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FOOTNOTES TO THE BIRATIONAL GEOMETRY OF PRIMITIVE

SYMPLECTIC VARIETIES

CHRISTIAN LEHN, GIOVANNI MONGARDI, AND GIANLUCA PACIENZA

Abstract. In this note, we extend to the singular case some results on the birational

geometry of irreducible holomorphic symplectic manifolds.

In memoria di Alberto Collino
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1. Introduction

Irreducible holomorphic symplectic (IHS) manifolds and their singular generaliza-

tions (the so-called primitive symplectic varieties) form a relatively well-studied class

of varieties. Apart from their intrinsic interest, they offer the possibility to test gen-

eral conjectures in algebraic or complex geometry as on the one hand, they are well-

behaved, and on the other hand, they possess a sufficiently rich geometry. Their

birational geometry is particularly interesting and provides an instance of this princi-

ple. As a sample of this (and taking the risk of leaving many important results aside),

fibers of the period map are exactly birational IHS manifolds (cf. [Ver13], [Huy12,

Corollary 6.1]), the MMP of moduli spaces of sheaves on a K3 surface has been stud-

ied systematically via wall-crossing with respect to Bridgeland stability conditions (cf.

[BM14]), and termination of flips or the Morrison–Kawamata cone conjecture, which

are open problems in general, are already known for IHS manifolds, cf. [LP16], [AV17].

In this note, we discuss three aspects of the birational geometry of primitive sym-

plectic varieties that have been the object of considerable recent interest: effective

2020 Mathematics Subject Classification. 14E30, 14J42 (primary), 14E05, 32Q25, 32S15, 53C26
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birationality, termination of flips, and monodromy invariance of wall divisors, which

we present in detail below.

Effective Birationality. First, we concentrate on effective birationality. The prob-

lem of boundedness for the birationality of pluricanonical maps has attracted much

attention in the last 10 years (see the papers [HMX14, Bir23] and the references

therein, for results in the framework of irreducible holomorphic symplectic varieties

see [Cha16]). Here, we are able to provide an effective version of such results in the

most general setting, for primitive symplectic varieties. Recall that by the Bogomolov–

Beauville–Fujiki form, the second cohomology (more precisely, the torsion free part)

of such a variety embeds into its dual. We denote by AX := H2(X,Z)∨/H2(X,Z) the

discriminant group.

Theorem 1.1. Let X be a projective primitive symplectic variety of dimension 2n and

let L ∈ Pic(X) be a big line bundle on it. Then for all

(1.1) m ≥ 1

2
(2n+ 2)(2n+ 3)[(4Card(AX))ρ(X)−1]!,

the map associated to the linear system |mL| is birational onto its image.

If we replace ρ(X) with h1,1(X) in equation (1.1), we obtain an effective bound that

holds for the whole family of deformations of X. Notice that in particular, for any

integer n and positive constant C, the family of all projective primitive symplectic

varieties of dimension 2n and fixed deformation type, endowed with a big line bundle

of volume at most C, is birationally bounded. Therefore, the theorem can be regarded

an effective version of Birkar’s birational boundedness theorem for pluri log-canonical

maps (cf. [Bir23, Corollary 1.4]) in the setting of primitive symplectic varieties. In

the smooth case, the result was obtained in [KMPP19, Corollary 1.3]. The key for

the generalization to primitive symplectic varieties is the recent study of the numerical

and geometric properties of prime exceptional in this setting, cf. [LMP23, LMP22].

Notice that for deformations of moduli spaces of sheaves, the bound is even more

explicit.

Corollary 1.2. Let X be a projective primitive symplectic variety which is deformation

equivalent to a moduli space of sheaves Mv(S) with respect to some v-generic polariza-

tion H on a projective K3 surface S (respectively to Kv(S) in case S is abelian), for

a Mukai vector v = aw on S with w2 = 2k such that (S, v,H) is an (a, k)–triple in

the sense of [PR20, Definition 1.3]. Then for any big line bundle L ∈ Pic(X), the map

associated to the linear system |mL| is birational onto its image for any

m ≥ 1

2
(dim(X) + 2)(dim(X) + 3)[(8k)ρ(X)−1]!.

Recall that with the notation of the above theorem dimMv(S) = 2a2k + 2ε, where

ε = 1 (respectively ε = −1) if S is a K3 (resp. an abelian) surface (see [KLS06,

Theorem 4.4].
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Termination of Flips. Termination of flips is one major open problem in the MMP. A

well-known general strategy due to Shokurov [Sho04] involving the study of some regu-

larity properties of invariants of the singularities (the so-called minimal log-discrepancies)

has allowed to prove termination for IHS manifolds [LP16]. Due to the generalization

to hyperquotient singularities of the lower semicontinuity of minimal log-discrepancies

obtained in [NS20] and to the advances in the theory of primitive symplectic varieties,

we remark here that Shokurov’s strategy works now in a more general framework.

Theorem 1.3. Let X be a projective primitive symplectic variety with terminal hy-

perquotient singularities. Let ∆ be an effective R-divisor on X, such that the pair

(X,∆) is log-canonical. Then every log-MMP for (X,∆) terminates in a minimal

model (X ′,∆′) where X ′ is a symplectic variety with (canonical) singularities and ∆′

is an effective, nef R-divisor.

Recall that a variety Y has hyperquotient singularities if Y is a locally complete

intersection inside an ambient variety which is the quotient of a smooth variety by a

finite group action (see [NS20, Theorem 1.2] for a slightly more general definition).

In particular, we immediately deduce the following for an important class of singular

IHS varieties which has received much attention in recent years cf. e.g. [Men20,

MR20a, FM21, MR20b].

Corollary 1.4. Let X be an IHS orbifold (in the sense of [Men20, Definition 3.1].

Let ∆ be an effective R-divisor on X, such that the pair (X,∆) is log-canonical. Then

every log-MMP for (X,∆) terminates.

Invariance of walls under parallel transport. In the study of the birational ge-

ometry of IHS manifolds, wall divisors play a central role, analogous to the role played

by −2 curves on K3 surfaces. As a final contribution, we extend an important prop-

erty of wall divisors to the most general singular setting. The following theorem is the

content of Section 5:

Theorem 1.5. Let X be a projective primitive symplectic variety, and let D ∈ Pic(X)

be a wall divisor on it. Then D remains a wall divisor under parallel transport, and

there exists ϕ ∈ Mon2,lt
Hdg(X) such that ϕ(D) is dual to an extremal curve. Conversely,

any divisor dual to an extremal curve is a wall divisor.

Notice that under the additional hypotheses of Q-factoriality and terminality (and

b2 ≥ 5) the result above was proved in [LMP22, Proposition 7.4], using, among other

things, the fact that under these hypotheses reflections in prime exceptional divisors

are integral. This is trivially false in the non-terminal case [LMP22, Example 3.12].

Hence, here we have to take a different path to tackle the general case. It is also

important to notice that the definition of wall divisors in this larger framework (cf.

Definition 5.1) includes an extra condition which can be deduced from the Morrison–

Kawamata cone conjecture when b2 ≥ 5 and the variety is Q-factorial and terminal,

see Remark 5.2 for a detailed discussion of this point.
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2. Preliminaries

We start by recalling the main definitions about singular symplectic varieties.

Let X be an irreducible complex variety. Recall that, for any integer p ≥ 1, the

sheaf of reflexive holomorphic p-forms on X is Ω
[p]
X := (Ωp

X)∗∗. If X is normal, it can be

alternatively (and equivalently) defined as ι∗Ω
p
Xreg

, where ι : Xreg ↪→ X is the inclusion

of the regular locus of X.

Recall the following definition due to Beauville [Bea00].

Definition 2.1. Let X be a normal variety.

i) A symplectic form on X is a closed reflexive 2-form σ on X which is non-

degenerate at each point of Xreg.

ii) If σ is a symplectic form on X, the variety X has symplectic singularities if

for one (hence for every) resolution f : X̃ −→ X of the singularities of X, the

holomorphic symplectic form σreg := σ|Xreg
extends to a holomorphic 2-form

on X̃. In this case, the pair (X,σ) is called symplectic variety.

iii) A primitive symplectic variety is a normal compact Kähler variety X such that

h1(X,OX) = 0 and H0(X,Ω
[2]
X ) is generated by a holomorphic symplectic form

σ such that X has symplectic singularities.

For the definition and basic properties of Kähler forms on possibly singular complex

spaces, we refer the reader to, for example, [BL22, Section 2]. For a normal variety X

such that Xreg has a symplectic form σ, Beauville’s condition above that the pullback

of σ to a resolution of X extends as a regular 2-form is in fact equivalent to having

canonical, even rational singularities by [Elk81], [KS21, Corollary 1.7]. Let X be a

primitive symplectic variety. Then, there is a quadratic form qX on H2(X,C), the

so-called Beauville–Bogomolov–Fujiki form (BBF form for short), see [BL22, Defini-

tion 5.4]. Up to scaling, it is defined by the formula

(2.1) qX(α) :=
n

2

∫
X

(σσ̄)n−1 α2 + (1− n)

∫
X
σnσ̄n−1α

∫
X
σn−1σ̄nα.

Due to [Nam01, Kir15, Mat15, Sch20, BL22] we know that qX is defined over Z and

nondegenerate of signature (3, b2(X)−3), see Section 5 of [BL22] and references therein.

It is used to formulate the local Torelli theorem [BL22, Proposition 5.5], satisfies the

Fujiki relations [BL22, Proposition 5.15], and is compatible with the Hodge structure
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on H2(X,Z). Moreover, it allows to identify second degree homology with cohomology,

more precisely:

Definition 2.2. Let X be a primitive symplectic variety. For α ∈ H2(X,Q), we define

the dual class α∨ ∈ H2(X,Q)∨ = H2(X,Q) by the condition

qX(α, β) = α∨(β).

In the same way, we define γ∨ ∈ H2(X,Q) for a homology class γ ∈ H2(X,Q). Clearly,

α∨∨ = α.

We end this section by recalling some relevant cones.

Definition 2.3. Let X be a projective primitive symplectic variety. We define the

following cones inside Pic(X)⊗ R:

• The ample cone Amp(X) is the cone generated by ample classes.

• The positive cone Pos(X) is the connected component of the cone of BBF

positive classes containing Amp(X).

• The birational ample cone BAmp(X) is the union of all pullbacks f∗Amp(X ′),

where X ′ is a primitive symplectic variety locally trivially deformation equiv-

alent to X, and f : X 99K X ′ is a birational map such that f∗ induces an

isomorphism on Q-Cartier divisors.

• The fundamental exceptional chamber FE(X) is the cone inside Pos(X) whose

elements have positive intersection with prime exceptional divisors, i.e. with

prime Cartier divisors which have negative square with respect to the BBF

form.

Remark 2.4. Notice that we have Amp(X) ⊂ BAmp(X) ⊂ FE(X) ⊂ Pos(X), where

most inclusions are by definition, and BAmp(X) ⊂ FE(X) follows because the bira-

tional maps we consider send prime exceptional divisors into prime exceptional ones.

When X has Q-factorial and terminal singularities, by [LMP22, Proposition 5.8], we

have BAmp(X) = FE(X ).

3. Effective birationality

To prove effective birationality, we want to bound denominators in Boucksom–

Zariski decompositions of divisors, whose definition is recalled below. The quadratic

form and the definition below can be given for Q-Weil divisors, see [KMPP19, Sec-

tions 2.3, 2.4, and 3]. Since it will only be used in the Q-factorial case, for simplicity

we restrict ourselves to this case (to which one can always reduce in the projective

case).

Definition 3.1. Let D be a pseudo-effective Q-divisor on a Q-factorial primitive sym-

plectic variety X. A Boucksom–Zariski decomposition of D is a decomposition

D = P (D) +N(D),
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where P (D) and N(D) are Q-divisors, called respectively the positive and negative

part of D, satisfying the following:

1) P (D) is qX -nef, i.e. qX(P (D), E) ≥ 0 for all effective divisors;

2) if not empty, the divisor N(D) is qX -exceptional, i.e. it is effective and the

Gram matrix (qX(Ni, Nj))i,j of the irreducible components of the support of

N(D) is negative definite;

3) qX(P (D), N(D)) = 0;

The existence and unicity of the Boucksom–Zariski decomposition is proven in

[KMPP19] for effective divisors. Thanks to work of Denisi [Den22] on the support

of the negative part of the decomposition and to results contained in [LMP22], we can

deduce the pseudo-effective case from the effective one.

Theorem 3.2. Let X be a projective primitive symplectic variety with terminal and

Q-factorial singularities and let D be a pseudo-effective divisor on X. Then, there is

a unique Boucksom–Zariski decomposition D = P +N , and we have a surjection

H0(X,OX(kP ))� H0(X,OX(kD))

for all integers k such that kP and kD are integral.

Proof. Let D be a pseudo-effective divisor on X. If it is effective, there is nothing to

prove by [KMPP19]. Suppose now that it is not effective. Take a family Dt of big

divisors with limt−→0Dt = D. Recall that the big cone is the interior of the pseudo-

effective cone. Therefore by [KMPP19], we can write Dt = Pt + Nt where Pt and Nt

are the positive and negative part of the Boucksom–Zariski decomposition of Dt. It

was proven in [Den22, Section 4] that, when X is a smooth IHS, the big cone can

be decomposed in chambers in each of which the prime components of the support of

the negative part of the Boucksom–Zariski decomposition are constant (Denisi proves

more precisely that these chambers are locally rational polyhedral subcones, but we

do not need this part). The only thing that is used in this argument is the fact

that the Beauville–Bogomolov–Fujiki form is an intersection product, i.e. for any two

distinct prime divisors F, F ′ we have qX(F, F ′) ≥ 0. Since the latter remains true

for primitive symplectic varieties by [KMPP19, Theorem 3.11], Denisi’s result holds in

particular for Q-factorial and terminal primitive symplectic varieties. Thus, without

loss of generality, we can assume that for t close to zero the support of the negative

parts Nt is constant, i.e. Nt =
∑r

i=1 ai,tNi. Thus there exists a limit N :=
∑r

i=1 aiNi

of the Nt, with ai := limt−→0 ai,t. We set P := D − N , which is therefore a limit of

the positive parts Pt. By [LMP22, Proposition 5.8], the limit P of movable divisors

Pt is in the closure of the movable cone of X, which coincides with the qX -nef cone

(here we use the terminality and Q-factoriality of X). So we have proven the existence

of a Boucksom–Zariski decomposition for pseudo-effective divisors in this setting. For

the unicity, it suffices to follow the original argument by Zariski [Zar62, Theorem 7.7,

beginning of the proof], which again only uses the fact that we have an intersection
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product and the Gram matrix generated by the prime components of the negative

part is negative definite. The proof of the last statement is exactly as in [KMPP19,

Proposition 3.8], where the unicity is crucially used. �

Proposition 3.3. Let X be a projective primitive symplectic variety of Picard number

ρ(X) with Q-factorial and terminal singularities. Then denominators of the coefficients

of the negative and positive parts of the Boucksom–Zariski decompositions of all pseudo-

effective Cartier divisors are bounded by (4Card(AX))ρ(X)−1!.

Proof. We have to check the hypothesis of [KMPP19, Corollary 4.11], that is, the

following:

(1) Any prime exceptional divisor in X is contractible on a birational model which

is locally trivially deformation equivalent.

(2) Given a contraction of a prime exceptional divisor E, the general contracted

curve ` is either a smooth P1 or the union of two smooth P1’s intersecting

transversally in one point.

(3) Given ` and E as in the previous item, the class of ` is equal to −2E∨

q(E) , where

E∨ is the dual class introduced in Definition 2.2.

(4) For any prime exceptional divisor E, either E or E/2 is primitive.

From these items, the conclusion will follow immediately. Items (1), (2) and (4) are the

content of [LMP23, Theorem 1.2, item (1)]. Notice that these items hold also without

the terminality assumption on X. Item (3) is the content of [LMP22, Remark 3.11],

which holds also without the Q-factoriality hypothesis.

�

Remark 3.4. The content of [LMP22, Remark 3.11] is a direct consequence of [LMP22,

Theorem 3.10], where it is proven that reflections along prime exceptional divisors are

monodromy operators and, in particular, integral. However, there are counterexamples

to the integrality of these reflections without the terminality assumption, already for

K3 surfaces (see [LMP22, Example 3.12], so it is not clear whether the third item

above holds without this assumption.

By the work of Perego and Rapagnetta [PR20], we can give an explicit bound for

moduli spaces of sheaves on K3 or abelian surfaces:

Proposition 3.5. Let S be a K3 (resp. abelian) surface and let v = mw be a Mukai

vector on it, with w2 = 2k such that (S, v,H) is an (m, k)–triple in the sense of

[PR20, Definition 1.3]. Let us consider the moduli space X := Mv(S) with respect

to some v-generic polarization H on S (respectively X = Kv(S) in the abelian case).

Then Card(AX) = 2k. In particular, denominators of the Zariski decomposition are

bounded by (8k)ρ(X)−1!.

Proof. By [PR20, Theorem 1.6], there is an isometry w⊥ = v⊥ ∼= H2(X,Z). In par-

ticular, it follows that the second cohomology of X is isometric (as a lattice) to the
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second cohomology of S[k−1]. Therefore, the discriminant group is cyclic of order 2k

and the claim follows. �

From Proposition 3.3, along the same lines of [KMPP19], we generalize the result

of effective birationality to the natural singular setting arising from the MMP:

Proof of Theorem 1.1. First, we restrict to the case of Q-factorial and terminal singu-

larities. Let L be a big line bundle on X. Consider the Boucksom–Zariski decomposi-

tion

aL = P +N,

where P ∈ FEX is a Cartier divisor, N a Cartier qX -exceptional divisor and

a = (4Card(AX))ρ(X)−1!

is the integer given by Proposition 3.3 and clearing the denominators in the Boucksom–

Zariski decompositions. Since L is big by hypothesis, the positive part P is big. By

Remark 2.4, we have that FEX coincides with the closure of the birational ample cone.

Therefore, there exists a projective primitive symplectic variety X ′ with Q factorial

and terminal singularities and a birational map

φ : X 99K X ′

such that

P ′ := f∗P

is an integral, nef and big divisor on X ′. Now we can apply Kollár’s extension [Kol97,

Theorem 5.9] to nef and big divisors of the Angehrn–Siu result [AS95] to P ′, to deduce

that for all m ≥ (dimX+2)(dimX+3)/2 the morphism associated to |mP ′| is injective

on X ′. As a byproduct we then obtain that the linear system |amL| separates two

generic points on X.

Now we assume that X has arbitrary singularities and let D be a big and nef divisor

on it. As X is projective, by [BCHM10, Corollary 1.4.3] there exists a terminal and Q-

factorial variety Y and a map π : Y −→ X which is a partial resolution of singularities.

We can apply the conclusion of the previous part of the proof to Y , so that the map

associated to mπ∗(D) is birational onto its image, for all m as in (1.1). By definition,

the map associated to mπ∗(D) factors through π, therefore our claim holds. �

Proof of Corollary 1.2. The Corollary follows immediately from Theorem 1.1 and Propo-

sition 3.5. �

4. Termination of flips

In this section, we discuss termination of flips for primitive symplectic varieties with

terminal hyperquotient singularities. We start by recalling standard definitions and

two main conjectures in the field.

A log pair (X,∆) consists of a normal variety X and a R-Weil divisor ∆ ≥ 0 such

that KX+∆ is R-Cartier. A log resolution of a log pair (X,∆) is a projective birational
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morphism π : X̃ −→ X such that X̃ is smooth and π∗∆ + Exc(π) has simple normal

crossing support. A birational morphism f : X̃ −→ X between varieties for which KX

and KX̃ are well-defined is called crepant if π∗KX = KX̃ . A crepant resolution is a

resolution of singularities which is also a crepant morphism.

If (X,∆) is a log pair and π : X̃ −→ X is a log-resolution of (X,∆), then we define

the log discrepancy a(E,X,∆) for a divisor E over X by the formula

KX̃ + ∆̃ = π∗(KX + ∆) +
∑
E⊂X̃

(a(E,X,∆)− 1)E,

where ∆̃ is the strict transform of ∆.

Let cX(E) ∈ X be the center of a divisor over X. This is a not necessarily closed

point of X. The minimal log discrepancy at x ∈ X is

mld(x,X,∆) := inf
cX(E)=x

a(E,X,∆)

and the minimal log discrepancy along a subvariety Z ⊂ X is

mld(Z,X,∆) := inf
x∈Z

mld(x,X,∆).

Notice that from the definition we have that

(4.1) Z ⊂ Z ′ ⇒ mld(Z,X,∆) ≥ mld(Z ′, X,∆).

We refer to [Amb99, §1] for more details.

Ambro and Shokurov have made the two following conjectures about mlds in [Amb99,

Sho04]. The importance of these conjectures is that if they are fulfilled, then log-flips

terminate by the main theorem of [Sho04].

Conjecture 4.1. (ACC) Let Γ ⊂ [0, 1] be a DCC-set, i.e., all decreasing sequences

in Γ become eventually constant. For a fixed integer k the set

Ωk :=

mld(Z,X,∆)

∣∣∣∣∣∣∣∣∣∣
dimX = k,

(X,∆) log pair

Z ⊂ X closed subvariety

coeff(∆) ∈ Γ


is an ACC-set, that is, every increasing sequence α1 ≤ α2 ≤ . . . in Ωk eventually

becomes stationary.

Conjecture 4.2. (LSC) Let X be a normal Q-Gorenstein variety and let ∆ be an

R-Weil divisor on X such that KX + ∆ is R-Cartier. Then for each d the function

mld(X,∆) : X(d) −→ R ∪ {−∞} is lower semi-continuous.

Lemma 4.3. Let X be a projective variety with terminal hyperquotient singularities,

and let Y be a locally trivial deformation of X. Then Y has hyperquotient singularities.

Proof. By hypothesis, for any point p ∈ X, the local ring at p is a finite quotient of a

complete intersection local ring R. That means that R is the quotient of a regular local

ring of dimension dimX+k by k elements. The same holds for its analytic completion,
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as the k functions still generate the local ideal of ÔX,p, and their number cannot drop

by dimensional reasons. Hence, the property of having hyperquotient singularities is

invariant under analytically locally trivial deformations. �

Proof of Theorem 1.3. We argue as in the proof of [LP16, Theorem 1.2] and rely on

Shokurov’s strategy [Sho04, Theorem] to prove termination. We refer the reader to

[LP16] for all the relevant definitions and further details.

Let Z be a variety appearing along a log-MMP for (X,∆). Let Y be any Q-factorial

terminalization of Z. Since Y is birational to X, Y is locally trivially deformation

equivalent to X by [BL21, Theorem 6.16]. Thus, Y has hyperquotient singularities by

Lemma 4.3. Therefore, by [NS20, Theorem 6.2] the lower semi-continuity of the min-

imal log-discrepancy function holds on Y . By [LP16, Theorem 3.8], the mld function

on Z is lower semi-continuous.

By a theorem of Kawakita [Kaw14], the set of all mlds for a fixed finite set of co-

efficients on a fixed projective variety is finite. As in the course of the MMP, only a

finite number of divisorial contractions can occur, we only have to care about the ACC

condition along a sequence of flips. By [BL21, Theorem 6.16], any two Q-factorial

primitive symplectic varieties birational in codimension one are locally trivially defor-

mation equivalent. Therefore, the set of ACC condition is also verified.

We conclude the termination of log-flips by the main theorem of [Sho04]. �

5. On the geometry of wall divisors

In this section, we look at the shape of the birational ample cone for primitive

symplectic varieties. To this end, we introduce a generalization of the definition of

wall divisor contained in [LMP22], and we prove that they are related to extremal

contractions.

Definition 5.1. Let X be a projective primitive symplectic variety and let D ∈
Pic(X). The divisor D is called a wall divisor if the following three conditions hold:

(1) Negativity: qX(D) < 0

(2) Ample-non-orthogonality: for all ϕ ∈ Mon2,lt
Hdg(X) we have ϕ(D)⊥∩BAmp(X) =

∅.
(3) Semiample-orthogonality: there exists ϕ ∈ Mon2,lt

Hdg(X) such that ϕ(D)⊥ ∩
BAmp(X) 6= 0, where the closure is taken in Pos(X).

Remark 5.2. When X is projective with b2 ≥ 5 and has terminal and Q-factorial

singularities, the third condition is a trivial consequence of the proof of the Morrison–

Kawamata birational cone conjecture (see [LMP22, Theorem 5.12]), as D⊥∩Pos(X) 6=
0 due to the signature of the quadratic form on Pic(X), so by the transitive action

of Mon2,lt
Hdg(X) on the exceptional chambers of Pos(X), there exists an element ϕ ∈

Mon2,lt
Hdg(X) such that ϕ(D)⊥ intersects the closure of the fundamental exceptional

chamber, which then coincides with BAmp(X), by [LMP22, Proposition 5.8]. This

third condition will allow us to prove that wall divisors are parallel transport invariant
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using a strategy similar to [BHT11]. Without it, another way of proving their parallel

transport invariance could be via the use of twistor lines, which are not known to exist

in general. This approach successfully used for instance in the orbifold case by Menet

and Rieß [MR20a].

Proposition 5.3. Let X be a primitive symplectic variety and let π : X −→ Z be a

relative Picard rank one contraction. Let C be a contracted curve. Then the dual class

D to C deforms to a wall divisor on all projective nearby deformations of (X,D).

Proof. Without loss of generality, up to moving inside the Hodge locus of C, we can

directly assume that X is projective, as projective deformations are dense in any family

which is non-trivial in moduli by [BL22, Corollary 6.10]. As the curve C is contracted

by π, we authomatically have that C is orthogonal to π∗(Amp(Z)) ⊂ BAmp(X), thus

the third condition of Definition 5.1 is satisfied. Let ϕ ∈ Mon2,lt
Hdg(X). Since ϕ is a

Hodge isometry, [ϕ(C)] cannot be orthogonal to BAmp(X). To see this, suppose by

contradiction that ϕ(C)⊥ ∩ Amp(X ′) 6= ∅, for some birational model f : X 99K X ′.

Since f∗ is a Hodge isometry, by [Mar13, Lemma 5.17, item (2)], either f∗[ϕ(C)] or

−f∗[ϕ(C)] is a deformation of [C] which remains of type (2n − 1, 2n − 1), i.e. it lies

in the Hodge locus of [C]. As by [LMP22, Corollary 2.14], the curve C deforms in its

Hodge locus, a multiple of f∗[ϕ(C)] is effective and therefore cannot be orthogonal to

Amp(X ′). As D is dual to C, the same holds for ϕ(D) and the claim is proven. �

Lemma 5.4. Let X be a projective primitive symplectic variety and let D be a wall

divisor. Then, there exists ϕ ∈ Mon2,lt
Hdg(X) and a birational model X ′ such that ϕ(D)

is dual to an extremal curve on X ′.

Proof. By the definition of wall divisor, it follows that ϕ(D)⊥ does not intersect

BAmp(X) but intersects BAmp(X) ∩ Pos(X) for some ϕ ∈ Mon2,lt
Hdg(X). Therefore,

there exists a birational model X ′ of X such that ϕ(D) is orthogonal to a big and nef

divisor H ′. Without loss of generality, we can take H ′ general in ϕ(D)⊥ ∩ BAmp(X),

so that H ′ will lie in one facet of the ample cone of a birational model of X. By

applying the base-point-free theorem to (X ′, H ′), we contract only a curve (and its

multiples), which is dual to ϕ(D). �

Lemma 5.5. Let X be a projective primitive symplectic variety and let D be a wall

divisor. Then, there exists an effective curve C such that Hdg(C) = Hdg(D) and C

deforms along its Hodge locus.

Proof. This is a direct consequence of Lemma 5.4: indeed, there exists an element

ϕ ∈ Mon2,lt
Hdg(X) and a birational model X ′ such that ϕ(D) is dual to an extremal

curve ϕ(C). By [LMP22, Corollary 2.14], ϕ(C) deforms in its Hodge locus (in Def(X ′)

), which contains also the pair (X,C) (up to sign). Therefore D is dual to the effective

curve ±C. �
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Proposition 5.6. Let X be a projective primitive symplectic variety, and let D be

a wall divisor on X. Let Y be another projective primitive symplectic variety such

that there exists a locally trivial parallel transport operator ϕ from X to Y such that

ϕ(D) ∈ Pic(Y ). Then ϕ(D) is a wall divisor.

Proof. Up to changing birational model and acting with Mon2,lt
Hdg(X), by Lemma 5.5

we can assume, without loss of generality, that D is dual to a curve C (up to sign)

which deforms along its Hodge locus and is contractible by a map π : X −→ X.

Therefore, ϕ(D) is dual to (up to sign) an effective curve on Y . Let ψ be any element

in Mon2,lt
Hdg(Y ): we have that ψ(ϕ(C)) is still in the Hodge locus of C, hence also

ψ(ϕ(D)) is dual to (up to sign) an effective curve. It remains to prove that the third

condition of Definition 5.1 holds: for this, it suffices to take a locally trivial deformation

of the pair (X,π), which amounts to a deformation of the contracted manifold X, along

the same family which transports D to ϕ(D): this gives a deformation ϕ(C) of the

contracted curve C, which is dual to ϕ(D) and is extremal on a (possibly) different

birational model of Y so that our claim follows. �

Summing up Propositions 5.3 and 5.6 and Lemma 5.4, we have proven Theorem 1.5.

The simplest example of wall divisors, as in the smooth case, is given by prime

exceptional divisors. In the singular setting, it is not obvious that prime exceptional

divisors are automatically wall divisors, as it is not proven that a prime exceptional

divisor is contractible on a primitive symplectic variety which is locally deformation

equivalent to the initial one. However, the geometry of prime exceptional divisors is

particularly interesting, as by the following proposition they are always uniruled:

Corollary 5.7. Let X be a projective primitive symplectic variety, and let E ⊂ X be

a prime exceptional divisor. Then E is uniruled and if R denotes a curve in the ruling

of E, then q(R) < 0 and [E] = λ[R]∨ for some λ > 0.

Proof. If X is Q-factorial, this is [LMP23, Theorem 1.2, item (1)]. Otherwise, we may

take a Q-factorialization, i.e. a proper birational π : Y −→ X such that Y is Q-factorial

and π is small (and hence crepant), which exists by [BCHM10, Corollary 1.4.3]. Then

π∗E = π−1(E) is an irreducible divisor of the same square and we apply [LMP23,

Theorem 1.3] to π∗E on Y . This yields that (a multiple of) π∗E and its ruling curve

R′ deform over the entire Hodge locus of π∗E (or equivalently of R′) inside the space

Def lt(Y ) of locally trivial deformations of Y . By [LMP22, Proposition 2.12], the space

Def lt(X) sits canonically inside Def lt(Y ) and the Hodge locus of E in Def lt(X) can

be identified with the common Hodge locus of π∗E and the orthogonal complement to

H2(X,Z) inside of H2(Y,Z). In particular, we may deform (Y, π∗E) (up to taking a

multiple) to a very general point t of the Hodge locus of E on X. The corresponding

primitive symplectic variety Xt will have Picard group of rank one generated by E.

As R′ deforms along to a curve ruling a divisor E′t on Yt, also R deforms to a curve
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Rt in Xt (which is the image of some deformation of R′). Hence, the dual of Rt must

be a multiple of Et and this statement is invariant under deformation. Positivity of λ

can be deduced by pairing with a Kähler class. �
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[Elk81] Renée Elkik. Rationalité des singularités canoniques. Invent. Math., 64(1):1–6, 1981. –

cited on p. 4

[FM21] L. Fu and G. Menet. On the Betti numbers of compact holomorphic symplectic orbifolds

of dimension four. Mathematische Zeitschrift, 2021. – cited on p. 3

[HMX14] Christopher D Hacon, James McKernan, and Chenyang Xu. Acc for log canonical thresh-

olds. Annals of Mathematics, pages 523–571, 2014. – cited on p. 2

[Huy12] Daniel Huybrechts. A global Torelli theorem for hyperkähler manifolds [after M. Verbitsky].
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