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Abstract The formalism of the horizon quantum mechanics is applied to electrically neutral and spherically symmetric black hole
geometries emerging from coherent quantum states of gravity to compute the probability that the matter source is inside the horizon.
We find that quantum corrections to the classical horizon radius become significant if the matter core has a size comparable to the
Compton length of the constituents, and the system is indeed a black hole with probability very close to one unless the core radius
is close to the (classical) gravitational radius.

1 Introduction

Coherent quantum states can be employed to describe the static and spherically symmetric Schwarzschild black holes as emergent
(semi)classical geometries [1].' Such a construction can be straightforwardly extended to the Reissner—Nordstrom black holes [6,
7], and the semiclassical approximation for rotating geometries can also be obtained from spherically symmetric cases [8§—10]. It is
important to remark that this approach implies the removal of the central singularities by the presence of a quantum matter core that
could, therefore, lead to phenomenological signatures of the kinds analysed in Ref. [11].

The presence of horizons in the above approach can only be established from semiclassical arguments, that is by considering the
quantum-corrected metric

ds? = — f(r)de®> + h(r)dr? + r?dQ?, (1.1)
where dQ? = d#?2 + sin? 6 d¢? and
f=h"=1+2V0r). (1.2)

In the above, the function Vg = (V| V(r)l V) is the expectation value of the relevant metric field on the coherent quantum state | V).
The locations of horizons are then given by solutions r = ry of the classical equation f(r) = 0. We remark that the Kerr—Schild
form (1.1) [12] in which the metric has components f = i~ was chosen because it includes all known spherically symmetric black
holes in general relativity. However, one could also consider recovering the semiclassical geometry from a more general coherent
quantum state | f, k) such that f = (f, hlflf, h)y, h = (f, hllef, h), and fh # 1, thus extending the approach to the most
general form of spherically symmetric geometries in the Abreu—Nielsen—Visser gauge (see [13]). Such a generalisation is left for
future developments.

The horizon quantum mechanics was introduced in Refs. [14, 15] (see also Ref. [16] for a review) to compute the probability of
the presence of horizons associated with static and spherically symmetric matter sources in a given quantum state |ys). We recall
that the Einstein field equations for a source of energy density p = p(r) imply that?

le—w, (1.3)

1 For studies of their thermodynamics and configurational entropy, see Refs. [2—4] and, for more phenomenological consequences, see Ref. [5].

2 We shall use units with ¢ = 1, the Newton constant GN = Ep/mp and the Planck constant i = Zp mp, where Kp and mp are the Planck length and mass,
respectively.
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where the Misner—Sharp—Hernandez mass function [17, 18] is given by
r
m(r) = 4w / p(x)x2dx. (1.4)
0

An horizon then exists if there are values of r = rg such that 2 Gy m(rg) = rg. A quantum mechanical description is obtained by
replacing the classical energy density with the energy decomposition of the source wavefunction,

Ws) =Y C(E)lye), (1.5)
E

where the sum represents the spectral decomposition in Hamiltonian eigenmodes,

HIYE) = ElYE) , (1.6)

and H will depend on the model we wish to consider. Upon expressing E in terms of the gravitational Schwarzschild radius,
E = rg/2 G, we obtain the horizon wavefunction

Yutrm) = (ru | yu) =Nu Y C(E), (1.7)

E=ru/2Gx

whose normalisation MV is fixed in the Schrédinger scalar product
oo
(Vn | ¢u) =47 f V(1) Gurm) iy drg - (1.8)
0

The normalised wavefunction yields the probability density for the values of the gravitational radius ry associated with the source
in the quantum state |{g), namely

Pu(ri) = 47 1t [YmGrm) - (1.9)
Moreover, the probability density that the source lies inside its own gravitational radius will be given by
P(ru) = Ps(ru) Pu(ru) , (1.10)
where
'™
Ps(rH):4n/ [ys(r)? r* dr (1.11)
0

is the probability that the source is found inside a sphere of radius » = rg. Finally, the probability that the object described by the
state |s) is a black hole will be obtained by integrating Eq. (1.10) over all possible values of the gravitational radius, namely

PBH=/O P (i) drt (1.12)

It appears natural to apply the horizon quantum mechanics to black hole geometries described by coherent states and to verify under
which conditions there exists a horizon with probability close to one. For this purpose, we will first reconstruct the state |s) from
the effective energy density associated with the quantum-corrected geometry (1.2) in Sect. 2; using that result, we will obtain the
horizon wavefunction in Sect. 3; final remarks are given in Sect. 4.

2 Coherent quantum states for Schwarzschild geometry

A metric of the form in Eq. (1.1) can be conveniently described as the mean field of the coherent state of a (canonically normalised)
free massless scalar field VGN © = (f — 1)/2 = V (see Ref. [1] for all the details). From the Klein—Gordon equation

32 1 3[(,9
——+— —(r* =] |®tr =0, 2.1
|: a2 T2 or (r 3r>] @) @D

we obtain the (positive frequency) eigenfunctions
ug =" jolkr) (2.2)

where jo = sin(kr)/k r with k > 0 are spherical Bessel functions, which allow us to write the field operator as
o0
¢ /kzdk o )+ 6 0) 2.3)
= | =5/ |uka uya .
272 V 2kt k
0

3 For the local version of the formalism, see Ref. [19].
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and its conjugate momentum as

[ "X e — '] 2.4)
0

where d and 47 are the usual annihilation and creation operators.
In particular, we are interested in a coherent state

Vi) = e~ Nul2 exp{ / g (k>}|0> @5)

which effectively reproduces (as closely as possible) the Schwarzschild geometry, that is

2GnM

VGV | D1, 1) Vi) = Viy(r) = — (2.6)

From

. kK dk (26, my
(Vu|PIVir) /2n2 8k costkt —yi) jolkr) 2.7)

0

we impose y; = k t for staticity, and the coefficients g; can be determined by expanding the metric function Vi = Vjs(r) on the
spatial part of the normal modes (2.2), to obtain

4dn M 2.8)
8k =——F—=— :
N2k3my
However, the corresponding normalisation factor
M?* [ dk
Ny =4— / — 2.9)
mg k
0

diverges both in the infrared and in the ultraviolet. The infrared divergence can be eliminated by embedding the geometry in a
universe of finite Hubble radius r = R, whereas the ultraviolet divergence could be removed by assuming the existence of a matter
core of finite size r = Rq.
For the present work, it is convenient to regularise the ultraviolet divergence by replacing the coefficients in Eq. (2.8) with
K2 RZ
4dnMe — 7

o= (2.10)
v m

which yields the total occupation number

p e
M? R?
=2—T/0,
m? < 2R2 )
M? (R
~4— In( == (2.11)
2
my, R

where I' = I'(a, x) is the incomplete gamma function, and we assumed Rs << Ro. The coherent state | V) so defined corresponds
to a quantum-corrected metric function

o G M r
VqM =+ GN(VM|CD|VM) = — , €r 7) N (212)

where erf denotes the error function, and we let Rgol — 0.
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2.1 Effective energy density

From the definition of the mass function in Eq. (1.4) and

2G
142V =1 - N1 2.13)
r
we easily obtain
Vam Vc;M
=———|1+r—]. 2.14
,o(r) 4 GN rz ( " VqM ( )
We next note that the quantum-corrected potential (2.12) is of the form
Vam = Vu(r)v(r) , (2.15)
where the function v has the asymptotic behaviours
vr—>0—>0 and v >Rs)—1. (2.16)
The effective energy density, therefore, reads
_ MY 2.17)
P=4nr '
so that Eq. (2.16) implies
oo
m(r—)oo):M/ vVx)dx = M, (2.18)
0
as expected.
In particular, we have v = erf(r/Rs) and
)
Me R
p=—"—, (2.19)
272 Ryr?

which is the same result one would obtain from the Einstein field equations G" = 87 Gy T%, where G"} is the Einstein tensor for
the quantum-corrected metric from Eq. (2.12).

3 Horizon quantum mechanics

We are interested in a matter source with energy density (2.19) made of a very large number N of particles. For simplicity, we
assume that all particles are identical and have a mass u = M/N.

The (normalised) wavefunction of each particle in position space can be estimated as

2
13

e 2R
l/fs(”i)apl/zdﬁ, 3.1
V27i REri
wherei = 1, ..., N. In momentum space, we then have
1
2niRE (kiR _BR
L L Gv v LA (32)
1

where erfi is the imaginary error function. Notice that the wavefunction (3.2) peaks around k = Rgol, and the imaginary error

fu]lcti()]l can be appl ()Xi]llated f()] kl RS << 1 as
er’ ~ [ . .
\/7 12 N

Each particle can, therefore, be assumed in a state described by4

[o¢]
¢

2
)i [ ke (34)

R

4 Given the approximation (3.3), the expression (3.4) “underestimates” the exact wavefunction at large k ~ Ry !, The related error can be reduced by
decreasing the value of Rg with respect to the (unknown) actual size of the core.
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where N is a suitable normalisation factor.
The dynamics of each particle is determined by a Hamiltonian H; with spectrum

H\E;) = E|E;) (3.5)
where
B2 =2 + A2 (3.6)
Thus, we can rewrite the state (3.4) of each particle as
o ()R
) zNE/dEie "G |Ey) 3.7)
N

where N is also a normalisation factor.
The total wavefunction of the source will be given by the symmetrised product of N such states,

YN =~ [@\W)} (3.8)
{o;} Li=1
where the sum is over all the permutations {o; } of the N states.

3.1 Source spectral decomposition

The above |x) can be decomposed into eigenstates |E ) of the total Hamiltonian®

N
H= ZHZ_ZM 1222 (3.9)
i=1

The details of the (approximate analytical) calculation are shown in Appendix A, where we find that C(E) = (E|yn) =~ 0, for
E < M, and

2
E — pq\M/n _EuE_m
C(E):/\/’C< ) e Bm (3.10)
myp

for E > M, with the normalisation constant N, = N, given in Eq. (A.19). This result means that we can describe the quantum
state |y ) of our N-particle system by means of the effective one-particle state

o0 2
E_ g\ M/u _EuE=m
|Ws) :Ns/dE< ) e B |E), @3.11)
M

nyp

with EZ = M?+h? k? and Ns is a normalisation constant. For example, the expectation value of the total energy can be approximated
with its upper bound computed in Eq. (A.27) and reads

o m2 2 22
(Hy~M(1+—T2E)=ml1+2]), (3.12)
n= Rg R

where A, is the Compton length of the constituent particles of mass .. We notice that the relative correction becomes negligibly small
for Ry > A, and diverges for Ry — 0. This is another indication that no well-defined coherent state exists for a pure Schwarzschild
geometry [1].

3.2 Horizon wavefunction

We can now obtain the horizon wavefunction from the effective single-particle wavefunction (3.11) by setting ry = 2 Gn E and
defining |ry) |2£p E/mp). This yields Wy(ry) ~ 0, forrgy < Ry = 2GN M, and

mp Ry _R Rz
ATE _/L(VH H) RS

R
\pH(rH)f_v/\/H(ngiH) e 2w (3.13)
P

for rg > Ry, where the normalisation constant AV is given in Eq. (B.2).

5 Notice that we are assuming that the total energy is just the sum of individual particle energies to parallel the expression (1.4) of the classical mass function.
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Fig. 1 Probability that the
coherent state is a black hole as a
function of R for different values
of Ry (and same value of
w=0.2mp)

Fig. 2 Probability that the
coherent state is a black hole as a
function of Ry for different values
of Rg (and same value of
n=0.2mp)

=71
=10/,

RH
5 10 15 20 Z
The expectation value of the gravitational radius is computed in Eq. (B.3) and can be written as follows:
22
<fH>:RH<1+R’§>, (3.14)
S

which is in perfect agreement with the expression of the energy given in Eq. (3.12). It is again noteworthy that ( 7y ) > Ry, although
the correction with respect to the classical expression is negligible for an astrophysical black hole unless the core is of a size
comparable to the Compton length A,,. It is also important to recall that (7 ) is the horizon radius only if the core is sufficiently
smaller, as we will determine next.

By means of the effective single-particle wavefunction (3.11) and the horizon wavefunction (3.13), we can numerically compute
the probability Ppy defined in Eq. (1.12) that the system lies inside its own gravitational radius and is a black hole, as reviewed
in Sect. 1. More details of the calculation are given in Appendix B, where we show that the final expression of Py can only be
estimated numerically. Some cases are displayed in Figs. 1, 2, and 3, with values of Ry, Rs, and u chosen for clarity, albeit they fall
far from any astrophysical regimes. From those graphs, it appears that the probability increases for decreasing size Ry of the core
and for increasing (decreasing) mass M (u) (equivalent to increasing Ry = 2 Gy M or the number N = M /p of matter particles).
For example, a core of size Ry = 10, can be a black hole of radius Ry = 10 £, with probability Pgy 2 0.9 but this probability
drops to Pgy < 0.5 if Ry = 4 £;,. This result is in qualitative agreement with the expectation (3.14) for very massive black holes
with cores larger than A, but smaller than the classical gravitational radius Ry.

4 Conclusions and outlook

We have here employed the formalism of the horizon quantum mechanics [14] in order to verify that coherent state black hole
geometries of the Schwarzschild type sourced by a core of large mass M and with a size R larger than Planckian are very likely
to display an outer horizon and be black holes in the usual sense. For that purpose, we needed to find an explicit description of
the (electrically neutral and spherically symmetric) matter core in terms of a many-particle state that was then expressed as a
superposition of total energy eigenstates.

Our analysis supports the conclusion that the system is indeed a black hole of mass M >> m,, if its core made of particles of mass
w has asize Ry 2 A, > £, but (sufficiently) smaller than the classical gravitational radius Ry = 2 Gy M. It would be interesting
to generalise the above analysis to include electric charge and rotation. Whereas the former case should be rather straightforward,
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Fig. 3 Probability that the
coherent state is a black hole as a
function of Ry for different values
of 1 (and same value of

Ry =10£p)

RH

including rotation is going to be much more problematic since it will require extending the horizon quantum mechanics beyond the
perturbative regime considered in Ref. [20].

Clearly, the emerging picture is that the (location of the) horizon in quantum physics is fuzzy and, at least for sufficiently large
matter cores, one would have “quasi” black hole geometries. In such a picture, the late stage of binary black hole mergers would
open a window into quantum features of the gravitational collapse that might affect the emission of gravitational waves at the very
peak, or during the ring-down phase, for instance by affecting the black hole Love numbers [21] and possible echos [22, 23]. Of
course, quantitative predictions for such effects would require specific analysis that go beyond the scope of the present work.
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Appendix A: Spectral decomposition and total energy

Here, we show how the total wavefunction (3.8), that is

LN S S C oL
- 2 02
IS~ ®NE/dE,-e el |E) | (A1)
Clo) L=t

can be decomposed in terms of the total energy eigenstates |E) by computing the spectral coefficients C(E) = (E | ¥y ). From
Eq. (A.1), we first find

1 N ? (£2-n) R
_EA) &
C(E):E(EIZ ®§V=1NE/dE,»e 255 |E;)
' {oi} ©
N 00 00 N (B-®) R} N

:W/dEl-n/dEN [Te 7% |s(E- E (A2)

o i i=1 i=1
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E; > Nu = M, it follows that C(E < M) =0.For E > M, wecanuse Ey = lev:—ll E; and write

Since YN,
N-1 \2
00 00 N—1 )R2 |:<E— > El') —//Lz:|RS2
i=1
C(E)cx/dEl.../dEN,lexp : ey (A.3)
1 1 =l "o

It is now convenient to define the function
N-1 N-1
F(E,E)=Y_ (E} —pu*)+ (E -> E,-)
i=1

i=1

2

2

N-1 N-1
_,ﬂ:Z(s,»+u)2—Nu2+[E—Z€,~—(N—l)u} (Ad)

i=1 i=1

where & = E; — . By recalling that M = N u, we then obtain

N-1 2
F(E,Ei):Z (& +1)? — UM + |:(E—M)— 25i+ﬂi|
i—1

i=1

N-1 2 N-1 N—1
=(E — M)’ + (Zs,-) P —2E = M) Y & +2u(E - M) =21 ) &
i=1 i=1 i=1
N—1 N—1
+ Y &2y &+ (N = Du? — uM
i=1 i=1
N—1 N-1 \2 ~N-
:(E—M)2+2u(E—M)—2(E—M)ZE,-+( 5,-) +y &
i=1 i=1 i=1
N—1 N—1 N—1
:[E—(M—u)]z—,uz—Z(E—M)ZE,-+< 5,-) +y & (A.5)
i=1 i=1 =
Plugging this result into Eq. (A.3) yields
{[E—(M —)1>—p v T
- 13
C(E) e ”2"12 / &y - -- / dey_1
0 0
R? N-1 N-1 \2 ~N-1
2
X exp T AE-M) Y & — ( &) - Zsi
i=1 i=1 i=1
- [E—(M—)P—p?
= 2‘%'"%{ }I(E,M) (A.6)

N — 1, we have

(i)

=0 & )% in Eq. (A.7) and is given by
2

We next note that, since & > 0fori =1, ...,
(A7)

A lower bound /_ < [ is obtained from the upper bound Z

x w 2 R2 -
:/dEl---/dENlexp|:R(E M)ZEi|ex 1;12(2151)
i=1 P \i=1

0
oo
R?E? RYXE - M)E
o« | EN2dEexp| ——— + ( )
sz%, Z%m%

0
1/ R, ]_Nr N1\ N1 1 (E — M)*R?
“2\mpt, 2 )0 2 Y amke
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1N o 2 p2
() M)RSF<N>1F1[N,3,<EM}, A8

2\mye, mye, 2 2°2 4mied

where I is the Euler gamma function, and ; F is the Kummer confluent hypergeometric function. An upper bound I < I, is likewise
obtained from the lower bound ), 52 = 0in Eq. (A.7) and is given by

RXE — M) R (=
/del /daN lexp|: 5> Zeii| exp| — 23 5 Zai
E my, 2€pm =

i=1 p

R2> RYE-M
sN_zdsexp|:— + ( )8]

2

R
S —3

2 2 2.2
2€pmp mep
1 Ry \'™V (N-1 N—11 (E—-M)*R?
="N_3 r Fi s 7 3
253 \mplp 2 1 2 72 2my e,
1 Ry \'"M(E-MR, (N N 3 (E — M)*R?
L ( : ) (E—M) sr<7> R N3 E MRS A9)
27-1\mpyt, mpl, 2 /4 2°2 2mpﬂp
For Ry >» £, and (E — M) 2, mp, we can employ the asymptotic behaviour of the Kummer confluent hypergeometric function,
1Fi (a,b,x) ~x7Pe* (A.10)
forx ~ (E — M)? RZ/sz > 1, which leads to
_m2R2
1 mpz N— 2 (E4ng)€2 * N-1 N
- =582 (E—M) ptp (20 5 +I >
(E-M)2R2
N-—-1 m >
:F<T> 2Np1R (E M)N 2 Amp b, (All)

where we alsoused 2T'((N — 1)/2) > I'(N/2) for N > 1 in the last step. Likewise,

(E-M)2R?
£ N —1 N
1+ _mp (E M)N 2 Zm%,l% |:l—~<7> +21—~<7>i|
V2R 2 2

N\ m e (E=M R
:ﬁr<5> I’; P(E — M)N2e 265 (A.12)

s

where we used 2 (N /2) > T'(N — 1)/2) for N > 1.
Therefore, we have

(E-M)*R?

F<L_1> Mplo g ppyN-2, ndih glgﬁr(g)mpep
S

(E-M)2R?

N—Ze 2711%@% . (A.l3)

2 2N-1 R

We might note that the above approximation fails for 0 < (E — M) < m, at fixed value of Ry 2 £, for which we instead find the
Taylor expansion

E—M
I, ~1_ l+(’)< ) . (A.14)
mp

However, for an astrophysical system of mass M >> m,, this regime can be discarded overall.
By recalling that N = M/ >> 1, we finally obtain the bounding functions

M R2 ju (E—M) R2(E—M)2
<E—M) n _BhE e
e

Cf(E) — ./V; (pmp e 4mp p (AIS)
Mp
and
2
E_M M/n _R§ n(E—M)
C+(E)#\/+( ) e B (A.16)
Mp
The normalisations N can be obtained from the condition
x
1= /Ci(E) dE , (A.17)
M
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yielding
M 3 2u’R?

2M
0, \n oM
N_—2:< P )”r(u—)U 1+=, 2, 22
V2R, 0 w2 myly

¢, \i_[2M\_ (M 3 2u2R2
:( P ) r<>U<“22) (A.18)
V2R, 0 w2 myly

where U = U(a, b, x) is the Tricomi confluent hypergeometric function, and
1+2M
mpl2\ " M
N2 =mp| 5B r<1+—>
21LRg M

2
mpﬁf, H M
~mp| —2 ) T(=— (A.19)
2R 2

In Sect. 3.1, we use the upper bounding function (A.16) in order to estimate the maximum corrections to the total energy. In fact,
the bounds from the spectral coefficients can be used to bound the expectation value of the total energy as

M+H_<(H)<M+H,, (A.20)
where
X
H, :/ CXE)EJE — M
M
o
:/ Cf(s)sde
0
2,2
_mep(ZM + W)
Z,qusz
292
m4 L
~ M;’Rg (A21)
s
and
2% R?
%0 Egm§(2M+M)U(1+%,%, ﬁgz{)
H_ = / C2(&)EdE = — (A.22)
2u2 R?
0 2M2R3U<1+%,§, ﬁgzg‘)
Employing the definition of the Tricomi confluent hypergeometric function,
ra-o»n re-1 ,_
U(a,b,x) = Farioh V\Fi (a,b,x) + le bIFi(@+1—5b,2—b,x), (A.23)

and the asymptotic behaviour of the Kummer confluent hypergeometric function (A.10), we find
424, 22
2 1 2R Y
r<7> (f“ S) e "% (A.24)

2 myp £y

M 1 2u®R? 1
Ul+—. 5, —5> | =
w2 my by F(%+%

and
M 3 2u?R? 1 2 IN[~V2uR 201 g
KRy M I e
U<1+M,2’ m252) F(M+1) _r'(M.'_l) F<2>( o Gy ) e " (A.25)
pp m T2
from which
({2 (2-)
w w "
_~02M + ) 3 IR ”
(F+3)[r (i +3) -2 (S +1)]
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My
21 (—) (A.26)
7
Putting the above bounds together, we obtain
5% - ;
M1+2(—) <(Ay<m|1+24]), (A27)
M R?

A

which shows that ( H ) cannot be smaller than the classical ADM mass, and the (maximum) relative correction is proportional to
the Compton length A, = £, mp /.

Appendix B: Horizon wavefunction and black hole probability

In Sect. 3.2, we continue to employ the upper bound on the spectral decomposition to obtain the horizon wavefunction in Eq. (3.13)
and estimate the maximum possible correction to the gravitational radius and minimum probability Ppy. Its normalisation is given
by

o0 oo mp{RH l‘-;HR%
7 [ e —
1:4n/|\pH(rH)|2r£IdrH :4nN§/<£—“> "o ™0 (Fy+ Ru)® dFu (B.1)
p
Ry 0

where 7y = rg — Ry. The above expression yields

mp Ry
N2 _8mlgmy () (1 . mpRH> LI 1Ry R? .\ 1R RY
H =
w3 RS /LR% wlp 2ty mpﬁg Zggmlz)

mp Ry
mo R A BmyRY [ mpt2\ o my R
x (1421 ) ~ Z PR PP (=M (B.2)
MZP 'uRs 'uRs MZP
where we again used Rs ~ Ry > £, in the last approximation.
The expectation value of the gravitational radius is given by
o0
(WnilFu| W) =4 / W () Pridr
0
202
mgt 3¢
:RH+RH7P u 1+7PM
w?R? mp Ry
myp Ry /LRHRE
R (1+ Iffp )+ ngp
H 14 MoRu (1 moRu | wRuRE (1 mpRu) u2RA RS
wly 20p 1 emy lop 2e5m3

22 202 22
~Ryl|1+-£(1--—2L ~p 1+ 22 (B.3)
[ Rg< Ruh, R2

with Ry = 2 GN M > A, the classical Schwarzschild radius and A, > £, the Compton length of the matter costituents.
The probability density (1.9) for the horizon to be located on the sphere of radius r = ry vanishes for 0 < rg < Rp, else is given
by

mpRH Ry R2
rH_RH) s AGT I%I)s
e— e

Pu(rn) ~ 47 N3 ( ; mply (B.4)
p

The probability density (1.10) can be explicitly computed from the wavefunction (3.1) with ; = r and the horizon probability
density (B.4),

rH
Por <) = | 4 f Ws(Pr dr | Prc
Ru

= erf<%z>PH(rH) , (B.5)
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where erf denotes the error function. The black hole probability (1.12) now reads

oo

PBH = /73<(r < rH)drH N (B.6)
Ry

which, however, can only be computed numerically for specific values of Ry, Rs, and p (see Figs. 1, 2, and 3).
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