
Computers and Geotechnics 182 (2025) 107157

Available online 26 February 2025
0266-352X/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Research Paper

Predicting the uniaxial capacity of plate anchors in spatially variable clay 
using metamodels

Alessio Mentani a,*, Laura Govoni a, Christophe Gaudin b, Phil Watson b, Yinghui Tian c

a University of Bologna, Viale del Risorgimento 2, 40136 Bologna, Italy
b The University of Western Australia, 35 Stirling Highway, Crawley, Perth, Western Australia 6009, Australia
c The University of Melbourne, Grattan Street, Parkville, Victoria 3010, Australia

A R T I C L E  I N F O

Keywords:
Offshore geotechnics
Plate anchors
Soil spatial variability
Ultimate capacity
Metamodelling

A B S T R A C T

This paper investigates the effect of spatial variability in undrained shear strength on the uniaxial capacity of a 
deeply embedded plate anchor. The study was undertaken using the random field finite element method, and the 
results show that the ultimate uniaxial capacity is significantly influenced by strength heterogeneity, which is 
influenced by the different mobilised failure mechanisms and leads to a widely distributed probability of failure. 
Interpretation of the results also shows that it is possible to relate the statistical distribution of an operative 
undrained shear strength to the probability of failure of the plate, using close to constant uniaxial capacity 
factors. These findings simplify the assessment of plate capacity to the determination of the operative undrained 
shear strength, without needing to resort to computationally expensive finite element analyses. Additionally, the 
operative undrained shear strength obtained from random field modelling can be accurately emulated by met
amodelling, which can then be used to correlate the input variables to the statistical distribution of the operative 
undrained shear strength. Through reference to a specific foundation geometry and set of soil variability pa
rameters, this paper illustrates the potential of a simple and computationally cost-effective analytical procedure 
which, by combining random field finite element analyses and metamodels, relates site-specific field input 
variables to the probability of failure of a deeply embedded plate anchor in a spatially variable clay.

1. Introduction

As the offshore wind industry pushes into deeper water (nominally 
greater than 200 m), in part to harness better wind resources, floating 
solutions are considered the emerging technology for sustainable energy 
generation (Kumar et al., 2016). Floating turbines are moored to the 
seabed with anchoring systems, for which a range of solutions can be 
adopted (O’Loughlin et al., 2018).

Given their high efficiency, plate anchors are considered an attrac
tive option for deep-water mooring (Randolph and Gourvenec, 2017). 
One installation method involves using a suction caisson to penetrate the 
plate to a targeted depth – upon retrieving the caisson, the anchor re
mains vertically inclined in the soil, and is subsequently tensioned to 
realise its maximum capacity or just the installation capacity if keying 
has not activated (Gaudin et al., 2006). Known as a Suction Embedded 
Plate Anchor (SEPLA), this concept can be considered for a range of 
offshore renewables applications, including wave energy devices 

(Gaudin et al., 2017) and floating wind turbines (Hallowell et al., 2018).
The undrained holding capacity of a deeply embedded plate anchor 

can be assessed using the capacity envelope approach, as introduced by 
Murff (1994). The approach was first applied to strip foundations 
(Ukritchon et al., 1998; Bransby and Randolph, 1998), before being 
extended to deeply embedded plate anchors (Merifield and Sloan, 2001; 
O’Neill et al., 2003). These studies analysed the foundation response 
when installed in fine grained soil, where the undrained shear strength, 
su, was considered either homogeneous or horizontally uniform. How
ever, the mechanical properties of soil deposits are inherently variable, 
which can impact the ultimate capacity of a foundation (Griffiths and 
Fenton, 2001).

In general terms, the spatial variability of an engineering property 
can be characterised by the contribution of a deterministic trend value 
and a random residual. The latter represents the variability of the 
referred property and can be modelled by introducing an autocorrela
tion function that defines its spatial dependence. A random field can be 
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generated with stationarity of the statistical properties, which means 
that any two points in the field exhibit the same statistical behaviour, 
regardless of their location, i.e. the mean and variance are constants 
over the space. Conversely, in a non-stationary random field, the sta
tistical properties vary spatially.

The challenge of dealing with soil variability has been investigated 
by many researchers. Cassidy et al. (2013) were the first to develop 
failure envelopes in a probabilistic framework for a strip footing resting 
on a clay soil, with undrained shear strength modelled as a stationary 
random field. The study of probabilistic failure envelopes for strip 
foundations on non-stationary random fields was then tackled by Shen 
et al. (2020), and it was subsequently demonstrated that the parameters 
generating a random realisation of the soil domain significantly affects 
uniaxial capacity, which in turn governs the size of the envelope, rather 
than its shape (Shen et al., 2023). With reference to plate anchors subject 
to uplift loading, Cai et al. (2022) demonstrated the over-conservatism 
that exists when using a deterministic design approach that does not 
account for the variability in the soil.

The aforementioned studies have quantified the probability of failure 
of shallow foundations for selected combinations of input parameters 
required to generate a random field of soil strength. The outcomes of 
these studies are typically given in form of tables or charts, providing 
guidelines for site-specific design, where it is likely that the input pa
rameters are different from the examined selected combinations. In 
contrast, this study aims to provide a generalisation of the approach 
such that the probability of failure of the foundation can be predicted for 
any combination of the input variables, by employing suitably devised 
equations.

More specifically, this study addresses the probability of failure of a 
deeply embedded plate anchor in a non-stationary random field of su 
under uniaxial vertical, V and horizontal load, H, and overturning 
moment, M (Fig. 1). The determination of uniaxial capacity is essential 
in defining the interaction diagrams that describe the ultimate response 
of a plate anchor under combined loading conditions, whose dimen
sionless representation requires uniaxial ultimate capacity to be known 
either in a deterministic (Vulpe et al., 2014) or probabilistic (Cassidy 
et al., 2013; Shen et al., 2023) framework.

The uniaxial capacities were investigated using the Random Field 
Element Method (RFEM, Fenton and Griffiths, 2008) with non- 

stationary fields of undrained shear strength mapped onto the finite 
element mesh. The methodology adopted for generating random real
isations was analysed to identify an operative su that might represent the 
soil spatial variability, while also accounting for the load path assigned 
to the plate.

The problem of plate anchor capacity was then analysed through a 
probabilistic framework, adopting the Polynomial Chaos Expansion 
(PCE) metamodelling technique. Metamodels are numerical techniques 
used to emulate the response of an original (more complex) model at 
negligible computational cost. Through metamodels, the stochastic 
processes within the original model are emulated by an approximation 
function representing the relationship between input variables and 
output responses. Different metamodelling techniques have been suc
cessfully employed in geotechnical engineering over the last few years, 
such as polynomial chaos (Shen et al., 2020; Mentani et al., 2023), 
Gaussian process (Suryasentana et al., 2024a), random forest (Zhang 
et al., 2020) and artificial neural networks (Suryasentana et al., 2024b). 
Interest in the use of these methods is increasing as they provide a fast 
and efficient means to perform uncertainty quantification.

With reference to a deeply embedded plate anchor in a spatially 
variable clay soil, the specific aims of this study are as follows: 

1. To investigate the effect of the soil spatial variability on ultimate 
uniaxial capacity, and identify the uniaxial capacity factors;

2. To develop a generalised approach to assess the statistical distribu
tion in ultimate uniaxial capacity;

3. To optimise the metamodeling procedure in order to reduce 
computational cost and implementation complexity.

2. Methodology

2.1. Details of anchor geometry

The uniaxial ultimate capacity (either vertical, Vu, horizontal, Hu, 
and moment Mu) of a deeply embedded plate anchor in undrained 
loading conditions was evaluated by employing the random finite 
element method RFEM in combination with the use of metamodelling. 
Two-dimensional plane strain conditions were prescribed to a plate 
anchor of width B = 1 m and thickness t = B/20, which was horizontally 

Fig. 1. Model geometry and idealised plot of the undrained shear strength, su, with depth.
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wished in place in a 20B wide and 20B deep domain (Fig. 1a). The plate 
was embedded at 6B to ensure deep failure mechanisms formed in 
response to the applied loads (Yu et al., 2010). Within the domain the 
undrained shear strength, su, was spatially varied using non-stationary 
random fields (Fig. 1b).

2.2. Random field modelling

A non-stationary random field can be defined as the product of a 
stationary random field and a mean trend function (Lumb, 1966). Thus, 
in the two-dimensional space (x, z) of Fig. 1, a random realisation of su 
can be built as: 

su(x, z) = su(x, z)⋅Δc(x, z) (1) 

where Δc is a stationary random field; and su is a depth-wise trend 
function assumed as: 

su(x, z) = su,0 + k(su)⋅z (2) 

where su,0 is the undrained strength at the mudline; and k(su) is the 
strength gradient (Fig. 1b).

In this project a stationary random field was built for the non- 
dimensional undrained shear strength c = su/su using a log-normal dis
tribution; which was done to avoid the generation of negative soil 
strengths. The field was first generated as a Gaussian random field, G(x, 
z), with standard normal distribution (i.e. zero mean and unit variance) 
and then transformed to the log-normal distributed field using the 
following expression: 

Δc(x, z) = exp[μlnc + σlncG(x, z) ] (3) 

where μln c and σln c, are the statistical properties of the log-normal 
distributed field. Those can be related to their linear statistical proper
ties, μc and σc, as: 

μc = exp
(
μlnc + 0.5σ2

lnc
)

(4) 

σc = exp
(
2μlnc + σ2

lnc
)[

exp
(
σ2

lnc
)
− 1

]
(5) 

COV(c) =
σc

μc
(6) 

where COV(c) is the coefficient of variation. It can be demonstrated that 
COV(c) = COV(su), and as such a set of values of the statistical properties 
that satisfy Eq. (4) to Eq. (6) can be evaluated for a targeted value of COV 
(su) with a least squares minimization approach. This allows generation 
of the log-normal distributed field (Δc) through Eq. (3). In this study, 
COV(su) was assumed constant in the space, which is a common practice 
in offshore geotechnical applications (Wu et al., 2020, Yi et al., 2020, Cai 
et al., 2022, Chen et al., 2023, Shen et al., 2023).

The stationary Gaussian field, G(x,z), was generated with a spectral 
representation method, following the approach detailed in Räss et al. 
(2019), whereby a squared exponential autocorrelation function was 
adopted to define the correlation structure of the field: 

ρ(x, z) = exp

[

−

(
xi − xj

δx

)2

−

(
zi − zj

δz

)2
]

(7) 

where (xi, zi) and (xj, zj) are two grid points in the 2D space; δx and δz are 
the correlation lengths in the horizontal and vertical directions, 
respectively. The latter are commonly expressed in terms of the hori
zontal and vertical scale of fluctuation of su (i.e. θx(su) and θz(su)), and for 
a squared exponential autocorrelation function their relationship is θ =
π0.5 δ (Phoon & Kulhawy, 1999).

According to the above procedure, the realisation of a non-stationary 
random field of su therefore requires the definition of five input vari
ables: the undrained shear strength at the mudline, su,0; the gradient of 

the trend function, k(su); the coefficient of variation, COV(su); and the 
horizontal and vertical scale of fluctuation, θx(su) and θz(su).

2.3. Finite element modelling

The finite element (FE) analyses were carried out with the com
mercial finite element package ABAQUS (Dassault Systémes, 2020). 
With reference to Fig. 1a, horizontal and vertical displacements were 
restrained at the lateral and bottom edges of the mesh. The soil was 
modelled using 4-node bilinear plane strain elements, with a structured 
mesh of minimum size set equal to t/4 in proximity of the plate. A 
transition mesh was used in an area of 3B x 2B centred on the plate, with 
a coarser non-structured mesh used outside this area – an approach that 
reduced the total element number to about 24,000.

A linear-elastic perfectly-plastic material (Young modulus E = 500su 
and a Poisson ratio of 0.49) with a Tresca failure criterion was pre
scribed to each soil element. The undrained shear strength, su, was 
assigned according to the generated random fields. The anchor was 
modelled as a rigid element with its reference point located at its 
centroid, with a fully bonded contact assumed at the interface between 
the plate and the soil (a common approach when simulating undrained 
conditions, per Merifield et al., 2001). The uniaxial V, H and M were 
investigated by assigning (respectively) vertical, horizontal and rota
tional velocity boundary conditions at the reference point, with the ul
timate capacity (Vu, Hu, Mu) taken as the value at which the 
load–displacement curve reached a clear plateau.

2.3.1. Interpretation of the results
The numerical analyses were interpreted in terms of capacity factors 

as follows: 

NcV =
Vu

BLs(V)u

NcH =
Hu

BLs(H)
u

NcM =
Mu

B2Ls(M)
u

(8) 

where L is the anchor length (taken as unity in plane strain conditions), 
and su

(V), su
(H) and su

(M) are the average su computed in the non- 
stationary realisation of su by considering the soil elements along the 
kinematic failure mechanisms for the anchor in homogeneous clay, as 
proposed by O’Neill et al. (2003) and illustrated in Fig. 2 within a 3B x 
2B area.

This normalisation differs from previous studies, which adopt the 
value of undrained shear strength calculated by the trend function at the 
anchor reference point su,D (Wu et al., 2020; Cai et al., 2022; Chen et al., 
2023).

Failure mechanisms in homogeneous clay may differ from those that 
are mobilised in a soil characterised by a spatially variable strength, 
leading to different capacity values (Li et al., 2015; Yi et al., 2020; Wu 
et al., 2020, Cai et al., 2022). Example displacement fields, referring to 
three different random realisations (that are consistent with this study), 
are depicted in Fig. 3 for the anchor subjected to controlled displace
ments until failure for vertical (Fig. 3a), horizontal (Fig. 3b), and 
moment (Fig. 3c) conditions of loading.

As observed, while the overall shape is broadly maintained for the 
same load path, there are changes in extent – which are most obvious for 
vertical load. The potential loss in symmetry is also clearly shown, as the 
mechanisms search for weaker load paths.

Accordingly, su
(V), su

(H) and su
(M) calculated using the mechanisms in 

Fig. 2 may be regarded as an approximation of the values associated 
with more general failure mechanisms, as demonstrated in Fig. 3. 
However, they have the advantage of being easily calculated, as the 
mechanisms are known a priori and the results of more time consuming 

A. Mentani et al.                                                                                                                                                                                                                                



Computers and Geotechnics 182 (2025) 107157

4

RFE analyses are not required. This assumption allowed the develop
ment of a simple to implement and computationally cost-effective pro
cedure for the computation of uniaxial capacity values. As it will be 
shown in Section 5, the use of these values in the procedure ensures a 
very good fit to the RFE results. The undrained shear strengths (calcu
lated using Fig. 2) are hereinafter referred to as operative strengths.

2.4. Polynomial Chaos Expansion (PCE) metamodelling

A metamodel is a mathematical function that approximates the 
response of a more computationally expensive numerical model. The 
approximation function describes the link between the inputs and 
identified outputs of interest in the original numerical model.

The procedure (as adopted here) for generating a metamodel is 
described in more detail in Mentani et al. (2023). In general terms, a 

numerical problem consists of a number n of input variables and m 
output variables, which can be collected by the vectors x(i)={xj | j = 1, 2, 
…, n} and y(i)={yj | j = 1, 2, …, m}, respectively. The metamodel is then 
built from a dataset of input combinations and their corresponding 
model outputs, whereby the input variables are sampled to generate a 
training dataset of size N, X={x(i)| i = 1, 2, …, N}, while the numerical 
outputs are stored in the model response vector Y={y(i)| i = 1, 2, …, N}. 
The metamodel is then a function that returns a vector Y* that ap
proximates the model response vector.

In the case of PCE metamodeling, the function is built using a set of 
orthogonal polynomials in a spectral expansion of the input variables 
(Soize and Ghanem, 2004) generating a Fourier-like series as: 

Y* = g(X) =
∑K

k=1
αkψk(X) ≈ Y (9) 

Fig. 2. Kinematic failure mechanisms (redrawn after O’Neill et al., 2003) of a plate anchor subjected to controlled displacements for the calculation of: (a) horizontal 
load; (b) vertical load; and (c) moment.

Fig. 3. Displacement fields (at failure) of the plate anchor subjected to controlled displacements, as observed for three different random realisations: (a) vertical load; 
(b) horizontal load; and (c) moment.
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where K is the size of the PCE; Ψk(X) are multivariate orthonormal 
polynomials in the input vector; and αk are coefficients.

In the present study, PCE was used to predict the statistical distri
bution of the operative strengths that correspond to specific combina
tions of random field input parameters.

Implementing a PCE equation requires: 

1) Identification of the type of polynomial basis, Ψk(X);
2) Definition of a truncation scheme to set the size K;
3) Computation of equation coefficients, αk.

2.4.1. Setup of the PCE mathematical model
Choosing the family of polynomials to be used in PCE can be linked 

to the probability density function (PDF) of the input variables, which in 
turn reflects the available training dataset – with the type of ortho
normal polynomial basis associated to standard distribution types, as 
detailed by Sudret (2008).

While the PCE equation would exactly represents the original model 
function if an infinite series was considered (i.e. K = ∞), this is 
impractical and the series must be truncated to a finite number. In this 
study, the number of series was taken with consideration of the number 
of input variables, n, and of the maximum degree of the polynomials, p. 
In a standard truncation scheme, the total degree of the multivariate 
polynomial is set smaller than or equal to a given p, per Le Gratiet et al. 
(2015), which leads to a size K of the PCE equation as follows: 

K =
(n + p)!

n!p!
(10) 

This implies that the number of coefficients to be computed in Eq. (9) 
will drastically increase if a large number of input variables is involved, 
or if higher degrees of polynomial are targeted.

The coefficients of the PCE can be estimated using intrusive or non- 
intrusive methods. In this study, a non-intrusive approach was 
employed, which involved a least-squares minimization technique to 
compute the coefficients as follows: 

α = argmin
1
N

∑N

i=1

[

y(i) −
∑K

k=1
αkψk

(
x(i) )

]2

(11) 

In order to solve Eq. (11), the number N of model evaluations in the 
training dataset is required to be larger than the number of unknown 
coefficients, K. For a problem to be well-posed, Le Gratiet et al. (2015)
suggested a rule of thumb of N ≈ 2–3 K.

However, when used with a standard truncation scheme, this can 
pose problems if the original numerical model is computationally 
expensive and a large amount of data is required. To overcome this 
difficulty, a so-called ‘sparse’ scheme can be employed (Blatman and 
Sudret, 2010), in which only the significant coefficients in the PCE 
approximation function are identified by considering a cut-off value, 
εcut-off. This allows to reduce the number of terms in the full PCE rep
resentation. Blatman and Sudret (2010) proposed the least angle 
regression (LAR) approach for building a sparse PCE, which comprises 
an iterative procedure whereby the coefficients are initially computed 
using a standard setup. If a coefficient is lower than the cut-off value, the 
relevant polynomial is discarded by the PCE equation and the co
efficients are re-computed – and the operation continues until q = min 
(K, N–1) coefficients have been computed.

2.4.2. Accuracy of the PCE
The accuracy of the PCE was assessed using the Leave-One-Out 

(LOO) cross-validation technique, which involves partitioning an 
initial sample of size N into a training sample of size (N–1) and a vali
dation sample consisting of the discarded input/output pair. The co
efficients are computed using the training set and the PCE developed 
without the ith pair (i.e. gPCE\i) is employed to predict the output for the 

validation sample. The procedure is iterated for all N combinations, and 
the PCE accuracy can be quantified via a normalised factor defined as: 

Q2
LOO = 1 − εLOO = 1 −

1
N
∑N

i=1
[
y(i) − gPCE\i

(
x(i)

) ]2

Var(Y)
(12) 

where Var(Y) is the variance of the model response vector. This accuracy 
score ranges from 0 to 1, where values closer to 1 represent better PCE 
performance.

3. Random field operative undrained shear strength

3.1. Random field generations

Non-stationary spatially variable fields of su were generated using 
three input (k(su), COV(su), θz(su)) from the five variables introduced in 
Section 2.1. For undrained shear strength at mudline, su,0, a constant 
value of 0.1 kPa was assigned, whereas the horizontal scale of fluctua
tion, θx, was scaled from the vertical, θz (θx = 10 θz). These conditions 
were selected as they are believed to be representative of a range of 
deepwater offshore sites (Yi et al., 2020, Ching & Schweckendiek 2021). 
The selected input variables were assigned a realistic range according to 
the most relevant literature references (and are summarised in Table 1) – 
k(su) was taken as being between 1 and 2 kPa/m, as recommended by 
Cai et al., 2022; a range between 0 and 0.5 was adopted for the coeffi
cient of variation, as used in similar studies (Cassidy et al., 2013; Cai 
et al., 2022; Shen et al., 2023); and the variation in θz was set according 
to observations in Cami et al. (2020) and Ching & Schweckendiek 
(2021).

For each random combination of the input variables, infinite fields of 
su can be generated. As an example, Fig. 4 shows the output of two 
realisations, referred to as Field 1 and Field 2, which were created with 
the same combination of inputs (k(su) = 1.89 kPa, COV(su) = 0.39, θz(su) 
= 4.43 m). Here, Fig. 4a shows the distribution of su over the entire soil 
domain for Field 1, while Fig. 4c focuses on the distribution closer to the 
anchor position. Fig. 4b and 4d show the same outputs for Field 2. 
Looking at the area around the anchor, the range of variation in su is 10  
kPa/m to 20 kPa/m for Field 1, and 7 kPa/m to 14 kPa/m for Field 2. 
The su at the anchor reference point is different within the two fields, and 
not the same as the value determined by the trend function (su,D= 11.46 
kPa, Fig. 4c and 4d). Fig. 4c and 4d also show the failure mechanism 
associated with full-flow rotational failure of the plate for a homoge
neous soil (Fig. 2c). The calculation of su

(M), determined as the mean of 
the su values in each soil element crossed by the failure planes, is thought 
to provide a more realistic representation of the soil strength at the 
anchor location yielding values of 16.28 KPa and 9.72 KPa for Field 1 
and Field 2, respectively. Similar values were measured for su

(V) 

(determined with the mechanism of Fig. 2a and providing su,1
( V) = 16.25 

kPa and su,2
( V) = 10.07 kPa) and su

(H) (determined with the mechanism of 
Fig. 2b and providing su,1

( H) = 17.11 kPa and su,2
( H) = 10.04 kPa). The 

difference of these values with respect to su,D suggests the operative 
strengths can be more representative of the relevant random field. It is 
also apparent that for any field realised using a single set of input var
iables, a different set of operative strengths will be computed, which 
supports statistical analysis –as described in the following section.

Table 1 
Input variables and range of variation.

Input Unit Range

k(su) kPa/m 1.0–2.0
COV(su) − 0.0–0.5
θz(su) m 0.0–10.0
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3.2. Random fields and operative undrained shear strength

The heterogeneity of su for a single combination of input variables 
was first explored. In this case, 300 realisations were generated using k 
(su) = 1.51 kPa, COV(su) = 0.28, θz(su) = 7.99 m. For each realisation the 
values of the operative strengths (su

(V), su
(H), su

(M)) and their average 
su

(a), were first computed before being divided by su,D to yield the 
dimensionless strengths su

(V)*, su
(H)*, s(M)* and su

(a)* (e.g. s(V)*u =

s(V)u /su,D). Probability density functions (PDF) fort each term are shown 

in Fig. 5.
In Fig. 5, the four PDFs have been interpolated by a log-normal 

distribution curve: 

p(x, fs) =
1

xfs
̅̅̅̅̅̅
2π

√ exp

[

−
1
2

(
lnx − lnfm

fs

)2
]

(13) 

where fm and fs are the scale and shape parameters of the distribution, 
which represent the mean and the standard deviation of the natural 
logarithm of the x variable.

Fig. 4. Spatially variable domains of su obtained with: k(su) = 1.89 kPa, COV(su) = 0.39, θz(su) = 4.43 m with overturning moment failure mechanism of Fig. 2c.

Fig. 5. PDF of the normalised operative strengths measured for: (a) vertical, (b) horizontal, and (c) moment failure mechanisms; and (d) average of the three values.
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The scale parameter was set to one, as it was shown to have negli
gible variation, while the shape parameters that fit the distributions 
were calculated as fs(V) = 0.237, fs(H) = 0.244, fs(M) = 0.239, showing a 
good agreement with the average shape parameter fs(a) = 0.239. 
Consequently, the shape parameter, fs(a), was used as a statistical 
property describing the probability of occurrence of the operative su, 
which is in turn used for the evaluation of the uniaxial capacity factors 
(Eq. (8)).

3.3. Sensitivity analyses

A sensitivity study was carried out using three random combinations 
of the selected inputs, with NR = 500 realisations generated for each 
case. The investigation also considered the influence on the measured 
value of the grid size, dm, of the random domain − being the minimum 
distance between two grid points in the space (i.e. i and j in Eq. (7), dm 
was varied from a minimum of 0.1 m (dm = B/10) to a maximum of 1 m 
(dm = B). The fs(a) parameter was then calculated by considering 
different sizes of NR, from a minimum of 10 to the maximum of 500, as 
illustrated in Fig. 6.

The results show large variations in the computed values when small 
sample sizes are considered (NR < 100), with marked differences also 
occurring when the random realisations have been generated with 
different grid sizes. In comparison to the mean value of fs(a) determined 
for all four grid sizes and NR = 500, the deviations fall within a 5 % limit 
once NR ≥ 300. This is broadly consistent with observations made by Li 
et al. (2015) and Cai et al. (2022), who identified 400 realisations as 
being needed to obtain stable statistical properties of anchor holding 
capacity.

In this study, NR = 300 random realisations were considered for 
computing the shape parameter of su

(a), with a resolution grid dm = 0.5 
m. This selection also came from consideration of the computational cost 
required for generating the random realisations, as the 50 h required to 
build 300 domains with dm = 0.1 m reduced to less than 2 h for dm = 0.5 
m. It is worth noticing that the procedure could be easily extended to a 
more refined grid resolution and larger sample sizes.

4. Uniaxial capacity factors

4.1. Random FE modelling of the plate uniaxial capacities

A total of 15 randomly selected input combinations were considered 
to assess plate uniaxial capacity, sampled from range in input variable 
reported in Table 1. For each combination, 20 random soil realisations 
were generated. The domains were implemented in the FE model and a 
total of 300 RFEA were run for each of the three uniaxial loading 
conditions.

Fig. 7 presents histograms and cumulative density functions (CDF) 
for the ultimate uniaxial capacities obtained with the RFEA. The data 
were first plotted in terms of probability of occurrence of the measured 

loads (Fig. 7a, 7b and 7c), which showed high variability of the RFEA 
outcomes – which is a consequence of the different input combinations 
considered in the selection, as well as of the randomness of the gener
ated domains.

The same numerical results were then plotted as capacity factors, 
calculated using the undrained shear strength at the anchor reference 
point (Fig. 7d, 7e, 7f). In this case, the distribution shapes closely 
resemble the dimensional outcomes, as the value of su,D fails to capture 
the spatial variation of shear strength in the random domains (as 
anticipated in Section 3.1). It also worth noting that the distribution of 
vertical capacity factor was similar to the findings obtained by Cai et al. 
(2022), who implemented an approach similar to this study.

Finally, the results of the RFEA were interpreted using the operative 
undrained shear strength, su

(a), to compute the capacity factors (Fig. 7g, 
7h, 7i) according to Eq. (8). This normalisation reduces the variability in 
capacity factors, leading to values as follows: 

NcV = 11.8
NcH = 3.22
NcM = 1.65

(14) 

These are close to values observed for plates in homogeneous clay 
(Elkhatib and Randolph, 2005), and also aligns with findings obtained 
by Stanier and White (2019, which showed that the capacity factors 
collapse to approximately constant values using the mobilised shear 
strength. However, the computation of the mobilised shear strength 
requires the results of RFEA.

The choice to use a priori kinematic failure mechanisms was gov
erned by the need to adopt a procedure that allowed calculation of the 
probability of failure of the anchor, without having to run the compu
tationally intense RFEA. Use of the operative su

(a) allowed the identifi
cation of constant capacity factors, which was not possible when using 
su,D. The constant capacity factors then allow for a quick yet accurate 
estimate of the uniaxial capacity of the plate.

4.2. PCE metamodelling of the operative shear strength

As described in Section 3, and with reference to a single combination 
of the three selected inputs, the operative su

(a) could be predicted using a 
log-normal distribution defined by a single statistical measure, i.e. the 
shape parameter, fs(a). In order to predict the operative su

(a) for any 
random combination of inputs, the PCE metamodelling technique was 
employed.

In this case, the problem selected for the PCE study consisted of n = 3 
input variables (k(su), COV(su), θz(su)) and m = 1 target output (fs(a)). A 
training dataset of size N = 200 was generated by sampling the three 
inputs within their ranges. The Latin Hypercube Sampling (LHS) tech
nique was then used, with each variable set to have a uniform distri
bution. The method divides all variables in N equal probability intervals, 
with each interval filled with one input combination – with an illus
tration provided in Fig. 8. Consistent with the sensitivity analysis in 

Fig. 6. Shape parameters of the operative su calculated as a function of the considered number of realisations, NR, and of the grid size, dm.
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Section 3, NR = 300 random fields were generated for each input pair, 
and the relevant fs(a) parameters were computed and stored in the model 
response vector, Y.

4.2.1. PCE development and accuracy
Development of the PCE requires the definition of three model op

tions. In this study, the Legendre polynomials were adopted as the input 
were sampled with uniform distributions in the LHS method. The stan
dard truncation scheme was employed to build the equation, and the 
coefficients were computed according to Eq. (11). Working with this 
configuration, hereby named ‘standard PCE’, it was possible to build a 

PCE with a maximum degree p = 6 of the polynomials considering N ≈
2–3 K. A ‘sparse PCE’ was also developed by implementing the LAR 
technique in the computation of the coefficients, which forced the 
multivariate polynomials to reach higher degrees. The PCE equations 
were built with both approaches and the LOO method was used for 
measuring their accuracy.

Fig. 9a presents the measured accuracies of the two PCEs as function 
of the maximum degree of the polynomials. The standard PCE reached a 
peak accuracy of Q2 = 0.963 for p = 3, with the performance deterio
rating when polynomial of higher degree were used. The sparse PCE 
gave slightly improved accuracy (Q2 = 0.966) when polynomials up to 

Fig. 7. Histograms and empirical CDF of the uniaxial capacities of the plate anchor in spatially variable clay: (a), (b), and (c), magnitude of the measured loads; (d), 
(e), and (f), capacity factors normalised by su,D; (g), (h), and (i), capacity factors normalised by su

(a).
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degree p = 6 were implemented. Details on the significant polynomials 
considered after applying the LAR approach were reported in Appendix 
A, together with the computed coefficients. In Fig. 9b the predictions of 
the sparse PCE that maximised the accuracy are compared to the shape 
parameters computed by the generated random fields. The plot clearly 
highlights the quality of the PCE predictions, which generally fall close, 
to the best-fit represented by the continuous line. The accuracy of the 
sparse PCE was also highlighted in Fig. 9c, which reported the distri
bution of the residuals of the N = 200 predictions – and shows that the 
mean of the residuals is approximately zero (i.e. μ = 2*10− 5) with 
negligible standard deviation (i.e. σ = 0.022). While not presented, 
similar outcomes were obtained for the standard PCE.

Given their accuracy, it can be concluded that PCEs can provide a 
quick and reliable estimate of the probability of the operative su

(a). These 
can be obtained without the need to generate random realisations for 
any combination of the selected inputs, and in turn, can be linked to the 
probability of the respective uniaxial capacities of the plate anchor 
through constant capacity factors.

5. Application of the approach

The overall aim of this study was to identify an approach for pre
dicting the probabilistic uniaxial capacities of a plate anchor in spatially 

variable soils. The approach is based on an operative undrained shear 
strength, which represents a specific non-stationary random field. 
Fig. 10 summarises the methods (described further below) used in 
achieving the objective of the study. All methods begin by estimating the 
three input variables. It is worth noting that the identification of these 
variables can be easily achieved through standard site investigation 
techniques.

Method 1 represents the standard RFE approach, for which multiple 
random fields (e.g. NR = 300 in this study) have to be generated for the 
relevant inputs that characterise the site. Each soil realisation needs to 
be mapped onto an FE model, and simulations run to compute the ul
timate capacities, whose distributions can be interpreted with a log- 
normal distribution (as in this study). This process is computationally 
expensive, as it requires time to generate the random fields (i.e. tRF) and 
conduct the RFEA (tRFEA). Assuming NR = 300 (see Section 3.3), the tRF ≈

2 h and tRFEA ≈ 24 h for each load path. Additionally, the implementa
tion and data interpretation of Method 1 is rather complex and itself 
time consuming.

As an alternative, Method 2 involves computing the operative un
drained shear strength, su

(a), once the soil realisations are generated (i.e. 
after Step 2 of Method 1). Observed su

(a) can be fitted to a log-normal 
distribution (Eq. (13) to determine the best-fit scale parameter fs(a). 
The distribution of su

(a) can then be scaled to the respective uniaxial 
capacity of the plate via the scale parameter fm (Eq. (13)) by using the 
constant capacity factors determined in the previous section (Eq. (14)). 
This method allows estimates for the probability of each uniaxial ca
pacity to be derived with reduced computational cost, as the FE stage 
analysis can be bypassed though maintaining the laborious random field 
modelling.

Based on the findings of this study, the computational time cost can 
be further (significantly) reduced by using a metamodel approach. 
Defined as Method 3, the inputs for the site can be directly used to 
compute fs(a) with the PCE equation (Appendix A). As in Method 2, this 
can then be used to plot distributions of the plate uniaxial capacities. 
This further optimises the process by eliminating both the need to 
generate the random fields as well as to perform the FEA study, thereby 
drastically reducing the computational cost and the implementation 
complexity.

5.1. Proof of concept of the proposed approaches

The three methods were tested for a combination of the input vari
ables: whereby the gradient of the trend function was set to 1.2 kPa/m, 
with a coefficient of variation of 0.3 and a vertical scale of fluctuation of 
2.5 m. The vertical uniaxial capacity was then analysed, with a deter
ministic capacity computed from Eq. (8) as Vu,det = 86.14kN.

Fig. 8. LHS sample of size N = 200 of the three input variables.

Fig. 9. Accuracy of the developed PCEs: (a) accuracy score as function of the maximum degree of the polynomials for the standard and sparse PCE; (b) comparison of 
the sparse PCE predictions Vs observed values from the generated random fields; (c) PDF of the residuals of the sparse PCE.
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For Method 1, 300 random realisations of the soil were generated 
and the respective capacities were determined. A histogram of the re
sults is plotted in Fig. 11a, together with the best-fit log-normal PDF 
represented by a black continuous curve. Fig. 11b reports the same 
outcome but in terms of CDF. Using Eq. (13) to fit the data led to a shape 
parameter of 0.247 and a scale parameter of 87.23kN, which is slightly 
larger than the deterministic vertical uniaxial capacity. In fact, the re
sults show that for about 40 % of the considered realisations, the 
deterministic capacity would lead to a somewhat unsafe design – as 
observed by Cai et al. (2022) for a similar scenario.

The red curves in Fig. 11 reports on the results for Method 2. Here, 
the operative su

(a) was computed and the distribution fitted using Eq. 
(13), resulting in a shape parameter of 0.254 (i.e. + 2.8 % higher than 
Method 1). The distribution of su

(a) was then scaled to determine the 
probability of Vu using the vertical capacity factor defined in Eq. (14). As 
shown, the estimated PDF and CDF are close to the curves obtained with 
Method 1.

Finally, the developed sparse PCE was used to predict the shape 
parameter with the metamodel approach, per Method 3. The PDF and 

CDF distributions of Vu were computed and plotted as blue curves in 
Fig. 11a and 11b, respectively. The curves are close approximations of 
those obtained with Method 1, with negligible error associated with a 
prediction of the shape parameter of 0.257 (i.e. + 4.05 % higher than 
Method 1).

While not presented, similar conclusions can be made for horizontal 
and moment loading of the plate. Overall, this example highlights the 
potential of the proposed approach, which can yield accurate results 
with reduced computational cost and complexity.

6. Concluding remarks

This study has investigated the effect of the spatial variability in 
undrained shear strength on the uniaxial capacity of a deeply embedded 
plate anchor. It is shown that random realisations of non-stationary 
fields can be associated with an operative value of undrained shear 
strength, su

(a), which is the mean of the operative strengths computed for 
the three uniaxial conditions of loading (su

(V), su
(H), su

(M)). These are 
defined as the average su computed along the (adopted) kinematic 

Fig. 10. Summary of the different methods to predict the probabilistic uniaxial capacities of the plate anchor in spatially variable soils.

Fig. 11. Probability of failure of the plate anchor under vertical load in NR = 300 spatially variable fields generated by k(su) = 1.2 kPa/m, COV(su) = 0.3, θz(su) = 2.5 
m, computed with the three methods.
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failure mechanisms for anchors in homogeneous clay. The study 
demonstrated that using the operative strength, su

(a), supports single 
values of capacity factors. By adopting this finding, it is possible to 
simply relate the statistical distribution of operative undrained shear 
strength to the probability of failure of the plate under uniaxial loading.

Key conclusions are as follows: 

• The operative soil strengths can be represented using log-normal 
distributions for a given combination of the input variables that 
represent the heterogeneity of su. The inputs were selected as they 
can be estimated by offshore site investigation, thus allowing the 
approach to be extended to practical application.

• The RFE study showed that ultimate uniaxial capacity is significantly 
influenced by the heterogeneity of su, with a widely distributed 
probability of failure. However, the distribution narrows signifi
cantly if the ultimate capacity is divided by the operative strength, 
leading to approximately constant capacity factors.

• The PCE metamodelling technique allowed accurate approximation 
of the operative su for any combination of the input variables, 
without having to generate random field.

This work has led to development of an analytical procedure which 
relates site-specific soil input variables to the probability of failure of the 
foundation. The procedure has the practical advantage that simple 
equations are used (i.e. ultimate capacity and PCE equations) without 
having to run computationally expensive RFE analyses.

While the procedure presented in this paper is likely to have general 
applicability, it is limited to consideration of a specific foundation ge
ometry and size. Further studies, which encompass plate anchors with a 

realistic range of dimension, would be required to generalise the 
approach. Additionally, it would be beneficial to independently consider 
the effect of the horizontal scale of fluctuation on the anchor response 
(the current study links vertical and horizontal variability). This would 
allow for a procedure to be developed that better deals with realistic site 
heterogeneity in the undrained shear strength.
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Appendix A 

The PCE metamodels presented in this study were developed using Legendre orthonormal polynomials. Given that P0(x) = 1 is the Legendre 
polynomial in a variable x of degree equal to 0, any sequence of orthornormal polynomials in x can then be determined as: 

Pi+1(x) = (aix)Pi(x)+ biPi− 1(x) (A.1) 

where the two coefficients, a and b, are computed as: 

ai =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(2i + 1)(2i + 3)

√

i + 1
(A.2) 

bi = −
i

̅̅̅̅̅̅̅̅̅̅̅̅̅
2i + 3

√

(i + 1)
̅̅̅̅̅̅̅̅̅̅̅̅̅
2i − 1

√ (A.3) 

The sparse PCE was built for n = 3 input variables (xn = {k(su), COV(su), θz(su)}T).
As detailed in Fig. 8 and also summarised in Table A.1, the α-coefficients were computed for polynomials up to a maximum degree p = 6. The entire 

equation consists of ten terms as the LAR approach is applied with a cut-off set to εcut-off = 1*10− 3, which reduced the number of significant 
polynomials.

Table A1 
Polynomial basis of the sparse PCE up to maximum degree p = 6, and 
relevant coefficients.

Polynomial Degree Coefficient

P0 0 0.2139
P1(x2) 1 0.1121
P1(x3) 1 0.0159
P1(x2)P1(x3) 2 0.0084
P2(x3) 2 − 0.0089
P2(x1)P1(x3) 3 − 0.0019
P1(x2)P2(x3) 3 − 0.0072
P3(x3) 3 0.0112
P4(x1)P1(x3) 5 0.0061
P2(x1)P2(x2)P2(x3) 6 − 0.0022
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Géotechnique. 51 (2), 141–153.

Murff, J.D. (1994). Limit analysis of multi-footing foundation systems. In Proceedings of 
the 8th International Conference on Computer Methods and Advances in 
Geomechanics. Morgantown, May. Edited by H.J. Siriwardane and M.M. Zaman. A. 
A. Balkema, Rotterdam. Vol. 1, pp. 223–244.

O’Loughlin, C., Neubecker, S. and Gaudin, C. (2018). Anchoring Systems: Anchor Types, 
Installation, and Design. In Encyclopedia of Maritime and Offshore Engineering (eds 
J. Carlton, P. Jukes and Y.S. Choo).

O’Neill, M., Bransby, M.F., Randolph, M.F., 2003. Drag anchor fluke-soil interaction in 
clays. Can. Geotech. J. 40 (1), 78–94.

Phoon, K.K., Kulhawy, F.H., 1999. Characterization of geotechnical variability. Can. 
Geotech. J. 36 (4), 612–624.

Randolph, M., Gourvenec, S., 2017. Offshore geotechnical engineering. CRC Press, Boca 
Raton, FL. 
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