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Abstract

In this paper we construct the fractional powers of the sub-Laplacian in Carnot groups
through an analytic continuation approach. In addition, we characterize the powers of
the fractional sub-Laplacian in the Heisenberg group, and as a byproduct we compute
the k-th order momenta with respect to the heat kernel.
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1 Introduction

The fractional Laplacian may be considered as the simplest example of a non-local
fractional integral operator. A great interest about this object arises, since it allows to
model various phenomena related to different fields. It is well known that fractional
operators are connected to potential theory, probability, harmonic and fractional anal-
ysis, pseudo-differential operators and partial differential equations, see for instance
[10, 13, 19, 35].

On the other side, the setting of stratified groups represents a generalization of the
Euclidean one, endowed with a rich structure, both from the algebraic and geometrical
point of view.
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Actually, the goal of generalizing fractional operators to stratified groups gives rise
to appealing questions and open problems. The aim of this paper is to investigate
the connection between the fractional sub-Laplacian and suitable generalized Riesz
potentials in the context of Carnot groups.

In particular, following an idea recalled in the book by Landkof [27], based on the
work of Marcel Riesz [33, 34], we propose a natural extension of the definition of
the real powers of the sub-Laplacian on a stratified group based on a suitable analytic
continuation approach. We would like to represent an alternative face to the problem
already dealt with by Folland [14].

Indeed, we think that this approach is very interesting for its simplicity and it is
worth to be focused.

We start by considering a stratified group G, i.e. a nilpotent simply connected Lie
group whose Lie algebra admits a stratification. It is a standard fact that G can be
represented as a vector space endowed with both a structure of stratified Lie algebra,
with grading

G=Vi®...V, (1)

and Lie group.

We denote by ¢ and Q = Y ;_, i dim(V;) the topological and the homogeneous
dimension of G, respectively, and, following [14], we suppose that Q > 3. We assume
that a homogeneous distance d on G is fixed, i.e. a distance d such that d(zx, zy) =
d(x,y) and d(8;(x), 8;(y)) = td(x, y) forevery x, y,z € Gand r > 0, where §; is a
semigroup anisotropic dilation associated with the grading (1) of G.

We denote by m the dimension of the first layer Vi of the grading. Moreover,
we assume that a scalar product on G is fixed and we consider an orthonormal basis
(e1,...,em)of Vi.Wesetforeveryi = 1, ..., m the vector field X; € Lie(G) such
that X; (0) = e;. The sub-Laplacian associated with (ej, ..., e;,) is the operator

mi
L=-Y X}
i=l1

It is known that £ is hypoelliptic [25], left-invariant and 2-homogeneous with respect
to the anisotropic dilations {8, };~0.

Fractional powers £~2 of L, for « € (=2, 0), have been introduced through the
theory of semigroups, involving the fundamental solution % of the heat operator H =
0; + L, that is the heat kernel on G of H (see Sect. 2.3 for definitions).

The operator E’%, a € (—2,0) takes the name of fractional sub-Laplacian and it
has been studied by many authors.

In [11] the authors established a pointwise integral representation of E_%qb(x)
through a family of suitable generalized Riesz (¢« — Q)-homogeneous kernels P, €
C°°(G \ {0}). They showed that for every @ € (—2,0) if u € S(G), then L7%u €
L*(G) and

L75u(x)=P.V. /G(u(y) — u(x) Pa(x ' y)dy. (@)
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We start by considering the operator

G*Po(x) =/qu(xy)Pa(y)dy, 3

for ¢ € S(G) and x € G, where the symbol * in (4) denotes the convolution in the
group, and we notice that it is well defined for every @ € (0, Q).

The main result of our paper relies in the construction of an analytic continuation
of the map

0,0) 30 = ¢pxPo(x) = /(L;¢(xy)Pa(y)dy, “

to the interval (—2, Q) for any fixed x € G and ¢ € S(G). This allows to extend in a
natural way the definition of the power £~ 7 onthe Schwartz class S(G), [Theorem 3.8]
fora € (=2, Q).

In our setting, we need to rely on various tools of geometric measure theory. Among
these, in particular, we exploit the coarea formula proved in [29, 30] and the Eikonal
equation for the Carnot-Carathéodory distance proved in [31].

On the other hand, we take into account various properties of the heat kernel / asso-
ciated with H, developed in [12] and [14]. Actually, the main step in our construction
is the estimate [3, Theorem 20.3.3], involving homogeneous Taylor polynomials on a
stratified group. In fact, while in the Euclidean setting the main point of the continua-
tion is the Pizzetti formula, in an arbitrary stratified group the Pizzetti formula is not
available yet. More precisely, even if some results are available in the literature [2, 4],
they don’t seem directly exploitable in our approach.

In the second part of the paper, we restrict ourselves to the simplest non-trivial
case, given by the Heisenberg group H". We show by induction the construction of
the analytic continuation of the map in (4) up to

(=00, Q) 3 a = ¢xFy(x),

for any fixed x € G and ¢ € S(G). In a natural way, this leads to an extension of the
definition of £~ % on the Schwartz class S(H™), for a € (—o0, Q).

From our point of view, the Heisenberg group represents a privileged setting. In fact,
in H", both the heat kernel /, the kernels Py, and the profile of the Carnot-Carathéodory
ball B, (0, 1) preserve various symmetries related to the structure of the group. In an
arbitrary stratified group it is not clear how to proceed.

These invariances allow to rely on the use of Taylor polynomials to extend the
continuation of the map in (4) to every strip (—2m — 2, —2m], with m € N, through
an inductive procedure.

Eventually, we provide simplified representations of the extended map o —
¥ (x, @) on the intervals (—4, Q), (—6, Q) and (—8, Q). By combining these rep-
resentations with [12, Proposition 1.5], we obtain several geometric consequences. In
particular, we compute the value of the integrals
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/n x2h(1, x)dx /Hn x?h(l,x)dx /Hn x22n+1h(1,x)dx

5

/x?h(l,x)dx fx3x§n+]h(1,x)dx,
n Hll

fori € {1,...,2n}, that of course have an important probabilistic meaning.

Now, we briefly describe the content of the various sections. In Sect.2 we intro-
duce stratified groups and we collect many related definitions and results available in
literature. Moreover, we deal with the sub-Laplacian £ and fractional sub-Laplacian
L%, with s € (0, 1) and we introduce the family of the generalized Riesz potentials
Py.

In Sect. 3 we study the map

0,0)3a = Y(x,a) = pxPo(x),

and we build up its analytic continuation to the strip (—2, 0]. Hence, we are in position
to extend the definition of the fractional sub-Laplacian £ to s € (—% 1).

In Sect. 4 we sketch the setting of the Heisenberg group H” for fixing notation and
we show some technical auxiliary results.

In Sect.5 we build up the analytic continuation of the function « — ¥ (x, &) on
the interval (—oo, Q) in the Heisenberg group. Then, we exploit the uniqueness of
the analytic continuation to extend the notion of fractional sub-Laplacian £’ to every
se(—€, o).

Finally, in Sects. 6, 7 and 8 we obtain simplified representations of « — ¥ (x, &)
on the intervals (—4, Q), (—6, Q) and (-8, Q), respectively in the Heisenberg group.
We apply these representations to establish the value of the integrals in (5).

2 Preliminaries
2.1 Stratified Groups, Pansu Differentiability, Coarea Formula

In this section we collect some definitions and more or less known results about
stratified groups, that we state for fixing the notation.

Definition 2.1 A stratified group or Carnot group G of step ¢ is a connected, simply
connected and nilpotent Lie group whose Lie algebra is stratified of step ¢, i.e. there
exists a sequence of subspaces V; with j € N, such that V; = {0}if j > ¢, [V1, Vi] =
Viqi foreveryi, j > 1,V, # {0} and Lie(G) =V & --- DV, where for i, j > 1 we
have set

Vi, V] =span{[X,Y]: X €V;, Y € V;}.

The exponential map exp : Lie(G) — G is a global diffeomorphism which allows
to identify in a standard way G with Lie(G) (see for instance [3, Section 2.2]). As a
consequence, we can model a stratified group as a vector space G endowed with both
a Lie bracket [-, -] with respect to which G is a stratified Lie algebra
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G=VieV,...0V, (6)

and a Lie group structure, whose product is given by the Baker-Campbell-Hausdorff
operation associated with [-, -] (see [3, Theorems 2.2.1, 2.2.13, 2.2.24, Corollary
2.2.15)).

For every x € G we denote the corresponding left translation by

Iy : G — G, Ii(y) =xy,

for every y € G. We denote by HG the distribution generated by Vi, it is called
the horizontal distribution. A basis (ey, ..., e;) of G is called graded if the ordered
family (ep;_,+1....,ep;) is abasisof V; foreveryi =1,...,t. Wecall (Zy,---Z,)
a Jacobian basis of Lie(G) if (Z1(0), ... Z,(0)) is a graded basis of G. A family of
dilations is associated with the stratification of G in a natural way: for every r > 0 we
set

L L
8¢ (Z vi) = Ztivi with v; € V;.
i=1 i=1

Definition 2.2 (Degree) Let v € G, we call n € N the degree of v, and we write
deg(v) = n, if

8:(v) =t"v,

hence if v € V,,. Analogously, for a vector field X € Lie(G), we say that deg(X) = n
if X € Lie(V,).

We assume that a scalar product (-, -) is fixed on G and we denote by | - | its associated
norm. Moreover, we assume that (-, -) makes the V;’s orthogonal. Taking into account
the structure of vector space of G, we may identify it with 7y G. Thus, the scalar product
(-, -) extends through the left translations to a left invariant Riemannian metric that we
denote by g.

A distance d on G is called homogeneous if d(zx,zy) = d(x,y) and
d(8¢(x),8:(y)) = td(x,y) for every x,y,z € G and r > 0. Let us recall two con-
crete examples of homogeneous distances (see [3, Definition 5.2.2] and [17, Theorem
5.1]). First, we consider x, y € G and we set I'y the set of horizontal curves, i.e.
absolutely continuous curves y : [0, T] — G with y () € HG, () fora.e. t € [0, T']
for some 7' > 0, such that ¥ (0) = x, y(T) = y. The Carnot-Carathéodory distance
or CC-distance between x and y is

T
de(x,y) = inf {/O Vel )@ @), y(0)dt -y € Fx,y} :

Forevery x, y € G, the Chow’s theorem ensures that the set I, , is non-empty hence d,.
is well defined. We denote by || x || = d(x, 0), forevery x € G, the homogeneous norm
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associated with d.. The second homogeneous distance we introduce is the distance
doo, defined for all x, y € G as

-1
doo(x, y) = Iy~ xlloo,
where the homogeneous norm || - || 18
Ixlloo = max{e; /Y7, j =1,... k),

for x = Zlexj € G, with x/ € Vi, with 1 = 1, ¢; € (0, 1] suitable positive
constants depending on the group structure. In this paper, we assume that a homoge-
neous distance d is fixed on G and we denote by ||x|| = d(x,0), for every x € G,
the corresponding homogeneous norm. Moreover, we introduce the following closed
balls

Bx,r) ={xeG: x| <r},
Bex,r)={xeG:|x| <r},

for every x € G and r > 0. The closed ball centered at x of radius r corresponding
to d. will be denoted as B, (x, r). We recall that all homogeneous norms on G are
equivalent (see for instance [3, Theorem 5.1.4]), hence if d;, d» are two homogeneous
distances on G, then there exist a positive constant C > 0 such that

1
Edl (x,y) <da(x,y) < Cdi(x,y),

forevery x, y € G. We denote by ¢ the topological (or linear) dimension of G and we
call homogeneous dimension of G the integer

Q=) idim(V),

i=1

which is also the Hausdorff dimension of G with respect to a homogeneous distance
d. We assume that Q > 3. Let us recall also the notion of Hausdorff measure in this
context. Let 7 C P(G) be a non-empty family of closed subsets of a Carnot group
G, endowed with a homogeneous distance d. Let ¢ : F — R be a function such that
0<¢(S) <ooforany S € F.If § > 0,and A C G, we define

gs.c(A) =inf { S ¢(Bj) Ac | B, diam(B)) <6, Bje Fl. (1)
j=0 j=0

If F coincides with the family of closed balls with respect to the distance d and
C@B(x, r)) =r* we call

S%(A) 1= sup ¢s ¢ (A)
§>0
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the a-spherical Hausdorff measure of A. If F coincides with the family of all closed
sets, and for k € {1, ..., g} we set ¢y = wg, the k-dimensional Euclidean measure of

. k
the unitary Euclidean ball in R¥, and £(B) = ¢ (%) , we call
M (A) = sup ¢s ¢ (A)
§>0

the k-Euclidean Hausdorff measure. In particular, we stress that 'H]E is the Hausdorff
measure with respect to the distance generated by the Riemannian metric g fixed on
G. Nevertheless, if we consider G in coordinates with respect to an orthonormal basis,
then H’% coincides with the Euclidean Hausdorff measure and this justify our notation.
The g-dimensional Lebesgue measure on G is the Haar measure of G. It is left invariant
and Q-homogeneous. On the other hand, for every m > 0, for every measurable set
A C Gandforall x € G and t > 0 we have

S"™(I¢(A)) = S™(A) and S™(8,(A)) = t"S™(A).

We refer the reader for example to [36] for more details about an introduction to
stratified groups.

2.1.1 Pansu Differentiability

A map L : G — R is a h-homomorphism if it is a group homomorphism such that
L(8;(x)) = t(L(x)), for every x € G and ¢t > 0. It is not difficult to verify that L
is linear and L]y, = 0 for every j = 2, ..., . We denote by L;,(G, R) the family of
h-homomorphisms between G and R. Given L, T € L, (G, R), we define the distance

de,@ry (L, T) = sup |T(x)"'L(x)|.

llxll<1
This class of maps is the starting point to state a notion of differentiability fitting
the setting of stratified groups. Let 2 be an open set in G, let f : @ — R be a

function and let x € Q. The map f is said Pansu differentiable at x if there exists a
h-homomorphism L : G — R that satisfies

IfO) — f) — L'yl =o(lx'yl) as [Ix"'y| — 0. ®)

When condition (8) is verified, we call L the Pansu differential of f at x and we denote
it by Dy, f (x). The unique vector Vg f(x) € G such that

Dy f(x)(2) = (Vi f(x), 2) (C))

forevery z € G is called the horizontal gradient of f atx. Assuming that (vy, ..., v,)
is a graded orthonormal basis of G and setting X ; € Lie(G) the left invariant vector
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field such that X ;(0) = v; forevery j =1,...,¢q

mi

Vaf(x) =) Xi f®)vi, (10)

i=1
where m = dim(V}) (see [36, Proposition 3.10] and the references therein). We say
that f : Q — R is continuously Pansu differentiable on 2 if f is Pansu differentiable
at every point of 2 and the function Dy, f : Q — L, (G, R) is continuous with respect
to the topology induced by dz, (G k). We denote by C hl (£2) the family of continuously
Pansu differentiable mappings from 2 to R and we observe that C' () C C}l ().
2.1.2 Coarea Formula in Stratified Groups
In this subsection we recall a suitable coarea formula in Carnot groups. It is interesting
to notice that the starting point of the proof of Theorem 2.4 is a previous coarea formula

for bounded variation maps [16, 20, 31].

Definition 2.3 Let v € V; \ {0} be a vector and consider its orthogonal hyperplane
L) C G. We define

g — q—1
01 (v) == ze%f})),(l) Hy (L) NB(z, 1))

the metric factor with respect to the direction v.
We explicitly remark that 927] (v) depends both on the homogeneous distance d and
on the Riemannian metric g.

The following theorem is proved in [29, Theorem 3.5] (see also [30]).

Theorem 2.4 Let A C G be a measurable set and consider a Lipschitz function u :
A — R. For any measurable function h : A — [0, 00) the equality

/h(x)|VHu(x)|dx:// ()85 (Viu())dS2™! (x)dr
A R Ju=l(rnA

holds. Notice that Qé_l (Vgu(x)) and S -1 are both considered with respect to d.
On the other hand, by [29, Proposition 1.9] and [30, Theorem 5.2] we know that the
distance ds, preserves enough symmetries to guarantee the constancy of the metric

factor. This is the content of the following proposition.

Proposition 2.5 If d = dw, then there is a constant ag_1 > 0 such that

95_1(1)) =ag_1, foreveryv e Vp\{0}.

@ Springer



The Fractional Powers of the Sub-Laplacian Page90f94 106

Thus, in the setting of Proposition 2.5, we may set

§9-1.— (XQ,1$Q_1

o0

to yield a simplified coarea formula, which follows from the combination of [29,
Corollary 3.6] and Proposition 2.5.

Theorem 2.6 Let d = d, let A C G be a measurable set and let u : A — R be
a Lipschitz function. For any measurable function h : A — [0, 00), the following
equality holds

/h(x)|vHu(X)|dx:// h(x)dso%ildr.
A R Ju=1(r)nA

Now, in order to obtain a further simplified expression of the coarea formula, we recall
the Eikonal equation associates with the CC-distance d,, which is a consequence of
[31, Theorem 3.1].

Theorem 2.7 For a.e. x € G the equality |Vgd.(x,0)| = 1 holds.
By combining Theorems 2.6 and 2.7, setting u(x) : G — R, u(x) = d.(x,0) as
the Lipschitz function in Theorem 2.6, we get the following formula, which retraces

the Euclidean coarea formula.

Corollary 2.8 (Coarea formula) If d = do, and A C G is a measurable set, then for
any measurable function h : A — [0, 00) we have

/ h(x)dx = / / h(x)dSZdr.
A R J9B.(0,r)NA

2.2 Taylor Polynomial on Stratified Groups

In this subsection we introduce homogeneous Taylor polinomials on G. We mainly
follow [3, Chapter 20]. We choose m € N and for every m-multi-index y =
W1y vy vm) € NU{OD™ we set

VIi=vi+yv+...vm yY!i=vily!l...yu! and

xV = x]'x}?...x)" forevery x € R™.

Moreover, we introduce

(Zi,  Zw) =Z]" - Z}y, forevery Zi,...Zy € Lie(G).
We say that an m-multi-index y = (y1, ..., ym) € NU{0})" is even if y; is even (0
being even) for every j € {1, ..., m}.
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If f € C®G,R) and (Zy, ..., Z,) is a Jacobian basis of Lie(G), then for every
n € N U {0} there exists one and only one polynomial p homogeneous of degree at
most n such that

(Z1--Z)P(p)0) = (Z1--- Z)P(H)(0), (11)

for every multi-index g € (N U {0})9 such that || < n. The unique polynomial
satisfying (11) is denoted by 7,,(f, 0)(x) and it is called the Z-Mac Laurin polynomial
homogeneous of degree n related to f. Then, for every x, xo € G we introduce the
so-called Z-Taylor polynomial of G-degree n related to f centered at x( as

T (f, x0)(x) 1= Tp(f o Ly, 0)(xy ' %). (12)

Let us recall an important estimate involving Z-Taylor polynomials, obtained by [3,
Theorem 20.3.3], setting d = d, (see also [15, Theorem 1.37]).

Theorem 2.9 (Stratified Taylor formula) Let G be a stratified group. There is a constant
b = b(G) such that for every n € N U {0}, there exists a constant ¢ = c¢(G,n) > 0
such that

|fxy) = T (f, ) (xy)] < cllyl"T! sup sup  [(Zy - Zm)P f(x2)],
{lzlle<b™ylc} {IBl=n+1}

(13)

forall f € C"TY(G, R), for every x, y € G. Here B is a m-multi-index and m =
dim(Vy).

An explicit form of the Z-Taylor polynomial homogeneous of G-degree n is known.
We refer the reader to [3, Corollary 20.3.15] [see also [5, Theorem 2] formula (43)].

Theorem2.10 Let n € N U {0}, ler f € C"™(G,R) and choose xo € G. Let
(Z1, ..., Zy) be a Jacobian basis of Lie(G), then

n -1 5. —1_\.
T 30)() = fro)+ ) o i _— i 7 2 f 0
h=1 ’

i15e0sik <4,
deg(Z;i))+...deg(Z;; )=h

forevery x € G.

2.3 Fractional Sub-Laplacian on Stratified Groups

In this subsection, we introduce the sub-Laplacian on G and its powers. We choose
a graded orthonormal basis (v1, ..., vy,) of Vi and we let X; € Lie(G) be the left
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invariant vector field such that X;(0) = v; for every i = 1,...,m;. We call sub-
Laplacian of G the second-order differential operator

m
L:=-Y X} (14)
i=1
It is a positive operator associated with the choice of the basis (vy, ..., Uy,).

Remark 2.11 Since G is a stratified group, by Hormander’s theorem the operator L is
hypoelliptic. By [14, Theorem 2.1] there exists a unique fundamental solution for L.

Let G be the homogeneous group
G=Rx G,
endowed with the product
t,x)-'y)=@+1t,xy)

and the following stratification
~ - . o 9 .
G=VieV,ed---dV, with Lle(Vg):span{&,Lle(Vg)}.

The group G may be equipped with the dilations
85(, %) = (51, 8,(x)), (15)
for every s > 0. We consider on G the heat operator

d
H=L+ a7’
where L is the sub-Laplacian in (14). The operator 7 is invariant with respect to the
left translations of G and homogeneous of degree 2 with respect to the dilations in
(15), i.e. H(u o ;S\s) = s2Hu for s > 0. Moreover, H is hypoelliptic and it has a
unique fundamental solution % called the heat kernel on G (see [14]). We collect some
properties of & addressing the reader to [15, Proposition 1.68], [12, Theorem 1.1] and
[15, Proposition 1.74] and to the references therein.

Theorem2.12 Let h : R x G — R be the heat kernel associated with the sub-
Laplacian L on G, then the following conditions hold

(i) h € C(G\ {(0,0)).
(ii) Hh =0o0n (0, 0) x G.
(ii1) th(t,x)dx =1, foreveryt > 0; h(t,x) = h(t,xfl), h(t,x) > 0, for every
xe€Gandt e Rand h(t,x) =0, whent <O.
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>iv) h(t Jxh(t, ) =h(t +1,-), foreveryt,t > 0.
V) h(8 (t,x)) = s~ 2h(t, x), forevery s, t > 0 and x € G.
(vi) There exists a constant ¢ > 0 such that

2 2
c_lt_Q/zexp< - _”)i|1|t> <h(t,x) < ct_Q/zexp< _ = ),
c

ct

forevery x € Gandt > 0.
(vii) h(t,-) € S(G), foreveryt > 0.

Now, we introduce the heat semigroup:
1L F(x) = (fxh(t, () = /G W,y F )y, (16)

forevery f € L'(G), where » denotes the group convolution. We define the fractional
sub-Laplacian £°,0 < s < 1 as follows (see [37]). For every map u € W?2(G) and
foreveryx € G

Liu(x) =

o) /Ooo 15 e Eu(x) — u(x))dt. (17)

See [12, Section 1.2] and the references therein for the definition and an introduction
to fractional Sobolev space on a stratified group. The operator £* is non-local.

We recall the following result about the behaviour of £*, when s is close to one, see
also [12, Proposition 1.5]. We remind the proof of the theorem to point out some
technical aspects of the result. By S(G) we denote the Schwartz class on G (see [15,
Section 1.D]).

Proposition 2.13 For every ¢ € S(G) and for every x € G

lim £2¢(x) = Lo (x).

Proof Using the change of variables & = ¢!~ on (17), we get

l
1=

s _ 1 o T=s —%S
£¢(X)_m/o ( ¢(X) ¢(X)>§ =sd§. (18)

Clearly, if 0 < & < 1 then lim,_, |- éﬁ = 0. Since ¢ € S(G), by [14, Theorem
3.1(ii)] (notice that D(G) is L°°-dense in S(G)) we have

+ Lo — 0ash — 0. (19)

L>(G)

et —¢
h
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Set c(s) = We claim that for every x € G

- s)l"( D (1 s)l"(l —s5)°

1 L
lim c(s) A ( ) — ¢(X))§_11Sd$=%ﬁ(X)- (20)

s—>1-

Indeed, denoting by f; x(§) := ((e ¢ HL(;b(x) — ¢(x))§_1%s and using (19) we get
fsx(§) > —L(x) (21)

for every x € G. Moreover,

L
1 I
l

= _ 1 d
( d)(X) ¢(X)>§ =

1 £
fox(®)] = =l [ aeteoar
Sl—s 0

1
I

é: —S
_ Ell /0 L L (x)dr
1—s

IA

Lo L), (22)

where in the last inequality we used that ¢ € S(G) and the fact, proved in [6, Propo-
sition 3.2.1], that the heat semigroup preserves one-sided bounds, namely

f<Cae.inG=e¢'*f<Cae.inG Vr>0. (23)

Thus, our claim (20) follows using the definition of c¢(s), hence from the fact that
limg_, ;- ¢(s) = —1, and from (21) and (22). Furthermore, using (23), we obtain

c(s)/

1

E1-

£p) — ple e <20l [ & de

1—5

—s
=-2 o
ollL=) T3 s
T =) ¢llL=@) =
as s — 17. Thus, letting s — 1~ we get the thesis. O

2.4 Generalized Riesz Potentials

In this section we introduce a family of generalized Riesz potentials. For every o < Q,
a#0,-2,—4,..- weset P, : G —> Ras

1 ©
Pa(x)z—a/ 127 Vh(e, x)dt.
r(s)Jo
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106 Page 14 0of 94 F. Corni, F. Ferrari

We observe that P,, coincides with the map R, definedin [11, 12, 14] for0 < @ < Q.
We collect below some properties of the P, (see [14, Proposition 3.17]).

(1) By Theorem 2.12(vi), for every x # 0
ht,x) =o(t")ast — 0F

for every N € N. For every x € G,

NS

ht,x) <ct™

for some constant ¢ > 0 and for every ¢ > 0.
Thus, Py (x) converges absolutely if o < Q for every x # 0.

(2) Forevery o < Q, Py € C®°(G\{0}), since h(t, x) € C*(G\{(0, 0)}).

(3) For every 0 < o < Q, P, is non-negative. Moreover, for every o < Q it is
homogeneous of degree o — Q with respect to the intrinsic dilations &5, s > 0. Let
us show the homogeneity, for s > 0 we have

Po(8y(x)) = F#) /0 (5 (e, 8, ()i
2

1 [® e (1,

F_%l) 0 t2 h s—2S t,SS()C) dt
gl (5
— 127 s ¥h | =t x ) dt,

r(5) Jo 2

where we exploited Theorem 2.12(v). Let us now perform the change of variables
t = 527 so that we get

Py (85(x)) = #) /0 " (21) s (e, )52t

r(s
1 © ey
27 h(t,x)dt
0

r(%)
=s72P,(x).

— (@2-0+2

We introduce for every o < Q and for every x € G, x # 0, the function

o0 =
||x||0[:=<f0 t“z'—lh(t,x)dt> . (24)

Notice that forevery ¢ < Q,«a # 0, =2, —4, ... and x € G, x # 0, the equality

Py(x) = x|~ €

r(s)
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holds. The map || - || is a homogeneous norm on G smooth outside the identity
element (see [12, Section 1.1] and Item 3 in Sect.2.4). Since on a Carnot group every
homogeneous norms are equivalent, for every o < Q there exists a constant ¢, > 0
such that

1
—lxlle < lIxlle < callxlle, (25)
Ca

for every x € G.

Remark 2.14 Let us verify that if 0 < « < Q, then P, € L}DC(G). In fact, by
combining the coarea formula of Corollary 2.8, the homogeneity of the measure SoQo*l

and the homogeneity of the norm || - ||, for every R > 0 we get

1 / 3 1 R B =
— x| Cdx = / / Ix 1~ 2dSL ! (x)dt
r$) Je.orn r4)Jo Jos.or *
1 R
= — // ) z)|22r1adSL 7 (2)dt
r($)Jo Joson
1 R
<

a1 0-1 w0
dr S 0B.(0, 1 s
/Or r SN @B, 1) max, 21

—

IR

(5)

which is finite since a > 0.

Taking into account the previous Items 2, 3 and Remark 2.14, it holds that if 0 <
o < Q, then P, is a kernel of type o, according to the definition in [14]. We list
below various results known in the literature that relate the maps P, with £ and L*,
for 0 < s < 1. We give the details of their own proofs only in those cases that are
useful for the sequel of the paper.

(i) The map P; is the fundamental solution of £. Indeed for x € G

o0 o0 8
LP(x) = / Lh(t, x)dt = —/ —h(t, x)dt
0 0 ot
= — lim h(t,x) +h(0,x) = — lim Ah(z,x) =0,
—0o0 —0o0

where we exploited Theorem 2.12(iii),(vi) and the known estimates about the
derivatives of the heat kernel (see for example the proof of [15, Proposition
1.75])

(i) By [21, Proposition 4.1], for every s € (0, 1) the kernel Py is the fundamental
solution of L*.

(iii)) By [14, Theorem 3.15(iii), Proposition 3.18] and [18, Lemma 8.5] we can deduce
that for every s € (0, 1) and u € Cgo (G) the equality

L5u = LuxPy_og

holds.
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(iv) For every s € (0, 1) the following relation holds outside the origin
LPy o5 = P_y.

In fact,letx € G, x #0

LP ()—L(;/wtzf“—lh(; )d;)
2-2sX) = rd—s Jo , X
1 ©
= T(s),/ t 7 Lh(t, x)dt

_ 1
= —sl“(—s)fo (—s)t h(t, x)dt

= r(l—s)fo 57 (e, x)dt = P_ss(x),

where we have considered as well the known estimates about the derivatives of
the heat kernel (see [15, Proposition 1.75]) and the integration by parts.

(v) Reading[11, Theorem 3.11]inlight ofitem (iv), forevery s € (0, 1) ifu € S(G),
then £5u € L*(G) and

Lu(x)=P.V. /(}(u(y) —u(x))P_o (x_ly)dy. (26)

We have taken into account the equivalence proved in [18, Lemma 8.5].

(vi) Forevery 0 < a, 8 < Q suchthat o + 8 < Q and for every x € G, x # 0 the
following relation holds

Poip(x) = PoxPp(x). 27)

Let us show (27):

Pa*Pﬁ(x)z @ ,3 // 13 ht, y)dt/ rg_lh(r,y_lx)drdy
7 7
= // 131 ‘L'2 “Tha, y)h(r y 1)c)dtdrdy
F(% % (0,00) % (0,00)

1 a1 B4 —1
T t271¢3 h(t, y)h(z, y~'x)dydtdz
)T(5) J0.00)x(0.00) G
1 @
= —/ ﬁ_lrg_lh(t—i—r, x)dtdr,
(0,00) x(0,00)

)r(5)

—
—
IR

—
—_
[\STES]
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where we used Fubini’s theorem and Theorem 2.12(iv). Then, we consider the
change of variables

{t:s(l—u)

T =us,

getting

= ;)/(0 o 1)(S(1 _u))iil(us)gilh(s,x)s dsdu

r(5)r(
00 1
= ;/ s%flsgflsh(s,x)ds/ (1 —u)%flugfldu
r($)r() Jo 0
:;foo lh(sx)dsB( ﬂ)
rErE) b 2'2

where B(-, -) denotes the Beta Euler function. Exploiting the relation between
the Beta and the Gamma Euler functions, we have

PoxPg(x)

[SReN

IR
[STeN

IR

SR

)

)T(
atB

2

~ tolba

PyxPy(x) = ﬁ/ms#*‘h(s,x)ds (5
r(5)r(s) Jo r(
1

/ms#flh(s x)ds = Pyyp(x)
= T ) = La+p s
rE) by

and (27) is proved.

2.4.1 Regularity
Here we deal with the regularity of the map o« — Py (x), for x € G\{0}.

Proposition 2.15 For every x € G, x # 0, the map
o0 o
(00, Q) 30 — |Ix]|47¢ =/ 127 (e, x)dt
0

is analytic.

Proof We fix x € G, x # 0,t > 0 and k € N and we compute the k-th derivative of
the map o — ﬂ_lh(t, x) that is

k k
%(t%*‘h(t,x)) — 51 (%) Ik (1) (2, x).
o
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We notice that from the estimates in Item 1 of Sect. 2.4 we have

%, 1\
/ r271 <§> In*(H)h(t, x)dt < oo,
0

for every o < Q, then we can deduce that for every @ < Q we have

ak

© %, /1\F
ﬁ_lh(t,x)dt:/ r271 (5) I (A, x)dt.

aOlk 0 0

Now, we claim that for every closed interval [a, b] C (—o0, Q) there are two positive
constants C and M such that
ak

3o < CMH g, (28)
o

o0 o
/ 127 Ve, x)dt
0

for every @ € [a, b]. This would conclude the proof. Hence, we need to prove (28).

First, we consider
1 k
a_p (1 k
12 — ) In*(t)h(z, x)dt
0 2

© 1\*
/ 127! <-> Inf()h(t, x)dt
| 2

By combining the homogeneity of & and Theorem 2.12(vii), which ensures that
h(l,-) € S(G), we can estimate the second term of the right-hand side of (29) getting

* a—1<1>k k * a1 ¢ k
/ t2 — | In"(t)h(t, x)dt :/ 12 — | In"(t)h(t, x)dt
1 2 1 2
759 (N wron(s d
_/1t <§)n(t)<,\1ﬂ(x)>t

o 1 k
< ||h(1,~>||Loo<G)/ 15-1-% (5) In* (1),
1

k

2 <
dak -

00 o
/ 127 (e, x)dt
0

+ . @29

S

Now, for k € N we set

0, 1 k
ai : :/ t 721 (5) lnk(t)dt, (30)
1

and we notice that
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a
2 a0 [1\F © 2, 1\*
ax = lim (=) mko) +f 57125 (2) k' (oydr
a—0oo Ot—Q 2 1 Q—(X 2

t=1
1

:Q_a

kag—1,
where we have exploited the integration by parts. Then, recursively we get that

0— aak—l = k(k — 1)(Q_—a)211k—2

1 2
T TR

ar =k

3D

Let us now focus on the first contribute of the right-hand side of (29). We exploit the
fact that A (¢, x) = o(t"V) as t — 0 for every x # 0 and for every N € N (hence for
every N € N, there is ¢ > 0 such that A(z, x) < ctN ast < 1) and we can state that

L, 1\* L, N/
/ r2! (—) Ik (A, x)dt / (2N (—) Ink(t)dt
0 2 0 2
1 N 1 k
§c/ p2 N <—> [In(?)|¥dt.
0 2

Let us now set for k € N and N € N the term

(. 1\¥
bk:=/ (2N (E) | In(?)|¥dt. (32)
0

<c

We have that

by = lim | 2N 2 1 k|lnk(t)|
a—0 oa+2N \2
t=a
: 1 2 _14+N 1 = k—1
— 12~ — klIn(t)|*~ In(¢))dt.
/0 TN (2) [In(#)|"~ "sgn (In(z))

If N > —%, we can go on getting

1 1 N 1 k—1
bsz (27N (2 k| In(t)[Fdr
0 o+ 2N 2

1

1

- kbjy = ——————k(k — Dbj_ = ... (33)
wt2n 1 = ranp kT Do

S 2 !

T @ 2NETT T @ 2Nk
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By combining (29), (31) and (33), we get that

a“k / t% ]h(t )dt| < k!|h(1, )|[Le 2 x + k!
N . X ! , :
aak Jo = L (G)(Q—a)k"‘l (a0 + 2N )+
k+1 (3 )
1 1
( C)( ” ( )||L°°(G)) max{Q a o +2N}

Since N can be chosen arbitrarily large (once fixed «), our claim (28) is proved and
this completes the proof. O

As a consequence of Proposition 2.15, the map « — P, (x) is analytic for« < Q, for
every x € G, x # 0, since it is a product of analytic functions.
Now we are in position to introduce the following map

(-0, Q) > — o(a) := / Iz01272dS2 7 (2). (35)
dB.(0,1)

2.5 Main Properties of the Map o(a)

In this subsection we collect and prove some properties of the map o defined in (35).

(1) The map o («) is well defined for every & < Q. In fact, if we exploit the estimates
in Item 1 of Sect.2.4, we have

o0
o(a) = / f 177 h(r, x)dtd S2 (x)
daB.(0,1) JO

1
=/ f 127 (e, x)dtdS27 (x)
aB.(0,1) JO
o0 o
+/ / 127 h(t, x)dtdS27 (x)
aB.(0,1) J1
1
§c1/ / 121N dSL (x)ydt
8B.(0,1) JO

o0 o 0
+ch / 12717 7drdS2 7 (x)
9B.(0,1) J1

1 o0
= 527 (@B (0. 1) (CI/ 131N g 4 cz/ ﬂlgdt) ,
0 1

for some positive constants c; and c¢; for every arbitrarily fixed N € N. Therefore,
o (o) converges if ¢ < Q.
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2

3)

We show that « — o («) is analytic if @ < Q. For every k € N we have

8k/ /wr%*‘h(t YdtdS2 1 (x)
= | — , X X
aak Jom.0.1) Jo o

00 ak - o1
= — (27 h(t, x) ) dtdSZ " (x)
/3113%6(0,1)/0 dork ( ) *
© 1\¥
= / / 1271 (—) In* (1)h(z, x)dtdSL™" (x)
9B.0,1) JO 2

since forevery o < Q andk =0, 1, ... we have that

< w4 0-1
/ / 12 = In"()h(t, x)dtdSE (x)
aB.(0,1) Jo 2

o0 k
< 8271 (3B.(0, 1))/ 177! G) In* (1)h(t, xpr)dt < 00,  (37)
0

a
‘WU(O{)

(36)

bl

where x); € 9B(0, 1) is such that (7, xp) = maxgg,o,1) ( [y~ 127" (%)" In* (1)
h(t, x)dt). By combining (36), (37) and (34), we get that

i ()
—o(a
dak

Q—l Bk o0 g—l
<82 B0, 1) |- / (5, xa)de
ok Jo

1 }k+1

1 1
=82 B0, )21 + o)(1 + [|A(, Il Lo (G))k! max {H Py

so that o (&) is analytic with respect to « for @ < Q.
Let us prove that

lim o(a) = 2,
a—0
hence that

lim Iz1%72dSL ™ (z) = 2.
a=0JoB.(0,1)

Let us start by considering Theorem 2.12(iii). By exploiting the coarea formula
and the homogeneity of SOQO_1 , for every t > 0 we get

o0
1:/ h(t, x)dx =/ / h(t, x)dSZ ™! (x)dt
G 0 0B, (0,r)

~ (38)
_ / 01 / h(t, 8,())dSE™ (2)dr.
0 3B, (0,1)
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Now, let us consider
o(a) = / Iz1%~2dS2 " (2)
3B, (0,1)

o0
Z/ / 157 h(t, d1dSL (2)
0B (0,1) JO
o0 o
=/ tT‘/ h(t,z)dS<™ (z)dt
0 aB.(0,1)
w —
=/ ‘ —1/ (V1) 2h(1,5.1 (0))asL ! @yar
0 9B.(0,1) Vi
> §

_ g1-¢ 0-1
= 12 h(1,8.1 (z) )dS5E™ (2)dt,
/0 /3136(0,1) ( i ) *©

where we used the homogeneity of /2. Let us change variable setting r = %ﬁ’ hence

t=r"2(dr =—2r"3)and we get

IR

0
o) = _2/ r—a+2+Q/ h(1,8,(2))dSL (2)r 3dr
oo aB.(0,1)

o0
:z/ r—a—1+Q/ h(1,8,(2))dS<™ (z)dr,
0 0B.(0,1)

which converges to

o0
2/ rQ*‘/ h(1,8,(2))dS< ™ (z)dr,
0 9B.(0,1)

as @ — 0. Hence the proof of Item 3 is now complete taking into account (38).

3 Analytic Continuationin G

Let¢ € S(G) and x € G. Forevery r > 0and 0 < « < Q we denote the closed ball
By (x,r) = {y eG: Hx_lyHa < r}.

For every a > 0 we introduce the map

1
Y(x, @) =f ¢ (xy) Py (y)dy = —[ P Cy)llyls~Cdy. (39
G r%)Je

&
2

Proposition 3.1 For every x € G the map (0, Q) 2 o — ¥ (x, «) is well defined.
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Proof By exploiting the estimate in (25), the fact that ¢ is in the Schwartz class S(G)
on G and the coarea formula of Corollary 2.8, we have

A

1 o—
/as(xy)Pa(y)dy_f |¢<xy)||Pa(y>|dy=—a/ b @)]x 2] %z
G G F(i) G
1 —1_jje—-0
- d
F(5) oy POl
1

+—a/ 6@l |x"2] % Cdz
M@ Jomon Ead (40)

=<

Bl [l %
BL’(X»Coc)

1 (14 l1zlI%
+ (o) bl
r(%) /G\Bm,l) 9@ A+ 1215

r(s)

thus, taking into account the homogeneity of the norm || - ||, and of the measure SOQ{ 1,
and the definition of o () we can continue from (40) getting

1
Z dz < o0
(I +lzlle)

1 Ca a—1 1 /
P, d < — 9] dr +
/G¢(xy) (»)dy < F(%)U(a)IWIIL (G)/O r r F(%)Ck o
1

1 ¢y 1
s @gll L) + ck/ dz.
(%) « @M e a+ 1215

=

where, choosing k > Q, the last integral converges. O
The map ¢ — ¥ (x, ) is well defined also if we weaken the hypothesis on ¢.

Proposition3.2 If ¢ € C®(G) and |p(2)] < K||z||C_L as |zlle = S for some
L,K,S > 0 then the map

(0, min{L, Q}) > @ — ¥ (x,®)

is well defined.

Proof Keeping in mind that x is fixed, we consider R(x) := max{l + [lx|lc, S} and
we set R(x) > 0 such that B, (0, R(x)) C B.(x, R(x)). For @ > 0, by exploiting the
hypotheses on ¢ and the coarea formula in Corollary 2.8, we get
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IA

l o—
/ ¢ (xy) P (y)dy / ¢ (xy) Pa(W)ldy = —— / 16 @] x 2] %dz
G G r(s) Je

1 —-1_|«—Q
@) /BC«),R(X» 16 )| x4 %z

@I x 2] %z (41)

ol
+
r'(%) Je\s.0.r0)

_1 —1_je—Q
00 . d
< (%VW”L(GXéAQMMJh |8 dz

1
+K——o

1
—|lx"'z)|9 9.
r(%) /G\B(-(o,R(x» lzll% «

Thus, taking into account the homogeneity of the norm || - || and of the measure
SOQO_1 , and the definition of o (), we can continue from (40) getting

1 R
f ¢y Pa(0)dy < —ox0 (@ ll=c) / = dr
¢ (%) 0

+KL/ 1 218,
[(3) Jow.o.ken 121572 a2 @)
—1 R a—1
< ——o@l$l=@) / a1y
r(%) 0
K (ca(lx] +1))Q—a/ L
—(ca(|Ix|l¢ L
F(%) G\B. (0, R(x)) ||Z||£+Q o

since for every z ¢ B.(0, R(x)), combining the definition of R(x), the estimate (25)
and some properties of homogeneous norms we have

-1 ' 1 -1 .
el Ll Lo e

llzll¢ co lzlle  coll T e e
1
> — ‘5 LW - H‘S#(Z)
Cy lIzlle c llzlle c
1 1 1
N S -
Ca xlle +1 Ca llxlle +1

Therefore, we can continue from (42) getting

1 R
/ D) Py = — = @Il x(@) / gy
G r(s) 0

2

1 o
+ K s (callr e+ 1)27*SE T @Be0. 1) [ r< .
r(s) )
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The last term of previous equation converges for every @ > Osuchthat L+1—o > 1,
hence when « < L. This concludes the proof. O

From now on, in the current section we show that the map o« — V¥ (x, «) is analytic
for 0 < o < Q and we construct an analytic continuation of @ — ¥ (x, @) on
—2 < «a < 0. This construction allows to introduce a consistent suitable definition
of negative powers of the sub-Laplacian £. We mainly follow the structure of [27,
Chapter 1], where an analogous construction is carried out in Euclidean spaces.

3.1 The Map @ — y(x, a) is Analyticon (0, Q)

In this subsection, we show that the map « — ¥ (x, @) is analytic on (0, Q). First, we
consider the following remark.

Remark 3.3 For every x # 0, we know that A(z, x) = o(tN ) for every N € N. This
property is uniform for x € G\B(O0, r), for every r > 0. In fact, by Theorem 2.12(vi),
there exists a constant ¢ > 0 such that for every x € Gand ¢ > 0

2 2
c_lt_Q/2exp (—%) <h(t,x) < ct_Q/zexp (—m> s

- ct
hence for every y € G\B.(0, r) and ¢ > 0O the estimate
h(t,y) <ct=92ea
holds, so that for every N € N
t™Nh(t,y) <t 22 Nema - 0

as t — 0 independently of y. We are ready to treat the regularity of ¥ (x, «).

Proposition 3.4 For every ¢ € S(G) and x € G the function

o= Y, a)= /Gq)(xy)Pa(y)dy

is analytic on (0, Q).

Proof Since the map o — ﬁ is analytic on R and analytic functions well behave
2

with respect to the product, it is enough to prove that

a—>f¢(xy)IIyII$_Qdy=/ ¢(xy)f 127 h(t, y)didy
G G 0

is analytic on (0, Q). Let us consider that for every k € Nforeveryt > 0andx € G

CART. s (1Y 4
&7” hit,x) =12 <§> In“(t)h(t, x).
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We obtain the needed estimate on the k-th derivative of the map ¥ (x, «), showing at
the same time that it is summable on (0, c0) x G

‘ / ¢ (xy) / 1271 (—) I (1)h(t, y)dtdy
f e f ( ) )Rz, y)drdy
o 1\F
_ f 16y / (4 (5) In()*h(t, y)drdy
G\B.(0,1)

k
+[ |¢(Xy)|/ 127! <§) In(0)[*h(t, y)drdy. 44)
Be(0,1)

Let us split the second term of (44) as follows

/ N )|¢>(xy>| / 1271 (—) |In(0)[*h(t, y)dtdy
:/ o )|¢<xy>|f —1( ) () h(t, y)dtdy

k
+ / ¢ (xy)] f 127! <1> In* (1) (r, y)dtdy. (45)
B.(0,1) 1 2

Let us then consider the first term of the sum in (45), getting the estimate

/ |¢<xy>|f ”( ) IR (t, y)dy
B.(0,1)

1
< swp oGl [ 4 1(1) ()" / h(t, y)dyd
2 B(,1)

B.(0,1)
1 k
< sup |¢(x>| 1271 (5) | In(r) ¥ / h(t, y)dydt
B.(0,1) G
1 k
< sup |¢(x>| 1271 (—) | In(r)[¥dt. (46)
B.(0,1) 2

Now consider that fl 5-1 ( ) | In(r)|*dt equals the by defined in (32) for N =0 >
5, hence we can continue (46) exploiting the estimate in (33) and we get that

/ |q><xy)|/ 1271 (2) | In()[*h(t, y)dy < up ¢ 0]~k (47)
B.(0,1) B.(0,
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Let us bound the second term of the sum in (45)

o0 k
fm ) |¢><xy)|/ 41 (%) ke ey
5-1-¢ 1\* L
/B(O D |¢(xy)'/ <5> In (t)h(l,S%(y)>dtdy

< sup [¢(x-)| sup h(l, - )u(B(0, 1))/ 15018 (—) In*(t)dt.  (48)

B.(0,1) B.(0,1)

Now, consider that f 1 ’_1_2 (] )k lnk(t)dt equals the gy introduced in (30), hence
we can continue from (48) exploiting the estimate in (31) and we get that

/ ¢ (xy)| / 127! (—) I (1) (z, y)dtdy

2
h(1, (B (0, 1)) ——————k!.
sﬁsz)pl) |¢(x)|Bszlp) (1, ) Be( ))(Q—a)k“

(49)

Let us split the first term of the sum in (44) as follows

1 k
/ ¢ (x| / 127! (5> | In(0)[*h(z, y)dtdy
G\B.(0,1)
= f p (xy)] / 27! (—) |In(0)[*h(t, y)drdy
G\B(0,1)

k
4 / 16Coy)| / 1! (—) W Oh. ydidy.  (50)
G\B.(0,1) 1 2

Keeping in mind Remark 3.3, we can estimate the first term of the sum in (50) as
follows for N ¢ N

/ |¢(xy)|f _1< ) | In()[*h(z, y)dtdy
G\B.(0,1)
1
C/ (271N (1> Iln(t)lk/ [¢(xy)|dydt
0 2 G\B.(0,1)
1 1+ )1zIl%)
—) 1t "f N dzd
(2) [In(2)| G|¢(Z)|(1+||z||£) zdt
cef ;dzflzg—”’v (l)k | In() % dr
G 1+ zll 0 2
1
ng/ t2 1+N<1> | In(r)|¥dt, (51)
0 2
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where ¢, cg and ¢ are suitable positive constants and £ is understood such that £ > Q.
Analogously to (46), when N > —3 we can bound (51) as follows

/G\B o 1)I (xy)l/ (2 [1n()] h(t,y)dtdyfcz(a+2N)k+lk!. (52)

Let us finally consider the second term of the sum in (50)

00 k

/ Gl / 51 (1) In(t)*h(r, y)drdy

G\B.(0,1) 1 2

00 k
= / ¢y / 3% (1) In@)*h (1,6 (1)) drdy
G\B(0,1) 1 2 Vi
i oy _Q 1 k k
_/1 X (5) In(t) /G\IB%C(O,I) |¢(xy)|h<1,8\%(y)>dydt
o (1 k
-1-3 (-) lnk(t)dt/ | (h)|dh
2 G

ol ® e g (Vg f (+ 119
— I, )||L«>c<@>/1 = <2> "0t | 1601

o0 o 1 Q 1 k k 1
SCzllh(l,')llLooc,/ 15-1-% (-) In (r)/ Y dhar
© )| 2 o (L+ 1715

R 1 [¢] 1 k
< czuh(l,-)nm@)/ 1512 (5) Ink (1), (53)
1

IR

o0
< (1, ')||L°°(G)/l t

NS

where ¢, and ¢y are suitable positive constants depending on £, and ¢ is understood to
be strictly larger than Q. Now, analogously to the reasoning used in (48), exploiting
the estimate in (31), we get

1 k
/ ¢ (xy)| / 271 <5> |In(0)|“R(z, y)drdy
G\B.(0, 1)

< cellh(1, ) L= @) (54)

2 |
@ =ap

Now, by combining (44), (45), (47), (49), (50), (52) and (54), we get that for every
keN

| / () / 151 (1) I (Oh(t, y)drdy

2
= SHP|¢(X U k'+SuP|¢(x )IBSllp)h(l (B (0, 1))T)k+lk!

(Q

5 ~ 2
STk (Ll ek

C————
(¢ +2N
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1 1 1 k+1
<C(p,¢ , , — k!, 55
<C(p )max{a+2N o a a} (55)

where c(¢, £) is a suitable positive constant. Thus, ¥ (x, @) is analyticon 0 < o < Q
with respect to . O

Remark 3.5 Following the scheme of the previous proof, exploiting the estimates in
(52) and (54), it holds that the map

o> / ¢ Gy lyleCdr
G\B((O,l)

is analytic for « < Q (where it surely converges by direct computations similar to the
ones in Proposition 3.1).

3.2 Further Properties of the Map a — y/(x, @)

Here we generalize
Proposition 3.4. We assume that ¢ € C*°(G) and |¢(z)] < K||z||LTL when ||z]|e > S
for some L, S, K > 0.

Proposition 3.6 For any ¢ € C*°(G) such that | (z)| < K||z||;L when ||zl = S for
some L, S, K > 0, for every x € G the map

a— /@ ¢ (xy) Py (y)dy

is analytic on (0, min{L, Q}).

Proof 1t is enough to prove that

«H/¢<xy>||y||z*Qdy=/¢<xy>/ 127 (@, y)didy
G G 0

is analytic on (0, min{L, Q}). Letx € G and set R(x) = max{1-+ x|, S}. Fork ¢ N
we consider

o0 k
' /G ¢ (xy) fo 1271 (%) Ik (0)h(t, y)drdy

00 k
< / 6y / 151 (%) @A, y)didy
G 0

© o (1 .
=/ |¢(XY)|/ tz” (—) [In()|*h(, y)dtdy
G\Be(x—!,R(x)) 0 2

%, 1\X
4 / 16y / (4 (—) In)[hG, ydidy.  (56)
B.(x—!,R(x)) 0 2
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By computations analogous to the ones used in the previous Proposition 3.4, one
verifies that

© o 1\ '
/ ¢ (xy)| / r27! (—) In(0)[*h(t, y)drdy
B.(x~!,R(x)) 0 2
1, 1\*
= f ¢ (xy)] f 27! (—) |In(0)|*h(z, y)drdy
B.(x—1,R(x)) 0 2

© o (1 '
4 / 16y / ] (—) i), y)didy
B.(x~!,R(x)) 1 2

1 1
< s IpGl sup Jh(1, )2 max {_,
Be(x~1,R(x)) Be(x—!,R(x)) o Q0—«

k+1
} k. (57)

Let us split the first term of the sum in (56)

oo 1 k .
/G\B 1R |¢(xy)|/0 t271 <§) [In(t)|“h(t, y)dtdy
(X R(x
1 a4 1 k
= /((‘;\B 1R |¢(xy)|A 2 (E) |ln([)|kh(t,y)dtdy
(X1, K(x
o 2 _1 1 k k
+/@\B( k) |¢(xy)|/] t2 (§> |In(t)|*h(t, y)dtdy.  (58)
(X, R(x

Let us consider the first term of the sum in (58) as follows

L, 1\*
/ |¢(xy)|/ 127! (—) | In(2)[*h(t, y)drdy
G\Be(x~,R(x)) 0 2
-2

1 k
o 1
-/ el (—) () A (1,6, ())drdy
G\Be(x~!, R(x) 0 2 i

_ gL k|ln(t)|k 16 (x )|h(1 51 ( ))d dr. (59)
- 2 _1 y ’ % y y *
0 G\B:(x~1,R(x)) d

Let us change the variables as z = § 1 (), so that, since the Lebesgue measure on G
N

R

is O-homogeneous, we get the estimate

Ly o (1)" .
12772 (5 ) [In(@)] |p(xy)|h( 1,81 (y))dydt
/(; 2 G\Be(x—1,R(x)) ( v )

! e_j_e (1 k k 2
=/ 127173 <§> [1In(7)] / |¢(x8 /7 (2)) |h(1, 2)dz 12 dt
0 G\8 1 (Bc(x~1,R(x)))

NG

L, 1\
Z/ 17 <_> | In(r) ¢ |¢(x8 /7(2)) [R(1, 2)dzd1
0 2 G\ 1 (Bo(x~!,R(x)))

Vi
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Celr (N 1 HF
<K | t27"{ =) |In(®)] ——h(1,7)—Sdzdt
0 2 G\S 1 (Be(x—!,R(x))) L [HE

Vi Hxaﬁ(Z)Hc

! g_l 1 k k 1 1
< K¢y 2 =) |In(t)] — pdzdt,
0 2 G\S | (Be(x~1,R(x))) H)”Sﬁ(z) ” llzII&
c

NG

where ¢y is a suitable positive constant obtained exploiting the fact that the map
h(l,:) € S(G), for an arbitrary £ € N. Let us change again variables, setting
h = x6 (@) and considering that the Lebesgue measure is left-invariant and Q-
homogeneous, so that we get the estimate

1, 1\ * : L

ke [ 57 ( 1) oot T TR
’ 5 » Lz
) G\B%(IB(:(X R(x))) Hxéiﬁ(z) HC ¢

Ve o\ ' 1 1
5[(@/ 15-1-% (—) I n(t)| / . sdhdt
0 2 G\BO.RG) WRIE |5 o1y
7

c

PN ) L (60)
< KC[/ 12 2 5 |1H(t)| / _LTedhdt
0 G\Be(0,Rx)) AN NIx~ hIE

1 k Vi
o 1 1 h 1
< KC/@/ ﬁ_l_%“‘% (—) |ln(t)|k/ T I 1“ 7 Zdhdt
0 2 G\B.(0,Rx)) IANZ NIx— RIIZ AIIE

1 k
a_j_0,t (1 1
< KC[/ 12 I=3+3 <—> |1I1(Z)|k(1 + ||x||c)[/ —L%dhd[
0 2 G\B.(0,R()) ||hlle

We have used an argument analogous to the one used in (43). The integral in the last
line of (60) converges for every £ > Q — L. If we choose some ¢ > Q — L large
enough that also £ — Q > —a holds, then we can choose also £ > Q and we can
introduce N = [%] + 1 and we can repeat the computations leading to (33) getting

IR

1 o 1 k
f g (xy)] f 12 1(—) |In()[*h(t, y)drdy
G\Be(x—1,1) 0 2
2

< K¢ GT— o) k!. (61)

Let us then consider the second term of the sum in (58)

%, 1\*
/ | (x| / 27! (—) I (0)h(t, y)didy
G\B.(x~!,R(x)) 1 2

© 4 [ 1 k
-/ ! [ (5) 1wt on(16, 0))dray
G\Bc(x~1,R(x)) 1 2 i
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oo a_q Q 1 k k
= / (-1-% (5) In* (1) 6 lh(1.81 ()dvdr.  (62)
1 G\Be(x~1,R(x)) Vi

Let us change the variables as z = 61 (), so that, since the Lebesgue measure is
Vi

Q-homogeneous we get

© o (1\
/ () 1) BCenin(1.5,0))dvds
) 2 G\Bc(x~1,R(x)) vt

( ) In* (1) |¢(x8ﬁ(z))|h(1,z)dzt%dt
G\8 1 Be(x~1,R(x))

Vi

||
M\Q

1 k
2 —) k@) o(x8_(2))|h(, 2)dzdt
<2 G\61<B(x'R(>)>| (3 @)]

llzIl

dzdt
llzII

h(l,z)

()
=) mka) —
i 2 G161 Bl R 28 () |-

© o (N 1 1
= Kcy 12 — ) In"(@®) —— ——dzdt
1 2 G161 Belr! R |x8 ) |5 Nzlle

where c¢; denotes a suitable positive constant depending on ¢, obtained considering
that 2(1, -) € S(G). Let us change again variables, setting h = x§ i(2) and recalling
that the Lebesgue measure on G is left-invariant and Q-homogeneous, so that we get

o o_q 1 g k —1 —1
Kcy 12 5 [In(r)] 1 Lz|I dzdt
1 G\B%(BC(X‘ R(x))) ||x8ﬁ(z) HL e

© 4 o (1N, 1 1
<Kcy 12772 =) In"(1) T 7dzdt
1 2 G\B.(0.R() Il |15 (x*lh)H
NG c

00 k I3
< Kce/ 15-1-% <1> lnk(t)/ %%dzdt
1 2 G\Be(0,R)) 1Al lx~ hllg
© 0 1\¥ 1 A .
cz/ 5-1-5+5 (-) lnk(t)dt/ T ”_l”‘ 7 ——=dz
1 2 G\Be(0.R)) 1Al Ix~ Rlle AllE
4 o e (1)K 1
< KCZ/ $371-3+3 <§) In* () (1 + ||x||c)‘3dtf —
1 G\B:(0.R(x)) [|Allc

00 k
e_j_L (1 k ¢ 1
<Ko [ 13710 (—) ik ()1 -+ el [ s
1 2 G\B:(O,R()) ||hllc

The integral in the last line is justified if we consider £ > Q — L, hence when
L > Q — {£. Now, similarly to the procedure applied to deal with (48), exploiting an

IA
>
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estimate analogous to (31), we can conclude that

o, 1\¥ 2
f ¢ (xy)] [ 127! (—) I (0)h(t, y)dtdy<Kci————Fk!. (63)
G\B.(x~!,R) 1 2 (

L—a)k+1

Now, by combining (56), (57), (61) and (63), we get that for every k € N, and for
every £ > max{Q — L, Q — «, 20}

o0 k
| /G ¢ (xy) [0 127! (%) Ik ()h(t, y)drdy
1

1 1 1 k+1 '
OQ—a' L—a’ o a+U—-0) ’

(64)

SCmax{

for some suitable constant C > 0. Therefore, ¥ (x, @) is analytic on 0 < o <
min{Q, L}. O

Remark 3.7 Following the previous proof, in the same hypotheses of Proposition 3.6,
we obtain that the map

o — ¢ (xy)llyI%Cdr
G\B:(x~1,R(x))

is analytic on (—oo, min{Q, L}). Itis enough to consider (58) and the estimates in (61)

and (63) that are valid for every k € N, and for every £ > max{Q — L, Q — «,20Q}.
The analyticity is guaranteed on (—oo, min{Q, L}) also for the map

a— o (xy)llylleCdr,
G\B.(0,1)

since, in order to estimate the k-th derivative of

o — (e IylE9dr,
B (x~1,R)\B(0,1)

one can simplify the arguments carried out in the proof of Proposition 3.4.
3.3 The Map a — y(x, @) is Analytically Continued on (—2,0]

In this subsection, we build up the analytic continuation of « — 1 (x, ) on the strip
(=2,0].

Theorem 3.8 For every ¢ € S(G) and x € G, the map
0,0) = ¥(x, )
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can be analytically continued to the interval (—2, Q). Moreover; the representation

Vi a) = / 6 (xy) Pu 1)y + /
G\B(0,1)

(P (xy)
Bc(0,1)

11
— X)) Pa(Mdy + ¢ (x) o~ —0 (@) (65)
r(g)e

holds for a € (=2, Q).

Before proving Theorem 3.8, we prove two technical results concerning the conver-
gence and the regularity of the second term of the sum in (65), respectively.

Lemma 3.9 Forevery ¢ € S(G) and for every x € G the integral
/ (@ (xy) — ¢(x)) Po(y)dy
B.(0,1)

converges for every =2 < a < Q.

Proof By the coarea formula of Corollary 2.8 and the homogeneity of P, and of SOQO*]
we get

/ (6(xy) — () Pa(y)dy
B.(0,1)
1
= f f (@ (xy) — ¢ (x)) Pe()dSL ™ (y)dr
0 B (0,r)
1
- f po] / (6(65,(2)) — (X)) Pa(2)dSL (2)dr
0 aB.(0,1)

1
= [ @t @) - ) — D6 ) Pu(d S i
0 0B:(0,1)
In order to obtain the last equality, we have exploited the equality

/ Dad (5)(0) Pa(y)dy = 0, (66)
B.(0,1)

that is justified by the combination of few results. In fact, first we know that ¢ €
S@G) c C®@G) c clG) c C}l (@), then by the definition of h-homomorphism we
know that for every x, y € G it holds that
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Dpp(x)(y) = (Vuo(x), y) = =(VED(X), =)
= —(Vap(x),y™") = =D () ().
Thus (66) follows by the following remarks

e by the homogeneity of d.., if y € B.(0, 1), then y_1 e B.(0, 1).
e by the property of the heat kernel / stated in Theorem 2.12(iii), it can be verified
that

Iyle=2 =y~ tye=2

for every y € G, y # 0. Hence, also Py (y) = Py(y~") holds.
Now, by Theorem 2.9 [in light of (9) and (10)], we know that

|6 (x8,(2)) — ¢ (x) — D (x) (8, ()| = O¢?) asr — 0,

as a consequence we know that

1
/ ¢ (xy) — ()| Py (y)|dy < c/ r"‘“dr/ | Py (2)1dSE 7 (2)
Be(0.1) 0 9B.(0.1)

1
BNCIFE e

for some suitable constant ¢ > 0. The integral converges for every « such thatee > —2,
since

1 1 o
F@le+2” T a2
and limg—0 I'(5)a = 2. O

Lemma 3.10 For every ¢ € S(G) and for every x € G the map
a [ @ - oIyl 2y (67)
B.(0,1)

is analytic on (=2, Q).

Proof Let us consider the k-th derivative of (67) with respect to «, for k € N. In
particular, we will show that derivative and integral can be exchanged by estimating
the term

o, 1\*
‘/ (@ (xy) —¢(X))/ 127 (In(0)* <5> h(t, y)dtdy|. (68)
B.(0,1) 0
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We split the integral of (67) as

%, 1\X
/ ((xy) — H(x) / (5 (n()* (5) h(t, yydtdy
¢(0,1)

=

lk
/ ((xy) — (x) f 157 (n())* (5) h(t, yydidy
B.(0,1)

o, 1\*
+ / ((xy) — H(x) / 15 (n()* <§> he.ydidy|.  (69)
B.(0,1) 1

The second term can be dealt with repeating the steps in (48) and we get that

lk
/ 6(xy) — () / 15! (5) I (0)h e, y)didy
B¢(0,1)

2
_ h(l, HpuB.(0, 1)) ———k!.
<Bséépl>'¢‘“ ¢(x)|Bs21p)( B ( ))(Q_a)m

(70)

Then we need to deal with

/ (P (xy) — P (x)) / 1(1n<r)>"< ) h(t, y)dtdy| .
B.(0,1)

By exploiting the equality (66) justified in Lemma 3.9, we get

/B o GOV 6D / 1<1n(z))k( ) ht, y)didy

g 1\
=' / (¢(xy)—¢(x>—Dh¢(x>(y>) / 12 M@k <5> h(t, y)dtdy
B (
(71)
1
< / lp(xy) — ¢(x) — Dy (x)(y)] / 1|ln<t>|"<2> h(t, y)didy
B.(0,1)
=f 127 ()| (5) / ¢ (xy) — ¢(x) — Dypdp (X)Wt y)dydt.
0 B.(0,1)

Now, by Theorem 2.9 [in light of (9) and (10)], we know that

|6 (xy) — ¢ (x) — Dap ()| = O(IylI?) as [lyllc — 0.

Hence, for some C > 0 we have

L, 1\
/ 127 1n(n)|* <§> / lp(xy) — @ (x) — Dpp(x)(W)IA(2, y)dydt
0 B.(0,1)
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! 41 k(1 ¢ 2
o O Iy I2A (2. y)dydt
0 B.(0,1)
1, N\ o
C/ 12 in()* (—) ,—7/ ||y||§h(1,u<y))dydr,
0 2 Be(0,1) Vi

due to the homogeneity of . Now, by a change of variables z = § % (y) and by the
t

IA

homogeneity of the Lebesgue measure on G we get

L, N* o
c/ 127 n(n)[* (—) ,—7/ IyIIZa(1, 8. (y))dydt
0 2 Bc(o,l)yc( ﬁy)y
1 k
2-1 k(] 2
C/ 127 | 1In()| <—> / 18 72 lIch(1, z)dzdt
0 2 B0, 1)
1 k
L k 1 2
¢ [ 15 (—) [ tziha oz
0 2) Je.0. 4
L, 1\*
C/ ﬂ|ln(t)|k (—) dt/ IIZIIgh(l,z)dz. (72)
0 2 G

Notice that fG ||z||%h(1, z)dz < oo since h(1, z) € S(G). Now, observe that, accord-

ing to (32),
L, 1\*
bsz £ In@t)|* (—) dt,
0 2

when N = 1, recalling that N = 1 > —% if « > —2. Hence, we can repeat the
argument involving the estimate in (33) obtaining that for every k € N

IA

1 4 (T 2
t2|In(z — ) dt < C————k! 73
/0 () (2) = a2 7
By combining (70), (71), (72) and (73) the proof is concluded. O

Now, we are in position to prove Theorem 3.8.

Proof of Theorem 3.8 Let x € G and ¢ € S(G). We rearrange the map (0, Q) > o —
Y(x,a) as

Y(x,a) = [S $(xy) Pa(y)dy
=/ ¢(xy)Pa(y)dy+/ @ (xy) Py (y)dy
G\B.(0,1) B.(0,1)

_ / () Pa(y)dy
G\B.(0,1)
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! /1; o PO T PPy f H)Pay)dy.  (74)

¢(0.1)

Since o € (0, Q), we can compute the third integral of the sum in (74) exploiting the
coarea formula of Corollary 2.8 and homogeneity properties, getting

1
/ 6 () Py(y)dy = (1) —— f lyla=2dy
Be(0.1) r'(%) Je.0.1)

1 1
—smg [ [ igeasg gar
r'($) Jo Jo.o.n

1 1
— P / f 18, (1% CdSL (5, (2))dr
F(j) 0o JoB.(0,r)

1 1
=005y / / r Lzl er0 7 aSE (2)dr
r'($) Jo Jag.o.n “ *

1 1
=¢(x) = / re! / IzII2~2dSL ™ (2)dr
r(g) Jo 3B.0.1) >

1
:qb(x)—l o(a)/ r*dro(a)
0

(%)
B 1 ! Ak
= ¢(X)@U(Ol) al_l)‘l}) [;}r:aa(a)
1 1
= ¢(X)T%)EU((¥)~ (75)

Hence, for every « € (0, Q) the equality

Vi a) = / 6 (xy) Pu()dy
G\B.(0,1)

1 1
+ / G (y) — p() Py + () —— (@) (76)
B.(0,1) F(E) «

holds.
By Remark 3.5, the first term of the sum in (76) is analytic with respect to « on
(—00, Q). On the other hand, the third term of the sum in (76) is analytic with respect
to o on (—oo, Q), since by Item 2 in Sect.2.5, « — o () is analytic on (—oo, Q)
and limg—0 I'(5)a = 2.

We point out that by Lemma 3.9, the expression in (76) is well-defined for every
o € (=2, Q). Eventually, by Lemma 3.10, the second term of the sum in (76) is
analytic with respect to & on (—2, Q) and this concludes the proof. O

Remark 3.11 Let us show that ¥ (x, 0) = ¢ (x). Since

(1) limg—0 grtgy = 3,
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(2) by Item 3 of Sect.2.5, lim,_, g0 () = 2,
then

1
har()”

holds. Since limy_, ¢ (a) =0, then ¥ (x,0) = limy_0 ¥ (x, @) is
7

! 1
M\ T o %y + ‘/
al—%(]—'(%) /G\BC(O,I)Mxy)IIyII y [ BC(OJ)((ﬁ(xy)

1 1
- lIyIe™ Qdy+¢><x) - o(a)) =¢(x).
(7) o

In the following proposition, we deduce an useful representation of v (x, «) valid for
a € (—2,0).

Proposition 3.12 For every x € G, for every ¢ € S(G) the following representation
holds

vx, a) = fG(¢(xy) — ¢ (x)) Po(y)dy, (77)

for every o € (=2, 0).

Proof Let us compute for —2 < « < 0 the following integral

1
/ 6 () Pu(y)dy = ¢ () / lylle~Cdy
G\B.(0,1) F(g) G\B.(0,1)

1 (o, @]
— ) / f lylIe=2dS2 " (y)dr
INC RO

1 o0
=¢(x)—— / f 18, ()19~ 2dSL (8, (2))dr
F(g) 1 JaB.0,r)

o

1 re e
=¢(x) =75y lim [—] / IzI2=2dSE™ (2)
F(i) amoe | oy Jomooy >

RG] <%>

As usual, we have exploited the coarea formula of Corollary 2.8 and the homogeneity
properties. The proof follows by combining Theorem 3.8 and (78). O

—o(a). (78)

Remark 3.13 The results of the current subsection hold as well being true if ¢ €
C®(G) and |¢(2)| < K||z||C_L as ||z]lc > S for some L, S, K > 0. In particular,
under these hypotheses one can check that ¥ (x, @) can be analytically continued on
the interval (—2, min{Q, L}).
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3.4 Extension of the Definition of £° to —g <s<1

In this section, we introduce a further notation. For every fixed x € G and ¢ € S(G)
it is useful to denote the map ¥ (x, r) also by 14 (x, v). This notation appears in the
paper only when we wish to emphasize the dependence of 1/ (x, o) on the choice of
the map ¢. By combining [11, Theorem 3.11], which states the pointwise integral
representation of £*¢(x) in (26), and the representation (77) of ¥4 (x, &) showed in
Proposition 3.12, we notice that for every s € (0,1), x € G, and ¢ € S(G) the
equality

Vp(x, —25) = L2¢(x) (719)
holds. Since for every x € G and ¢ € S(G) we have analytically continued the map
a— Yplx, a)~on (=2, Q), we can introduce for every x € G a family of temEered

distributions { P} }oe(—2,0) by re-reading the map ¥ (x, ) as a the action of P} on
¢ € S(G), so that for every o € (—2, Q) we have

PE($) := Vg (x, ).
Thus, for every s € (0, 1) and x € G we have
P, (§) = Yg(x, —25) = L5 (x),

for every ¢ € S(G). We notice that, when 0 < o < @, Py is a distribution as well
and P; and P, satisfy the following relation

BX(@) = Palpoly) = /G 6 (y) Pa()dy, (80)

forevery x € G and ¢ € S(G). It is natural to introduce the following notion.

Definition 3.14 For every s € (—%, 1),

LG x) = Py(x, =25) = P*, (),
for every ¢ € S(G) and for every x € G.

In the following two subsections we study the properties of the operator £* introduced
in Definition 3.14.

3.5 An Estimate of x — y(x, a)
First, we observe that G > x — ¥ (x, ) is a smooth map. With the following result,

later we wish to prove the consistence of the extension of the operator £* provided by
Definition 3.14.
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Proposition 3.15 For everya > 0 and ¢ € S(G)
Y, 0) = 0(lxllg ™)
as ||x|je — oo.

Proof Recalling the estimate in (25) and the fact that ¢ € S(G), we obtain

1
/ Py Pu(V)dy = — / ¢<xy>||y||z‘9dy_ / o eIy 1%~ 2dy
G r(s) Je

1 a—
- co,f 6@z %z

2
2

r(%)
1 A+ 125,y o
= d
e /|¢( e
1 —1_||e—Q
= T(9) “"/<1+||z||k>” ?lle
1 1
- Cyc dz
NO) "f (1+||z||k> =122~

1 1
dz
) TR [tz 2

= —C
F(%) aCk \/((‘}\E((xylxz

1 1 1
——C dz,
r'(%) ok /JBC(X,";“) 1+ IzlI%) HXAZHCQ—“ ¢

where Cy and cj are suitable positive constants. Let us discuss separately the two
terms of the last line. By exploiting homogeneity properties and the coarea formula
of Corollary 2.8 we get

1

Fgce |
F(%) wk G\B. (v, 12]

1 1
o) T Tl 1] 2

dy

IA

1 c 2Qa/ 1 .
Ck — —dy

K(§) " g™ Jee. (s, Hx"c)<1+||z||’;)

1 20—«

NONSINTE (1+||z||k)

1 2Q o [e%e)
5271 (3B,(0, 1)) f
0

IA

A
A
Q
k)

1
2-1dy. 81
5" y (81)
The integral converges for every k > Q. Hence, we proved that for every k > Q the

estimate

1 1
£) U+ Nzllf) 122

—dy < c(k,0)||x*"¢  (82)

1
—C
F(%) otk \/(‘}\]Bf(x, \|x2|\
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holds for some suitable positive constant c(k, o).
Concerning the second term of the sum, we have

1 1 1
—C, d
O o 10 T [ete 2
1 Coc / 1 1 d
- Z
(5) " Jo (o tge) T T2 12

2

1 1 1
< C Ckf dz
D(E) % o (unge) T+ (llle — I T210R) 1712

2

1 1 |
) ot / — a4z
r(s) (1+ (lezllc)k) B (x, 13le) ||X_IZ||CQ a
lxlle
: ! 2
0-1 w0 01
T %)Cack(u(uxnc k)Soo (0B.(0, 1))/O ya=0,0-14,
: ! (Laeye
TTEC 82 (B0, 1)~—2——
F(%) wck (1 + (%)k) 00 ( c( )) o
< 1 C 2k kaQ,1 9B..(0. 1 ”x”(Lx
- T%) ack27|Ixl " S (980, 1)) g

~ —k
<clk, x|,

where ¢(k, o) is a suitable positive constant. Hence, we have proved that for every k
we have

1 1 1
¢ dz < é(k, o=k, 83
r(s) “C"/B(,(x,z'c)<1+||z||§> [x=1z] 27 @ =l )

By combining (82) and (83), we get that for every k > Q the estimate
1 _ _ . _ _
o [ 2yl dy < etk el + ik, @l < kel
2

holds, where C(k, @) is a suitable positive constant, concluding the proof. O
Proposition 3.16 For every —2 < a < 0 and ¢ € S(G)

Y(x, ) = O([x%~9) (84)
as ||x|je — oo.
Proof We can use the representation in (77), i.e. for ¢ € (=2, 0)

Vix, o) = /G(¢(Xy) — ¢ (x) Po(y)dy.
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Let b = b(G) > 0 the constant which appears in Theorem 2.9 and consider

/G(¢(xy) — ¢ (X)) Po(y)dy

_ f @ (xy) — () Pa(y)dy + / (@ (xy) — 6 (X)) Pa(y)dy
G\B. (0, ik ) B. (0, 1
¢ (xy) Pa (y)dy — /@, () Pa(v)dy

2b2 )
B [s\m (0.%) B (0,12

+/ (P (xy) = ¢ (x)) Pu(y)dy. (85)
2. (0.2%)

We deal with the three terms of the sum in (85), separately. Let us consider the first
one, in particular

/ o) PO P OMY = / gy PO Cdy
G\B. (0, ¢ ) (%) Jos( 0, LX)
1 / -1 a=Q
= a d’(Z)”x Zlle ~dz
L(%) Jors (v, k)
I / A+ 1210, —1_ a0
= rra L 9@ lx~ " z|l dz
(%) Jome (v, Lele) © 7 (14 [12016) ¢
1 1 1

< —Cq /
P Joe (v ke ) (14 120 a2 @

holds for some positive constant C,. Now, as in (81) (since « < Q), we get the
estimate in (82), i.e. for every k > Q the estimate

1 1 1
$ () Pa(i)dy = [ d
/G\B(-(o tagg) YOI TR@YTH Jop (e b ) (T 2B et @

< ctk, ) |x]|%" 9 (86)

holds. Let us consider the second term of (85). By the coarea formula of Corollary 2.8
and homogeneity properties we obtain

- / $ () Pa(y)dy = —p(x) / Po(1)dS2 (y)dr
G\B. (0, ik ) Il JoB.0.r)

= —¢p(x) - r"‘*QrQq/ Pa(z)dSo%fl(z)dr
Il 9B (0,1)
= ) L@ e
F(%) o (2b%)«
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We point out that we used that « € (—2, 0). Now, since ¢ (x) = 0(||x||£v) as ||x|le —

oo for every negative integer N, fixing N = —Q we get that for || x||. > 1 the estimate
—~ / ¢ (x) Po(0dy < Ee)[x]2 2o (x) 87)
G\B. (0, L2 )

holds. By a change of variables in the third term of the sum in (85), we obtain

($(2) — ) Pu(x'2)dz. (88)

/ @uw—¢u»mwwy=/
BC (O Ixlle )

i B L2)

Recalling the stratified mean value inequality of Theorem 2.9 and the fact that ¢ is
smooth, we have the following inequality

| (xy) — ¢ (x) — Dpp () (Y| = |p(xy) = T1(¢, x)(xy)|

<clyllZ  sup  Vo(p), (89)
pEB(:(X!bzlly”c)

where D%qﬁ is D%qﬁ(z) G = R,z = maxjq=2 [(Z1 ... Zy,)%¢(2)| forevery z € G.
We get

l9(2) — B (x) — Dpp(x)(x ') < cllx'z||? sup 2%p(p)
PeB.(x,b%[x~z]|¢)

= cllx'zI2070(£), (90)

for some £ = £(z) € B.(x, b2||x_1z|lc) C B.(x, %) Now, considering the Pansu
differential D;, ¢ (x) of ¢ at x, we notice that the following equality

-1 1 gy — _
/Bc(x,lx") Dpp ) (x™ 2) Pa(x™ " 2)dz = /IBBC(O, L) Dpo ) () Pa(y)dy =0 (91)

2h2 22

holds, by the same argument in (66). Hence, from (88), exploiting (25), (90) and (91)
and the fact that ¢ € S(G), we have

/ (@) — () Py (x~'2)dz
IB%C(x ”XHL‘)

' 2p2

= /B ( ((2) — p(x) — Dypop(x)(x " '2)) Py (x ' 2)dz

llxlle )
. _}C7
22

- / el 2202 (6)| Pux ' 2)1dz
Be(x.5%)

0P lx 7|29z

1
<———=cC
T (9l /B( )
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: A+ NEND ) e
= r@) 2pE)— STy —1 a—0+2 4
() c A;a(xM'Z) h¢(€)(1+ 1216 x~1z) ;
! 1
——cCa R
- |F(%)|C * /IB@(x,'”) (L4 1€15)

252

lx~ )%~ 9 dz, (92)

where ¢ and ¢, are suitable positive constants. Now, remarking that

2lxlle _ llxlle
2b? 27

-1 2y, 1
16l = llxlle = lx™"&lle = llxlle = D7Ilx ™ zlle = llxlle — b

we can continue from (92) getting

/ (0(2) — p(x)) Py(x"'2)dz
BC(X,

< ! CCaCk/ ;”x_lZHa_QHdZ
= r @) Bc(x,”;,”z‘) A+ €15 ¢
< ! C f 1 1 d
< CLaCk —a—2%%
TS (e te) (@4 (Be)) 121277
lxlle
1 1 o
- cCack—‘SQ_l(aBC(O’ 1))[ Fot2=0+0-1 4.
FEE (1 ()h ™ ’
: 1 B lx 1+
_ cCocx———— S (0B(0, 1) —5
|F(%)| o (] N (”xznc)k) 00 c 20t+2(a +2)
< cla, k)llx )@k,

where c(«, k) is a suitable positive constant.
Thus, by choosing k > Q + 2 we get the following estimate

/Bc(o ux”c)(¢>(xy) — $(0) Pa(y) < @)lx)|22, ©3)

> 2
for a suitable constant ¢(«). Combining (86), (87) and (93) we obtain (84). O
3.6 Some Properties of £°, When —g <s<1
Coherently with the continuation constructed in the previous subsections, we show
that the definition of the fractional sub-Laplacian £* with argument s € (— % 1), that
we introduced in Definition 3.14 is consistent.
First, we observe that for s = 0, it holds that

Vp(x,0) = p(x) = L0 (x),

forevery ¢ € S(G) and x € G.

@ Springer



106 Page 46 of 94 F. Corni, F. Ferrari

Moreover, £° satisfies the semigroup property stated in the following proposition.

Proposition 3.17 For everys,m € (—%, 1) such that —% <m+s < 1 the equality
LS50 = £s+m
holds.

Proof Let us consider « € (0, Q) and 8 € (0, Q) such that « + 8 < Q. We recall
that by (27), the convolution rule

Pyip = PyxPg

holds. For every x € G and ¢ € S(G), exploiting the relation (80), we obtain that

B 4(@) = Pasp@oly) = f@ Pt (N xy)dy

=/ Pa*Pﬁ(y)d)(Xy)dy:/ / Py (2)Pp(z” ' y)dzg (xy)dy

=[ Pa(Z)/ Pﬁ(zfly)ti)(Xy)dydz:/ Pa(z)/ Pg () (xz2')dZ dz
G G G G

= /G Po()Vg (2, B)dz = Py (Y (-, B)) = Py (PEE(@)) = Yy ) (x, ).

We wish to show that the equality in (94) holds for every «, 8 € (—2, Q) such that
—2 < o+ B < Q. This conclude the proof by the uniqueness of analytic continuation.

First, we observe that, as a consequence of our analytic continuation, the map
13; 1B (¢) = Y(x, o + B) is analytic with respect to & and 8 on the set of o and
suchthat -2 <o + 8 < Q.

Let us show that the map vy, (..g) (x, @) is analytic as well with respect to & and 8
fora, B € (—-2,0), a0+ 8 < Q.

In order to do this, we fix g € (=2, Q) and consider & — Yy, (. p)(x, @). We
need to apply the results of Proposition 3.2 and Sect.3.2. In fact we proved that,
if one considers a map ¢ € C°°(G) such that |¢(z)| < K||z||C’L when |z]lo > S
for some L, S, K > 0, then one can carry out the analytic continuation of the map
Y (x, o) for any o < min{L, Q}. We apply this result to the map o — ¥y (. gy (x, @).
In fact, by the estimates of Sect.3.5 we know that for every ¢ € S(G) we have
Vo2, B) = Oz~ 2) as |1zl — oe.

Hence, by Proposition 3.2, we conclude that @ — vy, (., g)(x, @) is analytic up to
—2 <o <min{Q — B, O}, i.e. forevery & € (=2, Q) such thatee + f < Q.

Clearly, the role of @ and B can be exchanged since Po’f +p (@) = Pg ‘o (¢), and
then 1/f¢¢(.,ﬂ>(x, o) = ww(.,a)(x, B). Thus, for every o € (-2, Q), the map  —
Yy, p) (X, ) is analytic for B € (=2, Q) asa + B < Q. To sum up, we proved that
forevery x € G and ¢ € S(G),

Vp(x e+ B) = Py (@) = Yy, (.p)(x. @) 95)
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hold for every o, € (—2, Q) suchthat -2 < o + 8 < Q.

Let us now consider x € G and ¢ € S(G) and set o, B € (—2, Q) such that
2 <a+p < Q. Seta=—2sand f = —2m for suitable s, m € (—%, 1). We
have

LG (x) = Py (@) = Yy () (@) = Yrpomgy (x, @) = L5 (L") (x).

This concludes the proof. O

4 The Heisenberg Group H"
In this section we recall the setting of the Heisenberg group H” and we analyse some

suitable families of integrals. This analysis will be an auxiliary tool to construct an
analytic continuation of the map o« — ¥ (x, @) on (—oo, Q) in the Heisenberg group.

4.1 The Heisenberg Group: Definition and Some Properties

We discuss the Heisenberg group according to Sect. 2.1, referring to the representation
of a Carnot group G in (6). For every n € N, independently of the choice of n, the
Heisenberg group can be represented as a vector space

H' = H & H>,

with dim(H1)= 2n and dim(H;,)= 1, endowed with a symplectic form @ on H; and a
fixed nonvanishing element

em+1 € Hp. (96)

We denote by my, and my, the canonical projections on H; and H», respectively,
associated with the direct sum. The space H" has a structure of Lie algebra given by

[x, y] = o(h, (), TH () €2n+1- o7
Then, by the Baker-Campbell-Hausdorff formula, the Lie group product is

[x, y]
2

xy=x+y+ (93)

for every x, y € H". Notice that g = 2n 4+ 1 and Q = 2n + 2. We fix a symplectic
basis (ey, ..., es;) of (Hy, w), namely

w(ei, entj) =8ij, wlei,ej)=w(eyti,entj) =0,
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for every i, j = 1,...,n, where §;; is the Kronecker delta. Thus, considering the
vector ey, +1 given in (96), we obtain a basis

B=(ei,...,ems1). 99)

We assume that on H" is fixed the scalar product (-, -) that makes B orthonormal. We
can read the product (98) on H" in coordinates with respect to B (i.e. on R?**1) as
follows:

(X1, - X204 D) (V15 - -5 Yont1)
n
N XiYi4+n — Xi4+n)Yi
= (xl + Vs s Xopt1 + Yout1 + X]: f) , (100)
=
forevery (x1, ..., x2u+1), V1, - -+, y2n+1) € H". Notice that Hy = span(ey;+1) is the

center of H". Moreover, taking in consideration the product (100), in our coordinates
the Jacobian basis of left invariant vector fields is the following

Xj()c)zaxj—5)61-4_,18)(2"+l j=1...,n
1 . 101
Yj(x)=8xn+j+§xj8x2n+] j=1,...,n (101)
T(x) = axZn-H ’
for every x = (x1,...,x2,4+1) € H". We will also use the following notation: for
i=1,...,2n+ 1 we denote

X; ifi=1...n
Lie") > Z;, :=3Y;_, ifi=n+1,...,2n
T ifi =2n+1.

With a slight abuse of notation, we denote by 7y, and g, also the corresponding
projections read in coordinates with respect to the basis 5 i.e.

) 2
g, c H' — R g (x1, ..oy X2n41) = (X1, .., X20),
Tyt H' — Ry, (X, - .o X2041) = X201,
for every (xq, ..., xop+1) € H™.

The structure of the Lie algebra of H" reflects on the explicit form of the Z-
Taylor polynomials. For example, we consider below the explicit form of the Z-Taylor
Polynomial of G-degree n = 3 related to amap ¢ € C°°(H") in the Heisenberg group
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H". Let x € H", then for every y € H", according to Theorem 2.10, we have

2n 2n

1
T, ) (y) = ¢() + ) Zip (i + T yami1 + 5 Y ZiZigp (]
= Pt (102)
1 2n 1 2n
+ 5 ; ZiTo(x)yiyan+1 + gi jX:kZI ZiZjZk¢(x)yiyjyk.

Moreover, by applying Theorem 2.9, we get the existence of constants ¢ = ¢(H") > 0
and b = b(H") > 0 such that

6 (xy) = (b, )] <clylly  sup sup |(Zi1 -+ Zow)Pp(x2)], (103)
{lzlle<b*lylle) {181=4)

for every x, y € G. Here 8 denotes a 2n-multi-index.

We recall also some metric properties on H". Referring to Theorem 2.7, if G = H",
then the Carnot-Carathéodory distance d.(x,0) € C L \ H>) (see for example [1,
Lemma 3.11]) and |Vyd.(x, 0)| = 1 for every x € H" \ H.

In the following two subsections, we introduce some properties of 4 and B, (0, 1)
in H".

4.2 Invariance of the Heat Kernel Under Horizontal Rotations

In many papers, like [22, 23, 26, 32], the authors studied the heat kernel % in the
Heisenberg group H" and, in general, in stratified groups of step 2. In particular,
in the Heisenberg group H", for every # > 0 and x = (x1, ..., xX2,, X2441) € H",
the heat kernel 2 depends on ¢, on the last component x2,4+1 of x and on the norm
[(x1,...,x2,)| = |mH, (x)]. This allows to deduce that the map / is invariant under
the action of horizontal rotations, i.e. the rotations which do not involve the x7,,41-axis
H>.

As a consequence, for every ¢ > 0, for every x = (x1, ..., x2,41) € H" and for
every j € {1, ..., 2n} the equality

h(t, (X1, ..., X, ooy Xon, X2n41)) = h(t, (X1, ..., —Xj, ..., X2n, X2041)) (104)

holds. Clearly, (104) yields that for every o« < Q, for every ¢+ > 0 and for every

x = (x1,...,X2,41) € H" the following equalities
O T B Ty CX D] (vl [C PN AP CYRE I Nu D] [
P()t(-xlv sy Xjy ey X2n, x2n+l) = P()t(-xls ceey Xy, x2nvx2n+1) (105)
hold for every j € {1, ..., 2n}. We notice that, a priori, this properties are not proved

in arbitrary stratified groups, included the stratified groups of step 2. For the explicit
form of the heat kernel we address the reader to [8]. For further details about this topic,
we point out [7, Remark 2.12].
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4.3 Invariance of B.(0, 1) Under Horizontal Rotations

In the Heisenberg group the Carnot-Carathéodory ball B.(0, R), of radius R, for
R > 0, centered at 0 € H" is invariant under horizontal rotations, i.e. the rotations
preserving the center of the group H» (see for instance [28, Section 2.3]).

As a consequence, let (xi, ..., x2,, X2,+1) € B.(0, R). Then, for every point
(Y15 - - -» Yans X2n+1) € H" such that the following equality

[(x1, . x00) = (Y1, -2 -0 you)l

holds, then (y1, ..., Yan, X2n+1) € B(0, R). Let us now introduce for every j €
{1, ..., 2n} the following projection

2n
. 2n—1
7[] . Hl — R n ,T[j (Z-xiei> = (-xla ""xjflvxjﬁ'lv°"1x2n’x2n)' (106)
i=1

Notice that r, and 7, for j = {1, ..., 2n}, are Lipschitz map in the Euclidean sense
and their (Euclidean) Jacobian is unitary. Hence, for every r € g, (B:(0,1)) C R
and for every s = (s1,...,52,-1) € 7 (]TI__Izl (r)yNB.(0,1)) C R2"~1 the invariance
of B, (0, R) with respect to horizontal rotations implies that the set

7 () Ny, () N B0, R) (107)
is symmetric in the x;-direction with respect to the point (s1,...,5;-1,0,5;,...,
S2n—1,7).

More precisely, for every r € R, every s = (s1, ..., $2,_1) € R¥~! and for every
Xj € R:

(S1, -5 8j—1, X, 8j, ..., 822-1,7) € B.(0, R)ifandonlyif
(81, .-y Sj—1, =Xj, 8, ..., 8201, 7) € Bc(0, R).

In fact, the previous equivalence follows by
|(s19 ...,ij],xj,sj, ---7s2n71)| = |(S], "'7Sj71’ _xjasj7 -"7s2n71)|5

combined with the fact that B.(0, R) is invariant under horizontal rotations.
In addition, also 0B, (0, 1) is invariant under horizontal rotations.

4.4 Auxiliary Tools

In this subsection we study some specific families of integrals. In particular, we collect
some technical results which will be used later on in the paper. First, we fix m € N,
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a < Q and we collect few useful representations of the following integral
/ oy (Bt 6200 = T 1 0G0y, (1089)
¢(0,1)

We recall that the object 7, (¢, x) denotes the Z-Taylor Polynomial of G-degree n
related to ¢ centered at x, for every n € N.

4.4.1 Representation, |

First of all, we exploit the explicit representations of 7,11 (¢, x)(xy) and T2, —1 (¢, x)
(xy) given by Theorem 2.10 which allows to write the integral in (108) as

2m+1

Zii ... Zi¢p(x) .
> > S Yir - Vi ly g~ Cdy. (109)

|
Py k=T k! B.(0,1)
i1,enig<2n+1
deg(Z,-] )+...deg(Z,-k )=h

Now, for h € 2m,2m + 1}, k € {1,...,h} and iy,...,iy < 2n + 1 such that
deg(Z;,) + ...+ deg(Z;,) = h, we focus on the integral

/ iy - Vi Iylle~Cdy (110)
B.(0,1)

appearing in the sum (109). We observe one more time that B (0, 1) and the map
a—Q . . . . . .
lylle = are symmetric and invariant with respect to the group inversion. In fact,

e by the homogeneity of d_, if a point y € B.(0, 1), then y~! € B.(0, 1).
e by the property of the heat kernel / stated in Theorem 2.12(iii), it holds that

Iyle=9 = y~"ee,

forevery y e H", y # 0.

Moreover, for every y € H", y~! = —y. Therefore, we know that, if the number
k € {1, ..., h} of the involved coordinates y;, ... y; is odd, then the integral in (110)
vanishes
/ Yir - Vi IylgCdy = 0. (111)
B.(0,1)

As a consequence, we can rewrite (108) as follows

2m+1

Zii ... 2Zi,p(x) -
2 2 % Vi - Vi Iy 1978y, (112)
h=2m k=1,....h,k even : B.(0.1)

i1,enix<2n+1
deg(Z;))+...deg(Z;; )=h
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Now, we consider again the integral in (110) and we make the following hypothesis
there exists j€{l, ..., k}such thatdeg(Z; )=1and f{¢€{l, ..., k} : i;=i¢}is odd. (113)

Now, if we apply the Euclidean coarea formula to the integral in (110) we get

/ i, ...yik||y||z‘Qdy=f
B.(0,1) 7h, (B (0,1))

/ 1 iy« Vi IVIE™Cdy1, . .. dyon dyss
77;2 (Y2r+1)NB(0,1)

/77112 (Bc(0,1)) ‘/nj(nHzl (2n+1DNB(0,1))

/ iy - Vi IVIE~Cdydr dysy1.
75 N (2041)NB (0,1)

By combining the symmetry of B.(0, 1) discussed in Sect.4.3, the symmetry of
1KY ||ng discussed in Sect.4.2 and our hypothesis (113), we conclude that

/ yir -y Iy e 8dy; =0,
75 N ) (204 1)NB 0.1

for every y»,+1 € Rand r € R¥"~!. Hence, under the hypothesis (113), the integral
in (110) vanishes. Then, the integral in (110) can be non-zero only if

/B o Yir - Vi Iy 1&Cdy = / V1o y) Yo v a~Cdy, (114)
¢(0,1)

c\Y,

for some even 2n-multi-index y € (N U {0})?" and for some y2,4+1 € N U {0}.
Let us now consider again the integral in (110) and assume that 7 = 2m + 1. Hence
we have that

deg(Z;,) +...deg(Z;) =2m + 1. (115)

Since we are working in H", for every j = 1, ..., k, necessarily deg(Zij) is 1 or 2.
Hence
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glj e {l,... .k} : deg(Zi;) = 1}
=2m+1-2-#{j ef{l,... . k}: deg(Z;;) = 2}. (116)

Thus, #{j € {I,...,k} : deg(Z;;) = 1} is odd, and therefore hypothesis (113) is
verified, hence, also under the hypothesis (115), we have

f Yiy - Vi lyll€™Cdy = 0.
B.(0,1)

Therefore, we can conclude that the integral in (110) can be non-zero only if
deg(Z;,) + ...deg(Z;,) = 2m.

As a consequence, in (114) y»,+1 has to be even too. Hence, the integral in (110) can
be non-zero only if

/ Yir - Vi Iy 18~ Cdy = / Y IylIE~Cdy, (117)
B (0,1) B.(0,1)

for some even (2n + 1)-multi-index y € (NU {0})2+1.

We observe that our argument allows to state the equality

f (Tos1 (6 ) (xY) — Tom—1 (. ) (x0y)) [y ]%~Cdly
B.(0,1)

Zi,...Zi,¢(x) B
= 2 SR [ vl %y, (119)
k=1,...,2m ,k even ' B.(0,1)
i1,enig<2n+1
deg(Z;))+...deg(Z)=2m
4.4.2 Representation, Il
According to the previous subsection, we fixm € N,k € {1, ...,2m}andiy, ..., 0§ <

2n + 1 such that
deg(Z;,) + ...deg(Z;,) = 2m.

Applying the coarea formula of Corollary 2.8, we obtain

1
/ Vir - Vi Iy 1ECdy = / / iy - Vi IyllE~2dSE " (y)dr.
B.(0,1) 0 0B, (0,r)

By the homogeneity of the norm || - ||3‘Q and the homogeneity of SOQO_I, we get for
every —2m <« < Q
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1
f / iy - Vi Iy 127 2dSL (vydr
0 9B, (0,r)
1
- / / (8:2)i - (8,2)i 1821127 2r1dSL () dr
0 0B (0,1)
1
= / / rdeeZing, . pteeZilg, pomQ)72=9r 0719897 (2)dr
0 JoaB.(0,1)

1
— / rozfQ+Q71+deg(Z,~l)+...deg(Zl-k) / Zi] . Zik ”Z”g—QdSoQo—l(z)dr
0 aB.(0,1)

1
= / re 1T m gy f Ziy - 2 I1zl1872dSE 7 (2)
0 9aB.(0,1)

1

= Zin -z 1ZI12”2dS L1 (7).
— fmvm oz l2le s e (2

Finally, for every —2m < a < Q we can rewrite (118) as

A ©.1) (,T2m+l(¢a x)(xy) — Tom—1(¢, x)(Xy))Il)’Hz_Qdy (1 19)

1 Ziy ... Zipd(x) w0 .
Z o +2m k! 9B, (0.1) Ziy - Ziglzllg < (2)

k=1,...,2m,k even
i1y, i <2n+1
deg(Z,'l )+...deg(Z,-k )=2m

As a consequence, for every —2m < o < Q we also have that

/ (Toms1 @2 ) (xy) — Tom—1 (. 1) (53)) Pa()dly
B.(0,1)

1 1 Ziy ... Ziydp(x)
a+2m (%) k!

[ iy -2 12197 2dSE7 1 (2).
dB.(0,1)

4.4.3 Regularity

Here, we prove that the following map is analytic

(—00, Q) 50 — 3 1 1 2. . Zyo)
; - '
k=1,...,2m k even o+ 2m F(2) k!
i1 if <2041
deg(Zi) ) deg(Zy ) =2m (120)

/ 2oz 218 2dSET ).
dB.(0,1)
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1

Let us first consider the map o — By the standard properties of the Euler

a+2m I‘( )’
gamma function we have
lim !
a——2m o + 2m F(%)
1 1 1
= lim —— (F+m=1)(5+m=-2)...(5) = 5D"m

a——2m o« +2m I-(a+22m)

then ¢ — is analytic on R. Indeed, it is enough to show that for every even

a+2m F(z)
kel{l,...,2m}andeveryiy,...ix <2n+1suchthatdeg(Z; )+...deg(Z;) = 2m,
the map

(00, 0) 30 — Ziy -2 12127924827 (2) (121)
9B, (0,1)

is analytic. The proof of this claim can be obtained as a generalization of the proof
of Item 2 in Sect.2.5, where we showed the analyticity of the map o («), which in
particular equals the map (121) when m = 0. It is enough to repeat the cited proof
combined with the fact that z — z;, ...z; in (120) is a non-negative continuous
map on the compact 9B, (0, 1). In particular, the representation in (117) implies the
non-negativity of this map.

4.4.4 Representation, lll

Here we prove the following lemma.

Lemma 4.1 Foreveryeven 2n+1)-multi-indexy = (y1, ..., Yan+1) € (NU{0})2+!
and for every a < Q we have

f X lxllgCdSE T (=2 / XV (L ) [lx [ gy (122)
9B, (0,1) "

Proof We exploit the explicit form of || - ||, and the homogeneity property of the heat
kernel i getting

o o —
/ yVnynZ*QdSo%*l(y):/ yV/ 5=t yydi dSZ ()
0B, (0,1) 0B, (0,1) 0

x4 [ —
=/ ;7*1*7/ yVh<l,8L(y))dSo% Yy
0 0B, (0,1) NG

Let us now perform the change of variable r = % so that dr = —2r3dr and we get

/w;%—l—%/ yyh(1 8 (y))dsQ—‘(y)dt
0 9B (0,1) Ji *©

/(*%z*l” 3fm (O1)yVh(L(s,(y))dSo%”(y)dr.
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o0
=2/0 r_“+Q_1/;]B o yh(l,8,(y)dSL™ (y)dr

o0
— 2[ r—ot+Q—1—()/1+...+)/2n+2)/2n+1)/ ’.)/1+...+)/2,1+2y2,1+1y)/h(]’Sr(y))dso%—l(y)dr
0 9B.(0,1)

o0
=2 [ttty | (57,8, 00as ()dr.
0 aB.(0,1)

Now we apply the change of variables z = §, (y) and taking in account the homogeneity
of the metric d. and of the measure SoQo_l, we get

oo
2 f T f (6r())" h(1, 8- (S (y)dr
0 3B, (0,1)

o
— 2/ rfa*(}’l+...+)/2n+2)/2n+l) / th(l,Z)dSo%fl(z)dr.
0 8B.(0,r)
Therefore, for every @ < Q we have

/ Yylla™2dSE™ ()
aB.(0,1)
o0
= 2[ r—a—(V1+~~+V2n+2V2n+1)/ 2’ h(1, Z)dSOQO_l(Z)dr
0 dB.(0,r)
o0
— 2/ / Z)/h(l’Z)”Z”;0‘_(7/1+~~+72n+2)/2n+1)d80%—1(Z)dr
0 aB.(0,r)

e n 2 n
:2/ h(1 2z g,
H}l

where in the last step we exploited the coarea formula of Corollary 2.8. This concludes
the proof. O

We recall that, if we fixm € N,k € {1,...,2m}and iy, ..., iy <2n + 1 such that
deg(Z;,) + ...deg(Z;,) = 2m,

as in (117), then the existence of some even (21 + 1)-multi-index y € (N U {0})?*+!
such that the following equality holds

/ yil...yiknyug—Qdy:f Y lyle2dy (123)
B.(0,1) B.(0,1)

follows from Sect.4.4.1. Thus, necessarily

deg(Zi) +...+deg(Zy) =2m =y1 +...Yon + 2V2n+1-
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Therefore, exploiting Lemma 4.1 we can rewrite (119) for every —2m < o < Q as
follows:

/B o1 (Tom+1(. 1) (xy) = Tam—1($. )@y) Iy lle~ Cdy

2 Zy... Zj9x) —a—2m
= )y o [ by,

As a consequence, for every —2m < o < Q we have that

/B o1 (Tomt (@, X)(xy) = Tami (¢, X)(xY)) Poy (y)dy

2z ZidWw) .

= T i fae e (124)
k=l,...,2m,k even 2 ' H
0]yl <2141

deg(Zj) H-..deg(Z; }=2m

4.4.5 The Behaviourasa — —2¢, £ <m
Let m € N. We wish to study the behaviour of the map

2 1 Zi...Zj ¢p(x) »
7 2 a+2m T(%) T f iy - Yih (L I IE"dy, - (125)
k=1,...,.2m, k even 2 ’ H
i g <2nt
deg(Zil )+.Hdeg(Z,-k =m

when « is close to an even negative integer —2k, k > m. First, we compute the limit
of (125) as « — —2m™. We use the properties of the Euler gamma function getting

2 1 Zj...Zj,¢d(x) o
Z o +2m l“(g) " k'lk /,,yil ...yikh(l,y)||y||C°‘ zmdy
k=1,...,2m, k even 2 . H
i1seig <2n+1
deg(Z,-l)+...deg(Zik):2m
_ 3 2 (5)(5+1)...(5+m—1)Z ... Zi,¢(x)
n a+2m |
k=1,...,2m, k even o +2m F(T) k!

/ Yiy -+ Yigh(1, y)dy
Hn

Zi ... Z;, d(x)
- > (4Ww427#—1@npywwww
k=1,...,2m, k even ’
i,.enir<2n+1
deg(Z,—I )+.4.deg(Z,-k):2m
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as o — —2m™. Let us now consider £ € N U {0}, £ < m, then we have

2 1 Ziy ... Ziyp(x)

b 2 2m T (g Kl
—2¢ o m 5 !
“= k=1,....2m, k even + (2)
i1, ix<2n+1

deg(Z;)+...deg(Z;, )=2m

/H Yir - Yich (L DY IZ4 " dy

Z 2 1 Zil ...Zl-k(b(x)
2m — 20T (%) k!

oa—>—2¢

deg(Z;, )+...deg(Z,-k):2m

/H iy - Yich (L, MY 2mdy | = 0.

4.4.6 A Second Family of Integrals

We study the regularity of the map o — fBF(O 1 (d) @) =T m+1(o, x)(xy)) Py (y)dy.
The following result holds.

Lemma4.2 Let ¢ € S(H") and x € G. For every m € N, the map

o (#C3) = Tons1(@, 1) (x0)) Pa(y)dy (126)
Bc(0.1)

is analytic on the interval (—2m — 2, Q).
Before proving Lemma 4.2, we focus on the convergence of (126).

Remark 4.3 We point out that the integral

[ (20 = T @006 Pur)y
B.(0,1)
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converges when —2m — 2 < « < Q. In fact, exploiting the coarea formula of Corol-
lary 2.8 and the homogeneity properties of Py and SOQO_1 we get

[ (#09) = Tanr@. 000 o)y
B:(0,1)
1
=[] (60 = B @00 P31 SE )
0 JoB:(0,r)
1
= f rect / (#0658, () = Ton 16 2)(x8,(2)) ) Pu()aSL ™ ()
0 3B, (0,1)

Now, recalling the regularity of ¢ and the estimate (13) of Theorem 2.9, we know that
for every z € B, (0, 1)

(¢ (x8,(2)) — Tam+1($, X)(x8-(2))| = O(r*+?) asr — 0

holds. Therefore, for a suitable positive constant ¢ we have

/ ¢ (xy) = Tomy1(9, X) (xy)|| Po (y)|dy
B.(0,1)

1
<c / pot2m+l g, / |Py(2)|dS27 1 (2)
0 B.(0,1)

I
IC(%)a+2m+2°

(o),

which is finite. Here, we have exploited the fact that > —2m — 2.

Proof of Lemma 4.2 The proof is analogous to the one of Lemma 3.10. Let us consider
the k-th derivative of the function in (126), for k € N. In particular, we will show that
derivative and integral can be exchanged by estimating the term

2 (T
/ (60 ~Tons1@. 0G) f 5= (n(r)) (§> h(t, yydedy|. (127)
B:(0,1) 0
We split the integral of (127) as
© 4, 1\
/ G (3) — o1 (2 ) (xY)) / 15 (1n<r))k<5> h(t, y)didy
B.(0,1) 0
< / @) — o1 (6 ) (xy)) f 151 (1)) (5) Wt yydidy|  (128)
B.(0,1) 0

o, N\*
+ ‘/ (@ (xy) — Tom+1(9, X)(xy))f 12 @)k (*) h(t, y)dtdy
B.(0,1) 1 2
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The second term can be dealt with repeating the steps in (48) and we get that

1 k
/ (@ (xY) — Tomy1 (¢, X)(x)) / 127! <5> I (0)h(t, y)dtdy
B.(0,1)

(129)

2
< Esg)pl) |9 (x) — Tomt1(9, X)(x- )IBSFP)h(l (B (0, 1))W/€!-

Then we need to deal with

/B RCICORE SRRy f lan(r))k( ) h(t, y)didy| .

In fact, we have

L, 1\*
/ (66) = Tons1@. ) f ECION (5) Wt y)didy
B.(0,1) 0

1 k
< f 6 (xy) — Toms1(d, ) (xy)| / 127 In(r) [k <—> h(t, y)dtdy (130)
B.(0,1) 2

1 k
5/ 137 () * <§)f ¢ (xy) = Tam+1(¢, ) (xY)|h(z, y)dydt.
0 Be(0.1)

Now, we observe that by the estimate (13) of Theorem 2.9, we have |¢(xy) —
Tomt1(d, x)(x)| = O(|yI2™+?) as |ly]. — O, thus for some suitable positive
constant C we get

L, I
/ﬂ_llln(t)lk (5)/ | (xy) — Tomt1(p, x)(xy)|h(zt, y)dydt
0 B.(0,1)

1 k
o 1
C / 127 In@)|* (5) / Iy 12" 2h(z, y)dydt
0 B:(0,1)
1 a 1 k 9
c / 2 In@)* (—) 17 / ||y||%m+2h(1,si(y))dydr,
0 2 B.(0.1) Vi

where we exploited the homogeneity property of 4. Now, we change variables as
z=394 Lf (y), so that by the homogeneity of the Lebesgue measure and the properties

IA

of homogeneous norms we con continue as follows

b k(1 “ o 2m+2
C/ 27 ()" | 5 ) ¢ 2/ Iylle™" h(l,ﬁi(y))dydf
0 2 B.(0,1) Vi
_cf S (-)/ 57(2)
f ot (3) [ el

1 2201, 2)dzdt
%)
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Ly 1\*
=C / 127 In(n) [ (—) / 21221, 2)dzdt
0 2 IBC(O,%)

L, 1\
c / () Inry (-) dar / 1212 2R (1, 2)dz. (131)
0 2 Hn

IA

Notice that [, IzIIZ"+2h(1, z)dz < oo is a finite constant, since h(1,z) € S(H").
Now, we observe that, according to (32),

L, 1\¥
bk=/ 27" In@) ¢ (—) dt
0 2

when N =m+ l,and N =m + 1 > —% if and only if « > —(2m + 2). Hence, we
can exploit the estimate in (33) getting that for every fixed « > —2m — 2, for every
keN

1, 1\* 2
2tk (=) dt<C——= k. 132
/O | In(0)] (2> = Ca T T (132)

By combining (129), (130), (131) and (132) our claim is achieved. O

Remark 4.4 The results of this subsection are still true if ¢ € C*°(H") and ¢ (z) <
Kllzllc_L as ||z¢]l > S for some L, S, K > 0. It can be verified that in this case the
map in (126) is analytic on (—2m — 2, min{Q, L}).

5 Analytic Continuation in the Heisenberg Group

Here, we prove the following result.
Theorem 5.1 For every m € N, for every ¢ € S(G) and for every x € G, the map
a— Yx, )

can be analytically continued to the interval (—2m — 2, —2m]. Moreover, the repre-
sentation

v = [ NPy + [ (603) = Toni1@.00()) Pur)dy
H"\B.(0,1) B.(0,1)

C ’

N i Z 1 1 Zi ... Ziyp(x)
a |
p=1 k=1,...,.2p.k even «+2p F(z) l
AT i <2n+1

deg(Zi, )+...deg(Z;)=2p

- -1
f Ziy oz 1212242 )
0B, (0,1)

1 1
+ o) 5y —o(@) (133)
r(g)«
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holds for every o such that —2m — 2 < o < Q.

The proof of the previous theorem will be realized by induction in the following
two subsections.

5.1 Base Case: Continuation of @ — y(x, @) on the Strip (—4, —2]

We consider the map @« — v/ (x, &) which has been analytically continued to o €
(=2, Q) in Theorem 3.8. We obtained the expression of ¥ (x, @) on (-2, Q)

Yixa) = f ¢ (xy) Pa()dy + f (03 = &) Py
H"\B,(0,1) 1)

c\Y,

1 1
+ ¢ (X)) =757 —0 (@)
r(g)«

-/ SN Py + [ (a3) = T (e Pty
H"\B.(0,1) B.(0,1)

11
+ ()= —0 (@) (134)
r(g)e

on an arbitrary stratified group G, and then, in particular, it holds on H". In this
subsection, we wish to continue analytically the map on the strip —4 < o« < 2, so as
to show the base step of the inductive procedure. In corresponds to the value m = 1.
We consider @ € (=2, Q) and we consider (134) as follows

¥ (x, o) =f ¢(xy)Pa(y)dy+/
H\B, (0, 1)

B.(0,1

(900) = 6.0 Pardy
[ @@ e - g0 Py
B(0.1)

+f (T3(¢, x)(xy) = T1 (¢, x)(xy)) P (y)dy
B.(0,1)

1 1
+ ¢ (x) =757 —0 (@)
r(g)«

= / o (xy) Py (y)dy + / <¢ (xy) — T:(¢9, X)(xy))Pa dy
H™\B.(0,1) B.(0,1)

11
+/ (T3(p, x)(xy) — Ti (¢, x)(xy)) Pu (y)dy + ¢ (x) =755 —0 ().
B.(0,1) r(g)e

We can exploit the expression obtained in (119) and for every o € (—2, Q) we get

Yix, o) = / b (xy) Pu(y)dy + / (#09) = T36 1) (x0) Par)dy
H"\B.(0,1)

c ’
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1 1 Zj,Zi,¢p(x)

-0 ,00-1
+ Z Zi1Zip ”Z”g dSoo (2)
iy @T2T(3) K aB(0.1)
deg(Z;))+deg(Ziy)=2
1 1
+¢x) —o(a). (135)
)

Let us focus on the right-hand side of (135). We notice that, by Remark 3.5, the first
term of the sum

a— ¢ (xy) Py (y)dy
H"\B,(0,1)

is analytic on (—oo, Q). The last term of the sum

1 1
= ¢X) Ty o (@)

r(s)

is analytic on (—oo, Q) too, since in Item 2 of Sect. 2.5 we proved that o («) is analytic
on (—o0, ). By the results in Sect.4.4.3, the third term of the sum

1 1 ZjZi,p(x)
“ X re) .«

i1,i2<2n+1
deg(Z;))+deg(Z;,)=2

2,2, 12197 2dS2 7 ()
dB.(0,1)

is analytic on (—oo, Q). Finally, by Lemma 4.2 applied with m = 1, the second term
of the sum

o~ (603 = T30, )(x0)) Pa)dly
B.(0,1)

is analytic on (—4, Q). In conclusion, the map « — ¥ (x, ) is analytic on (—4, Q).
Then, we have obtained an analytic continuation of ¥ (x, &) on —4 < o« < —2. On the

other hand, we have proved the first step of the inductive procedure, corresponding to
m = 1, aimed in the current section.

5.2 Induction Step: Continuation of y/(x, @) on the Strip (—2m — 2, —2m]

Now, we fix m € N and we assume that the map o« — v (x, «) has been analytically
continued on (—2m, Q) and that the representation

Vi a) = / 6 (xy) Pa()dy
H™\B.(0,1)

[ (000 = T @06 Py
B(0,1)
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m—1
1 1 Z,...Zy¢x)
* Z Z a+2pT(%) k!

p=1 k=1,....2p k even

/ Ziy -z 1219 2dS 2 2)
0B, (0,1)

11
+¢(x) =75y —o(a) (136)

r(s)e

holds. We wish to construct an analytic continuation of the map ¥ (x, ) in (136) on
the strip (—2m — 2, —2m]. Let us consider

Yxo) = / §(xy) Pa(y)dy + / (669) = Tos1 6.0 (x3)) Pa )y
H"\B.(0,1) Be(0,1)

[ (Tt @ D09 — Tty @00 Palr)dy
B.(0.1)

—1
+’”Z 3 1 1 Zi ... Ziy¢p(x)
o |
p=l1 k=1,...,.2p,k even a+2p F(Z) k!
i1y ipg<2n+1

deg(Zi) )+...deg(Z;,)=2p

- 1
f Ziy ez 2172527 )
dB.(0,1)

1 1
+d(x) =75y —o (o). (137)
r(%) e

Now, we apply (119) and we get that for every @ € (—=2m, Q), the right-hand side of
(137) is equal to

/ NPy + [ (003) = 1 @000 ) Pa3)dy
H"\B(0,1) B.(0,1)

" 1 1 Zi...Zi$(x)
+
]; Z a+2pT(%) k!

k=1,..., 2p.k even
i1,k <2n+1
deg(Ziy)+...deg(Ziy)=2p

/ ziy -2 121187 2dSE7 ()
0B, (0,1)

1 1
+ ¢ () =755 —0o(@). (138)
r(g) e

Let us focus on (138). We observe that the first term of the sum is analytic on (—oo, Q)
by Remark 3.5; the last term of the sum is analytic on (—oo, Q) since in Item 2 of
Sect.2.5 we proved that o («) is analytic on (—o0, «); the third term of the sum is
analytic on (—oo, Q) by the results in Sect.4.4.3; the second term of the sum is
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analytic on (—2m — 2, Q) by Lemma 4.2. Then, the map ¢ — ¥ (x, @) in (138) is
analytic on (—2m —2, Q). Hence, we provided an analytic continuation of i (x, ) on
—2m — 2 < o < —2m and the representation in (138) holds for —2m — 2 < @ < Q.
Hence the induction is concluded and Theorem 5.1 is proved.

Remark 5.2 Notice that, for every m € N, when o < —2m, by explicit calculations
based on the coarea formula, we obtain

[ (T @009 = Tona (6,000 Pur)d

H"\B(0,1) (139)

== [ (TG0 = Tt 6209 Py,
B:(0,1)

so that, when —2m — 2 < o < —2m we have the following representation of the
analytic continuation

Y(xo) = /H (#6) = Toni1 @, )0 Pa)dy. (140)

5.2.1 Analysis of y(x, —2m),m € N

Let us now compute the value ¥ (x, —2m), m € N. We exploit the representation of
Y(x,a)on (—2m — 2, Q) and the results in Sect.4.4.5 getting:

Vo= [ NPy + [ (663) = 1 @.0)() Pa3)dy
H"\B.(0,1)

B.(0,1)
N i 3 L1 Ziy e Zid ()
«Q |
p=1 k=1,....2p,k even a+2p F(Z) k!
i1y ir<2n+1

deg(Z;;)+...deg(Z; )=2p
1 1

o(a)
r(5)«

f ziy -z 1218 2dSE 7 @) + ()
aB.(0,1)

- / POy Iyle Ly
r'(%) Jumg.©.1)

1 / a—Q
+ d(xy) = Tomy1(@, x)(xy) )1yl dy
r(%) B(-(o,n( " ) ¢
m
1 1 Z;...Z;,¢(x
+Z Z a+2pT(%) . kvlk(p()
p=I1 k=1,...,.2p,k even 2 ’
i,..,ix<2n+1
deg(Z,-l)+...deg(Zl-k):2p
_ 1 1 1
/ 2y -2 l2le 2dSET @) + ) —gm ~ o (@)
3B.(0,1) r(%§)«
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< 3 11 Zi . Zyo)

— lim a+2pF(%) T

=2
“TTMLTl k=1,...2p.k even

i1l <2n+1
deg(Zi;)+...deg(Z;; )=2p

- -1
f 2z 218248271 2)
9B (0,1)

Zi ... Zjp(x)
= > (=)l = /H Yiy - Yigh(L y)dy

k=1,...,2m,k even
i1y <2n+1
deg(Zi))+...deg(Z; )=2m

as o goes to —2m. We used in the last two steps the results of Sect.4.4.5. Hence, we
showed that for every m € N

Zi ... Zj ¢(x)
v(x, —2m) = Z (—l)mm!% /HH Vig - yikh(l, y)dy.
k=1,...,2m .,k even :
i1,...,ik'§2n+l
deg(Z,-l )+...deg(Z,-k):2m

5.3 An Estimate of x — y(x, )

We wish to use the analytic continuation of ¥ (x, ) to extend the notion of fractional
sub-Laplacian £° in the spirit of Sects. 3.4 and 3.6. In order to do this, we need to
generalize in H” the estimate on x — 1 (x, ) established in Sect. 3.5. This is the goal
of the following proposition.

Proposition 5.3 Foreverym € N, foreverya € (—2m —2, 2m), for every ¢ € S(H")
and for every x € H" the following estimate holds

Y(x, @) = O(Ix)1“9)
as ||x||c = oo.

Proof The proof is analogous to the one of Proposition 3.16. We exploit the expression
of ¥ (x, @)

W) = [ ($69) = i 0,00 Pulr)d

obtained in (133) for —2m — 2 < o < —2m. Thus, the proof of Proposition 3.16 can
be essentially repeated verbatim, up to substituting 5> with b>"+2 and D% (&) with

02 (£) = max 024 (p), (141)

PEBe(x, b2 x 71zl
where 2;"*2¢ is 9,2 (y) = maXjaj=am+2 [(Z1 - - Z2x)*$ ()], for every y € G.
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More precisely, in this case the integral variable z belongs to the closed ball

B (x, 21!;,,,'12) and for each of such a z, the maximum of Oi"”z in (141) is real-

ized at &€ = £(z) € Be(x, b2 2 ||x~'z|) C Be(x, %). Moreover, it is necessary to
exploit the fact that every derivative along vector fields of ¢ € S(H"), independently
of the number of involved vector fields and on their degree, belongs to S(H"), hence
;"2 e S(HM). O

5.4 The Powers of the Fractional Sub-Laplacian £, —‘2—2 <s<m+1,meN

Coherently with the construction of the analytic continuation of themap o — ¥ (x, @)
on the interval (—2m — 2, Q), for an arbitrary m € N, in this section we extend
the definition of real powers of the sub-Laplacian £ to s € (=<, m + 1). In fact,
for every x € H" and ¢ € S(H") the analytic continuation of &« — ¥ (x, @) on
the interval @ € (=2m_— 2, Q) allows to extend the definition of the family of
tempered distributions { P} }4e(—2, o) that we introduced in Sect. 3.4, setting for every
a € (—2m—2,Q)and x € H" the following

PE(@) == vp(x, @),

for every ¢ € S(H").
Therefore, we can define for every s € (— % m + 1) the fractional sub-Laplacian

Lip(x) = Pp(x, —25) = P (@), (142)

for every ¢ € S(H") and x € H".
In a similar way as in Sect. 3.6, the uniqueness of analytic continuation yields that
for every x € H" and ¢ € S(H") the equality

Vpx,a + B) = ﬁ§+ﬁ(¢) = Yyy(.p) (X, @) (143)

holdsforeverya € (—2m—2, Q), B € (—2m—2, Q) suchthat —2m—2 < a+8 < Q.
Therefore, one more time through analogous computations as in Sect. 3.6, (143) allows
to prove that if we choose o, B € (—2m — 2, Q) and wesetx = —2s and § = —2p
for suitable s, p € (—Q, m + 1), then the equality

L350 LP = L5FP (144)

holds, when —% <s+p<m+1.

Since for every x € H" and ¢ € S(H"), the analytic continuation of &« — ¥ (x, o)
has been realized on the interval (—2m — 2, Q) for every m € N, then (144) holds
for every m € N. Therefore, we can deduce that the operator £° is defined as in (142)
for every s > —% and it satisfies the semigroup property (145) for every s, p > —%

such thats +¢q > — % We resume this result in the following proposition.
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Proposition 5.4 Forevery s, p € (—Q, 00) such that —% < p + s the equality
Lo Ll =L5FP (145)

holds.

Actually, recalling the homogeneous dimension of H" is Q = 2n + 2, we have
introduced a notion of £* on S(H"), for s > —n — 1, which satisfies the semigroup
property (145) for every s, p > —n — 1 such that s + p > —n — 1.

6 A Representation of y/(x, @) on (—4, Q)

In this section we obtain a special simplified representation of ¥ (x, &) on the inter-
val (—4, Q). Then, we use this representation to deduce the value of the integral
Jin 1708, (O PR(L, 2)dx.

Let us observe that, according to the arguments in Sect.4.4.1 leading to (114) and
then to (117), for every o < Q the equality

> Ly et (i l28CdSe (2)
RO i el 042G

i1,ip<2n+1 o 2 . 0B.(0,1)

deg(Zi))+deg(Zi,)=2

2 21 14—2 g 521
a_|_2]" % ZZ ‘/’(x>/ e Iyllg™ dSs™ ) (146)

holds. Now, since the ball B..(0, 1) and || - ||o € are invariant under horizontal rotations
(see Sects.4.3 and 4.2), then the relation

d(e):= / Vlye= 2482 (= / e, )2 Iy1E~2dsE o) (147)
3B.(0,1) 2n JyB.(0,1)

holds forevery i = 1, ..., 2n. In fact, by exploiting horizontal rotation invariance for
everyi = 1,...,2n, we get that

/ Y lIylgCdsg (y) = / Yilyllg~Cdsg™ (v, (148)
9B:(0,1) 0B.(0,1)

forevery i, j € {1, ..., 2n}. Then, we have that for every i € {1, ..., 2n}

2n
o[ s =Y [ Rl Cdsg )
9B (0,1) ~ Jos.0.1)

=/ Zy, 1%~ 2dSE ™ (y)
B O,1)
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=/ 101y - s y2) Pl lIE~2dSE (y)

9B.(0,1)

= / I, DIy IE2dSE ().
9B.(0,1)

As a consequence, the value of d(«) does not depend on the choice of i. We can
continue from (146) getting

11 ZiZipp) o
> 2T (2 - [22 2,2, 12197 2dSL 7 (2)
il,ir<2n+1 o+ (7) aB.(0,1)
deg(Z;)+deg(Z;,)=2
! 2
= Z; ¢ (x)d(x E x)d (o
a+2p% Z ¢(x)d(a) = +2F(%) d(x)d(a).

Thus, the analytically continued map (—4, Q) > o« — ¥ (x, @) can be represented as
follows

@) = / 6 (xy) Pa(y)dy + / (¢(xy>—¢<x)
H™\B,(0,1) B.(0,1)

2n
- % > Z,-2¢>(x)y,-2> Py (y)dy (149)
i=1
1 1 1 1
OO 7@ 55 +2F(%)£¢(x>d(a>

The value of v (x, —2) can be deduced by combining Proposition 2.13 and the
equality in (79) getting that

lim Y(r,a)= lim ¥(x,a) = lim £ %5¢x) =Lox).  (150)
a——2 oa——21 a—-—2%

6.1 A Geometric Application, |

We use the representation established in (149) to prove the following proposition.

Proposition 6.1 Let n € N and let h be the heat kernel associated with L on H", then
the following equality holds

/ |7 a1, (0)Ph(1, x)dx = 4n. (151)
Hi‘l

Proof Let us consider the representation (149) of the map ¥ (x, o) for -4 < @ < Q

Vi a) = / 6 () Pa(y)dy + / (¢<xy)—¢<x>
H"\B.(0,1)

c ’
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2n

-3 Z Z?qb(x)y?) Po(y)dy
+ o) =gy T — 5 s LH @),
(%) « 20+2 F(%)
By the arguments carried out in Sect. 6 we know that
I 1
Y. =2) = lim y(x,@) = lim ( - Em@—d«xwd)m)

.1 1 .
= lim 2d@ L) = L) lim d(@),

and we know as well that the limit exists since d(«) is continuous with respect to «
as o < Q. Now, as we already observed, by Proposition 2.13 and (79), we get

Y, =2 = lim Ylxe) = 1im2+£*%¢(x)=c¢(x), (152)

so that we can deduce that

lim d(@) =d(-2) =4. (153)

a—>—2

Let us now consider for @ < Q, the map d(«) defined in (147). We have

1
d@ = / i, ()2~ CdS 2 (x)
n JaB.(0,1)

1 ©
= — kT (x)|2/ 127 (e, x)dt dS27' (x)
2n Jym, (0 D 0

= — *—1/ 7w, (0)[2h(t, x)dSE 7 (x)dt
2n 9B (0, 1)

! oor *1*%/ I (x)|2h(1 5 (x))dSQfl(x)dt
= — H , 0 L .
2n B0 i °°

IR

Performing the change of variable r = %ﬁ we get

1 wt%‘l‘%/ o O (1,81 (0))dSZ (0
— Ty, (x ,81 (x X
2n aB.(0,1) & 7 o0
1 O e-1-9 2 0-1
= —2—2[ (r )2 2y / |ma, (0)|°h(1, 6, (x))dSE ™ (x)dr
nJoo aB.(0,1)
L[> 1 2 1
= —/ patO- / |77 f, (%) h(1,5r(x))dSoQo_ (x)dr
nJo 9B (0,1)
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1

o0
- _/ r—“+Q—3/ lrwg, (x)2h(1, 8, (x)dSL™ (x)dr.
nJjo 9B (0,1)

Let us remark that for every r > 0 and x € H" we have |rmp, x)|? = |77 11, (65 )3,
thus

1

o0
_/ r‘“+Q_3/ I, (1AL, 8, (x)dSL ™ (x)dr
n Jo 0B(0,1)

1 o0
= / prot0=3 / |78, (8, ) Ph(1, 8,(x)dSL™  (x)dr.
0 9B.(0,1)

n

By changing one more time the variables x" = §,(x), the homogeneity of the metric
d. and of the measure SOQ{] give

1 o0
- / preto=3 / |71, (87 (X)) *h(1, 8, (x))dSL  (x)dr
nJo 3aB.(0,1)

1 o0
== / o2 / I, () PR, x)dSL (x )dr.

0 SEC(O,V)

n
Our thesis follows as « — —2. In fact, by (153) we know that

lim d(@)=d(-2)=4 (154)

but, at the same time, we know as well that

Il
5
|

1 oo
lim d(c) / Fe? / I, () 2R, x)dSL (x")dr
a—>=2 0 9B(0,r)

1 o0
- / / lwm, (2R, x)dSL (x")dr
nJo 0B, (0,r)

1

- / |7, ()2 (1, x")d (x)

n Hn

=lf |7 a, (0O12R(1, x)dx, (155)
n Jyn

where we used the coarea formula of Corollary 2.8. By combining (154) and (155)
we conclude the proof. O
7 A Representation of y/(x, a) on (—6, Q)

Here we discuss a representation of ¥ (x, o) for —6 < o < —4 involving the most
natural definition of the natural power £ of the sub-Laplacian £. Given m € N, we

define

L =L ifm=1, (156)
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L =L ) ifm>1, (157)

for every ¢ € C*°(G). An explicit computation on the Heisenberg group H" shows
that

Ll =" Y 770 g,

im
i1y..im€e{l,....2n}

for every m € N and ¢ € C*(G).

According to the continuation described in Sects.5 and 6 and to the explicit form
of the Z-Taylor polynomials given by Theorem 2.10, we recall that ¥ (x, o) can be
represented for o € (—6, Q) as follows:

vo= [ pemrmayt [ (600 T, 000) Rty
H\B.( 0 JB%C(O,

1 1

Tat2 F( )&I)(X)d(ot)

+ ¢(X) o(a) —

1
(%) o

> (z}z?d)(x)+Z§Zi¢(x)+Zizjz,»zjd)(x)+ijizjzi¢(x)
t/<21’l
i<j

422,226+ 2,2,2200) [ 332 R;asS o)
9B.(0,1)

— Y Zhew / 3 Peas )

1<2

11 5 / 2 0-1
+ -—T Py (»)dS, . 158
2atd ¢ (x) 9B.(0.1) Yon+1 o« (V)dSs (y) ( )

11
Ma+4

Forevery i, j € {1,...,2n}, withi < j, there are only two possibilities

(a) [Zi, Z;] = 0,hence Z; Z; = Z;Z;. Inthis case we can state the following equality

Z2Z2p(0) + 2222 () + ZiZ; Zi 2 (x) + Z, Zi Z; Zigh (x)
+ Z,-ZijZiqb(x) + ZjZl‘Z,'Zjd)(x)
=32222¢(x) + 32222 (x). (159)

(b) [Z;,Z;1=T,hence Z;Z; = Z;Z; + T and Z;Z; = Z; Z; — T.
We recall also that [Z;, T] = 0 forevery i € {1, ..., 2n}.
Let us assume that we are in case (b). Thus, we have
ZiZiZiZip(x) =Zi{(Z;Z; —T)Z;p(x) = Zi2212~¢(x) —ZiZ;iTp(x)
ZZiZiZip(x) = Zj(Z; Zi + T)Zip(x) = Z3 Z}$(x) + Z; Zi T $ (x)
Z,Z;ZiZig(x) =(Z;Zi + T)Z; Zip(x) = Z; Z; Z; Zip(x) + Z; Z; T p (x)
= Z3Z}¢(x) +22;ZiT$(x)
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ZiZiZiZip(x) =(ZiZ; —T)ZiZ;jp(x) =Z;Z;Z; Zjp(x) — Z; Z; T p(x)
=Z]Z3¢(x) = 2Zi Z;T$(x).

Therefore,

Z}Z3¢(x) + Z} 259 (X) + ZiZiZiZip(x) + Z, Zi Z; Zip (x)
+ZiZ;Z;Zigp(x)+ Z;Z: Zi Zj¢p (x)
=327 239 (x) +3Z; 27 (x) + 3Z; ZiT$(x) — 3Z; Z; Tp(x)
=32} Z3¢(x) + 3232} ¢(x) = 3(ZiZj — Z; Z) T (x)
=3Z}Z7¢(x) + 3272} ¢(x) — 3T (x). (160)

We can then use (159) and (160) to rewrite (158) as

Y(x, o) =/ ¢ (xy) Py (y)dy +/ (¢(xy) - Ts(fb,x)(xy))Pa(y)dy
H"\B,.(0,1) B.(0,1)

1 1 1 1 1
+ o) 5y o (@)

= S g L (0)d
L] 272 272 2.2 0-1
+m+4,2 (Z7Z59 () + Z7Z7¢(x))3 [B‘(O’l)ylsza(y)dSoo )
i,j<2n ¢
i<j
1 1 4 / 4
ta Z; Py(y)d
4!a+4i<22:n i $) oo « (V)dy
1 /1 B
2 2 2 0-1
+T ¢(x)a+4 <2 /alaac(o,l)yQ”HP“(y)dSw ()
3n _
- 1y} Pu(y)dSE 1(y)>. (161)
* JBe(0,1)

In order to write (161), we used the fact that there are n couples of indexes
i,j € {l,...,2n} satisfying case (b). Moreover, we have exploited the invariance
by horizontal rotation of B.(0, 1) and of the P,, which ensure that the equalities

[ y?Pa(y)dSOQO_l(y) = / y;!Pa(y)dSO%_l(y) foreveryi, j € {1, ..., 2n},
3B (0,1) 9B (0,1)
-1
/ Vv Pa(»dSET ()
9B.(0,1)
:/ VYA Py (1)dSLT () foreveryi # j, € #£m e {1, ..., 2n}. (162)
IB(0,1)

hold.
Now, by applying Lemma 4.1 for an arbitrary « < Q, we have that

/ yiyle2dsL " (y) =2 / Zth(1, ) lzl7* 4z,
3B (0,1) H"
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/ V2t lly122dSL 7 (y) =2 / 17m, (2)Ph(1, 2)||2]| 7% dz;
3B.(0,1) Hr

therefore, for « = —4 we obtain
f Yyl 2dsg () =2 / (1, 2)dz (163)
dB.(0,1) H~
/ Vi Iyl 2ds2 () =2 / 17, (2)12h(1, 2)dz. (164)
0B, (0,1) H~

As aconsequence, we deduce that forevery —6 < o < Q the following representation
holds

V(x,@) = / ¢ (xy) Pa(y)dy + / (09 = T30, () ) Pa )y
H"\B,(0,1) B (0,1)

PPN R S B
P @ e’ T 2 ar(g)

L (x)d(e)

1 1 1 2,2 2.2 2.2 —a—4
+ HM(%)(ﬂZ (Zizj¢<x)+2_,»zi¢>(x>)6/IPH” VE3R(L Iyl dy
l.]f?n
i<j

2 4 4 —a—4
3 X zow [ st mlyizetay

ti<2n

6
+ T%(x)(/m eIy = 22 H,y%y%h(l,y)||y||;"‘*“dy)). (165)

In order to obtain a simpler representation, we need the following result.

Proposition 7.1 For every o < Q the following equality holds

/H yih(L, )y I7¢ 4 dy =3 /H yiy3h(1, y)lly 744 dy. (166)

Proof Following [2, Section 4] (see also [24]), we first introduce suitable polar coor-
dinates in H" \ H,.

T : (0, 00) x (—% %) % [0, 7)272 x [0, 27) — H" \ Hy

(p’ (p’ela "‘792}171) - T(,O, (pagl’ "'702}17])7
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with
[~ 0./cos ¢ cos by, 17
0./COS @ sin 61 cos b,
0./C0s ¢ sin 0 sin 6> cos O3,
T(,O, (pael’ "'792}171) =

0./Cos @ sinb sin6s .. .sin6br,_5 cosby,_1,
P/Ccos@sinf sinbs .. .sinbr,_o sin by,
p2sing

According to our purposes, we do not need to an explicit computation of the Jacobian
of the transformation 7'. We just notice that, by the computations in [2, Section 4], the
Jacobian does not depend on 65,1 and we denote it by

JTQQH,I (o, ¥, 015 s O2n—2,02n—-1),

in order to emphasize its independence of 6,_1. By the invariance of i(1, -) with
respect to horizontal rotations [see (162)], to prove (166) means to prove that

[ btz tay =3 [ 53 3aamivize . a6

Let us first perform the change of variables 7' on the integral appearing on the right-
hand side of (167) as follows

2 2 —a—4 2 2 —a—4
Y3, _1 Y5, (L Wy dy=/ 3,15, (L MY dy
A:]I” 2n—172n c H\ Hy 2n—172n c

A T 4244 2 2
=f / / f / P cos” @sin” O sin 92‘.‘sin492,,,2cos 62, —1 Sin“ Oy 1
o J-2Jo 0o Jo

h(1,T(p, .01, ....000— )T (p, 9,01, ....00,—1)
—a—4
JTG2

llc (0, 9,01, ..., 00n2, 000 1)dO2y 1 ... dO1d@dp

SIS Y L T4
:/0 P / cos (p/o sin 91...‘/(; sin Hzn_lem(p,go,él,...,02n_2,92n_1)
2

T
2
fo c0s2 61 sin 6211 (1, T(p, 9, 011 - .., B2n_1))

1T (P, 9,01, ... 020 Oy _1d02 5 ... dO1dgdp.

Now we apply the change of variables T on the integral on the left-hand side of (167)
and we get

/ ygnh(ld)llylléa"‘dy:/ VR )yl dy
- H"\H,

© % rm T 2w
= / / / .. / / ,04 cos> 7 sin* 01 sin? 6 ... sin® () sin* 0n—1
o J-zJo 0 Jo
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h(1, T(o, 9,01, ...,00,DIT (0, ¢,01,...,00n_1)

1 T 0. 9. 01 . 212, 210201 ... dO1dpdp

© 4 2 2 Ty Ty
=/ 0 / cos (p/ sin 01.../ sin Gzn_ZJTﬁ(p,(p,Ql,...,92n_2,6’2n_1)
0 -z 0 0 "
2

/0 Sin 631 A(L T (0. 9. 81 ... O2u_1)

1T, @,01,..., 92n71)||c_a_4d92n71d92n72 ...db1dedp.

Therefore, in order to prove (167), it is enough to prove that, for fixed p, ¢, 61, ...,

6202 € (0,00) x (=%, %) x (0, m)*"~% it holds that

2
/ sin® 0201 (1, T(0. 9,01, ... 020 )T (0, 9,01, ..., 020 1) 7% b2y
0

2
= 3/ cos® 0a,—1 sin 02, 1h(1, T (p, 9,61, . .., 020-1))
0

IT(p, 0,01, ..., 00— *dbrn—1. (168)

Notice that || - || is a C! map on H" \ H, (see for example [1, Lemma 3.11]) and that
h(1, z) is C*° on H". Now, exploiting the integration by parts, we get

2
/0 c0s? 021 5in% 2y 1h(1, T(0, 9,01, . .., 02— DIT (0, 9,01, ..., 02— D74 402

. Orp—1=2m
sm3 62" . 2n—1
3

On—1=0

27 oin3
sin” 07,1 R —a—
—/0 %(—smezn_lha,T(p,ga,el,...,ezn_muT(p,w,el,...,ezn_l)nca 4

+ 0362, (AL T, 0,01, 020 DT (P 0,61, 92n71)\|c_a_4>)d92nfl

d
dory—1

27 gin4 Oapn—1 a4
= fh(l,T(p,(/),91,...,92n71))IIT(p,<p,91,...,92n71)llc dbyp—1

27 «in3

sin” 67,1 d

7/ T cosbhy,— <h(1,T(p,¢,91,-.-,92n—1))
0 3 dby,—1

17,61, B0 DI 2.

Thus, (168) follows if we prove that
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/2” sin? Orn—1 d
———cos By,
0 3 do

2n—1

(h(l, T(p. .01, ....00m_1))
170, 0,61, - B2 D)7 ) d201 = 0.

We will show the previous equality by showing that

(h(l» T(ps (ps 917 ceey 92"—1))||T(p’ §0a 017 ey 92"—1)”;1174) = O (169)

dBry—1
forevery p, ¢, 01, ..., 02,1 € (0,00) x (=%, %) x (0, 7)*~2 x (0, 2). In partic-
ular, it is enough to notice that, once fixed 5, @. 01, .. ., 62,2 € (0, 00) x (=%, %) x

[0, 7)2"~2, the map

[0,27) 3 021 — T(P, @, 01, ..., 00m—2,6021_1)

is a horizontal rotation. On the other hand, we argue as follows

e the heat kernel h(¢, y) is invariant with respect to horizontal rotations, as

stated in Sect.4.2, thus h(1, (z1, 1)) = h(l, (22, 1)) if |z1| = |z2], for every
(z1, 71), (22, T2) € H*, withz1, 20 € Hi ~R* and 71, » € H» ~ R.

e the norm | - || is invariant with respect to horizontal rotations, as stated in
Sect. 4.3, thus if we have (z1, 7), (22, ) € H", with |z1| = |z2[, then || (z1, T)]lc =
l(z2, T)lle-

Hence for every (5, @, 01, ..., 02,—2) € (0,00) x (=%, %) x [0, 7)*"~2, the map

(Os 27.[) 9 92n+l — h(l» T(ﬁv (ﬁs e_la ceey 9211—1))||T(157 (;7 9_19 IR ] 9271—1)”;“74
is a constant map, then (169) holds. This concludes the proof. O
By combining Proposition 7.1 with Lemma 4.1, the following corollary holds.

Corollary 7.2 For every a < Q the following equality holds
/ vilylg2dsg () =3 / V3lyllg~2dsgT ). (70)
aB.(0,1) dB.(0,1)
By combining Corollary 7.2 and (165) we have that for o € (—6, Q)

Yix, @) = / ¢ (xy) Pa(y)dy + / (#G9) = T, )0 Paly)dly
H\B,(0,1) )

B (0,1
) to(@) - s L re)d@)
F(%)a 201—}—21"(%)
1 1 1 252 272
*m@(@Z (ZPZ50 () + Z7Z7 ¢ (x)
t,./§'2n
i<j
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3 / Y3y e—2dSL (y)
9B (0,1)

+ o LS Zisw / o iyl s ()

i<2n

+T2¢<x>(§ / Yot Iy1472dSE7 ()
9B.(0,1)

3n _ _
- Vivsliylig=2dsg 1(y>>)
4! JoB.0.1)

-/ & (ey) Po(1)dy + / (2 = T@ ) Pardy
H"\B. (0, 1) C(Os

1 1

O ey 2u +2r( )

o(a) — T Lo(x)d(a)

1
(%) o

1 1 1 272 272 4 4
+ m@@; (222300 + 23226 () + Z} (1) + Z3 ()
i<j

« / WiyIe=2as2 (y)
0B, (0,1)
1 _ _
+T2¢(X)(§f Y§n+1||y||§ QdSoQo )
dB.(0,1)

- yi‘||y||Z‘QdSo%‘1<y>))
- JoB.(0,1)

= / ¢ () Pa(y)dy + / (#C9) = T, )0 Paly)ly
H™\B, (0, 1) ]Bc(O,l)

I 1

+ () g 5= HF()

o(a) — — Lo (x)d(a)

1
(%)“

1 1 l 272 4 a—Q 0-1
AT ( 5 2 (#7ew) [ oy T 0dSE )

i,j<2n

1 _ _
+700(3 [ el 04580

-5 yi‘||y||z‘QdSo%—1(y)>>.
4! Jom.0,1)

=/ ¢(xy)Pa(y)dy +/ (¢>(xy) = T5(¢, x)(xy)) P (y)dy
H"\B, (o

c il

1 11
A e O —Lo()d (@)
1 1
+ — —£2 / 4 g—QdSoQo—l
a+4T(%) (4! 2 .01 Iyl »
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1 _ _
+T2¢(x>(5 /d o V2t I¥1E72dSE7 1 (y)

~ yfIIyIIZQdSO%I(y)»- (171)
- JoB.(0,1)

7.1 A Geometric Application, Il

We use the representation obtained in the previous subsection in (171) to deduce the
value of some integrals.

Proposition 7.3 Let n € N and let h be the heat kernel associated with £ on H", then
foreveryi € {1, ..., 2n} the following equalities hold

/ xth(l,x)dx =12 and / X3,1h(1, x)dx = n. (172)
H" H"

Proof According to the representation of ¥ (x,«) on (—6, Q) obtained in (171),
exploiting the definition of real power of the fractional sub-Laplacian in (142), we
get that

L) = lim ¥(x, )

2
= 2 () f V(L y)dy + T2 (x) (173)
. H»

2 2n 4
Yangprh (L, y)dy — — | yih(l, y)dy |.
H 4! Jun

The equalities in (172) will follow from (173) if we show that it does not exist any
constant ¢ € R such that the equality

L2 (x) = cT?p(x) (174)

holds for every ¢ € S(H") and x € H". Let us assume by contradiction that (174)
holds and let us denote by d,, for every A > 0, the isotropic dilation by A, i.e.

dy(x1, ..., X2n41) = (Ax1, ..., AX2041),

for every x = (x1, ..., x24+1) € H". Now, we observe that for every ¢ € C*°(H")
and x € H", for every A > 0 the following homogeneity property holds

T2 (¢ 0 dy)(x)) = A2T?p (dy(x)).

Taking in consideration that, if ¢ € S(H"), for every A > 0 the map ¢ o d) € S(H"),
then we can apply (174) to get that

L2(pody)(x) = cT* (@ o dy)(x) = cA*T?¢(dy (x)) = 22 L2 (do(x)),  (175)
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for every x € H". On the other hand, by the homogeneity property of £> with respect
to the group dilations §; we can continue from (175) getting

L2(¢ 0 dy)(x) = A2L2P(dy (x))
= (V1) L2058 o))
_ £2<¢ ° 5ﬁ) (5%(@@)))
- 52(45 ° 5ﬁ) (\/zﬂyl (). Th, (x)>~

Thus, we established the relation
L2 0 d)() = £2(¢ 08 5 ) (Vi (), 7, () (176)

for every ¢ € S(H"), x € H" and A > 0. Let us show that the homogeneity property
obtained in (176) cannot be true. By straightforward computations it is possible to
verify that for every A > 0, x € H" and ¢ € C°°(H") we have the following
representation

L2(¢ o dy)(x) = LIL( o dy))(x)

= L(32(Ap 0d) +22 Y (xi(0y 01 0 dh) — yi (D1 0 )

i=1

1
g+ 762+ 0d)) )

= MLAGody)(x) + 2> L(xi(Dy,0r¢p 0 dy) — yi (D, 01 0 ) (x)

i=1
1 n
+ 27 D LGF + D079 0 di) ()
i=1
= WA (A1) + 12207 §(dr(x) + Pi(h, x, §),
where the second addend in the last equality comes from the computation of the term

D20 L2+ y) (02 0 dy))(x) and Py(h, x, ¢) = 0(A?) as A — 0. Here, we
have denoted by A the operator

n
A= Y02 402)

i=1

On the other hand, we have as well for every z € H"

£2(¢ ° ‘Sﬁ)(Z) = ﬁ(ﬁ((b o 5ﬁ))(2)
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= £<A(A¢ 085) +AVA D (xi(dy i 08 s7) — vi(3, 019 0 8 7))
i=l1

1 n
2D (@ P20 00,4)) )
i=1
= 2L(AP 08 )@+ AVA Y L(xi(3y 04 08 s7) = yi(dxdip 0 1)) (2)
i=1
1 n
+ 37 2 L(0F + D579 08,7)) @)

i=1
= MA%(8 () +nr207¢ (8 5(2) + P20 2. 9).
where the second addend in the last equality comes from the computation of the term
DAY LG + v (029 08 7))(2) and Py, 2, ¢) = 0(32) as & — 0F. When

we evaluate the previous operator at a point of the form z = (v/Ax H, (X), TH, (X)), for
an arbitrary x € H", we obtain

L2 (¢ 08 ) (Vo (x). Ty (1)) =22 A% (d3(x)) + 12207 ¢ (dr (x) + Pa (. x, §).
Therefore, if (176) holds, for every A > 0, x € H" and ¢ € S(H") we also have

A AP (dy () +nr2P (51(x)) + Pi(h, x, ¢) = A2 A%¢(d; (x))
+n2202¢(d5.(x)) + P2 (A, x, b). (177)

Now, dividing both sides of (177) by A? and letting A go to zero, we deduce that for
every ¢ € S(H")

A%$(0) =0, (178)

but (178) does not hold because if ¢ (x) = eIl ¢ S(H™), where for x € H" we
denoted by

llx = I GO + I, ()12

the norm arising from the Cygan-Kordnyi distance [9], then by straightforward com-
putations ¢ does not satisfy (178). Hence, we reached a contradiction with (174) and
the thesis follows. O

8 A Representation of y(x, @) on (—8, Q)

We give a representation of 1 (x, &) in the strip (—8, Q) involving £3.
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Proposition 8.1 If B (0, 1) is the Euclidean unit closed ball in R" and y =
Wi, eesvn) € (NU{0D" is an even n-multi-index, then there is a constant
c(n, |yl) > 0 such that

|
/ xVdx = c(n, Iyl)%,
Br(0,1) (5)!

where by dx we denote the integration with respect to the n-dimensional Lebesgue
measure on R".

(179)

The proof follows from [2, Proposition 3.6]. Let us recall the map 7y, : H" —
R2", 7w (X1, ..., X2n4+1) = (X1, ..., x2,), and moreover the following proposition
holds.

Proposition 8.2 For every even 2n-multi-index y € (N U {0})*" and for every a < Q
the equality

Ly
/ Py (0dsg ! = 2 !
9B.(0,1)

= _/ mh, (X) Py(x)dS27 (x)  (180)
%'! ! Jam.0,1)

holds.

Proof Let us recall Lemma 4.1 so that for every even 2n-multi-index y =
V1, ..., ym) € (NU{0)?" and every « < Q we have

/ T (Y Ix )87 2dSE ™ (x) =2 / (O R(L ) x4 dx (181)
3B, (0,1) H~
and
/ x|1y|||x||g_QdSo%_1:2[ T, ) ))E 7 . (182)
aB.(0,1) H”

If for every even 2n-multi-index y and every o < Q the relation

_ 21Uy o
/ (1, o x ly'dx=‘y2—‘y—|/ T, ()Y R ) |x )1 dx
H» T| Y. JH"

(183)

holds, then the thesis follows recalling (181) and (182). In order to show (183), we
recall a consequence of Proposition 8.1 applied to the Euclidean space R?*. In fact,
denoting by B (0, 1) the Euclidean closed unit ball on R?"*, and the Euclidean coarea
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formula, from (179) of Proposition 8.1

1
/ f N aHE ()dr = / xlac? (x)
0 JoBEg(O, Be (0,1
£Q0.r) £QO,1) (184)

21yt By !

=2 Iyt / xVdL (x) = 2= 7t / / XV dHP (x)dr
vl ] vl [ E

7! Y+ JBE©,1) 7! v Jo JaBg(,r)

hold, where £ denotes the 2n-dimensional Lebesgue measure. Moreover, exploiting
the equality (184) and the homogeneity of the surface measure Hé’“l with respect to
the Euclidean isotropic dilations, we get

1 Yy ! 1
/ r|y|d,/ a1 () = Ii_‘ﬂ/ r|y|d,/ A (x).
0 9B (0,1) 7! Y- Jo 9B (0,1)

As a consequence, we have that

Zp!

[yl 2n—1 _ 2 Ve y 21
/813 © 1))61 dHE  (x) = ) 51 /BJB o 1)x dHE ™ (x). (185)
EX 7 £(0,

Hence, by Fubini’s theorem we can rewrite the left-hand side of (183) as

/Hx‘ly‘h(l,x)||x||;“"y'dx

o0
:/ </ AR, ) x24T dy ...dxgn) dXomy1. (186)
—0 H;

Performing a change of variables on H; =~ R2" the same introduced in [2, Section 4],

Qo 1 (0, 00) x [0, )22 x [0,27) — H;

(0,01, ..., 00m—1) = Qu(p,01,...,0n-1),
with
p cos 0y, T
p sin By cos 03,
Qn(p. 01 Oon_ 1) = p sin 01 sin 6, cos 03,
n 5 9 e ey n— - N
psinfysinf; ...sinby, 2 cosbry,_1,
0 sinfy sin 6, . .. sin B, o sin By, 1
where the Jacobian of 2, is
TQ0u(p. 01, ... Oan—1) = p™*(sin01)*" 2 (sin 62)*" 7 ... (sin 2, 2).
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from (186) it follows that

o0
/ (/ A, o lxl T dx dx2n> dxont1
—00 H,

o) 00 T T 2
=/ / /// (p cos@ ) (L, (Qan(p. 0). x2ns1))
—00 J0 0 0 0

(20 (0. 6), x2041)[12 7 o~ (sin 67)>" 2 (187)
(sin62)¥ 73 .. (sin6on_2)d0) . .. dOr—1d pdxans i

o) 00 T T 2
=/ / p'V‘“"”/ f f (cos@) ' h(1, (22,(p, ), x2041))
—00 J0 0 0 0

Q24 (0 0), x20+ D12 (510 61)2 2 (sin 62)%" 3 .. (5in 62, _2)d6) . .. A2y 1d pdxrn 1.

We remark now that for every fixed x2,+1 € R and p € (0, 0o) the function

[0, )72 % [0,27) 3 6 — h(L, (Q(0. 8), X204 ) [(Q2 (P, 0), 22041 1“7

is constant. This is a consequence of the horizontal rotations invariance of the norm
Il - lo and of the heat kernel A (1, -), since for every fixed x2,+1 € R and p € (0, 0o)
the map

[0, 7)) x [0,27) 3 6 — (R0, 6), X2041)

is a horizontal rotation. As a consequence, we obtain
R 2n—1 —a—|y|
/ /0 P20 (0, 0), 2 12T IR(L, (@2 (0, 0), X204 1)) 241+
—00

b4 T 2
/ ... / / (cos(@))" I (sin0)2" 2 (sin 6,)2" 73 .. . (sin B2, _2)d0; . .. dOry—1
0 0 0

o0 o0
=/ /0 P22, (0, 0), 32 DIV (L, (20 (0, 0), X204 1)) pd X211
—00
14 2n—1
x"'dH (x).
fam%g(o,l) ! E

Repeating the same steps on the right-hand side an ()Y h(1, x)||x ||C_a_‘y‘dx of
(183) and exploiting (185), we conclude the proof. O

Now, we wish to exploit Proposition 8.2 in order to deduce a simplified represen-
tation of the map ¥ (x, ) in (133). We recall the analytic continuation of ¥ (x, ) on
the strip —8 < o < Q given in (133) and introduce the some notation. For every
i,je({l,...,2n}, i # j, wedenote by P; ; the family of permutations with repeti-
tions of the setof elements {i, i, i, i, j, j}. Moreover, foreveryo = (iy, ..., ig) € P;
weset Zy = Zi ... Zig.

From (171), the explicit expression of Z-Taylor polynomials in Theorem 2.10, the
relations characterizing the Lie algebra of H" and the result of Proposition 8.2, we
can write ¥ (x, ) in the following form for every —8 < o < Q
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Vo) = / $ () Pu(y)dy + f (900) =T 00) Pur)dy
H"\B, (0 1) ]E%L-(O,

1 1
+ o) =75y (%)a o) —5- PRSI )£¢(X)d(a)

a—0 3c0-1
+a+4[‘ ‘; (b( )/ yl ”y”a dSoo y)

1 1 2 5 B
+— T ¢>(X)<f/ Vi Iyl 2dy
a+4 F(%) 2 9B (0.1) 2n+1 o

yi‘||y||z*Qd80%*‘<y))

n
4! JoB.0,1)

1 4 2
127
4 o+ 6212 4 Z ¢(x)

2n

Z Zi(x) / i {Py(»dSL ()

yl‘2y22n+l Pa(Y)dSO%_l(Y)
aB.(0,1)

11 6 1 %
6! o + 6 212121 31
i,j.k=1,

iEjERFEL
[Zi,Zk]=1Zi, Zk 1= [Z ,Zk1=0
(Z 2320 (x) + 2P 2R 259 (x) + 25 2] 23§ (x)

2.2.2

+ZZR 2} () + ZEZT 2} (x) + ZRZT 25 () / ViR MdSL ()

(Y,

1 1 6! 2n 2n
: 272 L 77 7T T 7
taTeam > kz (ZPZ3 4+ 2i2;2:2; + Z: 2, Z;Z
j] =1

L7k,
[Z; Z] T [Zi, ZkJ lZ ,Zk1=0

Y ZjZi2iZj+ 222 Zi + Z?Z?)Zfd)(X)/ y,zyfny (»MdSL™ )

6'a+6 Z Z Zn¢(x)¢(x)/

y;‘yﬁ Py(»dSE' ()
i,j=Li#joeP;;

=/ ¢(xy)Pa(y)dy +/
H"\B, (0,1

e

(#09) = Tr(@, ) (e) ) Pu)dly
0,1)

1 1
+d(X) =5+ 0( )— =
(%) 2a+2T(%)
a—stQ—l
a+4r % L2¢(x )/ y] Iylly o ()
1
+ T (x )( / Vo Iy & Cdy
a+4 F(j) 3B.(0.1) 2n+1 o
n _ _
- = iyl 2dsg '(y)>
4! Jom.0,1)
11
-~ ——T*L¢(x) Y301 PaASE ()
4da+6 3B.(0,1)
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6 0-1
¥ Py (y)dS2
+6,a+6 20 (x )/ a () )
1 1 6 1
1 olat 6220130 ,,;1

i#]#
121, 2k1=12;. 23] =12}, Zx1=0

(3230 () + 2P 2} 256 (x) + 27 2] 23 (x)

212121 3!

25252 25252 25252
+ Z5ZEZiEO(0) + ZEZTZi (%) + ZiZE Zi¢ (%)) SRR

f Y Pu(1)dSZ (y)

9B, (0,1)

1 1 6! 2n 2n

: 22 252 2\ 2

+aa+6412' Z Z (327725 +32;2; —3T%) Zd (x)

’ ’ ] 1, k:l

ik,
[Zi, Z] T 1Zi, Zk] [Z ,Zr1=0

212121 3 . o
6l 1'1'1'/3153 o1 I Pa(0ASS (v)

6,O,+6 Z > Z¢<x>/ DTP0aSET )

i,j=li#joeP;

=/ ¢(Xy)Pa(y)dy +/ (d>(xy) - Tv(¢,x)(xy)) Py (y)dy
H"\B. (0,1 B.(0,1)

1
TR (%) 2Ty
L L1l 41 19-0g 50—
AT GO [ livliease o
1 ) o
d
AT 005 [0y o

n — _
- WllylIg=2dSe ‘(y))
+ JOB:(0,1)

1 1
_ ,7'['2 2.2 P dSQ_l
1046 L (x) dBC(O.I)ylyz,,H e (NAdS ()
2n
L 62 5.(x) f VWP, (1dS2 ()
1 1
+ aa+6 . Z
i,j,k=1,

i kA,
(Zi. Z)=1Z;, Zi) =12 Z41=0

(222239 () + Z2 LR 229 () + 2322 23 (x)

+ LI + ZR 2527 () + ZEZT 2T (x)) /BB o ¥ P, (1)dSL ()
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1 1 2n 2n
22 2,2 2\ 2
t T e > > (2723 + Z32; - T Z}p (x)
’ ij=1, k=1

i<j, S j#k,
[Zi,Z;1=T |Zi, Zk1=1Z2, Zx]=0

/ ¥ Py (1)dSL7 ()
aB.(0,1)

2n
1 1 _
tarre X X Zeow [ yhir0dseo)
o i,j=lLi#joeP; 3B:(0.1)

- penpuay+ [ (66) = T 00 Py
H"\B,(0,1) B.(0,1)

+¢()11() - 1E(b()d()
X)———0o0) — —— X o
r($)« 2a+2T(%)
1 1 1
7‘62 / 4 othdsQfl
a+AT(E) 4 ¢ (x) aBt.(O,l)yl Iyllg - ()
SR N 1 , _
T W)(,/ Vot Iy1&Cdy
+4F(%) 2 3B (0.1) 2n+1 o
n _ _
- ¥yl 2as ‘(y>)
4! Jam.0.1)
1 1
- ———TL 23041 P (dSL!
Ja+6 ¢ (x) BBC(O,])M)’an o« (NdS ()

2n
1 1 6 / 6 —1
+— Z! P, ds2
6!a+6i§=1 P9 (x) B]B%((O,l)yl o« (NASS ()

2n

1 1 27272 27272 27272
+5aTs > (Z2Z3Z3¢(x0) + Z2Z 22 (x) + 2323 2} (x)
ij.k=1,
i AhAL

[Zi, Zi1=12i, Zk=1Z , Zk 1=0

+ LR + ZRZT 20 (x) + ZEZ] 25 (x)) /

B (0,

) Y Py (»dSL™ (v)

2n 2n
L1 252 252\ 2
Taare| X Y (BZ+BZ)Zw
’ i j=1, k=1
li]<j, L j#k,
[Zi,Zj1=T [Zi.Zk1=1Z;.Z;]1=0
2n 2n
- Z Z T*Zi$(x) / WP, (»)dSL (y)
ij=1, k=1 IBe(0,1

i<j, AL #k,
2, Z;1=T |Zi. Zk =2, Z;1=0

2n
1 1 B
taaTe X X Zv¢(x>/ VP (1)dSLT ().
tet 6, Sisjoem, 9B 0.1)
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Hence, we have obtained the representation

v = | NPy + [ (800 = i@ 00 Pty
H"\B.(0,1) Bc(0,1)

+¢’(x)71 la(oz) L #,cqs(x)d(a)
%)« 2a+2T(%)
111
+ 7[:2 4 a—QdSO%—l
a+4r(2)4 ox) o Iyl )

+ ;;Tzd)(x)(l/
a+4T1(%) 2 JoB.0

(U,

) yillyle—9asg! <y>)

§ V3 llyI&=9dy

a Z’ 9B, (0,1
1 1

- ————T?L(x) YE¥3,11 Pa(0dSL7 ()
1a+6 oB,0.1) 1Y2n+11a o0

2n
1 1
bz [ R;ase)
6‘O{+6§ ! B (0,1) 1o o0
2n

11
t a6 > (27232} (x) + 2P ZR 23 (x) + Z3 2} 230 (x)
: ij.k=1,
i) kA

[Zi. Zi1=1Zi, Zk)=1Z . Z; =0

VLR + L2200 (x) + L2 25 (x)) /a . P, (v)dSZ 7 (y)

(0,1

2n 2n

11 |3 5 9n
toars|s 2 X (#ZZew
i,j=1, k=1
Ty g2k,
(.2 1=T |2 Z{1=1Z;. 241=0
+ ZPZRZ3(x) + 2327 23 (x)
+ZRRZi () + L2 2] (x) + Z,%Z,-ZZ_%qb(x))

+3(n — DT?Lp(x)) ¥ P (0)dSL" ()
0B, (0,1)

2n
11 ., -
S Z, 4\2p, . 1
+ 6la+6 Z Z ¢ (x) /B]BC(O,I) Yi'¥j MASE () (188)

i,j=lLi#joeP;;

Foreveryi, j € {1,...,2n},i # j we have two possibilities:

(a) [Z:i, Z;] = 0 and then clearly we can organize as follows

Z Zo§(x) =52} 250 (x) + 52} 227 (x) + 523 Z} p(x).  (189)

oeP;
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(b) [Z;, Z;] # 0, then we claim that

Y Zep(x) =SZ} Z3p(x) + 527 23 Z} ¢ (x)

oeP;
+5Z3Z}p(x) — 25T Z} ¢ (x). (190)
Let us explicitly notice that
6! 21!
4121 31

If we assume that (190) is true, then by Proposition 8.2 we have the equality

6'a+ Z Z Zs ¢(X)/ y, Vi Pa(1)dSET (y)

i,j=1i#joeP;
11
= Z(z“z%z)(x)
t#/

+ 22737 (x) + 23 Z} o (x ))5ﬂi 5P, (»)dS2 1 (y)
i“jLi j 6! 2111 Ol))’i alY)dog Y
s 5 4121 3! 6 .

— T2Z; 5— 5P, (y)dS2 ,

Z P53 g oy 2 P OMSZTD)

hence we can state that

2 —1
—1 +6 2L ( )f y1y2n+1Pa(y)dSo% o

1 256 (x) f V0 Pu(1)dSL ()
6!0{—!—6; ! B -

11 2,2 2,22 2,2
+5a+6 | ijl (Z7 25 Zk¢(x)—|—Z zkz P () +Z5Z; Z2p(x)
1, ],k=1,
i#jFkFL
[Zi,Zk1=1Z;i, Zk1=1Z j, Zk]=0

-1
+Z3ZRTi0 () + L2270 () + LR 2T 250 (x) /o - WP (dSET ()
1 1 2n 2n
taare > > (22223000 + 2223239 () + 232} 22 (x)
’ ij=l, k=1
i<j, 4L j#k,
[2;,Z;1=T |Zi, Zk]=12}, Zi]=0

+ 22} 220 (x) + 3229 (0) + ZR2E 229 (0)) /8 o PSS )
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3 e (1= DT L) / P MasE )

1 1 5 0-1
tSaTs Z > Z<7¢(x)/ ylyjPamdSoo )
i,j=Lli#joeP;;

_ 1 EE
T Tate £¢(x)<4/zam,(o,l)ylyz”“Pa(y)dS o - ( to® D)

/ YO Py(1)dSL™! (y))
3B, (0,1)

-—°L — Py (y)dS, .
a+6 @ (x) 6! 9B (0.1) V1 e (NdSs (y)
Therefore, for @ € (—8, Q) we can rewrite (188) as

Vo= | & (ey) Po(1)dy + / (pe) = T ) Py
H"\B (0, 1) L(O,

1 1
+¢(X) (%)a o(a) — o +21_( )£¢(x)d(a)
1 a—Q jc0-1
_|_41'* %l ¢( )/ yl ”)’Ha dSoo (y)

1 1
+— T2¢(x )( / V3t IvlIE~Cdy
oa+4 F(%) 3B.(0,1) 2n+1 o

yivIg2dsg! (y))

4 3B, (0,1)
_ 1
oa+6 F(%)

5 3
I “(n—=1 6 a—QdSQ—l
(Z+50-1) /aBC@,l)yl”y”a 270

1 1 1
S Ty / Oly1e2ds2 (7). (191)
a+6F(%) ¢ 6! 3]5;0(()’1)))1 Y o Y

1 _ _
Tchs(x)(Z / V3 Iy 2ds e ()
0B, (0,1)

Finally, in order to establish the representation in (191), we are left to prove (190).
Let us consider then i, j € {1,...,2n},i # j, with [Z;, Z;] # 0. Hence [Z;, Z;] =
T or[Z;, Zj] = —T. We assume that [Z;, Z;] = T and we denote by X = Z; and
Y = Z;. The sum on the left-hand side of (190) involves the following terms

XXXXYYP(x) YXXXXY(x) YXXXYXb(x)
XXXYXYo(x) XXYXYXp(x) YXXYXX(x)
XXYXXYo(x) XYXXYXp(x) XYYXXX¢(x). (192)
XYXXXYp(x) XYXY XX (x) YXY XXX (x)
XXXYYXp(x) XXYYXX(x) YYXXXXb(x)
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By exploiting the relations among the vector fields X, Y and 7', it can be verified that
the sum of the terms of the first column of (192) gives

5X4Y2¢(x) — 8X°YT ¢ (x), (193)
the sum of the terms of the third column of (192) is

572X (x) + 8Y X3 T (x), (194)
and the sum of the terms of the second column of (192) equals

5X2Y2X%p(x) — X3YTPp(x) + X2 Y XTp(x)
=5X°Y2X%p(x) — X*>T?p(x). (195)

We observe also that the following equalities hold

X?’T? = XTXT = X(XY —YX)XT = X*’YXT — XYX°T
X’T? = X>(XY —YX)T = X°YT — X’YXT
X2T? = (XY —YX)X’T = XYX*T —YX°T, (196)

hence
3X2T? = X3YT - YX°T.

If we sum up the fifteen terms of (192) and we exploit the established relations
(193), (194), (195) and (196) we get the following result

5(X*Y20(x) + X2Y2X2(x) + Y2X*p(x) — 8X3YTh(x) + 8Y X T (x) — X2T2¢(x)
5(X*Y2p(x) + X2Y2X2p (x) + Y2 X4 (x)) — 8(X3YT — YX3T)p(x) — X2T2p(x)
= 5(X*YV2p(x) + X2Y2X%p(x) + Y2 X4 (x) — 8BX2TH)p(x) — X>T2¢(x)
5(X*Y20(x) + X2V2 X2 (x) + Y2X*p(x)) — 24X2T2p(x) — X°T2 ¢ (x)

= 5(X*Y2¢(x) + X2Y2X2p(x) + Y2 X4 P (x)) — 25X2 T2 (x).

One can verify that analogous passages can be carried out if [Z;, Z;] = —T. Thus,
(190) is proved.

8.1 A Geometric Application, llI

Here, we apply the representation obtained in (191) in order to prove the following
proposition.
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Proposition 8.3 Let n € N and let h be the heat kernel associated with L on H", then
foreveryi € {1, ...,2n} the following equalities hold

2
/nxiéh(l,x)dx =5! and /H X253, h(1, x)dx = 5(5 +3(n—1)). (197)

Proof As a consequence of the representation of ¥ (x, «) in (191) valid for o €
(-8, Q), exploiting Lemma 4.1 and taking into account the definition (142), we know
that

L) = lim ¥(x,a)

1 1 1
= lim (- —— T’L —/ 3 a0qs2!
Ol—l)n—lf)( Ol+6r(%) ¢(X)<4 aBL.(O’l)ylyZn-ﬁ—l”y”a 00 (y)

5 3
—_ (= “m=1 6 a—QdSQ—l
(5+50-D) /mm,l)yl”y”“ 270

1 1 1
L%(x)a f y?nyandSo%‘(y))
* JaB.(0,1)

w46 r'(%)
1 5 3
= 677Lo(x) (Z /H ah(Ly)dy = (S 4 0= 1) /H ybha, y)dy)
1
+oCwrg [yt vdy. (198)
6! Jyn

If we show that there is not any constant ¢ € R such that the equality
L3¢(x) = cT*Lp(x) (199)

holds for every ¢ € S(H") and x € H", then the proof follows from (198). Let us
assume by contradiction that (199) is true, then the following equality holds

L2(L)(x) = cT* L (x), (200)

forevery ¢ € S(H") and x € H". According to our reasoning, it would exist a constant
¢ € R such that

L2 (x) = cT?¢ (x), (201)
forevery ¢ = L() forsome v € S(H") and forevery x € H". Then, by following the
same reasoning adopted in the proof of Proposition 7.3, in order to show a contradiction
with (201) it is sufficient to individuate a function v € S(H") such that

AX(LY)(0) # 0. (202)

For example ¥ (x) = x?e‘”x”% satisfies (202). Thus, (201) is not true, hence we
reach a contradiction with (199) and the thesis follows. O
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