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Abstract The formalism of the horizon quantum mechanics is applied to electrically neutral and spherically symmetric black hole
geometries emerging from coherent quantum states of gravity to compute the probability that the matter source is inside the horizon.
We find that quantum corrections to the classical horizon radius become significant if the matter core has a size comparable to the
Compton length of the constituents, and the system is indeed a black hole with probability very close to one unless the core radius
is close to the (classical) gravitational radius.

1 Introduction

Coherent quantum states can be employed to describe the static and spherically symmetric Schwarzschild black holes as emergent
(semi)classical geometries [1].1 Such a construction can be straightforwardly extended to the Reissner–Nordström black holes [6,
7], and the semiclassical approximation for rotating geometries can also be obtained from spherically symmetric cases [8–10]. It is
important to remark that this approach implies the removal of the central singularities by the presence of a quantum matter core that
could, therefore, lead to phenomenological signatures of the kinds analysed in Ref. [11].

The presence of horizons in the above approach can only be established from semiclassical arguments, that is by considering the
quantum-corrected metric

ds2 � − f (r ) dt2 + h(r ) dr2 + r2 d�2 , (1.1)

where d�2 � dθ2 + sin2 θ dφ2 and

f � h−1 � 1 + 2 Vq(r ) . (1.2)

In the above, the function Vq � 〈V |V̂ (r )|V 〉 is the expectation value of the relevant metric field on the coherent quantum state |V 〉.
The locations of horizons are then given by solutions r � rH of the classical equation f (r ) � 0. We remark that the Kerr–Schild
form (1.1) [12] in which the metric has components f � h−1 was chosen because it includes all known spherically symmetric black
holes in general relativity. However, one could also consider recovering the semiclassical geometry from a more general coherent
quantum state | f , h〉 such that f � 〈 f , h| f̂ | f , h〉, h � 〈 f , h|ĥ| f , h〉, and f h �� 1, thus extending the approach to the most
general form of spherically symmetric geometries in the Abreu–Nielsen–Visser gauge (see [13]). Such a generalisation is left for
future developments.

The horizon quantum mechanics was introduced in Refs. [14, 15] (see also Ref. [16] for a review) to compute the probability of
the presence of horizons associated with static and spherically symmetric matter sources in a given quantum state |ψS〉. We recall
that the Einstein field equations for a source of energy density ρ � ρ(r ) imply that2

f � 1 − 2 GN m(r )

r
, (1.3)

1 For studies of their thermodynamics and configurational entropy, see Refs. [2–4] and, for more phenomenological consequences, see Ref. [5].
2 We shall use units with c � 1, the Newton constant GN � �p/mp and the Planck constant � � �p mp, where �p and mp are the Planck length and mass,
respectively.
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where the Misner–Sharp–Hernandez mass function [17, 18] is given by

m(r ) � 4π

∫ r

0
ρ(x)x2dx . (1.4)

An horizon then exists if there are values of r � rH such that 2 GN m(rH) � rH. A quantum mechanical description is obtained by
replacing the classical energy density with the energy decomposition of the source wavefunction,

|ψS〉 �
∑
E

C(E)|ψE 〉, (1.5)

where the sum represents the spectral decomposition in Hamiltonian eigenmodes,

Ĥ |ψE 〉 � E |ψE 〉 , (1.6)

and H will depend on the model we wish to consider. Upon expressing E in terms of the gravitational Schwarzschild radius,3

E � rH/2 GN, we obtain the horizon wavefunction

ψH(rH) ≡ 〈 rH | ψH 〉 � NH

∑
E�rH/2 GN

C(E) , (1.7)

whose normalisation NH is fixed in the Schrödinger scalar product

〈 ψH | φH 〉 � 4 π

∫ ∞

0
ψ∗

H(rH) φH(rH) r2
H drH . (1.8)

The normalised wavefunction yields the probability density for the values of the gravitational radius rH associated with the source
in the quantum state |ψS〉, namely

PH(rH) � 4 π r2
H |ψH(rH)|2 . (1.9)

Moreover, the probability density that the source lies inside its own gravitational radius will be given by

P<(rH) � PS(rH)PH(rH) , (1.10)

where

PS(rH) � 4 π

∫ rH

0
|ψS(r )|2 r2 dr (1.11)

is the probability that the source is found inside a sphere of radius r � rH. Finally, the probability that the object described by the
state |ψS〉 is a black hole will be obtained by integrating Eq. (1.10) over all possible values of the gravitational radius, namely

PBH �
∫ ∞

0
P<(rH) drH . (1.12)

It appears natural to apply the horizon quantum mechanics to black hole geometries described by coherent states and to verify under
which conditions there exists a horizon with probability close to one. For this purpose, we will first reconstruct the state |ψS〉 from
the effective energy density associated with the quantum-corrected geometry (1.2) in Sect. 2; using that result, we will obtain the
horizon wavefunction in Sect. 3; final remarks are given in Sect. 4.

2 Coherent quantum states for Schwarzschild geometry

A metric of the form in Eq. (1.1) can be conveniently described as the mean field of the coherent state of a (canonically normalised)
free massless scalar field

√
GN 	 � ( f − 1)/2 � V (see Ref. [1] for all the details). From the Klein–Gordon equation[

− ∂2

∂t2 +
1

r2

∂

∂r

(
r2 ∂

∂r

)]
	(t , r ) � 0 , (2.1)

we obtain the (positive frequency) eigenfunctions

uk � e−i k t j0(k r ) , (2.2)

where j0 � sin(k r )/k r with k > 0 are spherical Bessel functions, which allow us to write the field operator as

	̂ �
∞∫

0

k2 dk

2 π2

√
�

2 k

[
uk â(k) + u∗

k â
†(k)

]
(2.3)

3 For the local version of the formalism, see Ref. [19].
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and its conjugate momentum as

�̂ � i

∞∫

0

k2 dk

2 π2

√
� k

2

[
uk â(k) − u∗

k â
†(k)

]
(2.4)

where â and â† are the usual annihilation and creation operators.
In particular, we are interested in a coherent state

|VM 〉 � e−NM/2 exp

{∫ ∞

0

k2 dk

2 π2 gk â
†(k)

}
|0〉 , (2.5)

which effectively reproduces (as closely as possible) the Schwarzschild geometry, that is

√
GN〈VM |	̂(t , r )|VM 〉 
 VM (r ) � −2 GN M

r
. (2.6)

From

〈VM |	̂|VM 〉�
∞∫

0

k2 dk

2 π2

√
2 �p mp

k
gk cos(k t − γk) j0(k r ) , (2.7)

we impose γk � k t for staticity, and the coefficients gk can be determined by expanding the metric function VM � VM (r ) on the
spatial part of the normal modes (2.2), to obtain

gk � − 4 π M√
2 k3 mp

. (2.8)

However, the corresponding normalisation factor

NM � 4
M2

m2
p

∞∫

0

dk

k
(2.9)

diverges both in the infrared and in the ultraviolet. The infrared divergence can be eliminated by embedding the geometry in a
universe of finite Hubble radius r � R∞, whereas the ultraviolet divergence could be removed by assuming the existence of a matter
core of finite size r � Rs.

For the present work, it is convenient to regularise the ultraviolet divergence by replacing the coefficients in Eq. (2.8) with

gk � −4 π M e− k2 R2
s

4√
2 k3 mp

, (2.10)

which yields the total occupation number

NM � 4
M2

m2
p

∞∫

R−1∞

dk

k
e− k2 R2

s
2

� 2
M2

m2
p



(
0,

R2
s

2R2∞

)


 4
M2

m2
p

ln

(
R∞
Rs

)
(2.11)

where 
 � 
(a, x) is the incomplete gamma function, and we assumed Rs � R∞. The coherent state |VM 〉 so defined corresponds
to a quantum-corrected metric function

VqM � √GN〈VM |	̂|VM 〉 � −GN M

r
erf

(
r

Rs

)
, (2.12)

where erf denotes the error function, and we let R−1∞ → 0.
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2.1 Effective energy density

From the definition of the mass function in Eq. (1.4) and

1 + 2 VqM � 1 − 2 GN m

r
, (2.13)

we easily obtain

ρ(r ) � − VqM

4 π GN r2

(
1 + r

V ′
qM

VqM

)
. (2.14)

We next note that the quantum-corrected potential (2.12) is of the form

VqM � VM (r ) v(r ) , (2.15)

where the function v has the asymptotic behaviours

v(r → 0) → 0 and v(r � Rs) → 1 . (2.16)

The effective energy density, therefore, reads

ρ � M v′

4 π r2 , (2.17)

so that Eq. (2.16) implies

m(r → ∞) � M
∫ ∞

0
v′(x) dx � M , (2.18)

as expected.
In particular, we have v � erf(r/Rs) and

ρ � M e
− r2

R2
s

2 π
3
2 Rs r2

, (2.19)

which is the same result one would obtain from the Einstein field equations Gμ
ν � 8 π GN Tμ

ν , where Gμ
ν is the Einstein tensor for

the quantum-corrected metric from Eq. (2.12).

3 Horizon quantum mechanics

We are interested in a matter source with energy density (2.19) made of a very large number N of particles. For simplicity, we
assume that all particles are identical and have a mass μ � M/N .

The (normalised) wavefunction of each particle in position space can be estimated as

ψS (ri ) ∝ ρ1/2 ∝ e
− r2

i
2 R2

s

√
2 π

3
4 R

1
2
s ri

, (3.1)

where i � 1, . . . , N . In momentum space, we then have

ψS(ki ) � 2 π
3
4 R

1
2
s

ki
erfi

(
ki Rs√

2

)
e− k2

i R2
s

2 , (3.2)

where erfi is the imaginary error function. Notice that the wavefunction (3.2) peaks around k � R−1∞ , and the imaginary error
function can be approximated for ki Rs � 1 as

erfi

(
ki Rs√

2

)


√

2

π
ki Rs . (3.3)

Each particle can, therefore, be assumed in a state described by4

∣∣∣ψ (i)
s

〉

 Nk

∞∫

R−1∞

dki e
− k2

i R2
s

2 |ki 〉 , (3.4)

4 Given the approximation (3.3), the expression (3.4) “underestimates” the exact wavefunction at large k ∼ R−1
s . The related error can be reduced by

decreasing the value of Rs with respect to the (unknown) actual size of the core.
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where Nk is a suitable normalisation factor.
The dynamics of each particle is determined by a Hamiltonian Hi with spectrum

Ĥi |Ei 〉 � Ei |Ei 〉 , (3.5)

where

E2
i � μ2 + �

2 k2
i . (3.6)

Thus, we can rewrite the state (3.4) of each particle as

∣∣∣ψ (i)
s

〉

 NE

∞∫

μ

dEi e
− (E2

i −μ2)R2
s

2m2
p�2

p |Ei 〉 (3.7)

where NE is also a normalisation factor.
The total wavefunction of the source will be given by the symmetrised product of N such states,

|ψN 〉 
 1

N !

N∑
{σi }

[
N⊗
i�1

∣∣∣ψ (i)
s

〉]
, (3.8)

where the sum is over all the permutations {σi } of the N states.

3.1 Source spectral decomposition

The above |ψN 〉 can be decomposed into eigenstates |E〉 of the total Hamiltonian5

H �
N∑
i�1

Hi �
N∑
i�1

(
μ2 + �

2 k2
i

)1/2
. (3.9)

The details of the (approximate analytical) calculation are shown in Appendix A, where we find that C(E) ≡ 〈E |ψN 〉 
 0, for
E < M , and

C(E) 
 Nc

(
E − M

mp

)M/μ

e
− R2

s μ (E−M)

�2
p m2

p , (3.10)

for E > M , with the normalisation constant Nc � N+ given in Eq. (A.19). This result means that we can describe the quantum
state |ψN 〉 of our N-particle system by means of the effective one-particle state

|�S〉 
 NS

∞∫

M

dE

(
E − M

mp

)M/μ

e
− R2

s μ (E−M)

�2
p m2

p |E〉 , (3.11)

with E2 � M2 +�
2 k2 andNS is a normalisation constant. For example, the expectation value of the total energy can be approximated

with its upper bound computed in Eq. (A.27) and reads

〈 Ĥ 〉 
 M

(
1 +

m2
p �2

p

μ2 R2
s

)
� M

(
1 +

λ2
μ

R2
s

)
, (3.12)

where λμ is the Compton length of the constituent particles of mass μ. We notice that the relative correction becomes negligibly small
for Rs � λμ and diverges for Rs → 0. This is another indication that no well-defined coherent state exists for a pure Schwarzschild
geometry [1].

3.2 Horizon wavefunction

We can now obtain the horizon wavefunction from the effective single-particle wavefunction (3.11) by setting rH � 2 GN E and
defining |rH〉 ∝ ∣∣2 �p E/mp

〉
. This yields �H(rH) 
 0, for rH < RH � 2 GN M , and

�H(rH) 
 NH

(
rH − RH

�p

)mp RH
2 μ �p

e
− μ(rH−RH)R2

s
2mp �3

p , (3.13)

for rH ≥ RH, where the normalisation constant NH is given in Eq. (B.2).

5 Notice that we are assuming that the total energy is just the sum of individual particle energies to parallel the expression (1.4) of the classical mass function.
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Fig. 1 Probability that the
coherent state is a black hole as a
function of Rs for different values
of RH (and same value of
μ � 0.2mp)

Fig. 2 Probability that the
coherent state is a black hole as a
function of RH for different values
of Rs (and same value of
μ � 0.2mp)

The expectation value of the gravitational radius is computed in Eq. (B.3) and can be written as follows:

〈 r̂H 〉 
 RH

(
1 +

λ2
μ

R2
s

)
, (3.14)

which is in perfect agreement with the expression of the energy given in Eq. (3.12). It is again noteworthy that 〈 r̂H 〉 > RH, although
the correction with respect to the classical expression is negligible for an astrophysical black hole unless the core is of a size
comparable to the Compton length λμ. It is also important to recall that 〈 r̂H 〉 is the horizon radius only if the core is sufficiently
smaller, as we will determine next.

By means of the effective single-particle wavefunction (3.11) and the horizon wavefunction (3.13), we can numerically compute
the probability PBH defined in Eq. (1.12) that the system lies inside its own gravitational radius and is a black hole, as reviewed
in Sect. 1. More details of the calculation are given in Appendix B, where we show that the final expression of PBH can only be
estimated numerically. Some cases are displayed in Figs. 1, 2, and 3, with values of RH, Rs, and μ chosen for clarity, albeit they fall
far from any astrophysical regimes. From those graphs, it appears that the probability increases for decreasing size Rs of the core
and for increasing (decreasing) mass M (μ) (equivalent to increasing RH � 2 GN M or the number N � M/μ of matter particles).
For example, a core of size Rs � 10 �p can be a black hole of radius RH � 10 �p with probability PBH � 0.9 but this probability
drops to PBH � 0.5 if RH � 4 �p. This result is in qualitative agreement with the expectation (3.14) for very massive black holes
with cores larger than λμ, but smaller than the classical gravitational radius RH.

4 Conclusions and outlook

We have here employed the formalism of the horizon quantum mechanics [14] in order to verify that coherent state black hole
geometries of the Schwarzschild type sourced by a core of large mass M and with a size Rs larger than Planckian are very likely
to display an outer horizon and be black holes in the usual sense. For that purpose, we needed to find an explicit description of
the (electrically neutral and spherically symmetric) matter core in terms of a many-particle state that was then expressed as a
superposition of total energy eigenstates.

Our analysis supports the conclusion that the system is indeed a black hole of mass M � mp if its core made of particles of mass
μ has a size Rs � λμ � �p but (sufficiently) smaller than the classical gravitational radius RH � 2 GN M . It would be interesting
to generalise the above analysis to include electric charge and rotation. Whereas the former case should be rather straightforward,
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Fig. 3 Probability that the
coherent state is a black hole as a
function of RH for different values
of μ (and same value of
Rs � 10 �p)

including rotation is going to be much more problematic since it will require extending the horizon quantum mechanics beyond the
perturbative regime considered in Ref. [20].

Clearly, the emerging picture is that the (location of the) horizon in quantum physics is fuzzy and, at least for sufficiently large
matter cores, one would have “quasi” black hole geometries. In such a picture, the late stage of binary black hole mergers would
open a window into quantum features of the gravitational collapse that might affect the emission of gravitational waves at the very
peak, or during the ring-down phase, for instance by affecting the black hole Love numbers [21] and possible echos [22, 23]. Of
course, quantitative predictions for such effects would require specific analysis that go beyond the scope of the present work.
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Appendix A: Spectral decomposition and total energy

Here, we show how the total wavefunction (3.8), that is

|ψN 〉 
 1

N !

N∑
{σi }

⎡
⎣ N⊗

i�1

NE

∞∫

μ

dEi e
− (E2

i −μ2) R2
s

2m2
p �2

p |Ei 〉
⎤
⎦ , (A.1)

can be decomposed in terms of the total energy eigenstates |E〉 by computing the spectral coefficients C(E) ≡ 〈 E | ψN 〉. From
Eq. (A.1), we first find

C(E) � 1

N !
〈E |

N∑
{σi }

⎡
⎣⊗N

i�1NE

∞∫

μ

dEi e
− (E2

i −μ2) R2
s

2m2
p �2

p |Ei 〉
⎤
⎦

�N N
E

N !

∞∫

μ

dE1 · · ·
∞∫

μ

dEN

⎡
⎣ N∏
i�1

e
− (E2

i −μ2) R2
s

2m2
p �2

p

⎤
⎦δ

(
E −

N∑
i�1

Ei

)
(A.2)
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Since
∑N

i�1 Ei ≥ N μ � M , it follows that C(E < M) � 0. For E ≥ M , we can use EN �∑N−1
i�1 Ei and write

C(E) ∝
∞∫

μ

dE1 · · ·
∞∫

μ

dEN−1exp

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−
N−1∑
i�1

(
E2
i − μ2

)
R2
s

2m2
p�2

p
−

[(
E −

N−1∑
i�1

Ei

)2

− μ2

]
R2
s

2m2
p�2

p

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(A.3)

It is now convenient to define the function

F(E , Ei ) ≡
N−1∑
i�1

(
E2
i − μ2) +

(
E −

N−1∑
i�1

Ei

)2

− μ2 �
N−1∑
i�1

(Ei + μ)2 − Nμ2 +

[
E −

N−1∑
i�1

Ei − (N − 1)μ

]2

(A.4)

where Ei � Ei − μ. By recalling that M � N μ, we then obtain

F(E , Ei ) �
N−1∑
i�1

(Ei + μ)2 − μM +

[
(E − M) −

N−1∑
i�1

Ei + μ

]2

�(E − M)2 +

(
N−1∑
i�1

Ei
)2

+ μ2 − 2(E − M)

N−1∑
i�1

Ei + 2μ(E − M) − 2μ

N−1∑
i�1

Ei

+
N−1∑
i�1

E2
i + 2μ

N−1∑
i�1

Ei + (N − 1)μ2 − μM

�(E − M)2 + 2μ(E − M) − 2(E − M)

N−1∑
i�1

Ei +

(
N−1∑
i�1

Ei
)2

+
N−1∑
i�1

E2
i

�[E − (M − μ)]2 − μ2 − 2(E − M)

N−1∑
i�1

Ei +

(
N−1∑
i�1

Ei
)2

+
N−1∑
i�1

E2
i (A.5)

Plugging this result into Eq. (A.3) yields

C(E) ∝e
− R2

s
2�2

pm
2
p

{
[E−(M−μ)]2−μ2} ∞∫

0

dE1 · · ·
∞∫

0

dEN−1

× exp

⎧⎨
⎩

R2
s

2�2
pm

2
p

⎡
⎣2(E − M)

N−1∑
i�1

Ei −
(
N−1∑
i�1

Ei
)2

−
N−1∑
i�1

E2
i

⎤
⎦
⎫⎬
⎭

≡e
− R2

s
2�2

pm
2
p

{
[E−(M−μ)]2−μ2

}
I (E , M) (A.6)

We next note that, since Ei ≥ 0 for i � 1, . . . , N − 1, we have

0 ≤
N−1∑
i�1

E2
i ≤

(
N−1∑
i�1

Ei
)2

. (A.7)

A lower bound I− ≤ I is obtained from the upper bound
∑

i E2
i � (

∑
i Ei )2 in Eq. (A.7) and is given by

I− �
∞∫

0

dE1 · · ·
∞∫

0

dEN−1 exp

[
R2
s (E − M)

�2
pm

2
p

N−1∑
i�1

Ei

]
exp

⎡
⎣− R2

s

�2
pm

2
p

(
N−1∑
i�1

Ei

)2⎤
⎦

∝
∞∫

0

EN−2dE exp

[
− R2

s E2

�2
pm

2
p

+
R2
s (E − M)E

�2
pm

2
p

]

�1

2

(
Rs

m p�p

)1−N




(
N − 1

2

)
1
F1

[
N − 1

2
,

1

2
,
(E − M)2R2

s

4m2
p�

2
p

]
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+
1

2

(
Rs

m p�p

)1−N
(E − M)Rs

m p�p



(
N

2

)
1F1

[
N

2
,

3

2
,
(E − M)2R2

s

4m2
p�

2
p

]
, (A.8)

where 
 is the Euler gamma function, and 1F1 is the Kummer confluent hypergeometric function. An upper bound I ≤ I+ is likewise
obtained from the lower bound

∑
i E2

i � 0 in Eq. (A.7) and is given by

I+ �
∞∫

0

dε1 · · ·
∞∫

0

dεN−1 exp

[
R2
s (E − M)

�2
pm

2
p

N−1∑
i�1

εi

]
exp

⎡
⎣− R2

s

2�2
pm

2
p

(
N−1∑
i�1

εi

)2⎤
⎦

∝
∞∫

0

εN−2dε exp

[
− R2

s ε
2

2�2
pm

2
p

+
R2
s (E − M)ε

�2
pm

2
p

]

� 1

2
N
2 − 3

2

(
Rs

m p�p

)1−N




(
N − 1

2

)
1
F1

[
N − 1

2
,

1

2
,
(E − M)2R2

s

2m2
p�

2
p

]

+
1

2
N
2 −1

(
Rs

m p�p

)1−N
(E − M)Rs

m p�p



(
N

2

)
1
F1

[
N

2
,

3

2
,
(E − M)2R2

s

2m2
p�

2
p

]
(A.9)

For Rs � �p and (E − M) � mp, we can employ the asymptotic behaviour of the Kummer confluent hypergeometric function,

1F1 (a, b, x) ∼ xa−b ex , (A.10)

for x ∼ (E − M)2 R2
s /�2

p m
2
p � 1, which leads to

I− 
 1

2N−2

mp�p

Rs
(E − M)N−2e

(E−M)2R2
s

4m2
p�2

p

[
2


(
N − 1

2

)
+ 


(
N

2

)]





(
N − 1

2

)
mp�p

2N−1Rs
(E − M)N−2e

(E−M)2R2
s

4m2
p�2

p (A.11)

where we also used 2 
((N − 1)/2) > 
(N/2) for N � 1 in the last step. Likewise,

I+ 
mp�p√
2Rs

(E − M)N−2e
(E−M)2R2

s
2m2

p�2
p

[



(
N − 1

2

)
+ 2


(
N

2

)]


√
2


(
N

2

)
mp�p

Rs
(E − M)N−2e

(E−M)2R2
s

2m2
p�2

p (A.12)

where we used 2 
(N/2) > 
((N − 1)/2) for N � 1.
Therefore, we have




(
N − 1

2

)
mp �p

2N−1 Rs
(E − M)N−2e

(E−M)2R2
s

4m2
p �2

p � I �
√

2 


(
N

2

)
mp �p

Rs
(E − M)N−2e

(E−M)2R2
s

2m2
p �2

p . (A.13)

We might note that the above approximation fails for 0 < (E − M) � mp at fixed value of Rs � �p, for which we instead find the
Taylor expansion

I+ ∼ I− ∝ 1 + O
(
E − M

mp

)
. (A.14)

However, for an astrophysical system of mass M � mp, this regime can be discarded overall.
By recalling that N � M/μ � 1, we finally obtain the bounding functions

C−(E) � N−
(
E − M

mp

)M/μ

e
− R2

s μ (E−M)

�2
p m2

p e
− R2

s (E−M)2

4m2
p �2

p (A.15)

and

C+(E)�N+

(
E − M

mp

)M/μ

e
− R2

s μ (E−M)

�2
p m2

p . (A.16)

The normalisations N± can be obtained from the condition

1 �
∞∫

M

C2±(E) dE , (A.17)
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yielding

N−2− �
(

�p√
2Rs

) 2M
μ




(
1 +

2M

μ

)
U

(
1 +

M

μ
,

3

2
,

2μ2R2
s

m2
p�

2
p

)



(

�p√
2Rs

) 2M
μ




(
2M

μ

)
U

(
M

μ
,

3

2
,

2μ2R2
s

m2
p�

2
p

)
(A.18)

where U � U (a, b, x) is the Tricomi confluent hypergeometric function, and

N−2
+ �mp

(
mp�

2
p

2μR2
s

)1+ 2M
μ




(
1 +

2M

μ

)


mp

(
mp�

2
p

2μR2
s

) 2M
μ




(
2M

μ

)
(A.19)

In Sect. 3.1, we use the upper bounding function (A.16) in order to estimate the maximum corrections to the total energy. In fact,
the bounds from the spectral coefficients can be used to bound the expectation value of the total energy as

M + H− � 〈 Ĥ 〉 � M + H+ , (A.20)

where

H+ �
∞∫

M

C2
+(E)EdE − M

�
∞∫

0

C2
+(ε)εdε

��2
pm

2
p(2M + μ)

2μ2R2
s


M
m2

p�
2
p

μ2R2
s

(A.21)

and

H− �
∞∫

0

C2−(E) E dE �
�2

p m
2
p (2 M + μ)U

(
1 + M

μ
, 1

2 , 2 μ2 R2
s

m2
p �2

p

)

2 μ2 R2
s U

(
1 + M

μ
, 3

2 , 2 μ2 R2
s

m2
p �2

p

) . (A.22)

Employing the definition of the Tricomi confluent hypergeometric function,

U (a, b, x) � 
(1 − b)


(a + 1 − b)
1F1 (a, b, x) +


(b − 1)


(a)
x1−b

1F1 (a + 1 − b, 2 − b, x) , (A.23)

and the asymptotic behaviour of the Kummer confluent hypergeometric function (A.10), we find

U

(
1 +

M

μ
,

1

2
,

2 μ2 R2
s

m2
p �2

p

)


⎡
⎣ 1



(
M
μ

+ 3
2

) − 2



(
M
μ

+ 1
)
⎤
⎦


(
1

2

)(√
2 μ Rs

mp �p

)1+2 M
μ

e
2 μ2 R2

s
m2

p �2
p (A.24)

and

U

(
1 +

M

μ
,

3

2
,

2 μ2 R2
s

m2
p �2

p

)


⎡
⎣ 1



(
M
μ

+ 1
) − 2



(
M
μ

+ 1
2

)
⎤
⎦


(
1

2

)(√
2 μ Rs

mp �p

)2 M
μ

−1

e
2 μ2 R2

s
m2

p �2
p , (A.25)

from which

H− 
(2M + μ)


(
M
μ

+ 1
2

)[


(
M
μ

+ 1
)

− 2

(
M
μ

+ 3
2

)]



(
M
μ

+ 3
2

)[


(
M
μ

+ 1
2

)
− 2


(
M
μ

+ 1
)]
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2μ

(
M

μ

) 1
2

(A.26)

Putting the above bounds together, we obtain

M

[
1 + 2

( μ

M

) 1
2
]

� 〈 Ĥ 〉 � M

(
1 +

λ2
μ

R2
s

)
, (A.27)

which shows that 〈 Ĥ 〉 cannot be smaller than the classical ADM mass, and the (maximum) relative correction is proportional to
the Compton length λμ � �p mp/μ.

Appendix B: Horizon wavefunction and black hole probability

In Sect. 3.2, we continue to employ the upper bound on the spectral decomposition to obtain the horizon wavefunction in Eq. (3.13)
and estimate the maximum possible correction to the gravitational radius and minimum probability PBH. Its normalisation is given
by

1 � 4 π

∞∫

RH

|�H(rH)|2r2
H drH � 4 π N 2

H

∞∫

0

(
r̃H

�p

)mp RH
μ �p

e
− μ r̃H R2

s
mp �3

p (r̃H + RH)2 dr̃H , (B.1)

where r̃H � rH − RH. The above expression yields

N−2
H �8π�9

pm
3
p

μ3R6
s

(
mp�

2
p

μR2
s

)mp RH
μ �p

[(
1 +

mpRH

μ�p

)(
1 +

mpRH

2μ�p
+

μRHR2
s

mp�3
p

)
+

μ2R2
HR4

s

2�6
pm

2
p

]

× 


(
1 +

mp RH

μ�p

)

 4π�3

pmpR2
H

μR2
s

(
mp�

2
p

μR2
s

)mp RH
μ �p




(
mp RH

μ�p

)
(B.2)

where we again used Rs ∼ RH � �p in the last approximation.
The expectation value of the gravitational radius is given by

〈�H|r̂H|�H〉 � 4π

∞∫

0

|�H(rH)|2r3
HdrH

� RH + RH
m2

p�
2
p

μ2R2
s

(
1 +

3�pμ

mpRH

)

− RH

(
1 +

mpRH
μ�p

)
+ μRHR2

s
�3

pmp(
1 +

mpRH
μ�p

)(
1 +

mpRH
2�pμ

)
+ μRHR2

s
�3

pmp

(
1 +

mpRH
�pμ

)
+

μ2R2
HR4

s
2�6

pm
2
p


RH

[
1 +

λ2
μ

R2
s

(
1 − 2�2

p

RHλμ

)]

H

(
1 +

λ2
μ

R2
s

)
(B.3)

with RH � 2 GN M � λμ the classical Schwarzschild radius and λμ � �p the Compton length of the matter costituents.
The probability density (1.9) for the horizon to be located on the sphere of radius r � rH vanishes for 0 ≤ rH < RH, else is given

by

PH(rH) 
 4 π N 2
H r2

H

(
rH − RH

�p

)mp RH
μ �p

e
− μ(rH−RH)R2

s
mp �3

p . (B.4)

The probability density (1.10) can be explicitly computed from the wavefunction (3.1) with ri � r and the horizon probability
density (B.4),

P<(r < rH) �
⎛
⎜⎝4 π

rH∫

RH

|ψS(r )|2r2 dr

⎞
⎟⎠PH(rH)

� erf

(
rH

Rs

)
PH(rH) , (B.5)
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where erf denotes the error function. The black hole probability (1.12) now reads

PBH �
∞∫

RH

P<(r < rH) drH , (B.6)

which, however, can only be computed numerically for specific values of RH, Rs, and μ (see Figs. 1, 2, and 3).
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