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Abstract

We study the boundary behavior of solutions to parabolic double-phase equations through the
celebrated Wiener’s sufficiency criterion. The analysis is conducted for cylindrical domains
and the regularity up to the lateral boundary is shown in terms of either its p or g capacity,
depending on whether the phase vanishes at the boundary or not. Eventually we obtain a fine
boundary estimate that, when considering uniform geometric conditions as density or fatness,
leads us to the boundary Holder continuity of solutions. In particular, the double-phase elicits
new questions on the definition of an adapted capacity.
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1 Introduction and Main Results
1.1 Heuristics

Let u(x, t) be a scalar quantity describing the flow, in a space configuration x and at a time 7,
of a non-Newtonian fluid in a pipe (see for instance, [4] Ch.4 Section 7.6) which changes the
power-law of its stress tensor according to a dramatic switch of the energy density. This change
is specified by a law a(x, 1), that can be catered by an electromagnetic field or a mechanical
device that suddenly obstructs the flow. Some of the fluids just described are addressed as
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electro-rheological and are of promising technological interest (see for instance [65, 66] or the
book [68]); their special feature being a heavy change of viscosity in a very short time. As a
guiding example, in [5] and [15], the authors consider the stationary flow of a generalized non-
Newtonian fluid, modeled after an anisotropic dissipative potential ¢ (z) = |z|P +a(x, t)|z]4,
whose energy is trapped between two power laws. Here we are interested in this description,
as opposed to a slower change of rate that happens when ®(z) = |z|?™®) and p is a log-
continuous function; though, instead of working in the framework of systems, we will be
addressing equations. When the case of ¢ is concerned, the regularity of the solution, if any,
is expected to follow some rule dictated by a(x, t) itself, which we call the phase. In the
present work we propose an analysis of the boundary behavior of solutions to equations that
embody these features, and whose prototype is referred to as the parabolic double-phase
equation, given by

du — div((wuv’*2 +a(x, )| Vul?7?) w) =0 in Qr=Qx(0,T], (1.1)

for @ ¢ RM open and bounded. Given a continuous initial datum f prescribed on the
parabolic boundary of Q7, we address the question of whether solutions u to the parabolic
double-phase Eq. 1.1 reach f in a continuous fashion; and in such case, when the datum
is more regular (for instance, Holder continuous), we would like to describe how fast this
happens. Our answer to this question is presented in Theorem 1.1. In particular, we find that
the trade-off between the geometry of the lateral boundary 92 x (0, T') in terms of the elliptic
p or g capacity of Q2 and the behaviour of the phase at these points determines the desired
rate.

1.2 Origins and Framing Of The Topic

In recent years, the stationary version of Eq. 1.1 has received a great attention, especially
with regard to the regularity theory; we refer, for instance, to the surveys [57, 60, 64], and the
extensive lists of references therein. While the local boundedness of solutions was already
studied in the 70’s in [49] and [50], the non-standard behavior was faced by Zikhov in [83]
in the context of averaging of variational problems and the first pioneering analysis of the
regularity of the gradient appeared in [58, 79] (see also [20] for a full-anisotropic version).
In parallel, a fruitful theory of adapted and generalized energy spaces has seen the light, as
Orlicz and Musielak-Orlicz spaces: here we refer, for instance, to the practical survey [23].

Equation 1.1 belongs to a wider class of equations exhibiting the so-called (p, ¢)-growth,
that for its mathematical challenges together with its numerous applications draw a consid-
erable attention for several decades. Regarding the stationary point of view, a non-exhaustive
list of contributions is [1-3, 7, 9—11, 13, 25-27, 29, 30, 40, 41, 43, 44, 62, 63, 67, 75] to
which we refer for results, references, historical notes and extensive survey of regularity
issues, being the literature so wide that it results complicated to track every result in this
direction.

On the other hand, the regularity theory for evolutionary double-phase equations has
received less attention, most probably because of the merging of the difficulties inherent
to the double-phase with the ones of the non-homogeneity of the operator caused by the
parabolic term. A study of the local L* norm of the gradient has been brought onin [12, 18,
32] and [71]. Refined quantitative gradient bounds have been addressed in [28], while higher
differentiability of the gradient has been investigated in [38].
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Our interest specifies towards equations with measurable and bounded coefficients, in
the framework of a fine boundary estimate that is irrespective of the higher-order regularity.
Within this perspective, the continuity and Holder continuity for parabolic equations with
Orlicz growth (generalizing Eq. 1.1) has been studied in [12, 46, 47, 72, 75] and [76]; while
in [21, 69] and [70] the authors proved suitable versions of the Harnack inequality (see
also [77, 80] for the variable exponent case).

1.3 Fine Boundary Regularity

A sufficient condition for the regularity of a boundary point for the prototype p-Laplacian
elliptic equation has been known since the famous paper of Maz’ya [59], and is named after
Wiener, who studied the Dirichlet problem for the linear case from the potential point of
view (see [81, 82]). Later, Gariepy and Ziemer in [33] generalized this criterion to the case of
quasi-linear elliptic equations. Roughly speaking this sufficiency condition is the following:
picking x, € d€2 and defining for p > 1, r > 0 the number

—-— 1
Cp(Br (x0) \ 25 B (x5)) \ 71
Sp(r) = — ,
Cp (Br(x0); Bar(xo))
where Cj, (K, B) is the elliptic variational p-capacity of the condenser (K, B) (see Eq. 1.8

for details), then, weak solutions of quasi-linear elliptic equations of p-Laplacian type are
continuous up to the point x, if

(1.2)

1
/ 5p(r)d—r =00. (1.3)
0 r

We will refer, here and in the sequel, to the books [45] and [55] for an account of capacity
methods for the fine boundary regularity in the context of elliptic p-Laplacian type equations.

The problem of fine boundary regularity for the diffusive p-Laplacean equation is much
more recent. Continuity up to the boundary with monotonicity conditions was proved in [73,
74] under the condition Eq. 1.3. This result was generalized in [34] for more general parabolic
evolution equations by using a weak Harnack inequality (see also [35, 36] for the singular
super/sub-critical cases).

Finally, a sufficiency criterion of Wiener-type for parabolic equations with double-phase
growth conditions is, up to our knowledge, a novelty. The present work is therefore a first
step on the understanding of fine boundary regularity for double-phase parabolic operators.

1.4 Setting of the Problem

Let us denote B, (y) the ball in RY of center y and radius p, and let Q be a bounded domain
in RV, For T > 0, we consider Q7 := Q x (0, T] the cylinder with base 2 and length T,
and we denote by St := 92 x (0, T] its lateral boundary. We consider equations

o;u —divA(x,r, Vu) =0, weakly in Qr, (1.4)

where we assume that the function A : Q7 x RY — RV is Caratheodory, i.e. A(-, -, &) is
Lebesgue measurable for all £ € R and A(x, ¢, -) is continuous for almost all (x, 7) € Q7;
and that A satisfies the following structure conditions

A, 1,8)-& = CL(IEI” +alx,nIEIT) = Crox,1,15), 2<p<gq,

B B (1.5)
IAG, 1, < Co(IE1P7 +alx, 0IEI) =: Crp(x, 1, 16)/IE],
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for C1, C> given positive constants, that we will refer to as structural data. The function
a(x,t) : RN+ 5 0, o0) is everywhere defined and non-negative. We assume a(x, t) to
be locally Holder continuous around S7: for any (x,, ?,) € S7, we assume that there exist
positive numbers R,, A, such that, for any 0 < » < R,, the following inequality holds true,

osc  a(x,t) <A, ri P, (1.6)
Qrv,.z(-x()ala)

being Q, ,2(xo, to) = By (x,) X (to — 12, 1, +12).

As our estimates are of local nature, the constants R, and A, will also be referred to as
structural constants. Thence, we are concerned with the boundary behaviour of solutions to
the Cauchy-Dirichlet problem

oiu —divA(x, t, Vu) =0, weaklyin Qr,
u(x,t) = f(x,1), onSr, (L.7)
u(x,0) = f(x,0), attained in L7 (),

where A obeys to Egs. 1.5-1.6 above for 2 < p < ¢, and
feLi0,T; WH()) N C(Qr).

The boundary datum f is taken in the weak sense, i.e. (u — f)(-, 1) € Wol‘q (R2) for
almost every time ¢ € (0, T']. As typical of parabolic equations, what happens in the future
is determined entirely from the past: this motivates the omission of a prescription of the
boundary datum at 2 x {T'}. In agreement with this principle, for our local estimates we will
work with backward parabolic cylinders (See Section 2 for more details).

The well-posedness of this problem has been addressed in [18, 72] and very recently in [6],
with slightly different notions of solutions. We refer to Section 3 below for the details of our
definitions.

Finally, another important topic concerns global boundedness of solutions, for which there
seems not to be a complete picture in the parabolic case for equations such as Eq. 1.4. In
general and within an elliptic context, for this generality of choice of exponents ¢ > p > 2,
local weak solutions to stationary equations with (p, ¢) growth as Eq. 1.4 above are not
meant to be locally bounded, as shown by the two pioneering counter-examples [39, 56].
Nonetheless, these two examples are fully anisotropic, meaning with this that the energy is
not a function of the modulus of the gradient, but just of its components. For general non-
standard parabolic equations, global boundedness is shown in Theorem 3 of [61] for fully
anisotropic parabolic equations; see also [24] for refined local bounds. The condition given
may not be sharp in the case of Eq. 1.4, as it is unrelated to the degree of Holder continuity of
a(x, t) (see for instance [72]), or its L norm. For this reason, in what follows we consider
solutions that are globally bounded in Q7, thereby admitting a wider set of solutions.

1.5 Main Result and Applications

In order to formulate our boundary estimate, we briefly recall the definition of capacity at
hands. Let s € (1, N], B C RY be an open set and K C B be a compact set. We denote by
Cs(K; B) the Newtonian (or variational) capacity of the condenser (K; B) and defined as

CS(K;B):inf{HVfH“L;(B) : feCPB), f=1on K}. (1.8)
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This introduced version of capacity pertains to domains of RY and it extends, within its
elliptic fashion, spontaneously to cylinders Q = B x (1, 2) in RV*!. Let K € Q be a
compact subset of such cylinder, and if we define

1,
c(K, Q):inf{||Vf||g\.(Q) : feCP(Q), f>1on K} then Cs(K, Q) = /ZCX(IET,B)dr,

J1
being K = K x {t}. The proof of this last equality can be found in [16], while other notions
of parabolic capacity are investigated in various other circumstances, see for instance [8]
and [84].

With this definition and Eq. 1.2, we are ready to state our main result. We say that a constant
depends only on the data, if it depends only on the fixed parameters {N, p, ¢, C1, C2, A,, M},
where

M =supu.
Qr
Theorem 1.1 Let (x,, t,) € St and let u be a bounded, weak solution to the Cauchy-Dirichlet
problem Eq. 1.7. Depending on the point (x,, t,), we assume that either

1
/ (Sp(r)ﬂ:oo, if a(x,,t,) =0, (1.9
0 r
or

1 dr .
/ Sq(r)T =00, If a(xy,t,) > 0. (1.10)
0

Then, in each case respectively, there exist {po(p), no(p)}, {po(q), no(q)} couples of
positive numbers depending only on the data and conditions Egs. 1.9-1.10, and positive
constants y, y, y* depending only on the data, such that, defining

Qou(p) = Bpo(p)(xo) X (to — no(p), tol,
Q0(q) = Bpyq)(x0) x (to —n0(q), t,], and wo = oscu,
T

the following inclusions
2—
Qp(CUO» p) = Bp(xo) X (ty — y*p”wo p, o] C Qo(p),

27
Qp((UO,Q) = Bp(xo) X (ty — V*pqa)o q7 o] C Qo(q),
hold true for p = po(p), po(q), and for all 0 < p < po(p) we have the estimate

1 po(p) ds . e
osc u =< eXP{ - f/ 8p(s)f} + osc  f+ylpo(p)lPr=2, if a(xe, 1) =0,
Q) (w0, p)NQr Y Jp N Qo(p)NSt

while for all 0 < p < pp(g) we have

1 [ro@) ds R e
u < wo exp{ - */ Sq(S)*} + osc f+yloo(@)li?, if a(x,, ) > 0.
v Jp s Q0(g)NSr

osc
Qp(@0.9)NQr
Remark 1.2 (Constants dependence) We observe that the geometric construction is depen-
dent on the assumptions Eqs. 1.9-1.10, differently from the isotropic singular case (see for
instance [36]). Once Eq. 1.10 is verified, the constants pg(q), no(g) are determined irrespec-
tive of the numerical value of a(x,, f,), similarly to [34], Thm 1.1.
In this sense, coherently with the nature of the potential switch, the oscillation estimates
above do not deteriorate when 0 < a(x,,?,) is big or small; on the other hand, when
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a(xy,t,) = 0, the first estimate of Theorem 1.1 holds true, with po(p), no(p) found by
condition Eq. 1.9, and no further reference on the size of the phase. Finally, the constants
y, y*, y are dependent only on the data {N, p, g, Cy, C2, A,, M} and independent of any
value of the phase.

Nonetheless, even if Theorem 1.1 is stated for the Cauchy-Dirichlet problem, as soon as
a lateral boundary datum is concerned, the oscillation estimates above are of local nature. In
this framework, it is a simple consequence that a Wiener-type test is a sufficient condition for
a point (x,, t,) € St to be a regular point to the parabolic double-phase operator Eqs. 1.4-
1.5-1.6.

We recall that a lateral boundary point (x,, t,) € S is said to be regular to Eqs. 1.4-1.5-1.6
if, for any weak solution u to Eq. 1.4, satisfying

u(x, 1) — f(x, 1) € V,(Qr), (1.11)
with any f(x,t) € C(Qr), the limit

lim u(x, 1) = f(xo, 1)
Qr3(x,t)— (x0,10)

is attained. Here and in what follows, we denote with Vo2 " the parabolic space
Vo (Qr) = C0, T3 L*(@) N L0, T3 Wy (),

and the attainment of the datum Eq. 1.11 is understood weakly. The geometric conditions
Egs. 1.9-1.10 are also common in the literature when referring to the set RV \ € as (p or)
g-thick at x, (e.g. [45]).

Corollary 1.3 Let u be a bounded, weak solution to Egs. 1.4-1.5, and let Eq. 1.6 be satisfied
in (xy,1,) € St. If moreover

e a(x,,t,) =0, then Eq. 1.9 is a sufficient condition for (x,, t,) to be regular to Egs. 1.4-
1.5-1.6;

otherwise, if

e a(x,,t,) > 0, then Eq. 1.10 is a sufficient condition for (x,, t,) to be regular to Egs. 1.4-
1.5-1.6.

Classically, in the case p = g = 2, when at the point x, €  further requirements
are satisfied, as the logarithmic Wiener condition (see [14]), the solutions attain a Holder
continuous datum in a Holder continuous fashion. For ease of exposition here we ask €2 to
enjoy auniform geometrical property; which is ensured, for instance, by the classic corkscrew
condition (see [45] Thm 6.31). We briefly recall it here below.

Let X ¢ RY be aclosed set, Y € X and s € (1, N]. The set X is uniformly s-fat in Y if
there exist positive constants Ay, Ry such that, forally € Y and 0 < p < Ry,

Cs(B,(y) N X; Bop(y)) = Agp™ .

When X = Y we just say that X is uniformly s-fat. With this definition at hands, we can
present a notion of fatness that suits the parabolic double-phase problem under consideration.

Definition 1.4 Given a continuous function ¢ : RVt — [0, 00), we say that a closed set
X C RY is uniformly (p, g)-fat with phase a(x, ¢) if X is uniformly p-fat at those points
X, € 90X such that a(x,, t,) = 0 for some ¢, € R, and it is uniformly g-fat at those points
X, € 0X such thata(x,,t) > Oforallr € R.
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Remark 1.5 We observe that in the above definition if X is uniformly p-fat and the function a
vanishes on d X for all times, then trivially X is uniformly (p, g)-fat with phase a(x, #) with
any g. Moreover, when ¢ > p, auniformly p-fat set is also a uniformly g-fat set, by a simple
application of Holder’s inequality. Hence the introduced definition is weaker than the usual
p-fatness. The property of a set of being uniformly p-fat is an open-end condition (see for
instance [53]) and it is equivalent to a point-wise Hardy inequality (see [51]). The definition
of fatness obliges ¢ < N: in the cases where p > N condition Eq. 1.9 is satisfied and when
g > N condition Eq. 1.10 is satisfied, because in such cases the capacities of point and ball
are comparable with a uniform constant. This remark further implies that, when p < N < ¢,
if for these times r € R such that the set {X x {t}} Na(-, r)~'({0}) is not empty, it is also
uniformly p-fat, then X is uniformly (p, ¢)-fat with phase a(x, t). See Subsection 1.6 below
for a comparison with more general notions of fatness and capacity.

Finally, when the complement of €2 is uniformly (p, ¢)-fat with phase a(x, ), then both
integrals Eqs. 1.9-1.10 diverge at every boundary point x, € 9€2. Together with an Holder
continuous datum f, the oscillation estimates of Theorem 1.1 show that the oscillation of
the solution is comparable with powers of the radii: as in (Corollary 1.2, [34]) we obtain that
solutions are Holder continuous up to the boundary.

Corollary 1.6 Let u be a bounded,leak solution to Egs. 1.4-1.5-1.6, with an Holder contin-
uous boundary datum f € C%%(Qr). Suppose furthermore that RN \ Q is (p, q)-fat with
phase a(x, t). Then, the solution u is Holder continuous up to St.

Classically (for instance in [22, 52, 78] and for the parabolic p-Laplacean in [31]) the
Holder continuity up to the boundary was obtained for domains @ cc R¥ satisfying the
density condition

da, Rp >0 :Vx, €92 VO<p<Rp [QNB,(x,)| <(1—0a)|Byl. (1.12)

By a simple application of the definition of the s-capacity together with the Poincaré
inequality, condition Eq. 1.12 implies that RN \  is uniformly s-fat; however, the converse
statement is not true in general, as already seen by the case of points when s > N, or by the
fact that sets of zero s-capacity do not separate the space RV . Nonetheless, when dealing
with a global problem and for the purpose of precise integral estimates, these two conditions
meet when a zero-extension is available; see for instance [19], Prop. 5.9 in the context of
Campanato theory. Finally, we refer to Corollary 11.25 of [17] for more geometrical notions
implying boundary regularity: among these examples, the p-fatness of the complement is
the weakest assumption.

1.6 Comparison with Known Results

In the elliptic framework, the problem of the regularity of solutions is posed for equations
whose prototype is the stationary counterpart of Eq. 1.1, with a condition of Holder continuity
on the phase

awyece@), L1142 (1.13)
p N
that avoids the so-called Lavrentyev phenomenon, in the context of minima of calculus of
variations. In our treatment here we chose @ = g — p (coherently with condition (A1l-n)
of [42]), and we are allowed to choose ¢ > p > 2 arbitrary.
No additional constraints on the ratio ¢/p are imposed, because we assume that our
solutions are bounded. Finally, as an Holder continuous function with exponent greater
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than one is constant, when ¢ — p > 1, condition Eq. 1.6 trivializes to a constant phase
a(x,t) = a(x,,t,); and we find known results of [34] when the phase is constantly zero,
while the other case is closer to the treatment of [54], whose parabolic counterpart has been
examined in [12] with an approach involving the comparison principle and the construction
of a barrier. Continuity up to the boundary for a wider set of functions, in a formulation which
is closer to ours, is proved in [75]-[76]. In all these last non-standard contexts, an oscillation
estimate as Eqgs. 1.9-1.10 is new.

Finally we briefly comment on Definition 1.4 and our use of p and g capacity, still taking
the example of elliptic equations. In the context of generalized Orlicz spaces W !¢ (), the
notion of capacity

Cy(K, Q):inf{/(p(x, IVfhdx : f € Wol""(Q), f >1 onsomeopenset B D K},
Q

is usually more convenient to treat p(x), double-phase and various non-power like growth
operators (see for instance [42, 48]). In our framework, the Wiener’s conditions Egs. 1.9,
1.10 and the p or ¢ capacity of the sets that we will estimate, are intimately intertwined with
the choice of an appropriate time-length (see the choices of n* and 7, in the section of the
geometric construction 4.2, and the choices Egs. 5.9-5.10 for the initial cylinders of Theorem
1.1). For this reason, we find Definition 1.4 more convenient and tailored on the potential
switch of the operator.

Structure of the Paper

In Section 2, we collect the notation used in the overall paper. Then, in Section 3, we define
local weak solutions and we describe various Lemmata concerning Energy (Caccioppoli)
estimates, a measure-theoretical maximum principle, negative-powers Energy estimates, a
Reverse Holder’s inequality and finally the weak Harnack inequality for nonnegative local
weak supersolutions to Egs. 1.4-1.5-1.3. In Section 4, we draw the geometric setting of the
proof and we use the results of Section 3 to prove a reduction of oscillation of the solution near
the boundary by means of the capacity of 02 at the point considered. Finally in Section 5,
we prove the main result, Theorem 1.1, and in Section 6, we collect the proof of the Energy
Estimates of Section 3, in order to leave space in the main text to what is really new.

2 Notation

e Constants dependency.
We refer to the parameters N, p, g, C1, C2, A, and M := sup |u| as our structural

data, and we say that a constant y depends only on the data if iz can be quantitatively
determined a priori only in terms of the above quantities. The generic constant y may
change from line to line.

o Geometry.
We denote by O the origin in RV. Let r, n > 0. We denote with B, (x) the ball of radius
r centered in x € RV, Then we write

O, (%.1) = B, (%) x (i, T +1),
0;,(%.1) = B, (%) x (i —n. D),
Qry(%.1) = B (%) x (T —n. T+ 1),
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respectively, for the forward, backward and full cylinders centered at (X, 7) of radius r
and length n (or 2n). When writing

+ +
Qr = Qr’rZ ’
we denote the cylinder centered at O and whose time interval has length r2; being

0, = Qr,r2 = Q; U Q:r .

o Levels.
For any level k € R, (X, ) € Qr, r, n as before such that the inclusion Q;’:,’(i, 1 CQr
is satisfied, we denote by:

Aprn =00, DN {u <k}

the sub-level sets of u in Q;’:n (%, 7) and by

o (Y (5Y et (Y
o, EM\ r oG\, )7

wherea:QCRN+l—>R+:[0, oo),a+:maxaanda7:mina.
0 0 =" 0 ="

3 Preliminaries
3.1 Definition of Solution
We say that a function

€ VA (Qr) = Cioc(0, T; L () N LL (0, T; WHI (),

loc

is a local weak super(sub)-solution to Eq. 1.4 if for any compact set £ C 2 and every
sub-interval [71, 1] C (0, T'] there holds

/u{dx
E

for any nonnegative test function ¢ € WIL‘CZ(O, T; L*(E))N LY (0, T; W, 1(E)).
A function

%) 1
+//{—u8r§ + Ax, t, Vu)Ve¢tdxdt > 0, (<0, (3.1
1 i E

ueCO,T; LXQ)NLIO,T; WHi(Q)),

such that
u— f) e W (Q) forae. te(0,T],

is a weak super(sub)-solution to the Cauchy-Dirichlet problem Eq. 1.7, if for all t C (0, T']
it satisfies

/ ul(x,t)ydx + // {—ud: ¢ + A, t, Vu)Veldxdr > / fe(x,0)dx, (£0),
Q Qr Q

(3.2)
for any nonnegative test function ¢ € Wb, T; L2(Q) N LY(0, T; W(}’q(Q)).
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To the aim of our computations, it is technically convenient to have a formulation of
weak super(sub)-solution that involves the weak derivative of an approximant of u. Let
p(x) € CPMN), p(x) = 0inRY, p(x) = 0 for |x| > 1 and [z p(x)dx = 1, and set

t+h

o) 1= kN o /Ry, un(eat) = b / /R iy, Dpulx — ) dyd.
/.

We fixt € (0,T) andleth > Obe sosmall that 0 <7 < ¢+ h < T.In Eq. 3.1 we take
t) =t,tp =t + hand replace ¢ by fR,, ¢(y, t)pn(x — y) dy. Dividing by h, since the testing
function does not depend on t, we obtain

/ (aﬂ ¢+ A 1, W)]hv;) dx > 0(<0), (3.3)
Exiry \ 0t

forall# € (0, T — h) and forall ¢ € W,/ (E), ¢ > 0.
3.2 Local Energy Estimates and Critical Mass Lemma

Let u be a weak non-negative super-solution to Eq. 1.4 in 27, and suppose that for (¥, ) € Qr
and n, r > 0 the following inclusion holds true

O}, (X, 1) :=B.(¥) x (I, T +1) C Q.

Lemma 3.1 (Energy Estimates) Let u be a non-negative, local weak super-solution to Eq. 1.4
in Qr, and let n,r > 0 and (x,1) € Qr be as above. For any o € (0, 1), let ¢(x,t) =
1)), for 0 < & < 1, be a cut-off function such that

(1€ CR(B(X): Gix) =1 in Bra-o)(X), and [[V¢]eo < [Viilleo < y(or)™!;

+n —o0),

L) =1, t
! +n,

o =0 and 1|8:¢lloc < 18)lloe < y(om) L.

& e CURY) : { :

VoA

where the oco-norm is taken in Q;"n(i, 1). Let k be any positive constant. Then, if we define

k I\ K\
+_ + IO g + =z
eic 1 = ‘”Qin@,ﬁ)(r) - <r> +aQ?ﬁn(i,t_)<r> ’

there exists a positive constant y, depending only on the data, such that

pro—
sup / L(u — k)Z, dx + (£> [(pk‘r] // IVI¢ (@ —k)_1|P dxdt
F<t<t+n B, (%) k) v

0D

_ k? _
<yo "[so;ﬁ,](w - )IAWI,
k

nleg, 1
(3.4)
.
swp [ -+ <5> i) [ it - v
f<t<i+nJ B (%) k y )
0fy@E.0
< / =k dx +yo (g, ] 1Ag s
B, (D)7}
(3.5)
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where A, | are the k sub-level sets of u in Q; n (X, 1) (see Section 2).

Cla@smally, for most parabolic differential equatlon@ it is possible to show that the energy
estimates, chained with a proper Sobolev-Poincaré inequality, imply some sort of measure-
theoretical maximum property (see [31] for instance). The double-phase Eq. 1.4 is no
exception, provided that a particular geometry is chosen; here we specialize to super-solutions
in QIr (see Section 2).

Lemma 3.2 (Initial-values Critical Mass) Let u be a bounded, weak, non-negative super-
solution to Egs. 1.4 in Qj{r (x,1), with0 < u < M. Assume also that for some 0 < k < M

u(x,0) >k, x € By (). (3.6)

Then there exists § € (0, 1), depending only on the data, such that for almost all (x,t) €

0y (s 1)
u(x,t) > 8k, 3.7

provided that

K2 2 _ p2 + kY’ k!
= S@r) =R, o, l= <—> + ( max a) (—) . (3.8)
[0 5,1 L\ o, ) \2r

Ifroof We consider (x, 7) = (0, 0), to simplify the notation, and an intermediate level 0 <
k < k. For n € Ny, we construct

On Qr" - Q, e =" Q,, being r, =r(1+27")/2, andlet k, = IE(I +27M/2.

k p 4 kn q
i) = (f) *(Q)(f)

Function u satisfies Eq. 3.5 for cut-off functions ¢, = ;“lq between O, and Q4+ indepen-
dent of time. The assumption Eq. 3.6 simplifies the right-hand side of Eq. 3.5 and provides
the estimates

Let us define

sup / [0 — k)T dx < y2"[; ] |[u < ka1 N Qnl, (3.9)

O<t<ni 1

and

)4
// IVl — k)17 dxdt < yﬂ‘f(?”"i) (’;—) U <kdNQu.  (3.10)
n q)n n
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Hence Sobolev’s parabolic embedding theorem applies to [¢ (4 — k,,)—] and Eqgs. 3.9-3.10
imply

Q") < k11N Qnat] < // (u — ky)? dxdt
On+1

5/ [t — k)17 didr

(/ [n(u — kp) -
L, N
f)’( sup / [{n(u_kn)f]zdx> ~(// VI&n(u — ky)— ]lpdx‘l[> [[u <kn]an|N+2
O<t<ni J By, n

. P P _N_
< y2" e ([w;mu < kDN Qﬂ)w ((r) {z [ Nl < ka1 Qn|)”+ [t < kn] N Q|72

pN N

ng(N+p) [k N¥2 p + N£2

=2 () P (E2) i < 10 0
n n

) |[u<k]ﬂQn|N+2

Now we employ condition Eq. 1.6, under the assumption n; < (4r)2 < R{z,, therefore we
can estimate the ratio ([¢;7]1/[¢, 1) with

kn \¢ Aokl P _ _
o] <o, 1+ Aori ™ ”( ) §[¢;](1+—k r_ T )E[Qﬂn](l+AoMq ”>,
Tn P +ag ()

having used also that k, < k < M. Hence, letting

[u < ky] N Oyl
| Onl

n — k]

and using that |Q,| > y|Qn+1] we obtain

naWp) [ 1k \ 777 1y na(N4p) 29[, Ik \ ¥ 142
Ypp1 <y2°W — s Y, N+2 <y2 — Yy A
k2 (k/2)2
(3.11)

\ZVe recall here that both A, and M are structural data. For 0 < § < 1 to determined,
let k = 8k. The fast convergence Lemma (see for instance [31], Chap I, Lemma 4.1) gives
Y, — 0asn — oo, provided

n

_ e <3K10 0ol _ (k) _ (312)
< [ . . °

[Qol P2k
Observe that with our definition of n, the number v € (0, 1) depends only on the data.

In order to prove Yy < v, we use again the energy estimates Eq. 3.5 to get for § € (0, 1/2)
the bound

sup (8k)*|[u(-, 1) < 8k1N Byy| < sup (u —28k)% dx <y [9352,1103, 1 < v8” 19,1103, 1,

O<t<nyi O<t<ny J By
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where we have used the property [‘/’i,r] <c? [<p,fr] for ¢ € (0, 1). Hence

o lu(, 1) < 8k1N Boy| dt
Yo =

[Qol
< Nk SUPo < <py [[u(-, 1) < 8k]1N By |
B [Qol

872

= )’kT[‘Pljjzr]’?k =y,

and condition Eq. 3.12 is satisfied by choosing § according to

Yosv &« 8=y vhHre.

[}
Remark 3.3 Smaller radii than the levels ensure the previous necessary restriction on 7, as
k/2r) > 1, 4r)2,
(k/2r) = N M < ( 2r) 3.13)
r < R,/4, e < R;.

Now, we need a tool to prolong the information Eq. 3.8 to indefinite longer times.

Next result roughly states that the estimate Eq. 3.7 is valid for all times that respect the law
|t — 7| < (4r)?, at the price of a suitable decay of the level k. It is an adaptation of Corollary
3.4 of [37] to our double-phase problem.

Corollary 3.4 Let the assumptions of Lemma 3.2 be satisfied, and suppose the equation Eq. 1.4
is satisfied in QIV (x,1), with0 < r < R,. Let us define the decreasing function

52

p +
sP + aQ;(;’t,)s

W(s) = R and W' its inverse.

Then for allt <t <7+ (4r)% and 8, ny as in Eq. 3.8, the following estimate holds true
forall x € Byj2(x)

,1( (t - t_ )
u(x,t) > sk 1+ T . (3.14)
k

Proof Observe first that, because Eq. 3.6 is preserved by diminishing k, we can take 0 < k <
1. Consider, in the statement of Lemma 3.2 the alternatives

I<t<t+mn or t>f+n.
In the first case, the application of the aforementioned Lemma turns the information
ux,t) >k, xe B (X),

into
u(x, 1) > 8k = SkW~1(W(1) > skW~1 (1) > kW (1 4 (t — 1) /mi),

as both W, W1 are decreasing and W (1) < 1. In the second case, we let
- t—1t
k:kW”(——)fk
Nk

u(x,f)>k in B,(X)

and the information
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together again with the use of Lemma 3.2 brings us to

u(x,1) = 8k, in Byp(X) x (& T +mp),
with

ft—1 ft—1 t—t -
ng =W\ kv —_— > Yk)Wv(w — ) ) =m|— ) =@ —1).
Nk Nk Nk
Here we have used the simple fact that W(st) > W(s)W(¢) fors < 1. ]
3.3 Testing with Negative Powers Towards A Reverse Holder’s Inequality
Lemma3.5 Let (x,f) € Qr, and r,n > 0 such that er,étn(i’ 1) C Q. If u is a non-

negative, local weak super-solution to Eq. 1.4 in Qr, then there exists a positive constant y
depending only on the data, such that, for any § > 0, and any «, o € (0, 1), the inequality

1 p—a—1
sup / w+8&- “;dx—i-f // (u+8) P §]|pdxdt+
l—a f<t<i+nJ Br(X)

Q, 2 (X0
g-o— 1
// a(x,)|V[u+8) « Tyt / (u+8)' " dxdt+
0y @) 0fy @0

1
9 dxdt <
¢l (1

+yal7P Ve / (u~+ 8P~ dxdt + ya'~ ‘1||v;||00aQ+ wh / (u~+ 84 dxdr.
o, (D) RIER))
(3.15)
holds true for any ¢y, ¢ as in Lemma 3.1, being ¢ = (£18)9.

The following Lemma constitutes, for nonnegative super-solutions to Eq. 1.4, the reverse
Holder’s inequality that we will need for our purpose.

Lemma3.6 Let u be a non-negative, bounded, local weak super-solution to Eq. 1.4 in
Q;‘jn()?,t_) C Of(x, 1) C Qr, withr < R,. Then, for allm € (0,1) and § > 0, there
exists a positive constant y (m), depending on the data and m, such that

_ + _
1+n m(p+N) a xX.t +n N
- ][ u + )P~ 25 gyar 4 LoD / ][ (u + 872 gxdr
i JBp® rJi JBp®
m(2E) 2 1972
<yml N {1—{—7}( +a an(xf) 7 )},

I:= sup ][ u(x, t)dx.
t<t<i+n J_
B, (¥)

The constant y (m) degenerates as soonasm |, 0 orm 1 1.

(3.16)
where

Proof Let (X, 7) be the origin (just to ease the notation) and let us define, for n € N U {0},
On =By x(0,n), By=By,, rm=/2)1+27"),
and ¢, € C {1 (By) a cut-off function such that ¢, = 1 on B,1, obliged to satisty
1Veulloo = IV EullLc,) < ¥2"/r. (3.17)
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We use Holder’s inequality first with exponent N/p and then with exponent 1/m to
estimate, in Q,, the quantity

// (u + 8P~ T ¢ dxdr

) N-p

n N N N
< / ( / (u+5)mdx> < [(u + 8) P2l 1v=p dx> dt
0 n Bn
L Np _N—p
n m N p—2+m 4L N—p N
5/ [(/ (u+6)dx) |B,,|1_’”] [/ ((u+5)T ;,fdx> ] dt
0 Bll Bll
ya
n m N p—2+m 4
5/ [( sup][ udx+5> |B,,|] [ IVIu+8) 7 {,{’]V’dx]dt,
0 O<t<nJ By B,

(3.18)
by applying Sobolev-Poincaré embedding in the last inequality. Now, the first factor of the
product on the right-hand side of Eq. 3.18 is a power of I, while we estimate the second
integral on the right-hand side with Lemma 3.5 withm = 1 — ¢ and ¢, = §]q independent
of time, to get from Eq. 3.18 the inequality

// (u+ 8P 25 dxdr
Qn+l

m(p+N)
< // (u+ 8P ¢ dxdi

< y(m)(zl"’|Bn|>%{ / ( +8)" dx + // 160115 (e + )P 724 4 gy | %ay, (u + 8)T2H" dxdr}
J By On

mp [
fanl%“{I'"(%HW’ 4 ucn||€’.o<u+s)"-2+'"+ncnn‘éoagn(u+s)q-2+'"dxdz}
0 /B,

= y|B, VT E,.
(3.19)

We perform a similar estimate for the phase energy: first we use Holder’s inequality with
power N/p and then with (N — p)/(N — g) to get

N
aéo// (1 + 8)1~ 24X dxdy
Qn+1
<ay,, // (u+ 5)‘1—”’”(#);? dxdt
Qll

n % N %
<a; (u + 8)"dx [(u 4 8)T=2Fm eI 1V=7 dx dt
@ Jo \ /s, B,

N—q
n N _
ag, 1" |Bu) ¥ / ( / ([(u+8)q—2+m;,?]*~“qu) By 'V dt
0 n

q—2+m

_y(l'"|Bn|>%|Bn|%// a(e, OV +8) ¢ &7 dxdt
QYI

IA

A

< yU"BFTYE,,
(3.20)
where we have used again Sobolev-Poincaré inequality in the fourth inequality and Lemma
Eq. 3.5 in the fifth, denoting the averaged right-hand side of Eq. 3.15 in Q, with E,, as
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above. Now we use the assumption

Qo = Q:f,, c of,

to apply Eq. 1.6 and estimate

alb

& / (u 4 8)1~ 2T e gy
0 By

rd
AMI—P
/][ (u + &)1~ 2O 8 dedr + /][ (u + 8P~ 4 gy dy

SyI"(1+AMTP)E,,

applying Eqgs. 3.19-3.20. Finally, we estimate E, by Young’s inequality as

E, < I""% >+/ ][ V&l B (u + 8)P 2<e(u+5)m< VO 4 e >dxdt+
/ ][ IVEnlldoaby(u +8)4~ 2<e(u +oymN ) dxdt
n §)p—2Hm(E) §)a—2+m(5)
< J/e/ ][ ((u+ ) = +a50 +9 — )dxdt-i—
0 JBy 1VEulloo 1VEnlloo

PN n 8)P—2 8)1—2
+y1m(1’p )<1+/ %_}_ago%dxdt)_
0 JB, [[Vinlleo Vnlloo
(3.21)

Hence, collecting the terms with € on a whole initial energetic term Jo, and specifying the
properties Eq. 3.17 of ¢,, we have

Jngl i= — /][ (u+8)P—2+"
Bn+l

<yI"E,

at
* dxdt + Q”/]l (u + )15 gy
7 Jo JBuy

n ym( 2N -p ! p—2 —-q ,+ ! q—2
<eJo+y2"I" N {1 +r (u+9) dxdt +r ag, (u +9) dxdt
0 JB, 0

By,

p+N "N p+N
<edo+y2" {1’"(%) +rP / ][ ) ((u +8)P 2 4 ral (u+ 8)"*2>dxd;}
0 n

p+N n
<edo+ y2”{1’”<%> +er? /  + 8)P~ 2T L () 1PN dxdi+
0 B,

A
+r’%o/ ][ 2R @ dxary,
0 , <Y
(3.22)
p—24m(ZEY)

through the use of Young’s inequality again, on the last estimate with powers =)

q—2+m(pr) . . .
d ———"— separately on the terms involving powers of (u + &) and /. This finally

provides, by choosing again appropriately € € (0, 1) and reabsorbing the terms in Jp, the
estimate

ot IP 2 19 2
Jus1 < €do+ye 2 {1+ﬁ<7+ 907)}'
rd
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Hence a classical iteration provides

-2 q-—2
m(ﬂ) 17 + !
Joo =y I N 140 P +ay, r4q ’

3.4 Weak Harnack’s Inequality

We borrow the following result from [70].

Lemma 3.7 Let u be a non-negative, bounded, weak super-solution to Eq. 1.4 in QT& (x,1).
Then there exist positive constants Cy; and b, depending only on the data, such that

2
= - r
7= ulx,t)dx < Cyir+r -1 _-(— + inf u(-, 1) ¢, 3.23
]{w) (x, 1) H{ ZA e L IOE (3.23)
Sor all time levels
_om . . br?
t+ —<t<t+n, n:i=min|n, —— ). (3.24)
2 ol ()
oh, &D

Here <,oé1 (v) is the inverse function to the function gog(v) =P 4 615 vi~2,

Remark 3.8 Let f : R — R be a function that has an increasing inverse f~! and satisfies
F(rs) <2272 f(s) forall » > 1, s € R. By applying £~ to the previous property one gets
As < f7L (472 £(s5)) and choosing s = £~ (x) and & = A972 results in formula

—1
) <ar? flax), VxeR, a> 1.

1
The scaling property above translates to (pél(cx) <ca2 wél(x) forallx e R,0 <c < 1.

4 Geometric Setting and Auxiliary Results

All the estimates of the previous Sections were of local nature. Here we refine the classic
approach to parabolic boundary regularity, in the framework of the double-phase operator
Egs. 1.4-1.5.

4.1 Preamble

Let (x,,%,) € St be a point of the lateral boundary of Q7. As conditions Eq. 1.5 imply
A(x, 1, 0) = O, we extend A to a vector field A(x,7,£) : RV x (0, T] x R¥N — RV by
defining it zero on those vector fields &(x, 1) : RY x (0, o0) — R¥ such that £(x, ) = O in
the complement of Q7. It is easily seen that this extension preserves Eq. 1.4-1.5 in its local
definition Eq. 3.1, that now can be formulated in any cylinder

0r(xo, 1) = Qr_(XO’ o) U Q;i_(xas 1) ¢ Q7.

In this sense we say that some function v, that vanishes outside Qr, is a local weak sub
(super)-solution to Egs. 1.4-1.5 in such a cylinder.
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In the previous Sections we mainly only cared about super-solutions: next Lemma moti-
vates this specialization (Fig. 1). Indeed, by extending the equation as above on a cylinder, the
truncations (# —k) 1. are sub-solutions to an equation of the type Eq. 1.4, so that (c — (u —k) 1)
are non-negative super-solutions (to an equation of the type Eq. 1.4), for an appropriate choice
of ¢ > 0. We refer to Lemma 2.1 of [36] and Lemma 2.2 of [35] for more details.

Lemma 4.1 Let u be a local weak solution to Egs. 1.4-1.5 in Qr and assume that for a given
function f € C(Qr) it holds (u — f) € V02’q. Let (x,,t,) € St and, for some r > 0 and
0<n< r2, construct the cylinder

Q;n(xo, lo) = By (x0) X (to — 1, 1) C Qr(Xo, o).

We define the zero-extension of the truncations

+ (w—k*y L inQrnN Q;r](x()? lo)

Uy = L , forlevels kT > sup  f, (4.
k 0 , in Qr,n(xo,to) \ Qr 7007 (torto)
and
—k7)- ,inQrNQO- J B .
up = | TR TN Q) (Kolo) e el k< inf f. (42)

0 o in Q) (X, 1) \ Q7 STN07 .y (Xout0)

Then u,f is a weak sub-solution to Eq. 1.4 in Q;n(xo, ty).

teR
Qr2(To, o)
T
Qr
(w0, t0)
uf:(ufki)i ufEO

n

Qrplwos to) n=n"ns
" z € RN
Q

Fig. 1 Scheme of the geometric setting of the proof. For the definition of n*, 14 see Subsection 4.2 below.
Considered a same radius r, when a(x,, f,) approaches zero, 1 stretches to infinity while 7™ stays unvaried.
This motivates the reduction of radii » < R in the former case, according to the size of the phase
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Finally, for kT as above, we define u,f as in Egs. 4.1-4.2, and we set
wt = pci - u,f for ,ui > sup u,f .

Oy (x0,10)

Evidently w* is a non-negative weak super-solution to Eq. 1.4 in 0O, (xo, tp). From here
to Section 5, we drop the superscript £, because all we need is to work with a generic
super-solution w.

4.2 Geometric Setting

The definition of the time-length n > 0 (that must obey n < r2) needs to distinguish between
two different cases: a(x,, t,) = 0 and a(x,, t,) > 0.

Casea(x,,t,) =0

For a number y* > 1 to be chosen, we let

cA&ua\mBym»)ﬁl

6o=< ——
Pt Cp (B, (x0): Bay(xo))

and consider the time-length

. yrr?
=
(8, (r))P=—2
Casea(xy, t)) >0
Here we set a maximal radius ( )
, 1
RI"P .= “;%, 4.3)
0

and further we will assume that » < min{R, R,}/24. This gives us the control on the phase:

indeed, in this case
+ —_
a’_ <2a _
Qr.q(xox[u) = Qr,n(xu»to)

4.4)

as the simple following computation shows

+ _ — q—p a(x()’to) l —+
Do ot) ~ C0r sty S AT S == S 5an- (-

Moreover, the time-length 7, here is defined through the g-capacity and the value of
a(xo, 1o), as

Cy (B G) \ 2 Bay(x,)) \ 71 . yart
3q(r) == — ’ T = -2
Cq (Br(xo); B2r (xa)) a(xm tO)(qu (r))q

again for a number y, > 0 to be chosen (in Eq. 4.31).

Remark 4.2 The conditions n*, 1, < r? imply the estimates

1 1
< r? = udy(r)y = (y*)r2r, and e <1’ = udg(r) = (yx)2r. (4.5)
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4.3 Capacity Estimates

Now we specialize our estimates towards capacity, considering a test function that vanishes
outside a small cylinder. Within the special local geometry chosen, the equation provides a
bound for the p or g-capacity of $2 around the point (x,, ,), in terms of the averaged L'-norm
of w. Since a distinction between time lengths is due, forany 0 < n < r2 we define

I, r)= sup ][ wx,dx, and Z,(r)=Z0"r), Zyr) =L, 7).

t()_ngtgla_% Boy (x0)
r(Xo

(4.6)

Lemma 4.3 Let u be a non-negative, local weak solution of Egs. 1.4-1.5 in Qr and u = f
on St. Fix (x,,t,) € St and construct Q_ (x0, ty) as above (in Section 4.2). There exists a
constant y > 0, depending only on the data such that the following is valid. If a(x,, t,) = 0,
then for any 0 < r < R,/2 we have that

wop(r) < PIy(r). 4.7

On the other hand, if a(x,,t,) > 0, for all 0 < r < min{R,, R/24}, then we find the
inequality

q—1 1
wéq(r) < pZy(r) + ?(%) W« 4.8)
q

Proof We divide the argument in two steps: in the first one the special geometry of n*, 1,
plays no role; while the second one specializes toward p or g capacities.

STEP 1 - A common potential estimate For any 0 < r < min{R,/2, R/16},0 < n < r2,
we construct cylinders Q1 C Q> C 03

3n 5n

Ql :Br(xr))>< to——,lo— Q2—BZr(x())>< to— E l‘()_3*'7 ’ Q3=B4,-(X,,)>< to—1 t{)_ﬂ
4 8 8’ 8 ’ 4

andlet ¢ € Cll, (Q2), be a cut-off function between Q; and Q», i.e.

2 .
flo, =1, and 0<¢ <1, IVflé;, g1 < = in Q.

S | oo

By testing Eq. 3.3 with uy ;¢, fort € (¢, — 8 , 1o — % — h), using the fact that uy is a
sub-solution of Eq. 1.4 we obtain

d
/ et e ntdx + / [AG. 1, Vi) Iy Vg ptdx <0
BZr(Xo)

ot By (x0)
which yields
owy,
/ 7wh§dx +/ [ACx, t, Vup)]p Vuy p¢dx
By(xp) Of By (x0)
Jwp,
Sy} ——{¢dx + [A(x, t, Vu)lpug n Vidx.
By (x) 01 Bay (o)
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Now we integrate this inequality over (¢, — %’7, to— % —h) Then, by performing integration
by parts in the parabolic terms and finally letting & ¢ 0, while using conditions Eq. 1.5, we
find

—qu// w|3t§|dxdt—g“// w2|8,{|dxdt—|—// A(x,t, Vur)Vur¢ dxdt
02 2 JJ g, 03]

4.9)
<u ]/ A(x,t, Vup)Ve¢ dxdte.
(%))

From here, by using the properties of ¢ and the structure conditions Eq. 1.5, we get

//(p(x |\ Vw)dxdt < yur¥Im,r) +y 2 {X/lelp 1d)cdt—l—//a(x HIVw|?~ ldxdt}

(4.10)

for a constant y > 0 depending only on the data. We abbreviate Z (), r) = Z to ease notation.
Let us estimate the terms on the right-hand side of Eq. 4.10. By Holder’s inequality and
being Z > 0, for any m € (0, 1) we obtain

//|Vw|P—1dxdt+//a(x,t)|Vw|‘1—1dxdt <
02 ()]
p—1

p-1 1
< (/ (w—i—D_l_’;'lelpdxdt) ’ (/ (w +Z)“+”'><P—‘>dxdz>p+
(%)
q=1 1
+<//a(x,t)(w +I)_1_’;’|Vw|qudt> ! <//a(x (w4 )M l)dxdt)
02

@.11)
Using Lemma 3.6 with m = N (1 +i(p — 1))/(N + p) < 1 we obtain
&)
< y ()P NP1 (p— 1){1 n n(IP—Z ta er(xo IO)I;z)} (4.12)

=:y(m)rV P BT,
Similarly, by Lemma 3.6 withm = N(1 +m(q — 1))/(N + p) < 1, we evaluate
//a(x’ )(w +I)(l+rh)(qfl)dxdt <a52,(x,,,r(,)/ (w +I)(1+”_1)(‘1’1)dxdt

0> 0> (4.13)
< y eV D £(7).
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Now we use Lemma 3.5 for the pair of cylinders Q» and Q3, with ¢; = 1 on Q», to
compute

//(w +I)—‘—”‘|Vw|l’dxdt+//a(x, H(w+ 7))~ "\ Vw|?dxdt
2 ()]

<ymyrNT' T 4 —Y(p ) //(w + )P~ dxdr+
r
03

m _
+ aEZI‘(xo,to)% //(w + 1)1 "M dxdt,
03

which by Lemma 3.6 with 1 —m = m(p + N)/N yields the inequality

//(w + )M Vw|Pdxdi+ //a(x, Dw+2)"" "\ Vw|ldxdt
8 05 (4.14)
<y NI E@).
Collecting estimates Eqs. 4.10—4.14, while observing that the powers in Eq. 4.11 adjust
to 1, we arrive at
//(p(x, t,|Vw|dxdt < yurNITF (). (4.15)
(]

Now, as we aim to a capacity estimate, we estimate

// o(x, t,|V(Cw)|) dxdt
02

S// w(x,t,IVWI)dxlerV(Ci)// {(wIVCI)”Jra(XJ)IwV{Iq}dxdt,
03] 0>

(4.16)
where we have used the structure conditions Eq. 1.5. We take care of the second integral
term, using Lemma 3.6 with § = 0 and m = N/(p + N) to get (as here < r> < R§/4),

f/ w"|V§‘|pdxdt+// al(x, Hw?|\Ve|? dxdt
02 02
< ﬂ// wpfldxdt+a'52ﬁ// wi ™V dxdt
P J] o5 rt )] os

< yurNTF@).
(4.17)
Hence finally, joining estimates Eqs. 4.15 and 4.17 into 4.16 we obtain the potential
estimate

//Q o(x, 1, V@) dxdt < ypur"I(n, )FZ @, 1), (4.18)

where we recall that ¢ is defined in Eq. 1.5, Z(n, r) is defined in Eq. 4.6, and F is defined in
Eq. 4.12.

STEP 2 - Geometry enters into play

Here we divide the study in two cases depending on the value of the phase at the boundary
point.

@ Springer



Fine Boundary Continuity for Degenerate...

If a(x,,1,) = 0, we fix n = n* as above (Section 4.2) and proceed by contradiction:
we assume that for any ¢ € (0, 1) (to be determined and depending only on the data) the
converse inequality

Iy, <eudp(r) (4.19)

holds true, because otherwise inequality Eq. 4.7 is found. Now, by the definition, the scal-
ing properties of the p-capacity C, (B, (x,); B2, (x,)) = er ~P for a positive constant y
depending only on N and p, and our choice of n*, we have

3
//w(x, 1, |V w)Ddxdt > Z,U«pn*cp(Br(xo) \ Qi By (x0)) = yy s, (r)r. (4.20)
02

Moreover, since 0 < < > < R2 condition Eq. 1.6 is in force and

7972 g )
aEZV(XmZ()) :q <A0(2r)q b :q < 14 :p ? Wlth Y :AO(ZM)q ps

so that the inequalities Eq. 4.18-4.20, chained, can be rewritten as
(I < %rNIp + %rN_pn*I,’,’_l <yle+eP s, @4.21)

Choosing ¢ small enough, such that y (e + e?~!) = % a contradiction to Eq. 4.19 is
reached. This proves inequality Eq. 4.7.

Now if a(x,, t,) > 0, we fix n = n, for 0 < r < R/16 (still referring to Section 4.2) and
we assume that for any € € (0, 1), the estimate

r\77! 1
tat <E> oy it S ) *22)

holds true; otherwise, inequality Eq. 4.8 would be in force. By the assumption0 < r < R/16
the estimate Eq. 4.4 is valid, while the definition of g-capacity and the choice of 1, imply

3
// e, 1 IV@EWds > al )10 31 CoBr (i) \ D Bay(50)) = 72 128 (Y,
0>

(4.23)
and Eqgs. 4.18-4.23, chained, can be rewritten as
/”/Sq(r)rN < erIq + la(xos [())rl*rN_ng_l + ln*rN_pIé)_l
<y e+ et sy (rY + Ler=l =ty 5, ()Pt PN
Vx
pN+a=l (4.24)

<ye+el™! +8q_1)u8q(r)rN + yeP! T
a(xy, ty)a—r (,uf(sq (r))q—2

p—1 g-1 N p—1( T ! v
=y +el™ +&1 )ud,(r)r —l—ye‘(—) —_—,

! R) (g (r)i=2
where in the second inequality we have used Eq. 4.22 as 7 < &4, (r) and the definition
of 1, while in the third inequality we have used Young’s inequality with (¢ — 1)/(p — 1)
and its conjugate (¢ — 1)/(g — p) weighted on ud, (r)r™N, separating the term e”~! from
the remainder. To arrive to the wanted contradiction, it is enough to choose & such that
y(e +2eP~! 4 g971) = 1/2. This completes the proof of Lemma 4.3. O
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Lemma 4.4 Let the assumptions of Lemma 4.3 be valid. Then, in the case a(x,,t,) = 0,
there exists a constant C,, > 0, depending only on the data, such that, either

wdp(r) < 2Cpr, (4.25)

or )
< 1— —56 s 4.26
sup  up < U ( 2C, p(r)> (4.26)

[ n (Xo,10)
2%

In the case a(x,,t,) > 0, there exists a constant Cy > 0, depending only on the data,
such that either

1
18, (r) < 4C,r + (4Cy)TT (%) 427)
or |
sup  Ug < U <1 — TBq(r)). (4.28)
07 4ot C

Proof Referring Section 4.2 and Lemma 4.3, we let n = n*/2, ,/2 in the two cases, and
considering the continuity of the function

[to —n, 1] 5t — wdx,
Bor (x0)

we let 71 € [t, — n, t, — n/2] be the point such that inequality Egs. 4.7 (or 4.8)) is achieved,
ie.
I = sup ][ wdx = ][ w(x, 1) dx, (4.29)
1o <1<ty —1/2
Boy (x0) By (x0)

depending on the choice of . Now we apply the weak Harnack inequality 3.23 with

. <n 4br? >
m=mmy\—, —/————————F_ |,
4 + I
05, o (27
which yields

2r2 .
I < y{r —l—r(péit (thl)<—> + inf w(, tz)}, at Hh=t+n/2<t,—n/s.

n Bar (x0)
(4.30)
We want to estimate the second term on the right-hand side of Eq. 4.30: to this aim, we
apply Remark 3.8. If a(x,, t,) = 0, then we evaluate

2r2

)

_1 =L g udp(r)\?
< -2 <
”pQ;,(xo,m( n* ) Sy F¢Q;,<x{,,z1)<< r S

= 1 nSp(r) =
v 17 r05d o (903,00 (P22) ) = 1) s 0,

Similarly, if a(x,, 1,) > 0, we use the condition 1, < r2 to get |t, — 11| < 1+ < r?/2 and
similarly to Eq. 4.4 we can estimate

2 <2a(x,,t,) <2at

+ —
A0 (o) = “10r (o) 0 (x0,11)’

because
(xaa [o) € Q;i_(xa» ) € Q2r(x0’ to)-
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Hence using this fact in the second inequality, a similar computation yields

2r2 ~75 1184 (r)\ 17
—1 q-2 —1 q
r — ) < r a(x,, t, <
(anr(x(;,ll)( e ) S YVx wQ;;,.(L;J])( (X0 0)( . S

1

= Wdq (r) 72
<yre ! rw%r(ml)<¢Q2+4r(xo,tl)<f Syve sy ().

From this and Eq. 4.30, using Lemma 4.3 and choosing y,, y* by the conditions
ve=v*=Qy)72 4.31)

we arrive at
usp(r) < ylr+ inf wem)}. if al.1,) =0, (4.32)

Bay (x0)
and
47! 1 . .
udy (r) < y{r + (E) W + B:fga) w(, 12)}, if a(xy,t,) >0, (4.33)

fort, = t1 + n1/2 < t, — n/4 by our choice of 7;. We observe that at the moment the
quantitative location of f, is undetermined, because of the unknown #; (see Fig. 2). To
complete the proof, we use Corollary 3.4 for the function w, as

w(x, n) = kp = V_ll“sp(r) =T, X € Byr(x,), if a(xo, 1) =0,
_ -1 -1 1 :
wx, ) > kg =y pwdy(r) —r —(r/R)? Ak x € Bar(x,), if a(x,,1,)>0,

where k, k, are positive by assumptions Eqs. 4.25-4.27. As we have

t<to—n/2, for n=n" n,
then Corollary 3.4 implies that

w(x, ) > 8*()kp, (x,1) € Br(xp) X (2,12 +1x,), if a(xy, 1) =0,
w(x, 1) = 8x(1)ky, (x,1) € Br(xp) X (12,12 + 1), if a(xe, 1) >0,

for nk,,, ni, referred to levels kj, k; as given in Eq. 3.8, and

5% (1) :a\y—1<1+t_t2>, 5.(1) :(sxy—1<1+t_t2>.

Mk, Mk,

r’

So we move the point-wise information on w from #; to ¢,, hence travelling a distance
smaller than 5:

. ) L@y (PP L WG,
5 5\p1<1+i>=w1<1+—yA ! ) w1(1+7A > )::c*,
= " VG, —n)) = V(G 1,(r) »

_ _ L (8 (1)1
Ox sw! 1+i>=llll(l+yAq—)
= ( m, WGy (1) — 1)

v

_ W (yit (84 (r))
w4 2 ) o,
( * W(?*‘uéq(r))) q

to\_n ‘ torn/Z It2 t‘o teR
\ 1 T T \

0 t T

Fig.2 Comparing time lengths in proof of Lemma 4.4
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This implies, in the case a(x,, t,) = 0 and Eq. 4.25 violated, the estimate

wdp(r) < C,, (//« —  sup uk> +Cpr. (4.34)
Q%v%(xmto)

Similarly, in the case a(x,, t,) > 0 and Eq. 4.27 violated, the above procedure ensures

qg—1

r 1

) <Ck - Cr C,l = —_—. 4.35
Hoa) "(“ s ”">+ ' ‘1<R> w4

The conclusion follows therefore by implementing the assumption that Egs. 4.25-4.27 are
violated into the estimates Eqs. 4.34-4.35 above. O

5 Proof of Theorem 1.1

We begin with a preliminary consideration. The divergence of Wiener’s integral at (x,, #,)
implies that there exists a suitable sequence of radii that allows to apply Lemma 4.4 iteratively.

Lemma5.1 Let p > 1, u, > 0 and C,C; > 1be given numbers. Assume that for a certain
po > 0 it holds both

Po d
/ 5,02 = o0, (5.1)
0 J
and .
Hodp (o) = Cpo.

Then, for any y > 0 fixed, there exists a decreasing sequence of radii {p;} jen such that,
by defining
nj=A-=1/QCi)uj-1, 1o =Ho> PO = Pos

it has the following properties for all j € N U {0} :
1idp(p)) = Cpj; (52)
2041 = 2)7/)5,+1(/'Lj+15p(:0j+1))2_p < fpf(ujfsp(/)j))z_p =nj; (5.3)

-1 n(l)
1 - 1 [P0S4 d
VieNanh)eN: Y §,(0)=— 8,(c'po) = 7/ IGLI P
._ V3 Y4 J o 1Y
j=0 i=0
Remark 5.2 If in the previous Lemma we choose C= C‘(l +R 4+ RZ%), with the choice

1
Po < R = (a(x,,1,)/2A,) 47, then Egs. 5.2-5.3-5.4 hold true for the exponent ¢ instead of
p and condition Eq. 5.2 is replaced by

~ r=q
1;84(pj) = CA+ R+ R )p; . (5.5)

Regarding the three terms on the right-hand side of Eq. 5.5: the first and second one are
linked to the requirement of Eq. 4.27; while the third one is given to free the choice of C
from a(x,, t,) when requiring in Remark 4.2,

Ve
a(x,, to)(,u(PO)Sq (pa))q_z .

. x
Qﬁoﬂ?* g mepg’ with n =
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Lemma 5.1 is an adaptation to our framework of an argument of the capacitary estimate
between integral and sum of [36], while the extraction of the sequence is modeled after [73].
The novelty is that we assume a priori that p, satisfies Eq. 5.2, and we extract the sequence
{pj}jen starting from p,.

Proof Let no = 7} (1168 (00))*> 7, and if

8p(po(1=1/(2C1))/2) = 1/28,(po), = andset py =opp, o :=(1-1/(2C1))/2;

while if otherwise
3p(po(l —1/(2C1))/2) < 1/26,(po),

let i; € N be the smallest number such that
8,(0" p0) =278, (p0), = andset pi =o'l py. (5.6)

The choice of i1 is possible, being otherwise

. 8,0’
8p(po(1 —1/(2C1))/2) <2'8,(p0) Vi e N = Z w < 00,
ieN

that is a contradiction with Eq. 5.1, because of the property

Cp(B (o, 2%+ D p0): B(xo. po) ﬁ1 2)< 250 TCH(B(xo, 1); B(Xos p0)) 7 dr
y2—K(N=p) pg n(2) < ) i 2

f(k+1)p0

In(2).

1
_ [Cp (B0, 27 p0); B(xo, p0))] 77
- y2=k+DIN=p) py

Henceforth, we have Eq. 5.2 for i = 1, which is

K Cpo _ ~
m18p(p1) = po(l —1/(2C1)8p(p1) = Z—:Sp(po) = < = Cor

Point Eq. 5.3 follows from Eq. 5.6 and the definition of 71, 1o, with a simple computation.
Finally, the choice of i to be the smallest number is finally useful to have Eq. 5.4, as

i
> 850" p0) < 8,(00) + 28,(p0) + 8,(" po) < 38,(p0) +8,(p1) <3 Y 8p(pi),
i=0 i=12

where (in the first inequality) we have contradicted condition Eq. 5.6 for all previous 0 <
i <1jtoget
i1—1
26,(p0) = Y 8,(a" po).

i=1

By induction, we suppose the statement of the Lemma to be valid until step n and we
prove it for (n 4 1). Thus, we choose p,41 = o'+~ pqg for i, 4| being the smallest number
in{i,, i, + 1, ...} satisfying as before Eq. 5.6 with i,,; instead. Then all the argument flows
in the same style until we arrive to condition Eq. 5.4: here we contradict assumption Eq. 5.6
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for all previous i € {iy, ..., in+1}, and use the inductive hypothesis to obtain
int1 in—1 int1—1
D 8,0 p0) <Y 8,07 p0) +8p(on) + Y 8p(0 p0) + 8p(put1)
i=0 i=0 i=in+1
n—1 int1—1
<3 8,01 +8p(00) +8p(on) D 2"+ 8p(pur)  (5T)
j=0 i=iy+1
n+1
<3% 8,(0)).
j=0

This ensures that the first inequality of Eq. 5.4 occurs, with y3 = 3 and n(l) = i;.
To prove the second one, we follow a reasoning similar to [36]. For a condenser (K, By,),

Lemma 2.16 of [45] states that for p > 1 and when 0 < r < s < 2r, then there exits
y (s, N) > 0 such that

1
;Cp(K; BZr) = Cp(Kv BZ.Y) = VCP(K; BZr)~

Hence, by the previous consideration and the monotonicity of the capacity in the first
argument, we obtain

/zy‘sp(s)ds_/zv [M]” tds <y/2y[c’p(Bs\€Mm)}‘lch
Y s y Cp(Bs, Bas) s y CisN—p P

2y [cp(Bzy\ By
Cp(Bar. Bay)

o 7T ds
< (ZN_"J)//Cl)PI*1 / ] 5T =y8p(2y).

y

(5.8)
Hence for all N > m > i; we have
ro (s) ds 20 g (s) ds molo
/ = z / SO IR
ol po G+ pg s

The considerations done until this point are valid for all p > 1, provided that condition
Eq. 5.1 is satisfied with such exponent. O

5.1 Conclusion of the Proof of Theorem 1.1

The proof of Theorem 1.1 hinges upon the possibility of finding a family of nested backward
cylinders {Q,},eN centered at (x,,#,) € S, where we can iteratively and quantitatively
reduce the oscillation of the solution, truncated from above and below by the boundary
datum. At this stage, the major difficulty of this double-phase parabolic problem is to deal
with the method of the accommodation of its degeneracy. This is because of the double
requirement due both to the intrinsic geometry and the restriction of the radii obliged by the
phase, see Remark 4.2 and condition Eq. 1.6.
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5.2 Accommodation of the Degeneracy

Let (x,,1,) € St = 022 x (0, T'] and choose

ki =supf, and k, =inf f,
Sr St

/LB—L = sup(u — k(:)t)i, and w(:)IE = u,(j)[ —(u — koi)i.
Qr

W) = 0SCU .
Qr

We assume [L(:)t > (, because otherwise there is nothing to prove. Now, for some € € (0, 1)
to be determined later, let us define for s € (0, 1) the numbers

fo(p, s) =3y [, PsP™¢, if a(xe, 1) =0, (5.9
(g, s) = 3y*[8, ()P 977, if a(xe, 1) > 0, (5.10)

with y* > 0 the geometric constant of Section 4.2, necessary for the application of
Lemma 4.4.

Let us choose pg(p) € (0, R,) and po(g) € (0, min{R,, R}/24), with R, the number for
which Eq. 1.6 is valid and R the maximal radius Eq. 4.3, to be numbers that satisfy

1io(p) = 10(p, po(p)) < min{t,, R2}, and f10(q) = 10(q, po(q)) < min{t,, R2},
1
158, (po(p)) > 2C,00(p) 14584 (p0(q)) > 4Cypo(q) + (4C)TT (po(q)/R),

where Cp,C; > 0 are the constants provided by Lemma 4.4. The existence of such
po(p), po(q) is guaranteed by assumptions Egs. 1.9-1.10 in each case.

Indeed, let us show for instance the case of positive phase: we suppose, by contradiction,
that for all s € (0, min{R,, R}/24) we have the alternative

1

fi0(q,s) = min{ty, R} Vv  uFs,(s) < 4Cys + (4C) 7T (s/R).

Then, for every such s we can estimate ,(s) from above

1
- 1

3y* 2 o= +
(m) 5472 4+ (4Cys + (4Cy) a1 (S/R))/MU > [84()].

Hence

R, d R, 3y * -2 2-¢ R,
/ 5y(5) = 5/ (Ly $12ds + (4C, /uE) (1 + 1/R)/ ds < oo,
0 s 0 0

min{t,, R2}

contradicting Eq. 1.10. With such numbers {70(p), po(p)} and {5jo(q), p(gq)} we define the
cylinders

Q0(p. &) = Bpy(p) (%) X (ro — W1 Pio(p), zg), (5.11)

00(q, £) = Bpy(q) (x,) x (r(, — L1 0(q) , ro>. (5.12)

From now on the proof is standard, we repeat it here for the sake of completeness, within
a compact notation.
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Let us indicate with an index i € {p, ¢} the radii po(p), po(g) and the time-lengths
no(p), no(g) and the next quantities that we are going to define. Let

QO(l) = Bpo(i)(x()) X (lu - ﬁ()(l) ’ t())v Lt)()(l) = OS(; u.

Qo (i)

5.3 The Iteration, First Step

Fori = p, g, we choose levels

ki@ = sup f, and kj()= inf  f.
‘ Qo(i,+)NST 0 Qo(i,—)NST

‘We define

pg )= sup (w—k*x, and wy ()= py @) — @ —ky(@).
Qo(i, %)

Now we observe that for both i = p, ¢ we can always assume
(g @ ph < pp° (5.13)

because otherwise the quantities /LB—L (i) are smaller than a power of the radius pg(i), for
i = p, g respectively, and we are done. This means that

Qo(i, &) C Bpo(i)(xo) X (to — 7o), to)v i =p.q,
and the special choice of pg (i) allows us to apply Lemma 4.4 to get

sup (u — k()4 < pi (),
01,i(®)

for
pE) = (1 - 1/QCH)ug (),

where for i = p, ¢ we have defined

2—i
01,i(E) = Bpyi)2(x0) X <ta — 7* oY’ (M(f(i)&‘ (/Oo(l'))> /8, to)

5.4 The Iteration, n-th Step

Now, we consider now Lemma 5.1 with p, = po(i), o = /,L(:)l:(i), and Cy =Cjfori = p,q
respectively, depending on the case the phase vanishes at (x,, #,) or not.

With these stipulations, we can find two sequences of radii {p; p}jeN, {0j ¢}jen With
Po(i) = po(i), satisfying to Egs. 5.2-5.3-5.4 and Remark 5.2. We define

2—p
m, = y*pri’.p(u(f(pwp(pn,p)) . if alxe, t,) =0,

. 2g (5.14)
+ _ x4 y () s i 0
Mg =Y Prna\ ateor) q(/)n,q) . if axe, t,) > 0,
and cylinders
Qni(£) = B, (x0) X (to =0y i to),  for i=p,q. (5.15)
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Let us suppose the assertion valid until step (n — 1) and let us prove it for step n.
Within conditions Eqs. 5.2-5.3 for j = n — 1 we can apply Lemma 4.4 and obtain, for

W) = (1 - 1/(2Ci))uf_1(i), for i =p,q,
and

sup(u — k= (i) < pE @),
Qn,i

where for i = p, g we have defined

2-i
On,i(£) = Bp,,J (x0) x (’0 - V*p;,,i (M;t(i)ﬁi (pn,i)> /2, t{))s
and once observed that
On.i(£) C By, 2(x,) X <ro —y* b L ()8 (o)1 /8, to>.

Hence at the n + 1-th step, the application of Lemma 4.4 provides for i = p, g the
estimates

+ . + . 1
sup (= k=) =y () (1= =0(pni)
Ont1,i () i

1 <& 1 [ro@) d
< uiF (@) exp{ - Z&(pj,,»)} < (@) exp{ -— / &-(s)%},
] j:] B

Y4 Jppiri

with y4 = y4(C;), using Bernoulli’s inequality and Eq. 5.4. Taking into consideration
Eq. 5.13, this yields

1 po(i) ds P
sup  (u—kE(i))s < p,(jf(i)exp{ - */ 55(5)*} + yalpo(@)]e=2,  (5.16)
On+1,i(£) V3 Jpuyri s

and considering as usual forany p € (0, po(i)) anintegern > Osuchthat p,+1; < p < pn.i,
we obtain

4. L 1 po(i) ds N
sup (u—k¥({@)+ < puy@)expy — — 8i(s)— +wy3lpo@]e2, (5.17)
0, (T () Y3 Jp §

being for our choice of n,
Qp(@0) € Qp(1y (1) = By(xo) x (to — (ug )*7p”, r(,> C Qur1i(H),
where the first set inclusion is due to the degenerate exponent ¢, p > 2 and the choice
max{ud (i), g ()} < wo(i) — osc  f < wy.
STNQo (i)

Finally we combine the two aforementioned estimates for kT (i) to obtain

1 [ro® ds 6
osc u < wy exp{ — f/ Si(s)—} 4+ osc  fH42nmlpoi)]2, (5.18)
Qp(wo) Y Jp s STNQo ()

and the proof is concluded.
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Appendix
Proof of Lemma 3.1
Without loss of generality, let (X, 7) be the origin in RV 1. We test Eq. 3.3 by ¢ (15 —k)_ and

integrate over (h, t),for0 < h < t < n — h. Using conditions Eq. 1.5 and the continuity of
u as amap [, n] — L%(B,), weleth J 0. This provides

//at;(uh—k)_dxdt
h B,

1
— — k)2 d
o 2 Bri(u )= dx

+4q / / (- K)2(0,0)(¢ /%) dxdt := T,
0 0 B,

6.1)
forall such 0 < v < 5, and

/] , [Alx, 1, Vi)l (CV(uh k- +qu — kL(W“)((/Cl)) dxdt

—>/ / A(x,z,u,vm(—;ww(u—k>_(V<><z/m)X[u<k] dxdi :=T,,
no Jo Jg,

with 7, + Z, > 0. Manipulating the sign of this inequality together with the signs of its
various terms, while using conditions Eq. 1.5, we estimate the following energy term as

O<r<n

7= sup Cw—k)2x,0)dx +y~! //+ (lV[{(u — k)11 +ax,)|VIcu— k),]\q) dxdt
B, ot
< sup C(u—k)%(x,t)dx—i—y‘l //+ (lV(u—k),lp;‘ +a(x,t)\V(u—k),|q§>dxdt+
B, Oy

O<t<n
+y7! //Q+ w(x, £V — k),) dxdt = E + ®
.

n
< 2q/ / (u—I<)2,|3,§|alxdt-1-;///+ (u—k),|V§|<|Vu‘l’—1 +a(x,t)|Vu|’1—1>dxdt+
0 JB [

+// w(x,t, |V§1|(u7k),)dxdt.
o/,

Using Young’s inequality we notice that

//+ (u —k)_|V;'|<|Vu|p_1 +a(x, t)|Vu|q_1> dxdt
Qr,n

<CED+e // V@ —Kk)_|P¢ +alx, )|V —k)_|9¢] dxdt.
07y

Hence, reabsorbing on the right-hand side the last terms, using the properties of ¢ and the
monotonicity of the function & — ¢ (x, t, &) in the last variable, we get

Lk _ o ¥ _
I=<yo 1;IA,”’,]I +yo q//A’ o(x, 1, k/r)ydxdt < yo q<; +[<p:fk]>|Ak,r’n|.

k,r,n
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In order to conclude, we observe that Young’s inequality again can be used on the left-hand
side as

K\9P
(1+a‘(7> )// V¢ — k)_1P dxdt
r oy
K\IP
< //+ |V[§(ufk),]”dxdt+//+ a(x,t)(;) IVI¢(u —k)_]|P dxdt

rn r

, . ;
< // |V[z<u—k>_]l’dxdz+2*1a+<x,z><§) \Ak.r.nr+2f1// a(x, 0)|VIg @ — k)1 dxdr
Mo, Mo,

k\?
§y<I+a+(x,t)(;> |Ak,r.n‘_)'

Inequality Eq. 3.5 centered at the origin is found by putting all the pieces of the puzzle
together; then, the usual transformation of coordinates y = x + x, s = 7 + ¢ finishes the job.

The estimate Eq. 3.15 is proven similarly: choosing (u;, — k)_¢;(x) as a test function,
integral 7, gets simplified.

Proof of Lemma 3.5

Firstly, we assume § > 0. We test Eqs. 3.3 by (uj, +8) ¢, r € (t, 1+t —h),0 <1 <1,
and integrate over (¢, 7 +t — h),

~Tt—h
0<Ipn+Llen =/ / {3tuh(uh +8 %+
0 (1)

+ [AGx, u, Vi)l [ —aup +8) V() + qlun +8) Ll f T (Ve | fdxdr
(6.2)

Here we first notice that, by using Fubini-Tonelli theorem and chain rule for the weak
time derivative we can rewrite I, , as follows

1 T—h
Ly =— / / A[Gun + )71 — (up + 8) "8, ¢ dxdr
l -« B, Jo

t=1—h 1 —h
1 a /B / (up + 8)7%0;¢ dxdt.
=0 rv 0

(6.3)

Now, in order to let 2 | 0 we refer to the properties of Steklov approximation (see for

instance [31], Lemma 3.2 page 11): we use the fact that u(z,-) : [0,n] — L'=%(B,) is

continuous, and use the structure conditions Eq. 1.5 with Young’s inequality, in order to

apply the dominated convergence theorem (and Fatou’s one, on the left hand side) and get,
by the generality of 0 < 7 < n,

1
= —/ [(up +8)'7¢1(x, 1) dx
11—« B,
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sup [ +8' 1, dx <
t<t<i+nJ By

1

/n/ W+ )3t + Al u, W)[qw + 8NV /) — alu +8)*“*“)¢W} dxdr
0 B,

-«
< 19:¢ oo [ 5)l—¢ ! B §)"Y(V VulP~! Vul?" )dxd
=5oa ) .B(u+ ) ) B (+8) (VO /e [ IVulP™ +ax, 0] Vul xdt

—akK; /n/ [(uw)*“*“);](wu\” +a(x,t)|Vu\”>}dxdt
0 B,

6.4)

In the second integral term, we use Young’s inequality (weighted on (u + 8)_1_“§2q )
for (u + 8)(VE)¢!” and e|Vu|p‘1§1(p71) to conjugate powers p and p/(p — 1), on the
third integral term we use Young’s inequality with the same weight for (u + §)(V¢) and

€|Vu|?~! ;1‘171 to conjugate powers g and g /(g — 1). Choosing € small enough to reabsorb
these quantities on the fourth and fifth negative integral terms, we obtain

1

sup/ w+8)rde+ < // 4 8) %~ \Vu|P¢ dxdi+
B, (¥) 14

— % ici<itn e
07 y(&.1)

+& // ae. )+ 8) |Vl ¢ dxdt < ——(19,¢ o / (U +8) ~“dxdi+
y 1o

07, G0 of &0

1

+ya' Vel / (w+8)Pdxdt + ya' Ve Sal oo / (u+ 81" dxdtr.
0y (5.5 0 (5.5

The desired inequality is therefore obtained by noticing that

// Wt8)"*|VulP¢ dxdi = // {|V[<u+a)”7”;%Wf%<u+6>"*“*‘|vc|ﬂ(;/;l>"}dxdz,

0.0 0,0

and similarly with the third term on the left-hand side of Eq. 3.15.
To include the case § = 0, we let § | O in the obtained estimates Eq. 3.15, concluding
with the help of the Dominated Convergence Theorem.

Acknowledgements The authors wish to thank the referees for their careful reading and valuable suggestions.
S. Ciani acknowledges the support of the department of Mathematics of the University of Bologna Alma Mater,
and of the PNR italian fundings 2021-2027. Moreover, Simone Ciani acknowledges the fundings of the INdAM
- GNAMPA Project, code CUP #E5324001950001#. E. Henriques was financed by Portuguese Funds through
FCT - Fundac@o para a Ciéncia e a Tecnologia - within the Projects UIDB/00013/2020 and UIDP/00013/2020
with the references DOI 10.54499/UIDB/00013/2020 (https://doi.org/10.54499/UIDB/00013/2020) and DOI
10.54499/UIDP/00013/2020 (https://doi.org/10.54499/UIDP/00013/2020). I. Skrypnik is partially supported
by the Simons Foundation (Award 1160640, Presidential Discretionary-Ukraine Support Grants, Skrypnik
LL)

Author Contributions All authors have equally participated in the overall work.

Funding Open access funding provided by Alma Mater Studiorum - Universita di Bologna within the CRUI-
CARE Agreement.

@ Springer


https://doi.org/10.54499/UIDB/00013/2020
https://doi.org/10.54499/UIDP/00013/2020

Fine Boundary Continuity for Degenerate...

Research Data Policy and Data Availability Statements All data generated or analysed during this study are
included in this article.

Declarations

competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Acerbi, E., Mingione, G., Seregin, G.A. (2004) Regularity results for parabolic systems related to a class
of non-Newtonian fluids. Ann. Inst. Henri Poincaré C. Anal. Non Lineaire 21(1), 25-60 (2004)
2. Alkhutov, Y.A.: The Harnack inequality and the Holder property of solutions of nonlinear elliptic equations
with a nonstandard growth condition. Differ. Uravn., 33(12), 1651-1660 (1997) (in Russian). Translation
in Differential Equations 33 (12), 1998, 1653-1663
3. Alkhutov, Y.A., Surnachev, M.D.: Holder Continuity and Harnack’s Inequality for p(x)-Harmonic Func-
tions. Proceed. Steklov Inst. of Math. 308, 1-21 (2020)
4. Antontsev, S., Shmareyv, S.: Evolution PDEs with nonstandard growth conditions. Atlantis Stud Differ Eq
33, (2015)
5. Apushkinskaya, D., Bildhauer, M., Fuchs, M.: Steady states of anisotropic generalized Newtonian fluids.
J. Math. Fluid Mech. 7(2), 261-297 (2005)
6. Arora, R., Shmarev, S.: Double-phase parabolic equations with variable growth and nonlinear sources.
Adv. Nonlinear Anal. 12(1), 304-335 (2022)
7. Arriagada, W., Huentutripay, J.: A Harnack inequality in Orlicz-Sobolev spaces. Stud. Math. 243(2),
117-137 (2018)
8. Avelin, B., Kuusi, T., Parviainen, M.: Variational parabolic capacity. Discrete Contin. Dyn. Syst 35(12),
5665-5688 (2015)
9. Baroni, P., Colombo, M., Mingione, G.: Harnack inequalities for double phase functionals. Nonlinear
Anal. 121, 206-222 (2015)
10. Baroni, P., Colombo, M., Mingione, G.: Non-autonomous functionals, borderline cases and related func-
tion classes. St. Petersburg Math. J. 27, 347-379 (2016)
11. Baroni, P., Colombo, M., Mingione, G.: Regularity for general functionals with double phase. Calc. Var.
Partial Differ. Eqs. 57(2), 1-48 (2018)
12. Baroni, P., Lindfors, C.: The Cauchy-Dirichlet problem for a general class of parabolic equations. Ann.
Inst. Henri Poincaré C. Anal. Non linéaire 4(3), 593-624 (2017)
13. Benyaiche, A., Harjulehto, P., Histo, P., Karppinen, A.: The weak Harnack inequality for unbounded
supersolutions of equations with generalized Orlicz growth. J. Diff. Egs. 275, 790-814 (2021)
14. Biroli, M.: Wiener estimates at boundary points for parabolic degenerate equations. Rend. Accad. Naz.
Sci 40, 1-17 (1991)
15. Bildhauer, M., Fuchs, M.: Variants of the Stokes Problem: the Case of Anisotropic Potentials. J. Math.
Fluid Mech. 5, 364-402 (2003)
16. Biroli, M., Mosco, U.: Wiener estimates for parabolic obstacle problems. Nonlinear Anal. Theory Methods
Appl. 11(9), 1005-1027 (1987)
17. Bjorn, A., Bjorn, J.: Nonlinear potential theory on metric spaces. Eur. Ind. Train. 11, (2011)
18. Bogelein, V., Duzaar, F.,, Marcellini, P.: Parabolic equations with p, g-growth. J. de Math. Pures et Appl.
100(4), 535-563 (2013)
19. Bohnlein, T., Ciani, S., Egert, M.: Gaussian estimates vs. elliptic regularity on open sets. Math. Ann. 1-48
(2024). https://doi.org/10.1007/s00208-024-02939-0

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s00208-024-02939-0

S. Ciani et al.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Bousquet, P., Brasco, L.: Lipschitz regularity for orthotropic functionals with nonstandard growth condi-
tions. Rev. Mat. Iberoam. 36(7), 1989-2032 (2020)

Buryachenko, K.O., Skrypnik, L.I.: Local continuity and Harnack’s inequality for double-phase parabolic
equations. Potential Anal. 56, 137-164 (2020)

Campanato, S.: Proprietd di holderianitd di alcune classi di funzioni. Ann. della Scuola Norm. Super. di
Pisa-Classe di Sc. 17(1-2), 175-188 (1963)

Chlebicka, I.: A pocket guide to nonlinear differential equations in Musielak-Orlicz spaces. Nonlinear
Anal. 175, 1-27 (2018)

Ciani, S., Vespri, V., Vestberg, M.: Boundedness, ultracontractive bounds and optimal evolution of the
support for doubly nonlinear anisotropic diffusion. (2023). Preprint, ArXiv:2306.17152

Colombo, M., Mingione, G.: Bounded minimisers of double phase variational integrals. Arch. Rational
Mech. Anal. 218(1), 219-273 (2015)

Colombo, M., Mingione, G.: Regularity for double phase variational problems. Arch. Rational Mech.
Anal. 215(2), 443-496 (2015)

Colombo, M., Mingione, G.: Calderon-Zygmund estimates and non-uniformly elliptic operators. J. Funct.
Anal. 270, 1416-1478 (2016)

De Filippis, C.: Gradient bounds for solutions to irregular parabolic equations with (p, g)-growth. Calc.
Var. 59(5), 171 (2020)

Cupini, G., Marcellini, P., Mascolo, E.: Local boundedness of minimizers with limit growth conditions.
J. Optim. Theory Appl. 166, 1-22 (2015)

Cupini, G., Marcellini, P., Mascolo, E.: Regularity for nonuniformly elliptic equations with p, g— growth
and explicit (x, u) dependence. Arch. Rational Mech. Anal. 248, 60 (2024)

DiBenedetto, E.: Degenerate parabolic equations. Springer, New York (1993)

Diening, L., Scharle, T., Schwarcher, S.: Regularity of parabolic systems of Uhlenbeck type with Orlicz
growth. J. Math. Anal. and Appl. 471(1), 46-60 (2019)

Gariepy, R., Ziemer, W.P.: A regularity condition at the boundary for solutions of quasilinear elliptic
equations. Arch. Rat. Mech. Anal. 67(1), 25-39 (1977)

Gianazza, U., Liao, N.: A Boundary estimate for degenerate parabolic diffusion equations. Potential Anal.
53, 977-995 (2020)

Gianazza, U., Liao, N.: A Boundary Estimate for Singular Sub-Critical Parabolic Equations. Int. Math.
Res. Not. 10, 7332-7353 (2022)

Gianazza, U., Liao, N., Lukkari, T.: A boundary estimate for singular parabolic diffusion equations.
Nonlinear Differ. Equ. Appl. 25, 1-24 (2018)

Gianazza, U., Surnachev, M., Vespri, V.: A new proof of the Holder continuity of solutions to p-Laplace
type parabolic equations. Adv. Calc. Var. 3, 263-278 (2010)

Giannetti, F., Passarelli di Napoli, A., Scheven, C.: On higher differentiability of solutions of parabolic
systems with discontinuous coefficients and (p, q)-growth. Proc. Royal Soc. Edinb. Sect. A Math. 150(1),
419-451 (2020)

Giaquinta, M.: Growth conditions and regularity, a counterexample. Manuscripta. Math. 59(2), 245-248
(1987)

Hadzhy, O.V., Skrypnik, LI, Voitovych, M.V.: Interior continuity, continuity up to the boundary and
Harnack’s inequality for double-phase elliptic equations with non-logarithmic growth. Math. Nachrichten,
in press

Harjulehto, P., Kinnunen, J., Lukkari, T.: Unbounded super-solutions of nonlinear equations with non-
standard growth. Bound. Value Probl. 1-20 (2007)

Harjulehto, P., Hésto, P.: Boundary regularity under generalized growth conditions. Z. fiir Anal. und ihre
Anwendungen. 38(1), 73-96 (2019)

Harjulehto, P., Histo, P., Lee, M.: Holder continuity of quasiminimizers and w-minimizers of functionals
with generalized Orlicz growth. Ann. Sc. Norm. Super Pisa CI. Sci, 5 XXII (2), 549-582 (2021)
Harjulehto, P., Kuusi, T., Lukkari, T., Marolo, N., Parviainen, M.: Harnack’s inequality for quasimini-
mizers with nonstandard growth conditions. J. Math. Anal. Appl. 344(1), 504-520 (2008)

Heinonen, J., Kipelainen, T., Martio, O.: Nonlinear potential theory of degenerate elliptic equations,
Courier Dover Publications, (2018)

Hwang, S., Lieberman, G.M.: Holder continuity of bounded weak solutions to generalized parabolic
p-Laplacian equations I: degenerate case. Electron. J. Differ. Equ. 287, 1-32 (2015)

Hwang, S., Lieberman, G.M.: Holder continuity of bounded weak solutions to generalized parabolic
p-Laplacian equations I: singular case. Electr. J. Differ. Equ. 288, 1-24 (2015)

Karppinen, A.: Global continuity and higher integrability of a minimizer of an obstacle problem under
generalized Orlicz growth conditions. Manuscripta Math. 164(1), 67-94 (2021)

@ Springer


http://arxiv.org/abs/2306.17152

Fine Boundary Continuity for Degenerate...

49.

50.

51

52.

53.
54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

Kolodii, I.M.: The boundedness of generalized solutions of elliptic differential equations. Moscow Univ.
Math. Bull. 25, 31-37 (1970)

Korolev, A.G.: Boundedness of generalized solutions of elliptic differential equations. Russian Math.
Surv. 38, 186-187 (1983)

Korte, R., Lehrbick, J., Tuominen, H.: The equivalence between pointwise Hardy inequalities and uniform
fatness. Math. Ann. 351, 711-731 (2011)

Ladyzhenskaya, O.A., Uraltseva, N.N.: Linear and quasilinear elliptic equations. Academic Press, New
York (1968)

Lewis, J.L.: Uniformly fat sets. Trans. Am. Math. Soc. 308(1), 177-196 (1988)

Lieberman, G.M.: The natural generalization of the natural conditions of Ladyzhenskaya and Uralltseva
for elliptic equations. Commun. Partial Differ. Equ. 16(2-3), 311-361 (1991)

Maly, J., Ziemer, W.P.: Fine regularity of solutions of elliptic partial differential equations. Am. Mathe.
Soc. 51, Providence Rhode Island, (1997)

Marcellini, P.: Un example de solution discontinue d’un probleme variationnel dans le cas scalaire. Univ.
Firenze. Ist. Matematico *Ulisse Dini’, (1988)

Marcellini, P.: Growth conditions and regularity for weak solutions to nonlinear elliptic pdes. J. Math.
Anal. Appl. 501(1),(2020)

Marcellini, P.: Regularity of minimizers of integrals of the calculus of variations with non standard growth
conditions. Arch. Ration. Mech. Anal. 105, 267-284 (1989)

Maz’ya, V.G.: On continuity in a boundary point of solutions of quasilinear elliptic equations. [In Russian],
Vestn. Leningr. Univ., Ser. Mat. Mekh. Astron. 25(13), 42-55 (1970)

Mingione, G., Radulescu, V.: Recent developments in problems with nonstandard growth and nonuniform
ellipticity. J. Math. Anal. Appl. 501(1),(2021)

Mingqi, Y., Xiting, L.: Boundedness of solutions of parabolic equations with anisotropic growth condi-
tions. Can. J. Math. 49(4), 798-809 (1997)

Nastasi, A., Pacchiano, C.: Regularity properties for quasiminimizers of a (p, ¢)-Dirichlet integral. Calc.
Var. 60(6), 227 (2021)

Ok, J.: Regularity for double phase problems under additional integrability assumptions. Nonlinear Anal.
194, 111408 (2020)

Papageorgiou, N.S.: Double phase problems: a survey of some recent results. Opuscula Math. 42(2),
257-278 (2022)

Rajagopal, K.R., Ruzicka, M.: On the modeling of electrorheological materials. Mech. Res. Commun.
23(4), 401-407 (1996)

Wineman, A.S., Rajagopal, K.R.: On constitutive equations for electrorheological materials. Contin.
Mech. Thermodyn. 7, 1-22 (1995)

Ragusa, M.A., Tachikawa, A.: Regularity for minimizers for functionals of double phase with variable
exponents. Adv. Nonl. Anal. 9(1), 710-728 (2020)

Ruzicka, M.: Electrorheological fluids: modeling and mathematical theory. Springer Berlin, Heidelberg,
Lecture Notes in Mathematics, (2007)

Savchenko, M.O., Skrypnik, LI., Yevgenieva, Y.A.: A note on the weak Harnack inequality for unbounded
minimizers of elliptic functionals with generalized Orlicz growth. To appear

Savchenko, M.O., Skrypnik, LI., Yevgenieva, Y.A.: On the weak Harnack inequality for unbounded
non-negative super-solutions of degenerate double-phase parabolic equations. To appear. Preprint
arXiv:2305.13053 (2023)

Singer, T.: Parabolic equations with p, ¢ growth: the subquadratic case. Q. J. Math. 66(2), 707-742 (2015)
Singer, T.: Local boundedness of variational solutions to evolutionary problems with nonstandard growth.
NoDEA 23(2), 1-23 (2016)

Skrypnik, L.I.: Regularity of a boundary point for degenerate parabolic equations with measurable coeffi-
cients. Ukr. Mat. Zh. 52(11), 1550-1565 (2000) (in Russian). English transl. : Ukrainian Math. J., 52(11),
1768-1786 (2000)

Skrypnik, L.I.: Harnack’s inequality for singular parabolic equations with generalized Orlicz growth under
the non-logarithmic Zhikov’s condition. J. Evol. Equ. 22(2), 45 (2022)

Skrypnik, LI, Voitovych, M. V.: B] classes of De Giorgi-Ladyzhenskaya-Ural’tseva and their applications
to elliptic and parabolic equations with generalized Orlicz growth conditions. Nonlinear Anal. 202, 112—
135 (2021)

Skrypnik, LI., Voitovych, M.V.: On the continuity of solutions of quasilinear parabolic equations with
generalized Orlicz growth under non-logarithmic conditions. Ann. di Mate. Pura ed Appl. 1-36 (2021)
Surnachev, M.D.: On the weak Harnack inequality for the parabolic p(x)- Laplacian. Asymptot. Anal.
130(1-2), 127-165 (2022)

@ Springer


http://arxiv.org/abs/2305.13053

S. Ciani et al.

78.
79.
80.
81.
82.
83.

84.

Trudinger, N.S.: Pointwise estimates and quasilinear parabolic equations. Commun. Pur. Appl. Math.
21(3), 205-226 (1968)

Uralt’seva, N., Urdaletova, N.: The boundedness of the gradients of generalized solutions of degenerate
quasilinear nonuniformly elliptic equations. Vest. Leningr. Univ. Math. 16, 263-270 (1984)

Wang, Y.: Intrinsic Harnack inequalities for parabolic equations with variable exponents. Nonlinear Anal.
83, 12-30 (2013)

Wiener, N.: Certain notions in potential theory. J. Math. Phys. 3(1), 24-51 (1924)

Wiener, N.: The Dirichlet problem. J. Math. Phys. 3(3), 127-146 (1924)

Zhikov, V.V.: Averaging of functionals of the calculus of variations and elasticity theory. Izv. Akad. Nauk
SSSR, Ser. Mat. 50, 675-710 (1986)

Ziemer, W.P.: Behavior at the boundary of solutions of quasilinear parabolic equations. J. Differ. Equ.
35(3), 291-305 (1980)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Fine Boundary Continuity for Degenerate Double-Phase Diffusion
	Abstract
	1 Introduction and Main Results
	1.1 Heuristics
	1.2 Origins and Framing Of The Topic
	1.3 Fine Boundary Regularity
	1.4 Setting of the Problem
	1.5 Main Result and Applications
	1.6 Comparison with Known Results
	Structure of the Paper

	2 Notation
	3 Preliminaries
	3.1 Definition of Solution
	3.2 Local Energy Estimates and Critical Mass Lemma
	3.3 Testing with Negative Powers Towards A Reverse Hölder's Inequality
	3.4 Weak Harnack's Inequality

	4 Geometric Setting and Auxiliary Results
	4.1 Preamble
	4.2 Geometric Setting
	Case a(xo,to)=0
	Case a(xo,to) >0

	4.3 Capacity Estimates

	5 Proof of Theorem 1.1
	5.1 Conclusion of the Proof of Theorem 1.1
	5.2 Accommodation of the Degeneracy
	5.3 The Iteration, First Step
	5.4 The Iteration, n-th Step

	Appendix
	Proof of Lemma 3.1
	Proof of Lemma 3.5

	Acknowledgements
	References


