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Abstract
In this paper we construct the fractional powers of the sub-Laplacian in Carnot groups
through an analytic continuation approach. In addition, we characterize the powers of
the fractional sub-Laplacian in the Heisenberg group, and as a byproduct we compute
the k-th order momenta with respect to the heat kernel.
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1 Introduction

The fractional Laplacian may be considered as the simplest example of a non-local
fractional integral operator. A great interest about this object arises, since it allows to
model various phenomena related to different fields. It is well known that fractional
operators are connected to potential theory, probability, harmonic and fractional anal-
ysis, pseudo-differential operators and partial differential equations, see for instance
[10, 13, 19, 35].

On the other side, the setting of stratified groups represents a generalization of the
Euclidean one, endowed with a rich structure, both from the algebraic and geometrical
point of view.
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Actually, the goal of generalizing fractional operators to stratified groups gives rise
to appealing questions and open problems. The aim of this paper is to investigate
the connection between the fractional sub-Laplacian and suitable generalized Riesz
potentials in the context of Carnot groups.

In particular, following an idea recalled in the book by Landkof [27], based on the
work of Marcel Riesz [33, 34], we propose a natural extension of the definition of
the real powers of the sub-Laplacian on a stratified group based on a suitable analytic
continuation approach. We would like to represent an alternative face to the problem
already dealt with by Folland [14].

Indeed, we think that this approach is very interesting for its simplicity and it is
worth to be focused.

We start by considering a stratified group G, i.e. a nilpotent simply connected Lie
group whose Lie algebra admits a stratification. It is a standard fact that G can be
represented as a vector space endowed with both a structure of stratified Lie algebra,
with grading

G = V1 ⊕ . . . Vι, (1)

and Lie group.
We denote by q and Q = ∑ι

i=1 i dim(Vi ) the topological and the homogeneous
dimension ofG, respectively, and, following [14], we suppose that Q ≥ 3.We assume
that a homogeneous distance d on G is fixed, i.e. a distance d such that d(zx, zy) =
d(x, y) and d(δt (x), δt (y)) = td(x, y) for every x, y, z ∈ G and t > 0, where δt is a
semigroup anisotropic dilation associated with the grading (1) of G.

We denote by m1 the dimension of the first layer V1 of the grading. Moreover,
we assume that a scalar product on G is fixed and we consider an orthonormal basis
(e1, . . . , em1) of V1. We set for every i = 1, . . . ,m1 the vector field Xi ∈ Lie(G) such
that Xi (0) = ei . The sub-Laplacian associated with (e1, . . . , em1) is the operator

L = −
m1∑

i=1

X2
i .

It is known that L is hypoelliptic [25], left-invariant and 2-homogeneous with respect
to the anisotropic dilations {δt }t>0.

Fractional powers L− α
2 of L, for α ∈ (−2, 0), have been introduced through the

theory of semigroups, involving the fundamental solution h of the heat operatorH =
∂t + L, that is the heat kernel on G of H (see Sect. 2.3 for definitions).

The operator L− α
2 , α ∈ (−2, 0) takes the name of fractional sub-Laplacian and it

has been studied by many authors.
In [11] the authors established a pointwise integral representation of L− α

2 φ(x)
through a family of suitable generalized Riesz (α − Q)-homogeneous kernels Pα ∈
C∞(G \ {0}). They showed that for every α ∈ (−2, 0) if u ∈ S(G), then L− α

2 u ∈
L2(G) and

L− α
2 u(x) = P.V .

∫

G

(u(y) − u(x))Pα(x−1y)dy. (2)
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We start by considering the operator

φ�Pα(x) =
∫

G

φ(xy)Pα(y)dy, (3)

for φ ∈ S(G) and x ∈ G, where the symbol � in (4) denotes the convolution in the
group, and we notice that it is well defined for every α ∈ (0, Q).

The main result of our paper relies in the construction of an analytic continuation
of the map

(0, Q) � α → φ�Pα(x) =
∫

G

φ(xy)Pα(y)dy, (4)

to the interval (−2, Q) for any fixed x ∈ G and φ ∈ S(G). This allows to extend in a
naturalway the definition of the powerL− α

2 on theSchwartz classS(G), [Theorem3.8]
for α ∈ (−2, Q).

In our setting, we need to rely on various tools of geometric measure theory. Among
these, in particular, we exploit the coarea formula proved in [29, 30] and the Eikonal
equation for the Carnot-Carathéodory distance proved in [31].

On the other hand, we take into account various properties of the heat kernel h asso-
ciated withH, developed in [12] and [14]. Actually, the main step in our construction
is the estimate [3, Theorem 20.3.3], involving homogeneous Taylor polynomials on a
stratified group. In fact, while in the Euclidean setting the main point of the continua-
tion is the Pizzetti formula, in an arbitrary stratified group the Pizzetti formula is not
available yet. More precisely, even if some results are available in the literature [2, 4],
they don’t seem directly exploitable in our approach.

In the second part of the paper, we restrict ourselves to the simplest non-trivial
case, given by the Heisenberg group H

n . We show by induction the construction of
the analytic continuation of the map in (4) up to

(−∞, Q) � α → φ�Pα(x),

for any fixed x ∈ G and φ ∈ S(G). In a natural way, this leads to an extension of the
definition of L− α

2 on the Schwartz class S(Hn), for α ∈ (−∞, Q).
Fromour point of view, theHeisenberg group represents a privileged setting. In fact,

inH
n , both the heat kernel h, the kernels Pα and the profile of the Carnot-Carathéodory

ball ∂Bc(0, 1) preserve various symmetries related to the structure of the group. In an
arbitrary stratified group it is not clear how to proceed.

These invariances allow to rely on the use of Taylor polynomials to extend the
continuation of the map in (4) to every strip (−2m − 2,−2m], with m ∈ N, through
an inductive procedure.

Eventually, we provide simplified representations of the extended map α →
ψ(x, α) on the intervals (−4, Q), (−6, Q) and (−8, Q). By combining these rep-
resentations with [12, Proposition 1.5], we obtain several geometric consequences. In
particular, we compute the value of the integrals
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∫

Hn
x2i h(1, x)dx

∫

Hn
x4i h(1, x)dx

∫

Hn
x22n+1h(1, x)dx

∫

Hn
x6i h(1, x)dx

∫

Hn
x2i x

2
2n+1h(1, x)dx,

(5)

for i ∈ {1, . . . , 2n}, that of course have an important probabilistic meaning.
Now, we briefly describe the content of the various sections. In Sect. 2 we intro-

duce stratified groups and we collect many related definitions and results available in
literature. Moreover, we deal with the sub-Laplacian L and fractional sub-Laplacian
Ls , with s ∈ (0, 1) and we introduce the family of the generalized Riesz potentials
Pα .

In Sect. 3 we study the map

(0, Q) � α → ψ(x, α) = φ�Pα(x),

and we build up its analytic continuation to the strip (−2, 0]. Hence, we are in position
to extend the definition of the fractional sub-Laplacian Ls to s ∈ (− Q

2 , 1).
In Sect. 4 we sketch the setting of the Heisenberg group H

n for fixing notation and
we show some technical auxiliary results.

In Sect. 5 we build up the analytic continuation of the function α → ψ(x, α) on
the interval (−∞, Q) in the Heisenberg group. Then, we exploit the uniqueness of
the analytic continuation to extend the notion of fractional sub-Laplacian Ls to every
s ∈ (− Q

2 ,∞).
Finally, in Sects. 6, 7 and 8 we obtain simplified representations of α → ψ(x, α)

on the intervals (−4, Q), (−6, Q) and (−8, Q), respectively in the Heisenberg group.
We apply these representations to establish the value of the integrals in (5).

2 Preliminaries

2.1 Stratified Groups, Pansu Differentiability, Coarea Formula

In this section we collect some definitions and more or less known results about
stratified groups, that we state for fixing the notation.

Definition 2.1 A stratified group or Carnot group G of step ι is a connected, simply
connected and nilpotent Lie group whose Lie algebra is stratified of step ι, i.e. there
exists a sequence of subspaces V j with j ∈ N, such that V j = {0} if j > ι, [V1,Vi ] =
Vi+1 for every i, j ≥ 1, Vι �= {0} and Lie(G) = V1 ⊕ · · · ⊕Vι, where for i, j ≥ 1 we
have set

[Vi ,V j ] = span{[X ,Y ] : X ∈ Vi , Y ∈ V j }.

The exponential map exp : Lie(G) → G is a global diffeomorphism which allows
to identify in a standard way G with Lie(G) (see for instance [3, Section 2.2]). As a
consequence, we can model a stratified group as a vector space G endowed with both
a Lie bracket [·, ·] with respect to which G is a stratified Lie algebra
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G = V1 ⊕ V2 . . . ⊕ Vι, (6)

and a Lie group structure, whose product is given by the Baker-Campbell-Hausdorff
operation associated with [·, ·] (see [3, Theorems 2.2.1, 2.2.13, 2.2.24, Corollary
2.2.15]).

For every x ∈ G we denote the corresponding left translation by

lx : G → G, lx (y) = xy,

for every y ∈ G. We denote by HG the distribution generated by V1, it is called
the horizontal distribution. A basis (e1, . . . , eq) of G is called graded if the ordered
family (ehi−1+1, . . . , ehi ) is a basis of Vi for every i = 1, . . . , ι. We call (Z1, · · · Zq)

a Jacobian basis of Lie(G) if (Z1(0), . . . Zq(0)) is a graded basis of G. A family of
dilations is associated with the stratification of G in a natural way: for every t > 0 we
set

δt

(
ι∑

i=1

vi

)

=
ι∑

i=1

t ivi with vi ∈ Vi .

Definition 2.2 (Degree) Let v ∈ G, we call n ∈ N the degree of v, and we write
deg(v) = n, if

δt (v) = tnv,

hence if v ∈ Vn . Analogously, for a vector field X ∈ Lie(G), we say that deg(X) = n
if X ∈ Lie(Vn).

We assume that a scalar product 〈·, ·〉 is fixed on G and we denote by | · | its associated
norm. Moreover, we assume that 〈·, ·〉 makes the Vi ’s orthogonal. Taking into account
the structure of vector space ofG, wemay identify it with T0G. Thus, the scalar product
〈·, ·〉 extends through the left translations to a left invariant Riemannian metric that we
denote by g.

A distance d on G is called homogeneous if d(zx, zy) = d(x, y) and
d(δt (x), δt (y)) = td(x, y) for every x, y, z ∈ G and t > 0. Let us recall two con-
crete examples of homogeneous distances (see [3, Definition 5.2.2] and [17, Theorem
5.1]). First, we consider x, y ∈ G and we set 	x,y the set of horizontal curves, i.e.
absolutely continuous curves γ : [0, T ] → G with ˙γ (t) ∈ HGγ (t) for a.e. t ∈ [0, T ]
for some T > 0, such that γ (0) = x, γ (T ) = y. The Carnot-Carathéodory distance
or CC-distance between x and y is

dc(x, y) = inf

{∫ T

0

√
g(γ (t))(γ̇ (t), γ̇ (t))dt : γ ∈ 	x,y

}

.

For every x, y ∈ G, theChow’s theoremensures that the set	x,y is non-empty hencedc
iswell defined.Wedenote by ‖x‖c = d(x, 0), for every x ∈ G, the homogeneous norm
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associated with dc. The second homogeneous distance we introduce is the distance
d∞, defined for all x, y ∈ G as

d∞(x, y) = ‖y−1x‖∞,

where the homogeneous norm ‖ · ‖∞ is

‖x‖∞ := max{ε j |x j |1/ j , j = 1, . . . , κ},

for x = ∑κ
i=1 x

j ∈ G, with x j ∈ Vj , with ε1 = 1, ε j ∈ (0, 1] suitable positive
constants depending on the group structure. In this paper, we assume that a homoge-
neous distance d is fixed on G and we denote by ‖x‖ = d(x, 0), for every x ∈ G,
the corresponding homogeneous norm. Moreover, we introduce the following closed
balls

B(x, r) = {x ∈ G : ‖x‖ ≤ r},
BE (x, r) = {x ∈ G : |x | ≤ r},

for every x ∈ G and r > 0. The closed ball centered at x of radius r corresponding
to dc will be denoted as Bc(x, r). We recall that all homogeneous norms on G are
equivalent (see for instance [3, Theorem 5.1.4]), hence if d1, d2 are two homogeneous
distances on G, then there exist a positive constant C > 0 such that

1

C
d1(x, y) ≤ d2(x, y) ≤ Cd1(x, y),

for every x, y ∈ G. We denote by q the topological (or linear) dimension of G and we
call homogeneous dimension of G the integer

Q =
ι∑

i=1

i dim(Vi ),

which is also the Hausdorff dimension of G with respect to a homogeneous distance
d. We assume that Q ≥ 3. Let us recall also the notion of Hausdorff measure in this
context. Let F ⊂ P(G) be a non-empty family of closed subsets of a Carnot group
G, endowed with a homogeneous distance d. Let ζ : F → R

+ be a function such that
0 ≤ ζ(S) < ∞ for any S ∈ F . If δ > 0, and A ⊂ G, we define

φδ,ζ (A) = inf

⎧
⎨

⎩

∞∑

j=0

ζ(Bj ) A ⊂
∞⋃

j=0

Bj , diam(Bj ) ≤ δ, Bj ∈ F

⎫
⎬

⎭
. (7)

If F coincides with the family of closed balls with respect to the distance d and
ζ(B(x, r)) = rα we call

Sα(A) := sup
δ>0

φδ,ζ (A)
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the α-spherical Hausdorff measure of A. If F coincides with the family of all closed
sets, and for k ∈ {1, . . . , q} we set ck = ωk , the k-dimensional Euclidean measure of

the unitary Euclidean ball in R
k , and ζ(B) = ck

(
diam(B)

2

)k
, we call

Hk
E (A) := sup

δ>0
φδ,ζ (A)

the k-Euclidean Hausdorff measure. In particular, we stress thatHk
E is the Hausdorff

measure with respect to the distance generated by the Riemannian metric g fixed on
G. Nevertheless, if we consider G in coordinates with respect to an orthonormal basis,
thenHk

E coincides with the Euclidean Hausdorff measure and this justify our notation.
The q-dimensional Lebesguemeasure onG is theHaarmeasure ofG. It is left invariant
and Q-homogeneous. On the other hand, for every m > 0, for every measurable set
A ⊂ G and for all x ∈ G and t > 0 we have

Sm(lx (A)) = Sm(A) and Sm(δt (A)) = tmSm(A).

We refer the reader for example to [36] for more details about an introduction to
stratified groups.

2.1.1 Pansu Differentiability

A map L : G → R is a h-homomorphism if it is a group homomorphism such that
L(δt (x)) = t(L(x)), for every x ∈ G and t > 0. It is not difficult to verify that L
is linear and L|Vj ≡ 0 for every j = 2, . . . , ι. We denote by Lh(G, R) the family of
h-homomorphisms betweenG andR. Given L, T ∈ Lh(G, R), we define the distance

dLh(G,R)(L, T ) := sup
‖x‖≤1

|T (x)−1L(x)|.

This class of maps is the starting point to state a notion of differentiability fitting
the setting of stratified groups. Let � be an open set in G, let f : � → R be a
function and let x ∈ �. The map f is said Pansu differentiable at x if there exists a
h-homomorphism L : G → R that satisfies

| f (y) − f (x) − L(x−1y)| = o(‖x−1y‖) as ‖x−1y‖ → 0. (8)

When condition (8) is verified, we call L thePansu differential of f at x and we denote
it by Dh f (x). The unique vector ∇H f (x) ∈ G such that

Dh f (x)(z) = 〈∇H f (x), z〉 (9)

for every z ∈ G is called the horizontal gradient of f at x . Assuming that (v1, . . . , vq)
is a graded orthonormal basis of G and setting X j ∈ Lie(G) the left invariant vector
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field such that X j (0) = v j for every j = 1, . . . , q

∇H f (x) =
m1∑

i=1

Xi f (x)vi , (10)

where m1 = dim(V1) (see [36, Proposition 3.10] and the references therein). We say
that f : � → R is continuously Pansu differentiable on � if f is Pansu differentiable
at every point of� and the function Dh f : � → Lh(G, R) is continuous with respect
to the topology induced by dLh(G,R). We denote by C1

h(�) the family of continuously
Pansu differentiable mappings from � to R and we observe that C1(�) � C1

h(�).

2.1.2 Coarea Formula in Stratified Groups

In this subsection we recall a suitable coarea formula in Carnot groups. It is interesting
to notice that the starting point of the proof of Theorem 2.4 is a previous coarea formula
for bounded variation maps [16, 20, 31].

Definition 2.3 Let v ∈ V1 \ {0} be a vector and consider its orthogonal hyperplane
L(v) ⊂ G. We define

θ
g
Q−1(v) := max

z∈B(0,1)
Hq−1

E (L(v) ∩ B(z, 1))

the metric factor with respect to the direction v.

We explicitly remark that θ gQ−1(v) depends both on the homogeneous distance d and
on the Riemannian metric g.

The following theorem is proved in [29, Theorem 3.5] (see also [30]).

Theorem 2.4 Let A ⊂ G be a measurable set and consider a Lipschitz function u :
A → R. For any measurable function h : A → [0,∞) the equality

∫

A
h(x)|∇Hu(x)|dx =

∫

R

∫

u−1(r)∩A
h(x)θ gQ−1(∇Hu(x))dSQ−1(x)dr

holds. Notice that θ gQ−1(∇Hu(x)) and SQ−1 are both considered with respect to d.

On the other hand, by [29, Proposition 1.9] and [30, Theorem 5.2] we know that the
distance d∞ preserves enough symmetries to guarantee the constancy of the metric
factor. This is the content of the following proposition.

Proposition 2.5 If d = d∞, then there is a constant αQ−1 > 0 such that

θ
g
Q−1(v) = αQ−1, for every v ∈ V1 \ {0}.
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Thus, in the setting of Proposition 2.5, we may set

SQ−1∞ := αQ−1SQ−1

to yield a simplified coarea formula, which follows from the combination of [29,
Corollary 3.6] and Proposition 2.5.

Theorem 2.6 Let d = d∞, let A ⊂ G be a measurable set and let u : A → R be
a Lipschitz function. For any measurable function h : A → [0,∞), the following
equality holds

∫

A
h(x)|∇Hu(x)|dx =

∫

R

∫

u−1(r)∩A
h(x)dSQ−1∞ dr .

Now, in order to obtain a further simplified expression of the coarea formula, we recall
the Eikonal equation associates with the CC-distance dc, which is a consequence of
[31, Theorem 3.1].

Theorem 2.7 For a.e. x ∈ G the equality |∇Hdc(x, 0)| = 1 holds.

By combining Theorems 2.6 and 2.7, setting u(x) : G → R, u(x) = dc(x, 0) as
the Lipschitz function in Theorem 2.6, we get the following formula, which retraces
the Euclidean coarea formula.

Corollary 2.8 (Coarea formula) If d = d∞ and A ⊂ G is a measurable set, then for
any measurable function h : A → [0,∞) we have

∫

A
h(x)dx =

∫

R

∫

∂Bc(0,r)∩A
h(x)dSQ−1∞ dr .

2.2 Taylor Polynomial on Stratified Groups

In this subsection we introduce homogeneous Taylor polinomials on G. We mainly
follow [3, Chapter 20]. We choose m ∈ N and for every m-multi-index γ =
(γ1, . . . , γm) ∈ (N ∪ {0})m we set

|γ | = γ1 + γ2 + . . . γm γ ! = γ1!γ2! . . . γm ! and

xγ = xγ1
1 xγ2

2 . . . xγm
m for every x ∈ R

m .

Moreover, we introduce

(Z1, · · · , Zm)γ = Zγ1
1 · · · Zγm

m , for every Z1, . . . Zm ∈ Lie(G).

We say that an m-multi-index γ = (γ1, . . . , γm) ∈ (N ∪ {0})m is even if γ j is even (0
being even) for every j ∈ {1, . . . ,m}.
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If f ∈ C∞(G, R) and (Z1, . . . , Zq) is a Jacobian basis of Lie(G), then for every
n ∈ N ∪ {0} there exists one and only one polynomial p homogeneous of degree at
most n such that

(Z1 · · · Zq)
β(p)(0) = (Z1 · · · Zq)

β( f )(0), (11)

for every multi-index β ∈ (N ∪ {0})q such that |β| ≤ n. The unique polynomial
satisfying (11) is denoted by Tn( f , 0)(x) and it is called the Z -Mac Laurin polynomial
homogeneous of degree n related to f . Then, for every x, x0 ∈ G we introduce the
so-called Z -Taylor polynomial of G-degree n related to f centered at x0 as

Tn( f , x0)(x) := Tn( f ◦ lx0 , 0)(x−1
0 x). (12)

Let us recall an important estimate involving Z -Taylor polynomials, obtained by [3,
Theorem 20.3.3], setting d = dc (see also [15, Theorem 1.37]).

Theorem 2.9 (StratifiedTaylor formula)LetGbe a stratified group. There is a constant
b = b(G) such that for every n ∈ N ∪ {0}, there exists a constant c = c(G, n) > 0
such that

| f (xy) − Tn( f , x)(xy)| ≤ c‖y‖n+1
c sup

{‖z‖c≤bn+1‖y‖c}
sup

{|β|=n+1}
|(Z1 · · · Zm1)

β f (xz)|,

(13)

for all f ∈ Cn+1(G, R), for every x, y ∈ G. Here β is a m1-multi-index and m1 =
dim(V1).

An explicit form of the Z -Taylor polynomial homogeneous of G-degree n is known.
We refer the reader to [3, Corollary 20.3.15] [see also [5, Theorem 2] formula (43)].

Theorem 2.10 Let n ∈ N ∪ {0}, let f ∈ Cn+1(G, R) and choose x0 ∈ G. Let
(Z1, . . . , Zq) be a Jacobian basis of Lie(G), then

Tn( f , x0)(x) = f (x0) +
n∑

h=1

∑

k=1,...,n
i1,...,ik≤q,

deg(Zi1 )+...deg(Zik )=h

(x−1
0 x)i1 . . . (x−1

0 x)ik
k! Zi1 . . . Zik f (x0),

for every x ∈ G.

2.3 Fractional Sub-Laplacian on Stratified Groups

In this subsection, we introduce the sub-Laplacian on G and its powers. We choose
a graded orthonormal basis (v1, . . . , vm1) of V1 and we let Xi ∈ Lie(G) be the left
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invariant vector field such that Xi (0) = vi for every i = 1, . . . ,m1. We call sub-
Laplacian of G the second-order differential operator

L := −
m1∑

i=1

X2
i . (14)

It is a positive operator associated with the choice of the basis (v1, . . . , vm1).

Remark 2.11 Since G is a stratified group, by Hormander’s theorem the operator L is
hypoelliptic. By [14, Theorem 2.1] there exists a unique fundamental solution for L.

Let Ĝ be the homogeneous group

Ĝ = R × G,

endowed with the product

(t, x) · (t ′.y) = (t + t ′, xy)

and the following stratification

Ĝ = V1 ⊕ V̂2 ⊕ · · · ⊕ Vι, with Lie(V̂2) = span

{
∂

∂t
,Lie(V2)

}

.

The group Ĝ may be equipped with the dilations

δ̂s(t, x) = (s2t, δs(x)), (15)

for every s > 0. We consider on Ĝ the heat operator

H = L + ∂

∂t
,

where L is the sub-Laplacian in (14). The operator H is invariant with respect to the
left translations of Ĝ and homogeneous of degree 2 with respect to the dilations in
(15), i.e. H(u ◦ δ̂s) = s2Hu for s > 0. Moreover, H is hypoelliptic and it has a
unique fundamental solution h called the heat kernel onG (see [14]). We collect some
properties of h addressing the reader to [15, Proposition 1.68], [12, Theorem 1.1] and
[15, Proposition 1.74] and to the references therein.

Theorem 2.12 Let h : R × G → R be the heat kernel associated with the sub-
Laplacian L on G, then the following conditions hold

(i) h ∈ C∞(Ĝ \ {(0, 0)}).
(ii) Hh = 0 on (0,∞) × G.
(iii)

∫
G
h(t, x)dx = 1, for every t > 0; h(t, x) = h(t, x−1), h(t, x) ≥ 0, for every

x ∈ G and t ∈ R and h(t, x) = 0, when t ≤ 0.
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(iv) h(t, ·)�h(τ, ·) = h(t + τ, ·), for every t, τ > 0.
(v) h(̂δs(t, x)) = s−Qh(t, x), for every s, t > 0 and x ∈ G.
(vi) There exists a constant c > 0 such that

c−1t−Q/2exp

(

− ‖x‖2
c−1t

)

≤ h(t, x) ≤ ct−Q/2exp

(

− ‖x‖2
ct

)

,

for every x ∈ G and t > 0.
(vii) h(t, ·) ∈ S(G), for every t > 0.

Now, we introduce the heat semigroup:

e−tL f (x) := ( f �h(t, ·))(x) =
∫

G

h(t, y−1x) f (y)dy, (16)

for every f ∈ L1(G), where � denotes the group convolution. We define the fractional
sub-Laplacian Ls , 0 < s < 1 as follows (see [37]). For every map u ∈ W 2s,2(G) and
for every x ∈ G

Lsu(x) := 1

	(−s)

∫ ∞

0
t−s−1(e−tLu(x) − u(x))dt . (17)

See [12, Section 1.2] and the references therein for the definition and an introduction
to fractional Sobolev space on a stratified group. The operator Ls is non-local.
We recall the following result about the behaviour of Ls , when s is close to one, see
also [12, Proposition 1.5]. We remind the proof of the theorem to point out some
technical aspects of the result. By S(G) we denote the Schwartz class on G (see [15,
Section 1.D]).

Proposition 2.13 For every φ ∈ S(G) and for every x ∈ G

lim
s→1− Lsφ(x) = Lφ(x).

Proof Using the change of variables ξ = t1−s on (17), we get

Lsφ(x) = 1

(1 − s)	(−s)

∫ ∞

0

(

e−ξ
1

1−s L
φ(x) − φ(x)

)

ξ− 1
1−s dξ. (18)

Clearly, if 0 ≤ ξ < 1 then lims→1− ξ
1

1−s = 0. Since φ ∈ S(G), by [14, Theorem
3.1(ii)] (notice that D(G) is L∞-dense in S(G)) we have

∥
∥
∥
∥
∥

e−hLφ − φ

h
+ Lφ

∥
∥
∥
∥
∥
L∞(G)

→ 0 as h → 0. (19)
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Set c(s) = 1
(1−s)	(−s) = −s

(1−s)	(1−s) . We claim that for every x ∈ G

lim
s→1− c(s)

∫ 1

0

(

e−ξ
1

1−s L
φ(x) − φ(x)

)

ξ− 1
1−s dξ = 1

2
L(x). (20)

Indeed, denoting by fs,x (ξ) := ((e−ξ
1

1−s L
φ(x) − φ(x))ξ− 1

1−s and using (19) we get

fs,x (ξ) → −L(x) (21)

for every x ∈ G. Moreover,

| fs,x (ξ)| =
∣
∣
∣
∣

(

e−ξ
1

1−s L
φ(x) − φ(x)

)

ξ− 1
1−s

∣
∣
∣
∣ =

∣
∣
∣
∣
∣
∣

1

ξ
1

1−s

∫ ξ
1

1−s

0

d

dτ
e−τLφ(x)dτ

∣
∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣

1

ξ
1

1−s

∫ ξ
1

1−s

0
e−τLLφ(x)dτ

∣
∣
∣
∣
∣
∣
≤ ‖Lφ‖L∞(G), (22)

where in the last inequality we used that φ ∈ S(G) and the fact, proved in [6, Propo-
sition 3.2.1], that the heat semigroup preserves one-sided bounds, namely

f ≤ C a.e. in G ⇒ e−tL f ≤ C a.e. in G ∀t ≥ 0. (23)

Thus, our claim (20) follows using the definition of c(s), hence from the fact that
lims→1− c(s) = −1, and from (21) and (22). Furthermore, using (23), we obtain

c(s)
∫ ∞

1

∣
∣
∣e−ξ

1
1−s Lφ(x) − φ(x)

∣
∣
∣ξ− 1

1−s dξ ≤ 2c(s)‖φ‖L∞(G)

∫ ∞

1
ξ− 1

1−s dξ

= −2‖φ‖L∞(G)

−s

(1 − s)	(1 − s)

1 − s

−s

= −2
1

	(1 − s)
‖φ‖L∞(G) → 0

as s → 1−. Thus, letting s → 1− we get the thesis. ��

2.4 Generalized Riesz Potentials

In this section we introduce a family of generalized Riesz potentials. For every α < Q,
α �= 0,−2,−4, · · · we set Pα : G → R as

Pα(x) = 1

	
(

α
2

)

∫ ∞

0
t

α
2 −1h(t, x)dt .
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We observe that Pα coincides with the map Rα defined in [11, 12, 14] for 0 < α < Q.
We collect below some properties of the Pα (see [14, Proposition 3.17]).

(1) By Theorem 2.12(vi), for every x �= 0

h(t, x) = o
(
t N
)
as t → 0+

for every N ∈ N. For every x ∈ G,

h(t, x) ≤ ct−
Q
2

for some constant c ≥ 0 and for every t > 0.
Thus, Pα(x) converges absolutely if α < Q for every x �= 0.

(2) For every α < Q, Pα ∈ C∞(G\{0}), since h(t, x) ∈ C∞(Ĝ\{(0, 0)}).
(3) For every 0 < α < Q, Pα is non-negative. Moreover, for every α < Q it is

homogeneous of degree α − Q with respect to the intrinsic dilations δs , s > 0. Let
us show the homogeneity, for s > 0 we have

Pα(δs(x)) = 1

	
(

α
2

)

∫ ∞

0
t

α
2 −1h(t, δs(x))dt

= 1

	
(

α
2

)

∫ ∞

0
t

α
2 −1h

(
1

s2
s2t, δs(x)

)

dt

= 1

	
(

α
2

)

∫ ∞

0
t

α
2 −1s−Qh

(
1

s2
t, x

)

dt,

where we exploited Theorem 2.12(v). Let us now perform the change of variables
t = s2τ so that we get

Pα(δs(x)) = 1

	
(

α
2

)

∫ ∞

0

(
s2τ
) α
2 −1

s−Qh(τ, x)s2dτ

= sα−2−Q+2 1

	
(

α
2

)

∫ ∞

0
τ

α
2 −1h(τ, x)dτ

= sα−Q Pα(x).

We introduce for every α < Q and for every x ∈ G, x �= 0, the function

‖x‖α :=
(∫ ∞

0
t

α
2 −1h(t, x)dt

) 1
α−Q

. (24)

Notice that for every α < Q, α �= 0,−2,−4, . . . and x ∈ G, x �= 0, the equality

Pα(x) = 1

	
(

α
2

)‖x‖α−Q
α
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holds. The map ‖ · ‖α is a homogeneous norm on G smooth outside the identity
element (see [12, Section 1.1] and Item 3 in Sect. 2.4). Since on a Carnot group every
homogeneous norms are equivalent, for every α < Q there exists a constant cα > 0
such that

1

cα

‖x‖c ≤ ‖x‖α ≤ cα‖x‖c, (25)

for every x ∈ G.

Remark 2.14 Let us verify that if 0 < α < Q, then Pα ∈ L1
loc(G). In fact, by

combining the coarea formula of Corollary 2.8, the homogeneity of the measure SQ−1∞
and the homogeneity of the norm ‖ · ‖α , for every R > 0 we get

1

	
(

α
2

)

∫

Bc(0,R)

‖x‖α−Q
α dx = 1

	
(

α
2

)

∫ R

0

∫

∂Bc(0,r)
‖x‖α−Q

α dSQ−1∞ (x)dt

= 1

	
(

α
2

)

∫ R

0

∫

∂Bc(0,1)
rα−Q‖z‖α−Q

α r Q−1dSQ−1∞ (z)dt

≤ 1

	
(

α
2

)

∫ R

0
rα−1dr SQ−1∞ (∂Bc(0, 1)) max

∂Bc(0,1)
‖z‖α−Q

α ,

which is finite since α > 0.

Taking into account the previous Items 2, 3 and Remark 2.14, it holds that if 0 <

α < Q, then Pα is a kernel of type α, according to the definition in [14]. We list
below various results known in the literature that relate the maps Pα with L and Ls ,
for 0 < s < 1. We give the details of their own proofs only in those cases that are
useful for the sequel of the paper.

(i) The map P2 is the fundamental solution of L. Indeed for x ∈ G

LP2(x) =
∫ ∞

0
Lh(t, x)dt = −

∫ ∞

0

∂

∂t
h(t, x)dt

= − lim
t→∞ h(t, x) + h(0, x) = − lim

t→∞ h(t, x) = 0,

where we exploited Theorem 2.12(iii),(vi) and the known estimates about the
derivatives of the heat kernel (see for example the proof of [15, Proposition
1.75])

(ii) By [21, Proposition 4.1], for every s ∈ (0, 1) the kernel P2s is the fundamental
solution of Ls .

(iii) By [14, Theorem3.15(iii), Proposition 3.18] and [18, Lemma 8.5]we can deduce
that for every s ∈ (0, 1) and u ∈ C∞

0 (G) the equality

Lsu = Lu�P2−2s

holds.
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(iv) For every s ∈ (0, 1) the following relation holds outside the origin

LP2−2s = P−2s .

In fact, let x ∈ G, x �= 0

LP2−2s(x) = L
(

1

	 (1 − s)

∫ ∞

0
t
2−2s
2 −1h(t, x)dt

)

= 1

−s	(−s)

∫ ∞

0
t−sLh(t, x)dt

= −
(

1

−s	(−s)

∫ ∞

0
t−s ∂

∂t
h(t, x)dt

)

= 1

−s	(−s)

∫ ∞

0
(−s)t−s−1h(t, x)dt

= 1

	(−s)

∫ ∞

0
t−s−1h(t, x)dt = P−2s(x),

where we have considered as well the known estimates about the derivatives of
the heat kernel (see [15, Proposition 1.75]) and the integration by parts.

(v) Reading [11, Theorem3.11] in light of item (iv), for every s ∈ (0, 1) if u ∈ S(G),
then Lsu ∈ L2(G) and

Lsu(x) = P.V .

∫

G

(u(y) − u(x))P−2s
(
x−1y

)
dy. (26)

We have taken into account the equivalence proved in [18, Lemma 8.5].
(vi) For every 0 < α, β < Q such that α + β < Q and for every x ∈ G, x �= 0 the

following relation holds

Pα+β(x) = Pα�Pβ(x). (27)

Let us show (27):

Pα�Pβ(x) = 1

	
(

α
2

)
	
(β
2

)

∫

G

∫ ∞

0
t

α
2 −1h(t, y)dt

∫ ∞

0
τ

β
2 −1h

(
τ, y−1x

)
dτdy

= 1

	
(

α
2

)
	
(β
2

)

∫

G

∫

(0,∞)×(0,∞)

t
α
2 −1τ

β
2 −1h(t, y)h

(
τ, y−1x

)
dtdτdy

= 1

	
(

α
2

)
	
(β
2

)

∫

(0,∞)×(0,∞)

t
α
2 −1τ

β
2 −1

∫

G

h(t, y)h
(
τ, y−1x

)
dydtdτ

= 1

	
(

α
2

)
	
(β
2

)

∫

(0,∞)×(0,∞)

t
α
2 −1τ

β
2 −1h(t + τ, x)dtdτ,
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where we used Fubini’s theorem and Theorem 2.12(iv). Then, we consider the
change of variables

{
t = s(1 − u)

τ = us,

getting

Pα�Pβ(x) = 1

	
(

α
2

)
	
(β
2

)

∫

(0,∞)×(0,1)
(s(1 − u))

α
2 −1(us)

β
2 −1h(s, x)s dsdu

= 1

	
(

α
2

)
	
(β
2

)

∫ ∞

0
s

α
2 −1s

β
2 −1sh(s, x)ds

∫ 1

0
(1 − u)

α
2 −1u

β
2 −1du

= 1

	
(

α
2

)
	
(β
2

)

∫ ∞

0
s

α+β
2 −1h(s, x)ds B

(
α

2
,
β

2

)

,

where B(·, ·) denotes the Beta Euler function. Exploiting the relation between
the Beta and the Gamma Euler functions, we have

Pα�Pβ(x) = 1

	
(

α
2

)
	
(β
2

)

∫ ∞

0
s

α+β
2 −1h(s, x)ds

	
(

α
2

)
	
(β
2

)

	
(α+β

2

)

= 1

	
(α+β

2

)

∫ ∞

0
s

α+β
2 −1h(s, x)ds = Pα+β(x),

and (27) is proved.

2.4.1 Regularity

Here we deal with the regularity of the map α → Pα(x), for x ∈ G\{0}.

Proposition 2.15 For every x ∈ G, x �= 0, the map

(−∞, Q) � α → ‖x‖α−Q
α =

∫ ∞

0
t

α
2 −1h(t, x)dt

is analytic.

Proof We fix x ∈ G, x �= 0, t > 0 and k ∈ N and we compute the k-th derivative of
the map α → t

α
2 −1h(t, x) that is

∂k

∂αk

(
t

α
2 −1h(t, x)

)
= t

α
2 −1

(
1

2

)k

lnk(t)h(t, x).
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We notice that from the estimates in Item 1 of Sect. 2.4 we have

∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt < ∞,

for every α < Q, then we can deduce that for every α < Q we have

∂k

∂αk

∫ ∞

0
t

α
2 −1h(t, x)dt =

∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt .

Now, we claim that for every closed interval [a, b] ⊂ (−∞, Q) there are two positive
constants C and M such that

∣
∣
∣
∣

∂k

∂αk

∫ ∞

0
t

α
2 −1h(t, x)dt

∣
∣
∣
∣ ≤ CMk+1k!, (28)

for every α ∈ [a, b]. This would conclude the proof. Hence, we need to prove (28).
First, we consider

∣
∣
∣
∣

∂k

∂αk

∫ ∞

0
t

α
2 −1h(t, x)dt

∣
∣
∣
∣ ≤

∣
∣
∣
∣
∣

∫ 1

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt

∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt

∣
∣
∣
∣
∣
. (29)

By combining the homogeneity of h and Theorem 2.12(vii), which ensures that
h(1, ·) ∈ S(G), we can estimate the second term of the right-hand side of (29) getting

∣
∣
∣
∣
∣

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt

∣
∣
∣
∣
∣
=
∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt

=
∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)h
(
1, δ 1√

t
(x)
)
dt

≤ ‖h(1, ·)‖L∞(G)

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)dt .

Now, for k ∈ N we set

ak : =
∫ ∞

1
t

α−Q
2 −1

(
1

2

)k

lnk(t)dt, (30)

and we notice that

123



The Fractional Powers of the Sub-Laplacian Page 19 of 94 106

ak = lim
a→∞

[
2

α−Q
t

α−Q
2

(
1

2

)k

lnk(t)

]a

t=1

+
∫ ∞

1

2

Q−α
t

α
2 −1− Q

2

(
1

2

)k

k lnk−1(t)dt

= 1

Q − α
kak−1,

where we have exploited the integration by parts. Then, recursively we get that

ak = k
1

Q − α
ak−1 = k(k − 1)

1

(Q − α)2
ak−2

= . . . = k! 1

(Q − α)k
a0 = k! 2

(Q − α)k+1 . (31)

Let us now focus on the first contribute of the right-hand side of (29). We exploit the
fact that h(t, x) = o(t N ) as t → 0 for every x �= 0 and for every N ∈ N (hence for
every N ∈ N, there is c > 0 such that h(t, x) ≤ ct N as t < 1) and we can state that

∣
∣
∣
∣
∣

∫ 1

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dt

∣
∣
∣
∣
∣

≤ c

∣
∣
∣
∣
∣

∫ 1

0
t

α
2 −1+N

(
1

2

)k

lnk(t)dt

∣
∣
∣
∣
∣

≤ c
∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|kdt .

Let us now set for k ∈ N and N ∈ N the term

bk : =
∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|kdt . (32)

We have that

bk = lim
a→0

[

t
α
2 +N 2

α + 2N

(
1

2

)k

| lnk(t)|
]1

t=a

−
∫ 1

0

1

α + 2N
t

α
2 −1+N

(
1

2

)k−1

k| ln(t)|k−1sgn (ln(t))dt .

If N > −α
2 , we can go on getting

bk =
∫ 1

0

1

α + 2N
t

α
2 −1+N

(
1

2

)k−1

k| ln(t)|k−1dt

= 1

α + 2N
kbk−1 = 1

(α + 2N )2
k(k − 1)bk−2 = . . .

= 1

(α + 2N )k
k!b0 = 2

(α + 2N )k+1 k!.

(33)
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By combining (29), (31) and (33), we get that

∣
∣
∣
∣

∂k

∂αk

∫ ∞

0
t

α
2 −1h(t, x)dt

∣
∣
∣
∣ ≤ k!‖h(1, ·)‖L∞(G)

2

(Q − α)k+1 + 2c

(α + 2N )k+1 k!

= 2(1 + c)(1 + ‖h(1, ·)‖L∞(G))k!max

{
1

Q − α
,

1

α + 2N

}k+1

.

(34)

Since N can be chosen arbitrarily large (once fixed α), our claim (28) is proved and
this completes the proof. ��

As a consequence of Proposition 2.15, the map α → Pα(x) is analytic for α < Q, for
every x ∈ G, x �= 0, since it is a product of analytic functions.
Now we are in position to introduce the following map

(−∞, Q) � α → σ(α) :=
∫

∂Bc(0,1)
‖z‖α−Q

α dSQ−1∞ (z). (35)

2.5 Main Properties of theMap�(˛)

In this subsection we collect and prove some properties of the map σ defined in (35).

(1) The map σ(α) is well defined for every α < Q. In fact, if we exploit the estimates
in Item 1 of Sect. 2.4, we have

σ(α) =
∫

∂Bc(0,1)

∫ ∞

0
t

α
2 −1h(t, x)dtdSQ−1∞ (x)

=
∫

∂Bc(0,1)

∫ 1

0
t

α
2 −1h(t, x)dtdSQ−1∞ (x)

+
∫

∂Bc(0,1)

∫ ∞

1
t

α
2 −1h(t, x)dtdSQ−1∞ (x)

≤ c1

∫

∂Bc(0,1)

∫ 1

0
t

α
2 −1t N dSQ−1∞ (x)dt

+ c2

∫

∂Bc(0,1)

∫ ∞

1
t

α
2 −1− Q

2 dtdSQ−1∞ (x)

= SQ−1∞ (∂Bc(0, 1))

(

c1

∫ 1

0
t

α
2 −1+Ndt + c2

∫ ∞

1
t

α
2 −1− Q

2 dt

)

,

for some positive constants c1 and c2 for every arbitrarily fixed N ∈ N. Therefore,
σ(α) converges if α < Q.
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(2) We show that α → σ(α) is analytic if α < Q. For every k ∈ N we have

∣
∣
∣
∣

∂

∂αk
σ(α)

∣
∣
∣
∣ =

∣
∣
∣
∣

∂k

∂αk

∫

∂Bc(0,1)

∫ ∞

0
t

α
2 −1h(t, x)dtdSQ−1∞ (x)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

∂Bc(0,1)

∫ ∞

0

∂k

∂αk

(
t

α
2 −1h(t, x)

)
dtdSQ−1∞ (x)

∣
∣
∣
∣

=
∣
∣
∣
∣
∣

∫

∂Bc(0,1)

∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dtdSQ−1∞ (x)

∣
∣
∣
∣
∣
,

(36)

since for every α < Q and k = 0, 1, . . . we have that

∫

∂Bc(0,1)

∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, x)dtdSQ−1∞ (x)

≤ SQ−1∞ (∂Bc(0, 1))
∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, xM )dt < ∞, (37)

where xM ∈ ∂Bc(0, 1) is such that h(t, xM ) = max∂Bc(0,1)
( ∫∞

0 t
α
2 −1 ( 1

2

)k
lnk(t)

h(t, x)dt
)
. By combining (36), (37) and (34), we get that

∣
∣
∣
∣
∣

∂k

∂αk
σ(α)

∣
∣
∣
∣
∣
≤ SQ−1∞ (∂Bc(0, 1))

∣
∣
∣
∣
∣

∂k

∂αk

∫ ∞
0

t
α
2 −1h(t, xM )dt

∣
∣
∣
∣
∣

= SQ−1∞ (∂Bc(0, 1))2(1 + c)(1 + ‖h(1, ·)‖L∞(G))k!max

{
1

Q − α
,

1

α + 2N

}k+1
,

so that σ(α) is analytic with respect to α for α < Q.
(3) Let us prove that

lim
α→0

σ(α) = 2,

hence that

lim
α→0

∫

∂Bc(0,1)
‖z‖α−Q

α dSQ−1∞ (z) = 2.

Let us start by considering Theorem 2.12(iii). By exploiting the coarea formula
and the homogeneity of SQ−1∞ , for every t > 0 we get

1 =
∫

G

h(t, x)dx =
∫ ∞

0

∫

∂Bc(0,r)
h(t, x)dSQ−1∞ (x)dt

=
∫ ∞

0
r Q−1

∫

∂Bc(0,1)
h(t, δr (z))dSQ−1∞ (z)dr .

(38)
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Now, let us consider

σ(α) =
∫

∂Bc(0,1)
‖z‖α−Q

α dSQ−1∞ (z)

=
∫

∂Bc(0,1)

∫ ∞

0
t

α
2 −1h(t, z)dtdSQ−1∞ (z)

=
∫ ∞

0
t

α
2 −1

∫

∂Bc(0,1)
h(t, z)dSQ−1∞ (z)dt

=
∫ ∞

0
t

α
2 −1

∫

∂Bc(0,1)

(√
t
)−Q

h
(
1, δ 1√

t
(z)
)
dSQ−1∞ (z)dt

=
∫ ∞

0
t

α
2 −1− Q

2

∫

∂Bc(0,1)
h
(
1, δ 1√

t
(z)
)
dSQ−1∞ (z)dt,

where we used the homogeneity of h. Let us change variable setting r = 1√
t
, hence

t = r−2 (dt = −2r−3) and we get

σ(α) = −2
∫ 0

∞
r−α+2+Q

∫

∂Bc(0,1)
h(1, δr (z))dSQ−1∞ (z)r−3dr

= 2
∫ ∞

0
r−α−1+Q

∫

∂Bc(0,1)
h(1, δr (z))dSQ−1∞ (z)dr ,

which converges to

2
∫ ∞

0
r Q−1

∫

∂Bc(0,1)
h(1, δr (z))dSQ−1∞ (z)dr ,

as α → 0. Hence the proof of Item 3 is now complete taking into account (38).

3 Analytic Continuation in G

Let φ ∈ S(G) and x ∈ G. For every r > 0 and 0 < α < Q we denote the closed ball

Bα(x, r) := {
y ∈ G : ∥∥x−1y

∥
∥

α
≤ r

}
.

For every α > 0 we introduce the map

ψ(x, α) =
∫

G

φ(xy)Pα(y)dy = 1

	
(

α
2

)

∫

G

φ(xy)‖y‖α−Q
α dy. (39)

Proposition 3.1 For every x ∈ G the map (0, Q) � α → ψ(x, α) is well defined.
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Proof By exploiting the estimate in (25), the fact that φ is in the Schwartz class S(G)

on G and the coarea formula of Corollary 2.8, we have

∫

G

φ(xy)Pα(y)dy ≤
∫

G

|φ(xy)||Pα(y)|dy = 1

	
(

α
2

)

∫

G

|φ(z)|∥∥x−1z
∥
∥α−Q

α
dz

= 1

	
(

α
2

)

∫

Bα(x,1)
|φ(z)|∥∥x−1z

∥
∥α−Q

α
dz

+ 1

	
(

α
2

)

∫

G\Bα(x,1)
|φ(z)|∥∥x−1z

∥
∥α−Q

α
dz

≤ 1

	
(

α
2

)‖φ‖L∞(G)

∫

Bc(x,cα)

∥
∥x−1z

∥
∥α−Q

α
dz

+ 1

	
(

α
2

)

∫

G\Bα(x,1)
|φ(z)| (1 + ‖z‖kc)

(1 + ‖z‖kc)
dz,

(40)

thus, taking into account the homogeneity of the norm ‖·‖α and of the measure SQ−1∞ ,
and the definition of σ(α) we can continue from (40) getting

∫

G

φ(xy)Pα(y)dy ≤ 1

	
(
α
2

)σ(α)‖φ‖L∞(G)

∫ cα

0
rα−1dr + 1

	
(
α
2

)ck

∫

G

1

(1 + ‖z‖kc)
dz < ∞

≤ 1

	
(
α
2

)
cα
α

σ(α)‖φ‖L∞(G) + 1

	
(
α
2

)ck

∫

G

1

(1 + ‖z‖kc)
dz,

where, choosing k > Q, the last integral converges. ��

The map α → ψ(x, α) is well defined also if we weaken the hypothesis on φ.

Proposition 3.2 If φ ∈ C∞(G) and |φ(z)| ≤ K‖z‖−L
c as ‖z‖c ≥ S for some

L, K , S > 0 then the map

(0,min{L, Q}) � α → ψ(x, α)

is well defined.

Proof Keeping in mind that x is fixed, we consider R(x) := max{1 + ‖x‖c, S} and
we set R̃(x) > 0 such that Bc(0, R(x)) ⊂ Bc(x, R̃(x)). For α > 0, by exploiting the
hypotheses on φ and the coarea formula in Corollary 2.8, we get
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∫

G

φ(xy)Pα(y)dy ≤
∫

G

|φ(xy)Pα(y)|dy = 1

	
(

α
2

)

∫

G

|φ(z)|∥∥x−1z
∥
∥α−Q

α
dz

= 1

	
(

α
2

)

∫

Bc(0,R(x))
|φ(z)|∥∥x−1z

∥
∥α−Q

α
dz

+ 1

	
(

α
2

)

∫

G\Bc(0,R(x))
|φ(z)|∥∥x−1z

∥
∥α−Q

α
dz

≤ 1

	
(

α
2

)‖φ‖L∞(G)

∫

Bc(0,R(x))

∥
∥x−1z

∥
∥α−Q

α
dz

+ K
1

	
(

α
2

)

∫

G\Bc(0,R(x))

1

‖z‖Lc
‖x−1z‖α−Q

α dz.

(41)

Thus, taking into account the homogeneity of the norm ‖ · ‖α and of the measure
SQ−1∞ , and the definition of σ(α), we can continue from (40) getting

∫

G

φ(xy)Pα(y)dy ≤ 1

	
(

α
2

)σ(α)‖φ‖L∞(G)

∫ R̃(x)

0
rα−1dr

+ K
1

	
(

α
2

)

∫

G\Bc(0,R(x))

1

‖z‖L+Q−α
c

‖z‖Q−α
c

‖x−1z‖Q−α
α

dz

≤ 1

	
(

α
2

)σ(α)‖φ‖L∞(G)

∫ R̃(x)

0
rα−1dr

+ K
1

	
(

α
2

) (cα(‖x‖c + 1))Q−α

∫

G\Bc(0,R(x))

1

‖z‖L+Q−α
c

dz,

(42)

since for every z /∈ Bc(0, R(x)), combining the definition of R(x), the estimate (25)
and some properties of homogeneous norms we have

‖x−1z‖α

‖z‖c ≥ 1

cα

‖x−1z‖c
‖z‖c = 1

cα

∥
∥
∥δ 1

‖z‖c
(x)−1δ 1

‖z‖c
(z)
∥
∥
∥
c

≥ 1

cα

∣
∣
∣
∥
∥
∥δ 1

‖z‖c
(x)
∥
∥
∥
c
−
∥
∥
∥δ 1

‖z‖c
(z)
∥
∥
∥
c

∣
∣
∣

≥ 1

cα

(

1 − ‖x‖c
‖x‖c + 1

)

= 1

cα

1

‖x‖c + 1
. (43)

Therefore, we can continue from (42) getting

∫

G

φ(xy)Pα(y)dy ≤ 1

	
(

α
2

)σ(α)‖φ‖L∞(G)

∫ R̃(x)

0
rα−1dr

+ K
1

	
(

α
2

) (cα(‖x‖c+1))Q−αSQ−1∞ (∂Bc(0, 1))
∫ ∞

R(x)
rα−L−1dr .

123



The Fractional Powers of the Sub-Laplacian Page 25 of 94 106

The last term of previous equation converges for every α > 0 such that L+1−α > 1,
hence when α < L . This concludes the proof. ��

From now on, in the current section we show that the map α → ψ(x, α) is analytic
for 0 < α < Q and we construct an analytic continuation of α → ψ(x, α) on
−2 < α ≤ 0. This construction allows to introduce a consistent suitable definition
of negative powers of the sub-Laplacian L. We mainly follow the structure of [27,
Chapter 1], where an analogous construction is carried out in Euclidean spaces.

3.1 TheMap˛ → Ã(x, ˛) is Analytic on (0,Q)

In this subsection, we show that the map α → ψ(x, α) is analytic on (0, Q). First, we
consider the following remark.

Remark 3.3 For every x �= 0, we know that h(t, x) = o(t N ) for every N ∈ N. This
property is uniform for x ∈ G\B(0, r), for every r > 0. In fact, by Theorem 2.12(vi),
there exists a constant c > 0 such that for every x ∈ G and t > 0

c−1t−Q/2exp

(

−‖x‖2
c−1t

)

≤ h(t, x) ≤ ct−Q/2exp

(

−‖x‖2
ct

)

,

hence for every y ∈ G\Bc(0, r) and t > 0 the estimate

h(t, y) ≤ ct−Q/2e− r
ct

holds, so that for every N ∈ N

t−Nh(t, y) ≤ ct−Q/2−Ne− r
ct → 0

as t → 0 independently of y. We are ready to treat the regularity of ψ(x, α).

Proposition 3.4 For every φ ∈ S(G) and x ∈ G the function

α → ψ(x, α) =
∫

G

φ(xy)Pα(y)dy

is analytic on (0, Q).

Proof Since the map α → 1
	( α

2 )
is analytic on R and analytic functions well behave

with respect to the product, it is enough to prove that

α →
∫

G

φ(xy)‖y‖α−Q
α dy =

∫

G

φ(xy)
∫ ∞

0
t

α
2 −1h(t, y)dtdy

is analytic on (0, Q). Let us consider that for every k ∈ N for every t > 0 and x ∈ G

∂k

∂αk
t

α
2 −1h(t, x) = t

α
2 −1

(
1

2

)k

lnk(t)h(t, x).
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We obtain the needed estimate on the k-th derivative of the map ψ(x, α), showing at
the same time that it is summable on (0,∞) × G

∣
∣
∣
∣
∣

∫

G

φ(xy)
∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

∣
∣
∣
∣
∣

≤
∫

G

|φ(xy)|
∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

G\Bc(0,1)
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

+
∫

Bc(0,1)
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy. (44)

Let us split the second term of (44) as follows

∫

Bc(0,1)
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

Bc(0,1)
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

+
∫

Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy. (45)

Let us then consider the first term of the sum in (45), getting the estimate

∫

Bc(0,1)
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dy

≤ sup
Bc(0,1)

|φ(x ·)|
∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

B(0,1)
h(t, y)dydt

≤ sup
Bc(0,1)

|φ(x ·)|
∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

G

h(t, y)dydt

≤ sup
Bc(0,1)

|φ(x ·)|
∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kdt . (46)

Now, consider that
∫ 1
0 t

α
2 −1 ( 1

2

)k | ln(t)|kdt equals the bk defined in (32) for N = 0 >

−α
2 , hence we can continue (46) exploiting the estimate in (33) and we get that

∫

Bc(0,1)
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dy ≤ sup
Bc(0,1)

|φ(x ·)| 2

αk+1 k!. (47)
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Let us bound the second term of the sum in (45)

∫

Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

=
∫

Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)h
(
1, δ 1√

t
(y)
)
dtdy

≤ sup
Bc(0,1)

|φ(x ·)| sup
Bc(0,1)

h(1, ·)μ(Bc(0, 1))
∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)dt . (48)

Now, consider that
∫∞
1 t

α
2 −1− Q

2
( 1
2

)k
lnk(t)dt equals the ak introduced in (30), hence

we can continue from (48) exploiting the estimate in (31) and we get that

∫

Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

≤ sup
Bc(0,1)

|φ(x ·)| sup
Bc(0,1)

h(1, ·)μ(Bc(0, 1))
2

(Q − α)k+1 k!.
(49)

Let us split the first term of the sum in (44) as follows

∫

G\Bc(0,1)
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

G\Bc(0,1)
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

+
∫

G\Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy. (50)

Keeping in mind Remark 3.3, we can estimate the first term of the sum in (50) as
follows for N ∈ N

∫

G\Bc(0,1)
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

≤ c
∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|k
∫

G\Bc(0,1)
|φ(xy)|dydt

≤ c
∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|k
∫

G

|φ(z)| (1 + ‖z‖�
c)

(1 + ‖z‖�
c)
dzdt

≤ cc�

∫

G

1

1 + ‖z‖�
c
dz
∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|kdt

≤ c̃c�

∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|kdt, (51)
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where c, c� and c̃� are suitable positive constants and � is understood such that � > Q.
Analogously to (46), when N > −α

2 we can bound (51) as follows

∫

G\Bc(0,1)
|φ(xy)|

∫ 1

0
t

α
2 −1+N

(
1

2

)k

| ln(t)|kh(t, y)dtdy ≤ c̃�

2

(α + 2N )k+1 k!. (52)

Let us finally consider the second term of the sum in (50)

∫

G\Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

ln(t)kh(t, y)dtdy

=
∫

G\Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

ln(t)kh
(
1, δ 1√

t
(y)
)
dtdy

=
∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

ln(t)k
∫

G\Bc(0,1)
|φ(xy)|h

(
1, δ 1√

t
(y)
)
dydt

≤ ‖h(1, ·)‖L∞(G)

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)dt
∫

G

|φ(h)|dh

= ‖h(1, ·)‖L∞(G)

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)dt
∫

G

|φ(h)| (1 + ‖h‖�
c)

(1 + ‖h‖�
c)
dh

≤ c�‖h(1, ·)‖L∞(G)

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)
∫

G

1

(1 + ‖h‖�
c)
dhdt

≤ c̃�‖h(1, ·)‖L∞(G)

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)dt, (53)

where c� and c̃� are suitable positive constants depending on �, and � is understood to
be strictly larger than Q. Now, analogously to the reasoning used in (48), exploiting
the estimate in (31), we get

∫

G\Bc(0,1)
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

≤ c�‖h(1, ·)‖L∞(G)

2

(Q − α)k+1 k!. (54)

Now, by combining (44), (45), (47), (49), (50), (52) and (54), we get that for every
k ∈ N

∣
∣
∣
∣
∣

∫

G

φ(xy)
∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

∣
∣
∣
∣
∣

≤ sup
G

|φ(x ·)| 2

αk+1 k! + sup
G

|φ(x ·)| sup
Bc(0,1)

h(1, ·)μ(Bc(0, 1))
2

(Q − α)k+1 k!

+ c̃�

2

(α + 2N )k+1 k! + c̃�‖h(1, ·)‖L∞(G)

2

(Q − α)k+1 k!
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≤ C(φ, �)max

{
1

α + 2N
,

1

Q − α
,
1

α

}k+1

k!, (55)

where c(φ, �) is a suitable positive constant. Thus, ψ(x, α) is analytic on 0 < α < Q
with respect to α. ��
Remark 3.5 Following the scheme of the previous proof, exploiting the estimates in
(52) and (54), it holds that the map

α →
∫

G\Bc(0,1)
φ(xy)‖y‖α−Q

α dt

is analytic for α < Q (where it surely converges by direct computations similar to the
ones in Proposition 3.1).

3.2 Further Properties of theMap˛ → Ã(x, ˛)

Here we generalize
Proposition 3.4.We assume thatφ ∈ C∞(G) and |φ(z)| ≤ K‖z‖−L

c when‖z‖c ≥ S
for some L, S, K > 0.

Proposition 3.6 For any φ ∈ C∞(G) such that |φ(z)| ≤ K‖z‖−L
c when ‖z‖c ≥ S for

some L, S, K > 0, for every x ∈ G the map

α →
∫

G

φ(xy)Pα(y)dy

is analytic on (0,min{L, Q}).
Proof It is enough to prove that

α →
∫

G

φ(xy)‖y‖α−Q
α dy =

∫

G

φ(xy)
∫ ∞

0
t

α
2 −1h(t, y)dtdy

is analytic on (0,min{L, Q}). Let x ∈ G and set R(x) = max{1+‖x‖c, S}. For k ∈ N

we consider
∣
∣
∣
∣
∣

∫

G

φ(xy)
∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

∣
∣
∣
∣
∣

≤
∫

G

|φ(xy)|
∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

+
∫

Bc(x−1,R(x))
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy. (56)
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By computations analogous to the ones used in the previous Proposition 3.4, one
verifies that

∫

Bc(x−1,R(x))
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

Bc(x−1,R(x))
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

+
∫

Bc(x−1,R(x))
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

≤ sup
Bc(x−1,R(x))

|φ(x ·)| sup
Bc(x−1,R(x))

|h(1, ·)|2max

{
1

α
,

1

Q − α

}k+1

k!. (57)

Let us split the first term of the sum in (56)

∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ ∞

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

+
∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy. (58)

Let us consider the first term of the sum in (58) as follows

∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

=
∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ 1

0
t

α
2 −1− Q

2

(
1

2

)k

| ln(t)|kh
(
1, δ 1√

t
(y)
)
dtdy

=
∫ 1

0
t

α
2 −1− Q

2

(
1

2

)k

| ln(t)|k
∫

G\Bc(x−1,R(x))
|φ(xy)|h

(
1, δ 1√

t
(y)
)
dydt . (59)

Let us change the variables as z = δ 1√
t
(y), so that, since the Lebesgue measure on G

is Q-homogeneous, we get the estimate

∫ 1

0
t

α
2 −1− Q

2

(
1

2

)k

| ln(t)|k
∫

G\Bc(x−1,R(x))
|φ(xy)|h

(
1, δ 1√

t
(y)
)
dydt

=
∫ 1

0
t

α
2 −1− Q

2

(
1

2

)k

| ln(t)|k
∫

G\δ 1√
t
(Bc(x−1,R(x)))

∣
∣φ
(
xδ√

t (z)
)∣
∣h(1, z)dz t

Q
2 dt

=
∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

G\δ 1√
t
(Bc(x−1,R(x)))

∣
∣φ
(
xδ√

t (z)
)∣
∣h(1, z)dzdt
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≤ K
∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

G\δ 1√
t
(Bc(x−1,R(x)))

1
∥
∥
∥xδ√

t (z)
∥
∥
∥
L

c

h(1, z)
‖z‖�

c

‖z‖�
c
dzdt

≤ Kc�

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

G\δ 1√
t
(Bc(x−1,R(x)))

1
∥
∥
∥xδ√

t (z)
∥
∥
∥
L

c

1

‖z‖�
c
dzdt,

where c� is a suitable positive constant obtained exploiting the fact that the map
h(1, ·) ∈ S(G), for an arbitrary � ∈ N. Let us change again variables, setting
h = xδ√

t (z) and considering that the Lebesgue measure is left-invariant and Q-
homogeneous, so that we get the estimate

Kc�

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

G\δ 1√
t
(Bc(x−1,R(x)))

1
∥
∥
∥xδ√

t (z)
∥
∥
∥
L

c

1

‖z‖�
c
dzdt

≤ Kc�

∫ 1

0
t

α
2 −1− Q

2

(
1

2

)k

| ln(t)|k
∫

G\Bc(0,R(x))

1

‖h‖Lc
1

∥
∥
∥δ 1√

t
(x−1h)

∥
∥
∥

�

c

dhdt

≤ Kc�

∫ 1

0
t

α
2 −1− Q

2

(
1

2

)k

| ln(t)|k
∫

G\Bc(0,R(x))

1

‖h‖Lc
t

�
2

‖x−1h‖�
c
dhdt

≤ Kc�

∫ 1

0
t

α
2 −1− Q

2 + �
2

(
1

2

)k

| ln(t)|k
∫

G\Bc(0,R(x))

1

‖h‖Lc
‖h‖�

‖x−1h‖�
c

1

‖h‖�
c
dhdt

≤ Kc�

∫ 1

0
t

α
2 −1− Q

2 + �
2

(
1

2

)k

| ln(t)|k(1 + ‖x‖c)�
∫

G\Bc(0,R(x))

1

‖h‖L+�
c

dhdt .

(60)

We have used an argument analogous to the one used in (43). The integral in the last
line of (60) converges for every � > Q − L . If we choose some � > Q − L large
enough that also � − Q > −α holds, then we can choose also � > Q and we can
introduce N = [ �−Q

2 ]+ 1 and we can repeat the computations leading to (33) getting

∫

G\Bc(x−1,1)
|φ(xy)|

∫ 1

0
t

α
2 −1

(
1

2

)k

| ln(t)|kh(t, y)dtdy

≤ K c̃�

2

(α + (� − Q))k+1 k!. (61)

Let us then consider the second term of the sum in (58)

∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

=
∫

G\Bc(x−1,R(x))
|φ(xy)|

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)h
(
1, δ 1√

t
(y)
)
dtdy
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=
∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)
∫

G\Bc(x−1,R(x))
|φ(xy)|h

(
1, δ 1√

t
(y)
)
dydt . (62)

Let us change the variables as z = δ 1√
t
(y), so that, since the Lebesgue measure is

Q-homogeneous we get

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)
∫

G\Bc(x−1,R(x))
|φ(xy)|h

(
1, δ 1√

t
(y)
)
dydt

=
∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)
∫

G\δ 1√
t
(Bc(x−1,R(x)))

∣
∣φ
(
xδ√

t (z)
)∣
∣h(1, z)dz t

Q
2 dt

=
∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)
∫

G\δ 1√
t
(Bc(x−1,R(x)))

∣
∣φ
(
xδ√

t (z)
)∣
∣h(1, z)dzdt

≤ K
∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)
∫

G\δ 1√
t
(Bc(x−1,R(x)))

1
∥
∥xδ√

t (z)
∥
∥L
c

h(1, z)
‖z‖�

c

‖z‖�
c
dzdt

≤ Kc�

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)
∫

G\δ 1√
t
(Bc(x−1,R(x)))

1
∥
∥xδ√

t (z)
∥
∥L
c

1

‖z‖�
c
dzdt,

where c� denotes a suitable positive constant depending on �, obtained considering
that h(1, ·) ∈ S(G). Let us change again variables, setting h = xδ√

t (z) and recalling
that the Lebesgue measure on G is left-invariant and Q-homogeneous, so that we get

Kc�

∫ ∞

1
t

α
2 −1

(
1

2

)k

| ln(t)|k
∫

G\δ 1√
t
(Bc(x−1,R(x)))

1
∥
∥xδ√

t (z)
∥
∥L
c

1

‖z‖�
c
dzdt

≤ Kc�

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)
∫

G\Bc(0,R(x))

1

‖h‖Lc
1

∥
∥
∥δ 1√

t
(x−1h)

∥
∥
∥

�

c

dzdt

≤ Kc�

∫ ∞

1
t

α
2 −1− Q

2

(
1

2

)k

lnk(t)
∫

G\Bc(0,R(x))

1

‖h‖Lc
t

�
2

‖x−1h‖�
c
dzdt

≤ Kc�

∫ ∞

1
t

α
2 −1− Q

2 + �
2

(
1

2

)k

lnk(t)dt
∫

G\Bc(0,R(x))

1

‖h‖Lc
‖h‖�

c

‖x−1h‖�
c

1

‖h‖�
c
dz

≤ Kc�

∫ ∞

1
t

α
2 −1− Q

2 + �
2

(
1

2

)k

lnk(t)(1 + ‖x‖c)�dt
∫

G\Bc(0,R(x))

1

‖h‖L+�
c

dz

≤ Kc�

∫ ∞

1
t

α
2 −1− L

2

(
1

2

)k

lnk(t)(1 + ‖x‖c)�dt
∫

G\Bc(0,R(x))

1

‖h‖L+�
c

dz.

The integral in the last line is justified if we consider � > Q − L , hence when
L > Q − �. Now, similarly to the procedure applied to deal with (48), exploiting an
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estimate analogous to (31), we can conclude that

∫

G\Bc(x−1,R)

|φ(xy)|
∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy≤Kc�

2

(L−α)k+1 k!. (63)

Now, by combining (56), (57), (61) and (63), we get that for every k ∈ N, and for
every � > max{Q − L, Q − α, 2Q}

∣
∣
∣
∣
∣

∫

G

φ(xy)
∫ ∞

0
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

∣
∣
∣
∣
∣

≤ C max

{
1

Q − α
,

1

L − α
,
1

α
,

1

α + (� − Q)

}k+1

k!,
(64)

for some suitable constant C > 0. Therefore, ψ(x, α) is analytic on 0 < α <

min{Q, L}. ��
Remark 3.7 Following the previous proof, in the same hypotheses of Proposition 3.6,
we obtain that the map

α →
∫

G\Bc(x−1,R(x))
φ(xy)‖y‖α−Q

α dt

is analytic on (−∞,min{Q, L}). It is enough to consider (58) and the estimates in (61)
and (63) that are valid for every k ∈ N, and for every � > max{Q − L, Q − α, 2Q}.
The analyticity is guaranteed on (−∞,min{Q, L}) also for the map

α →
∫

G\Bc(0,1)
φ(xy)‖y‖α−Q

α dt,

since, in order to estimate the k-th derivative of

α →
∫

Bc(x−1,R)\Bc(0,1)
φ(xy)‖y‖α−Q

α dt,

one can simplify the arguments carried out in the proof of Proposition 3.4.

3.3 TheMap˛ → Ã(x, ˛) is Analytically Continued on (−2,0]

In this subsection, we build up the analytic continuation of α → ψ(x, α) on the strip
(−2, 0].
Theorem 3.8 For every φ ∈ S(G) and x ∈ G, the map

(0, Q) → ψ(x, α)
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can be analytically continued to the interval (−2, Q). Moreover, the representation

ψ(x, α) =
∫

G\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)
(φ(xy)

− φ(x))Pα(y)dy + φ(x)
1

	
(

α
2

)
1

α
σ(α) (65)

holds for α ∈ (−2, Q).

Before proving Theorem 3.8, we prove two technical results concerning the conver-
gence and the regularity of the second term of the sum in (65), respectively.

Lemma 3.9 For every φ ∈ S(G) and for every x ∈ G the integral

∫

Bc(0,1)
(φ(xy) − φ(x))Pα(y)dy

converges for every −2 < α < Q.

Proof By the coarea formula of Corollary 2.8 and the homogeneity of Pα and of SQ−1∞
we get

∫

Bc(0,1)
(φ(xy) − φ(x))Pα(y)dy

=
∫ 1

0

∫

∂Bc(0,r)
(φ(xy) − φ(x))Pα(y)dSQ−1∞ (y)dr

=
∫ 1

0
rα−1

∫

∂Bc(0,1)
(φ(xδr (z)) − φ(x))Pα(z)dSQ−1∞ (z)dr

=
∫ 1

0
rα−1

∫

∂Bc(0,1)
(φ(xδr (z)) − φ(x) − Dhφ(x)(δr (z)))Pα(z)dSQ−1∞ (z)dr .

In order to obtain the last equality, we have exploited the equality

∫

Bc(0,1)
Dhφ(x)(y)Pα(y)dy = 0, (66)

that is justified by the combination of few results. In fact, first we know that φ ∈
S(G) ⊂ C∞(G) ⊂ C1(G) ⊂ C1

h(G), then by the definition of h-homomorphism we
know that for every x, y ∈ G it holds that
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Dhφ(x)(y) = 〈∇Hφ(x), y〉 = −〈∇Hφ(x),−y〉
= −〈∇Hφ(x), y−1〉 = −Dhφ(x)(y−1).

Thus (66) follows by the following remarks

• by the homogeneity of dc, if y ∈ Bc(0, 1), then y−1 ∈ Bc(0, 1).
• by the property of the heat kernel h stated in Theorem 2.12(iii), it can be verified
that

‖y‖α−Q
α = ‖y−1‖α−Q

α

for every y ∈ G, y �= 0. Hence, also Pα(y) = Pα(y−1) holds.

Now, by Theorem 2.9 [in light of (9) and (10)], we know that

|φ(xδr (z)) − φ(x) − Dhφ(x)(δr (z)))| = O(r2) as r → 0,

as a consequence we know that

∫

Bc(0,1)
|φ(xy) − φ(x)||Pα(y)|dy ≤ c

∫ 1

0
rα+1dr

∫

∂Bc(0,1)
|Pα(z)|dSQ−1∞ (z)

= c
1

∣
∣	
(

α
2

)∣
∣

1

α + 2
σ(α),

for some suitable constant c > 0. The integral converges for every α such that α > −2,
since

1
∣
∣	
(

α
2

)∣
∣

1

α + 2
σ(α) = 1

∣
∣	
(

α
2

)∣
∣α

α

α + 2
σ(α)

and limα→0 	(α
2 )α = 2. ��

Lemma 3.10 For every φ ∈ S(G) and for every x ∈ G the map

α →
∫

Bc(0,1)
(φ(xy) − φ(x))‖y‖α−Q

α dy (67)

is analytic on (−2, Q).

Proof Let us consider the k-th derivative of (67) with respect to α, for k ∈ N. In
particular, we will show that derivative and integral can be exchanged by estimating
the term

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ ∞

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣
. (68)
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We split the integral of (67) as

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ ∞

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ ∞

1
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣
. (69)

The second term can be dealt with repeating the steps in (48) and we get that

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

∣
∣
∣
∣
∣

≤ sup
Bc(0,1)

|φ(x ·) − φ(x)| sup
Bc(0,1)

h(1, ·)μ(Bc(0, 1))
2

(Q − α)k+1 k!.
(70)

Then we need to deal with

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣
.

By exploiting the equality (66) justified in Lemma 3.9, we get

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x))

∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k
h(t, y)dtdy

∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − φ(x) − Dhφ(x)(y))

∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k
h(t, y)dtdy

∣
∣
∣
∣
∣

≤
∫

Bc(0,1)
|φ(xy) − φ(x) − Dhφ(x)(y)|

∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k
h(t, y)dtdy

=
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0,1)
|φ(xy) − φ(x) − Dhφ(x)(y)|h(t, y)dydt .

(71)

Now, by Theorem 2.9 [in light of (9) and (10)], we know that

|φ(xy) − φ(x) − Dhφ(x)(y))| = O(‖y‖2c) as ‖y‖c → 0.

Hence, for some C ≥ 0 we have

∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0,1)
|φ(xy) − φ(x) − Dhφ(x)(y)|h(t, y)dydt
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≤ C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0,1)
‖y‖2ch(t, y)dydt

= C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k

t−
Q
2

∫

Bc(0,1)
‖y‖2ch

(
1, δ 1√

t
(y)
)
dydt,

due to the homogeneity of h. Now, by a change of variables z = δ 1√
t
(y) and by the

homogeneity of the Lebesgue measure on G we get

C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k

t−
Q
2

∫

Bc(0,1)
‖y‖2ch

(
1, δ 1√

t
(y)
)
dydt

= C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0, 1√
t
)

‖δ√
t (z)‖2ch(1, z)dzdt

= C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0, 1√
t
)

t‖z‖2ch(1, z)dzdt

≤ C
∫ 1

0
t

α
2 | ln(t)|k

(
1

2

)k

dt
∫

G

‖z‖2ch(1, z)dz. (72)

Notice that
∫
G

‖z‖2ch(1, z)dz < ∞ since h(1, z) ∈ S(G). Now, observe that, accord-
ing to (32),

bk =
∫ 1

0
t

α
2 | ln(t)|k

(
1

2

)k

dt,

when N = 1, recalling that N = 1 > −α
2 if α > −2. Hence, we can repeat the

argument involving the estimate in (33) obtaining that for every k ∈ N

∫ 1

0
t

α
2 | ln(t)|k

(
1

2

)k

dt ≤ C
2

(α + 2)k+1 k!. (73)

By combining (70), (71), (72) and (73) the proof is concluded. ��
Now, we are in position to prove Theorem 3.8.

Proof of Theorem 3.8 Let x ∈ G and φ ∈ S(G). We rearrange the map (0, Q) � α →
ψ(x, α) as

ψ(x, α) =
∫

G

φ(xy)Pα(y)dy

=
∫

G\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)
φ(xy)Pα(y)dy

=
∫

G\Bc(0,1)
φ(xy)Pα(y)dy
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+
∫

Bc(0,1)
(φ(xy) − φ(x))Pα(y)dy +

∫

Bc(0,1)
φ(x)Pα(y)dy. (74)

Since α ∈ (0, Q), we can compute the third integral of the sum in (74) exploiting the
coarea formula of Corollary 2.8 and homogeneity properties, getting

∫

Bc(0,1)
φ(x)Pα(y)dy = φ(x)

1

	
(

α
2

)

∫

Bc(0,1)
‖y‖α−Q

α dy

= φ(x)
1

	
(

α
2

)

∫ 1

0

∫

∂Bc(0,r)
‖y‖α−Q

α dSQ−1∞ (y)dr

= φ(x)
1

	
(

α
2

)

∫ 1

0

∫

∂Bc(0,r)
‖δr (z)‖α−Q

α dSQ−1∞ (δr (z))dr

= φ(x)
1

	
(

α
2

)

∫ 1

0

∫

∂Bc(0,1)
rα−Q‖z‖α−Q

α r Q−1dSQ−1∞ (z)dr

= φ(x)
1

	
(

α
2

)

∫ 1

0
rα−1

∫

∂Bc(0,1)
‖z‖α−Q

α dSQ−1∞ (z)dr

= φ(x)
1

	
(

α
2

)σ(α)

∫ 1

0
rα−1drσ(α)

= φ(x)
1

	
(

α
2

)σ(α) lim
a→0

[
rα

α

]1

r=a
σ(α)

= φ(x)
1

	
(

α
2

)
1

α
σ(α). (75)

Hence, for every α ∈ (0, Q) the equality

ψ(x, α) =
∫

G\Bc(0,1)
φ(xy)Pα(y)dy

+
∫

Bc(0,1)
(φ(xy) − φ(x))Pα(y)dy + φ(x)

1

	
(

α
2

)
1

α
σ(α) (76)

holds.
By Remark 3.5, the first term of the sum in (76) is analytic with respect to α on
(−∞, Q). On the other hand, the third term of the sum in (76) is analytic with respect
to α on (−∞, Q), since by Item 2 in Sect. 2.5, α → σ(α) is analytic on (−∞, Q)

and limα→0 	(α
2 )α = 2.

We point out that by Lemma 3.9, the expression in (76) is well-defined for every
α ∈ (−2, Q). Eventually, by Lemma 3.10, the second term of the sum in (76) is
analytic with respect to α on (−2, Q) and this concludes the proof. ��
Remark 3.11 Let us show that ψ(x, 0) = φ(x). Since

(1) limα→0
1

α	( α
2 )

= 1
2 ,
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(2) by Item 3 of Sect. 2.5, limα→0 σ(α) = 2,

then

lim
α→0

1

α	
(

α
2

)σ(α) = 1

holds. Since limα→0
1

	
(

α
2

) = 0, then ψ(x, 0) = limα→0 ψ(x, α) is

lim
α→0

(
1

	
(

α
2

)

∫

G\Bc(0,1)
φ(xy)‖y‖α−Q

α dy + 1

	
(

α
2

)

∫

Bc(0,1)
(φ(xy)

−φ(x))‖y‖α−Q
α dy + φ(x)

1

	
(

α
2

)
1

α
σ(α)

)

= φ(x).

In the following proposition, we deduce an useful representation of ψ(x, α) valid for
α ∈ (−2, 0).

Proposition 3.12 For every x ∈ G, for every φ ∈ S(G) the following representation
holds

ψ(x, α) =
∫

G

(φ(xy) − φ(x))Pα(y)dy, (77)

for every α ∈ (−2, 0).

Proof Let us compute for −2 < α < 0 the following integral

∫

G\Bc(0,1)
φ(x)Pα(y)dy = φ(x)

1

	
(

α
2

)

∫

G\Bc(0,1)
‖y‖α−Q

α dy

= φ(x)
1

	
(

α
2

)

∫ ∞

1

∫

∂Bc(0,r)
‖y‖α−Q

α dSQ−1∞ (y)dr

= φ(x)
1

	
(

α
2

)

∫ ∞

1

∫

∂Bc(0,r)
‖δr (z)‖α−Q

α dSQ−1∞ (δr (z))dr

= φ(x)
1

	
(

α
2

) lim
a→∞

[
rα

α

]a

r=1

∫

∂Bc(0,1)
‖z‖α−Q

α dSQ−1∞ (z)

= −φ(x)
1

	
(

α
2

)
1

α
σ(α). (78)

As usual, we have exploited the coarea formula of Corollary 2.8 and the homogeneity
properties. The proof follows by combining Theorem 3.8 and (78). ��
Remark 3.13 The results of the current subsection hold as well being true if φ ∈
C∞(G) and |φ(z)| ≤ K‖z‖−L

c as ‖z‖c > S for some L, S, K > 0. In particular,
under these hypotheses one can check that ψ(x, α) can be analytically continued on
the interval (−2,min{Q, L}).
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3.4 Extension of the Definition ofLs to−Q
2 < s < 1

In this section, we introduce a further notation. For every fixed x ∈ G and φ ∈ S(G)

it is useful to denote the map ψ(x, α) also by ψφ(x, α). This notation appears in the
paper only when we wish to emphasize the dependence of ψ(x, α) on the choice of
the map φ. By combining [11, Theorem 3.11], which states the pointwise integral
representation of Lsφ(x) in (26), and the representation (77) of ψφ(x, α) showed in
Proposition 3.12, we notice that for every s ∈ (0, 1), x ∈ G, and φ ∈ S(G) the
equality

ψφ(x,−2s) = Lsφ(x) (79)

holds. Since for every x ∈ G and φ ∈ S(G) we have analytically continued the map
α → ψφ(x, α) on (−2, Q), we can introduce for every x ∈ G a family of tempered
distributions {P̃ x

α }α∈(−2,Q) by re-reading the map ψφ(x, α) as a the action of P̃ x
α on

φ ∈ S(G), so that for every α ∈ (−2, Q) we have

P̃ x
α (φ) := ψφ(x, α).

Thus, for every s ∈ (0, 1) and x ∈ G we have

P̃ x−2s(φ) = ψφ(x,−2s) = Lsφ(x),

for every φ ∈ S(G). We notice that, when 0 < α < Q, Pα is a distribution as well
and P̃ x

α and Pα satisfy the following relation

P̃ x
α (φ) = Pα(φ ◦ lx ) =

∫

G

φ(xy)Pα(y)dy, (80)

for every x ∈ G and φ ∈ S(G). It is natural to introduce the following notion.

Definition 3.14 For every s ∈ (− Q
2 , 1),

Lsφ(x) := ψφ(x,−2s) = P̃ x−2s(φ),

for every φ ∈ S(G) and for every x ∈ G.

In the following two subsections we study the properties of the operatorLs introduced
in Definition 3.14.

3.5 An Estimate of x → Ã(x, ˛)

First, we observe that G � x → ψ(x, α) is a smooth map. With the following result,
later we wish to prove the consistence of the extension of the operator Ls provided by
Definition 3.14.
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Proposition 3.15 For every α > 0 and φ ∈ S(G)

ψ(x, α) = O(‖x‖α−Q
c )

as ‖x‖c → ∞.

Proof Recalling the estimate in (25) and the fact that φ ∈ S(G), we obtain

∫

G

φ(xy)Pα(y)dy = 1

	
(

α
2

)

∫

G

φ(xy)‖y‖α−Q
α dy ≤ 1

	
(

α
2

)Cα

∫

G

|φ(xy)|‖y‖α−Q
c dy

= 1

	
(

α
2

)Cα

∫

G

|φ(z)|∥∥x−1z
∥
∥α−Q
c dz

= 1

	
(

α
2

)Cα

∫

G

|φ(z)| (1 + ‖z‖kc)
(1 + ‖z‖kc)

∥
∥x−1z

∥
∥α−Q
c dz

≤ 1

	
(

α
2

)Cαck

∫

G

1

(1 + ‖z‖kc)
∥
∥x−1z

∥
∥α−Q
c dz

= 1

	
(

α
2

)Cαck

∫

G

1

(1 + ‖z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dz

= 1

	
(

α
2

)Cαck

∫

G\Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dz

+ 1

	
(

α
2

)Cαck

∫

Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dz,

where Cα and ck are suitable positive constants. Let us discuss separately the two
terms of the last line. By exploiting homogeneity properties and the coarea formula
of Corollary 2.8 we get

1

	
(

α
2

)Cαck

∫

G\Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dy

≤ 1

	
(

α
2

)Cαck
2Q−α

‖x‖Q−α
c

∫

G\Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
dy

≤ 1

	
(

α
2

)Cαck
2Q−α

‖x‖Q−α
c

∫

G

1

(1 + ‖z‖kc)
dy

≤ 1

	
(

α
2

)Cαck
2Q−α

‖x‖Q−α
c

SQ−1∞ (∂Bc(0, 1))
∫ ∞

0

1

(1 + rk)
r Q−1dy. (81)

The integral converges for every k > Q. Hence, we proved that for every k > Q the
estimate

1

	
(

α
2

)Cαck

∫

G\Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
1

‖x−1z‖Q−α
c

dy ≤ c(k, α)‖x‖α−Q
c (82)
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holds for some suitable positive constant c(k, α).
Concerning the second term of the sum, we have

1

	
(

α
2

)Cαck

∫

Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dz

= 1

	
(

α
2

)Cαck

∫

Bc

(
x, ‖x‖c

2

)
1

(1 + ‖xx−1z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dz

≤ 1

	
(

α
2

)Cαck

∫

Bc

(
x, ‖x‖c

2

)
1

(1 + (‖x‖c − ‖x−1z‖c)k)
1

‖x−1z‖Q−α
c

dz

≤ 1

	
(

α
2

)Cαck
1

(
1 + ( ‖x‖c

2

)k)

∫

Bc

(
x, ‖x‖c

2

)
1

∥
∥x−1z

∥
∥Q−α

c

dz

≤ 1

	
(

α
2

)Cαck
1

(
1 + ( ‖x‖c

2

)k)S
Q−1∞ (∂Bc(0, 1))

∫ ‖x‖c
2

0
rα−Qr Q−1dz

= 1

	
(

α
2

)Cαck
1

(
1 + ( ‖x‖c

2

)k)S
Q−1∞ (∂Bc(0, 1))

( ‖x‖c
2

)α

α

≤ 1

	
(

α
2

)Cαck2
k‖x‖−k

c SQ−1∞ (∂Bc(0, 1))
‖x‖α

c

2αα

≤ c̃(k, α)‖x‖α−k
c ,

where c̃(k, α) is a suitable positive constant. Hence, we have proved that for every k
we have

1

	
(

α
2

)Cαck

∫

Bc

(
x, ‖x‖c

2

)
1

(1 + ‖z‖kc)
1

∥
∥x−1z

∥
∥Q−α

c

dz ≤ c̃(k, α)‖x‖α−k
c . (83)

By combining (82) and (83), we get that for every k > Q the estimate

1

	
(

α
2

)

∫

G

φ(xy)‖y‖α−Q
α dy ≤ c(k, α)‖x‖α−Q

c + c̃(k, α)‖x‖α−k
c ≤ C(α, k)‖x‖α−Q

c

holds, where C(k, α) is a suitable positive constant, concluding the proof. ��
Proposition 3.16 For every −2 < α < 0 and φ ∈ S(G)

ψ(x, α) = O(‖x‖α−Q
c ) (84)

as ‖x‖c → ∞.

Proof We can use the representation in (77), i.e. for α ∈ (−2, 0)

ψ(x, α) =
∫

G

(φ(xy) − φ(x))Pα(y)dy.
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Let b = b(G) > 0 the constant which appears in Theorem 2.9 and consider

∫

G

(φ(xy) − φ(x))Pα(y)dy

=
∫

G\Bc

(
0, ‖x‖c

2b2

)(φ(xy) − φ(x))Pα(y)dy +
∫

Bc

(
0, ‖x‖c

2b2

)(φ(xy) − φ(x))Pα(y)dy

=
∫

G\Bc

(
0, ‖x‖c

2b2

) φ(xy)Pα(y)dy −
∫

G\Bc

(
0, ‖x‖c

2b2

) φ(x)Pα(y)dy

+
∫

Bc

(
0, ‖x‖c

2b2

)(φ(xy) − φ(x))Pα(y)dy. (85)

We deal with the three terms of the sum in (85), separately. Let us consider the first
one, in particular

∫

G\Bc

(
0, ‖x‖c

2b2

) φ(xy)Pα(y)dy = 1

	
(
α
2

)

∫

G\Bc

(
0, ‖x‖c

2b2

) φ(xy)‖y‖α−Q
α dy

= 1

	
(
α
2

)

∫

G\Bc

(
x, ‖x‖c

2b2

) φ(z)‖x−1z‖α−Q
α dz

= 1

	
(
α
2

)

∫

G\Bc

(
x, ‖x‖c

2b2

) φ(z)
(1 + ‖z‖kc)
(1 + ‖z‖kc)

‖x−1z‖α−Q
α dz

≤ 1

|	(α2
)| ckCα

∫

G\Bc

(
x, ‖x‖c

2b2

)
1

(1 + ‖z‖kc)
1

‖x−1z‖Q−α
c

dz,

holds for some positive constant Cα . Now, as in (81) (since α < Q), we get the
estimate in (82), i.e. for every k > Q the estimate

∫

G\Bc

(
0, ‖x‖c

2b2

) φ(xy)Pα(y)dy ≤ 1
∣
∣	
(
α
2

)∣
∣
ckcα

∫

G\Bc

(
x, ‖x‖c

2b2

)
1

(1 + ‖z‖kc)
1

‖x−1z‖Q−α
c

dz

≤ c(k, α)‖x‖α−Q
c (86)

holds. Let us consider the second term of (85). By the coarea formula of Corollary 2.8
and homogeneity properties we obtain

−
∫

G\Bc

(
0, ‖x‖c

2b2

) φ(x)Pα(y)dy = −φ(x)
∫ ∞

‖x‖c
2b2

∫

∂Bc(0,r)
Pα(y)dSQ−1∞ (y)dr

= −φ(x)
∫ ∞

‖x‖c
2b2

rα−Qr Q−1
∫

∂Bc(0,1)
Pα(z)dSQ−1∞ (z)dr

= φ(x)
1

	
(

α
2

)
1

α
σ(α)

‖x‖α
c

(2b2)α
.
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We point out that we used that α ∈ (−2, 0). Now, since φ(x) = O(‖x‖Nc ) as ‖x‖c →
∞ for every negative integer N , fixing N = −Q we get that for ‖x‖c > 1 the estimate

−
∫

G\Bc

(
0, ‖x‖c

2b2

) φ(x)Pα(y)dy ≤ ĉ(α)‖x‖α−Q
c φ(x) (87)

holds. By a change of variables in the third term of the sum in (85), we obtain

∫

Bc

(
0, ‖x‖c

2b2

)(φ(xy) − φ(x))Pα(y)dy =
∫

Bc

(
x, ‖x‖c

2b2

)(φ(z) − φ(x))Pα(x−1z)dz. (88)

Recalling the stratified mean value inequality of Theorem 2.9 and the fact that φ is
smooth, we have the following inequality

|φ(xy) − φ(x) − Dhφ(x)(y)| = |φ(xy) − T1(φ, x)(xy)|
≤ c‖y‖2c sup

p∈Bc(x,b2‖y‖c)
d2hφ(p), (89)

where d2hφ is d2hφ(z) : G → R, z → max|α|=2 |(Z1 . . . Zm1)
αφ(z)| for every z ∈ G.

We get

|φ(z) − φ(x) − Dhφ(x)(x−1z)| ≤ c‖x−1z‖2c sup
p∈Bc(x,b2‖x−1z‖c)

d2hφ(p)

= c‖x−1z‖2cd2hφ(ξ), (90)

for some ξ = ξ(z) ∈ Bc(x, b2‖x−1z‖c) ⊂ Bc(x,
‖x‖c
2 ). Now, considering the Pansu

differential Dhφ(x) of φ at x , we notice that the following equality

∫

Bc

(
x, ‖x‖c

2b2

) Dhφ(x)(x−1z)Pα(x−1z)dz =
∫

Bc

(
0, ‖x‖c

2b2

) Dhφ(x)(y)Pα(y)dy = 0 (91)

holds, by the same argument in (66). Hence, from (88), exploiting (25), (90) and (91)
and the fact that φ ∈ S(G), we have

∫

Bc

(
x, ‖x‖c

2b2

)(φ(z) − φ(x))Pα(x−1z)dz

=
∫

Bc

(
x, ‖x‖c

2b2

)(φ(z) − φ(x) − Dhφ(x)(x−1z))Pα(x−1z)dz

≤
∫

Bc

(
x, ‖x‖c

2b2

) c‖x−1z‖2cd2hφ(ξ)|Pα(x−1z)|dz

≤ 1

|	(α
2

)|cCα

∫

Bc

(
x, ‖x‖c

2b2

) d
2
hφ(ξ)‖x−1z‖α−Q+2

c dz
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= 1

|	(α
2

)|cCα

∫

Bc

(
x, ‖x‖c

2b2

) d
2
hφ(ξ)

(1 + ‖ξ‖kc)
(1 + ‖ξ‖kc)

‖x−1z‖α−Q+2
c dz

≤ 1

|	(α
2

)|cCαck

∫

Bc

(
x, ‖x‖c

2b2

)
1

(1 + ‖ξ‖kc)
‖x−1z‖α−Q+2

c dz, (92)

where c and cα are suitable positive constants. Now, remarking that

‖ξ‖c ≥ ‖x‖c − ‖x−1ξ‖c ≥ ‖x‖c − b2‖x−1z‖c ≥ ‖x‖c − b2
‖x‖c
2b2

= ‖x‖c
2

,

we can continue from (92) getting

∫

Bc

(
x, ‖x‖c

2b2

)(φ(z) − φ(x))Pα(x−1z)dz

≤ 1

|	(α
2

)|cCαck

∫

Bc

(
x, ‖x‖c

2b2

)
1

(1 + ‖ξ‖kc)
‖x−1z‖α−Q+2

c dz

≤ 1

|	(α
2

)|cCαck

∫

Bc

(
x, ‖x‖c

2b2

)
1

(1 + ( ‖x‖c
2

)k
)

1

‖x−1z‖Q−α−2
c

dz

≤ 1

|	(α
2

)|cCαck
1

(
1 + ( ‖x‖c

2

)k)S
Q−1∞ (∂Bc(0, 1))

∫ ‖x‖c
2

0
rα+2−Q+Q−1dr

= 1

|	(α
2

)|cCαck
1

(
1 + ( ‖x‖c

2

)k)S
Q−1∞ (∂Bc(0, 1))

‖x‖α+2
c

2α+2(α + 2)

≤ c(α, k)‖x‖α+2−k
c ,

where c(α, k) is a suitable positive constant.
Thus, by choosing k > Q + 2 we get the following estimate

∫

Bc

(
0, ‖x‖c

2

)(φ(xy) − φ(x))Pα(y) ≤ c̃(α)‖x‖α−Q
c , (93)

for a suitable constant c̃(α). Combining (86), (87) and (93) we obtain (84). ��

3.6 Some Properties ofLs,When−Q
2 < s < 1

Coherently with the continuation constructed in the previous subsections, we show
that the definition of the fractional sub-Laplacian Ls with argument s ∈ (− Q

2 , 1), that
we introduced in Definition 3.14 is consistent.
First, we observe that for s = 0, it holds that

ψφ(x, 0) = φ(x) = L0φ(x),

for every φ ∈ S(G) and x ∈ G.
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Moreover, Ls satisfies the semigroup property stated in the following proposition.

Proposition 3.17 For every s,m ∈ (− Q
2 , 1) such that − Q

2 < m + s < 1 the equality

Ls ◦ Lm = Ls+m

holds.

Proof Let us consider α ∈ (0, Q) and β ∈ (0, Q) such that α + β < Q. We recall
that by (27), the convolution rule

Pα+β = Pα�Pβ

holds. For every x ∈ G and φ ∈ S(G), exploiting the relation (80), we obtain that

P̃ x
α+β(φ) = Pα+β(φ ◦ lx ) =

∫

G

Pα+β(y)φ(xy)dy

=
∫

G

Pα�Pβ(y)φ(xy)dy =
∫

G

∫

G

Pα(z)Pβ(z−1y)dzφ(xy)dy

=
∫

G

Pα(z)
∫

G

Pβ(z−1y)φ(xy)dydz =
∫

G

Pα(z)
∫

G

Pβ(z′)φ(xzz′)dz′dz

=
∫

G

Pα(z)ψφ(xz, β)dz = P̃ x
α (ψφ(·, β)) = P̃ x

α (P̃ xz
β (φ)) = ψψφ(·,β)(x, α).

(94)

We wish to show that the equality in (94) holds for every α, β ∈ (−2, Q) such that
−2 < α+β < Q. This conclude the proof by the uniqueness of analytic continuation.

First, we observe that, as a consequence of our analytic continuation, the map
P̃ x

α+β(φ) = ψφ(x, α + β) is analytic with respect to α and β on the set of α and β

such that −2 < α + β < Q.
Let us show that the map ψψφ(·,β)(x, α) is analytic as well with respect to α and β

for α, β ∈ (−2, Q), α + β < Q.
In order to do this, we fix β ∈ (−2, Q) and consider α → ψψφ(·,β)(x, α). We

need to apply the results of Proposition 3.2 and Sect. 3.2. In fact we proved that,
if one considers a map φ ∈ C∞(G) such that |φ(z)| ≤ K‖z‖−L

c when ‖z‖c ≥ S
for some L, S, K > 0, then one can carry out the analytic continuation of the map
ψφ(x, α) for any α < min{L, Q}. We apply this result to the map α → ψψ(·,β)(x, α).
In fact, by the estimates of Sect. 3.5 we know that for every φ ∈ S(G) we have
ψφ(z, β) = O(‖z‖β−Q

c ) as ‖z‖c → ∞.
Hence, by Proposition 3.2, we conclude that α → ψψφ(·,β)(x, α) is analytic up to

−2 < α < min{Q − β, Q}, i.e. for every α ∈ (−2, Q) such that α + β < Q.
Clearly, the role of α and β can be exchanged since P̃ x

α+β(φ) = P̃ x
β+α(φ), and

then ψψφ(·,β)(x, α) = ψψφ(·,α)(x, β). Thus, for every α ∈ (−2, Q), the map β →
ψψ(·,β)(x, α) is analytic for β ∈ (−2, Q) as α + β < Q. To sum up, we proved that
for every x ∈ G and φ ∈ S(G),

ψφ(x, α + β) = P̃ x
α+β(φ) = ψψφ(·,β)(x, α) (95)
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hold for every α, β ∈ (−2, Q) such that −2 < α + β < Q.
Let us now consider x ∈ G and φ ∈ S(G) and set α, β ∈ (−2, Q) such that

−2 < α + β < Q. Set α = −2 s and β = −2m for suitable s,m ∈ (− Q
2 , 1). We

have

Ls+mφ(x) = P̃ x
α+β(φ) = ψψφ(·,β)(x, α) = ψLmφ(·)(x, α) = Ls(Lmφ)(x).

This concludes the proof. ��

4 The Heisenberg Group H
n

In this section we recall the setting of the Heisenberg group H
n and we analyse some

suitable families of integrals. This analysis will be an auxiliary tool to construct an
analytic continuation of the map α → ψ(x, α) on (−∞, Q) in the Heisenberg group.

4.1 The Heisenberg Group: Definition and Some Properties

We discuss the Heisenberg group according to Sect. 2.1, referring to the representation
of a Carnot group G in (6). For every n ∈ N, independently of the choice of n, the
Heisenberg group can be represented as a vector space

H
n = H1 ⊕ H2,

with dim(H1)= 2n and dim(H2)= 1, endowed with a symplectic form ω on H1 and a
fixed nonvanishing element

e2n+1 ∈ H2. (96)

We denote by πH1 and πH2 the canonical projections on H1 and H2, respectively,
associated with the direct sum. The space H

n has a structure of Lie algebra given by

[x, y] = ω(πH1(x), πH1(y)) e2n+1. (97)

Then, by the Baker-Campbell-Hausdorff formula, the Lie group product is

xy = x + y + [x, y]
2

(98)

for every x, y ∈ H
n . Notice that q = 2n + 1 and Q = 2n + 2. We fix a symplectic

basis (e1, . . . , e2n) of (H1, ω), namely

ω(ei , en+ j ) = δi j , ω(ei , e j ) = ω(en+i , en+ j ) = 0,
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for every i, j = 1, . . . , n, where δi j is the Kronecker delta. Thus, considering the
vector e2n+1 given in (96), we obtain a basis

B = (e1, . . . , e2n+1). (99)

We assume that on H
n is fixed the scalar product 〈·, ·〉 that makes B orthonormal. We

can read the product (98) on H
n in coordinates with respect to B (i.e. on R

2n+1) as
follows:

(x1, . . . , x2n+1)(y1, . . . , y2n+1)

=
(

x1 + y1, . . . , x2n+1 + y2n+1 +
n∑

i=1

xi yi+n − xi+n yi
2

)

, (100)

for every (x1, . . . , x2n+1), (y1, . . . , y2n+1) ∈ H
n . Notice that H2 = span(e2n+1) is the

center of H
n . Moreover, taking in consideration the product (100), in our coordinates

the Jacobian basis of left invariant vector fields is the following

X j (x) = ∂x j − 1

2
x j+n∂x2n+1 j = 1, . . . , n

Y j (x) = ∂xn+ j + 1

2
x j∂x2n+1 j = 1, . . . , n

T (x) = ∂x2n+1 ,

(101)

for every x = (x1, . . . , x2n+1) ∈ H
n . We will also use the following notation: for

i = 1, . . . , 2n + 1 we denote

Lie(Hn) � Zi :=

⎧
⎪⎨

⎪⎩

Xi if i = 1 . . . n

Yi−n if i = n + 1, . . . , 2n

T if i = 2n + 1.

With a slight abuse of notation, we denote by πH1 and πH2 also the corresponding
projections read in coordinates with respect to the basis B i.e.

πH1 : H
n → R

2n, πH1(x1, . . . , x2n+1) = (x1, . . . , x2n),

πH2 : H
n → R, πH2(x1, . . . , x2n+1) = x2n+1,

for every (x1, . . . , x2n+1) ∈ H
n .

The structure of the Lie algebra of H
n reflects on the explicit form of the Z -

Taylor polynomials. For example, we consider below the explicit form of the Z -Taylor
Polynomial ofG-degree n = 3 related to a map φ ∈ C∞(Hn) in the Heisenberg group
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H
n . Let x ∈ H

n , then for every y ∈ H
n , according to Theorem 2.10, we have

T3(φ, x)(xy) = φ(x) +
2n∑

i=1

Ziφ(x)yi + Tφ(x)y2n+1 + 1

2

2n∑

i, j=1

Zi Z jφ(x)yi y j

+ 1

2

2n∑

i=1

Zi Tφ(x)yi y2n+1 + 1

6

2n∑

i, j,k=1

Zi Z j Zkφ(x)yi y j yk .

(102)

Moreover, by applying Theorem 2.9, we get the existence of constants c = c(Hn) > 0
and b = b(Hn) > 0 such that

|φ(xy) − T3(φ, x)(xy)| ≤ c‖y‖4c sup
{‖z‖c≤b4‖y‖c}

sup
{|β|=4}

|(Z1 · · · Z2n)
βφ(xz)|, (103)

for every x, y ∈ G. Here β denotes a 2n-multi-index.
We recall also somemetric properties onH

n . Referring to Theorem 2.7, ifG = H
n ,

then the Carnot-Carathéodory distance dc(x, 0) ∈ C1(Hn \ H2) (see for example [1,
Lemma 3.11]) and |∇Hdc(x, 0)| = 1 for every x ∈ H

n \ H2.
In the following two subsections, we introduce some properties of h and Bc(0, 1)

in H
n .

4.2 Invariance of the Heat Kernel Under Horizontal Rotations

In many papers, like [22, 23, 26, 32], the authors studied the heat kernel h in the
Heisenberg group H

n and, in general, in stratified groups of step 2. In particular,
in the Heisenberg group H

n , for every t > 0 and x = (x1, . . . , x2n, x2n+1) ∈ H
n ,

the heat kernel h depends on t , on the last component x2n+1 of x and on the norm
|(x1, . . . , x2n)| = |πH1(x)|. This allows to deduce that the map h is invariant under
the action of horizontal rotations, i.e. the rotations which do not involve the x2n+1-axis
H2.

As a consequence, for every t > 0, for every x = (x1, . . . , x2n+1) ∈ H
n and for

every j ∈ {1, . . . , 2n} the equality

h(t, (x1, . . . , x j , . . . , x2n, x2n+1)) = h(t, (x1, . . . ,−x j , . . . , x2n, x2n+1)) (104)

holds. Clearly, (104) yields that for every α < Q, for every t > 0 and for every
x = (x1, . . . , x2n+1) ∈ H

n the following equalities

‖(x1, . . . , x j , . . . , x2n, x2n+1)‖α−Q
α = ‖(x1, . . . ,−x j , . . . , x2n, x2n+1)‖α−Q

α ,

Pα(x1, . . . , x j , . . . , x2n, x2n+1) = Pα(x1, . . . ,−x j , . . . , x2n, x2n+1) (105)

hold for every j ∈ {1, . . . , 2n}. We notice that, a priori, this properties are not proved
in arbitrary stratified groups, included the stratified groups of step 2. For the explicit
form of the heat kernel we address the reader to [8]. For further details about this topic,
we point out [7, Remark 2.12].
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4.3 Invariance ofBc(0, 1) Under Horizontal Rotations

In the Heisenberg group the Carnot-Carathéodory ball Bc(0, R), of radius R, for
R > 0, centered at 0 ∈ H

n is invariant under horizontal rotations, i.e. the rotations
preserving the center of the group H2 (see for instance [28, Section 2.3]).

As a consequence, let (x1, . . . , x2n, x2n+1) ∈ Bc(0, R). Then, for every point
(y1, . . . , y2n, x2n+1) ∈ H

n such that the following equality

|(x1, . . . , x2n)| = |(y1, . . . , y2n)|

holds, then (y1, . . . , y2n, x2n+1) ∈ Bc(0, R). Let us now introduce for every j ∈
{1, . . . , 2n} the following projection

π j : H1 → R
2n−1, π j

(
2n∑

i=1

xi ei

)

= (x1, . . . , x j−1, x j+1, . . . , x2n, x2n). (106)

Notice that πH2 and π j , for j = {1, . . . , 2n}, are Lipschitz map in the Euclidean sense
and their (Euclidean) Jacobian is unitary. Hence, for every r ∈ πH2(Bc(0, 1)) ⊂ R

and for every s = (s1, . . . , s2n−1) ∈ π j (π
−1
H2

(r) ∩ Bc(0, 1)) ⊂ R
2n−1, the invariance

of Bc(0, R) with respect to horizontal rotations implies that the set

π−1
j (s) ∩ π−1

H2
(r) ∩ Bc(0, R) (107)

is symmetric in the x j -direction with respect to the point (s1, . . . , s j−1, 0, s j , . . . ,
s2n−1, r).

More precisely, for every r ∈ R, every s = (s1, . . . , s2n−1) ∈ R
2n−1 and for every

x j ∈ R:

(s1, . . . , s j−1, x j , s j , . . . , s2n−1, r) ∈ Bc(0, R)ifandonlyif

(s1, . . . , s j−1,−x j , s j , . . . , s2n−1, r) ∈ Bc(0, R).

In fact, the previous equivalence follows by

|(s1, . . . , s j−1, x j , s j , . . . , s2n−1)| = |(s1, . . . , s j−1,−x j , s j , . . . , s2n−1)|,

combined with the fact that Bc(0, R) is invariant under horizontal rotations.
In addition, also ∂Bc(0, 1) is invariant under horizontal rotations.

4.4 Auxiliary Tools

In this subsection we study some specific families of integrals. In particular, we collect
some technical results which will be used later on in the paper. First, we fix m ∈ N,
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α < Q and we collect few useful representations of the following integral

∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)‖y‖α−Q
α dy. (108)

We recall that the object Tn(φ, x) denotes the Z -Taylor Polynomial of G-degree n
related to φ centered at x , for every n ∈ N.

4.4.1 Representation, I

First of all,we exploit the explicit representations ofT2m+1(φ, x)(xy) andT2m−1(φ, x)
(xy) given by Theorem 2.10 which allows to write the integral in (108) as

2m+1∑

h=2m

∑

k=1,...,h
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=h

Zi1 . . . Zikφ(x)

k!
∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy. (109)

Now, for h ∈ {2m, 2m + 1}, k ∈ {1, . . . , h} and i1, . . . , ik ≤ 2n + 1 such that
deg(Zi1) + . . . + deg(Zik ) = h, we focus on the integral

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy (110)

appearing in the sum (109). We observe one more time that Bc(0, 1) and the map
‖y‖α−Q

α are symmetric and invariant with respect to the group inversion. In fact,

• by the homogeneity of dc, if a point y ∈ Bc(0, 1), then y−1 ∈ Bc(0, 1).
• by the property of the heat kernel h stated in Theorem 2.12(iii), it holds that

‖y‖α−Q
α = ‖y−1‖α−Q

α ,

for every y ∈ H
n , y �= 0.

Moreover, for every y ∈ H
n , y−1 = −y. Therefore, we know that, if the number

k ∈ {1, . . . , h} of the involved coordinates yi1 . . . yik is odd, then the integral in (110)
vanishes

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy = 0. (111)

As a consequence, we can rewrite (108) as follows

2m+1∑

h=2m

∑

k=1,...,h,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=h

Zi1 . . . Zikφ(x)

k!
∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy. (112)
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Now, we consider again the integral in (110) and we make the following hypothesis

there exists j∈{1, . . . , k}such that deg(Zi j )=1 and �{�∈{1, . . . , k} : i j=i�} is odd. (113)

Now, if we apply the Euclidean coarea formula to the integral in (110) we get

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy =
∫

πH2 (Bc(0,1))
∫

π−1
H2

(y2n+1)∩Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy1, . . . dy2n dy2n+1

=
∫

πH2 (Bc(0,1))

∫

π j (π
−1
H2

(y2n+1)∩Bc(0,1))
∫

π−1
j (r)∩π−1

H2
(y2n+1)∩Bc(0,1)

yi1 . . . yik‖y‖α−Q
α dy jdr dy2n+1.

By combining the symmetry of Bc(0, 1) discussed in Sect. 4.3, the symmetry of
‖y‖α−Q

α discussed in Sect. 4.2 and our hypothesis (113), we conclude that

∫

π−1
j (r)∩π−1

H2
(y2n+1)∩Bc(0,1)

yi1 . . . yik‖y‖α−Q
α dy j = 0,

for every y2n+1 ∈ R and r ∈ R
2n−1. Hence, under the hypothesis (113), the integral

in (110) vanishes. Then, the integral in (110) can be non-zero only if

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy =
∫

Bc(0,1)
(y1, . . . , y2n)

γ yγ2n+1
2n+1 ‖y‖α−Q

α dy, (114)

for some even 2n-multi-index γ ∈ (N ∪ {0})2n and for some γ2n+1 ∈ N ∪ {0}.
Let us now consider again the integral in (110) and assume that h = 2m + 1. Hence
we have that

deg(Zi1) + . . . deg(Zik ) = 2m + 1. (115)

Since we are working in H
n , for every j = 1, . . . , k, necessarily deg(Zi j ) is 1 or 2.

Hence
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�{ j ∈ {1, . . . , k} : deg(Zi j ) = 1}
= 2m + 1 − 2 · �{ j ∈ {1, . . . , k} : deg(Zi j ) = 2}. (116)

Thus, �{ j ∈ {1, . . . , k} : deg(Zi j ) = 1} is odd, and therefore hypothesis (113) is
verified, hence, also under the hypothesis (115), we have

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy = 0.

Therefore, we can conclude that the integral in (110) can be non-zero only if

deg(Zi1) + . . . deg(Zik ) = 2m.

As a consequence, in (114) γ2n+1 has to be even too. Hence, the integral in (110) can
be non-zero only if

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy =
∫

Bc(0,1)
yγ ‖y‖α−Q

α dy, (117)

for some even (2n + 1)-multi-index γ ∈ (N ∪ {0})2n+1.

We observe that our argument allows to state the equality

∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)‖y‖α−Q
α dy

=
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

Zi1 . . . Zikφ(x)

k!
∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy. (118)

4.4.2 Representation, II

According to the previous subsection,we fixm ∈ N, k ∈ {1, . . . , 2m} and i1, . . . , ik ≤
2n + 1 such that

deg(Zi1) + . . . deg(Zik ) = 2m.

Applying the coarea formula of Corollary 2.8, we obtain

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy =
∫ 1

0

∫

∂Bc(0,r)
yi1 . . . yik‖y‖α−Q

α dSQ−1∞ (y)dr .

By the homogeneity of the norm ‖ · ‖α−Q
α and the homogeneity of SQ−1∞ , we get for

every −2m < α < Q
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∫ 1

0

∫

∂Bc(0,r)
yi1 . . . yik‖y‖α−Q

α dSQ−1∞ (y)dr

=
∫ 1

0

∫

∂Bc(0,1)
(δr z)i1 . . . (δr z)ik‖δr z‖α−Q

α r Q−1dSQ−1∞ (z)dr

=
∫ 1

0

∫

∂Bc(0,1)
rdeg(Zi1 )zi1 . . . rdeg(Zik )zik r

α−Q‖z‖α−Q
α r Q−1dSQ−1∞ (z)dr

=
∫ 1

0
rα−Q+Q−1+deg(Zi1 )+...deg(Zik )

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z)dr

=
∫ 1

0
rα−1+2mdr

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z)

= 1

α + 2m

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z).

Finally, for every −2m < α < Q we can rewrite (118) as

∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)‖y‖α−Q
α dy (119)

=
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

1

α + 2m

Zi1 . . . Zikφ(x)

k!
∫

∂Bc(0,1)
zi1 . . . zik ‖z‖α−Q

α dSQ−1∞ (z).

As a consequence, for every −2m < α < Q we also have that

∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)
Pα(y)dy

=
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

1

α + 2m

1

	(α
2 )

Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z).

4.4.3 Regularity

Here, we prove that the following map is analytic

(−∞, Q) � α →
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

1

α + 2m

1

	(α
2 )

Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z).

(120)
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Let us first consider the map α → 1
α+2m

1
	( α

2 )
. By the standard properties of the Euler

gamma function we have

lim
α→−2m

1

α + 2m

1

	
(

α
2

)

= lim
α→−2m

1

α + 2m

1

	
(

α+2m
2

)
(α

2
+ (m − 1)

) (α

2
+ (m − 2)

)
. . .
(α

2

)
= 1

2
(−1)mm!,

then α → 1
α+2m

1
	( α

2 )
is analytic on R. Indeed, it is enough to show that for every even

k ∈ {1, . . . , 2m} and every i1, . . . ik ≤ 2n+1 such that deg(Zi1)+. . . deg(Zik ) = 2m,
the map

(−∞, Q) � α →
∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z) (121)

is analytic. The proof of this claim can be obtained as a generalization of the proof
of Item 2 in Sect. 2.5, where we showed the analyticity of the map σ(α), which in
particular equals the map (121) when m = 0. It is enough to repeat the cited proof
combined with the fact that z → zi1 . . . zik in (120) is a non-negative continuous
map on the compact ∂Bc(0, 1). In particular, the representation in (117) implies the
non-negativity of this map.

4.4.4 Representation, III

Here we prove the following lemma.

Lemma 4.1 For every even (2n+1)-multi-index γ = (γ1, . . . , γ2n+1) ∈ (N∪{0})2n+1

and for every α < Q we have

∫

∂Bc(0,1)
xγ ‖x‖α−Q

α dSQ−1∞ (x)=2
∫

Hn
xγ h(1, x)‖x‖−α−(γ1+...γ2n+2γ2n+1)

c dx . (122)

Proof We exploit the explicit form of ‖ · ‖α and the homogeneity property of the heat
kernel h getting

∫

∂Bc(0,1)
yγ ‖y‖α−Q

α dSQ−1∞ (y) =
∫

∂Bc(0,1)
yγ

∫ ∞
0

t
α
2 −1h(t, y)dt dSQ−1∞ (y)

=
∫ ∞
0

t
α
2 −1− Q

2

∫

∂Bc(0,1)
yγ h

(
1, δ 1√

t
(y)
)
dSQ−1∞ (y)dt .

Let us now perform the change of variable r = 1√
t
so that dt = −2r−3dr and we get

∫ ∞

0
t

α
2 −1− Q

2

∫

∂Bc(0,1)
yγ h

(
1, δ 1√

t
(y)
)
dSQ−1∞ (y)dt

= −2
∫ 0

∞
(r−2)

α
2 −1− Q

2 r−3
∫

∂Bc(0,1)
yγ h(1, δr (y))dSQ−1∞ (y)dr .

123



106 Page 56 of 94 F. Corni, F. Ferrari

= 2
∫ ∞

0
r−α+Q−1

∫

∂Bc(0,1)
yγ h(1, δr (y))dSQ−1∞ (y)dr

= 2
∫ ∞

0
r−α+Q−1−(γ1+...+γ2n+2γ2n+1)

∫

∂Bc(0,1)
rγ1+...+γ2n+2γ2n+1 yγ h(1, δr (y))dSQ−1∞ (y)dr

= 2
∫ ∞

0
r−α+Q−1−(γ1+...+γ2n+2γ2n+1)

∫

∂Bc(0,1)
(δr y)

γ h(1, δr (y))dSQ−1∞ (y)dr .

Nowweapply the changeof variables z = δr (y) and taking in account the homogeneity
of the metric dc and of the measure SQ−1∞ , we get

2
∫ ∞

0
r−α+Q−1−(γ1+...+γ2n+2γ2n+1)

∫

∂Bc(0,1)
(δr (y))

γ h(1, δr (y))dSQ−1∞ (y)dr

= 2
∫ ∞

0
r−α−(γ1+...+γ2n+2γ2n+1)

∫

∂Bc(0,r)
zγ h(1, z)dSQ−1∞ (z)dr .

Therefore, for every α < Q we have

∫

∂Bc(0,1)
yγ ‖y‖α−Q

α dSQ−1∞ (y)

= 2
∫ ∞

0
r−α−(γ1+...+γ2n+2γ2n+1)

∫

∂Bc(0,r)
zγ h(1, z)dSQ−1∞ (z)dr

= 2
∫ ∞

0

∫

∂Bc(0,r)
zγ h(1, z)‖z‖−α−(γ1+...+γ2n+2γ2n+1)

c dSQ−1∞ (z)dr

= 2
∫

Hn
zγ h(1, z)‖z‖−α−(γ1+...+γ2n+2γ2n+1)

c dz,

where in the last step we exploited the coarea formula of Corollary 2.8. This concludes
the proof. ��

We recall that, if we fix m ∈ N, k ∈ {1, . . . , 2m} and i1, . . . , ik ≤ 2n + 1 such that

deg(Zi1) + . . . deg(Zik ) = 2m,

as in (117), then the existence of some even (2n + 1)-multi-index γ ∈ (N ∪ {0})2n+1

such that the following equality holds

∫

Bc(0,1)
yi1 . . . yik‖y‖α−Q

α dy =
∫

Bc(0,1)
yγ ‖y‖α−Q

α dy (123)

follows from Sect. 4.4.1. Thus, necessarily

deg(Zi1) + . . . + deg(Zik ) = 2m = γ1 + . . . γ2n + 2γ2n+1.
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Therefore, exploiting Lemma 4.1 we can rewrite (119) for every −2m < α < Q as
follows:

∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)‖y‖α−Q
α dy

=
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

α + 2m

Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)‖y‖−α−2m

c dy.

As a consequence, for every −2m < α < Q we have that

∫

Bc(0,1)

(
T2m+1(φ, x)(xy)−T2m−1(φ, x)(xy)

)
Pα(y)dy

=
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

α+2m

1

	
(
α
2
)
Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)‖y‖−α−2m

c dy. (124)

4.4.5 The Behaviour as˛ → −2�, � ≤ m

Let m ∈ N. We wish to study the behaviour of the map

α→
∑

k=1,...,2m, k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

α+2m

1

	
(
α
2
)
Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)‖y‖−α−2m

c dy, (125)

when α is close to an even negative integer −2k, k ≥ m. First, we compute the limit
of (125) as α → −2m+. We use the properties of the Euler gamma function getting

∑

k=1,...,2m, k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

α + 2m

1

	
(
α
2

)
Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)‖y‖−α−2m

c dy

=
∑

k=1,...,2m, k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

α + 2m

(
α
2

) (
α
2 + 1

)
. . .
(
α
2 + (m − 1)

)

	
(
α+2m

2

)
Zi1 . . . Zikφ(x)

k!

∫

Hn
yi1 . . . yik h(1, y)dy

→
∑

k=1,...,2m, k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

(−1)mm! Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)dy
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as α → −2m+. Let us now consider � ∈ N ∪ {0}, � < m, then we have

lim
α→−2�

⎛

⎜
⎜
⎜
⎜
⎜
⎝

∑

k=1,...,2m, k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

α + 2m

1

	
(

α
2

)
Zi1 . . . Zikφ(x)

k!

∫

Hn
yi1 . . . yik h(1, y)‖y‖−α−2m

c dy

⎞

⎟
⎟
⎟
⎟
⎟
⎠

= lim
α→−2�

⎛

⎜
⎜
⎜
⎜
⎜
⎝

∑

k=1,...,2m, k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

2

2m − 2�

1

	
(

α
2

)
Zi1 . . . Zikφ(x)

k!

∫

Hn
yi1 . . . yik h(1, y)‖y‖2�−2m

c dy

⎞

⎟
⎟
⎟
⎟
⎟
⎠

= 0.

4.4.6 A Second Family of Integrals

Westudy the regularity of themapα → ∫
Bc(0,1)

(
φ(xy)−T2m+1(φ, x)(xy)

)
Pα(y)dy.

The following result holds.

Lemma 4.2 Let φ ∈ S(Hn) and x ∈ G. For every m ∈ N, the map

α →
∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy (126)

is analytic on the interval (−2m − 2, Q).

Before proving Lemma 4.2, we focus on the convergence of (126).

Remark 4.3 We point out that the integral

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy
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converges when −2m − 2 < α < Q. In fact, exploiting the coarea formula of Corol-
lary 2.8 and the homogeneity properties of Pα and SQ−1∞ we get

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy

=
∫ 1

0

∫

∂Bc(0,r)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dSQ−1∞ (y)dr

=
∫ 1

0
rα−1

∫

∂Bc(0,1)

(
φ(xδr (z)) − T2m+1(φ, x)(xδr (z))

)
Pα(z)dSQ−1∞ (z)dr .

Now, recalling the regularity of φ and the estimate (13) of Theorem 2.9, we know that
for every z ∈ ∂Bc(0, 1)

|(φ(xδr (z)) − T2m+1(φ, x)(xδr (z)))| = O
(
r2m+2) as r → 0

holds. Therefore, for a suitable positive constant c we have

∫

Bc(0,1)
|φ(xy) − T2m+1(φ, x)(xy)||Pα(y)|dy

≤ c
∫ 1

0
rα+2m+1dr

∫

∂Bc(0,1)
|Pα(z)|dSQ−1∞ (z)

= c
1

|	(α
2

)|
1

α + 2m + 2
σ(α),

which is finite. Here, we have exploited the fact that α > −2m − 2.

Proof of Lemma 4.2 The proof is analogous to the one of Lemma 3.10. Let us consider
the k-th derivative of the function in (126), for k ∈ N. In particular, we will show that
derivative and integral can be exchanged by estimating the term

∣
∣
∣
∣
∣

∫

Bc(0,1)

(
φ(xy)−T2m+1(φ, x)(xy)

) ∫ ∞

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣
. (127)

We split the integral of (127) as

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − T2m+1(φ, x)(xy))

∫ ∞
0

t
α
2 −1(ln(t))k

(
1

2

)k
h(t, y)dtdy

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − T2m+1(φ, x)(xy))

∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k
h(t, y)dtdy

∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − T2m+1(φ, x)(xy))

∫ ∞
1

t
α
2 −1(ln(t))k

(
1

2

)k
h(t, y)dtdy

∣
∣
∣
∣
∣
.

(128)
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The second term can be dealt with repeating the steps in (48) and we get that

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − T2m+1(φ, x)(xy))

∫ ∞

1
t

α
2 −1

(
1

2

)k

lnk(t)h(t, y)dtdy

∣
∣
∣
∣
∣

≤ sup
Bc(0,1)

|φ(x ·) − T2m+1(φ, x)(x ·)| sup
Bc(0,1)

h(1, ·)μ(Bc(0, 1))
2

(Q − α)k+1 k!.
(129)

Then we need to deal with

∣
∣
∣
∣
∣

∫

Bc(0,1)
(φ(xy) − T2m+1(φ, x)(xy))

∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣
.

In fact, we have

∣
∣
∣
∣
∣

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

) ∫ 1

0
t

α
2 −1(ln(t))k

(
1

2

)k

h(t, y)dtdy

∣
∣
∣
∣
∣

≤
∫

Bc(0,1)
|φ(xy) − T2m+1(φ, x)(xy)|

∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k

h(t, y)dtdy (130)

≤
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0,1)
|φ(xy) − T2m+1(φ, x)(xy)|h(t, y)dydt .

Now, we observe that by the estimate (13) of Theorem 2.9, we have |φ(xy) −
T2m+1(φ, x)(xy)| = O(‖y‖2m+2

c ) as ‖y‖c → 0, thus for some suitable positive
constant C we get

∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0,1)
|φ(xy) − T2m+1(φ, x)(xy)|h(t, y)dydt

≤ C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc(0,1)
‖y‖2m+2

c h(t, y)dydt

= C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k

t−
Q
2

∫

Bc(0,1)
‖y‖2m+2

c h
(
1, δ 1√

t
(y)
)
dydt,

where we exploited the homogeneity property of h. Now, we change variables as
z = δ 1√

t
(y), so that by the homogeneity of the Lebesgue measure and the properties

of homogeneous norms we con continue as follows

C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k

t−
Q
2

∫

Bc(0,1)
‖y‖2m+2

c h
(
1, δ 1√

t
(y)
)
dydt

= C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc

(
0, 1√

t

)
∥
∥δ√

t (z)
∥
∥2m+2
c h(1, z)dzdt
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= C
∫ 1

0
t

α
2 −1| ln(t)|k

(
1

2

)k ∫

Bc

(
0, 1√

t

) tm+1‖z‖2m+2
c h(1, z)dzdt

≤ C
∫ 1

0
t

α
2 +m | ln(t)|k

(
1

2

)k

dt
∫

Hn
‖z‖2m+2

c h(1, z)dz. (131)

Notice that
∫
Hn ‖z‖2m+2

c h(1, z)dz < ∞ is a finite constant, since h(1, z) ∈ S(Hn).
Now, we observe that, according to (32),

bk =
∫ 1

0
t

α
2 +m | ln(t)|k

(
1

2

)k

dt

when N = m + 1, and N = m + 1 > −α
2 if and only if α > −(2m + 2). Hence, we

can exploit the estimate in (33) getting that for every fixed α > −2m − 2, for every
k ∈ N

∫ 1

0
t

α
2 +m | ln(t)|k

(
1

2

)k

dt ≤ C
2

(α + 2m + 2)k+1 k!. (132)

By combining (129), (130), (131) and (132) our claim is achieved. ��
Remark 4.4 The results of this subsection are still true if φ ∈ C∞(Hn) and φ(z) ≤
K‖z‖−L

c as ‖zc‖ > S for some L, S, K > 0. It can be verified that in this case the
map in (126) is analytic on (−2m − 2,min{Q, L}).

5 Analytic Continuation in the Heisenberg Group

Here, we prove the following result.

Theorem 5.1 For every m ∈ N, for every φ ∈ S(G) and for every x ∈ G, the map

α → ψ(x, α)

can be analytically continued to the interval (−2m − 2,−2m]. Moreover, the repre-
sentation

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy

+
m∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(
α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik ‖z‖α−Q

α dSQ−1∞ (z)

+ φ(x)
1

	
(
α
2

)
1

α
σ(α) (133)
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holds for every α such that −2m − 2 < α ≤ Q.

The proof of the previous theorem will be realized by induction in the following
two subsections.

5.1 Base Case: Continuation of˛ → Ã(x, ˛) on the Strip (−4,−2]

We consider the map α → ψ(x, α) which has been analytically continued to α ∈
(−2, Q) in Theorem 3.8. We obtained the expression of ψ(x, α) on (−2, Q)

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − φ(x)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α)

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T1(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) (134)

on an arbitrary stratified group G, and then, in particular, it holds on H
n . In this

subsection, we wish to continue analytically the map on the strip −4 < α ≤ 2, so as
to show the base step of the inductive procedure. In corresponds to the value m = 1.
We consider α ∈ (−2, Q) and we consider (134) as follows

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T1(φ, x)(xy)

)
Pα(y)dy

−
∫

Bc(0,1)
(T3(φ, x)(xy) − T1(φ, x)(xy))Pα(y)dy

+
∫

Bc(0,1)
(T3(φ, x)(xy) − T1(φ, x)(xy))Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α)

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T3(φ, x)(xy)

)
Pα(y)dy

+
∫

Bc(0,1)
(T3(φ, x)(xy) − T1(φ, x)(xy))Pα(y)dy + φ(x)

1

	
(

α
2

)
1

α
σ(α).

We can exploit the expression obtained in (119) and for every α ∈ (−2, Q) we get

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T3(φ, x)(xy)

)
Pα(y)dy
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+
∑

i1,i2≤2n+1
deg(Zi1 )+deg(Zi2 )=2

1

α + 2

1

	
(
α
2

)
Zi1 Zi2φ(x)

k!
∫

∂Bc(0,1)
zi1 zi2‖z‖α−Q

α dSQ−1∞ (z)

+ φ(x)
1

	
(
α
2

)
1

α
σ(α). (135)

Let us focus on the right-hand side of (135). We notice that, by Remark 3.5, the first
term of the sum

α →
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy

is analytic on (−∞, Q). The last term of the sum

α → φ(x)
1

	
(

α
2

)
1

α
σ(α)

is analytic on (−∞, Q) too, since in Item 2 of Sect. 2.5 we proved that σ(α) is analytic
on (−∞, α). By the results in Sect. 4.4.3, the third term of the sum

α →
∑

i1,i2≤2n+1
deg(Zi1 )+deg(Zi2 )=2

1

α + 2

1

	
(

α
2

)
Zi1 Zi2φ(x)

k!
∫

∂Bc(0,1)
zi1 zi2‖z‖α−Q

α dSQ−1∞ (z)

is analytic on (−∞, Q). Finally, by Lemma 4.2 applied with m = 1, the second term
of the sum

α →
∫

Bc(0,1)

(
φ(xy) − T3(φ, x)(xy)

)
Pα(y)dy

is analytic on (−4, Q). In conclusion, the map α → ψ(x, α) is analytic on (−4, Q).
Then, we have obtained an analytic continuation ofψ(x, α) on−4 < α ≤ −2. On the
other hand, we have proved the first step of the inductive procedure, corresponding to
m = 1, aimed in the current section.

5.2 Induction Step: Continuation ofÃ(x, ˛) on the Strip (−2m − 2,−2m]

Now, we fix m ∈ N and we assume that the map α → ψ(x, α) has been analytically
continued on (−2m, Q) and that the representation

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy

+
∫

Bc(0,1)

(
φ(xy) − T2(m−1)+1(φ, x)(xy)

)
Pα(y)dy
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+
m−1∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(

α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z)

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) (136)

holds. We wish to construct an analytic continuation of the map ψ(x, α) in (136) on
the strip (−2m − 2,−2m]. Let us consider

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy

+
∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2(m−1)+1(φ, x)(xy)

)
Pα(y)dy

+
m−1∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(
α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik ‖z‖α−Q

α dSQ−1∞ (z)

+ φ(x)
1

	
(
α
2

)
1

α
σ(α). (137)

Now, we apply (119) and we get that for every α ∈ (−2m, Q), the right-hand side of
(137) is equal to

∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy

+
m∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(

α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik‖z‖α−Q

α dSQ−1∞ (z)

+ φ(x)
1

	
(

α
2

)
1

α
σ(α). (138)

Let us focus on (138).We observe that the first term of the sum is analytic on (−∞, Q)

by Remark 3.5; the last term of the sum is analytic on (−∞, Q) since in Item 2 of
Sect. 2.5 we proved that σ(α) is analytic on (−∞, α); the third term of the sum is
analytic on (−∞, Q) by the results in Sect. 4.4.3; the second term of the sum is
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analytic on (−2m − 2, Q) by Lemma 4.2. Then, the map α → ψ(x, α) in (138) is
analytic on (−2m−2, Q). Hence, we provided an analytic continuation ofψ(x, α) on
−2m − 2 < α ≤ −2m and the representation in (138) holds for −2m − 2 < α < Q.
Hence the induction is concluded and Theorem 5.1 is proved.

Remark 5.2 Notice that, for every m ∈ N, when α < −2m, by explicit calculations
based on the coarea formula, we obtain

∫

Hn\Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)
Pα(y)dy

= −
∫

Bc(0,1)

(
T2m+1(φ, x)(xy) − T2m−1(φ, x)(xy)

)
Pα(y)dy,

(139)

so that, when −2m − 2 < α < −2m we have the following representation of the
analytic continuation

ψ(x, α) =
∫

Hn

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy. (140)

5.2.1 Analysis ofÃ(x,−2m),m ∈ N

Let us now compute the value ψ(x,−2m), m ∈ N. We exploit the representation of
ψ(x, α) on (−2m − 2, Q) and the results in Sect. 4.4.5 getting:

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy

+
m∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(
α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik ‖z‖α−Q

α dSQ−1∞ (z) + φ(x)
1

	
(
α
2

)
1

α
σ(α)

= 1

	
(
α
2

)

∫

Hn\Bc(0,1)
φ(xy)‖y‖α−Q

α dy

+ 1

	
(
α
2

)

∫

Bc(0,1)

(
φ(xy) − T2m+1(φ, x)(xy)

)
‖y‖α−Q

α dy

+
m∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(
α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik ‖z‖α−Q

α dSQ−1∞ (z) + φ(x)
1

	
(
α
2

)
1

α
σ(α)
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→ lim
α→−2m

m∑

p=1

∑

k=1,...,2p,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2p

1

α + 2p

1

	
(
α
2

)
Zi1 . . . Zikφ(x)

k!

∫

∂Bc(0,1)
zi1 . . . zik ‖z‖α−Q

α dSQ−1∞ (z)

=
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

(−1)mm! Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)dy

as α goes to −2m. We used in the last two steps the results of Sect. 4.4.5. Hence, we
showed that for every m ∈ N

ψ(x,−2m) =
∑

k=1,...,2m,k even
i1,...,ik≤2n+1

deg(Zi1 )+...deg(Zik )=2m

(−1)mm! Zi1 . . . Zikφ(x)

k!
∫

Hn
yi1 . . . yik h(1, y)dy.

5.3 An Estimate of x → Ã(x, ˛)

We wish to use the analytic continuation of ψ(x, α) to extend the notion of fractional
sub-Laplacian Ls in the spirit of Sects. 3.4 and 3.6. In order to do this, we need to
generalize inH

n the estimate on x → ψ(x, α) established in Sect. 3.5. This is the goal
of the following proposition.

Proposition 5.3 For every m ∈ N, for every α ∈ (−2m−2, 2m), for every φ ∈ S(Hn)

and for every x ∈ H
n the following estimate holds

ψ(x, α) = O
(‖x‖α−Q

c

)

as ‖x‖c → ∞.

Proof The proof is analogous to the one of Proposition 3.16.We exploit the expression
of ψ(x, α)

ψ(x, α) =
∫

Hn

(
φ(xy) − T2m+1(φ, x)(xy)

)
Pα(y)dy

obtained in (133) for −2m − 2 < α < −2m. Thus, the proof of Proposition 3.16 can
be essentially repeated verbatim, up to substituting b2 with b2m+2 and d2h(ξ) with

d2m+2
h φ(ξ) = max

p∈Bc(x,bm+2‖x−1z‖c)
d2m+2
h φ(p), (141)

where d2m+2
h φ is d2m+2

h φ(y) = max|α|=2m+2 |(Z1 · · · Z2n)
αφ(y)|, for every y ∈ G.
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More precisely, in this case the integral variable z belongs to the closed ball
Bc(x,

‖x‖c
2b2m+2 ) and for each of such a z, the maximum of d2m+2

h in (141) is real-

ized at ξ = ξ(z) ∈ Bc(x, b2m+2‖x−1z‖) ⊂ Bc(x,
‖x‖c
2 ). Moreover, it is necessary to

exploit the fact that every derivative along vector fields of φ ∈ S(Hn), independently
of the number of involved vector fields and on their degree, belongs to S(Hn), hence
d2m+2
h φ ∈ S(Hn). ��

5.4 The Powers of the Fractional Sub-LaplacianLs,−Q
2 < s < m + 1,m ∈ N

Coherentlywith the constructionof the analytic continuationof themapα → ψφ(x, α)

on the interval (−2m − 2, Q), for an arbitrary m ∈ N, in this section we extend
the definition of real powers of the sub-Laplacian L to s ∈ (− Q

2 ,m + 1). In fact,
for every x ∈ H

n and φ ∈ S(Hn) the analytic continuation of α → ψφ(x, α) on
the interval α ∈ (−2m − 2, Q) allows to extend the definition of the family of
tempered distributions {P̃ x

α }α∈(−2,Q) that we introduced in Sect. 3.4, setting for every
α ∈ (−2m − 2, Q) and x ∈ H

n the following

P̃ x
α (φ) := ψφ(x, α),

for every φ ∈ S(Hn).
Therefore, we can define for every s ∈ (− Q

2 ,m + 1) the fractional sub-Laplacian

Lsφ(x) := ψφ(x,−2s) = P̃ x−2s(φ), (142)

for every φ ∈ S(Hn) and x ∈ H
n .

In a similar way as in Sect. 3.6, the uniqueness of analytic continuation yields that
for every x ∈ H

n and φ ∈ S(Hn) the equality

ψφ(x, α + β) = P̃ x
α+β(φ) = ψψφ(·,β)(x, α) (143)

holds for everyα ∈ (−2m−2, Q), β ∈ (−2m−2, Q) such that−2m−2 < α+β < Q.
Therefore, onemore time through analogous computations as in Sect. 3.6, (143) allows
to prove that if we choose α, β ∈ (−2m − 2, Q) and we set α = −2 s and β = −2p
for suitable s, p ∈ (− Q

2 ,m + 1), then the equality

Ls ◦ Lp = Ls+p (144)

holds, when − Q
2 < s + p < m + 1.

Since for every x ∈ H
n and φ ∈ S(Hn), the analytic continuation of α → ψφ(x, α)

has been realized on the interval (−2m − 2, Q) for every m ∈ N, then (144) holds
for every m ∈ N. Therefore, we can deduce that the operator Ls is defined as in (142)
for every s > − Q

2 and it satisfies the semigroup property (145) for every s, p > − Q
2

such that s + q > − Q
2 . We resume this result in the following proposition.
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Proposition 5.4 For every s, p ∈ (− Q
2 ,∞) such that − Q

2 < p + s the equality

Ls ◦ Lp = Ls+p (145)

holds.

Actually, recalling the homogeneous dimension of H
n is Q = 2n + 2, we have

introduced a notion of Ls on S(Hn), for s > −n − 1, which satisfies the semigroup
property (145) for every s, p > −n − 1 such that s + p > −n − 1.

6 A Representation of Ã(x, ˛) on (−4,Q)

In this section we obtain a special simplified representation of ψ(x, α) on the inter-
val (−4, Q). Then, we use this representation to deduce the value of the integral∫
Hn |πH1(x)|2h(1, x)dx .
Let us observe that, according to the arguments in Sect. 4.4.1 leading to (114) and

then to (117), for every α < Q the equality

∑

i1,i2≤2n+1
deg(Zi1 )+deg(Zi2 )=2

1

α + 2

1

	
(

α
2

)
Zi1 Zi2φ(x)

2!
∫

∂Bc(0,1)
zi1 zi2‖z‖α−Q

α dSQ−1∞ (z)

= 1

α + 2

1

	
(

α
2

)
2n∑

i=1

Z2
i φ(x)

∫

∂Bc(0,1)
y2i ‖y‖α−Q

α dSQ−1∞ (y) (146)

holds. Now, since the ballBc(0, 1) and ‖·‖α−Q
α are invariant under horizontal rotations

(see Sects. 4.3 and 4.2), then the relation

d(α):=
∫

∂Bc(0,1)
y2i ‖y‖α−Q

α dSQ−1∞ (y)= 1

2n

∫

∂Bc(0,1)
|πH1(y)|2‖y‖α−Q

α dSQ−1∞ (y) (147)

holds for every i = 1, . . . , 2n. In fact, by exploiting horizontal rotation invariance for
every i = 1, . . . , 2n, we get that

∫

∂Bc(0,1)
y2i ‖y‖α−Q

α dSQ−1∞ (y) =
∫

∂Bc(0,1)
y2j ‖y‖α−Q

α dSQ−1∞ (y), (148)

for every i, j ∈ {1, . . . , 2n}. Then, we have that for every i ∈ {1, . . . , 2n}

2n
∫

∂Bc(0,1)
y2i ‖y‖α−Q

α dSQ−1∞ (y) =
2n∑

i=1

∫

∂Bc(0,1)
y2i ‖y‖α−Q

α dSQ−1∞ (y)

=
∫

∂Bc(0,1)

2n∑

i=1

y2i ‖y‖α−Q
α dSQ−1∞ (y)
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=
∫

∂Bc(0,1)
|(y1, . . . , y2n)|2‖y‖α−Q

α dSQ−1∞ (y)

=
∫

∂Bc(0,1)
|πH1(y)|2‖y‖α−Q

α dSQ−1∞ (y).

As a consequence, the value of d(α) does not depend on the choice of i . We can
continue from (146) getting

∑

i1,i2≤2n+1
deg(Zi1 )+deg(Zi2 )=2

1

α + 2

1

	
(

α
2

)
Zi1 Zi2φ(x)

2

∫

∂Bc(0,1)
zi1 zi2‖z‖α−Q

α dSQ−1∞ (z)

= 1

α + 2

1

	
(

α
2

)
2n∑

i=1

Z2
i φ(x)d(α) = − 1

α + 2

1

	
(

α
2

)
1

2
Lφ(x)d(α).

Thus, the analytically continued map (−4, Q) � α → ψ(x, α) can be represented as
follows

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(

φ(xy) − φ(x)

− 1

2

2n∑

i=1

Z2
i φ(x)y2i

)

Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α).

(149)

The value of ψ(x,−2) can be deduced by combining Proposition 2.13 and the
equality in (79) getting that

lim
α→−2

ψ(x, α) = lim
α→−2+ ψ(x, α) = lim

α→−2+ L− α
2 φ(x) = Lφ(x). (150)

6.1 A Geometric Application, I

We use the representation established in (149) to prove the following proposition.

Proposition 6.1 Let n ∈ N and let h be the heat kernel associated with L on H
n, then

the following equality holds

∫

Hn
|πH1(x)|2h(1, x)dx = 4n. (151)

Proof Let us consider the representation (149) of the map ψ(x, α) for −4 < α < Q

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(

φ(xy) − φ(x)
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− 1

2

2n∑

i=1

Z2
i φ(x)y2i

)

Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α).

By the arguments carried out in Sect. 6 we know that

ψ(x,−2) = lim
α→−2

ψ(x, α) = lim
α→−2

(

− 1

2

1

α + 2

1

	
(

α+2
2

)
α

2
d(α)Lφ(x)

)

= lim
α→−2

1

4
d(α)Lφ(x) = 1

4
Lφ(x) lim

α→−2
d(α),

and we know as well that the limit exists since d(α) is continuous with respect to α

as α < Q. Now, as we already observed, by Proposition 2.13 and (79), we get

ψ(x,−2) = lim
α→−2+ ψ(x, α) = lim

α→−2+ L− α
2 φ(x) = Lφ(x), (152)

so that we can deduce that

lim
α→−2

d(α) = d(−2) = 4. (153)

Let us now consider for α < Q, the map d(α) defined in (147). We have

d(α) = 1

2n

∫

∂Bc(0,1)
|πH1(x)|2‖x‖α−Q

α dSQ−1∞ (x)

= 1

2n

∫

∂Bc(0,1)
|πH1(x)|2

∫ ∞

0
t

α
2 −1h(t, x)dt dSQ−1∞ (x)

= 1

2n

∫ ∞

0
t

α
2 −1

∫

∂Bc(0,1)
|πH1(x)|2h(t, x)dSQ−1∞ (x)dt

= 1

2n

∫ ∞

0
t

α
2 −1− Q

2

∫

∂Bc(0,1)
|πH1(x)|2h

(
1, δ 1√

t
(x)
)
dSQ−1∞ (x)dt .

Performing the change of variable r = 1√
t
, we get

1

2n

∫ ∞

0
t

α
2 −1− Q

2

∫

∂Bc(0,1)
|πH1(x)|2h

(
1, δ 1√

t
(x)
)
dSQ−1∞ (x)dt

= − 1

2n
2
∫ 0

∞
(
r−2) α

2 −1− Q
2 r−3

∫

∂Bc(0,1)
|πH1(x)|2h(1, δr (x))dSQ−1∞ (x)dr

= 1

n

∫ ∞

0
r−α+Q−1

∫

∂Bc(0,1)
|πH1(x)|2h(1, δr (x))dSQ−1∞ (x)dr
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= 1

n

∫ ∞

0
r−α+Q−3

∫

∂Bc(0,1)
|rπH1(x)|2h(1, δr (x))dSQ−1∞ (x)dr .

Let us remark that for every r > 0 and x ∈ H
n we have |rπH1(x)|2 = |πH1(δr (x))|2,

thus

1

n

∫ ∞

0
r−α+Q−3

∫

∂Bc(0,1)
|rπH1(x)|2h(1, δr (x))dSQ−1∞ (x)dr

= 1

n

∫ ∞

0
r−α+Q−3

∫

∂Bc(0,1)
|πH1(δr (x))|2h(1, δr (x))dSQ−1∞ (x)dr .

By changing one more time the variables x ′ = δr (x), the homogeneity of the metric
dc and of the measure SQ−1∞ give

1

n

∫ ∞

0
r−α+Q−3

∫

∂Bc(0,1)
|πH1(δr (x))|2h(1, δr (x))dSQ−1∞ (x)dr

= 1

n

∫ ∞

0
r−α−2

∫

∂Bc(0,r)
|πH1(x

′)|2h(1, x ′)dSQ−1∞ (x ′)dr .

Our thesis follows as α → −2. In fact, by (153) we know that

lim
α→−2

d(α) = d(−2) = 4 (154)

but, at the same time, we know as well that

lim
α→−2

d(α) = lim
α→−2

1

n

∫ ∞

0
r−α−2

∫

∂Bc(0,r)
|πH1(x

′)|2h(1, x ′)dSQ−1∞ (x ′)dr

= 1

n

∫ ∞

0

∫

∂Bc(0,r)
|πH1(x

′)|2h(1, x ′)dSQ−1∞ (x ′)dr

= 1

n

∫

Hn
|πH1(x

′)|2h(1, x ′)d(x ′)

= 1

n

∫

Hn
|πH1(x)|2h(1, x)dx, (155)

where we used the coarea formula of Corollary 2.8. By combining (154) and (155)
we conclude the proof. ��

7 A Representation of Ã(x, ˛) on (−6,Q)

Here we discuss a representation of ψ(x, α) for −6 < α ≤ −4 involving the most
natural definition of the natural power L2 of the sub-Laplacian L. Given m ∈ N, we
define

Lmφ : = Lφ if m = 1, (156)
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Lmφ : = L(Lm−1φ) if m > 1, (157)

for every φ ∈ C∞(G). An explicit computation on the Heisenberg group H
n shows

that

Lmφ(x) = (−1)m
∑

i1,...,im∈{1,...,2n}
Z2
i1 . . . Z2

imφ(x),

for every m ∈ N and φ ∈ C∞(G).
According to the continuation described in Sects. 5 and 6 and to the explicit form
of the Z -Taylor polynomials given by Theorem 2.10, we recall that ψ(x, α) can be
represented for α ∈ (−6, Q) as follows:

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T5(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(
α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(
α
2

)Lφ(x)d(α)

+ 1

4!
1

α + 4

∑

i, j≤2n
i< j

(
Z2
i Z

2
jφ(x) + Z2

j Z
2
i φ(x) + Zi Z j Zi Z jφ(x) + Z j Zi Z j Ziφ(x)

+ Zi Z j Z j Ziφ(x) + Z j Zi Zi Z jφ(x)
) ∫

∂Bc(0,1)
y2i y

2
j Pα(y)dSQ−1∞ (y)

+ 1

4!
1

α + 4

∑

i≤2n

Z4
i φ(x)

∫

∂Bc(0,1)
y4i Pα(y)dSQ−1∞ (y)

+ 1

2

1

α + 4
T 2φ(x)

∫

∂Bc(0,1)
y22n+1Pα(y)dSQ−1∞ (y). (158)

For every i, j ∈ {1, . . . , 2n}, with i < j , there are only two possibilities

(a) [Zi , Z j ] = 0, hence Zi Z j = Z j Zi . In this case we can state the following equality

Z2
i Z

2
jφ(x) + Z2

j Z
2
i φ(x) + Zi Z j Zi Z jφ(x) + Z j Zi Z j Ziφ(x)

+ Zi Z j Z j Ziφ(x) + Z j Zi Zi Z jφ(x)

= 3Z2
i Z

2
jφ(x) + 3Z2

j Z
2
i φ(x). (159)

(b) [Zi , Z j ] = T , hence Zi Z j = Z j Zi + T and Z j Zi = Zi Z j − T .

We recall also that [Zi , T ] = 0 for every i ∈ {1, . . . , 2n}.
Let us assume that we are in case (b). Thus, we have

Zi Z j Zi Z jφ(x) = Zi (Zi Z j − T )Z jφ(x) = Z2
i Z

2
jφ(x) − Zi Z j Tφ(x)

Z j Zi Z j Ziφ(x) = Z j (Z j Zi + T )Ziφ(x) = Z2
j Z

2
i φ(x) + Z j Zi Tφ(x)

Zi Z j Z j Ziφ(x) = (Z j Zi + T )Z j Ziφ(x) = Z j Zi Z j Ziφ(x) + Z j Zi Tφ(x)

= Z2
j Z

2
i φ(x) + 2Z j Zi Tφ(x)
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Z j Zi Zi Z jφ(x) = (Zi Z j − T )Zi Z jφ(x) = Zi Z j Zi Z jφ(x) − Zi Z j Tφ(x)

= Z2
i Z

2
jφ(x) − 2Zi Z j Tφ(x).

Therefore,

Z2
i Z

2
jφ(x) + Z2

i Z
2
jφ(x) + Zi Z j Zi Z jφ(x) + Z j Zi Z j Ziφ(x)

+ Zi Z j Z j Ziφ(x) + Z j Zi Zi Z jφ(x)

= 3Z2
i Z

2
jφ(x) + 3Z2

j Z
2
i φ(x) + 3Z j Zi Tφ(x) − 3Zi Z j Tφ(x)

= 3Z2
i Z

2
jφ(x) + 3Z2

j Z
2
i φ(x) − 3(Zi Z j − Z j Zi )Tφ(x)

= 3Z2
i Z

2
jφ(x) + 3Z2

j Z
2
i φ(x) − 3T 2φ(x). (160)

We can then use (159) and (160) to rewrite (158) as

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T5(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(
α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(
α
2

)Lφ(x)d(α)

+ 1

4!
1

α + 4

∑

i, j≤2n
i< j

(
Z2
i Z

2
jφ(x) + Z2

j Z
2
i φ(x)

)
3
∫

∂Bc(0,1)
y21 y

2
2 Pα(y)dSQ−1∞ (y)

+ 1

4!
1

α + 4

∑

i≤2n

Z4
i φ(x)

∫

Bc(0,1)
y41 Pα(y)dy

+ T 2φ(x)
1

α + 4

(
1

2

∫

∂Bc(0,1)
y22n+1Pα(y)dSQ−1∞ (y)

−3n

4!
∫

Bc(0,1)
y21 y

2
2 Pα(y)dSQ−1∞ (y)

)

. (161)

In order to write (161), we used the fact that there are n couples of indexes
i, j ∈ {1, . . . , 2n} satisfying case (b). Moreover, we have exploited the invariance
by horizontal rotation of Bc(0, 1) and of the Pα , which ensure that the equalities

∫

∂Bc(0,1)
y4i Pα(y)dSQ−1∞ (y) =

∫

∂Bc(0,1)
y4j Pα(y)dSQ−1∞ (y) foreveryi, j ∈ {1, . . . , 2n},

∫

∂Bc(0,1)
y2i y

2
j Pα(y)dSQ−1∞ (y)

=
∫

∂Bc(0,1)
y2� y

2
m Pα(y)dSQ−1∞ (y) foreveryi �= j, � �= m ∈ {1, . . . , 2n}. (162)

hold.
Now, by applying Lemma 4.1 for an arbitrary α < Q, we have that

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y) = 2
∫

Hn
z41h(1, z)‖z‖−α−4

c dz,
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∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dSQ−1∞ (y) = 2
∫

Hn
|πH2(z)|2h(1, z)‖z‖−α−4

c dz;

therefore, for α = −4 we obtain

∫

∂Bc(0,1)
y41‖y‖−4−Q

α dSQ−1∞ (y) = 2
∫

Hn
z41h(1, z)dz (163)

∫

∂Bc(0,1)
y22n+1‖y‖−4−Q

α dSQ−1∞ (y) = 2
∫

Hn
|πH2(z)|2h(1, z)dz. (164)

As a consequence, we deduce that for every−6 < α < Q the following representation
holds

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T5(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)

(
1

4!
∑

i, j≤2n
i< j

(
Z2
i Z

2
jφ(x) + Z2

j Z
2
i φ(x)

)
6
∫

Hn
y21 y

2
2h(1, y)‖y‖−α−4

c dy

+ 2

4!
∑

i≤2n

Z4
i φ(x)

∫

Hn
y41h(1, y)‖y‖−α−4

c dy

+ T 2φ(x)

(∫

Hn
y22n+1h(1, y)‖y‖−α−4

c dy − 6n

4!
∫

Hn
y21 y

2
2h(1, y)‖y‖−α−4

c dy

))

. (165)

In order to obtain a simpler representation, we need the following result.

Proposition 7.1 For every α < Q the following equality holds

∫

Hn
y41h(1, y)‖y‖−α−4

c dy = 3
∫

Hn
y21 y

2
2h(1, y)‖y‖−α−4

c dy. (166)

Proof Following [2, Section 4] (see also [24]), we first introduce suitable polar coor-
dinates in H

n \ H2.

T : (0,∞) ×
(
−π

2
,
π

2

)
× [0, π)2n−2 × [0, 2π) → H

n \ H2

(ρ, ϕ, θ1, . . . , θ2n−1) → T (ρ, ϕ, θ1, . . . , θ2n−1),
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with

T (ρ, ϕ, θ1, . . . , θ2n−1) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ
√
cosϕ cos θ1,

ρ
√
cosϕ sin θ1 cos θ2,

ρ
√
cosϕ sin θ1 sin θ2 cos θ3,

. . .

ρ
√
cosϕ sin θ1 sin θ2 . . . sin θ2n−2 cos θ2n−1,

ρ
√
cosϕ sin θ1 sin θ2 . . . sin θ2n−2 sin θ2n−1

ρ2 sin ϕ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

.

According to our purposes, we do not need to an explicit computation of the Jacobian
of the transformation T . We just notice that, by the computations in [2, Section 4], the
Jacobian does not depend on θ2n−1 and we denote it by

JTθ2n−1
(ρ, ϕ, θ1, . . . , θ2n−2, θ2n−1),

in order to emphasize its independence of θ2n−1. By the invariance of h(1, ·) with
respect to horizontal rotations [see (162)], to prove (166) means to prove that

∫

Hn
y42nh(1, y)‖y‖−α−4

c dy = 3
∫

Hn
y22n−1y

2
2nh(1, y)‖y‖−α−4

c dy. (167)

Let us first perform the change of variables T on the integral appearing on the right-
hand side of (167) as follows

∫

Hn
y22n−1y

2
2nh(1, y)‖y‖−α−4

c dy =
∫

Hn\H2

y22n−1y
2
2nh(1, y)‖y‖−α−4

c dy

=
∫ ∞
0

∫ π
2

− π
2

∫ π

0
. . .

∫ π

0

∫ 2π

0
ρ4 cos2 ϕ sin4 θ1 sin

4 θ2 . . . sin4 θ2n−2 cos
2 θ2n−1 sin

2 θ2n−1

h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)

‖−α−4
c JT

θ2n−1
(ρ, ϕ, θ1, . . . , θ2n−2, θ2n−1)dθ2n−1 . . . dθ1dϕdρ

=
∫ ∞
0

ρ4
∫ π

2

− π
2

cos2 ϕ

∫ π

0
sin4 θ1 . . .

∫ π

0
sin4 θ2n−2 JTθ2n−1

(ρ, ϕ, θ1, . . . , θ2n−2, θ2n−1)

∫ 2π

0
cos2 θ2n−1 sin

2 θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))

‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c dθ2n−1dθ2n−2 . . . dθ1dϕdρ.

Now we apply the change of variables T on the integral on the left-hand side of (167)
and we get

∫

Hn
y42nh(1, y)‖y‖−α−4

c dy =
∫

Hn\H2

y42nh(1, y)‖y‖−α−4
c dy

=
∫ ∞
0

∫ π
2

− π
2

∫ π

0
. . .

∫ π

0

∫ 2π

0
ρ4 cos2 ϕ sin4 θ1 sin

4 θ2 . . . sin4 θ2n−2 sin
4 θ2n−1
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h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)

‖−α−4
c JT

θ2n−1
(ρ, ϕ, θ1, . . . , θ2n−2, θ2n−1)dθ2n−1 . . . dθ1dϕdρ

=
∫ ∞
0

ρ4
∫ π

2

− π
2

cos2 ϕ

∫ π

0
sin4 θ1 . . .

∫ π

0
sin4 θ2n−2 JTθ2n−1

(ρ, ϕ, θ1, . . . , θ2n−2, θ2n−1)

∫ 2π

0
sin4 θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))

‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c dθ2n−1dθ2n−2 . . . dθ1dϕdρ.

Therefore, in order to prove (167), it is enough to prove that, for fixed ρ, ϕ, θ1, . . . ,

θ2n−2 ∈ (0,∞) × (−π
2 , π

2

)× (0, π)2n−2 it holds that

∫ 2π

0
sin4 θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4

c dθ2n−1

= 3
∫ 2π

0
cos2 θ2n−1 sin

2 θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))

‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c dθ2n−1. (168)

Notice that ‖ · ‖c is a C1 map on H
n \ H2 (see for example [1, Lemma 3.11]) and that

h(1, z) is C∞ on H
n . Now, exploiting the integration by parts, we get

∫ 2π

0
cos2 θ2n−1 sin

2 θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1)‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c dθ2n−1

=
[
sin3 θ2n−1

3
cos θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1)‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4

c

]θ2n−1=2π

θ2n−1=0

−
∫ 2π

0

sin3 θ2n−1

3

(

− sin θ2n−1h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c

+ cos θ2n−1
d

dθ2n−1

(
h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4

c

))

dθ2n−1

=
∫ 2π

0

sin4 θ2n−1

3
h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4

c dθ2n−1

−
∫ 2π

0

sin3 θ2n−1

3
cos θ2n−1

d

dθ2n−1

(
h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))

‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c

)
dθ2n−1.

Thus, (168) follows if we prove that
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∫ 2π

0

sin3 θ2n−1

3
cos θ2n−1

d

dθ2n−1

(
h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))

‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4
c

)
dθ2n−1 = 0.

We will show the previous equality by showing that

d

dθ2n−1

(
h(1, T (ρ, ϕ, θ1, . . . , θ2n−1))‖T (ρ, ϕ, θ1, . . . , θ2n−1)‖−α−4

c

)
= 0 (169)

for every ρ, ϕ, θ1, . . . , θ2n−1 ∈ (0,∞) × (−π
2 , π

2

)× (0, π)2n−2 × (0, 2π). In partic-
ular, it is enough to notice that, once fixed ρ̄, ϕ̄, θ̄1, . . . , θ̄2n−2 ∈ (0,∞)× (−π

2 , π
2

)×
[0, π)2n−2, the map

[0, 2π) � θ2n+1 → T (ρ̄, ϕ̄, θ̄1, . . . , θ̄2n−2, θ2n−1)

is a horizontal rotation. On the other hand, we argue as follows

• the heat kernel h(t, y) is invariant with respect to horizontal rotations, as
stated in Sect. 4.2, thus h(1, (z1, τ1)) = h(1, (z2, τ2)) if |z1| = |z2|, for every
(z1, τ1), (z2, τ2) ∈ H

n , with z1, z2 ∈ H1 � R
2n and τ1, τ2 ∈ H2 � R.

• the norm ‖ · ‖c is invariant with respect to horizontal rotations, as stated in
Sect. 4.3, thus if we have (z1, τ ), (z2, τ ) ∈ H

n , with |z1| = |z2|, then ‖(z1, τ )‖c =
‖(z2, τ )‖c.

Hence for every (ρ̄, ϕ̄, θ̄1, . . . , θ̄2n−2) ∈ (0,∞) × (−π
2 , π

2

)× [0, π)2n−2, the map

(0, 2π) � θ2n+1 → h(1, T (ρ̄, ϕ̄, θ̄1, . . . , θ2n−1))‖T (ρ̄, ϕ̄, θ̄1, . . . , θ2n−1)‖−α−4
c

is a constant map, then (169) holds. This concludes the proof. ��
By combining Proposition 7.1 with Lemma 4.1, the following corollary holds.

Corollary 7.2 For every α < Q the following equality holds

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y) = 3
∫

∂Bc(0,1)
y21 y

2
2‖y‖α−Q

α dSQ−1∞ (y). (170)

By combining Corollary 7.2 and (165) we have that for α ∈ (−6, Q)

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T5(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)

(
1

4!
∑

i, j≤2n
i< j

(Z2
i Z

2
jφ(x) + Z2

j Z
2
i φ(x))
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3
∫

∂Bc(0,1)
y21 y

2
2‖y‖α−Q

α dSQ−1∞ (y)

+ 1

4!
∑

i≤2n

Z4
i φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dSQ−1∞ (y)

− 3n

4!
∫

∂Bc(0,1)
y21 y

2
2‖y‖α−Q

α dSQ−1∞ (y)

))

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T5(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)

(
1

4!
∑

i, j≤2n
i< j

(
Z2
i Z

2
jφ(x) + Z2

j Z
2
i φ(x) + Z4

i φ(x) + Z4
jφ(x)

)

×
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dSQ−1∞ (y)

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

))

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T5(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)

(
1

4!
∑

i, j≤2n

(
Z2
i Z

2
jφ(x)

) ∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dSQ−1∞ (y)

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

))

.

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)
(φ(xy) − T5(φ, x)(xy))Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)

(
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)
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+ T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dSQ−1∞ (y)

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

))

. (171)

7.1 A Geometric Application, II

We use the representation obtained in the previous subsection in (171) to deduce the
value of some integrals.

Proposition 7.3 Let n ∈ N and let h be the heat kernel associated with L on H
n, then

for every i ∈ {1, . . . , 2n} the following equalities hold

∫

Hn
x4i h(1, x)dx = 12 and

∫

Hn
x22n+1h(1, x)dx = n. (172)

Proof According to the representation of ψ(x, α) on (−6, Q) obtained in (171),
exploiting the definition of real power of the fractional sub-Laplacian in (142), we
get that

L2φ(x) = lim
α→−4

ψ(x, α)

= 2

4!L
2φ(x)

∫

Hn
y41h(1, y)dy + T 2φ(x)

(∫

Hn
y22n+1h(1, y)dy − 2n

4!
∫

Hn
y41h(1, y)dy

)

.

(173)

The equalities in (172) will follow from (173) if we show that it does not exist any
constant c ∈ R such that the equality

L2φ(x) = cT 2φ(x) (174)

holds for every φ ∈ S(Hn) and x ∈ H
n . Let us assume by contradiction that (174)

holds and let us denote by dλ, for every λ > 0, the isotropic dilation by λ, i.e.

dλ(x1, . . . , x2n+1) = (λx1, . . . , λx2n+1),

for every x = (x1, . . . , x2n+1) ∈ H
n . Now, we observe that for every φ ∈ C∞(Hn)

and x ∈ H
n , for every λ > 0 the following homogeneity property holds

T 2(φ ◦ dλ)(x)) = λ2T 2φ(dλ(x)).

Taking in consideration that, if φ ∈ S(Hn), for every λ > 0 the map φ ◦ dλ ∈ S(Hn),
then we can apply (174) to get that

L2(φ ◦ dλ)(x) = cT 2(φ ◦ dλ)(x) = cλ2T 2φ(dλ(x)) = λ2L2φ(dλ(x)), (175)
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for every x ∈ H
n . On the other hand, by the homogeneity property of L2 with respect

to the group dilations δλ we can continue from (175) getting

L2(φ ◦ dλ)(x) = λ2L2φ(dλ(x))

= (√
λ
)4L2φ

(
δ√

λ

(
δ 1√

λ

dλ(x)
)

= L2
(
φ ◦ δ√

λ

)(
δ 1√

λ

(dλ(x))
)

= L2
(
φ ◦ δ√

λ

)(√
λπH1(x), πH2(x)

)
.

Thus, we established the relation

L2(φ ◦ dλ)(x) = L2
(
φ ◦ δ√

λ

)(√
λπH1(x), πH2(x)

)
, (176)

for every φ ∈ S(Hn), x ∈ H
n and λ > 0. Let us show that the homogeneity property

obtained in (176) cannot be true. By straightforward computations it is possible to
verify that for every λ > 0, x ∈ H

n and φ ∈ C∞(Hn) we have the following
representation

L2(φ ◦ dλ)(x) = L(L(φ ◦ dλ))(x)

= L
(
λ2(�φ ◦ dλ) + λ2

n∑

i=1

(
xi (∂yi ∂tφ ◦ dλ) − yi (∂xi ∂tφ ◦ dλ)

q + 1

4
(x2i + y2i )(∂

2
t φ ◦ dλ)

))
(x)

= λ2L(�φ ◦ dλ)(x) + λ2
n∑

i=1

L
(
xi (∂yi ∂tφ ◦ dλ) − yi (∂xi ∂tφ ◦ dλ)

)
(x)

+ 1

4
λ2

n∑

i=1

L((x2i + y2i )(∂
2
t φ ◦ dλ))(x)

= λ4�2φ(dλ(x)) + nλ2∂2t φ(dλ(x)) + P1(λ, x, φ),

where the second addend in the last equality comes from the computation of the term
1
4λ

2∑n
i=1 L((x2i + y2i )(∂

2
t φ ◦ dλ))(x) and P1(λ, x, φ) = o(λ2) as λ → 0+. Here, we

have denoted by � the operator

� =
n∑

i=1

(∂2xi + ∂2yi ).

On the other hand, we have as well for every z ∈ H
n

L2(φ ◦ δ√
λ

)
(z) = L

(
L
(
φ ◦ δ√

λ

))
(z)
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= L
(

λ
(
�φ ◦ δ√

λ

)+ λ
√

λ

n∑

i=1

(
xi
(
∂yi ∂tφ ◦ δ√

λ

)− yi
(
∂xi ∂tφ ◦ δ√

λ

))

+ 1

4
λ2

n∑

i=1

(
(x2i + y2i )

(
∂2t φ ◦ δ√

λ

))
)

(z)

= λL
(
�φ ◦ δ√

λ

)
(z) + λ

√
λ

n∑

i=1

L
(
xi
(
∂yi ∂tφ ◦ δ√

λ

)− yi
(
∂xi ∂tφ ◦ dλ

))
(z)

+ 1

4
λ2

n∑

i=1

L
(
(x2i + y2i )

(
∂2t φ ◦ δ√

λ

))
(z)

= λ2�2φ
(
δ√

λ(z)
)+ nλ2∂2t φ

(
δ√

λ(z)
)+ P2(λ, z, φ),

where the second addend in the last equality comes from the computation of the term
1
4λ

2∑n
i=1 L((x2i + y2i )(∂

2
t φ ◦ δ√

λ))(z) and P2(λ, z, φ) = o(λ2) as λ → 0+. When

we evaluate the previous operator at a point of the form z = (
√

λπH1(x), πH2(x)), for
an arbitrary x ∈ H

n , we obtain

L2(φ ◦ δ√
λ

)(√
λπH1(x), πH2(x)

)=λ2�2φ(dλ(x)) + nλ2∂2t φ(dλ(x))+P2(λ, x, φ).

Therefore, if (176) holds, for every λ > 0, x ∈ H
n and φ ∈ S(Hn) we also have

λ4�2φ(dλ(x)) + nλ2∂2t φ(δλ(x)) + P1(λ, x, φ) = λ2�2φ(dλ(x))

+nλ2∂2t φ(dλ(x)) + P2(λ, x, φ). (177)

Now, dividing both sides of (177) by λ2 and letting λ go to zero, we deduce that for
every φ ∈ S(Hn)

�2φ(0) = 0, (178)

but (178) does not hold because if φ(x) = e−‖x‖4K ∈ S(Hn), where for x ∈ H
n we

denoted by

‖x‖K = 4
√

|πH1(x)|4 + |πH2(x)|2

the norm arising from the Cygan-Korányi distance [9], then by straightforward com-
putations φ does not satisfy (178). Hence, we reached a contradiction with (174) and
the thesis follows. ��

8 A Representation of Ã(x, ˛) on (−8,Q)

We give a representation of ψ(x, α) in the strip (−8, Q) involving L3.
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Proposition 8.1 If BE (0, 1) is the Euclidean unit closed ball in R
n and γ =

(γ1, . . . , γn) ∈ (N ∪ {0})n is an even n-multi-index, then there is a constant
c(n, |γ |) > 0 such that

∫

BE (0,1)
xγ dx = c(n, |γ |) γ !

( γ
2

)! , (179)

where by dx we denote the integration with respect to the n-dimensional Lebesgue
measure on R

n.

The proof follows from [2, Proposition 3.6]. Let us recall the map πH1 : H
n →

R
2n, πH1(x1, . . . , x2n+1) → (x1, . . . , x2n), and moreover the following proposition

holds.

Proposition 8.2 For every even 2n-multi-index γ ∈ (N ∪ {0})2n and for every α < Q
the equality

∫

∂Bc(0,1)
x |γ |
1 Pα(x)dSQ−1∞ =

γ
2 !

|γ |
2 !

|γ |!
γ !

∫

∂Bc(0,1)
πH1(x)

γ Pα(x)dSQ−1∞ (x) (180)

holds.

Proof Let us recall Lemma 4.1 so that for every even 2n-multi-index γ =
(γ1, . . . , γ2n) ∈ (N ∪ {0})2n and every α < Q we have

∫

∂Bc(0,1)
πH1(x)

γ ‖x‖α−Q
α dSQ−1∞ (x) = 2

∫

Hn
πH1(x)

γ h(1, x)‖x‖−α−|γ |
c dx (181)

and

∫

∂Bc(0,1)
x |γ |
1 ‖x‖α−Q

α dSQ−1∞ = 2
∫

Hn
x |γ |
1 h(1, x)‖x‖α−|γ |

c dx . (182)

If for every even 2n-multi-index γ and every α < Q the relation

∫

Hn
x |γ |
1 h(1, x)‖x‖α−|γ |

c dx =
γ
2 !

|γ |
2 !

|γ |!
γ !

∫

Hn
πH1(x)

γ h(1, x)‖x‖−α−|γ |
c dx

(183)

holds, then the thesis follows recalling (181) and (182). In order to show (183), we
recall a consequence of Proposition 8.1 applied to the Euclidean space R

2n . In fact,
denoting by BE (0, 1) the Euclidean closed unit ball on R

2n , and the Euclidean coarea
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formula, from (179) of Proposition 8.1

∫ 1

0

∫

∂BE (0,r)
x |γ |
1 dH2n−1

E (x)dr =
∫

BE (0,1)
x |γ |
1 dL2n(x)

=
γ
2 !

|γ |
2 !

|γ |!
γ !

∫

BE (0,1)
xγ dL2n(x) =

γ
2 !

|γ |
2 !

|γ |!
γ !

∫ 1

0

∫

∂BE (0,r)
xγ dH2n−1

E (x)dr

(184)

hold, whereL2n denotes the 2n-dimensional Lebesgue measure. Moreover, exploiting
the equality (184) and the homogeneity of the surface measureH2n−1

E with respect to
the Euclidean isotropic dilations, we get

∫ 1

0
r |γ |dr

∫

∂BE (0,1)
x |γ |
1 dH2n−1

E (x) =
γ
2 !

|γ |
2 !

|γ |!
γ !

∫ 1

0
r |γ |dr

∫

∂BE (0,1)
xγ dH2n−1

E (x).

As a consequence, we have that

∫

∂BE (0,1)
x |γ |
1 dH2n−1

E (x) =
γ
2 !

|γ |
2 !

|γ |!
γ !

∫

∂BE (0,1)
xγ dH2n−1

E (x). (185)

Hence, by Fubini’s theorem we can rewrite the left-hand side of (183) as

∫

Hn
x |γ |
1 h(1, x)‖x‖−α−|γ |

c dx

=
∫ ∞

−∞

(∫

H1

x |γ |
1 h(1, x)‖x‖−α−|γ |

c dx1 . . . dx2n

)

dx2n+1. (186)

Performing a change of variables on H1 � R
2n , the same introduced in [2, Section 4],

�2n : (0,∞) × [0, π)2n−2 × [0, 2π) → H1

(ρ, θ1, . . . , θ2n−1) → �2n(ρ, θ1, . . . , θ2n−1),

with

�2n(ρ, θ1, . . . , θ2n−1) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ cos θ1,

ρ sin θ1 cos θ2,

ρ sin θ1 sin θ2 cos θ3,

. . .

ρ sin θ1 sin θ2 . . . sin θ2n−2 cos θ2n−1,

ρ sin θ1 sin θ2 . . . sin θ2n−2 sin θ2n−1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

,

where the Jacobian of �2n is

J�2n(ρ, θ1, . . . , θ2n−1) = ρ2n−1(sin θ1)
2n−2(sin θ2)

2n−3 . . . (sin θ2n−2),
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from (186) it follows that

∫ ∞

−∞

(∫

H1

x |γ |
1 h(1, x)‖x‖−α−|γ |

c dx1 . . . dx2n

)

dx2n+1

=
∫ ∞

−∞

∫ ∞

0

∫ π

0
. . .

∫ π

0

∫ 2π

0
(ρ cos(θ1))

|γ |h(1, (�2n(ρ, θ), x2n+1))

‖(�2n(ρ, θ), x2n+1)‖−α−|γ |
c ρ2n−1(sin θ1)

2n−2

(sin θ2)
2n−3 . . . (sin θ2n−2)dθ1 . . . dθ2n−1dρdx2n+1

=
∫ ∞

−∞

∫ ∞

0
ρ|γ |+2n−1

∫ π

0
. . .

∫ π

0

∫ 2π

0
(cos(θ1))

|γ |h(1, (�2n(ρ, θ), x2n+1))

‖(�2n(ρ, θ), x2n+1)‖−α−|γ |
c (sin θ1)

2n−2(sin θ2)
2n−3 . . . (sin θ2n−2)dθ1 . . . dθ2n−1dρdx2n+1.

(187)

We remark now that for every fixed x2n+1 ∈ R and ρ ∈ (0,∞) the function

[0, π)2n−2 × [0, 2π) � θ → h(1, (�2n(ρ, θ), x2n+1))‖(�2n(ρ, θ), x2n+1)‖−α−|γ |
c

is constant. This is a consequence of the horizontal rotations invariance of the norm
‖ · ‖α and of the heat kernel h(1, ·), since for every fixed x2n+1 ∈ R and ρ ∈ (0,∞)

the map

[0, π)2n−2 × [0, 2π) � θ → (�2n(ρ, θ), x2n+1)

is a horizontal rotation. As a consequence, we obtain

∫ ∞
−∞

∫ ∞
0

ρ|γ |+2n−1‖(�2n(ρ, θ), x2n+1)‖−α−|γ |
c h(1, (�2n(ρ, θ), x2n+1))dρdx2n+1·

∫ π

0
. . .

∫ π

0

∫ 2π

0
(cos(θ1))

|γ |(sin θ1)
2n−2(sin θ2)

2n−3 . . . (sin θ2n−2)dθ1 . . . dθ2n−1

=
∫ ∞
−∞

∫ ∞
0

ρ|γ |+2n−1‖(�2n(ρ, θ), x2n+1)‖−α−|γ |
c h(1, (�2n(ρ, θ), x2n+1))dρdx2n+1

∫

∂BE (0,1)
x |γ |
1 dH2n−1

E (x).

Repeating the same steps on the right-hand side
∫
Hn πH1(x)

γ h(1, x)‖x‖−α−|γ |
c dx of

(183) and exploiting (185), we conclude the proof. ��
Now, we wish to exploit Proposition 8.2 in order to deduce a simplified represen-

tation of the map ψ(x, α) in (133). We recall the analytic continuation of ψ(x, α) on
the strip −8 < α < Q given in (133) and introduce the some notation. For every
i, j ∈ {1, . . . , 2n}, i �= j , we denote by Pi, j the family of permutations with repeti-
tions of the set of elements {i, i, i, i, j, j}.Moreover, for everyσ = (i1, . . . , i6) ∈ Pi, j

we set Zσ = Zi1 . . . Zi6 .
From (171), the explicit expression of Z -Taylor polynomials in Theorem 2.10, the

relations characterizing the Lie algebra of H
n and the result of Proposition 8.2, we

can write ψ(x, α) in the following form for every −8 < α < Q
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ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T7(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ 1

α + 4

1

	
(

α
2

)T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dy

n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

)

+ 1

4!
1

α + 6

4!
2!2!

2n∑

i=1

T 2Z2
i φ(x)

∫

∂Bc(0,1)
y2i y

2
2n+1Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i=1

Z6
i φ(x)

∫

∂Bc(0,1)
y6i Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

6!
2!2!2!

1

3!
2n∑

i, j,k=1,
i �= j �=k �=i,

[Zi ,Zk ]=[Zi ,Zk ]=[Z j ,Zk ]=0
(
Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)

)
∫

∂Bc(0,1)
y2i y

2
j y

2
k Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

6!
4!2!

2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

(
Z2
i Z

2
j + Zi Z j Zi Z j + Zi Z j Z j Zi

+ Z j Zi Zi Z j + Z j Zi Z j Zi + Z2
j Z

2
i

)
Z2
kφ(x)

∫

∂Bc(0,1)
y2i y

2
j y

2
k Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y)

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T7(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ 1

α + 4

1

	
(

α
2

)T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dy

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

4

1

α + 6
T 2Lφ(x)

∫

∂Bc(0,1)
y21 y

2
2n+1Pα(y)dSQ−1∞ (y)
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+ 1

6!
1

α + 6

2n∑

i=1

Z6
i φ(x)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

6!
2!2!2!

1

3!
2n∑

i, j,k=1,
i �= j �=k �=i,

[Zi ,Zk ]=[Zi ,Zk ]=[Z j ,Zk ]=0
(
Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)

)2!2!2!
6!

3!
1!1!1!∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

6!
4!2!

2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

(
3Z2

i Z
2
j + 3Z2

j Z
2
i − 3T 2)Z2

kφ(x)

2!2!2!
6!

3!
1!1!1!

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y)

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T7(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ 1

α + 4

1

	
(

α
2

)T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dy

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

4

1

α + 6
T 2Lφ(x)

∫

∂Bc(0,1)
y21 y

2
2n+1Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i=1

Z6
i φ(x)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j,k=1,
i �= j �=k �=i,

[Zi ,Zk ]=[Zi ,Zk ]=[Z j ,Zk ]=0
(
Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)

)
∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)
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+ 1

6!
1

α + 6
3

2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

(
Z2
i Z

2
j + Z2

j Z
2
i − T 2)Z2

kφ(x)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y)

=
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T7(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ 1

α + 4

1

	
(

α
2

)T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dy

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

4

1

α + 6
T 2Lφ(x)

∫

∂Bc(0,1)
y21 y

2
2n+1Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i=1

Z6
i φ(x)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j,k=1,
i �= j �=k �=i,

[Zi ,Zk ]=[Zi ,Zk ]=[Z j ,Zk ]=0

(
Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)

)
∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6
3

⎛

⎜
⎜
⎜
⎜
⎜
⎝

2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

(
Z2
i Z

2
j + Z2

j Z
2
i

)
Z2
kφ(x)

−
2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

T 2Z2
kφ(x)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y).
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Hence, we have obtained the representation

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T7(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ 1

α + 4

1

	
(

α
2

)T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dy

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

4

1

α + 6
T 2Lφ(x)

∫

∂Bc(0,1)
y21 y

2
2n+1Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i=1

Z6
i φ(x)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j,k=1,
i �= j �=k �=i,

[Zi ,Zk ]=[Zi ,Zk ]=[Z j ,Zk ]=0

(
Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)

)
∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

⎛

⎜
⎜
⎜
⎜
⎜
⎝

3

3

2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

(
Z2
i Z

2
j Z

2
kφ(x)

+ Z2
i Z

2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)

)

+ 3(n − 1)T 2Lφ(x))
∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y). (188)

For every i, j ∈ {1, . . . , 2n}, i �= j we have two possibilities:

(a) [Zi , Z j ] = 0 and then clearly we can organize as follows

∑

σ∈Pi, j

Zσ φ(x) = 5Z4
i Z

2
jφ(x) + 5Z2

i Z
2
j Z

2
i φ(x) + 5Z2

j Z
4
i φ(x), (189)
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(b) [Zi , Z j ] �= 0, then we claim that

∑

σ∈Pi, j

Zσ φ(x) = 5Z4
i Z

2
jφ(x) + 5Z2

i Z
2
j Z

2
i φ(x)

+5Z2
j Z

4
i φ(x) − 25T 2Z2

i φ(x). (190)

Let us explicitly notice that

5 = 6!
4!2!

2!1!
3! .

If we assume that (190) is true, then by Proposition 8.2 we have the equality

1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y)

= 1

6!
1

α + 6

2n∑

i=1,
i �= j

(Z4
i Z

2
jφ(x)

+ Z2
i Z

2
j Z

2
i φ(x) + Z2

j Z
4
i φ(x))5

4!2!
6!

3!
2!1!

∫

∂Bc(0,1)
y6i Pα(y)dSQ−1∞ (y)

− 5
1

6!
1

α + 6

2n∑

i=1

T 2Z2
i φ(x)5

4!2!
6!

3!
2!1!

∫

∂Bc(0,1)
y6i Pα(y)dSQ−1∞ (y),

hence we can state that

− 1

4

1

α + 6
T 2Lφ(x)

∫

∂Bc(0,1)
y21 y

2
2n+1Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i=1

Z6
i φ(x)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j,k=1,
i �= j �=k �=i,

[Zi ,Zk ]=[Zi ,Zk ]=[Z j ,Zk ]=0

(Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x))

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,
i< j,

[Zi ,Z j ]=T

2n∑

k=1
,i, j �=k,

[Zi ,Zk ]=[Z j ,Zk ]=0

(Z2
i Z

2
j Z

2
kφ(x) + Z2

i Z
2
k Z

2
jφ(x) + Z2

j Z
2
i Z

2
kφ(x)

+ Z2
j Z

2
k Z

2
i φ(x) + Z2

k Z
2
j Z

2
i φ(x) + Z2

k Z
2
i Z

2
jφ(x)))

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)
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+ 3
1

6!
1

α + 6
(n − 1)T 2Lφ(x))

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

+ 1

6!
1

α + 6

2n∑

i, j=1,i �= j

∑

σ∈Pi, j

Zσ φ(x)
∫

∂Bc(0,1)
y4i y

2
j Pα(y)dSQ−1∞ (y)

= − 1

α + 6
T 2Lφ(x)

(
1

4

∫

∂Bc(0,1)
y21 y

2
2n+1Pα(y)dSQ−1∞ (y) −

( 5

6! + 3

6! (n − 1)
)

∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y)

)

− 1

α + 6
L3φ(x)

1

6!
∫

∂Bc(0,1)
y61 Pα(y)dSQ−1∞ (y).

Therefore, for α ∈ (−8, Q) we can rewrite (188) as

ψ(x, α) =
∫

Hn\Bc(0,1)
φ(xy)Pα(y)dy +

∫

Bc(0,1)

(
φ(xy) − T7(φ, x)(xy)

)
Pα(y)dy

+ φ(x)
1

	
(

α
2

)
1

α
σ(α) − 1

2

1

α + 2

1

	
(

α
2

)Lφ(x)d(α)

+ 1

α + 4

1

	
(

α
2

)
1

4!L
2φ(x)

∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

+ 1

α + 4

1

	
(

α
2

)T 2φ(x)

(
1

2

∫

∂Bc(0,1)
y22n+1‖y‖α−Q

α dy

− n

4!
∫

∂Bc(0,1)
y41‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

α + 6

1

	
(

α
2

)T 2Lφ(x)

(
1

4

∫

∂Bc(0,1)
y21 y

2
2n+1‖y‖α−Q

α dSQ−1∞ (y)

−
( 5

6! + 3

6! (n − 1)
) ∫

∂Bc(0,1)
y61‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

α + 6

1

	
(

α
2

)L3φ(x)
1

6!
∫

∂Bc(0,1)
y61‖y‖α−Q

α dSQ−1∞ (y). (191)

Finally, in order to establish the representation in (191), we are left to prove (190).
Let us consider then i, j ∈ {1, . . . , 2n}, i �= j , with [Zi , Z j ] �= 0. Hence [Zi , Z j ] =
T or [Zi , Z j ] = −T . We assume that [Zi , Z j ] = T and we denote by X = Zi and
Y = Z j . The sum on the left-hand side of (190) involves the following terms

XXXXYYφ(x) Y XXXXYφ(x) Y XXXY Xφ(x)
XXXY XYφ(x) XXY XY Xφ(x) Y XXY XXφ(x)
XXY XXYφ(x) XY XXY Xφ(x) XYY XXXφ(x)
XY XXXYφ(x) XY XY XXφ(x) Y XY XXXφ(x)
XXXYY Xφ(x) XXYY XXφ(x) YY XXXXφ(x)

. (192)
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By exploiting the relations among the vector fields X ,Y and T , it can be verified that
the sum of the terms of the first column of (192) gives

5X4Y 2φ(x) − 8X3YTφ(x), (193)

the sum of the terms of the third column of (192) is

5Y 2X4φ(x) + 8Y X3Tφ(x), (194)

and the sum of the terms of the second column of (192) equals

5X2Y 2X2φ(x) − X3YTφ(x) + X2Y XTφ(x)

= 5X2Y 2X2φ(x) − X2T 2φ(x). (195)

We observe also that the following equalities hold

X2T 2 = XT XT = X(XY − Y X)XT = X2Y XT − XY X2T

X2T 2 = X2(XY − Y X)T = X3YT − X2Y XT

X2T 2 = (XY − Y X)X2T = XY X2T − Y X3T , (196)

hence

3X2T 2 = X3YT − Y X3T .

If we sum up the fifteen terms of (192) and we exploit the established relations
(193), (194), (195) and (196) we get the following result

5(X4Y 2φ(x) + X2Y 2X2φ(x) + Y 2X4φ(x)) − 8X3YTφ(x) + 8Y X3Tφ(x) − X2T 2φ(x)

= 5(X4Y 2φ(x) + X2Y 2X2φ(x) + Y 2X4φ(x)) − 8(X3YT − Y X3T )φ(x) − X2T 2φ(x)

= 5(X4Y 2φ(x) + X2Y 2X2φ(x) + Y 2X4φ(x)) − 8(3X2T 2)φ(x) − X2T 2φ(x)

= 5(X4Y 2φ(x) + X2Y 2X2φ(x) + Y 2X4φ(x)) − 24X2T 2φ(x) − X2T 2φ(x)

= 5(X4Y 2φ(x) + X2Y 2X2φ(x) + Y 2X4φ(x)) − 25X2T 2φ(x).

One can verify that analogous passages can be carried out if [Zi , Z j ] = −T . Thus,
(190) is proved.

8.1 A Geometric Application, III

Here, we apply the representation obtained in (191) in order to prove the following
proposition.
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Proposition 8.3 Let n ∈ N and let h be the heat kernel associated with L on H
n, then

for every i ∈ {1, . . . , 2n} the following equalities hold

∫

Hn
x6i h(1, x)dx = 5! and

∫

Hn
x2i x

2
2n+1h(1, x)dx = 2

3
(5 + 3(n − 1)). (197)

Proof As a consequence of the representation of ψ(x, α) in (191) valid for α ∈
(−8, Q), exploiting Lemma 4.1 and taking into account the definition (142), we know
that

L3φ(x) = lim
α→−6

ψ(x, α)

= lim
α→−6

(

− 1

α + 6

1

	
(

α
2

)T 2Lφ(x)

(
1

4

∫

∂Bc(0,1)
y21 y

2
2n+1‖y‖α−Q

α dSQ−1∞ (y)

−
( 5

6! + 3

6! (n − 1)
) ∫

∂Bc(0,1)
y61‖y‖α−Q

α dSQ−1∞ (y)

)

− 1

α + 6

1

	
(

α
2

)L3φ(x)
1

6!
∫

∂Bc(0,1)
y61‖y‖α−Q

α dSQ−1∞ (y)

)

= 6T 2Lφ(x)

(
1

4

∫

Hn
y21 y

2
2n+1h(1, y)dy −

( 5

6! + 3

6! (n − 1)
) ∫

Hn
y61h(1, y)dy

)

+ 6L3φ(x)
1

6!
∫

Hn
y61h(1, y)dy. (198)

If we show that there is not any constant c ∈ R such that the equality

L3φ(x) = cT 2Lφ(x) (199)

holds for every φ ∈ S(Hn) and x ∈ H
n , then the proof follows from (198). Let us

assume by contradiction that (199) is true, then the following equality holds

L2(Lφ)(x) = cT 2Lφ(x), (200)

for everyφ ∈ S(Hn) and x ∈ H
n . According to our reasoning, it would exist a constant

c ∈ R such that

L2φ(x) = cT 2φ(x), (201)

for everyφ = L(ψ) for someψ ∈ S(Hn) and for every x ∈ H
n . Then, by following the

same reasoning adopted in the proof of Proposition 7.3, in order to showa contradiction
with (201) it is sufficient to individuate a function ψ ∈ S(Hn) such that

�2(Lψ)(0) �= 0. (202)

For example ψ(x) = x61e
−‖x‖4K satisfies (202). Thus, (201) is not true, hence we

reach a contradiction with (199) and the thesis follows. ��
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