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ON A MODEL “SUM OF SQUARES” OPERATOR

ANTONIO BOVE AND MARCO MUGHETTI

Dedicated to Jorge Hounie, as a token of

our appreciation and friendship.

Abstract. We study the real analytic and Gevrey regularity of the solutions
to a type of “sum of squares” model operator, see (1.1), in two variables and
obtain a result in agreement with Treves conjecture.

1. Introduction

The purpose of this paper is the study of a model operator being a “sum of
squares” of vector fields in two variables. More precisely we are interested in
the Gevrey or real analytic regularity of the solutions when the coefficients are
real analytic.

The reason why we restrict ourselves to a two dimensional case deserves
some elucidation.

First of all we always assume that Hérmander’s bracket condition ([21],
[24]) is satisfied, i.e. the iterated commutators of the vector fields generate a
three dimensional vector space. As a consequence all the operators we consider
are C* hypoelliptic. Our main concern is thus their real analytic (C®) or
Gevrey s (G°) hypoellipticity.

In 1972 and then in 1973 Baouendi and Goulaouic, [2], and Oleinik and
Radkevic, [32], showed that C* hypoellipticity does not imply C® hypoellip-
ticity by studying in detail two model operators.

On the other hand in 1973 Derridj, [19], showed that a sum of squares op-
erator with analytic coefficients is always G” hypoelliptic, where r denotes the
maximum length (number of vector fields) of the iterated brackets needed to
satisfy Hormander condition.

In 1978 Treves, [35], and in 1980 Tartakoff, [34], showed with different
proofs that for a sum of squares with real analytic coefficients, satisfying Hor-
mander condition, we have C® hypoellipticity if the characteristic variety is
a symplectic manifold and if the principal symbol vanishes exactly to the sec-
ond order on the characteristic manifold. We recall that a submanifold, M, of
T*R™ \ {0}, the cotangent bundle minus the zero section, is symplectic if the
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restriction to M of the symplectic formdo = dE Adx = 27:1 dé:j A dx; has

rank dim M. Moreover we say that the principal symbol, p, vanishes exactly to
the second order on Char (P) if keer (p) = Tp Char (P), for p € Char(P).
Here F,, (p) denotes the fundamental matrix of p, which we may define in co-
ordinates as F,, (p) = dH,(p), and Hy, (p) = (pr (p),—dxp(p)) denotes
the Hamilton vector field of p at p.

In 1996 Treves formulated a conjecture for the real analytic hypoelliptic-
ity of a sum of squares operator, based on a real analytic stratification of the
characteristic variety of p in [37]. According to the conjecture we have C%
hypoellipticity if and only if the strata of the stratification defined by Treves
are real analytic symplectic submanifolds.

In 2017, 2018 it has been proved, [8], [1], that Treves conjecture is false,
in dimension n > 4, in its sufficient part.

We believe that the same is true in dimension n = 3, even though the Hamil-
ton leaves of the possible strata—no definition for such strata yet—project
injectively onto the fibers of the cotangent bundle.

Finally, we believe that the conjecture is true in the two dimensional case.

In this paper we study a model operator in two variables and show that its
behaviour is in agreement with the conjecture, even though we do not provide
a proof of the optimality, which, to our knowledge, is a difficult open problem.

More precisely we consider, for (x,y) € R2, the operator

(1.1) P(x,y,D,,D,) = D%+ (f(x,»)D,)” = X2 + X2,
where D, = i~19,. and analogously for D,. Moreover

(1.2) fx,y) =y2eaxm 44t a,m,leN={1,2,..},
with the condition that

(1.3) |¢ — m/| is an even integer.

We immediately see that the Hormander condition is satisfied with brackets of
length € + 1.

Note that if @ = 0 the operator in (1.1) is a Grusin operator whose analytic
hypoellipticity has been proved in [20], Theorem 5.1.

The characteristic variety of P is Char(P) = {(x,y) | f = 0,f(x,y) =
0,7 # 0}. In other words

Char(P) = {(0,y;0,7m) | 7 # 0}

is a symplectic real analytic submanifold of codimension 2.

Assume that { < m. Then we may write f (x,y) = xe(l + yzaxm—e) , with
m — £ > 0 and even. In this case, according to Treves conjecture, there is
only one type of stratum coinciding with (the connected components of) the
characteristic manifold.

If, on the other hand, ¢ > m, then f (x,y) = x™ (y2a + xQ—m) and we see
that the characteristic manifold is symplectic and is made up by a nontrivial
Treves stratification. In fact taking the Poisson bracket {X{,X5}, where X;
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denotes the symbol of the vector field X;, and {-, -} the Poisson bracket, we see
that {X1,X5} = 0 on the characteristic set. Hence taking the iterated Poisson
bracket

X1, X0, 0 XL, X0 gy = MY,

This vanishes when yn:l(r)n eSsO that the stratification is given by
(1.4) 21+ ={(0,3;0,m) |y # 0, £n > 0};
and

(1.5) 39+ =1{(0,0;0,7) | £7>0}.

Since we have

{X17 {Xl’{ {XlaXZ} }}}|21 . = €'77 F Oa

¢ times

which is the generating bracket satisfying Hérmander condition. Hence we see
that Hérmander condition is satisfied at length m + 1 on El,i and at length
€+ 1on3 2 4+

In particular we see that the El,i are symplectic submanifolds of dimension
two and the 22,i are one dimensional, and hence non symplectic. Moreover
since the 7) half line is the integral curve of H,, the strata E2,i can be thought
of as the Hamilton leaves of Eg,i.

In this paper we prove the following theorem

Theorem 1.1. Let P be given as in (1.1)—(1.3). Then,

i) If £ < m, P is analytic hypoelliptic.
it) If € > m, P is Gevrey s hypoelliptic for any s > s, where

1.6 —(1—i9‘_—m)_1>1
(1.6) 50 = 2a 0+ 1 '

A few remarks are in order. First we observe that the above statement is in
agreement with the Treves conjecture: when the Poisson strata are symplectic
we get analytic hypoellipticity.

When the Poisson strata are not symplectic we prove Gevrey s hypoellip-
ticity. We believe that this number is actually optimal, meaning that for any s,
1 < s < s there are solutions to the equation Pu = f, with f € C®, such that
WF, (u) # @. However, since a proof of this fact is long and highly technical,
we do not attempt to provide one in this paper. We refer to [16] and [12] for
results in similar, although particular, cases.

Assumption (1.3) is not necessary for our conclusion, meaning that we could
drop it. It implies that in the case { > m the vector field Xy vanishes only on
the line x = 0 outside of the origin. In general we could have cases where X5
vanishes on a certain number of analytic real curves outside of the origin—
see e.g. [10] for a description of the geometry of the characteristic variety in
two variables. In any case the points on those curves are points of analytic
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regularity for the solution, so that their analytic wave front set projects onto
the originx = 0,y = 0.

Unfortunately including such a case would have forced us to produce a much
longer and technical proof and we decided to sacrifice generality to attain a
greater level of clarity. We refer to [4] for a result in this direction.

The proof of Theorem 1.1 is contained in the next two sections.

2. Proof of Theorem 1.1 in case i)

The basic tool for the proof is the so called a priori subelliptic estimate for
P—see [21], [33] for a general proof.

Let () denote an open set in R2, (0,0) € ), then the subelliptic estimate
for P in case i) is

2
(2.1) el + Y IXul < € (Pu,uy + lulf)
o1 =

whereu € C§° ({1), Cis a positive constant and | - || denotes the Sobolev norm
of order s in RZ (when s = 0 we get the L2 norm.)
To prove the real analyticity of the solutions to Pu = g, where g is a real
analytic function in (), it is enough to show that
2
(2.2) lpDiul 1+ Y IX;pDfullg < C5*'p!,
0+1 =1
for any p € N, where ¢ is an Ehrenpreis cutoff function supported in () (see
the definition below.) We point out that SDDg is microlocally elliptic on the
characteristic variety near the origin, so that (2.2) implies the real analyticity
of u.

Definition 2.1 ([18], [22]). For any natural number p, denote by ¢,, a func-
tion in C§’ (R2), ¢p (x,¥), such that
(S) ¢p is equal to 1 in a small neighborhood, W, of the origin and sup-
portedin W, with W C W' € (.

We say that ¢,, is an Ehrenpreis sequence of cutoff functions if there is a pos-
itive constant R such that for |a| < R(p + 1) we have, for every p

(2.3) 1051952, (x,3)| < CiF1plal,
where C'(p > 0 and independent of p.

We now recall how to localize the function © in order to take advantage of
the a priori estimate (2.1) and of the analytic regularity of Pu.

We observe that ¢, (x,y) can be constructed as a product @1 5, (x) Qg , (¥)
of two Ehrenpreis type cutoff functions, each having support in a neighbor-
hood of the origin of the line. Since, in case i), Char (P) = {(0,y;0,7n) | n #
0}, we see that any x-derivative produces a function (IL1 V1)) P2, )
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supported far from x = 0, where P is an elliptic operator and hence an ana-
lytic hypoelliptic operator. From the equation

Pu=geC?(),

we have that u € C®(Q) and, setting ) = Q N {(x,y) € Q|x # 0},
u e C?((). As a consequence, defining v = ¢1,p (x)u, we have

Pv =1 ,@)Pu+[P,p1,x)]u=¢1,x)g+[DZ ¢, ]lu.

The r.h.s. of the above equation satisfies estimates of type (2.3), with a differ-
ent constant, independent of p, for a; < R(p + 1).

We may thus assume that

Pu =g,

where the derivatives of g have analytic growth rate for |¢| < R(p + 1), and
u is compactly supported with respect to x.

Denoting by ¢, (y) the function ¢g , (¥), by (2.1) we have
(2.4)

2
lppDyul 1+ ) K9, Dhullo < C (¢PppDiu, 9 Dyuy + lppDyully)
j=1

+1
Let us treat first the “error term” ||<,0pD§u||0 in the r.h.s. above.

Proposition 2.2 ([7]). Using the above notation we have the inequality
1
(2.5) lppDiull < Cp~ ™ TllppDiull_y_+CP*ipP,
m+

where C' is positive and independent of p.

Proof. Let y be a smooth function such that y (¢) = lif|¢| > 2 and x @) = 0
if [¢| < 1. Consider the pseudodifferential operator X(p_lDy) . We have that
X(p_lDy) S OPS?) o- the Hormander (p, &)—class of order 0 with p= 6=
0. Then

2.6)  ll,DYull < (1 - x(p~1D,)) 9, DYull + I x (p~1D,) 9, D5 ul.

Consider the first summand on the r.h.s. above. Even though 1 — 7y has a
compact support, we have no composition formula for . Observe that

P
S p —S S
(2.7) sopD§u=S;)<—1> (S)va’ (p57u),
so that
(2.8)

p
107D, p,fur < ) (7)o DD ()]
We immediately verify that

o (L= x@D)DL™) = (- y (@ )P~ € 83,
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becausep_llnl < 2 in the support of 1 — x - Here 0 (A) denotes the symbol of
the pseudodifferential operator A.
We also verify that

max sup|0—7% (1- X(p_ln)7}p_s)| < Cp—stlpp=s,

0<a<t g

Here C > 0 is a suitable constant independent of p and £ is given in Theorem
A.2. This bounds the Sg’o—seminorms of (1 — X(p_lDy))Dg_s needed to
apply the Calderén—Vaillancourt theorem (see Thm. A.2 in the appendix) so
that we obtain that

(1= x @ D)) DY Sl g2 12y < CP541pP—3,

for a new positive constant C. Hence, using the definition of the cutoff function
Pp, we deduce

b
I(1=x®~'Dy)) gpDyull < Z(lg)cp_s“pp‘3||<,oés’u||
s=0

> D C‘P
Cp+1C30pp||u|| Z (s) (T)
s=0

+1
< C{7pP,

where C7 is independent of p if we choose C > C,, which is always possible.

S

IA

Consider now the second summand in (2.6). We have
lx (>~1D,) @, DY ull
-1 _1_ 1 1
=p m+1||pm+1X(p—1Dy)D m+1 o Dm+1 ‘Pngu”,

where D% = Op ((1 +1&12 + 7]2)3/2) ,for any s € R. Again using the support
of v we see that

1 __1
o (pm+1 X(p_lDy)D m+1)
_1_ 1
= pm+1 X(p‘ln) (1+ |é:|2 +92) 2D g Sg’o’

with the Sg o—seminorms uniformly bounded w.r.t. p. Thus the Calderén—
Vaillancourt theorem yields

_1_ __1_
lp™ T x @Dy D™ Tl g 12 12y < C,
where C is a positive constant independent of p. So we have
-1 1
lx ®@~1Dy) p,DYull < Cp ™+I|D7+1 ¢, Dul|
__1
< Cp m+I ||sopD§u||;1.
m+

This completes the proof of the proposition. ]
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Consider next the scalar product on the r.h.s. of (2.4). Since [X2,A] =
2X[X,A] — [X,[X,A]], we have

(2.9) (P¢pD§u, ‘f’ngu) = (gongPu, ‘f’ngu) + ([P, ‘Png]W ‘Pngu)
2
= W’ngPu’ SDngw +2 Z<[X" <ppD§]u,X;‘90pD§u)

Jj=1
2
=Y (X}, (X}, 9p D11, 9, Dyu)
j=1

= (ppDYg, ppDyu) + 2([Xy, 9, Dy 1u, X5, Dyu)
— ([ X3, [X3, 9,D511u, ¢,Diu),

since X1 commutes with (,Dng , due to our choice of the cutoff function ¢,,.
Since the derivatives of g up to the order R (p + 1) have analytic growth rate
on the support of ¢, we see that

(ppDb, 9 DEw| < g, DEul3 + (CHp1)”,
where Cg > 0 and the first term is treated using Proposition 2.2. Let us con-
sider the second term in the expression of the scalar product in (2.9). Writing
X5 = Xg + g9 we have
(2.10) ([Xg, 9, D) 1u,X5¢,Du)

= ([ X3, 9, D 1u, Xo0,Dhu) + ([Xa, p,D5 Ju, g2, Dyu).
Consider the first term on the r.h.s. of the above relation:

[([X2, 0,05 1u,Xo 9, Diu)| < 01Xo¢,DYulld + Csll[Xa, ¢,D5 Jul,

where § is small in such a way that its coefficient can be absorbed on the Lh.s.
of (2.4). Consider then the second term above.

[Xa, D)1 = (x™y22 + %) 0, D5 + 2™, [y22,D51D,,
where 30;, = Dytpp. Since

@.11) o, DE =}§(_1)r DRI L (C1)pp#tD)
and ~

(212)  [y* Za( )(2512(1)13)1( i)ty kDY,
we have =

2.13)

p—1
X5, D51 = ) (=1 Xppff IR 4 (—1)P (xmy2e 4 by P
r=0



8 ANTONIO BOVE AND MARCO MUGHETTI

20)! b ahm _
—Z (8) gy iyt g, D8

p—1
=) DX TUDETIT 4 (m 1P ey 4 o

r=0
2a, 1= (2a)! N ry2a—k,.m—1.
g2 Z( ) Dt et

(1 +y2axm—€)—1X2 </)1(7r)D§_k_r
(2a)' . - - —k
Let us now get back to (2.10).

[([X2, 9, D5 1u, X350, Dhu)| < 81X p,Dul3
+ yllp,Dyulg + Cll[Xs, ¢, DY 1ullg,

where y > 0 and C ,8 denotes a new positive constant depending on 8. The

first term—as already said—can be absorbed on the Lh.s. of (2.4) provided 0
is small. The second is dealt with using Proposition 2.2. Hence let us consider

the third.
By (2.13) we have

11Xz, pp D5 Tullo < Z op TVDy ’u||0+Cx(I|so(”“’ lo

r=0

2a P~k
+) Z *Xa DY Tl + Zp oo~ Pl )
bk=1r=0

where Cx denotes a positive constant depending on the problem data only, that
is small if we suitably shrink the open set ().

As we can see the second and fourth term above are bounded by C%H_lp! due
to the properties of the Ehrenpreis sequence ¢,,, while the first and third terms

contain norms that can be bounded once more using the subelliptic estimate
(2.4).

Let us now examine the double commutator term in (2.9). To keep the no-
tation simple we write f (x,y) = y2%x™ + x%, so that Xy = fD,. First we need

an expression for the double commutator. To keep it short, we write f ®) for
fo , since only y-derivatives are involved at this stage.

P
(2.14) Xy, [Xp, pp D311 = [fDy,fppDy = ) (i)sopf(k)va’_k”]
k=1
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p
= 1Dy, fop1D5 + @y [, D510y = ) (1/:) D, g, F O DEFH1]

k=1
P
k=1
P
- Z (Z)‘pr(k)[f’Dg_kH]Dy
k=1
AN 2 D ’ —k+1 > p ’ —k+1
=f(fpp) D§ - Z (k)f‘zppf(k)D§ - Z (k)f(sopf(k)) D§
k=1 k=1
p p—k+1
4
- ZTJ"
j=1
Thus we have to examine the terms
4
(X2, X2, 9, DY 111, 9, Diu) = Z(Tju, opDiu).
=1

Let us start with the summand involving T';. Applying (2.11), we have

(T1u, 9pDYu) = ((Fop) ' Dyu,fop,Diu)
p—1
=Y (D pp) THODE U, Dyf 9, Dju
r=0
+ (=DPY((fpp) P Du, f o, Dyu)
p

—1rt+1

1 —a —r—
Y ) (T (0l D e X g D)
=0 =0

@ QS ODET 0 DuY )+ (=P (Fp) PV u, £, Dhu).

=~ Y

We are going to treat each term above by essentially pulling back a y-derivative
by means of (2.11). We do this in detail here and will then consider such pro-
cedure as routine for the remaining terms.

Consider the scalar product (f (¢) (,01(,r+2_a)D§_r_lu,X2 ()()ngu>. The sec-
ond factor can be absorbed on the I.h.s. of (2.4), so that we need to estimate
the norm of the (square of the) first factor.

As we saw above, only a fixed number of derivatives of f are non zero and
moreover we have that |[f (¥)| < Cflfl, since £ < m. We note explicitly that this
fact has already been used for the estimate of the simple commutator term.

Hence for the first set of summands we have
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(2.15) (r ) 1)”f (@ g 2O DL~ ully

p—2-r
<(r+ 1)“( Z IIf(“)Dy90},”2_“”1)1)5441_2””0

7'120
+ ”f(a) ()DI()r+2—a+p—1—r) u”0>

p—2-r
< Cf(r+ 1)“( Z ”X2()Dl()r+2—a+r1)D§—r—r1—2u”0

7‘1=0

2— -1-
+ ”(,01()r+ a+p r)ullo)‘

The last summand is estimated by

CCH MM ullgpP+! < CH(2C )P+ fullop?.

As for the other summands we see that the order of D), drops by r +r1 +2, but

there is a gain ofpr"'rl"'2 in the cutoff functions as well as in the term (r+1) &.

Thus the above quantity exhibits an analytic growth rate.
Next we deal with the term involving T4 . The other terms can then be treated
along the same lines. Thus

<T4u’ SDpD§u>
p p—k+1
—-k+1 B
(2) (P ) 02,50, D,
k=1 k]_:].

We point out explicitly that since F® £0fork < 2a,itis enough to estimate
a single summand.
For the sake of brevity we may bound the two binomials by pk+k 1 and work
on a single summand, & and %27 being understood to run on their intervals.
Therefore, using (2.11), we have

—k—k{+2
PP g, DR 2, 00 g DR

p—k—ky+1
—k—ky+1-
Spk+k1( Z [(F*VDy o DY, R, D)
r=0

4 |<f(k1)(p;)p—k—k1+2)u’f(k)(ppDzyau>|)

p—Fk—k1+1 p-1 P 0 L
—_p— + — —_] =
< pk+k1( Y Y [ ®OD, o DY Ry, p o 0 DRy

r=0 7‘1=0
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p—k—k1+1
—h—kqy+1-
+ ), [EIDe DY B g u)|
r=0
p—1
—h—ky+2 —1-
+ ) [P T, 0D, o DT )|

7'1:0

—k—k{1+2
+ ¢ B0 P T )u,f‘k)soé")u>|)

We may now apply the Cauchy—Schwartz inequality to each scalar product and
keep in mind that, if it’s not zero, we have If®)| < CfIfI, where Cf denotes a
suitable positive constant.

Eventually we obtain

—k—Fk{+2
pk+k1|<f(k1) ()Dng;) 1+ u,f(k) SDpD§u>|

p—k—k{+1 p-1
- —k—k{+1-
( ) PRy gl DY

r=0 7‘1=0

—1-
plIXo VDB 1y

<

p—k—k{+1
- —k—ki+1-

+ Y pMRTNX e DR - plgull

r=0

p-1

— —k—k14+2 -1-

+ Y PR By - pIXp oV DY ulg
r1=0

— —k— 2
+pk+k1 1”(,01()[? k—k1+ )u"Op”‘P](Jp)u”O)

The above norms exhibit an analytic growth rate and choosing Cy in (2.2) large
enough compared to C(/, in (2.3), we can safely sum the various contributions.
Hence, as in the case of the simple commutator, we can conclude.

We leave the details to the reader.

3. Proof of Theorem 1.1 in case ii)

Assume now ¢ > m. Again we are going to use the subelliptic estimate to
prove the second statement of Theorem 1.1.

As a preliminary observation we point out that if (xq,yq) # (0,0) and Q
is a neighborhood of (xg,yq), with (0,0) & (), then, by well known facts,
see [17] and [30], we have that the solutions of Pu = g € C® ({}) are also in
C? ().

In fact, if (xg,y9) does not belong to the space projection of the charac-
teristic manifold, so does () and P is microlocally elliptic, which implies C®
hypoelliptic.
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On the other hand if (xg,yg) belongs to the space projection of the first
strata, El,ia see (1.4), which means that yy # 0, then it is well known that P
is analytic, and hence G*, for every s > 1, micro hypoelliptic on ().

This allows us to simplify a bit the proof by eliminating the cutoff function
¢p- Let us consider the equation

Pu=geG0(Q).

From the above remarks we know that u € G®°(Q \ {(0,0)}). Let Y E
GZO(Q), ¢ = 1in a neighborhood, U, of the origin, U € (). Letv = ¢u.
Then

Pv = ¢pPu + [P, ¢]u.
The r.h.s. of the above equation is in Gf)o () since the first order differential

operator [P, p] = 0in U and u is Gevrey sy outside (0,0), as mentioned
above. Hence writing © instead of v, we may assume that © solves

(3.1) Pu=g eGP,
and u € C§ ({)), supported in a neighborhood of the origin.
As above we are going to show that

2
(3.2) IDYul 1+ ) 1X;Dyuly < CE*pt,
=1

1
J=

where s is defined in (1.6).
By (2.1) we have

2
(3.3) IDul?, + Y WX;DYul3 < C ((PDju, Dju) + \DYuI3) .
+ J:1

Consider the error term first. Since

p(+1)

1
Tl - —p(L+1
3.4) [DBulg < IDfy "lull 4 < 8PEDTIDBy| 4 + §7P D uy 4
0+1 0+1 0+1
= SIDVull 1+ Cllul 1 .
2+1 0+1

The first term can be absorbed on the left of (3.3) if  is chosen small. The
other term is harmless in any Gevrey type estimate.
Consider now the term involving the scalar product in (3.3). We have

(PDEu, DEuy = (DEPu, DZuy + ([P, D8 u, Dou)
= (D§Pu7D§u> + 2([X2,D§]u,X§D§u) - <[X27 [X27D§]]U’D§u)

For the first term above we use the fact that Pu = g € GSO:

2
(Dbg, DBu)y| < IDBul? + (C3*Pp1o)
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Since X4 = Xg + f”, using the same notations as in Section 2, and

P
[Xz,D§] = — Z (l]:)f(k)Dg_k-l-l’
k=1
we have
P
([Xo, DY Ju, X5Duy = = )~ (Z) (<f<k>D§‘k+1u,X2D§u>
k=1

+ (P DRy, f'Dggu)).

The norm of the second factor in (f(k)Dg_k_'_lu,XzDgu) can be absorbed on
the l.h.s. of (3.3), while the second factor of (f(k)DIyJ_k+1u,f/D§u) can be

treated as in (3.4), so that we only need to estimate the norm ||f(k)D§_k+1u||0.
Modulo an inessential constant, keeping the binomial into account, we want
to bound the quantity

(3.5) pFlmy2a—kpp=ht1y)

We follow the same method we used in [9], but in this case it is simpler due to
the lack of a cutoff function.
First observe that

phly|2a—k = pOkjy2a—kyp(1-Ok < Co ((pekMza—k)/\ +p(1—€)kﬂ) ’

where

1 1

-+ —=1

A
We point out explicitly that we are arguing in the case & < 2a. If & = 2a we
simply skip this step and go to the next. We omit the details. Choosing

2a

A=2a—k’

we have yu = Zk_a and

pElyi2a—k < C, (pH%yza +p(1—€)2a) '
AS a consequence
(3.6) pFlmy2a~kDE Ry,
< Co (p/%eF pmy2app 1y + pA-0)2apempp—hHy) ).

Observe now that [x[y2® < |x™ (y2@ + xt=") because of assumption (1.3).
Hence we get

(3.7) ptlamy2a—kpp=htly)

g-2ak _ _ _
< Co(p" 2% IXp DY *ullg + p -2 DY F+ 1y ).
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The first term can be resubjected to the procedure. It gives a Gevrey

Gl
The above result may be established using an induction argument on the or-
der of y powers, ¥ derivatives and powers of p. This is a classical technical
step that, for the sake of brevity, we skip here and in what follows (see [9] for
details.) We also point out that in the present case the constants are easy to
control since they depend on the problem data and not on p due to the absence
of cutoff functions.
Consider the second term. We write

p(1—9)2alx|m =pp _p(l—l9)2a—p|x|m’
and we use the same inequality used above:

pf - pI=02aPem < € (pPo1 + p( (=D 2P oz pmas)

with
1
—+—=1.
g1 02
Choosing 09 = %, and hence 01 = ﬁ, we obtain

_0)2a— L —0)2a—p) L
pP - p 0)2a Plx|m SCO(p’O"-—’" +pld 0)2a p)m|x|z).

Plugging this into the second term on the r.h.s. of (3.7) we get

_ —k+1 _t ka1
(3.8) p(l 19)2a”me§ k+ u||o SCO(qu_m”Dg k+ u||o

- —p) & —k+1
+ (D2 D=y )

L p—k+l-L- —0)2a—0) L _k
SCO(pPe_m”D‘; Gyl +p((1 0)2a /O)m”X2D§}7 u”O)-

+1
The last term yields
G((1—¢9)2a—p)%%,

as Gevrey regularity, while the first gives
¢ ¢\t
qPem (k-a1)

Next we compute the parameters 0, p in such a way that the three Gevrey
regularities coincide, i.e.

2a 0 0
(3.9) €2a—k_p€—m(k_e+1)
This yields

-1

=((1-60)2a —p)%%.

20—k 0 AN
== Pe—m(k_e+1) ’
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from which we can compute p in such a way that

() = (e
Pi=m 0+1 - 20 0+ 1 ’

which is the desired regularity.

The next and last term to examine is
<[X2) [X2,D§]]U,D§,)u).

Since

P

g1 (2o,
k=1

and

[Xo,f®DE*+1] = [rD, f*R) pp~R+1

p—k+1
— ff(k+1)D§—k+1 _f(k) Z (p _kk + 1)f(k1)D§_(k+k1)+2,

k1:1 1
we may write
(3.10) [Xg, [X5,D)1] =~ ( ) ff kD pyRH
k=
P ket
4 ( )( ) F ) pp= (k) +2

:SI +Sz.

We recall that f®) 2 0 only if 0 < & < 2a, so that it is enough to estimate
each summand.
Hence

p
Sy, DEw)| < Y pHIFDE ™+ ullglf ®+D Dfullg
k=1

p
<C1 Y pHIXe DY FullohDullo.
k=1

The second factor is treated as in (3.4) and the first has an analytic growth
rate.

We recall here that only a finite number of y—derivatives of f appear, gen-
erating constants depending on the problem’s data, but independent of p. We
shall often use this fact without an explicit mention.

This sets S1. Consider Sy. Again

(3.11)  |(Sgu,Dju)|
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k+1
( ) (p + ) |<f(k)f(k1)DP (k+k1)+2u Dpu>|

phtkL 2a—(k+k1—1)D§—(k+k1—1)+1u’xmy2a—1D§u)|

|<x y

||M”a ”Mf EM@

—k+
Z k+k1—1"xmyZa—(k+k1—1)D§—(k+k1—1)+1u”0

ple™y?¢ = Dull,.
Here C, denotes a positive constant independent of p.
Next we estimate both terms

- — - —(k+k1—1)+1
pk+k1 1||xmy2(1 (k+k1 1)D§ ( 1 ) u”O

and
plac™y22=1D8ull,

with the same argument as that for (3.5).
This completes the proof of the theorem.

A. Appendix

For the sake of completeness we recall here some well-known facts used
throughout the paper.

Definition A.1. For any m € R, ,0,3 € Rwith0 <4 < p < 1,8 < 1, we
denote by SZ’S the set of all the functions p (x, £) € C® (R2%) such that for

every multi-index a, [3 there exits a positive constant C .8 for which

10D (5, )] < C,, (&Ym= PII+O8,
1
where (£) = (1 +1£2)2.
We denote by OPSZLS the class of the corresponding pseudodifferential op-

erators P =p(x,D) .

It is trivial to see that the symbol class S™ 0.8 equipped with the semi-norms

(M) — o 929 (m—plal+0|8I)
ply = (iug){l £0x B (x, EE™ }, LEN

is a Fréchet space.

The Calderén-Vaillancourt theorem shows the L2-continuity properties of
the pseudodifferential operators in the above classes (see [14] or, for a more
general setting, [25] Chap. 7, Th.1.6). We state below a formulation of such a
theorem for pseudodifferential operators of order zero.
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Theorem A.2 (Calderén-Vaillancourt). Let P = p(x,D) € OPSg s with

p= 0,0 < 1. Then there exist a positive integer £ and a positive constant M
(depending only on n) such that

IPu| < Mlpléo) llll, for everyu € L2(R™).

References

[1] P. Albano, A. Bove and M. Mughetti, Analytic Hypoellipticity for Sums of Squares and
the Treves Conjecture, J. Funct. Anal. 274 (2018), no. 10, 2725-2753.

[2] M. S. Baouendi and Ch. Goulaouic, Nonanalytic-hypoellipticity for some degenerate op-
erators, Bull. A. M. S., 78 (1972), 483-486.

[3] F.A. Berezin and M.A. Shubin, The Schrodinger equation, Mathematics and its Appli-
cations (Soviet Series), 66. Kluwer Academic Publishers Group, Dordrecht, 1991.

[4] A. Bove, Analytic and Gevrey Regularity for Certain Sums of Two Squares in Two Vari-
ables, 2023, to appear in Tohoku Math. J.

[5] A. Bove, M. Mughetti and D.S. Tartakoff, Hypoellipticity and nonhypoellipticity for
sums of squares of complex vector fields, Analysis and PDE 6 (2) (2013), 371-446.

[6] A. Bove, M. Mughetti, On a new method of proving Gevrey hypoellipticity for certain
sums of squares, Advances in Mathematics 293 (2016), 146-220.

[7] A. Bove and M. Mughetti, Analytic hypoellipticity for sums of squares in the presence of
symplectic non Treves strata, J. Inst. Math. Jussieu 19(6) (2020), 1877-1888.

[8] A. Bove and M. Mughetti, Analytic Hypoellipticity for Sums of Squares and the Treves
Conjecture, 11, Analysis and PDE 10 (7) (2017), 1613-1635.

[9] A.Bove and M. Mughetti, Gevrey Regularity for a Class of Sums of Squares of Monomial
Vector Fields, Advances in Math. 373 (2020), 35 pages.

[10] A. Bove and M. Mughetti, Analytic regularity for solutions to sums of squares: an as-
sessment, Complex Analysis and its Synergies 6 (2020), article no. 18.

[11] A. Bove and M. Mughetti, Minimal Gevrey Regularity for Hormander Opera-
tors, International Mathematics Research Notices, to appear, https://doi.org/
10.1093/imrn/rnad055.

[12] A. Bove and M. Mughetti, Optimal Gevrey Regularity for Certain Sums of Squares in
Two Variables, 2023, to appear in Ann. S.N.S. Pisa.

[13] A. Bove and F. Treves, On the Gevrey hypo-ellipticity of sums of squares of vector fields,
Ann. Inst. Fourier (Grenoble) 54(2004), 1443-1475.

[14] A. P. Calderén and R. Vaillancourt, A Class of Bounded Pseudo-Differential Operators,
Proc. Nat. Acad. Sci. USA 69 (1972), no. 5, 1185-1187.

[15] G. Chinni, On the partial and microlocal regularity for generalized Métivier operators,
J. Pseudo-Differ. Oper. Appl. 14 (2023), no. 3, 26 pp.

[16] G. Chinni, On the sharp Gevrey regularity for a generalization of the Métivier operator,
Math. Ann. (2023), https://doi.org/10.1007/s00208-022-02558-7.

[17] P. D. Cordaro and N. Hanges, A New Proof of Okaji’s Theorem for a Class of Sum of
Squares Operators, Ann. Inst. Fourier (Grenoble) 59 (2009), no. 2, 595-619.

[18] L. Ehrenpreis, Solutions of some problems of division IV , Amer. J. Math 82 (1960),
522-588.

[19] M. Derridj and C. Zuily, Sur la régularité Gevrey des opérateurs de Hormander, J.
Math. Pures Appl. 52 (1973), 309-336.

[20] V. V. Grusin, On a class of elliptic pseudodifferential operators degenerate on a subman-
ifold, Mat. Shornik 84(2) (1971), 155-185.

[21] L. Hérmander, Hypoelliptic second order differential equations, Acta Math. 119 (1967),
147-171.



18 ANTONIO BOVE AND MARCO MUGHETTI

[22] L. Hérmander, Uniqueness Theorems and Wave Front Sets for Solutions of Linear Dif-
Jferential Equations with Analytic Coefficients, Communications Pure Appl. Math. 24
(1971), 671-704.

[23] L. Héormander, The Analysis of Partial Differential Operators, I, Springer Verlag, 1985.

[24] L. Hérmander, The Analysis of Partial Differential Operators, 111, Springer Verlag,
1985.

[25] H. Kumano-Go, Pseudodifferential Operators , MIT Press, Cambridge, Mass.—London,
1981.

[26] G. Métivier, Une Classe d’Opérateurs Non Hypoelliptiques Analytiques, Indiana Univ.
Math. J. 29 (1980), 823-860.

[27] G. Métivier, Hypoellipticité analitique sur des groupes nilpotents de rang 2, Duke Math.
J. 47 (1980), 195-221.

[28] G. Métivier, Non-hypoellipticité Analytique pour D2 + (x2 + y2)D2, C. R. Acad. Sci.
Paris Sér. I Math. 292 (1981), no. 7, 401-404.

[29] M. Mughetti, Regularity properties of a double characteristics differential operator with
complex lower order terms, J. Pseudo-Differ. Oper. Appl. 5 (2014), no. 3, 343-358.

[30] T. Okaji, Analytic hypoellipticity for operators with symplectic characteristics, J. Math.
Kyoto Univ. 25 (1985), no. 3, 489-514.

[31] O. A. Oleinik, On the analyticity of solutions of partial differential equations and sys-
tems, Colloque International CNRS sur les Equations aux Dérivées Partielles Linéaires
(Univ. Paris- Sud, Orsay, 1972), 272-285. Astérisque, 2 et 3. Societé Mathématique de
France, Paris, 1973.

[32] O. A. Olemik and E. V. Radkevic, The analyticity of the solutions of linear partial dif-
Jerential equations, (Russian) Mat. Sb. (N.S.), 90(132) (1973), 592-606.

[33] L. Rothschild and E. M. Stein, Hypoelliptic differential operators and nilpotent groups,
Acta Math. 137 (3 - 4) (1976), 247-320.

[34] D.S. Tartakoff, On the Local Real Analyticity of Solutions to O, and the O-Neumann
Problem, Acta Math. 145 (1980), 117-204.

[35] F. Tréves, Analytic hypo-ellipticity of a class of pseudodifferential operators with double
characteristics and applications to the O-Neumann problem, Comm. Partial Differential
Equations 3 (1978), no. 6-7, 475-642.

[36] F. Treves, Iniroduction to pseudodifferential and fourier integral operators , Vol. 1,
Plenum Press, New York-London, 1980.

[37] F. Treves, Symplectic geometry and analytic hypo-ellipticity, in Differential equations,
La Pietra 1996 (Florence), Proc. Sympos. Pure Math. 65, Amer. Math. Soc., Provi-
dence, RI, 1999, 201-219.

[38] F. Treves, On the analyticity of solutions of sums of squares of vector fields, Phase space
analysis of partial differential equations, Bove, Colombini, Del Santo ed.’s, 315-329,
Progr. Nonlinear Differential Equations Appl., 69, Birkhiuser Boston, Boston, MA,
2006.

[39] F. Treves, Analytic Partial Differential Equations, Grundlehren der Mathematischen
Wissenschaften, vol. 359, Springer Verlag, 2022.

Dipartimento di Matematica, Universita di Bologna, Piazza di Porta San Donato 5, Bologna,
Ttaly
Email address: antonio.bove@unibo.it

Dipartimento di Matematica, Universita di Bologna, Piazza di Porta San Donato 5, Bologna,
ITtaly
Email address: marco.mughetti@unibo.it



