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S U M M A R Y 

We present the BVAL method, designed to forecast potentially damaging earthquakes 
( M w 

≥ 5.0) in Italy based on temporal variations of the b- value of the Gutenberg–Richter
frequency–magnitude distribution. The b -value is used as an indicator of stress within the 
Ear th’s cr ust, with lower b -v alues associated with higher stress le vels and an increased like- 
lihood of significant seismic events. This method issues alarms when the b -value falls below 

a critical threshold. It is optimized using the HOmogenized instRUmental Seismic catalogue 
data from 1990 to 2004 and validated pseudo-prospectively using data from 2005 to 2022. 
Our analysis uses the recently developed b -positive ( b 

+ ) method to compute the b -value from
magnitude differences, providing resilience against data incompleteness. We compare the per- 
formance of the BVAL method with two established models: the Epidemic Type Aftershock 

Sequence (ETAS) model, which forecasts earthquake rates based on the epidemic principle that 
each shock triggers subsequent shocks, and the FORE model, which relies on the occurrence 
of strong foreshocks. Additionally, we evaluate two ensemble models that combine BVAL 

and FORE through additive (EADD) and multiplicative (EMUL) strategies to balance false 
alarms and missed events. The EADD model declares an alarm when either BVAL or FORE 

signals it, while the EMUL model triggers alarms only when both methods agree. We assess 
the predictive efficiency of these models using the area skill score, derived from Molchan 

diagrams, which plot the miss rate against the fraction of space-time occupied by alarms. 
Our results demonstrate that BVAL is less ef fecti ve than FORE and ETAS at high space-time 
fractions, but it outperforms ETAS at low fractions ( τ < 2–4 per cent), indicating its potential 
utility in scenarios where minimizing false alarms is critical. This comprehensive comparison 

highlights the strengths and limitations of each method, suggesting that integrating multiple 
forecasting strategies can enhance the reliability of earthquake preparedness and response 
efforts in Italy. 

Ke y words: Computational seismology; Earthquak e interaction, forecasting and prediction; 
Statistical seismology. 

I

T  

o  

s  

o  

s  

2  

s  

s  

s  

p

 

a  

e  

e  

e  

&  

J  

V  

&  

g  

f  

O  
N T RO D U C T I O N  

he slope ( b -value) of the frequency–magnitude distribution (FMD)
f earthquakes (Gutenberg & Richter 1944 ) is indicated by some
tudies (Scholz 1968 , 2015 ; Amitrano 2003 ) as a proxy of the state
f stress within the Earth’s crust and then as an indicator of the
tate of preparation of a future strong earthquake (Gulia & Wiemer
010 , 2019 , 2021 ; Gulia et al. 2018 , 2024 ). The ratio behind such
tudies is that low b -values are likely to be associated with high
tress levels and then with a larger probability of occurrence of
trong shocks, and high b -values with low stress levels and a lower
robability. 
C © The Author(s) 2025. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
In the last two decades, several works studied the space-time vari-
tions of b -value before moderate and strong earthquakes in differ-
nt parts of the world. Among the others, we can mention Murru
t al. ( 2004 ) for the 1997 central Italy seismic sequence, Nuannin
t al. ( 2005 ) for the great 2004 Sumatra earthquak e, Tsukak oshi
 Shimazaki ( 2008 ) for the 2003 Nor ther n Miyagi ear thquake in

apan, Chan et al. ( 2012 , 2023 ) for large earthquakes in Taiwan,
arotsos et al. ( 2012 ) before large earthquakes in Greece, El-Isa
 Eaton ( 2014 ) for Central California and Andaman-Sumatran re-

ions, Montuori et al. ( 2016 ) and Garc ́ıa-Hern ández et al. ( 2021 )
or the 2016 Central Italy sequence, Lu ( 2017 ) for New Zealand,
¨ zt ürk ( 2020 ) for Central Anatolia, DeSalvio and Rudolph ( 2021 )
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Table 1. Summary of tested forecasting models. 

Model Main features References 

BVAL Deterministic space/time-dependent model based on the observation that the b -value of 
the Gutenberg–Richter law inversely correlates with the accumulation of differential 
stress in crustal rocks. An alarm is triggered whenever the b -value drops below a certain 
threshold value. 

(Scholz 1968 , 2015 ; Amitrano 2003 ) 

FORE Deterministic space/time-dependent model based on the occurrence of potential 
foreshocks as precursor signals. An alarm is issued every time an earthquake within the 
potential foreshock magnitude range occurs. 

(Gasperini et al . 2021 ) 

ETAS Epidemic-type aftershock sequence model based on the hypothesis that each 
earthquake can perturb the rate of subsequent earthquakes and generate its own 
Omori-like decay sequence. In this work, the SVP model (Console & Murru, 2001 ) is 
used to assess the background seismicity. The ETAS model is applied using an 
alar m-based deter ministic approach, where an alar m is issued whenev er the e xpected 
daily rate of target events exceeds a pre-defined threshold. 

(Ogata 1988 , 1989 ; Ogata & Zhuang 2006 ) 
for western Nord America and Pastoressa et al. ( 2023 ) for Central 
Italy. In such works, there is a general consensus that strong earth- 
quakes are preceded by low b -values but even the opposite is found 
in a few cases (e. g. Parsons 2007 ; Sharma et al. 2023 ). 

In this work, we develop a method to forecast potentially damag- 
ing earthquakes ( M w ≥ 5.0) in Italy based on the temporal behaviour 
of the b -value (called BVAL). Our algorithm issues an alarm every 
time the b -value goes below a given threshold coming from a higher 
value. The duration of the alarm is made to vary between a fraction 
of second to the total duration of the experiment. 

We take advantage of the recently developed b -positive (or b + ) 
method (van der Elst 2021 ) to compute the b -value from the dis- 
tribution of magnitude differences which was proven to be more 
resilient to incompleteness than methods based on the distribution 
of simple magnitudes (Tinti & Gasperini 2024 ). 

We optimize the forecasting algorithm based on the analysis 
of the HOmogenized instRUmental Seismic (HORUS) catalogue 
(Lolli et al. 2020 ) from 1990 to 2004 (learning period). Using the 
same catalogue, we test the algorithm pseudo-prospectively on a 
successi ve interv al from 2005 to 2022 (testing period) and compare 
its performance with that of other two forecasting methods already 
applied in Italy: the Epidemic Type Aftershock Sequence (ETAS; 
Ogata 1988 ; Murru et al. 2009 ; Lombardi & Marzocchi 2010 ; Bion- 
dini et al. 2023 ; Mizrahi et al. 2023 ), the FORE (Gasperini et al. 
2021 ; Biondini & Gasperini 2023 ), and two ensemble models ob- 
tained, respecti vel y, as addition and multiplication (Bayona et al. 
2022 ) of BVAL and FORE methods. 

In the additive model (EADD), an alarm is triggered if either 
of the two individual methods detects the precursor signal. Con- 
sequently, the prediction window of this ensemble model is the 
union of the prediction windows from both methods. This de- 
sign increases the sensitivity of the model, aiming to minimize 
missed detections of the precursor signal. Ho wever , it may result 
in a higher number of false alarms due to its broader criteria for 
issuing alerts. 

In contrast, the multiplicative model (EMUL) activates an alarm 

only when both simple methods independently detect the precursor 
signal. Therefore, the prediction window for this ensemble model 
is the intersection of the prediction windows of the two methods. 
This approach makes the EMUL model more prudential, focusing 
on reducing false alarms by requiring a higher level of confirmation 
before triggering an alert. 

The choice between these models depends on the user’s priority: 
the EMUL model seeks to limit false alarms by demanding agree- 
ment from both methods, while the EADD model aims to enhance 
detection of the precursor signal, even at the risk of generating more 
false alarms. 

See in Table 1 , a summary of various forecasting models consid- 
ered in this work. 

A NA LY S I S  R E G I O N  A N D  E A RT H Q UA K E  

C ATA L O G U E  

As application region, we consider the overlap of two tessellations 
( R 1 and R 2 ) of the Italian territory spanning from 7 ◦ E to 19 ◦ E in 
longitude and from 36 ◦ N to 47 ◦ N in latitude. Both tessellations
consist of square cells with side length of L = 30 

√ 

2 km. The 
tessellation R 2 is shifted by L /2 both in latitude and in longitude 
with respect to R 1 (Fig. 1 ). The purpose of this dual tessellation is 
to enhance the spatial alignment between the forecasting features 
detected by different algorithms with the actual earthquakes. This 
approach almost doubles the portion of space covered by the alarms, 
thus reducing the efficiency of the various algorithms, but avoids 
failing a correct prediction because the earthquake to be predicted, 
although close, is located slightly outside the alarmed cell as in the 
sketch of Fig. 2 , in which the precursor seismicity (blue circles) is 
able to predict the target earthquake (red star) using the red grid but 
not the black grid. 

The tessellation R 1 w as de veloped starting from the initial point 
x 1 = (7 ◦ E, 47 ◦ N) and moving the centre from x 1 in steps of L km 

for each cell, until reaching x 2 = (19 ◦ E, 36 ◦ N). The centres of 
the cells in tessellation R 2 are shifted relative to R 1 by −L /2 km in 
longitude and + L /2 km in latitude. To ensure uniform cell dimen- 
sions, we converted the coordinates of points x 1 and x 2 from the 
WGS84 geographic reference system to kilometric coordinates in 
the RDN2008 Italy zone (E-N) CRS EPSG:7794 using the QGIS 

software (see the Data Availability section). 
Following Gasperini et al. ( 2021 ), Biondini et al. ( 2023 ) and 

Biondini & Gasperini ( 2023 ) we only consider cells in which at 
least one earthquake of magnitude M w ≥ 4 . 0 ( z ≤ 50 km ) occurred 
on the Italian mainland during the period 1600–1959 according to 
the seismic catalogue CPTI15 (Rovida et al. 2022 ). Isolated cells 
not contiguous with the two main tessellations are excluded. The 
resulting grids are composed of 167 and 170 cells for R 1 and R 2 , 
respecti vel y (Fig. 1 ). This approach is consistent with the methodol- 
o gy defined b y Gasperini et al. ( 2021 ) to pre v ent the ov erestimation 
of the forecasting performance by excluding predominantly aseis- 
mic areas, such as the island of Sardinia. 
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Figure 1. Analysis region used for the models’ calibration, application and comparison. The red and black partially overlapped squares of side L = 30 
√ 

2 km 

represent the tessellation R 1 and R 2 , respecti vel y. Each cell contain at least one earthquake with Mw ≥ 4 . 0 occurred inland from 1600 to 1959 according to 
the CPTI15 catalogue (Rovida et al. 2022 ). 
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To calibrate and pseudo-prospecti vel y test the relati ve ef ficiency
f various forecasting models, we use the HORUS catalogue (Lolli
t al. 2020 ; see the Data Availability section), which collect earth-
uakes from 1960 to the present and is homogeneous in terms of
agnitudes. To balance statistical resolution and the inherent un-

ertainties in magnitude measurements, we preliminarily bin the
agnitudes to a single decimal digit. Hence, all magnitude thresh-

lds mentioned below must be understood as reduced by half of the
in size (0.05). 

During the learning period ranging from 1990 to 2004, the cata-
ogue reports 18 target shocks with M w ≥ 5 . 0 and 8 with M w ≥ 5 . 5
ithin the double tessellation. In the testing period ranging from
005 to 2022, it reports 34 target shocks with M w ≥ 5 . 0 and 12
ith M w ≥ 5 . 5 . 
According to Lolli et al. ( 2020 ), the HORUS catalogue can be

onsidered complete for the Italian mainland for M w ≥ 4 . 0 since
960, for M w ≥ 3 . 0 since 1981, for M w ≥ 2 . 5 since 1990, for

M w ≥ 2 . 1 since 2003 and for M w ≥ 1 . 8 since 2005. 
Ho wever , for the purpose of determining the b -value, using

he method of magnitude differences (van der Elst 2021 ; Tinti &
asperini 2024 ), which is notably resilient to incompleteness, we

e-estimated the completeness magnitude ( M c ) using the maximum
urvature method (Wiemer & Wyss 2000 ; Woessner & Wiemer
005 ), which is less accurate but preserves more data. The seismic-
ty distribution used for these calculations is illustrated in Fig. 3 ,
hich shows the epicentres of earthquakes within the analysis re-
ion ( R) and the CPTI15 polygon, highlighting the spatial coverage
nd density of seismic events in the study area. The re-estimated M c 

re M w ≥ 2 . 7 since 1960, M w ≥ 2 . 0 since 1981, M w ≥ 2 . 1 since
997, M w ≥ 1 . 9 since 2003 and M w ≥ 1 . 2 since 2005 (Fig. 4 ). 

O M P U TAT I O N  O F  b  - VA LU E  

p to a few years ago, the determination of the b -value was usu-
lly done through a formula, derived many decades ago by Utsu
 1965 ) and Aki ( 1965 ), which assumes a continuous exponential
istribution of magnitudes. If the magnitudes are binned to only
ne decimal digit, Utsu ( 1966 ) suggested an approximate correc-
ion to the formula consisting of subtracting one-half of the binning
ize (0.05) from the minimum magnitude of completeness of the
ata set. As the distribution of binned magnitudes is not continuous
ut discrete, Guttorp & Hopkins ( 1986 ) derived the exact formula,
sing the geometric distribution theor y. Such for mula, ho wever ,
 as almost totall y neglected b y the following literature (see Tinti &
asperini 2024 for a thorough overview). 
More recentl y, v an der Elst ( 2021 ) showed that the b -value can

e determined using the distribution of positi ve dif ferences between
agnitudes of successive shocks and, in this case, the estimation

s more resilient to the incompleteness of the data set, particularly
f the differences lower than a given trimming threshold �M 

′ 
c are

art/ggaf005_f1.eps
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Figure 2. Sketch explaining the role of the double grid. The precursor 
seismicity (blue circles) is able to predict the target earthquake (red star) 
only using grid 2 (red lines) but not using grid 1 (black lines) because in the 
latter case it occurs close but outside the cell where the target occurs. 
discarded. Tinti & Gasperini ( 2024 ) confirmed that the effect of in- 
completeness is mitigated by using trimmed magnitude differences 
but not that positive differences are significantly better than ne gativ e 
ones. Ho wever , as the so-called b -positive ( b + ) estimator proposed 
b y v an der Elst ( 2021 ) is largely used in the most recent literature, 
we adopt it even in this work. For computing the b -value, we use 
the expression proposed by Tinti & Gasperini ( 2024 ): 

b = 

1 

2 δln ( 10 ) 
ln 

[ 

�M − �M 

′ 
c + 2 δ

�M − �M 

′ 
c 

] 

, (1) 

where δ is equal to one half of the magnitude bin size (typically 0.05) 
and �M is the average of the positive magnitude differences. Such 
expression is algebraically equivalent to that proposed b y v an der 
Elst ( 2021 ) in its eq. (A3) but can be preferred because it does not use 
the hyperbolic arc-cotangent function, which is not provided in some 
software environments. Although the b + estimator is more resilient 
than methods based on the distribution of magnitudes, it is not 
completel y insensiti ve to incompleteness. Hence, a completeness 
analysis (Woessner & Wiemer 2005 ) is needed anyhow before using 
it. 

van der Elst ( 2021 ), in analysing real sequences, considered two 
options: in the first one, he used all catalogued earthquakes and 
then applied the b + estimator above a minimum positive magni- 
tude difference �M 

′ 
c ranging from 0.3 to 0.4 units, while in the 

second option, he used only the earthquakes with magnitude above 
the completeness magnitude M c computed as that of maximum 

curvature of the FMD + 0.2 according to Woessner & Wiemer 
( 2005 ) and applied the b + estimator to all positive magnitude dif- 
ferences. He obtained similar results in the two cases. Ho wever , 
as the true b -value of real sequences is not known, it is not possi- 
ble to decide which strategy is the best. Both selection strategies 
imply a reduction of the number of remaining data available for 
b -value determination but, according to the computation made by 
van der Elst ( 2021 ) for the 2019 Ridgecrest Sequence, the first 
strategy ( �M 

′ 
c cut and not M c cut) would seem to preserve more 

data. 
Tinti & Gasperini ( 2024 ), by statistical analyses of simulated 

data sets, showed that the theoretical b -value is correctly deter- 
mined when the trimming threshold is equal to the bin size (only 
�M = 0 discarded), if the cutting magnitude M c is assumed to be 
that of maximum curvature of the FMD (without + 0.2 correction), 
and when the data set is strongly incomplete data sets (without M c 

cut), if using trimming thresholds four to five times the binning 
size. Such analyses also indicate that the number of remaining data 
is 20–30 per cent larger in the former case. Hence in the following, 
we will adopt the strategy of cutting magnitudes below the maxi- 
mum curvature of the FMD and considering all positive differences 
( �M > 0 ). 

S E T T I N G  U P  T H E  B VA L  F O R E C A S T I N G  

M E T H O D  

We first remove all magnitudes below the point of maximum curva- 
ture of the FMD determined as reported in section analysis region 
and earthquake catalogue. The b -value is then calculated in each 
tessellation cell starting from the beginning of the catalogue, us- 
ing a sampling window with a fixed number of events, N m 

= 150 
according to Gulia et al. ( 2024 ). For each sampling window, we 
compute the difference vector D obtained by subtracting the mag- 
nitude of each earthquake from the magnitude of the preceding one, 
that is, D i = ( m i − m i−1 ) for i = 2 , 3 , . . . , N m 

. We then 
filter out any ne gativ e or zero difference and compute the average 
of the remaining ones denoted as �M . The latter is used in eq. ( 1 ) 
to calculate the b -value. We create a temporal series of the b -values 
by moving forward the sampling windows one event at time and 
recalculating the parameter for each new window until the end of 
the data set is reached. According to this forecasting model, alarms 
are triggered each time the b -value falls below a critical thresh- 
old value b th , coming from a larger value. The alarm lasts for a 
duration �t , starting from the time of the last earthquake in the 
sample of N m 

events. If the b -value in the previous window was 
already below the threshold, no alarm is issued to avoid repeated 
warnings for the same low b -value condition. The choice of the 
optimal threshold b th is determined in a specific calibration step 
where various thresholds are tested using the learning data set to 
find the value that best balances the sensitivity (detecting potential 
seismic events) and specificity (minimizing false alarms). Using 
the calibrated threshold, we e v aluate pseudo-prospecti vel y the ef fi- 
ciency of the forecasting method b y appl ying it to the testing data 
set. 

T E S T I N G  A L A R M - B A S E D  

F O R E C A S T I N G  M E T H O D S  

A target earthquake is considered successfully predicted if it occurs 
within a cell where one or more alarm windows of duration �t are 
activ e. Conv ersely, it is considered a failure to predict if it occurs 
outside an y acti ve alarm window. Thus, the prediction of a target 
earthquake is e v aluated according to a dichotomy: predicted or not 
predicted. 

art/ggaf005_f2.eps
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Figure 3. Seismicity map of Italy for the period 1990–2023 from HORUS catalogue (Lolli et al. 2020 ). Black dots indicate the epicentres of earthquakes 
within the analysis region (R) represented by the magenta shape, while grey dots indicate the epicentres of earthquakes within the CPTI15 polygon (Rovida 
et al. 2020 ) represented by the blue shape. 

Figure 4. Time versus magnitude distribution of earthquakes (black dots) occurred within the analysis regions from 1960 to 2023 ( z ≤ 50 km) according to 
the HORUS catalogue (Lolli et al. 2020 ) and used for the models’ calibration, testing and optimization. The red line represents the magnitude of completeness 
estimated using the maximum curvature method (Wiemer & Wyss 2000 ). 

art/ggaf005_f3.eps
art/ggaf005_f4.eps
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Figure 5. Molchan diagram and AS scores of the BVAL model for target 
earthquake with M w ≥ 5 . 0 occurred from 2005 to 2022. Red and blue lines 
indicate the Molchan trajectories for b th = 0 . 9 , using unweighted (red) and 
weighted (blue) space-time occupied by alarms ( τu and τw ), respectively (see 
the main text). The solid black diagonal line represents the Molchan trajec- 
tory of a purely random method, which forecasts earthquakes in proportion 
to the space-time occupied by alarms. This line divides the diagram into two 
parts: the area above the diagonal, indicating unskilled performance, and 
the area below the diagonal, indicating skilled performance. The light blue, 
violet and green lines represent the confidence limits for α = 50 , 5 and 1 
per cent, respecti vel y. The grey dotted lines indicate the probability gains 
G = 2, 5, 10, 20 and 40. 
According to Molchan ( 1990 , 1991 ) and Molchan & Kagan 
( 1992 ), the miss rate ν, that is the fraction of unpredicted earth- 
quakes, is computed as: 

ν = 

N − h 

N 

, (2) 

where N is the total number of target events and h is the number 
of target events that were successfully predicted. Additionally, the 
overall fraction of space-time occupied by alarms is computed as: 

τ = 

1 

K 

K ∑ 

i= 1

(
dci

T 

)
, (3) 

where K is the total number of cells, T is the total duration of the 
forecasting experiment and dc i is the total time coverage of alarms 
within each i-th spatial cell. dc i can be calculated by multiplying 
the alarm time �t by the number n of defined alarms and then 
subtracting the sum of the intersections between the different alarm 

windows ∩ t s as follows: 

dc i = 

( �t × n 

) −
∑ 

∩ t s . (4) 

Following Shebalin et al. ( 2011 ), we also calculate a weighted 
fraction of space-time occupied by alarms, which accounts for the 
long-ter m ear thquake rate within each cell. Such rates are computed 
using the Italian historical earthquake data in the period 1620–1959, 
according to the CPTI15 V4.0 catalogue (Rovida et al. 2020 , 2022 ; 
see the Data Availability section), following the procedure described 
in Gasperini et al. ( 2021 ). The weighted fraction of space-time 
occupied by alarms is then computed as: 

τw = 

∑ K 
i= 1 λ̄i 

( dc i 
T

)
∑ K

i= 1 λ̄i 

, (5) 

where λ̄i is the long-term average rate of earthquakes M w ≥ 4 . 0 for 
each i-th cell. Details of weight computations are reported in Table 
S1 (Supporting Information). This weighting procedure penalizes 
forecasts in highly seismic areas, where predictions are inherently 
easier, by increasing the space-time fraction occupied by alarms 
proportionally to the historical earthquake rate. 

The miss rate ν and the fractions of space-time occupied by 
alarms τu (unweighted) or τw (weighted) are used to construct the 
so-called Molchan diagram (Molchan 1990 , 1991 , 1997 ; Molchan 
& Kagan 1992 ; Molchan & Keilis-Borok 2008 ). The latter is a 
graphical tool commonly used to assess the forecasting performance 
of alarm-based models (see for example the one reported in Fig. 5 ). 

In a paradoxical forecasting method that does not issue any alarm, 
w e ha ve τ = 0 and it is impossible to forecast any target event. This 
corresponds to the point ( τ, ν) = ( 0 per cent , 100 per cent ) in the 
upper left corner of the diagram of Fig. 5 . On the other hand, 
if the method issues a set of alarms that cover the entire space- 
time volume, all target earthquakes are certainly predicted. This 
corresponds to the point ( τ, ν) = ( 100 per cent , 0 per cent ) . The 
diagonal line connecting these two points of equation ν = 1 − τ

represents the prediction performance of a purely random method 
that simply forecast ear thquakes propor tionally to the space-time 
fraction occupied by alarms. 

By anal ysing dif ferent alarm durations �t , we calculated the cor- 
responding values of τ and ν for each duration, allowing us to plot 
a set of points on the Molchan diagram forming a path known as 
the `Molchan trajectory`. Models with trajectories that lie below 

the diagonal line and are close to the lower left-hand corner of 
coordinates ( τ, ν) = ( 0 per cent , 0 per cent ) show higher predictive 
capabilities than the random prediction model. In contrast, models 
with trajectories extending above the diagonal line sho w lo wer pre- 
dictive performance than the random model (see Fig. 5 ). The ratio 
between the success rate and the space-time fraction occupied by 
alarms, 

G = 

1 − ν

τ
(6) 

indicates the probability gain compared to the random chance (Ka- 
gan 2009 ). A value of G = 1 aligns with the random chance diag- 
onal, while G > 1 characterises skilled forecasting methods . 

The Molchan diagram provides insights into how the miss rate 
fluctuates with changes in the fraction of space-time covered by 
alarms, highlighting the essential trade-off between alarm coverage 
and minimizing failure rates. Ho wever , it remains primarily a visual 
tool. To quantitati vel y assess the forecasting performance of mod- 
els, Zechar & Jordan ( 2008 , 2010 ) introduced the area skill (AS) 
score a f ( τ ) . The latter quantifies how much better or worse a model 
performs compared to a random prediction baseline and is defined 
as the integral of the success rate 1 − ν( τ ) normalized to the alarm 

space-time coverage τ : 

a f ( τ ) = 

1 

τ

τ

∫ 

0 
[ 1 − ν ( t ) ] dt. (7) 

The overall AS score, calculated across the entire Molchan trajec- 
tory ranging from τ = 0 per cent to τ = 100 per cent, quantifies the 
area above the Molchan trajectory. The AS score is normalized such 
that its value ranges from 0 to 1, with values closer to 1 indicating 
better forecasting performance than the reference random model, 
represented by the diagonal line (Fig. 5 ), which is characterized by 
an overall AS score of 0.5. 

Zechar & Jordan ( 2008 , 2010 ) also derived a Gaussian asymp- 
totical estimate of the variance of a f ( τ ) as σ 2 = 

1 
12 N , where N

indicates the number of target shocks. While the AS score can be 
computed for any τ , Zechar & Jordan ( 2008 , 2010 ) suggested that 
the statistical power of the test generally improves with larger values 

art/ggaf005_f5.eps
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Figure 6. AS score trend for the BVAL model computed for targets earth- 
quakes with magnitude M w ≥ 5 . 0 , using the unweighted (red line) and 
weighted (blue line) fractions of space-time occupied by alarms. The grey 
bars represent the fractions of space-time occupied by alarms of duration 
equal to 1 yr ( τ1 yr ) . The chosen b -value threshold ( b th = 0 . 9 ) is character- 
ized by the highest AS score and is indicated by the black arrowhead. The 
AS is represented on the left vertical axis, and the fractions of space-time 
occupied by alarms are reported on the right vertical axis. 
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Figure 7. Same as Fig. 6 for the FORE model. The AS score and the fraction 
of space-time occupied by alarms are calculated based on the potential 
foreshock magnitude range. The arrowhead indicates the selected optimal 
magnitude range ( M w = 4.5 ± 0.3). 

t  

t  

t  

t  

0  

t  

i  

b  

(  

o  

t  

i
 

e  

p  

d  

r  

B  

 

w  

(  

e
 

r  

9  

m  

0  

1  

b  

o  

n  

h  

o  

w

R
P

W  

v  

t  
f τ . Therefore, they recommended to use a f ( τ = 100 per cent ) for
ypothesis testing to maximize the sensitivity of the analysis. 

A L I B R AT I O N  A N D  O P T I M I Z AT I O N  O F  

O R E C A S T I N G  M O D E L S  

VAL, FORE and ETAS models are applied to forecast target earth-
uakes with M w ≥ 5 . 0 , which occurred inland in Italy during the
earning period 1990–2004. As possible precursory seismicity, also
he data in the preceding 15 yr interval from 1975 to 1989 is con-
idered. 

Following the approach of Biondini & Gasperini ( 2023 ), we used
he maximum AS score as the criterion for selecting the optimal
orecasting thresholds for each anal ysed model. Additionall y, we
lso provide information on the fraction of space-time ( τ1 yr ) occu-
ied by alarms of one year duration ( �t = 1 yr) for each analysed
hreshold. This metric indicates the proportion of time and geo-
raphic area where alarms were issued. Even if not used for the
ptimal threshold selection, this additional information provides a
omprehensi ve vie w of the operational impact of the chosen thresh-
lds. For example, a high fraction of space-time occupied by alarms
ay indicate a high number of false alarms, potentially reducing the
odel practical utility . Conversely , a too-low fraction may suggest

hat the chosen precursor is overly prudential and may miss target
vents. 

For the BVAL model, in Fig. 6 (with numerical values reported
n Table S2 of Supporting Information) we show the behaviour
f the AS scores (lines) and of τ1 yr (grey bars) with the b -value
hreshold b th varying from 0.50 to 1.30. The red and blue lines in-
icate the AS scores as a function of the unweighted and weighted
raction of space-time occupied of alarms, respecti vel y. For both
urves the highest overall scores ( a f ( τu = 100 per cent ) = 0.81 and
 f ( τw = 100 per cent ) = 0.79, respecti vel y) are obtained for b th =
 . 90 . For such threshold the fraction of space-time covered by
larms of duration �t = 1 yr is τ1 yr = 0 . 017 that is 1.7 per cent
f the total duration of the learning time interval. 

For the FORE model, an alarm is issued in a spatial cell ev-
ry time a potential foreshock with M w = M ± �M occurs within
hat cell (Gasperini et al. 2021 ). The optimal range of poten-
ial foreshocks was determined by comparing the AS scores ob-
ained in the lear ning inter v al b y using magnitude ranges with cen-
ral values 4 . 1 ≤ M ≤ 4 . 8 , and deviations from the central value
 . 1 ≤ �M ≤ 0 . 4 but ensuring that the upper bound is not larger
han 4.9 ( M + �M ≤ 4 . 9 ), so that the magnitude of the foreshocks
s lower than that of any target earthquakes (Fig. 7 ; with values in Ta-
le S3 of Supporting Information). The maximum overall AS scores
 a f ( τu = 100 per cent ) = 0.90 and a f ( τw = 100 per cent ) 0.88) are
btained for M w = 4 . 5 ± 0 . 3 . For such ranges, the fraction of space-
ime covered by alarms of duration �t = 1 yr is τ1 yr = 0 . 045 that
s 4.5 per cent of the total duration of the learning time interval. 

For the ETAS model, an alarm is issued, in a spatial cell, when-
v er the e xpected daily rate ( λdaily ) e xceeds a giv en threshold. ETAS
arameters were fitted using the maximum likelihood approach (see
etails in Appendix A ) for the learning period (1990–2004), sepa-
ately for the two tessellations, R 1 and R 2 (see Table A1 ). Following
iondini & Gasperini ( 2023 ), the expected rate of earthquakes with

M w ≥ 5 . 0 is recalculated for each cell whenever an earthquake
ith M w ≥ 2 . 5 occurs within the entire observation region R =

 R 1 + R 2 ) . Each cell is thus characterised by its own time-series of
xpected λdaily . 

The optimal alarm threshold λth for the expected daily earthquake
ate is determined b y v arying it lo garithmicall y from 5 × 10 −7 to
 × 10 −3 (Fig. 8 ; with values in Table S4 in the Supporting Infor-
ation). The maximum overall AS scores ( a f ( τu = 100 per cent ) =

.88 and a f ( τw = 100 per cent ) = 0.83) are obtained for λth =
 × 10 −5 . For such threshold the fraction of space-time covered
y alarms of duration �t = 1 yr is τ1 yr = 0 . 337 that is 33.7 per cent
f the total duration of the learning time interval. Such τ1 yr , defi-
itely larger than the one obtained by optimizing other two methods,
ighlights, right from this optimization stage, a different behaviour
f the ETAS model compared to the other two forecasting models,
hich might condition its practical applicability. 

E S U LT S  O F  T H E  

S E U D O - P RO S P E C T I V E  T E S T I N G  

e used the optimal thresholds and ranges determined in the pre-
ious step for applying the simple model BVAL, FORE and ETAS
o pseudo-prospecti vel y predict 34 earthquakes with magnitudes
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Figure 8. Same as Fig. 6 for the ETAS model. The AS score and the fraction 
of space-time occupied by alarms are calculated based on the daily expected 
rates thresholds. The arrowhead indicates the selected optimal alarm rate 
threshold λth = 1.00E − 5. 

Figure 9. Same as Fig. 4 but for the FORE model applied to predict target 
shocks with M w ≥ 5 . 0 . 
M w ≥ 5 . 0 and 12 earthquakes with magnitudes M w ≥ 5.5 occurred 
during the 18 yr of the pseudo-prospective test period 2005–2022. 
As possible precursor seismicity of targets events in the testing pe- 
riod 2005–2022, we used also the data in the preceding 18 yr interval 
from 1986 to 2004. 

We use the same optimal thresholds even for applying the two 
ensemble models EADD and EMUL, obtained by summing and 
intersecting, respecti vel y, the alarm windows of the two simple 
BVAL and FORE models. 

In Fig 5 , the Molchan trajectories of the BVAL model applied to 
the prediction of target earthquakes M ≥ 5 . 0 are shown. They are 
obtained by varying the alarm time ( �t ) from fractions of seconds 
to the total duration of the pseudo-prospective prediction experi- 
ment ( T = 18 yr). The red and blue lines correspond to unweighted 
( τu ) and weighted ( τw ) fractions of space-time occupied by alarms, 
respecti vel y (see in Table S5 of the Supporting Information, the 
numerical values of the plotted trajectories). Both the red and blue 
Molchan trajectories lie well below the diagonal line representing 
the predictive performance of a purely random method and even 
below the 1 per cent confidence level threshold, highlighting their 
higher predictive ability. The BVAL model fails to predict the total 
number of target earthquakes with M w ≥ 5 . 0 even with �t= 18 yr, 
for which only 30/34 (88.2 per cent) are predicted with time-space 
coverages of τu ≈ 33 per cent and τw ≈ 51 per cent. With �t = 1 yr, 
approximately 68 per cent of target earthquakes are successfully 
forecasted, achieving space-time coverages of τu = 8.6 per cent and 
τw = 12.7 per cent. For a �t = 3 months (0.25 yr), 64.7 per cent 
of targets earthquakes are successfully forecasted with τu = 2.96 
per cent and τw = 4.45 per cent. Using �t = 1 d, 50 per cent of target 
earthquakes are successfully forecasted, with τu = 0.05 per cent and 
τw = 0.09 per cent. The overall AS scores a f ( τu = 100 per cent ) = 

0.88 and a f ( τw = 100 per cent ) = 0.85 are significantly larger of the 
expected score of the random model (0.5), based on the Student’s 
t -test. The Molchan diagram for the BVAL model applied to predict 
target earthquakes with M w ≥ 5 . 5 is shown in Fig. S1 of Supporting 
Information. It shows high prediction skills, with overall AS scores 
of a f ( τu = 100 per cent ) = 0.92 and a f ( τw = 100 per cent ) = 0.90 
for the unweighted and weighted fraction of space-time occupied 
b y alarms, respecti vel y. Even with �t = 18 yr, the model forecasts 
only 11 of the 12 target events (92 per cent), with τu and τw re- 
maining unchanged from the previous case due to consistent alarm 

issuance. For �t = 1 yr and �t = 1 d, 83 per cent (10/12) and 
67 per cent (8/12) of target shocks are predicted, respecti vel y. The 
numerical values of the plotted miss rates ν and of the AS scores 
as a function τu and τw for targets with M w ≥ 5 . 0 And M w ≥ 5 . 5 
are reported in Tables S5 and S6 (Supporting Information), respec- 
ti vel y. 

For the FORE model, Fig. 9 shows the Molchan trajectories 
for target earthquakes M w ≥ 5 . 0 . As for the BVAL model, also 
the FORE model overperform the prediction performance of the 
random method since the Molchan trajectories for both unweighted 
and weighted fraction of space-time occupied by alarms lies well 
below the diagonal line and the 1 per cent confidence level threshold. 
Unlike the BVAL model, the FORE model predicts all the target 
earthquakes with M w ≥ 5 . 0 for �t= 18 yr, for which τu = 41.5 
per cent and τw = 58.2 per cent. For �t= 1 yr, approximately 79 
per cent (27/34) of targets are predicted with τu = 3.4 per cent and τw 

= 5.5 per cent. With �t = 3 months, 74 per cent (25/34) of target 
earthquakes are predicted with τu = 0.95 per cent and τw = 1.58 
per cent. For �t = 1 d, 47 per cent (16/34) of target earthquakes are 
predicted with τu = 0.01 per cent and τw = 0.03 per cent. The overall 
AS scores a f ( τu = 100 per cent ) = 0.95 and a f ( τw = 100 per cent ) 
= 0.92 are significantly higher than the random model’s expected 
AS score (0.5). The Molchan diagram of the FORE model applied 
to M w ≥ 5.5 ear thquakes (Fig. S2, Suppor ting Infor mation) show 

very high prediction skills, with a f ( τu = 100 per cent ) = 0.98 and 
a f ( τw = 100 per cent ) = 0.97. The total number of target events 
(12) are predicted starting from �t = 9 yr with τu = 24.8 per cent
and τw = 36.3 per cent. For �t = 1 yr and �t = 1 d the 92 per cent
(11/12) and the 58 per cent (7/12) of target shocks are predicted.
Detailed numerical values and AS scores are provided in Tables S7
and S8 (Supporting Information).

For the ETAS model, Fig. 10 displays the Molchan trajectories 
for target earthquakes with M w ≥ 5 . 0 . Like the two previous mod- 
els, ETAS outperforms the random prediction method, as both the 
unweighted and weighted Molchan trajectories lie well below the 
diagonal line and even below the 1 per cent confidence level thresh- 
old. It predicts all target events with �t = 3 d or larger, with τu = 

30.1 per cent and τw = 48.1 per cent. With �t = 1 yr, the fraction 
of space-time occupied by alarm increase to τu = 33.4 per cent and 
τw = 53.2 per cent. For �t = 1 d, 97 per cent (33/34) of target 
earthquakes are predicted with τu = 20.8 per cent and τw = 33.9 
per cent. The overall AS scores are a f ( τu = 100 per cent ) = 0.97 and 
a f ( τw = 100 per cent ) = 0.95. The Molchan diagram for the ETAS 

model applied to M w ≥ 5.5 earthquakes (Fig. S3, Supporting Infor- 
mation) show very high prediction skills, with a f ( τu = 100 per cent ) 
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Figure 10. Same as Fig. 4 but for the ETAS model applied to predict target 
shocks with M w ≥ 5 . 0 . 

Figure 11. Same as the Fig. 5 but for the EADD ensemble model applied 
to predict target shocks with M w ≥ 5 . 0 . 
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Figure 12. Same as Fig. 5 but for the EMUL ensemble model applied to 
predict target shocks with M w ≥ 5 . 0 . 
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 0.99 and a f ( τw = 100 per cent ) = 0.98. All 12 target events are
redicted starting from �t = 0.125 d (3 hr), with corresponding

u = 5.0 per cent and τw = 8.0 per cent. Detailed numerical val-
es and AS scores are provided in Tables S9 and S10 (Supporting
nformation). 

For the ensemble EADD model, Fig. 11 shows the Molchan
rajectories for target earthquakes M w ≥ 5 . 0 . As for other models,
t overperform the prediction performance of the random method.
t predicts all the 34 target earthquakes with M w ≥ 5 . 0 from �t
 16 yr for which τu = 48 . 4 per cent and τw = 67 . 3 per cent. For
t = 1 yr, approximately 82 per cent (28/34) are predicted with

u = 10.2 per cent and τw = 15.1 per cent. For �t = 3 months,
t predicts 76 per cent (26/34) of target earthquakes with τu = 3.5
er cent and τw = 5.3 per cent. For �t = 1 d, 68 per cent (23/34)
f target earthquakes are predicted with τu = 0.06 per cent and

w = 0.11 per cent. The overall AS scores a f ( τu = 100 per cent )
 0.96 and a f ( τw = 100 per cent ) = 0.94 are significantly higher

han the random model expected AS score (0.5). The Molchan
iagram of the EADD model applied to M w ≥ 5.5 earthquakes (Fig.
4, Suppor ting Infor mation) show ver y high prediction skills, with
 f ( τu = 100 per cent ) = 0.97 and a f ( τw = 100 per cent ) = 0.96.
he total number of target events (12) are predicted starting from �t
 6 yr with τu = 31.0 per cent and τw = 45.0 per cent. For �t = 1 yr

nd �t = 1 d, the 92 per cent (11/12) and the 83 per cent (10/12) of
arget shocks are predicted, respecti vel y. Detailed numerical values
nd AS scores are provided in Tables S11 and S12 (Supporting
nformation). 

For the ensemble EMUL model, Fig. 12 shows the Molchan tra-
ectories for target earthquakes M w ≥ 5 . 0 . As for other models, it
verperforms the prediction performance of the random method
ince both the Molchan trajectories for unweighted and weighted
raction of space-time occupied by alarms lies well below the di-
gonal line. Even with �t = 18 yr, it predicts only 30 of 34 target
arthquakes (88 per cent) with M w ≥ 5 . 0 . For �t = 1 yr, approxi-
ately 65 per cent (22/34) are predicted with τu = 1.7 per cent and

w = 3.0 per cent. For �t = 3 months predicts 62 per cent (21/34)
f target earthquakes with τu = 0.4 per cent and τw = 0.8 per cent.
or �t = 1 d, 29 per cent (10/34) of target earthquakes are pre-
icted with τu = 0.003 per cent and τw = 0.01 per cent. The overall
S scores a f ( τu = 100 per cent ) = 0.89 and a f ( τw = 100 per cent )
 0.86 are significantly higher than the random model’s expected
S score (0.5), The Molchan diagram of the EMUL model ap-
lied to M w ≥ 5.5 earthquakes (Fig. S5, Supporting Information)
how high prediction skills, with a f ( τu = 100 per cent ) = 0.94 and
 f ( τw = 100 per cent ) = 0.92. Even with �t = 18 yr, it predicts only
1 of 12 target earthquakes (92 per cent) with M w ≥ 5 . 5 . For �t =
 yr and �t = 1 d the 83 per cent (10/12) and the 42 per cent (5/12)
f target shocks are predicted, respecti vel y. Detailed numerical val-
es and AS scores are provided in Tables S13 and S14 (Supporting
nformation). 

NA LY S I S  O F  P E R F O R M A N C E  O F  

O D E L S  B A S E D  O N  A L A R M  

I S T R I B U T I O N  

ased on the overall AS score (computed for τ = 100 per cent ), the
TAS model appears to be the best performing model for predicting

arget earthquake with both M w ≥ 5 . 0 and M w ≥ 5 . 5 . Ho wever ,
 closer examination reveals significant issues associated with its
mplementation using the alarm-based approach. During the 18-yr
esting period, the ETAS model casts more than 1600 000 alarms.
hese alarms were concentrated in only 134 out of 337 cells, leading

o an average of approximately 1.8 alarms per day in each cell.
hile this high frequency of alarms explain why ETAS can predict

ll target earthquakes even with ver y shor t alar m times (a few days
or M w ≥ 5.0 and a few hours for M w ≥ 5.5) it also results in an
verwhelming number of alerts. This could be impractical for a real
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Figure 13. Time distribution of alarms for BVAL, FORE and ETAS forecasting methods in the cell nr. 179 where the 2016 August 24, Amatrice ( M w 6.2) 
main shock and other two strong aftershocks of 2017 January 18 (indicated with blue bars) occurred. 

Figure 14. AS scores of various forecasting models as a function of the 
weighted fraction of space occupied by alarms τw for M ≥ 5 . 0 target shocks 
in the testing period 2005–2022. 
application, where the large number of alarms may complicate the 
decision-making process and strain the public resources. 

Conversely, the BVAL and FORE models issues significantly 
fewer alarms during the same period, with the BVAL model gener- 
ating 1796 alarms (less than one each year on average in each cell) 
and the FORE 782 alarms (about one every three years on average 
per cell). 

The differences between these models are illustrated by their 
behaviour in Fig. 13 for cell 179, which includes three targets (blue 
vertical bars): the 2016 August 24 Amatrice earthquake ( M w = 6 . 2 ) 
and two significant aftershocks occurred on 2017 January 18 ( M w = 

5 . 3 and 5 . 7) . All the three methods are able to forecast the three 
target shocks with a minimum �t of 6 hr for BVAL and FORE, and 
of about 30 s for ETAS. ETAS alarms (pins) are almost continuous 
throughout the 18-yr testing period, even when considering short 
alarm times �t of just a few hours or minutes. This nearly constant 
state of alert reflects ETAS’s high sensitivity but also highlights 
its potential for generating ‘alarm fatigue’, where the frequency of 
alarms diminishes their credibility (Bliss et al. 1995 ; Graham & 

Cvach 2010 ). 
By comparison, the alarms issued by the BVAL and FORE mod- 

els in the same cell are much sparser. While these models may not 
capture every possible precursor signal, they offer a more balanced 
approach, issuing alarms selecti vel y and potentially providing more 
reliable warnings. This contrast highlights the fundamental trade- 
off in earthquake forecasting between the comprehensive coverage 
of ETAS and the more targeted and practical utility of BVAL and 
FORE. This comparison offers useful insights into the practical ef- 
fects of each forecasting method, helping to determine which model 
is the most suitable, based on the desired balance between sensitivity 
and reliability. 

As noted by Zechar & Jordan ( 2008 , 2010 ), the overall AS Score 
(computed for τ = 100 per cent ) is a valuable criterion to compare 
forecasting models because its power generally improves with in- 
creasing τ . Although the ETAS model achieves high overall AS 

scores, the frequency and duration of the alarms it generates may 
limit its overall ef fecti veness. A forecasting method that can achieve 
a good predictive efficiency with alarms concentrated in relatively 
shor t-time inter vals (like BVAL and FORE) could be probably more 
ef fecti ve and may be better received by the users. 

In Fig. 14 , we compare the performance of various methods by 
reporting the AS scores, for targets with M w ≥ 5 . 0 , for τw varying 
from 0.01 per cent to 100 per cent. For τw < 20 per cent, the higher 
scores are obtained by the FORE and EADD methods. Even though 
the ETAS model has the highest score for τw ≥ 20 per cent, for 
τw < 4 per cent it results even worse than BVAL and EMUL. Note 
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Figure 15. Hit rates of various forecasting models as a function of the 
weighted fraction of space occupied by alarms τw for M ≥ 5 . 0 target shocks 
in the testing period 2005–2022. 

Figure 16. Molchan–Shebalin diagram and MSAS scores (see text) of all 
compared models for target earthquakes with M w ≥ 5 . 0 , considering the 
ETAS model as reference and weighted fraction of space-time occupied by 
alarms ( τw ) . The continuous diagonal line (orange) represents the miss rates 
of the ETAS model, distinguishing models with higher performance (below 

the line) from those with lower performance (above the line) compared to 
the reference. 
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d  
hat τw = 0 . 01 per cent means that in each cell there is on average
ess than one hour of alarm each year, τw = 0 . 10 per cent, less than
 hr each year, τw = 1 per cent, less than 4 d each year, and τw = 10
er cent about 36 d. 

Similar inferences can be drawn from Fig. 15 where the rate of
uccessful predictions (hit rate, h = 1 − ν) is plotted versus τw . In
his case, ETAS is the worst model for τw < 2 per cent and becomes
he best one for τw > 5 per cent, which mean about 8 and 20 d of
larm each year, respecti vel y, on average in each cell. While ETAS
xcels in scenarios with extended alarm durations, methods like
ORE and EADD may be more suitable for situations where the
oal is to maintain high predictiv e accurac y with minimal disruption
o dail y life, especiall y where frequent alarms could lead to public
esensitization. 

O L C H A N - S H E B A L I N  D I A G R A M  

ollowing the methodology introduced by Shebalin et al. ( 2011 ),
e can compare the miss rates ( ν) of v arious anal ysed models to a
killed reference model (for this study, the ETAS model) playing the
ole of the purely random prediction on the Molchan diagonal. The
killed reference model is characterized by its space-time fractions
ccupied by alarms ( τref ) and miss rates ( νref ). The miss rates ( νref )
re plotted along the diagonal line of the Molchan diagram, where

ref = 1 − νref . For the other models being compared, their expected
iss rates ( ν) must also be plotted against τ = 1 − νref . Since these
odels may have been computed at different τ values compared to

he τref values of the ETAS model, linear interpolation is required
o align the τ v alues appropriatel y. Specificall y, for each τref of the
TAS reference model, we compute the miss rates ( νint ) for the other
odels (BVAL, FORE, EADD and EMUL) using the following

inear interpolation formula (Biondini & Gasperini 2023 ): 

int = 

νa − νb 

τa − τb 
( τref − τb ) + νb , (8) 

where τa and τb are the fractions of space-time occupied by
larms for the compared models, immediately larger and smaller
han τref , respecti vel y, and νa and νb the corresponding miss rates,
especti vel y. We make such interpolation using as τref both τu and

u of the reference ETAS model. The rationale for this interpolation
s to provide a consistent basis for comparing the miss rates of
ifferent models at the same values of τ . Similarly to the Molchan
iagrams showed above (Figs 5 , and 9 –12 ), if the miss rates of
 compared model ( νint ) for the corresponding τ = 1 − νref , are
ower than νref , such model has a better predictive ability than the
eference model. This method provides a rigorous framework for
 v aluating the predicti ve capabilities of seismic forecasting models,
llowing for a fair comparison based on equi v alent conditions. For
ach model, we also compute a sort of a Molchan–Shebalin area skill
now on MSAS) score, according to eq. ( 7 ) where ν is substituted
y νint and τ by τref . For the reference ETAS model νint = νref =
 − τref , then its AS score is exactly 0.5. 

Using the weighted τw of the ETAS model for M w ≥ 5 . 0 as

ref , in Fig. 16 (with values in Table 2 ) we show that all other
odels lie below the diagonal representing the ETAS model for

ref < 60 per cent and the FORE and EADD models for τref < 80
er cent. All models have an overall MSAS score higher than the
eference model ETAS. For FORE and EADD models, the score is
ignificantly higher than for the ETAS according to the Student’s
 -test. The same plot for the M w ≥ 5 . 5 is reported in Fig. S6 of the
uppor ting Infor mation. The results are like those of Fig. 16 with
 slightly better performance of BVAL, FORE, EADD and EMUL
ith respect to ETAS. 

I S C U S S I O N  A N D  C O N C LU S I O N S  

e developed the BVAL method to forecast potentially damaging
arget earthquakes ( M w ≥ 5 . 0 ) in Italy, based on the temporal varia-
ions of the slope ( b -value) of the frequency–magnitude distribution
Gutenberg & Richter 1944 ), and we compared it with other fore-
asting methods based on the statistical properties of seismicity: the
ORE method using the occurrence of strong foreshocks (Gasperini
t al. 2021 ), the ETAS method using the epidemic principle that any
hock occurred acts as a trigger of the following ones (Ogata 1988 ),
nd two ensemble methods obtained by the union (EADD) and the
ntersection (EMUL) of space time alarm windows of BVAL and
ORE. 
We were inspired by the hypothesis formulated by Scholz ( 1968 ,

015 ) and Amitrano ( 2003 ) that b -value decreases with increasing
ifferential stress and with the increasing probability of occurrence
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Table 2. Values of variables in Molchan–Shebalin plot of Fig. 12 for target shocks with M ≥ 5 . 0 and unweighted fractions of space-time occupied by alarms 
( τu ). 

τ re νref a f ( τ re ) νBVAL a BVAL ( τ re ) νFORE a FORE ( τ re ) νEADD a EADD ( τ re ) νEMUL a EMUL ( τ re ) 

0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000 
0.000 1.000 0.000 0.912 0.000 0.893 0.000 0.853 0.000 0.853 0.000 
0.059 0.941 0.029 0.907 0.091 0.805 0.151 0.853 0.147 0.850 0.149 
0.088 0.912 0.044 0.865 0.098 0.708 0.182 0.853 0.147 0.819 0.154 
0.088 0.912 0.044 0.786 0.098 0.643 0.182 0.690 0.147 0.695 0.154 
0.088 0.912 0.044 0.759 0.098 0.600 0.182 0.608 0.147 0.618 0.154 
0.118 0.882 0.059 0.725 0.138 0.543 0.243 0.555 0.215 0.556 0.219 
0.147 0.853 0.074 0.638 0.174 0.475 0.293 0.460 0.270 0.515 0.268 
0.206 0.794 0.103 0.519 0.245 0.399 0.370 0.366 0.361 0.484 0.335 
0.324 0.676 0.162 0.474 0.339 0.350 0.463 0.315 0.469 0.471 0.403 
0.382 0.618 0.191 0.441 0.370 0.324 0.494 0.294 0.504 0.441 0.425 
0.471 0.529 0.235 0.441 0.406 0.317 0.529 0.294 0.542 0.381 0.455 
0.471 0.529 0.235 0.441 0.406 0.299 0.529 0.294 0.542 0.368 0.455 
0.529 0.471 0.265 0.441 0.423 0.254 0.550 0.294 0.560 0.353 0.476 
0.588 0.412 0.294 0.400 0.438 0.206 0.572 0.277 0.576 0.353 0.493 
0.853 0.147 0.426 0.325 0.500 0.206 0.641 0.201 0.633 0.353 0.541 
0.912 0.088 0.456 0.324 0.511 0.206 0.651 0.176 0.645 0.279 0.550 
0.971 0.029 0.485 0.206 0.525 0.154 0.661 0.105 0.658 0.235 0.562 
0.971 0.029 0.485 0.176 0.525 0.118 0.661 0.059 0.658 0.176 0.562 
1.000 0.000 0.500 0.147 0.534 0.059 0.669 0.039 0.666 0.108 0.570 
1.000 0.000 0.500 0.147 0.534 0.059 0.669 0.029 0.666 0.105 0.570 
1.000 0.000 0.500 0.133 0.534 0.059 0.669 0.029 0.666 0.105 0.570 
1.000 0.000 0.500 0.120 0.534 0.059 0.669 0.029 0.666 0.105 0.570 
1.000 0.000 0.500 0.118 0.534 0.059 0.669 0.029 0.666 0.104 0.570 
1.000 0.000 0.500 0.117 0.534 0.059 0.669 0.029 0.666 0.104 0.570 
1.000 0.000 0.500 0.116 0.534 0.059 0.669 0.029 0.666 0.103 0.570 
1.000 0.000 0.500 0.115 0.534 0.059 0.669 0.029 0.666 0.102 0.570 
1.000 0.000 0.500 0.114 0.534 0.059 0.669 0.029 0.666 0.101 0.570 
1.000 0.000 0.500 0.114 0.534 0.059 0.669 0.029 0.666 0.101 0.570 
1.000 0.000 0.500 0.113 0.534 0.059 0.669 0.029 0.666 0.100 0.570 
1.000 0.000 0.500 0.112 0.534 0.059 0.669 0.029 0.666 0.100 0.570 
1.000 0.000 0.500 0.112 0.534 0.059 0.669 0.029 0.666 0.099 0.570 
1.000 0.000 0.500 0.112 0.534 0.059 0.669 0.029 0.666 0.099 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.099 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.099 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.111 0.534 0.059 0.669 0.029 0.666 0.098 0.570 
1.000 0.000 0.500 0.000 0.534 0.000 0.669 0.000 0.666 0.000 0.570 
1.000 0.000 0.500 0.000 0.534 0.000 0.669 0.000 0.666 0.000 0.570 

νref is the miss rate of the ETAS model (reference), τre are the fractions of space time occupied by alarms used to plot the Molchan diagram and given by 
1 − νref , νref is the reference miss rate, νref is the interpolated miss rate, a f ( τre ) , a BVAL ( τre ) and a FORE ( τre ) , a EADD ( τre ) and a EMUL ( τre ) are the area skill scores 
computed for the reference ETAS, BVAL, FORE, EADD and EMUL models, respecti vel y. 
of strong earthquakes. The same hypothesis brought to the formula- 
tion of the Foreshock Traffic Light System (Gulia & Wiemer 2010 , 
2019 , 2021 ; Gulia et al. 2018 ) predicting whenever a shock with 
M w ≥ 6 . 0 is the strongest in a seismic sequence (green light, high 
b -value) or an even stronger shock is likely to occur close in space 
in the near future (red light, low b -value). 

Our algorithm declares an alarm of duration �t , which varies 
from a fraction of second to the entire duration of the experiment, 
in a square cell with sides of about 42.4 km, every time the b -value 
in that cell decreases below the threshold b th = 0.9 from a higher 
v alue. Such threshold w as determined b y optimizing the ability of 
the algorithm to forecast earthquakes with M w ≥ 5 . 0 of the HORUS 

catalogue (Lolli et al. 2020 ) from 1990 to 2004. 
If a target earthquake occurs in a cell where an alarm window 

is active, we count a hit, if a target earthquake occurs outside any 
alarm window we count a miss. To not miss the prediction of tar- 
get earthquakes located only slightly outside an alarmed cell, we 
used a double tessellation with two grids staggered by half the grid 
side. 

We pseudo-prospecti vel y e v aluated the predicti ve ef ficiency of 
the forecasting method using the AS score (Zechar & Jordan 2008 , 
2010 ) measuring the area above the Molchan trajectory (Molchan 
1990 , 1991 ), based on the data of the HORUS catalogue from 2005 
to 2022. We obtained the Molchan trajectory by plotting the miss 
rate ν as a function of the fraction of space-time occupied by alarms 
τ , varying the alarm duration �t from a fraction of second to the 
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5.0. 
otal duration of the testing period (18 yr). The lower the miss rates
f the Molchan trajectory the larger the AS score and then the more
ccurate the forecasting method. 

We also penalized the forecasting performance of models in
ighly seismic areas, where random forecasts are easier, by weight-
ng the fraction of space-time occupied by alarms proportionally to
he long-term earthquake occurrence rate deduced from the cat-
logue CPTI15 V4.0 (Rovida et al. 2020 , 2022 ) from 1600 to
959. 

Based on the overall AS score (computed for τ = 100 per cent)
he best performing model would be the ETAS, which achieves a
ear-perfect AS score (97–99 per cent). While this might indicate
TAS as the most ef fecti ve model, it might also evidence a critical

imitation of the Molchan diagram for testing models, like ETAS,
ssuing extremely frequent and dense alarms which results in a rapid
eduction of the miss rate to zero even for notably short alarms of a
ew seconds or minutes. This creates an illusion of perfect predictive
apability, as all target earthquakes are technically predicted, but at
he cost of an overwhelming and nearly constant state of alarm in
ome cells. 

This characteristic of ETAS, while beneficial in a purely statistical
ense, undermines its broader applicability. The constant stream
f alarms not only risks desensitising the population and creating
alarm fatigue’, ef fecti v e management of emergenc y responses to
atural disasters. In highly alarmed cells, the ETAS model alarms
re so continuous that it becomes difficult to distinguish between
eriods of genuine increased risk and the model default state of alert.
his diminishes its overall ef fecti veness for the operational utility
here the goal is to balance predictive accuracy and minimizing
nnecessar y aler ts. 

More in general, we can note that high fractions (e.g. > 10
er cent) of space-time occupied by alarms may lead to a di-
inished trust in the model, as the constant presence of alarms

ould make it harder to discern meaningful signals from the back-
round noise. Hence, we also computed the AS scores of BVAL
nd other forecasting models even at smaller τ down to 0.01
er cent. 

If compared with other methods, the BVAL is worse than FORE
t any τ but better than ETAS for τ < 2 − 4 per cent. The ensemble
odel EADD obtained by the sum of alarms issued by both BVAL

nd FORE is the best performing for space time occupations be-
ween 0.04 per cent to 2 per cent, which is the range of time-space
ccupation for which the forecasting algorithms might be more
seful for civil protection purposes. 

This preference for other methods with respect to ETAS is also
onfirmed by the Molchan–Shebalin diagram (Shebalin et al. 2011 )
n which the role of the random forecast along the Molchan di-
gonal is played by a reference skilled method (in our case the
TAS method itself). In fact, all other methods describe Molchan

rajectories below the reference ETAS diagonal for τ < 60 per cent
nd have the area above the trajectory, larger than 0.5 that cor-
esponds to the ETAS reference model score. In summary, the
VAL forecasting method works rather well so confirming the
alidity of the basic hypothesis that low b -values might indi-
ate the future occurrence of potentially damaging earthquakes.
t is an yhow slightl y worse than the FORE method based on the
ccurrence of strong foreshocks (Gasperini et al. 2021 ). How-
 ver, BVAL in additi ve combination with the FORE improves
he efficiency of the latter, particularly at relatively low frac-
ions ( < 5 per cent) of space-time occupied by alarm that are
hose that are most likely to be useful for seismic hazard miti-
ations. 
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upplementary data are available at GJIRAS online. 
Figure S1. Molchan diagram and AS score of the BVAL model

or b th = 0.9 applied to target earthquake with M w ≥ 5.5 occurred
rom 2005 to 2022. Red and blue lines indicate the Molchan tra-
ectories using unweighted (red) and weighted (blue) space-time
ccupied by alarms ( τ nw and τw ), respecti vel y (see the main text).
he solid black diagonal line represents the Molchan trajectory of a
urely random method, which forecasts earthquakes in proportion
o the space-time occupied by alarms. This line divides the diagram
nto two distinct parts: the area above the diagonal, indicating un-
killed performance, and the area below the diagonal, indicating
killed performance. The light blue, violet and green lines represent
he confidence limits for α = 50, 5 and 1 per cent, respecti vel y. The
rey dotted lines indicate the probability gains G = 2, 5, 10, 20 and
0. 

Figure S2. Same of Fig. S1 but for the FORE model applied for
arget earthquake with M w ≥ 5.5. 

Figure S3. Same of Fig. S1 but for the ETAS model applied for
arget earthquake with M w ≥ 5.5. 

Figure S4. Same of Fig. S1 but for the EADD model applied for
arget earthquake with M w ≥ 5.5. 

Figure S5. Same of Fig. S1 but for the EMUL model applied for
arget earthquake with M w ≥ 5.5. 

Figure S6. Molchan–Shebalin diagram and MSAS scores of all
ompared models (BVAL, FORE, ETAS, EADD and EMUL) for
arget earthquakes with M w ≥ 5.5, considering the ETAS model
s reference and not-weighted fraction of space-time occupied by
larms ( τw ). The continuous diagonal line (orange) represents the
iss rates of the ETAS model, distinguishing models with higher

erformance (below the line) from those with lower performance
above the line) compared to the reference. 

Table S1. Computation of cell weights. 
Table S2. Area skill scores of Fig. 6 for the BVAL method com-

uted for targets earthquakes with magnitude M w ≥ 5.0. 
Table S3. Area skill scores of Fig. 7 for the FORE method com-

uted for targets earthquakes with magnitude M w ≥ 5.0. 
Table S4. Area skill scores of Fig. 8 for the ETAS method com-

uted for targets earthquakes with magnitude M w ≥ 5.0. 
Table S5. Values of variables in Molchan diagram of Fig. 5 for

he BVAL model applied to predict target earthquake with M w ≥
.0. 

Table S6. Values of variables in Molchan diagram of Fig. S1 for
he BVAL model applied to predict target earthquake with M w ≥
.5. 

Table S7. Values of variables in Molchan diagram of Fig. 9 for
he FORE model applied to predict target earthquake with M w ≥

https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf005#supplementary-data
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1641. 
Table S8. Values of variables in Molchan diagram of Fig. S2 for 
the FORE model applied to predict target earthquake with M w ≥
5.5. 

Table S9. Values of variables in Molchan diagram of Fig. 10 for 
the ETAS model applied to predict target earthquake with M w ≥
5.0. 

Table S10. Values of variables in Molchan diagram of Fig. S3 
for the ETAS model applied to predict target earthquake with M w 

≥ 5.5. 
Table S11. Values of variables in Molchan diagram of Fig. 11 

for the EADD model applied to predict target earthquake with M w 

≥ 5.0. 
Table S12. Values of variables in Molchan diagram of Fig. S4 

for the EADD model applied to predict target earthquake with M w 

≥ 5.5. 
Table S13. Values of variables in Molchan diagram of Fig. 12 

for the EMUL model applied to predict target earthquake with M w 

≥ 5.0. 
Table S14. Values of variables in Molchan diagram of Fig. S5 

for the EMUL model applied to predict target earthquake with M w 

≥ 5.5. 
Please note: Oxford University Press is not responsible for the 

content or functionality of any supporting materials supplied by 
the authors. Any queries (other than missing material) should be 
directed to the corresponding author for the paper. 
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DATA  AVA I L A B I L I T Y  

The data of the HORUS and CPTI15 earthquake catalogues are 
availab le from pub lic providers: http://horus.bo.ingv.it and https: 
//emidius.mi.ingv.it/CPTI15-DBMI15/ , respecti vel y. 

The QGIS geographical software was downloaded from www.qg 
is.org . 
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Omori’s law decays, initiated at the times of each earthquake occurrence: 

f ( t ) = 

n ∑ 

i= 1

H 

( t − t i ) K e α( m i −m c ) 

( t − t i + c ) p 
, (A1) 

where K , c, p and α are free parameters, and H ( t − t i ) is the Heaviside step function, which equals 1 if t − t i > 0 and 0 otherwise. n in the 
sum represents the total number of earthquakes considered, with each i−th term in the sum corresponding to an individual earthquake in the 
sequence. The earthquake productivity is assumed to be an exponential function of the magnitude of the i−th parent earthquake m i and of 
the completeness magnitude m c . 

The spatial decay of the productivity can be described using various probability density function that represent the nucleation kernel (Ogata 
1988 ; Console et al. 2003 ; Zhuang et al. 2004 , 2011 ; Lombardi & Marzocchi 2010 ). In this work, we used the spatial probability density 
function proposed by Ogata & Zhuang ( 2006 ), where the smoothing term is an exponential function of the magnitude: 

g ( x, y ) = 

( q − 1 ) 
[
D 

2 e γ ( m i −m c ) 
]q−1

π
[
( x − x i ) 

2 + 

( y − y i ) 
2 + D 

2 e γ ( m i −m c ) 
]q , (A2) 

where q, D and γ are free parameters. 
The frequency magnitude distribution of earthquakes adheres to the Gutenberg–Richter law (1944): 

h 

( m 

) = βe −β( m −m c ) , (A3) 

where β = b ln 10 and b is a free parameter. 
By incorporating a time-invariant background seismicity term λ0 ( x , y , m ) , the rate density function for the ETAS model is given by: 

λ ( t, x, y, m 

) = μλ0 ( x , y , m 

) + [ f ( t ) g ( x, y ) h 

( m 

) ] , (A4) 

which explicitly becomes: 

λ ( t, x, y, m 

) = μλ0 ( x , y , m 

) + 

{ 

n ∑ 

i= 1

H 

( t − t i ) K 

( t − t i + c ) p 
e α( m i −m c ) 

( q − 1 ) 
[
D 

2 e γ ( m i −m c ) 
]q−1

π
[
( x − x i ) 

2 + 

( y − y i ) 
2 + D 

2 e γ ( m i −m c ) 
]q βe −β( m −m c )

} 

. (A5) 

The parameter μ represents the ratio between the expected number of independent events of the background seismicity λ0 ( x , y , m ) and the 
total number of events. 

To describe the background seismicity, we employ the spatially variable poisson (SVP) model. The SVP rate density is given by: 

λ0 ( x , y , m 

) = μ0 ( x, y ) βe [ −β( m −m c ) ] , (A6)

where μ0 ( x, y ) is the spatial rate density of earthquake with m ≥ m c , which is a continuous smoothed function of the geographic location. To 
assess the spatial rate density, we divide each cell of the tessellation into 16 subcells of side l = 

30 
√ 

2 
4 km. The number of earthquakes N k with 

magnitude m ≥ m c is calculated for each subcell. Each N k v alue, representati ve of a single subcell, is then smoothed by a Gaussian filter with 
correlation distance d c and normalized to preserve the total number of events as described in Frankel ( 1995 ). For each cell, the smoothed N k 

is given by 

˜ N k = 

� l N k exp 
(−� 

2 
kl /d 2c 

)
� l exp 

(−� 

2 
kl /d 2c

) , (A7) 

where � kl is the distance between the centre of the k th and the l th cells. To obtain ˜ N k in terms of number of events per unit of time and area, it
must be divided by the total duration of the earthquake catalogue and by the area of the cell. The spatial density μ0 ( x, y ) at any given point is 
calculated taking the weighted average of the four nearest surrounding subcells, where the weights are inversely proportional to the distance 
from each subcell to the point. To determine the optimal d c of the SVP background model, we used the method proposed by Console & 

Murru ( 2001 ). This involves dividing the earthquake catalogue into two subcatalogues of approximately equal temporal length. The value of 
d c is then chosen by maximizing the log-likelihood of one subcatalogue using the smoothed seismicity derived from the other subcatalogue. 
This analysis is performed separately for both subcatalogues, yielding d c1 = 16.0 and d c2 = 13.0. The optimal correlation distance d c is given 
by the average of these two values, resulting in d c = 14.5. Given the parameter d c , the spatial density of earthquakes μ0 ( x, y ) for the SVP 

background model can be e v aluated for each cell and point in space. 

ETAS parameters fitting 

The best fit for the free parameters of the ETAS model is achieved by maximizing the log-likelihood of an inhomogeneous Poisson point 
process, using the data set of earthquakes occurred in the learning period (1990–2004). The log-likelihood function is given by: 

ln L = 

∑ 

t i ∈ ( t a ,t b ) ; m i ≥m T ; ( x i ,y i ) ∈ R 
ln λ ( t i , m i , x i , y i ) −

t b ∫ 
t a

m u ∫ 
m T

∫ ∫ 
R

λ ( t, m, x, y ) d y d x d m d t, (A8) 

where λ( t i , m i , x i , y i ) is the rate density function of the ETAS model (eq. A5); ( t a , t b ) represent the fitting period; m T and m u are the lower 
and upper bounds of the magnitude range, set to 2.5 and 7.5, respecti vel y; and R is the spatial region used for parameter fitting. 
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Figure A1. Tessellations R 1 (left) and R 2 (right) used to fit the optimal parameters of the ETAS model. Each cell has a side of 30 
√ 

2 km . See the main text for 
details. 

Table A1. List of estimated best fit parameters for the ETAS model. 

Tessellation 

Parameter R 1 R 2 

b 1.035 1.033 
k 0.0216 ± 0 . 0006 0.0228 ± 0.0006 
c 0.0034 ± 0.0001 0.0034 ± 0.0001 
p 1.0914 ± 0.0042 1.0884 ± 0.0039 
d 1.0927 ± 0.0340 1.0735 ± 0.0320 
γ 0.4499 ± 0.0565 0.4925 ± 0.0525 
α 1.1544 ± 0.0314 1.1714 ± 0.0299 
q 1.5 ∗ 1.5 ∗
f r 0.4560 ± 0.0076 0.4410 ± 0.0074 
E 19.9814 21.2766 
ln L 326.2935 327.3842 
∗Parameter fitted separately (see text of Appendix A for more details). 

The analysis region R consists of two different tessellations, which form a grid of partially overlapping cells. Consequently, the fitting of 
the free parameters was performed separately for each tessellation, R 1 and R 2 , (see Fig. A1 ). The b -value is estimated independently for each 
tessellation using the b + estimator introduced by van der Elst ( 2021 ) and recently explored by Tinti & Gasperini ( 2024 ). To assess the b -value, 
we use the seismicity data from the learning period (1990–2004) within each tessellation, resulting in b -values of 1.035 for R 1 and 1.033 for 
R 2 . The parameter q is set to 1.5 according to Lombardi & Marzocchi ( 2010 ) showing that the static stress change decreases with epicentral 
distance as r −3 . Similarly, the parameters k , p, c, α, d and ν have been fitted by maximizing the log-likelihood of earthquakes with magnitude 
m ≥ 2 . 5 occurred within each individual tessellation, R 1 and R 2 , respecti vel y, during the period 1990–2004 using the interior-point method 
(Wright 2004). The standard error (SE) for each parameter is computed as the square root of the corresponding diagonal element of the 
v ariance–cov ariance matrix computed as the inverse of the Hessian matrix for log-likelihood function at the maximum (Ogata 1988 ; Lolli 
et al. 2009 ). The optimal fitted parameters with their standard deviations are reported in Table A1 . Additionally, the expected number of 
events ( E) and the log-likelihood ( ln L ), shown in Table A1 are calculated based on the fit to earthquakes with magnitudes m ≥ 5 . 0 . This 
approach ensures a more robust fit by initially using a broader range of magnitudes ( m ≥ 2 . 5 ), as described above, to obtain a more reliable 

art/ggaf005_fa1.eps
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parameter estimation with a larger data set. Subsequently, the log-likelihood and the expected number of events for earthquakes with m ≥ 5 . 0 
are recalculated with the pre viousl y fitted parameters,. This two step-process leverages the extensive data set for parameter estimation and 
then focuses on higher-magnitude events for assessing model performance. 

Using the fitted parameters, the daily rate of target earthquakes ( m ≥ 5 . 0 ) is calculated for each cell within both the tessellations R 1 and 
R 2 for both the learning period (1990–2004) and testing period (2005–2023). The daily rate for each cell, which refers to the expected 
number of such events per day within the cell, is obtained by integrating the rate density function λ( t, m, x, y ) over the magnitude range 
[ m T = 5 . 0 , m u = 7 . 5 ] and the spatial cell region C , while excluding the integration over time. The daily rate λdaily ( m, x, y ) is thus given by: 

λdaily ( m, x, y ) = 

m u ∫ 
m T

∫ ∫ 
C

λ ( t, m, x, y ) d x d y d m. (A9) 
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