameter
on the boundary of the parameter space depends on how well the bootstrap scheme
approximates the mutual position of three objects: (i) the boundary, (ii) the parameter
set identified by the null hypothesis, and (iii) the true parameter value. Standard
bootstrap approximations of this mutual position may not be sufficiently precise, giving
rise to complex conditioning in the limit bootstrap distribution, with ensuing bootstrap
validity only for special types of statistics.

"We focus on ‘fixed regressor’ bootstrap schemes as they do not require knowledge on the regressor
generating process. For instance, and in contrast to recursive-based schemes, they can be applied to
both I(0) and I(1) settings.



Our second contribution is to show that certain non-standard bootstrap schemes,
designed to provide a better match with the geometric configuration in the original pa-
rameter space, give rise to limit bootstrap distributions where randomness, if present,
is not attributable to the boundary value of the parameter vector. This fact allows us
to establish bootstrap validity in an ‘unconditional’ sense; see Cavaliere and Georgiev
(2020). That is, although randomness of the limiting bootstrap cdf prevents the possi-
bility that the bootstrap could mimic the asymptotic distribution of the original statis-
tic, we can show that in large samples bootstrap tests and asymptotic tests are cor-
rectly sized for essentially the same set of nominal sizes.

Formally, we make use of the following definition, which generalizes the definition of
unconditional bootstrap validity given in Cavaliere and Georgiev (2020, p.2555). Let p,
and p; be respectively the p-value of an asymptotic test and of its bootstrap analogue.
Let also

C:={g€(0,1): lim P(py <g) = g|Ho},

such that a test rejecting for p, < ¢ (or for p, > ¢q) is correctly sized for nominal
significance levels ¢ (resp. 1 — ¢) with ¢ € C, as n — 00.2 If, under the null hypothesis
HOa

P(p;, <q) = qforall g €intC, (1.1)

where int C' denotes the interior of the set C, we say that the bootstrap test based on
p¥ is valid for Hg.> The meaning is that the bootstrap test and the asymptotic test
are first-order asymptotically equivalent in terms of correct size control. In particular,
bootstrap validity for simple hypotheses Hy characterizes pointwise size control.

Notice that bootstrap validity as in (1.1) is implied by the classic definition of
bootstrap consistency, namely that sup,cg | Fyi () — F(z)| —p 0 for a bootstrap statistic
with cdf F}; conditionally on the data and an original test statistic with continuous
asymptotic cdf F. The converse does not hold; that is, (1.1) does not imply classic
bootstrap consistency, see the discussion in Cavaliere and Georgiev (2020).

For test statistics whose asymptotic distribution is continuous, it holds that intC' =
(0,1) and hence condition (1.1) should hold for all ¢ € (0,1) for the bootstrap to be
valid. Unfortunately, parameter values on the boundary of the parameter space may
induce discontinuities in the limiting cdf’s, such that not even the exact p-values of the
associated tests are asymptotically standard uniform on [0,1]. This makes the above
weaker version of the validity definition unavoidable.

Finally, we turn to the special case of one-sided tests for the null hypothesis that the
parameter vector lies on the boundary of the parameter space, such that the boundary
coincides with the parameter set identified by the null hypothesis. This case provides
a transparent example of a limit bootstrap cdf which is random only on a subset of
its domain. Then, if bootstrap validity is defined as in (1.1), in this case also some
standard bootstrap schemes can be proved to be valid.

*For ¢ € intC it holds that P(p, = ¢) — 0 and rejections for p, < ¢ (or p, > q) are
asymptotically equivalent to rejections for p, < ¢ (or p, > q).

3Bootstrap unconditional validity as in Cavaliere and Georgiev (2020) is obtained as the special case
intC = (0,1).



This paper is related to recent work by Fang and Santos (2019) and Hong and Li
(2020). The latter two papers propose nonstandard bootstrap schemes — involving a
tuning tool — which correct the inconsistency of ‘classic’ bootstrap methods in settings
that cover parameters on the boundary as a special case. The main difference from
the present contribution is that our theory applies to random limit bootstrap measures.
Thus, Fang and Santos (2019) consider bootstrap inference in settings where the tar-
get asymptotic distribution, say that of a random element 7, can be thought of as a
transformation ¢ of another random element 7/, and both the distribution of 7" and the
transformation ¢ need to be estimated; see also the related works by Diimbgen (1993),
Hirano and Porter (2012), Fang (2014) and Chen and Fang (2019). Although Fang and
Santos (2019) consider deterministic ¢ and the unconditional distribution of 7/, such
that their results are not directly applicable here, their way of conceptualizing the prob-
lem remains fruitful also in the case of random ¢ and random conditional distributions
7'|7" (for some random element 7). We discuss this in Section 5.2.

Our contribution is also related to Hong and Li (2020), who propose a ‘numerical
bootstrap’ which is valid in settings where a parameter space can be approximated
locally by a cone with vertex at the true value of the parameters; see Geyer (1994) for a
detailed discussion of the approximation. Both the approaches in this paper and that by
Hong and Li (2020) are connected to the large body of literature considering estimation
and inference for constrained M-estimators; see, among others, Geyer (1994), Andrews
(1999, 2000), and the references therein. In Section 5.2 we argue that, when applied
to a restricted predictive regression, the ‘numerical bootstrap’ of Hong and Li (2020)
performs a geometric approximation of the kind we propose, though at the cost of a
slower-than-standard convergence rate for the resulting bootstrap estimator.

We present our main idea using first a simple location model for i.i.d. scalar data
whose location parameter is constrained to be positive. This is done in Section 2.
The predictive regression framework is presented in Section 3; in this section we also
show that the bootstrap limit measure associated with standard fixed regressor wild
bootstrap schemes is random. A new family of bootstrap algorithms and their validity
are discussed in Section 4. Results on the validity of one-sided tests, connections to
the previous literature, and uniform size control for the bootstrap tests are discussed in
Section 5. Section 6 provides simulation evidence, whereas Section 7 concludes. Proofs
are collected in the Appendix.

NOTATION AND DEFINITIONS

We use the following notation throughout. The spaces of cadlag functions [0,1] — R",
[0,1] — R™*™ and R — R, all equipped with the respective Skorokhod J;-topologies,
are denoted by Z,,, Zmxn and Z(R), respectively; see Kallenberg (1997, Appendix A2).
For n = 1, the subscript in Z,, is suppressed. %, (R") is the space of continuous func-
tions from R™ to R” equipped with the topology of uniform convergence on compacts.
Integrals are over [0, 1] unless otherwise stated, ® is the standard Gaussian cdf, Upp,1 1s
the uniform distribution on [0, 1] and Ity is the indicator function. If F"is a cdf, pos-
sibly random, F~! stands for the right-continuous generalized inverse, i.e., F~!(u) :=
sup{v € R: F (v) <u}, u € R. Unless differently specified, limits are for n — oco.



With (Z,,Y,) and (Z,Y) being random elements of the metric spaces Sz x Sy,
and Sz x Sy (n € N), and defined on a common probability space, we denote by
Zn|Yy Sy Z|Y? (vesp. ‘Zn|Yy s Z|Y') the fact that E{g(Z,)|Yn} —=E{g(Z)|Y}
in probability (resp. a.s.) for all bounded continuous functions g : Sz — R. When
Zy, is a bootstrap statistic and Y,, denotes the original data, we write ‘Z, ﬂ;p zZY’
(resp. ‘Zy © s, Z|Y”). Finally, with (Z,,Y,,) and (Z,Y) possibly defined on different
probability spaces, ‘Z,|Y;, . Z|Y’ means that E(g(Z,)|Y,) = E(g(Z)|]Y) for all
bounded continuous functions g : Sz — R, see Kallenberg (1997, 2017); we label this
fact ‘weak convergence in distribution’. For the special case of scalar random variables
Zy, and Z, if the conditional distribution Z|Y is diffuse (non-atomic), weak convergence
in distribution is equivalent to the following weak convergence in Z(R):

Fo(-Yn) = P(Zn < |Y,) % P(Z < |Y) = F(|Y). (1.2)

When Z,, is a bootstrap statistic and conditioning is on the original data, we use the

notation ‘“—’:w’, For multivariate generalizations we refer to Cavaliere and Georgiev
(2020, Appendix A).

2 PREVIEW OF THE RESULTS IN A LOCATION MODEL

To illustrate the main arguments that will be proposed in the predictive regression
framework later, consider as in Andrews (2000) and Cavaliere et al. (2017) the location
model

yp=0+¢c (t=1,...,n)

where the &,’s are 1.1.d.(0, 1) and the parameter space is © := {# € R: § > 0}. Interest

is in inference on the true value 0y of # by using the Gaussian QMLE, 6. With [, (6) :=
—% g (g — 6)2, we find 6 := arg maxgpee I, (0) = max{0,¥n}, ¥n = n " Sy If
6 is an interior point of O, i.e. 8y > 0, then n'/2(f —0y) = &, € ~ N (0,1). In contrast,

if fy is on the boundary of ©, i.e. 6y = 0, the asymptotic distribution of 8 is
n2(0 — 0p) = n'/%0 B £ := max{0, £} (2.1)

again with £ ~ N (0,1).

The first takeaway of this section is the fact that the location of a parameter on the
boundary of the parameter space may induce limiting bootstrap randomness of a kind
that invalidates bootstrap inference. To see this, consider in the context of the location
model a standard Gaussian parametric bootstrap based on the bootstrap sample

yf:é—kaj,

where the ¢}’s are 1.i.d.N (0, 1) independent of the original data. The bootstrap coun-
terpart of I, () is I () := —1 37 | (yf — 0)%, and the usual bootstrap QMLE is 0" =
arg maxgee I () = max{0, 7}, 7 == 0 + &, &5 :=n~' 31" | ef. Conditionally on the
original sample, 0"'s exact distribution is

n'2(6" — 8) = n*/? max{—0,25} ~ max{—n'/26,£*}0, &|h ~ £ ~ N (0,1), (2.2)



with associated conditional cdf given by

Ak A~

P*(n'(0" - 0) <) = @ (@) I,s 1129y, T €R. (2.3)

Now, when 6 is an interior point of ©, —n!/ 29 diverges to —oo in probability and the
distribution of n!/2 (9* — é) given the data converges weakly in probability to the non-
random distribution of £*; the bootstrap therefore mimics the N (0,1) asymptotic dis-
tribution of the original statistic, the bootstrap distributional approximation is consis-
tent and bootstrap inference is valid in the sense of (1.1), with intC' = (0, 1). Conversely,
when 6y is on the boundary of the parameter space, the cdf in (2.3) converges weakly
in Z(R) to the random cdf @ (x) I;,>_g. In terms of weak convergence in distribution,

n2(0" — ) %, £°]¢, £* = max{—(, £}, (2.4)

where £ is distributed as in (2.1) and is independent of £*. The limit distribution in (2.4)
is random, since its cdf is a stochastic process depending on the conditioning random
variable £. Thus, it is distinct from the limit distribution in (2.1), which is unconditional
and hence characterized by a non-random cdf. Because the bootstrap limit distribution
is random, the bootstrap approximation is not consistent for the limit in (2.1).

As we shall see in Section 4, limiting bootstrap randomness could be of two kinds:
‘benign’, thus not compromising the validity of bootstrap inference in the sense of (1.1),
or ‘malignant’, thus invalidating bootstrap inference. In this example, a bootstrap
test employing a bootstrap statistic 7} ::qb(nl/z(@* - é)) as the analogue of a statistic
Tn :=p(n'/20), where ¢ is a real function, may not be valid in the sense of (1.1) under
the null hypothesis Hy : 89 = 0 even if the function ¢ is continuous, thus implying
‘malignant’ randomness.

To get some further insight into the source of limiting bootstrap randomness, which
will be exploited in the next sections, it is useful to notice that the asymptotic distri-
butions in (2.1) and (2.2) can be written as

¢ = max{0,&} =argminyep [N — ¢, A:={A€R: A >0}
|10 = max{—¢ &} = (argminyep(e) A — &) |6, A(l) :={AeR: A > 0} =A—{,

respectively. Hence, bootstrap randomness, and the implied bootstrap invalidity, can
be attributed to the fact that in the bootstrap world the limit constraint set for the
objective function |\ — £*| is the random half line A(¢) rather than the original fixed
half line A = A(0). That is, the chosen bootstrap scheme shifts the constraint set by
the random variable —¢, which is non-zero with probability 1/2.

The second takeaway of this section is the fact that bootstrap validity could be re-
stored by offsetting properly the previous shift of the limit constraint set. Specifically,
this requires an ad hoc construction of a bootstrap parameter space intended to ap-
proximate well the mutual position of the true parameter value and the boundary of
the original parameter space.

Consider a bootstrap scheme where the boundary of the bootstrap parameter space
©* is chosen in a data-driven way such that the mutual position of 8y and the boundary
of © is well approximated irrespective of whether 6y belongs to 00 or not. To this aim,



introduce the half line ©* := {6 : 6 > ¢*(0)}, where g*(8) := 6 — |0|'**, k > 0, and the
associated 0 := arg maxgpeo- [ (0) = max{g*(@),gfl}. The bootstrap QMLE statistic
is then given by n'/2(8" — 6) = n'/2max{g*(f) — 6,£%}. Conditionally on the data,
it is distributed as max{n'/2(g*(0) — 0),&*}|0, with £*|§ ~ N(0,1). If 6y = 0, it then
follows that n'/2(g*(0) — 0) = 2 R 0, and the bootstrap statistic conditionally
on the data converges weakly in probability to ¢ of (2.1). Conversely, if 6y > 0 then
n2(g*(0) — 0) = 129" 2 oo and the bootstrap statistic conditionally on the
data converges weakly in probability to the N (0,1) distribution. In both cases, the
bootstrap mimics the asymptotic distribution of n!/? (9 — 6y) and bootstrap validity in
the sense of (1.1) can be seen to be successfully restored.

REMARK. In the location model, an appropriate choice of ®* simultaneously restores
bootstrap validity and removes all the randomness from the limit bootstrap distribu-
tion. In the predictive regression framework we shall conclude that, in order to achieve
bootstrap validity, it is essential to remove only the portion of limiting bootstrap ran-
domness that is due to the location of the parameter vector on the boundary of the pa-
rameter space. As no other sources of limiting bootstrap randomness exist in the con-
text of the location model, in this section the previous conclusion simplifies to elimi-
nating all the limiting bootstrap randomness. ([

Before moving on to predictive regressions, we notice that when a test of Hyp : g =0
against H; : g > 0 is performed, employing 7}, := nt/ 2(9*—@) as the bootstrap analogue
of 7, := n1/29, the standard parametric bootstrap with ©* = © is valid in the sense
of (1.1); see also Andrews (2000). Specifically, the bootstrap test rejects Hy when the
bootstrap p-value p; = 1 — p is small, with the following convergence satisfied under

the null hypothesis:
ph = P15 <1p) = P& < 1) 5 B(U).

A similar convergence is satisfied by the p-value p,, = 1—p,, of the asymptotic test, with

Pn =P S W)|u=r, = $1(7,—0p + ®(T0)l(r, 501 = B(10) = B(0).

As ¢ is distributed like @~ 1(U)Liys1/2y, U ~ Up ), it follows that ®(¢) is distributed
like @(@‘1(U)H{U>1/2}). As a result, both the bootstrap and the asymptotic test are
correctly sized for nominal levels below 1/2. This phenomenon, whose extensions to
predictive regression are discussed in Section 5.1, does not generalize to hypotheses
where one-sided tests are not appropriate or straightforward. Therefore, a remedy is
necessary for the inference-invalidating limiting bootstrap randomness induced by the
location of a parameter on the boundary.

3 THE PREDICTIVE REGRESSION SETUP
Consider the following predictive regression in a triangular array setup:

y=01+60n1+e, (t=1,..nn=12..), (3.1)



where ¢, is a martingale difference sequence [mds] and x,; is a non-stationary posited
predicting variable satisfying the following assumption; see, e.g. Miiller and Watson
(2008) for references to primitive conditions.

ASSUMPTION 1 Let zp ¢ 1= n=1/2 Zi:l es. Then:

(a) {et} is an mds w.r.t. some filtration to which (Tt 2nt) is adapted, with Ee? =
Wz € (0,00).

(b) a law of large numbers holds as n — oco:
" A.Z‘n,t P . Wre Wrz
Z( Aznt ) ( Al‘n,t Azmt ) = 0= < Wy W ) > 0.
(¢) an invariance principle holds in Py as n — oo:
(xn,LnJ ) 2, n | )l = <X7 Z)/ ~ BM(O7 Q)v

a bivariate Brownian motion on [0, 1].

Assumption 1 covers the specification ,; = n~Y/ 22, for an I (1) process z; driven
by an mds that could be contemporaneously correlated with &;.4

Assumption 1 implies that > ) | @p 1A%z = f XdZ, which need not have a
mixed Gaussian distribution because X and Z need not be independent. Nevertheless,
it holds that Y7 | @nt—1(Aznt — Waswot Ay t) it [ Xd(Z — wysw,; X), which is zero-
mean mixed Gaussian with conditional variance o2 [ X2, where 02 1= w,, — w2 wy, is
the variance of ¢; corrected for Az, ;. The bootstrap schemes discussed below all rely
on the independence of the processes X and Z — wy,w, . X.

Further, Assumption 1 imposes unconditional homoskedasticity for simplicity. As
all the bootstrap schemes below are based on ‘wild’ bootstrap schemes, unconditional
heteroskedasticity can be accommodated at only a notational cost.

The next assumption specifies the parameter space, say ©, by means of a smooth

inequality constraint.

ASSUMPTION 2 The parameter space is © = {0 = (01,02) € R? : g(0) > 0}, with
non-empty boundary 00 = {0 € R? : g(§) = 0}, where g : R? — R is continuously
differentiable in some neighborhood of the true parameter value 6y = (01,0, 02,0) with
gradient %g(@) = 0 in that neighborhood.

In the following, ¢ will denote the gradient of the function g evaluated at 6.
Assumption 2 generalizes the leading example of the parameter space ©® = Rx [0, c0)
obtained by setting g(f) = (0,1)0 = f2. The boundary of © then corresponds to the

4As the bootstrap p-values discussed in the paper are invariant to rescaling of the regressor, the
normalization of x; by n~'/? has no practical implication. It is equivalent to specifying a local-to-zero
regression coefficient, as is frequent in applications where y; is a financial return and x; is non-stationary.

®Results under two alternative stochastic specifications of Zn,t, S & near-unit root and as a stationary
process, are given in the accompanying supplement, Section S.1.



case 02 = 0 of no predictability of y; by x,, ;—1 whereas the interior of © corresponds to
the case of sign-restricted predictability.

Interest is in bootstrap inference on a null hypothesis Hg identifying a set of pa-
rameter values that has a non-empty intersection with the boundary of the parameter
space. In particular, we consider the following mutual positions of the boundary, the
parameter set identified by Hg and the true value 6g:

41. Hp is the hypothesis that 6y belongs to the boundary: Hop : g(6y) = 0;
%5. Hp is a simple null hypothesis on the boundary: Hg : g = 0, g(#) = 0;

3. Ho : h(fp) = 0, where {§ € R? : h(0) = 0} is not a subset of the boundary 90, but
meets 0O at a singleton set.

For example, let again g(f) = 62, such that the parameter space is R x [0, 00) with
boundary 00 = R x {0}. Then the hypothesis of no predictability Hy : 829 = 0 falls
under ¢;. The hypothesis Hg : 6y = 6 = (0,0)’ that y; is unpredictable with zero mean
falls under ¢5. Finally, the hypothesis Ho : (1,1)80 = 010 + 020 = 0 falls under ¥3
by setting h (0) := (1,1)6; in this case, the intersection point of the boundary and the
parameter set identified by Hg is (0,0)" which might, but need not, be the true value
under Hg.

3.1 ASYMPTOTIC DISTRIBUTIONS

Let 6 be the OLS estimator of (01,603)" in the equation
Yt = 91 + 62xn,t—1 + 5Axn,t + e (32)

subject to the constraint 6co,ie. g(@) > 0, and where the role of the regressor Axz,, ;
is to ensure that the residuals are asymptotically uncorrelated with the innovations
driving x,, ¢, a convenient prerequisite for the bootstrap implementations. The existence,
with probability approaching one, of a measurable minimizer of the residual sum of
squares (3.2) over the set © can be established in a similar but simpler way than that
of its bootstrap counterpart in our detailed proof of Theorem 4.1. Moreover, any two
such minimizers are first-order asymptotically equivalent, explaining our usage of ‘the’
associated with the constrained OLS estimator. Specifically, any such minimizer 0
satisfies n'/2(0 — 0y) 3 £(6y), with £(fy) depending on the position of f relative to the
boundary 80. Thus, £(fy) = £ := M~Y/2¢ if §, €int® := © \ 90, where M := [ X X',
X :=(1,X),6~N (0,0215) is independent of X, and o2 > 0 is the variance of &
corrected for Az, ;, whereas

n2(0 — 00) 5 0(0y) = £ := argmin||A — M2y, A= {AeR?: @A >0} (3.3)
AEA

if g(Ao) = 0, with ||z||s := (2'Mz)'/? for z € R?; see Section 12 in the working paper

version of Andrews (1999) or the proof of Theorem 4.1 for the bootstrap counterpart.
The previous asymptotic result is sufficient in order to see that the possibility of

having 6y at the boundary of the parameter space © induces a dichotomy in the limit



distribution of n'/2(@ — 6y) similar to the dichotomy established in the introductory
location-model example. Replicating the constraint set in the limit distribution by
means of a bootstrap scheme will be our main concern in what follows.

3.2 STANDARD BOOTSTRAP INVALIDITY

Consider first a fixed-regressor wild bootstrap sample generated as
yi = 01 + éan,t—l + ¢}, (3.4)

where ef = éw;, t = 1,...,n, with & the residuals of (3.2) and wj i.i.d. N(0,1), in-
dependent of the original data.® Then the distribution of n'/2(6 — ) could be tenta-
tively approximated by the distribution of n'/ 2(9* — 9) conditional on the original data,
where 8" is obtained by regressing y; on (1,2,+—1) under the constraint 0 cor= O,
ie., g(é*) > 0 as for the original estimator; see Andrews (2000)”.

To motivate the analysis in the next section, it is useful to anticipate some asymp-
totic properties of 0" which obtain by specializing Theorem 4.1 below to the fixed-
regressor wild bootstrap scheme. For 6y €int©, it turns out that the bootstrap distri-
bution converges to a conditional version of the limit distribution of n'/2(9 — ) found
earlier:

n2(0" = 0) = n'/2(0" — 0) + 0,(1) B, 1M, (3.5)

where 6 denotes the unconstrained OLS estimator from the bootstrap sample. The
limit bootstrap distribution is, therefore, random. The vehicle of limiting bootstrap
randomness is the random matrix M, such that limiting bootstrap randomness is fully
attributable to the stochastic properties of the regressor. Due to the fact that the boot-
strap replicates a conditional version of the limit distribution of the original estimator
9, bootstrap inference is not invalidated. Rigorous statements in this sense will be pro-
vided in Corollary 4.1.
On the other hand, if 6y € 0O the bootstrap statistic converges as follows:

n2(07 = 9) % 01| ) (30
* = arg min||\ — M_1/2§*||Ma Ay ={)e R?: g'A> —g'0}
AEA

where ¢* ~ N(0,0215) is independent of (M, /). In contrast with the case 6 €int®
and additionally to the random matrix M, in (3.6) also the random vector ¢ appears
as a vehicle of limiting bootstrap randomness. Moreover, the limit in (3.6) is not a
conditional version of the limit of n'/2(8 — ), inasmuch as A} in (3.6) is a random half-
plane, rather than the original admissible set A of (3.3). The kind of limiting bootstrap
randomness introduced by £ is similar to the one established in the introductory location
model and, in general, it invalidates bootstrap inference. The reason for the discrepancy
between A and Aj is that the parameter space of the standard fixed-regressor wild

5The conclusions do not change if another zero-mean unit-variance distribution with a finite fourth
moment is used instead of the standard Gaussian distribution.

"Note that the term Az, . is no longer necessary because x,¢—1 and €; are independent conditionally
on the data.
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bootstrap does not approximate well the original mutual position of the true value 6y
and the boundary, unless g(@) = 0. Other, non-standard bootstrap schemes may be
designed in order to provide better approximations, at least under the null hypothesis.
Under these schemes the possible boundary position of g is no longer a vehicle of
limiting bootstrap randomness, while the role of the random matrix M in the limit
bootstrap distribution is maintained. This topic is analyzed in the next section.

4  ASYMPTOTICALLY VALID BOOTSTRAP SCHEMES

In order to unify the discussion of several bootstrap schemes for inference on Hy under
the three cases ¢1, 45 and ¢35, consider a bootstrap sample generated as in (3.4) and,
more generally than before, a bootstrap OLS estimator §" constrained to belong to a
bootstrap parameter space ©* satisfying the following assumption.

ASSUMPTION 3 The bootstrap parameter space is ©* := {0 € R? : g(0) > g*(6)} for
some function g* : R? — R which is continuously differentiable in a neighborhood of 8y

and satisfies g*(0) < g(0) for 6 € ©.

The standard bootstrap considered in Section 3 obtains by setting ¢* = 0, such
that ©* = ©, the original parameter space. Alternatively, setting g* = g restricts the
bootstrap true value 6 to lie on the boundary of the bootstrap parameter space ©*.%
Finally, setting g* = g—|g|**" for some x > 0 introduces a correction, in the spirit of an
alternative to the standard bootstrap mentioned in Andrews (2000, p.403, Method two),
Fang and Santos (2019, Example 2.1) and Cavaliere et al. (2022), where the bootstrap
true value either shrinks to the boundary of the bootstrap parameter space at a proper
rate or remains bounded away from this boundary, according to whether 8y belongs to
the original boundary d© or not. Other choices of g* with the same implication are
discussed in Sections 5.2 and 6.3.

To formulate the next theorem, recall M and ¢(6y) introduced in Section 3.1, and
let £*[(M,€(00)) ~ N(0,0215) as in Section 3.2. Let also Dy, = {yt, ¥pt—1}7, denote
the original data. Finally, call a convergence in distribution Z, — Z and a weak con-
vergence of random distributions Z*|D,, %, Z*|Y joint, denoted as (Z,, (Z}|Dy)) =
(Z,(Z*|Y)), if (Zn, E{g(Z¥)|D,}) = (Z, E{g(Z)|Y}) for all continuous and bounded
real functions g with matching domain.

THEOREM 4.1 Under a null hypothesis Hy as in 91-93 and under Assumptions 1-3,
~%
the bootstrap estimator 6 obtained by regressing y; of (3.4) on (1,x,4—1)" under the
Ak
constraint 8 € ©F, satisfies

(n'/?(8 = 00), (n/2(6" — B)|Dy)) S (€(60), (7 (80)|(M, £(60))))
where in the case g*(6o) < g(6o),
0*(00) = 0 := M~Y2¢* with 0*|(M, £(0)) = {|M (4.1)

8As 0 5 6 and §(0o) # 0, it follows by continuity that P(¢(f) # 0) — 1, such that, with probability
approaching one, 0 is not a stationary pomt of g. In particular, with probability approachmg one, 0 is
not a local minimizer of g, implying that § € 90* under ©* = {0 € R?: g(0) > g()}.
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in the sense of a.s. equality of conditional distributions, whereas in the case g*(0y) =

9(90);

0*(0p) = ¢* := argmin||]A — M ~Y2¢*||ar, Af :={A e R?: ¢'A > (5" — 9)'0(Ay)}. (4.2)

XEA;

The following conclusions could be drawn.

(1)

Consider first configurations ¢; and ¢5 under Hy, such that g(6y) = 0. Consider
the magnitude order, in probability, of the distance between the bootstrap ‘true’
value 6 and the bootstrap boundary d0©* as a measure of how precisely the boot-
strap approximates the geometry of ¢; and %. As seen previously, the standard
bootstrap corresponds to g* = 0 and approximates the geometry up to an exact
~1/2_ resulting in a situation where the belonging of 6 to the
boundary contributes to the randomness of the limit bootstrap distribution given

magnitude order of n

by (3.6) and (4.2) via conditioning on the r.v. ¢(6y) = ¢. Conversely, bootstrap
schemes employing ¢*(6y) = ¢(6o) and ¢* = g, such that the bootstrap bound-
ary is tangent to the original boundary at 6y, give rise to approximations of order
op(nfl/ 2) and all the randomness in the bootstrap limit is due to the properties
of the stochastic regressor via the random variable M, as now (*|(M,{) = (|M
in the sense of a.s. equality of random distributions; see (3.3) and (4.2). More-
over, for such schemes the bootstrap mimics a conditional version of the asymp-

totic distribution of the original estimator: n'/ 2(@* —0) N |M. Examples are
the ‘restricted” bootstrap based on g* = g, which replicates the geometry of the
original data under Hy by putting 6 on the bootstrap boundary, and the choices
gt =g—lgI"*"
bootstrap estimator is random, with randomness depending on both the stochas-
tic regressor and the position of 8y relative to the boundary.

for some x > 0. In general, the limit distribution of the resulting

Consider now the case in ¢3, such that g(fp) = 0 need not, but may hold under
Ho. Among the bootstraps considered in (i), the standard one would fail to mimic
a conditional version of the original limit distribution if g(fp) = 0, while the
‘restricted’ one would fail if g(fp) > 0. As an alternative, consider the bootstrap
based on ¢g* = g — |g|'T* for some k > 0. If 6y € 9O, then this choice puts
the bootstrap true value 6 at the asymptotically negligible distance of op(n_l/ 2)
from the bootstrap boundary, whereas if 6y €int®, then 6 is bounded away from
the bootstrap boundary, in probability. This guarantees bootstrap validity under
some regularity conditions, see (ii) in Corollary 4.1 below.

In general, bootstrap validity in the sense of (1.1) can be evaluated through the
following corollary of Theorem 4.1 above.

COROLLARY 4.1 Under the assumptions of Theorem 4.1, a necessary and sufficient
condition for the convergence

(n'2(8 — 6g), (/20" — 0)|Dn)) B (£(80), (£(60)|M)) (4.3)
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is that: (i) under 41 and 91, g(0o) = g*(6o) and g = §*; (ii) under 93, either g(6y) =
g*(6o) and g = g*, or g(0p) > max{0,g*(0o)}.

Moreover, under (4.3) the bootstrap is valid in the sense of (1.1) for any pair of
statistics T, % such that, under Hy, 7, = ¢(n'/?(0 —00)) +o0,(1) and 7%, = ¢(n1/2(9* —

) + op(1) for some continuous real function ¢ such that ¢(€(6y)) is well-defined a.s.

The class of functions g* = g — |g|'™® for x > 0 satisfies both conditions (i) and (ii)
of Corollary 4.1; hence, the ensuing bootstrap inference is valid under all of ¢1-%3. In
contrast, the standard bootstrap violates condition (i) and, in general, is asymptotically
invalid if g(Ag) = 0. An exception is when the discrepancy between the original and the
bootstrap geometry is offset by the use of a test statistic that takes into account the
geometric position of the null hypothesis in the original parameter space. Section 5.1
focuses on this setup.

REMARK. The practical implications of Corollary 4.1 depend on the choice of the
statistic 7,, and the respective function ¢, which will typically be a linear ¢ (1) = I’ %(00)
arising from the delta method, with [ € R2, %(90) # 0. For instance, if g(fp) = 0 and
#(¢) depends on ¢ only through ¢’¢ = max{0, ¢’ M~/2¢}, then the cdf of $(£) will not
be continuous. Still, the bootstrap will be valid in the sense of (1.1), meaning that the
largest open subset of [0, 1] on which the bootstrap test is correctly sized as n — oo
coincides with the analogous set for the asymptotic test. This set will be smaller than
(0,1), however. An example is 7, = n'/2g(f), 7% = n'/2(g(8") — g(#)) with ¢(£) = ¢'¢,

corresponding to a right-sided test of Hy : g(6g) = 0.

REMARK. Bootstrap validity extends readily to statistics where n!/ 2(@ —0p) is normal-
ized by some ¥ = X(M,) + 0,(1) for a function X : R**? — R**2 which is continuous
on the set of positive definite matrices. Specifically, bootstrap validity holds if, under
Ho, 7n = ¢(nY/25(0 — 09)) + 0,(1) and 75 = ¢(n'/25(8" — 0)) + 0,(1), where ¢ is a con-
tinuous real function such that ¢(X(M)€(6p)) is a.s. well-defined. O

5 DISCUSSION AND EXTENSIONS

In this section we address the following three issues: (i) the validity of one-sided boot-
strap tests; (ii) a discussion of the bootstrap schemes from Corollary 4.1 within the
paradigm of some previous works — specifically, Fang and Santos (2019) and Hong and
Li (2020); and (iii) uniform bootstrap validity.

5.1  VALIDITY OF ONE-SIDED STANDARD BOOTSTRAP TESTS

Under case ¢1, consider testing Hp : g(6p) = 0 against the alternative Hy : g(6p) > 0
using a one-sided test and the standard bootstrap, i.e., with ¢g* = 0. For a test statistic
of the form 7, := n'/2¢(f), a bootstrap counterpart is given by 7% := n!/2 (g(é*) —g(0))
and the associated one-sided bootstrap test rejects for large values of the bootstrap p-
value p} := P*(7} < 7,); equivalently, for small values of p} := 1 — p}. As for @*, also
77 is affected in the limit by extra randomness due to 6y being on the boundary. From
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(4.1), which reduces to (3.3) and (3.6), it follows by the delta method that

(Tns (5| Dn)) S (60, (§0°|(M,0))) = (§'¢, (max{—g't, 0" }|(M, £))), (5.1)

with ¢, ¢* and /* as previously defined. For 77, however, the randomness induced by
conditioning on { affects the sample paths of the associated random cdf on the negative
half-line alone, because ¢’'¢ > 0, and is thus irrelevant for bootstrap tests with nominal
size in (0, %) Put differently, the bootstrap p-values p;, are asymptotically uniformly
distributed below % This follows rigorously from the next generalization of Theorem
3.1 in Cavaliere and Georgiev (2020), the proof being analogous, where conditions for

bootstrap validity restricted to a subset of nominal testing levels are formulated.

THEOREM 5.1 Let there exist a random wvariable 7 and a random element X, both
defined on the same probability space, such that the support of T, is contained in a finite
or infinite closed interval T, and (T, ) = (7, F) in R x 2(T) for F¥(u) := P(1% <
u|Dy) and F(u) := P(t < u|X), u € T. If the possibly random cdf F is sample-path
continuous on T, then the bootstrap p-value p := F)(7,) satisfies

Plpp<4q) — ¢
for q such that g € F(T) a.s.

By Theorem 5.1 with 7" = [0, 00), which corresponds to the support of 7,, and 7 := ¢'¢,
it follows that the standard bootstrap applied to the one-sided statistic 7,, is asymp-

totically correctly sized for nominal test sizes in (0, 1).

5.2 FANG AND SANTOS (2019) AND HONG AND L1 (2020)

In this section we put the geometric considerations of Section 4 in the perspective of
Fang and Santos (2019), and of the numerical bootstrap of Hong and Li (2020). The
discussion is often specialized to the case of an affine constraint.

Consider the constrained OLS estimator § of Section 3.1. Its limit distribution, see
(3.3), is the distribution of £(fg) = g, (M ~/2¢) with

( ) U if 9(90) >0
Poo\U) = .. N IR T . . )
’ gu(g Mg ) g Mu+ M1g(g'M~1g) ' max{0,g'u}  if g(6p) =0

with « € R%2. By a projection identity, the expression in the second line of the previ-
ous display collapses to u whenever ¢’u > 0. Note that the distribution of M ~1/2¢ con-
ditional on M can be estimated consistently by the distribution of the unconstrained
bootstrap OLS estimator conditional on the data; that is,

nl2(0% — ) %, M~V2¢|M.

One can then ask what properties of an estimator ¢,, of ¢y are sufficient for @, (n1/? (é* —

0)) E;w goeo(M_l/Qﬁ)]M to hold. Fang and Santos (2019) address this question in
the setup of deterministic transformations of non-random limit distributions, instead
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of the random transformation ¢y of the random distribution M —1/2¢|M.  Although
not directly applicable here, Theorem 3.2 of Fang and Santos (2019) provides the key
insight: there should be sufficient uniformity in the convergence of ¢,, to ¢y, . Consider
for instance

~

Pp(u) = éi(éanél)ilélM u (5.2)
+ M7 (g M ) T max{—nt?|g(0)|' T, §'u}, u € R?,

where § = 6‘2,9(@), My, =n=t Y0 | 33 with #; = (1,2,4-1), and £ > 0. Given that

M, =% M, g5 g and n'/2|g(8)]*** 5 ooly,(g,)0y, it is easily checked that &, <3 @y,

on %,(R2), and the convergence of ¢,, is joint with that of n'/2(§ —6y) and nl/Q(é* —0),

the latter one given the data. These facts are sufficient to ensure that

(n'/2(8 = 00), (& (n'/?(67 = 0))| Dy)) “4u (£(60), (€(60)|M))

on R*, essentially as a consequence of the continuous mapping theorem (CMT) and the

continuity of the evaluation map from %3(R?) x R? to R2. As the previous limit is the
same as in Corollary 4.1, it follows that bootstrap inference based on the distribution
of ¢, (n*/2(6* — )) conditional on the data is valid. Moreover, for the valid bootstrap
schemes obtained from Corollary 4.1 with g* = g— lg|***, k > 0, the bootstrap estimator
0" satisfies n1/2(0 —0) = ¢, (n/2(6* — §)) for affine functions g. It can be concluded
that ¢,, of (5.2) implicitly performs the geometric approximation proposed in Section
4, and so does any other estimator of py, that converges like @,,.

We now argue that such an estimator of ¢, is embedded in the numerical bootstrap
of Hong and Li (2020). This ensures the validity of the numerical bootstrap for the
predictive regression of interest here, though at the cost of a slower consistency rate of
the bootstrap estimator than in Corollary 4.1. Let s, — oo be a sequence such that
n~Y2s, — 0. Hong and Li (2020) propose in their eq. (4.9) a bootstrap estimator 921,
where the constraint set of our £(6g) (i.e., R? if y € int® and the half-plane A if § €
90), would be estimated by Ay, = {\ € ]R2 g(0 + s71X\) > 0}, the implied bootstrap
parameter space being ©), = 6+ s_lA:;b = 0. The bootstrap estimator itself, adapted
to our setup, could be written as

brp = argmin|s, (6 — 0) — M, %€ g,
9(0)=0
where &7 is a bootstrap variable such that &, gp N(0,I1); eg., &, = 1/2M,1/2(9* —0).
In the simple case of an affine g we find the explicit expression

oA o
Sn(gnb - 9) = (pn(Mn 1/2571)
for @,, defined similarly to ¢,,, with the only difference that in (5.2) the term n'/2|g(8)|*+#

is replaced by s,g(0). As spg(0) % o0llfy(9y)>0y similarly to n'/2|g(0)|**, k > 0, it fol-
lows that @,, converges similarly to ¢,,. As a result,

(n'/2(8 = 00), (50 (8 — 0)| D)) 5 (€(00), (£(00)| M),

ensuring the validity of the numerical bootstrap, though the consistency rate of é:;b is
Sn = o(n 1/2) instead of n!'/2. In contrast, the rate of n'/? would be achieved by our
proposed bootstrap estimator, with n1/2(¢9 —0) = &, (M, 1/2§n) if 0 = {0 € R? .

g(0) > g%(0)} with g& = g — n~"/2s,|g] is specified in Assumption 3.
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5.3 UNIFORMITY CONSIDERATIONS

In agreement with Chatterjee and Lahiri (2011), Remark 3, the focus in this paper
is on pointwise bootstrap validity. For situations where uniform bootstrap validity
is of interest, our key takeaways are similar to the literature on non-random limiting
bootstrap measures. First, for the null hypothesis ¢ that the true parameter value lies
on the boundary of the parameter space, the pointwise-valid bootstrap schemes outlined
in Corollary 4.1 display asymptotic rejection probabilities matching the local power of
the bootstrap test whenever the true parameter value varies along a sequence that is
local to the boundary at the n~'/2 rate. This fact is associated with rejection frequencies
above the nominal test size along local-to-the-boundary parameter sequences (cf. Fang
and Santos, 2019, Remark 3.6). Second, if conservative bootstrap inference along such
parameter sequences is desired, it can be achieved for hypotheses ¥1-¢3 by adapting
the approach of Doko Tchatoka and Wang (2021), and Cavaliere et al. (2024), at the
cost of a potential decrease in power.

To illustrate these points, consider a sequence of true parameter values 0, = 6y +
n~1/29 such that g(fy) = 0 and §'0 = ¢ > 0 with g(,) = n='/2c+ o(n=1/2). Moreover,
let

00, ¢) := 9 + argmin||A — M~Y2¢|[pr, A° = {A € R?: ¢'A+ ¢ > 0}, (5.3)
AEAC

and £(0,0) = £ of eq. (3.3). Then, the joint convergence result
(n'/?(8 = 60), (n/*(0" = 8)| D)) S (€09, ¢), (£(0,0)|M)) (5:4)

holds for the bootstrap schemes satisfying conditions (i) and (ii) of Corollary 4.1. For
a function r : R> — R which is continuously differentiable close to 6y, consider the
statistics 7, = n'/2r(#) and 7* = nl/z(r(@*) —7(0)), and distinguish among the extreme
possibilities 7 = ag with a > 0, and 7 = ag; with a # 0, where 7 = %(90). The
former possibility arises in testing the null hypothesis that 6 lies on the boundary (e.g.,
with 7 = g), whereas the latter one arises when the null is orthogonal to the boundary
(e.g., with r(#) = 61, Hy : 1 = 0 and Q = R x [0,00)). If 7 = ¢ and, without loss of
generality, a = 1, the delta method yields

(Tns (75| Dn)) S (max{0, §' M™% + ¢}, (max{0, §' M ~/?¢}|M)).
With 7, := (¢’M~14)~/2, it follows that
Py <) = (s ML €)= §legns/oey ooy + O(ypr(9' M2E + N grnr-1/2¢ 4 c301

> 7(0; M, €),

where 7(0; M, &) 4 %H{U<0.5} + Uliy>0.5), U ~ Ujp 1), represents the limit distribution
of the bootstrap p-value under the null. The inequality above implies that bootstrap
tests rejecting for large bootstrap p-values will exhibit rejection frequencies above the
nominal test size.

On the other hand, if 7 = ag, it holds that

(T (T5]1Dn)) B (i MY2E + 7y MO, (¢ s MY 2€| M),
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with 73, == g1¢, (¢, Mg.)~!, such that the boundary is asymptotically irrelevant.
Bootstrap tests of the null that 7(y) = 0 could be conservative or liberal according to
the sign of 7/¢ ¢/, M¥. Similar considerations apply whenever 7/g; # 0.

For situations where liberal tests are not desirable, a possible remedy is suggested
next. It involves a continuum of boundaries for the bootstrap parameter space and its
implementation requires a discretization of that continuum.

Let 6 be the unrestricted OLS estimator of 6 in regression (3.2). For every s € I,, :=
[—|g(O) |1+, g(8)], let 9: be the bootstrap estimator over the parameter space ©F :=
{0 e R?: g(0) > s — g(0)'"}, where p € (0,1) and x > 0 are fixed. For a continuously
differentiable function r, let p¥ (s) be the p-value of a test based on 7, = n'/2r(0) and
7% =n'2(r(0") — r(f)). Then

limsupP(sup p,,(s) < ¢q) <q
n—00 s€lp
for all g € int C, where C is the set from display (1.1) for the benchmark asymptotic
test based on the unfeasible statistic n'/2(r(8) — r(#,)) and the simple null hypothesis
that 6, is the true parameter value. This conservative generalization of the validity
property (1.1) holds irrespective of the values of the drift parameter c. Specifically, the
role of —|g(0)|*~* in the definition of I, is to guarantee that g(@) — en~1/2 € I,, with
probability approaching one. Conservative size control then follows from the fact that
é: with s = g(#) — en~1/2 satisfies

(n2(0 — 0,,), (n"2(6; — 0)|Dy)) 5 (£(0, ), (0, ¢)|M)) ;

see egs. (5.3)-(5.4).

6 NUMERICAL RESULTS AND CHOICE OF THE TUNING
PARAMETERS

In this section we analyze the finite sample performance of the proposed bootstrap
methodology by means of numerical simulations. The purpose is twofold: first, to in-
vestigate the practical advantage of our methodology over standard bootstrap methods;
second, to provide some practical guidance on how to choose the functions g* and the
tuning parameter x in the definition of the bootstrap parameter space. Simulations are
based on setup G3 of Section 3, as it covers the general case of a true parameter value
that could, but need not, lie on the boundary of the parameter space under the null hy-
pothesis. This section is organized as follows. In Section 6.1 we describe the data gen-
erating processes, the null hypotheses and the adopted bootstrap schemes. In Section
6.2 we discuss the performance of the tests both under the null and under local alter-
natives. Section 6.3 deals with the choice of g* and . Additional numerical results are
provided in the accompanying supplement, Section S.2.

6.1 MONTE CARLO DESIGN

We consider the same data generating process (DGP) as in (3.1), where z,,; = n~ /2

Ty = Zle €2y Ext ~ i1d N(0,1), with the following specifications of &;:

Tt,
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1. & ~iid N(0,1);
2. & = oy, where 07 = 0.7+ 0.3¢7_; and vy ~ iid N(0,1);

3. &t = V0.5e,+ + V0.5n,, where 1, ~ iid N(0,1).

In each case, {5} is independent of, respectively, {e;}, {v+} and {n;}. In Case 1,
the regression errors are independent and Gaussian, while in Case 2 they exhibit ARCH-
type conditional heteroskedasticity. Case 3 allows for correlation between ¢; and the
regressor’s innovation e ¢.

The parameter space is specified as © := {# € R? : g(#) > 0} where g(0) = 05. That
is, © := R x [0, 00) — such that its boundary is given by 90 = R x {0}. For all parameter
values, we test the null hypothesis Hp : h(6y) = 0, with h(0) = 6 + 02, against the two-
sided alternative h(6y) # 0. To do so, we employ the test statistics 7, = ¢(v/nh(6))
and 7% = ¢(y/n(h(8") — h(H))), where ¢(x) = 22, while f and 8 denote the original and
bootstrap constrained LS estimators, respectively. In order to analyze size control and
power of the proposed tests, we consider both empirical rejection probabilities [ERPs]
under the null and under local alternatives. For tests performed under the null, we
consider three different choices of the true value 6y, one located on 90 and two located
on ©\00; specifically, 0y € {(0,0),(—0.75,0.75)", (—1.5,1.5)'}. Under Hy, we employ
a local alternative of the form 6y = agn=2, ap € R2, such that h(6y) # 0 unless
a=(0,0).

Tests are based on p-values obtained using a ‘standard’ — i.e., with ©* = © — fixed-
regressor Gaussian wild bootstrap and the proposed ‘corrected’ bootstrap scheme. For
the latter, the bootstrap parameter space is set to ©* = R x [g*(@g),oo), where the
function g* satisfies the assumptions of Corollary 4.1, see also Section 6.3. In order
to assess the impact of the tuning parameter k, we consider a grid of possible values
for k. Numerical results are based on 50,000 Monte Carlo simulations, each involving
B =999 bootstrap repetitions. Sample sizes are set to n € {100,200, 400, 800, 1600}.

6.2 EMPIRICAL REJECTION PROBABILITIES

We now discuss the ERPs of the bootstrap tests. Specifically, the Monte Carlo results
in Table 1 and 2 refer to the case in which data are generated under the null and under
local alternatives, respectively. The proposed modified bootstrap parameter space is
based on the function g* = g — |g|*** for several values of x > 0.

Table 1 shows that the ‘standard’ bootstrap scheme typically under-rejects the true
null hypothesis when the parameter lies on the boundary of the parameter space ©
whereas, as expected, its ERPs are closer to the nominal level when 6 is in the interior of
©. Our proposed bootstrap performs similarly to the ‘standard’ bootstrap for very small
values of x, with the impact of the correction becoming more relevant as x increases.
If the parameter is on the boundary of the parameter space (6y € 90), our proposed
bootstrap scheme gives rise to smaller absolute size distortions than the ‘standard’
bootstrap, for all the considered DGPs and all values of k. When 6y € int©, we observe
very little variability in the ERPs across the different bootstrap methods, at least for
reasonably small values of k.

18



Table 2 reports the ERPs of the tests when data are generated under local alterna-
tives 0y = apn™/2, ag € {(—3,0)’,(3,0),(5,0)'}, such that the true parameter values
lie on the boundary of the parameter space. Results show that both bootstrap schemes
have power under local alternatives, with the ‘corrected’ bootstrap generally showing
higher ERPs than the ‘standard’ bootstrap, in line with the results obtained under the
null. Finally, we notice that the sign of the deviations from the null hypothesis mat-
ters, with positive deviations showing higher ERPs. This finding can be explained by
the fact that the limit distribution of n'/2(h(@) — h(6y)) is asymmetric when 6 lie on
the boundary of ©. Results about local alternatives such that 6y are n=/2-local to the
boundary are substantially similar and are reported in Section S.2 of the supplement.

6.3 CHOICE OF g* AND kK

We now consider the practical issue of choosing the function g* and the tuning parameter
k used to construct the modified bootstrap parameter space O*.

Regarding ¢*, in Section 4 we discussed the functions gz‘l) = g—|g|*™*, k > 0, which
satisfy the assumptions of Corollary 4.1 and were employed in the simulations so far,
whereas in Section 5.2 we considered also gfy) := g — n~"|g|, k € (0,1/2), corresponding

to s, = n'/27% in the concluding paragraph of Section 5.2. Numerical results in Table
1 and 2 and in the accompanying Supplement, Section S.2, show that both choices of
g* deliver good test performance, both under the null and under local alternatives. The
most salient difference between ga) and 9262) is that tests based on 9?1) tend to be more
robust to the choice of k when g(6y) > 1.

Concerning the choice of the tuning parameter «, we focus on g* = gZ‘l). Preliminary
considerations point at a possible trade-off between the cases of a boundary and an
interior location of the true parameter 6. Thus, for 8y € 00, larger values of &

)1+ to zero, which can be expected to favor bootstrap
performance as the bootstrap true value 0 is put at a smaller distance from the bootstrap
boundary. On the other hand, if 6y € int(©) and g(fy) € (0, 1), in small samples large
values of x may put 6 too close to the bootstrap boundary, yielding inferior bootstrap
performance.

Our Monte Carlo study indeed confirms that small values of k are preferable when

accelerate the convergence of g(0)

0o € int(O) and g(fy) € (0,1); however, it also shows that the proposed correction
quickly provides satisfactory size control for small values of x even when 6y € 00.
Finally, we notice that when 6y € int(©) and g(fp) > 1 the choice of x has negligible
impact on the ERPs. Overall, our numerical analysis suggests that choices of k close
to 0.5 provide quite satisfactory size control across all the considered scenarios.

REMARK. The above guideline about the choice of x is based on numerical evidence; it
delivers a reasonable simple choice which can be easily implemented. It is not optimal
in any sense, and indeed alternative methods could be employed to obtain data-driven
choices of k. For instance, the unrestricted parameter estimates could be used to assess
how far the true parameter value g is from the boundary of the parameter space, and
then calibrate the choice of k accordingly. This approach would be in the spirit of
Romano, Shaikh and Wolf (2014), who suggest to improve the power of tests of moment
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inequalities by introducing a first step, where a confidence region for the moments is
constructed using their unrestricted estimates. Although this approach may improve
the finite sample properties of our tests, it would require a preliminary choice of further
tuning parameters, such as § in Romano et al. (2014), hence introducing an extra layer
of complexity. O

7 (CONCLUSIONS

In this paper we analyzed the problem of bootstrap hypotheses tests on the parameters
(c, B) of a predictive regression y; = a+ fxy—1 + &4, generalizable to higher dimensions,
when the parameter space is defined by means of a smooth constraint g(«, §) > 0 and
the true parameter vector under the null hypothesis may lie on the boundary of the pa-
rameter space. In the framework of constrained parameter estimation, implementation
of the bootstrap is not straightforward, as the presence of a parameter on the bound-
ary of the parameter space makes the bootstrap measure random in the limit.

We discussed possible solutions to this inference problem. Specifically, we presented
some modifications of standard bootstrap schemes where the bootstrap parameter space
is shifted by a data-dependent function, thus allowing us to regain control over the
boundary as a source of limiting bootstrap randomness. We also proved validity of the
associated bootstrap inference in the cases where the posited predicting variable is I(1).

Our contribution is novel in the framework of predictive regression, in that the ex-
isting literature has not analyzed the bootstrap in contexts combining non-stationarity
of the posited predictor with a priori knowledge about the possible form of predictabil-
ity, represented by a restricted parameter space. The value of our work is to provide
valid bootstrap implementations in this setting.

SUPPLEMENTARY MATERIAL

Cavaliere, G., Georgiev, I. & Zanelli, E. (2024). Supplement to: “Parameters on the
boundary in predictive regression,” Econometric Theory Supplementary Material. To
view, please visit [[doi to be inserted here by typesetter]]

REFERENCES

ANDREWS, D.W.K. (1999): Estimation when a parameter is on a boundary, Econo-
metrica 67, 1341-1383.

—— (2000): Inconsistency of the bootstrap when a parameter is on the boundary of
the parameter space, Fconometrica 68, 399-405.

BErTI, P., L. PRATELLI AND P. RI1GO (2006): Almost sure weak convergence of
random probability measures, Stochastics: an International Journal of Probability
and Stochastic Processes 78, 91-97.

20



CAVALIERE, G. AND I. GEORGIEV (2020): Inference under random limit bootstrap
measures, Fconometrica 88, 2547-2574.

CAVALIERE, G., H.B. NIELSEN, R.S. PEDERSEN AND A. RAHBEK (2022): Bootstrap
inference on the boundary of the parameter space, with application to conditional
volatility models, Journal of Econometrics 227, 241-263.

CAVALIERE, G., H.B. NIELSEN AND A. RAHBEK (2017): On the consistency of boot-

strap testing for a parameter on the boundary of the parameter space, Journal of
Time Series Analysis 38, 513-534.

CAVALIERE, G., . PERERA AND A. RAHBEK (2024): Specification tests for GARCH
processes with nuisance parameters on the boundary, Journal of Business € FEco-
nomic Statistics 42, 197-214.

CHATTERJEE, A., AND S. N. LAHIRI (2011): Bootstrapping Lasso estimators, Journal
of the American Statistical Association 106, 608-25.

CHEN, Q. AND Z. FANG (2019): Inference on functionals under first order degeneracy,
Journal of Econometrics 210, 459-481.

DokO TCHATOKA, F., AND W. WANG (2021): Uniform inference after pretesting for
exogeneity with heteroskedastic data, MPRA paper 106408, University Library of
Munich, Germany.

DUMBGEN, L. (1993): On nondifferentiable functions and the bootstrap, Probability
Theory and Related Fields 95, 125-140.

FANG Z. (2014): Optimal plug-in estimators of directionally differentiable functionals.
Unpublished manuscript.

FANG Z. AND A. SANTOS (2019): Inference on directionally differentiable functions,
Review of Economic Studies 86, 377-412.

GEORGIEV, 1., D. HARVEY, S. LEYBOURNE AND A.M.R. TAYLOR (2019): A boot-

strap stationarity test for predictive regression invalidity, Journal of Business &
Economic Statistics 37, 528—-541.

GEYER, C.J. (1994): On the asymptotics of constrained M-estimation, Annals of
Statistics 22, 1993-2010.

HiraNO, K. AND PORTER, J.R. (2012): Impossibility results for nondifferentiable
functionals, Fconometrica 80, 1769-.1790.

Hona, H. AND J. L1 (2020): The numerical bootstrap, Annals of Statistics 48, 397—
412.

KALLENBERG O. (1997): Foundations of Modern Probability, Springer-Verlag: Berlin.

KALLENBERG O. (2017): Random measures: theory and applications, Springer-Verlag:
Berlin.

21



MULLER, U.K. AND M. WATSON (2008): Testing models of low frequency variability,
Econometrica 76, 979-1016.

PuiLLips, P.C.B. (2014): On confidence intervals for autoregressive roots and predic-
tive regression, Econometrica 82, 1177-1195.

Romano, J.P, A.M. SHAIKH AND M. WOLF (2014): A practical two-step method
for testing moment inequalities, Econometrica 82, 1979-2002.

SWEETING T.J. (1989): On conditional weak convergence, Journal of Theoretical
Probability 2, 461-474.

A  MATHEMATICAL APPENDIX

A.1 PROOF OF THEOREM 4.1

Introduce #; := (1,2n 1) Let p, == n'/2(0 — 0p), My, = n~' 31| &} and N} :=
n~1/2 > iy €5y Moreover, let the normalized bootstrap estimator be denoted by pf, :=
nl/Q(é* —0); similarly, i := n2/2(6" — ), where 0" is the unrestricted (OLS) bootstrap
estimator. On the event {det(M,,) > 0} with P(det(M,) > 0) — 1, the estimator 6"
is well-defined and unique. As we are interested in distributional convergence results,
without loss of generality we proceed as if P(det(M,) > 0) = 1.

By arguments similar to the proof of Theorem 4.1 in Cavaliere and Georgiev (2020),
it can be concluded that (u,,, My, N;¥) Y (0(80), M, M'/2¢%)|(M, £(8p)) in RZ**, where
M is of full rank with probability one, £*|(M, £(6p)) ~ N(0,02I5) and o2 denotes the
variance of ¢; corrected for Az, . To derive the result (4.1), we analyze the properties
of u¥ on a special probability space where (u,,, M, N;?) given the data converge weakly
a.s. rather than weakly in distribution. Specifically, by Lemma A.2(a) in Cavaliere
and Georgiev (2020) we can consider a probability space (where ¢(6y), M and, for every
n € N, also the original data and the bootstrap sample can be redefined, maintaining
their distribution), such that

o S5 0(00), My, 5 M, N; a0 MY2€7|(M, £(00)) = MY2¢* M, (A1)

the last equality being an a.s. equality of conditional distributions.

Let ¢;(0) := n= 2> "1 (yf — 0'%)? with 0" := argmingcge ¢’ (0) being well-defined
and unique for outcomes in the event {det(M,,) > 0}. On the special probability space,
the asymptotic distribution of & = n'/2(8" — §) = M;!N* follows from (A.1) and a

CMT (Theorem 10 of Sweeting, 1989):
05 s, U|(M, 0(80)) = 0|M, 0 = o2M /2", (A.2)

Let us turn now to the bootstrap estimator 6 . If g(0o) > g*(6p), then the consis-
tency facts 8 “3 6y (from (A.1)) and 6" Y s, 00 (from (A.2)), jointly with the con-
tinuity of g, g* at g, imply that P*(g(é*) > g*(@)) ©3 1. Hence, 0 uniquely mini-
mizes g on ©* with P*-probability approaching one a.s. This establishes the existence
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of " with P*-probability approaching one a.s., as well as the facts P*(0 = é*) O |
and P*(uf = fif) 3 1. Using also (A.2), it follows that p* 3., ¢*|M on the spe-
cial probability space, and since g, = £(6p) on this space, it follows further that
(f15 (1151 D)) 34 (£(B0), (£*| M) on a general probability space, as asserted in (4.1).

In the case where g*(69) = g(6y), it still holds that " uniquely minimizes ¢ on ©*
whenever g(6") > ¢*(), such that § exists and equals 6 on the event {g(8") > ¢*(6)}.
However, the probability of this event no longer tends to one. Whenever g(é*) < g* (9),
a minimizer of ¢ on O* exists if and only if a minimizer, say 9*, of ¢ on 0O exists
and minimizes ¢ over the entire ©* (this claim is due to the fact that, for outcomes in
the event {det(M,) > 0}, the function g*(f) is locally minimized uniquely at 6"). Let
I = Ty 50y With b(0) == g(6) — g*(A). We show in Section A.2 below that 6" (1 —I%),
with a measurable 0, is well-defined with P*-probability approaching one a.s. and
(¢:(07) — q=(0))(1 —T*) < 0 for all § € ©*, with P*-probability approaching one a.s.
This establishes the possibility to define the bootstrap estimator 0" as

0 =0T +0"(1-1) (A.3)

and, therefore, the existence of 0" with P*-probability approaching one a.s. The exis-
tence result carries over to a general probability space with P*-probability approaching
one in probability.

In Section A.2 we also show that [|§” —8[|(1 —T%) = O« (n~'/2) a.s., and as a result,
16" -0 = Op-(n~1?) as., using also (A.2). We do not discuss the uniqueness of §* but
instead we argue next that the measurable minimizers of ¢, over the bootstrap boundary
are asymptotically equivalent, as they give rise to the same asymptotic distribution of 0"

To accomplish this, we use the result of Section A.2 that 6" satisfies a first-order
condition [foc| with P*-probability approaching one a.s. Let dots over function names
denote differentiation w.r.t. 6 (e.g., ¢:(6) := (94} /06')(#), a column vector). Then the
foc takes the form

{dn(67) +8ab(67)}(1 — L) = {dn(87) +8ag(67)}(1 —L;) = 0, b(67)(1 - I;,) = 0,

where 0, € R is a Lagrange multiplier. The foc implies, by means of a standard
argument, the existence of a measurable 8" between 0" and 6 such that

{n!2(0" = 8) = (I = A7g(67) )i, + Apn'20(6)} (1~ L) = 0,
where A* := M 1g(0") [g(é*)iM;lg(é*)]—l is well-defined with P*-probability approach-
ing one a.s. As further [|§” —0(1—1%) = Oy (n=1/2) as., |07 —0]|(1-T%) = Op(n=1/?)
a.s. and § — 0y = O(n~'/?) a.s., using the continuity of ¢(#) at 6y it follows that

{(n'2(0" = 0) = [(Io = A", = A"(§ = §7)'n*(0 = 00)]}(1 — L)) = 00 (1) as.,

where A* ;= M~1g[¢’M~14]7t and P*(|op-(1)| > n) “3 1 for all n > 0.
Returning to (A.3), we conclude that

n'2(6"=6) = i I +{ (I — A% )iy, — A% (9—37)'n'* (6—00) }(1—T;) +0p-(1) as. (A4)
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Consider the event indicated by I*. As Hé* —0|| = Op(n""/?) a.s. and H—0y = O(n~1/?)
a.s., by the mean value theorem and the continuous differentiability of g, ¢* it holds that

n2b(07) = §'fin + (5 — §°) 1o + 0+ (1) as.

Then I, “q 5. Too| (M, £(80)) with Lo = T 75 5 ge(6y DY (A1)-(A.2) and the CMT
for weak a.s. convergence (Theorem 10 of Sweeting, 1989), as the probability of the
limiting discontinuities is 0: P(§'0* = (¢* — §)"€(0o)|(M, £(6p))) = 0 a.s. By exactly the
same facts, passage to the limit directly in (A.4) yields

20" = 0) s {FLe + 0 (1 — L) Y|(M, £(80)), I := (I — A*¢)0* — A*(§ — §%)'¢

on the special probability space, where also p,, — £(6p) by (A.1). Therefore, on a
general probability space it holds that

(1> (07207 = 8)[ D)) “r (€(00), [{F oo + £%(1 = Loo) }| (M, £(60))))-
As Iy — A*¢' = ¢, (¢ Mg,)'¢', M and 0* = M~1/2¢* it follows that
Ploo + 0 (1~ L) = gu(§)Mgo) "9y M€
+M (' M g) " max{(g" - g)'e, g MY,
which is arg mingg > g«—gyey [|A — M~12¢%||5 as. as asserted in (4.2). O

For use in the proof of Corollary 4.1, we notice here a useful consequence of the
previous argument. Return to the special probability space where

(s (07207 = 0)[ D)) “as. (€(00), {0 oo + £ (1 = T} (M, £(00))])-

Let 7y 1= ¢(u,), 75 = (/20" — 0)), 7 := ¢(£(60)) and 7% := ¢(I*Ioo + (1 — L))
for a continuous ¢ : R — R. Then

(Ts (751 Dn)) B, (7, 7|(M, £(65)))

by the CMT of Sweeting (1989). Furthermore, the regular conditional distributions
7} | Dy, converge weakly to the regular conditional distribution 7*|(M, ¢(6y)) for almost
all outcomes; see Theorem 2.2 of Berti, Pratelli and Rigo, (2006). For any fixed outcome
such that the previous convergence holds, also F;\~1(¢;) — Fy,,(q:), i = 1,2, hold for
the sample paths of the respective conditional quantile functioias, provided that g1, g2
are continuity points of the sample path of F’ ]\_4’16. If ¢1, g2 are continuity points of almost
all sample paths of FJ\_41e7 it follows that F*~!(¢;) —a.s. Fﬂ}le(qi), i = 1,2. Therefore, on
a general probability si)ace, 7

(o (@), By @2), (751 D)) S (7, Faflo(@n), Faflo(go), ™ [(M, £0)))  (A.5)

provided that F ]\_4,1£ is a.s. continuous at qi, gs.
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A.2 DETAILS OF THE PROOF OF THEOREM 4.1

Let g*(60) = g(6y) throughout this subsection. For outcomes such that §° ¢ ©* and
Amin (M) > 0, the quadratic function ¢ is not minimized over ©* at any interior point
of ©* (for otherwise this point would have to be the stationary point é*gé 0" of g,
a contradiction). For such outcomes, if ¢! is at all minimized over ©*, then this has
to occur at a boundary point of ©*. Since 80* C {0 € R? : g(d) = ¢g*(0)} =: IO,
we proceed by constructing a minimizer of ¢ over the latter set and by showing that
this minimizer is in fact a global one over ©*. This (and some added measurability
considerations) establishes the well-definition of # in (A.3). Then we establish the
n~1/2 consistency rate of " in the sense that [|§” — 0||(1 —I*) = Op(n™1/2) as.

STEP 1. EXISTENCE OF A MINIMIZER OF ¢ OVER A PORTION OF d©* CLOSE TO 6.
The point (', ¢) = (8), 9(8p))" € R? trivially satisfies the equation g(f) = c. Since g is
continuously differentiable in a neighborhood of 6y and ¢ = (¢1(6o), §2(00))" # 0 (say
that ¢1(6g) # 0, with the subscript denoting partial differentiation), by the implicit
function theorem there exist an r > 0 and a unique function v : [f20 — 7,020 + 7] X
[9(60) =7, 9(00) +7] — [01,0—7, 01,0+ 7] such that (02,0, 9(60)) = 01,0, 9(7(02, ¢), 02) = ¢;
moreover, 7 is continuously differentiable. For outcomes such that |g*(0) — g(0o)| < r,
the (non-empty) portion of the curve 90* = {0 € R2 : g(f) = ¢g*(#)} contained in
the square II := [0y — 7,010 + 7] X [020 — 1,020 + 7] can be parameterized as 61 =
v(62,9%(8)), 02 € [B20 — 7,020 + 7]. Define §° = (y(85,g*(8")), 05, where 0y is a
measurable minir?izer of the continuous function g*(y(f2, g*(8')),82) over 0y € [f20 —
020+ 7], with 6 = 0. 5,50y <r) + 0019 @) g0y S0 Lo )—giogy<ry > 1
under g*(6y) = g(0p), it follows that 0" minimizes gy over 90* N1II with P*-probability
approaching one a.s.

STEP 2. MINIMIZATION OF @;, OVER THE ENTIRE BOOTSTRAP PARAMETER SPACE. For
outcomes in

An = {1g"(0) — 9(00)| <} 0 {g(®") < g"(O)} N {116 — bl + (18" — BI| < 5},

the minimum of ¢, over the entire bootstrap parameter space ©* exists and is attained
only in IT (e.g., at 0" defined in Step 1), provided that

2

o = Anin (M) T = Anax (M) 6 = 0]* > 0.

To see this, consider ¢ := cf+(1—c)8" where ¢ : mf{a €[0,1] : b(ab+(1—a)8") = 0};
6 is well-defined whenever g(8°) < g*(f) because g(d) > 9 *(0) and b is continuous.
Moreover, §° € II for outcomes in A, because [|6° — 0o < |6 — 6ol + ||6° —9” < % and,
hence, ¢} (6°) > q,’;(ﬁ ) for outcomes in A,,, by the minimizing property of 0" on HO*NII
and the fact that b(6°) = 0. For any 6 ¢ II and outcomes in A,,, we therefore find that

a(0) — (7)) > qi0) — g (69) = g (0) — () + q- () — g (6°)
Amin(M)[[0 = 071> = Amax (M) 167 — 6°|?

Amin (M) {116 = O]l = 116" = 601}* = Amax(M2) |67 — 6]
Amin (M) {r = 107 = 8]l = 10 — 061132 — Ammax(M:n) (|07 — 0|2

(AR \VARLVARIV]
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2

> )\min(Mn>% - )\max(Mn)Hé* - éHZ = Qnp.
Thus, for outcomes in A, N {ay, > 0}, g;, out of II is larger than miny_zq.q gn(0). As
dO* C O, it follows that mingee-nr ¢ (0) (which exists) for such outcomes is actually

mingee+ ¢, (6). Moreover,

0)= “(0)= min ¢ (0)= min ¢ (6
min ¢, (f)=, min ¢, (6) Heggflmnqn( )=, min_ q,(9),

for if mingee+nr ¢ () <mingego+nm i (#), then mingco-nm ¢ (0) (and thus, mlnge@* q:(0))
is achieved at an interior point of ©*, which can only be 0* a contradiction with 6 ¢ OF
(i.e., with g(8") < g*(#)). To summarize, for outcomes in A, N {ay, > 0}, & minimizes
q; over ©F and is at the boundary of ©*.

We find the associated probability

P ((1=T)a; () < (1 - T)an(6) V0 € ©°\10)

> P (Ig"(0) - wm<mweﬂ<|W—w<Z%>®

= Lg- @)—g(00) < {10001 <r/a} (”9 — 0 < from > 0)

because g(0) 3 g(00), Amin(Mn) = Amin(M) > 0 a5, Amax(Mn) = Amax(M) < 00
a.s. and |67 — 0| 45, 0. This establishes the fact that 8" of (A.3), with 6" as defined
in Step 1, minimizes ¢, over the bootstrap parameter space ©* with P*-probability
approaching one a.s.

STEP 3. CONSISTENCY RATE OF 6 . Similarly to Step 2, for outcomes in Ay,
0> g (8") = g7(0%) = Amin(Ma) 10" = 07 1% — Amax (M) 167 = 6],
the first inequality by the minimizing property of 6" over 0* NII. Therefore,

(M) oo 5o
e )w o)
> P (l9"(8) — 9(00)| < .10 b0l < 5. 18" -

P’ Ql—wme—GHQ (1 —1)e

L9+ -g00)1<rintio-00l<r/y T (H9 — Ol = %) -l
AS Amax (M) /Amin (M) “3 Apax (M )/)\mm( ) and ||9>k — 0| = Ope(n~1/?) P-as. (the
latter, by (A.2)), it follows that (1—1%)||6" — 67| = Op (n~1/2) P a.s. and ||6" —9 | =

Op(n~1/2) P-as. for 0" of (A.3). Thus, 6" has the same consistency rate as °. This
argument applies to any 0" which is measurable and minimizes q;, over 00* N1I for
outcomes in A,. This completes Step 3.

Finally, consider the first-order condition [foc] for minimization of ¢ on d©*. As
10" —00]|(1—1%) < {[|0" — 67| + 110" — 0]} (1 —IF) %4 0, it follows that L ety (1 —
I*) + T* 5., 1. As additionally §(6) # 0, by continuity of §(6) := (9g/06')(6), the
foc takes the form

P* ({6a(8") +309(87)}(1 ~ T;) = 0) 51

where §,, € R are measurable Lagrange multipliers that can be determined, for outcomes
in the event I* = 1, by involving also the constraint 5(")(1 — I*) = 0. O
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A.3 PROOF OF COROLLARY 4.1

We only discuss the bootstrap validity part of the corollary, as the convergence part
(4.3) was explained in the main text.

Let 7, := ¢(n'/2(0 — 6y)), 7% = gb(nl/Q(@* —0)) and 7 := ¢(£(hy)). Convergence
(4.3) and the continuity of ¢ imply that

(Tns (Th]Dn)) = (7, (7] M)).
If the (random) cdf of 7|M is sample-path continuous, bootstrap validity follows from
Theorem 3.1 and Lemma A.2(b) of Cavaliere and Georgiev (2020). We reduce the
general case to the globally continuous case by a local argument for the cdf’s F(-) :=
P(r <) and Fy(-) := P(t < :|M). For concreteness, we focus on the technically more
involved possibility g(fy) = 0, such that 6y € 9O given the assumption g # 0. With
I(B) == §1(§". Bg1) "¢ BV*¢ + B~ 4(§' B~ §) ' max{0, ¢’ B~"/%¢}

for positive definite B € R?*? and with ¢ = [(M), notice the following. If B is a fixed
positive definite matrix such that

P(¢((B)) =a)>0 (A.6)

for some a € R, then by equivalence (i.e., mutual absolute continuity) considerations
for non-singular Gaussian distributions, also

P(¢ (D)) =a)>0

for any positive definite D € R2*2. In fact, let ¢ : R — R be defined as ¥(-) := ¢(g.(+))

and let ¢ (+),1 (-) denote inverse images. Then the probability in (A.6) equals

P((B) € ¢ ({a}) nOA) + P(I(B) € ¢ ({a}) NintA)
P({g'B~1%¢ < 0} n{(¢1Bg1) ¢\ B¢ € v ({a})})
P({g'B?¢ >0} n{B ¢ € ¢* ({a})})
P(§'B~'%¢ < 0)P((¢, Bg1) 1 B¢ € v ({a})})
P(B7'%¢ € ¢ ({a}) Ninth),

the equality because C’ov(g’B_l/zf, (¢, Bg.)~'¢, BY%) and ¢ is Gaussian. In

=0
the previous display, P(§’B~'/2¢ < 0) = P(N(0,¢’B~'g) < 0) > 0 for all positive
definite B,

P((g,Bgy) ') B?¢ e v ({a})}) = P(N(0, (¢ Bg1)™") € ¥ ({a}))

is either O for all positive definite B or positive for all positive definite B, and the same
applies to P(B~Y2¢ € ¢*~({a})NintA). Therefore, the sign of the probability in (A.6)
is the same (zero or positive) for all positive definite B.

The cdf F); is a measurable transformation of M determined a.s. uniquely by the
distribution of (M, &); it can be identified (up to a set of measure zero) as

Fu() = P(¢(U(B)) <)lp=u
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by virtue of the independence of M and £. Since M is positive definite a.s., from the

argument in the previous paragraph we can conclude that every point on the line is

either a discontinuity point of almost all sample paths of Fj;, or a continuity point of

almost all sample paths of F);. By averaging, a point on the line is a discontinuity

point of F' if and only if it is a discontinuity point of almost all sample paths of Fj;.
Let now ¢¢ be an interior point of the set

C={ge(0,1): lim P(F(7y) < q) = q|Ho}

such that the asymptotic test is correctly sized for ¢ € (qo — 2¢,q0 + 2¢) C (0,1) for
some € > 0. As 7, — 7 ~ F, this implies that F' and (by the discussion in previous
paragraph) F)js skip no values from the interval (go — 2¢,qo + 2¢) (for Fy, a.s.). In
particular, almost all sample paths of F); are continuous on the (random) open superset
(F]\}l(qo —3e), Fif (g0 + 3¢)) of I == [Fy/ (g0 — €), Fiyf (g0 + €)], with

Fifao — %e) < Fiyfqo — €) < FyMao +€) < Fyf(qo + ge) as. (A7)
Without loss of generality, € can be considered such that gy & € are continuity points
of F' Ajll a.s. (because F Az,l is chosen to be cadlag and its discontinuity points on, say
(L, of 1] are countably many). Let ¥~ (a,z) and ¥ (a, ) be generalized inverses of
the cdf’s of a standard Gaussian variable conditioned to take values respectively in
(—00,al and [a,00). On extensions of the probability spaces where the data and (7, M)
are defined, consider a U ;) variable v. Define Fj;(-) := P*(5, <), Inc := [Fi (g0 —
€), F"1(qo + ¢€)] and

%n = TTL]I{TnGIn,g} + \Ili(F:;il(qO - 6)’ U)H{TH<F;_1(q0—E)}
*—1
+ U (0 + €, V)L et gore)
o= Tlirsenng T 9T (F 0 = 0, 0) e i1 (g
+ U (F g0 + €), U)H{T;;>F$‘1(qo+e)}’
% == TH{TGIE} + \Ili(F]Ql (qO - 6)7 U)]I{T<F]&l(q076)}
1
+ \I]+(FM (90 +¢), U)H{T>Fﬂ}1(qo+6)}'
Then
(Fn (73] D)) S (7, (71M))
because
(1o BLRGRIDRY) % (f1(7n), B{f(F)IMY)
for any continuous and bounded real functions f1, f2, as a result of (A.5) with 7*|(M, £(6p) =
T|M in the sense of a.s. equality of conditional distributions and the fact that P(r =
FA}I (go £ €)|M) = 0 a.s. by sample-path continuity of Fj; an open superset of .. As
the cdf of 7|M is a.s. sample-path continuous by construction, it follows that P*(7} <
Tn) S Ujo,1]; by Theorem 3.1 and Lemma A.2(b) of Cavaliere and Georgiev (2020).

Let F*(-) := P*(} < -). We now return to the original variables. By considerations
of equalities of events, it holds that

P(F;(mn) < qo) = P(F;(7a) < q0) = P(F;;(70) < @0) = P(P*(7}, < 70) < q0) = a0
using the fact that P*(7% < 7,) = Ujp,1)- This completes the proof.
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TABLE 1: Empirical rejection probabilities (ERPs) of bootstrap tests under the null.

Nominal level: 0.05

6o = (0,0) 0o = (—0.75,0.75)’ 6o = (—1.50,1.50)"
b1 b2 b1 b2 b1 b2
K K K
dist. n 0.25 0.50 1.0 2.0 0.25 0.50 1.0 2.0 0.25 0.50 1.0 2.0
& 100 || 4.2 | 4.7 5.0 5.3 5.4 6.9 7.0 7.2 7.3 7.5 6.3 6.3 6.3 6.4 6.5
400 || 3.9 | 4.8 5.1 5.3 5.3 5.5 5.6 5.8 6.2 6.7 5.3 5.3 5.3 5.3 5.3
800 || 3.7 | 4.8 5.1 5.2 5.2 5.2 5.3 5.4 5.6 6.2 5.2 5.2 5.2 5.2 5.2
&, 100 || 4.2 | 4.7 5.0 5.3 5.5 7.1 7.3 7.4 7.6 7.8 6.2 6.3 6.3 6.4 6.5
400 || 3.8 | 4.7 5.0 5.1 5.2 5.7 5.9 6.1 6.4 6.9 5.3 5.3 5.3 5.3 5.3
800 || 3.6 | 4.6 4.8 4.9 4.9 5.1 5.2 5.3 5.5 6.0 5.1 5.1 5.1 5.1 5.1
& 100 || 4.3 | 4.7 5.0 5.3 5.5 7.1 7.2 7.3 7.5 7.7 6.4 6.4 6.4 6.5 6.6
400 || 3.7 | 4.6 4.9 5.1 5.1 5.5 5.7 5.9 6.2 6.7 5.2 5.2 5.2 5.2 5.2
800 || 3.7 | 4.8 5.0 5.1 5.2 5.1 5.2 5.3 5.5 6.0 5.1 5.1 5.1 5.1 5.1
Nominal level: 0.10
6o = (0,0) 0o = (—0.75,0.75)’ 6o = (—1.50,1.50)"
bl bz bl bz bl b2
K K K
dist. n 0.25 0.50 1.0 2.0 0.25 0.50 1.0 2.0 0.25 0.50 1.0 2.0
& 100 || 8.0 | 9.0 9.7 103 10.6 || 13.0 | 13.3 13.6 14.1 14.6 11.5 | 11.6 11.6 11.7 11.8
400 || 7.7 | 9.5 10.1 104 10.5 10.4 | 10.5 10.8 11.3 124 10.3 | 10.3 10.3 10.3 10.3
800 || 7.4 | 9.4 99 10.1 10.1 10.4 | 10.4 10.5 10.7 11.5 10.1 | 10.1 10.1 10.1 10.1
&, 100 || 8.1 | 9.0 9.7 103 10.5 13.2 | 13,5 13.8 143 14.7 || 11.3 | 11.3 114 115 11.6
400 || 7.5 | 9.2 99 10.2 103 || 10.7 | 10.9 11.1 11.6 125 10.2 | 10.2 10.2 10.2 10.3
800 || 7.2 | 9.2 9.8 10.0 10.0 || 10.2 | 10.3 10.3 10.5 11.3 10.3 | 10.3 10.3 10.3 10.3
& 100 || 8.3 | 9.2 99 10.5 10.8 || 13.3 | 13.7 14.0 14.5 15.0 11.7 | 11.7 11.8 11.9 12.0
400 || 7.6 | 9.4 10.0 10.3 10.3 || 10.4 | 10.5 10.8 11.3 124 || 10.2 | 10.2 10.2 10.2 10.2
800 || 7.4 | 9.3 9.9 10.1 10.1 10.1 | 10.1 10.2 104 11.2 10.0 | 10.0 10.0 10.0 10.0

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed

corrected wild bootstrap method (b2) of Section 4, using ¢* = g — |g

|1+n

. ERPs are estimated using

50,000 Monte Carlo replications and 999 bootstrap repetitions. The column “dist.” shows the distri-
butions of e;: & ~ #dN(0,1), &, ~ ARCH(1) and £; = v0.5v; + v/0.5e4¢, where vy ~ #idN (0, 1) and

€, is the error term of the predictive variable x, +.
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TABLE 2: Empirical rejection probabilities (ERPs) of bootstrap tests under local alter-
natives.

Nominal level: 0.05

aop = (73,0)/ ap = (3,0)/ ap = (5, 0)/
bl bz bl bg bl b2
K K K
dist. n 0.25 0.50 1.0 2.0 0.25 050 1.0 2.0 0.25 050 1.0 2.0

I3 100 || 21.0 | 21.0 21.1 21.2 21.3 || 40.6 | 40.9 41.0 41.0 41.0 || 68.0 | 68.0 68.0 68.0 68.0
400 || 189 | 19.1 19.3 194 19.5 || 385 | 38.8 38.8 388 388 | 649 | 649 649 649 649
800 || 18.6 | 188 19.0 19.1 19.1 || 37.6 | 37.9 379 37.9 38.0 || 64.0 | 640 64.0 64.0 64.0
&, 100 || 21.7 | 21.8 21.9 22.0 221 || 41.9 | 42.1 42.2 422 422 || 68.5 | 685 685 685 68.5
400 || 19.2 | 19.4 195 19.7 19.8 || 383 | 38.7 38.7 387 38.7 || 64.7 | 64.8 64.8 648 64.8
800 || 18.6 | 188 19.0 19.1 19.1 || 37.8 | 381 38.1 38.1 381 || 642 | 64.2 64.2 642 64.2
&s 100 || 20.6 | 20.7 20.8 20.8 21.0 || 40.8 | 41.0 41.1 41.1 41.1 || 67.3 | 67.3 67.3 673 67.3
400 || 19.0 | 19.1 19.3 194 194 || 38.1 | 384 385 385 385 | 65.0 | 65.0 65.0 65.0 65.0
800 || 18.3 | 185 188 189 189 || 37.7 | 38.0 381 381 381 || 63.5 | 63.5 635 635 635

Nominal level: 0.10

ap = (73,0)/ ap = (3,0)/ ap = (5, 0)/
b] bz b] b2 b[ bz
K K K
dist. n 0.25 0.50 1.0 2.0 0.25 050 1.0 2.0 0.25 050 1.0 2.0

I3 100 || 29.6 | 29.8 29.9 30.1 30.3 || 54.7 | 55.0 55.1 55.2 55.2 || 81.7 | 81.7 81.8 81.8 81.8
400 || 27.0 | 27.3 27.7 281 282 || 52.2 | 52.6 52.7 52.7 527 || 79.6 | 79.6 79.6 79.6 79.6
800 || 26.4 | 26.9 27.3 27.6 27.6 || 51.7 | 52.1 52.2 52.2 52.2 || 78.7 | 787 78T 787 787
1 100 || 30.2 | 30.4 30.6 30.8 31.0 || 55.7 | 55.9 56.0 56.0 56.0 || 82.0 | 82.0 82.0 82.0 82.0
400 || 27.1 | 27.4 279 282 283 || 51.8 | 52.1 522 522 522 | 793 | 793 793 793 793
800 || 26.6 | 27.0 27.5 27.7 27.7 || 51.5 | 51.9 519 51.9 519 || 786 | 786 78.6 78.6 78.6
&s 100 || 29.1 | 29.3 294 29.7 299 || 54.2 | 54.5 54.6 546 54.6 || 80.9 | 80.9 80.9 80.9 80.9
400 || 26.7 | 27.0 274 277 278 || 51.7 | 52.1 52.2 522 522 || 794 | 794 794 794 794
800 || 26.2 | 26.6 27.1 273 273 || 51.3 | 51.7 51.7 51.7 51.7 || 785 | 785 785 785 785

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed

corrected wild bootstrap method (b2) of Section 4, using g* = g — |g|*™"

. ERPs are estimated using
50,000 Monte Carlo replications and 999 bootstrap repetitions. The column “dist.” shows the distri-
butions of &;: & ~ #@dN(0,1), &, ~ ARCH(1) and £; = v0.5v; + v/0.5e4 ¢, where vy ~ #idN(0,1) and

€x,¢t is the error term of the predictive variable y, ;.
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ABSTRACT

This document contains some supplemental material for Cavaliere, Georgiev
and Zanelli (2024), CGZ hereafter. In particular, we consider (i) generalizations
of some of the results in CGZ to the near-I(1) and to the stationary cases; (ii) we
report additional Monte Carlo simulations.

S.1 ALTERNATIVE DATA GENERATING PROCESSES

The asymptotic theory in the paper is presented under the assumption that z,; is a
unit-root non-stationary process. Here we show that the choice of a bootstrap parame-
ter space is fundamental for bootstrap validity also under alternative stochastic specifi-
cations for x, ¢, e.g., a near-unit root and a stationary specification. More importantly,
a common definition of the bootstrap parameter space could be appropriate for all the
considered specifications of x, ;. Still, the functional forms of the limit distributions
are not identical across the specifications of z,; and, in the stationary case, we per-
form OLS estimation under the additional constraint & = 0 in (3.2). The implications
for bootstrap inference are discussed below.

S.1.1 NEAR-UNIT ROOT REGRESSOR

Consider a modification of Assumption 1 where in part (c) the limit process becomes

(X,2) = (/ ec(s')dW(s),Z>/, ¢ >0,

* Address correspondence to: Giuseppe Cavaliere, Department of Economics, University of Bologna,
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“ Department of Economics, University of Bologna, Italy.
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for a Brownian motion (W, Z)" ~ BM (0, £2). Thus, X is an Ornstein-Uhlenbeck process
originating from a near-UR posited predicting variable x,, ;. The asymptotic distribu-
tion of # has a more complex structure than in the unit root case. Now n!/ 2(@ —6y) 5
M~1/2¢ 4 v, with v, == (0, cwgrwy,)" if Oy € int ©. On the other hand,

n'2(0 — 0p) 5 argmin||]A — M~Y2¢ — vy, A:={AeRZ:¢'A>0} (S.1)
AEA

if g(6p) = 0. The limiting shift by v, is due to the fact that nl/QAq:n,t in the near-unit
root case is not a sufficiently good proxy for the innovations driving x, ;. Eqgs. (3.5)-
(3.6) for the standard bootstrap hold in the near-unit root case if X in the definition
of M is understood as an Ornstein-Uhlenbeck process. Therefore, the possibility that
Ay € 00 induces the same kind of limiting bootstrap randomness as in the exact unit-
root case. Additionally, the bootstrap limit distribution does not replicate the shift in
the limit distribution of n!/2( — 6,) induced by the vector v., as a consequence of the
conditional independence of the bootstrap innovations and the regressor x, ;1. This
fact is not related to the position of 8y relative to © and requires separate treatment.
Consider now the bootstrap estimator of Corollary 4.1 with the choice g* = g — |g|'™*
for k > 0. In the case where x, is near-unit root non-stationary, instead of (4.3) it
holds that

(2120 — ), (21207 = B)|Da)) S5y (M2 + v, (M /2¢]00))

if g(fp) > 0, and

(n'/?(8 = 00), (n'/*(6” = 6)| Dn)) S (al"gminllA — M72¢ — v,
AEA

(mgmints - 21~ )

if g(fp) = 0, where X in the definition of M should again be read as an Ornstein-
Uhlenbeck process. This means that g* still does the job it is designed for (remove the
random shift from the half-plane in the limiting bootstrap distribution). Nevertheless,
bootstrap invalidity due to the limiting shift by v., not related to the position of fj in
O, remains to be tackled.

S.1.2 STATIONARY REGRESSOR

If x,,+ = x is stationary, then the inclusion of Ax,, ; = Az; among the regressors of (3.2)
will, in general, compromise the consistency of 0 for the true value 6 in the predictive
regression (3.1). Assume, however, that n=1 oy Ty LM for 7y = (1,2p4-1)" and a
non-random positive definite matrix M, and that the unconstrained OLS estimator of
0 from the predictive regression (3.1) is consistent at the n~'/2 rate and has asymptotic
N(0,w..M~") distribution. Then the constrained OLS estimator 6 of (3.1) subject to
g(6) > 0 (equivalently, the constrained OLS estimator of (3.2) subject to g(f) > 0,
5= 0) satisfies n1/2(9 —0p) 5 ls(00) = Oy = M~Y2¢ with ¢ ~ N(0,w.I5) in the case
where 6y € int ©, and

20 — 00) 2 g (00) = Ly = a;"gAmin IN=M72¢ 0, A={AeR?:¢A>0}
€
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in the case where g(6y) = 0. In the stationary case with a non-random limiting M, the
limiting behavior of the standard bootstrap is entirely analogous to the introductory
location model example, as the possibility that 8y € 90O is the only source of bootstrap
randomness in the limit. For 6 defined in the previous paragraph, it holds that n'/ 2(9 —

0) —>p M~Y2¢* with ¢* ~ N(0,w,,I2) in the case where 6 € int ©, such that the limit
bootstrap distribution is non-random in this case, and

0 A ={NeR?:gN> g1},

n'2(6" - 0) N (arg min||\ — M_l/QC*HM)
AEA

with (*|¢ ~ N(0,w,,I2) in the case where g(fy) = 0. We conclude that the same dis-
crepancy between A and Aj emerges in the case g(y) = 0 irrespective of the stochastic
properties of the regressor. Consider now the bootstrap estimator of Corollary 4.1 with
the choice g* = g — |g|'** for K > 0. For a stationary Zn, and a non-random M, the
original and the bootstrap estimators satisfy

(n!/2(8 = 60), (n'7*(6" = 8)|Dy)) 5 (£st(680), £et(60))

and bootstrap validity is restored as in Corollary 4.1, in particular because the random
shift from the half-plane in the limiting bootstrap distribution is again removed.

S.1.3 CONCLUDING REMARKS

An inferential framework that would be asymptotically valid in the unit root, near-unit
root, and stationary cases, allowing the researcher to remain agnostic to the stochastic
properties of the regressor, could be based on two main ingredients. First, the definition
of the bootstrap parameter space in a way such that it approximates sufficiently well the
geometry of the original parameter space; e.g., by setting g* = g—|g|' ™" in the definition
of ©* for some k > 0, see above. This definition is independent of the stochastic
properties of the regressor. Second, the use of an estimator (different from our choice
of OLS) that gives rise to limit distributions that (a) in the near-unit root case depend
on ¢ only through the process X (and thus, the matrix M), but are free from shifts
in the direction of v, and (b) allow for a common treatment of the contemporaneous
correlation between the innovations of the predictive regression and the shocks driving
Znt (vs. the inclusion or omission of Az, ; in the estimated eq. (3.2)). We conjecture
that constrained versions of both the IVX (extended instrumental variables) estimator
and the associated bootstrap schemes as discussed in Demetrescu et al. (2023) would
give rise to asymptotically valid bootstrap inference. A detailed discussion is beyond
the scope of this appendix due to our focus on issues attributable to the boundary of
the parameter space.

S.2 ADDITIONAL MONTE CARLO SIMULATIONS

In this section, we present additional numerical results in support of the theoretical
arguments provided in CGZ. In particular, Tables S.1 and S.2 refer to the same testing
procedure considered in Tables 1 and 2 in CGZ, respectively, but focus on the case



g = g5 := g — n""|g|. Furthermore, in Tables S.3 and S.4 we present the simulated
ERPs of bootstrap tests under local alternatives such that 6y € int(0©), using ¢* = ¢}
and g* = g3, respectively.
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TABLE S1: Empirical rejection probabilities (ERPs) of bootstrap tests under the null.

Nominal level: 0.05

6o = (0,0)’ 0o = (—0.75,0.75)’ 0o = (—1.50,1.50)"
b1 b by b b1 b
K K K
dist. n 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40
& 100 || 4.2 | 4.9 5.3 5.5 5.6 6.9 7.0 7.3 8.3 9.6 6.3 6.4 6.6 7.3 9.6
400 || 3.9 | 4.8 5.1 5.3 5.3 5.5 5.7 6.0 7.1 9.2 5.3 5.3 5.3 5.7 8.6
800 || 3.7 | 4.7 5.0 5.2 5.2 5.2 5.3 5.6 6.7 9.4 5.2 5.2 5.2 5.3 8.4
& 100 || 4.2 | 4.9 5.3 5.6 5.7 7.1 7.3 7.5 8.4 9.9 6.2 6.4 6.6 7.2 9.5
400 || 3.8 | 4.6 5.0 5.1 5.2 5.7 6.0 6.3 7.3 9.4 5.3 5.3 5.3 5.7 8.7
800 || 3.6 | 4.5 4.8 4.9 4.9 5.1 5.2 5.5 6.7 9.3 5.1 5.1 5.1 5.3 8.6
& 100 || 4.3 | 4.9 5.3 5.6 5.7 7.1 7.2 7.4 8.5 9.9 6.4 6.5 6.7 7.4 9.8
400 || 3.7 | 4.6 4.9 5.1 5.1 5.5 5.8 6.1 7.2 9.3 5.2 5.2 5.2 5.6 8.6
800 || 3.7 | 4.6 5.0 5.1 5.2 5.1 5.2 5.4 6.5 9.1 5.1 5.1 5.1 5.3 8.4
Nominal level: 0.10
6o = (0,0)’ 0o = (—0.75,0.75)’ 6o = (—1.50,1.50)"
bl b2 b1 bz bl b2
K K K
dist. n 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40
& 100 || 8.0 | 9.1 9.9 105 10.7 13.0 | 13.3 13.7 154 18.6 11.5 | 11.7 12.0 129 17.2
400 || 7.7 | 9.2 9.9 103 10.5 104 | 10.6 11.1 129 17.6 10.3 | 10.3 10.3 10.7 15.9
800 || 7.4 | 9.0 9.7 10.0 10.1 10.4 | 10.4 10.7 12.2 18.1 10.1 | 10.1 10.1 10.2 155
& 100 || 8.1 | 9.2 9.9 105 10.7 13.2 | 13.5 139 15.6 18.7 11.3 | 11.5 11.8 12.7 16.9
400 751 9.0 9.7 102 10.3 10.7 | 11.0 11.4 13.2 18.0 10.2 | 10.3 10.3 10.7 15.9
800 || 7.2 | 8.9 9.5 9.9 10.0 10.2 | 10.3 10.5 12.0 17.7 || 10.3 | 10.3 10.3 104 15.7
& 100 || 83 | 94 10.2 10.8 11.0 13.3 | 13.7 14.1 15.8 19.0 11.7 | 11.9 122 132 175
400 || 7.6 | 9.1 9.8 10.2 10.3 10.4 | 10.6 11.1 13.1 177 10.2 | 10.2 10.2 10.6 15.9
800 || 7.4 | 9.0 9.6 10.0 10.1 10.1 | 10.1 104 119 17.6 10.0 | 10.0 10.0 10.1 15.5

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed

corrected wild bootstrap method (b2) of Section 4, using g* = g — n~"|g|. ERPs are estimated using

50,000 Monte Carlo replications and 999 bootstrap repetitions. The column “dist.” shows the distri-
butions of g;: & ~ #dN(0,1), &, ~ ARCH(1) and £; = v0.5v; + v/0.5e4¢, where vy ~ #idN (0, 1) and

€s,t is the error term of the predictive variable xy ;.



TABLE S2: Empirical rejection probabilities (ERPs) of bootstrap tests under local alter-
natives.

Nominal level: 0.05

aop = (73,0)/ ap = (3,0)/ ap = (5,0)/
b1 bo b1 b2 by ba
K K K
dist. n 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40

I3 100 || 21.0 | 21.1 21.3 21.5 21.5 || 40.6 | 40.8 40.9 41.0 41.0 || 68.0 | 68.0 68.0 68.0 68.0
400 || 189 | 19.1 19.3 195 19.5 || 38.5 | 38.7 38.8 388 388 || 649 | 649 649 649 64.9
800 || 18.6 | 188 19.0 19.1 19.1 || 37.6 | 37.8 379 37.9 379 || 64.0 | 640 64.0 640 64.0
&, 100 || 21.7 | 21.9 22.0 22.2 223 || 41.9 | 42.1 42.2 422 423 || 68.5 | 685 685 685 68.5
400 || 19.2 | 194 19.6 19.7 19.8 || 38.3 | 38.6 38.7 387 38.7 || 64.7 | 648 64.8 648 64.8
800 || 18.6 | 188 19.0 19.1 19.1 || 37.8 | 38.0 38.1 38.1 381 || 642 | 64.2 64.2 642 64.2
&y 100 || 20.6 | 20.7 209 21.2 21.3 || 40.8 | 41.0 41.1 41.1 41.1 || 67.3 | 67.3 673 673 67.3
400 || 19.0 | 19.1 193 194 194 || 38.1 | 383 384 385 385 | 65.0 | 65.0 650 65.0 65.0
800 || 18.3 | 185 18.7 188 189 || 37.7 | 38.0 38.0 38.1 38.1 || 63.5 | 63.5 63.5 63.5 63.5

Nominal level: 0.10

aop = (73,0)/ ap = (3,0)/ ap = (5, 0)/
b1 bz by b2 b1 b2
K K K
dist. n 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40

I3 100 || 29.6 | 29.8 30.1 30.5 30.7 || 54.7 | 55.0 55.1 55.2 55.2 || 81.7 | 81.7 81.7 81.8 818
400 || 27.0 | 27.3 27.8 281 282 || 52.2 | 52,5 52.6 52.7 527 || 79.6 | 79.6 79.6 79.6 79.6
800 || 26.4 | 26.8 27.2 27.5 27.6 || 51.7 | 52.1 52.1 52.2 52.2 || 78.7 | 787 787 787 787
&, 100 || 30.2 | 30.4 30.7 31.2 314 || 55.7 | 55.9 55.9 56.0 56.1 || 82.0 | 82.0 82.0 82.0 82.0
400 || 27.1 | 27.4 279 282 283 || 51.8 | 52.0 52.1 522 522 | 79.3 | 793 793 793 793
800 || 26.6 | 26.9 274 27.7 27.7 | 51.5 | 51.8 519 519 519 || 786 | 786 786 78.6 78.6
&s 100 || 29.1 | 29.3 29.6 30.1 30.3 || 54.2 | 54.4 54.5 54.6 54.6 || 80.9 | 80.9 80.9 809 80.9
400 || 26.7 | 27.0 274 278 278 || 51.7 | 52.0 52.1 522 522 || 79.4 | 794 794 794 794
800 || 26.2 | 26.5 27.0 27.3 273 | 51.3 | 51.6 51.7 51.7 518 || 785 | 785 785 785 785

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed
corrected wild bootstrap method (b2) of Section 4, using g* = g — n™"|g|. ERPs are estimated using
50,000 Monte Carlo replications and 999 bootstrap repetitions. The column “dist.” shows the distri-
butions of &;: &, ~ #dN(0,1), £, ~ ARCH(1) and &5 = v0.5v; + v/0.5e4,¢, where v, ~ #idN(0,1) and

€x,¢ 1s the error term of the predictive variable y, ;.



TABLE S3: Empirical rejection probabilities (ERPs) of bootstrap tests under local alter-
natives.

Nominal level: 0.05

ag = (73, 1)/ ag = (2,2)/ ap = (3,4)/
b1 bo b1 b2 by ba
K K K
dist. n 0.25 0.50 1.0 2.0 0.25 050 1.0 2.0 0.25 050 1.0 2.0

I3 100 || 12.8 | 129 13.0 13.2 134 || 484 | 496 50.1 503 50.4 || 73.0 | 73.9 744 747 747
400 || 11.4 | 11.6 11.9 122 123 || 45.4 | 47.2 475 476 476 || 70.0 | 71.6 72.0 72.0 720
800 || 10.9 | 11.2 11.6 11.7 11.8 || 44.8 | 46.9 47.1 47.1 472 || 69.3 | 71.1 714 714 714
&, 100 || 13.1 | 13.2 13.3 13.5 13.6 || 49.6 | 50.8 51.3 51.6 51.6 || 73.2 | 741 747 750 75.0
400 || 11.4 | 11.6 11.8 121 12.2 || 46.1 | 48.0 483 483 483 | 70.2 | 71.8 722 723 723
800 || 11.0 | 11.3 11.7 11.9 11.9 || 45.2 | 47.2 474 474 474 | 69.6 | 71.5 717 717 T71.7
&y 100 || 12.3 | 124 12,5 12,7 129 || 48.1 | 49.3 499 50.1 50.1 || 724 | 73.2 738 741 741
400 || 11.4 | 11.6 11.9 122 123 || 46.0 | 47.8 48.2 482 483 | 69.9 | 71.5 72.0 72.0 720
800 || 11.1 | 11.4 11.8 12.0 12.1 || 45.0 | 46.9 471 47.1 47.1 |/ 694 | 71.3 716 71.6 71.6

Nominal level: 0.10

apg = (73, 1)/ apg = (2,2)/ ap = (3,4)/
b1 bz by b2 b1 b2
K K K
dist. n 0.25 0.50 1.0 2.0 0.25 050 1.0 2.0 0.25 050 1.0 2.0

I3 100 || 21.2 | 21.5 21.6 22.0 224 || 58.8 | 60.4 61.1 61.5 61.5 || 80.7 | 81.6 822 825 825
400 || 19.2 | 19.6 20.2 21.0 21.2 || 56.0 | 58.2 58.6 58.7 587 || 782 | 79.9 80.3 80.4 80.4
800 || 18.3 | 189 19.7 20.2 20.2 || 55.8 | 58.1 58.5 58.5 585 || 77.8 | 79.8 80.1 80.1 80.2
&, 100 || 21.8 | 22.0 22.1 22,5 23.0 | 59.6 | 61.1 61.8 62.1 622 || 81.0 | 81.9 82.5 829 829
400 || 19.1 | 19.5 20.1 20.7 21.0 || 56.8 | 59.0 59.5 59.6 59.6 || 78.6 | 80.4 80.8 80.8 80.9
800 || 18.9 | 19.5 20.2 20.7 20.8 || 56.0 | 58.4 58.7 58.8 588 || 780 | 79.9 80.2 80.3 80.3
&s 100 || 20.6 | 20.8 209 21.3 21.8 || 58.5 | 60.1 60.8 61.1 61.2 || 80.2 | 81.2 81.7 82.0 821
400 || 19.1 | 19.5 20.1 20.8 21.0 || 56.6 | 8.7 59.2 59.3 59.3 || 78.3 | 80.1 80.5 80.6 80.6
800 || 18.7 | 19.2 20.0 20.5 20.6 || 55.7 | 58.2 585 58.6 58.6 || 77.8 | 79.5 79.9 799 79.9

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed

|"**. ERPs are estimated using

corrected wild bootstrap method (b2) of Section 4, using g* = g — |g
50,000 Monte Carlo replications and 999 bootstrap repetitions. The column “dist.” shows the distri-
butions of e;: §; ~ #dN(0,1), &, ~ ARCH(1) and &3 = V0.5v; + V0.5e4,+, where vy ~ idN(0,1) and

€x,¢ 1s the error term of the predictive variable y, ;.



TABLE S4: Empirical rejection probabilities (ERPs) of bootstrap tests under local alter-
natives.

Nominal level: 0.05

ag = (73, 1)/ ag = (2,2)/ ap = (3,4)/
b1 bo b1 b2 by ba
K K K
dist. n 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40

I3 100 || 12.8 | 13.0 13.2 13.6 13.7 || 48.4 | 49.6 50.1 504 50.4 || 73.0 | 74.0 745 747 747
400 || 11.4 | 11.6 12.0 122 123 || 45.4 | 470 474 476 476 || 70.0 | 71.4 719 720 720
800 || 10.9 | 11.1 11.5 11.7 11.8 || 44.8 | 46.5 47.0 47.1 472 | 69.3 | 70.8 71.3 714 714
&, 100 || 13.1 | 13.3 13,5 139 14.0 || 49.6 | 50.8 51.3 51.6 51.6 || 73.2 | 742 747 750 75.0
400 || 11.4 | 11.6 119 121 12.2 || 46.1 | 47.7 48.1 483 483 | 70.2 | 71.6 721 723 723
800 || 11.0 | 11.3 11.7 11.8 11.9 || 45.2 | 46.9 473 474 474 | 696 | 71.2 716 717 T71.7
&y 100 || 12.3 | 124 128 13.2 133 || 48.1 | 49.3 499 50.1 50.2 || 724 | 73.4 739 741 742
400 || 11.4 | 11.7 12.0 122 123 || 46.0 | 47.6 48.0 482 483 | 69.9 | 714 71.8 720 720
800 || 11.1 | 11.4 11.8 12.0 12.1 || 45.0 | 46.5 470 47.1 472 | 694 | 71.0 715 71.6 71.6

Nominal level: 0.10

apg = (73, 1)/ apg = (2,2)/ ap = (3,4)/
b1 bz by b2 b1 b2
K K K
dist. n 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40 0.05 0.10 0.20 0.40

I3 100 || 21.2 | 21.5 219 227 23.0 || 58.8 | 60.2 60.9 61.4 61.5 || 80.7 | 81.6 821 824 825
400 || 19.2 | 19.6 20.3 21.0 21.2 || 56.0 | 57.7 58.3 58.6 587 || 782 | 79.6 80.1 80.4 80.4
800 || 18.3 | 18.8 19.6 20.1 20.2 || 55.8 | 57.7 582 585 585 || 77.8 | 794 79.9 80.1 80.1
&, 100 || 21.8 | 22.0 22.5 23.3 23.7 | 59.6 | 61.0 61.6 62.1 622 || 81.0 | 81.9 82.5 829 829
400 || 19.1 | 19.5 20.1 20.8 21.0 || 56.8 | 58.5 59.2 59.5 59.6 || 78.6 | 80.0 80.6 80.8 80.8
800 || 18.9 | 19.4 20.1 20.7 20.8 || 56.0 | 57.9 585 58.7 588 || 780 | 79.5 80.1 80.3 80.3
&s 100 || 20.6 | 20.8 21.3 222 226 || 585 | 59.9 60.6 61.1 61.2 || 80.2 | 81.1 81.7 82.0 821
400 || 19.1 | 19.5 20.2 20.8 21.0 || 56.6 | 58.3 58.9 59.2 593 || 783 | 79.7 80.3 80.5 80.6
800 || 18.7 | 19.1 19.9 20.5 20.6 || 55.7 | 57.7 583 58.6 58.6 || 77.8 | 79.2 79.7 799 79.9

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed
corrected wild bootstrap method (b2) of Section 4, using g* = g — n™"|g|. ERPs are estimated using
50,000 Monte Carlo replications and 999 bootstrap repetitions. The column “dist.” shows the distri-
butions of &;: &, ~ #dN(0,1), £, ~ ARCH(1) and &5 = v0.5v; + v/0.5e4,¢, where v, ~ #idN(0,1) and

€x,¢ 1s the error term of the predictive variable y, ;.



