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THE BIGGER PICTURE Life is a complex, non-equilibrium chemical phenomenon, and kinetic asymmetry is
arguably the most significant parameter to describe non-equilibrium chemical reaction networks, helping to
unravel and engineer such systems. However, its description is currently limited to very simple networks. In
this work, we generalize the calculation of kinetic asymmetry virtually to any network. We use this general-
ization to formalize the theory of non-equilibrium operation enabled by spatial separation, using a recently
reported redox-driven multi-cycle system as a concrete example. Thus, we offer a new perspective on the
central role of compartmentalization in biology and its importance in sustaining living organisms away
from equilibrium.

SUMMARY

Kinetic asymmetry is a key parameter describing non-equilibrium systems: it indicates the directionality of a
reaction network under steady-state conditions. So far, kinetic asymmetry has been evaluated only in net-
works featuring a single cycle. Here, we have investigated kinetic asymmetry in a multi-cycle system using
a combined theoretical and numerical approach. First, we report the general expression of kinetic asymmetry
for multi-cycle networks. Then, we specify it for a recently reported electrochemically controlled network
comprising diffusion steps, which we used as a model system to reveal how key parameters influence direc-
tionality. In contrast with the current understanding, we establish that spatial separation—including compart-
mentalization—can enable autonomous energy ratchet mechanisms, with directionality dictated by thermo-
dynamic features. Kinetic simulations confirm analytical findings and illustrate the interplay between
diffusion, chemical, and electrochemical processes. The treatment is general, as it can be applied to other
multi-cycle networks, facilitating the realization of endergonic processes across domains.

INTRODUCTION

Operating away from equilibrium is a key feature of life and holds
great promise for developing chemical systems with advanced
functionalities.'™ Ultimately, a non-equilibrium chemical system
can be described as a chemical reaction network exchanging en-
ergy with its surroundings.>® When the reactions of the network
can occur continuously under constant environmental conditions
in the presence of a steady energy supply, the system is said to
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be autonomous.”'® A key property to describe the dynamics of
a such a network is kinetic asymmetry,’"'? which is quantified
by the ratcheting constant K, and reports on the directionality of
the chemical reaction network at the steady state. The concept
of kinetic asymmetry has been used to rationalize the operation
of chemically driven autonomous molecular motors,'>"'® non-
equilibrium self-assembly,”°>®> chemotaxis,”**®> and non-recip-
rocal interactions,”® as well as several other processes requiring
an energy input to occur, i.e., that are endergonic.?”-?®
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Figure 1. Chemical reactions networks

(A) A 4-species mono-cycle chemical reaction
network.

(B) The 8-species multi-cycle chemical reaction
network®® discussed in this work, obtained upon
forming two compartments divided by an ideal
permeable membrane (dashed). Without loss of
generality, we identify reactions as proceeding in
the positive direction when going from ox to red in
the case of redox reactions, from (B) to (A) in the
case of chemical reactions, and from compartment
| to compartment Il within the model in the case of
diffusion processes.

(C) lllustration of an experimental example that can
be rationalized using the present approach,
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So far, the description of kinetic asymmetry in chemical reac-
tion networks has focused on cyclic networks having a single cy-
cle, i.e., networks where the relevant cyclic sequence of reac-
tions involves all intermediates present in the system. 2292933
In these networks, kinetic asymmetry can be expressed as the
product of the reactions’ rates along the cycle in one direction
over the product of the rates in the opposite direction.?’
Crucially, up to now it has always been considered that when sin-
gle-cycle networks operate under time-independent environ-
mental conditions, kinetic asymmetry can only emerge from dif-
ferences in transition-state energies within an information
ratchet mechanism.?” The intrinsic thermodynamic stability of in-
termediates is relevant only when light is used as an energy
source, thus making photochemical systems the sole framework
in which one can implement an autonomous energy ratchet

mental observations complemented by
system-specific analyses. Multi-cycle
systems are fairly easy to realize experi-
mentally: a simple strategy is to consider a system having
two switchable properties (e.g., redox state and conformation),
resulting in a square reaction network such as the one shown in
Figure 1A. Including the possibility of diffusing between two
spatially distinguished locations affords the network shown in
Figure 1B. We decided to investigate this network—as a spe-
cific case of how multi-cycle networks might arise—because
it represents the logical extension of widely explored square
schemes and offers insights on the underlying principles of
spatially distinguished systems, i.e., systems that are not uni-
form in space.

The same type of network can also describe a recent experi-
mental example, where a redox process and a self-assembly re-
action were combined with diffusion to obtain an autonomous
system powered by electrical energy.®” As sketched in Figure 1C,
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the authors operated the redox-switchable host-guest system
between the electrodes of a scanning electrochemical micro-
scope, which allowed the simultaneous promotion of oxidation
and reduction at two independently controlled electrodes. This
condition is gaining attention and has already demonstrated its
potential in surface and material science,*®*° offering an alterna-
tive to alternating redox potentials or scanning tunneling micro-
scopy experiments.*®™*® In the work focused on autonomous
operation, the authors used experimental data and kinetic simu-
lations to support the idea that the system’s operation was pre-
dominantly controlled by an autonomous energy ratchet mecha-
nism.®” Such an autonomous operation mechanism was
previously described in detail exclusively in relation to light-
driven systems,**™*° and, as a result, the theoretical basis for
such a mechanism remains unexplored in relation to ground-
state reactivity.*’

Here, we present the treatment of kinetic asymmetry in a
representative case of a multi-cycle network. In particular, we
focused on a redox-powered network, closely mapping the
one underlying the recently reported autonomous electrically
driven system, to investigate the origin of its somewhat uncon-
ventional ratchet mechanism. We identify a regime where direc-
tionality is solely controlled by thermodynamic features of the
system, while the kinetics of diffusion processes should be inter-
mediate between other processes. This solves a significant con-
troversy in the chemical literature: can the direction of cycling
through a sequence of reactions be controlled by an equilibrium
constant—i.e., by the relative free energies of some of the
states—or is it under purely kinetic control? Previous analyses
on cyclic processes without mass transport (diffusion or flow be-
tween several spatially distinct locations) have suggested that
directionality is always under kinetic control. Here, we could
demonstrate the possibility of controlling directionality via equi-
librium constants by generalizing the analytical calculation of ki-
netic asymmetry to multi-cycle systems. Furthermore, we
describe how the non-equilibrium pumping equality—a key
result of trajectory thermodynamics for kinetically asymmetric
systems—manifests itself in multi-cycle networks with mass
transport.

Our work establishes the principles for spatially distinguished
autonomous molecular ratchets, which emerge as the sole alter-
native to light-driven systems to dictate directionality using ther-
modynamic properties. Analytical results are validated by nu-
merical simulations, which we also use to show that diffusion
rates can be tuned to implement an information ratchet mecha-
nism within the same system. Although we focus on a specific
case study, our approach is general and can be used to analyze
kinetic asymmetry in virtually any multi-cycle chemical reaction
network. Finally, we stress that we kept mathematical treat-
ments to a minimum in the main text. Interested readers can refer
to the supplemental information for the full step-by-step
analysis.

RESULTS AND DISCUSSION
Model system

To describe spatial separation, one can either treat space
continuously or introduce compartments, with diffusion pro-
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cesses modeled as a set of additional reactions modeling how
species move from one compartment to the other.?” Here, we
chose to introduce compartments to remain in the realm of
chemical reaction networks and link spatially distinguished sys-
tems with compartmentalized systems—where a physical bar-
rier separates the compartments—that constitute a sub-set of
spatially distinguished systems. The system depicted in Fig-
ure 1B is controlled by two electrodes, and the two compart-
ments model the proximity to them. Adding a third middle
compartment would help to distinguish the bulk solution sepa-
rating the electrodes, mapping the experimental setup even
closer, but we use just two compartments as they suffice to illus-
trate the general principles investigated. In compartment |, spe-
cies are closer to electrode |, which is kept at potential E,. In
compartment Il, species are closer to electrode Il. Within each
compartment, the concentrations are considered uniform. Spe-
cies can diffuse between the two compartments according to
first-order processes controlled by diffusion constants kq (reac-
tions 9, 10, 11, and 12 in Figure 1B).

In each of the two compartments, the same 4-species square
reaction network is present, resulting from orthogonal redox and
chemical processes. Species A and B can interconvert thermally
viareactions 5, 6, 7, and 8 in Figure 1B. The oxidized species Ay
and B,y are converted to their reduced counterparts A,.q and
B..q Via electrochemical reactions 1, 2, 3, and 4 occurring at
the two electrodes (Figure 1B). The thermodynamic properties
of the reactions forming a square cycle are related by the micro-
scopic reversibility constraint:

KOXK—1 _ Keaox Kng red _ e(F/RT)(Eg—Eg) _ e(F/RT)AEO

red

kAB,ox kBA.red
(Equation 1)

where Kox and K,q are the equilibrium constants of the chemical
reactions, each defined as K = kga/kag; F and R the Faraday and
the gas constants, respectively; T the temperature; and E%s the
standard redox potentials of species A and B.

The rate of redox processes is described by Butler-Volmer ki-
netics, the standard approach for describing heterogeneous
electron transfer.*® In essence, the equilibrium populations of
Aox and A,eq4 (@nd, analogously, Boy, Beg) in each compartment
depend on the standard redox potential of this redox couple
(EA%) and the potential applied to the electrode, which therefore
can be used to control their relative thermodynamic stability
within a compartment. When the potentials of the two electrodes
differ, an electrochemical potential gradient AE = E,—E; is estab-
lished between the two compartments and energy is available to
drive the system away from equilibrium.

We note that the investigated model consists of only unimolec-
ular chemical reactions, but because kinetic asymmetry is a
steady-state property, our findings also extend to systems that
feature bimolecular self-assembly reactions. Indeed, concentra-
tions are constant at the steady-state, which allows describing
bimolecular self-assembly reactions as pseudo-first-order pro-
cesses. This consideration is relevant also to the experimental
system that inspired this work, which comprises self-assembly
steps.®” The parallel of our model with the experimental setup
is further reinforced by the absence of convection and migration
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phenomena, which are routinely excluded under the relevant
experimental conditions.

General analytical treatment

From a chemical perspective, it is interesting to understand
when the transport of electrons can influence other reactions
that are, in principle, unrelated to the redox process. In the pre-
sent case, it is a matter of understanding whether the chemical
reactions 5, 6, 7, and 8 interconverting A and B can use some
of the energy provided by the electric current via redox reactions
1,2, 3, and 4 to depart from equilibrium and generate a directed
net flux across the chemical reaction network. This type of en-
ergy transduction can take place once there is a sequence of
steps that makes two different processes happen simulta-
neously (not in sequence). For example, here the sequence of re-
actions 1 - -5—-12——-4——11 (see the caption of Figure 1B
for the notation and sign convention) transfers one electron
from electrode | to electrode Il and simultaneously converts
Aoy in Boy. In line with literature on molecular machines,'%-27:28:4°
we refer to this condition as the coupling of the redox reactions to
the chemical steps, while being aware that the same term is used
also with less technically stringent meaning in the broader chem-
ical literature. Promoting coupled chemical reactions is the
outcome of an operating ratchet mechanism.>”**® In practice,
an operative ratchet mechanism would imply that the conversion
of A into B happens preferentially in one redox state, say, in the
reduced state (i.e., a net flux A,cg — Bieq, independently of the
compartment), and that the conversion of B into A occurs in
the other redox state, say, in the oxidized state. If this were the
case, then cycling through the network according to the
sequence of reactions S: Agx = Areg — Breda = Box — Aox
would have a different probability than the reversed sequence:
S Aok « Aveq — Breq — Box — Aoy Therefore, sequence S
describes the coupling of the redox reactions to the chemical
steps. In this particular network, sequence S is the only coupling
that can arise; more than one coupled sequence may be present
in more complex systems.

At the steady state, the overall directional bias for the
sequence S, namely the kinetic asymmetry of the chemical reac-
tion network, can be quantified as the ratio between the
(average) frequencies at which sequences S and S~ are trav-
eled. Such a ratio is typically called “ratcheting constant,” K,
or “directionality,” ro, and quantifies kinetic asymmetry. K, is a
non-equilibrium constant quantifying the kinetic preference for
traveling the sequence S with respect to S™'. In particular,
K, > 1 denotes a preference for sequence S, K, < 1 denotes a
preference for sequence S~ and K, = 1 denotes the absence
of akinetic bias in the system, a condition often referred to as “ki-
netic symmetry,” corresponding, in this case, to the chemical re-
actions not being coupled to the inter-electrode current. Mathe-
matically, K, can be computed by dividing the sum of the
frequencies (j) of all the cycles realizing the sequence S by the
sum of the frequencies of all the cycles realizing S~. Therefore,
to quantify kinetic asymmetry, we need to identify all the cycles
that contribute to S and S~', which can be of three types,
differing in how they are coupled to the energy source.

Slip cycles,”® R; (a letter chosen to avoid confusion with the
sequence S), realize sequence S without moving any net number
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of electrons between the electrodes. An example is the counter-
clockwise cycle 1——-5——2—6, where the counterclockwise
direction refers to the representation in Figure 1B. These cycles
are not associated with a net exchange of energy, therefore their
microscopic reverse cycles (such as clockwise -6 -2 —-5— —1)
are equally likely and thus slip cycles do not give a net contribu-
tion to directionality.

The forward cycles, F;, are those cycles realizing the sequence
S and concomitantly moving one electron from electrode | to
electrode Il. For example, the counterclockwise cycle 1 —»—-5—
12— -4—8— -9 is a forward cycle. The frequency with which
this cycle is traveled with respect to its microscopic reverse
(clockwise 9 — -8 —>4— —12—5— —1)is controlled by the elec-
trochemical potential gradient. In particular, forward cycles are
eF/FDAE times faster than the corresponding microscopic re-
verses. This relation implies that, in the absence of a gradient
(AE = 0), no energy is exchanged across the cycle and no
preferred directionality emerges, while forward cycles directly
contribute to directionality in the presence of a gradient.

The backward cycles, B, realize the sequence S~' and
concomitantly move one electron from electrode | to electrode
Il. For example, the cycle -8 - -11 -2 —->5—-10— —3 is a back-
ward cycle. As in the case of forward cycles, a net electron cur-
rent is associated with the cycle, and a contribution to direction-
ality can arise in the presence of a gradient.

After some algebraic passages (see supplemental information
section 2.1), K, can be expressed as:

~ q+e~FIRMAE L 1

T ge~FRNAE 14T (Equation 2)

r

with
2iF .
== Equation 3
q s (Eq )
2R :
== Equation 4
s (Eq )

where Jx, denotes the frequency of cycle X; and summations
are intended to run over all the forward, backward, and slip
cycles.

This expression of K.—derived in the context of electrochem-
ical systems —takes the exact same form?®":°° that character-
izes catalysis-driven systems, where the chemical potential
gradient of the catalyzed reaction plays the role of AE, thus of-
fering a unified treatment of ratchet mechanisms in the ground
state. Equation 2 contains only three system-specific parame-
ters: AE, q, and I, which are solely responsible for direction-
ality. Their meaning is intuitive: AE reflects the energy available
to drive the non-equilibrium process; g compares the forward
and backward cycles (promoting S or S', respectively), thus
reporting on the overall kinetic bias; and I" reports on the rela-
tive weight of slip cycles, which do not contribute directly to
directionality. We can use this reasoning to interpret a few
mathematical relations derived from Equation 2 (see the sup-
plemental information section 2.1 for proof). When AE = 0, the
numerator and denominator become equal, and K, = 1;
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Figure 2. Representation of forward and backward cycles
Cycles indicated by black arrows move one electron from compartment | (left) to compartment Il (right), while realizing the sequence S (forward cycles, F)) or the
sequence S~ (backward cycles, B)). The network species, reactions, and color-coding coincide with those reported in Figure 1B; e.g., the top-left species is on‘”
and the leftmost vertical connection corresponds to reaction 1 in Figure 1B.

therefore, no directionality can emerge, reiterating the neces-
sity of an energy source. Directionality is also suppressed
when I'—appearing both in the numerator and denominator—
is large. The larger T, the closer to 1 K, will be, meaning that
the slip cycles dominate and the inter-electrode current is
only weakly coupled to the chemical reactions. In the limit of
' -0, known as the complete coupling regime,”’ the effective-
ness of the ratchet mechanism is maximized as chemical reac-
tions will almost always happen concurrently to electron trans-
port. Focusing on the effect of q, when AE > 0, K, will be greater
(smaller) than 1 if g > (<)1. On the contrary, when AE < 0, K, will
be greater (smaller) than 1if g < (>)1. In the context of catalysis-
driven systems, the overall kinetic bias q is related to the differ-
ence in the transitions states’ free energy between the forward
and backward cycles and is sometimes called the “Curtin-
Hammett asymmetry factor” (denoted Fc_y) in light of its con-
nections with kinetic resolution.”® As a recent experimental
investigation showed,®" having g # 1 does not necessarily
imply an experimentally observable kinetic asymmetry (K,)
because the latter can be overwhelmed by the occurrence of
slip cycles. Here, the kinetic bias is intrinsically related to the
thermodynamic bias via the Butler-Volmer equation and its
interplay with spatial differentiation. In redox reactions, the
interplay between kinetics and thermodynamics may also be
non-linear, as occurring, for example, in the reactions
described by Marcus theory of electron transfer; we note that
implementing such reaction kinetics would afford non-
equilibrium systems characterized by a negative differential
response.””

Diagram method for cycles’ frequencies
The analysis presented so far is valid for any chemical reaction
network controlled by electrochemical reactions occurring at
two electrodes. In fact, an identical approach can be used to
describe any multi-cycle network, even besides electrochemi-
cally driven and spatially distinguished systems. Now, we detail
how the general treatment applies to the specific network of
Figure 1B.

To compute g, we need to identify all cycles of type F; and B;
and compute the corresponding frequencies. The present
network has four F; and four B; cycles, illustrated in Figure 2.
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The procedure used to calculate cycles’ frequencies is based
on a diagram method derived from graph theory.**°° In partic-
ular, we adopted the notation illustrated in Hill.°® We anticipate
that the frequency j associated to a given cycle Xi—as well as
any other cycle considered here—can be expressed in the
following form:

_ HX\ 2“Xi

N (Equation 5)

Jx

N is a normalizing constant common to all the cycles; it simplifies
out when computing g, and its explicit computation is therefore
not necessary here. The term Ily, is the product of all the rate
constants involved in the cycle. Heuristically, it can be thought
of as a measure of how fast the cycle X; is traveled on average;
the same terms also appear in the computation of kinetic asym-
metry in mono-cycle networks.

The =y, term only appears in multi-cycle networks and can be
thought of as a factor expressing the probability of entering cycle
Xi. Mathematically, 2, is the sum of the contributions from all the
so-called “rooted spanning trees””° of cycle X. A rooted span-
ning tree is a sequence of reactions entering the cycle starting
from all the species not included in the cycle (without forming
new cycles).

Cycle F4 corresponds to the most important cycle in the refer-
ence experimental case (compare Figures 1C and 2). Therefore,
we take it as an example and depict all its rooted spanning trees
in Figure 3. The contribution to =, of each spanning tree is the
product of the rate constants involved, as shown in Figure 3,
2F, being the sum of the contributions from all the spanning
trees. The detailed mathematical expression of terms Ilx, and
Sy, for all the relevant cycles are reported in the supplemental
information.

Autonomous energy ratchet operation

From now on, with the intent of seeking purely energy ratchet ef-
fects, we purposely exclude kinetic biases by considering all
species as having the same diffusion constant kq and charge-
transfer coefficient, a realistic regime for the experimental sys-
tems that inspired this work (see supplemental information sec-
tion 1).%7
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Computing all Iy, terms reveals that all IT¢, and I1g, terms are
equal. This finding can be used (see supplemental information
section 2.2) to simplify the general expression of g into the
following system-specific form:

2,:1 + ze + EFa + 2F4

= Equation 6
q 251 +EB2 + EBg +2|34 ( a )

This expression contains only spanning tree terms—peculiar to
multi-cycle systems—which are evidently essential in controlling
directionality. In particular, the sums at the numerator and de-
nominator take the following expressions:

e

L+ 3F, + 3, + 3, = <e(F/2RT)AEe(F/2RT)AED . 1) x C;

. <e(F/RT)AEe(F/RT)AE° 1 ) X Cy + Cs

(Equation 7)

g, + ZBZ + ZBS + 284 = <e<F/2RT)AE + e(F/ZRT)AED> X C1
+ (e(F/RT)AE + e(F/RT)AE“) x Cy + Cs

(Equation 8)

4

where parameters C,_3 are functions of the rate constants and
electrochemical potentials characterizing the network, for
example:

Cs = (kBA‘ox + Kngox + 2kd) X (kBA.red + kAB,red + 2kd)
(Equation 9)

where Kag oxeq) iS the rate constant for the formation of B in the
oxidized (reduced state) and kga oxreq) iS its Microscopic reverse
(see Figure 1B). The expressions of parameter C and C, are re-
ported in the supplemental information.

Given the final form of Equations 7 and 8, it can be demon-
strated (see supplemental information section 2.2 for the proof)
that ratio g in Equation 6 will be larger or smaller than 1, depend-
ing on the sign of AE x AEP, thus the electrochemical potential
gradient AE and the difference in standard redox potentials
AE® control q. Specifically, g is > 1 if AE x AE® > 0, and g
is < 1if AE x AE® < 0. Because AE and AE® control g, it may
seem that they both control directionality, K,, expressed by
Equation 2. However, because Equation 2 contains g and AE
both at the numerator and the denominator, the sign of AE
does not influence directionality. As a result, AE® is the sole
quantity responsible for directionality in the investigated
network: if Kox > Kreq (AE® > 0), then any applied voltage, regard-
less of its sign, favors cycling in the order S, and if Kox < Kieq
(AE® < 0), then any applied voltage favors cycling in the order
S~ . AE%is intrinsic to the system at study, and inherently related
to the equilibrium constant of the chemical reactions by the
microscopic reversibility constraint reported in Equation 1. At
any given potential difference other than zero between the elec-
trodes, directionality is dictated by thermodynamic features, a
hallmark of energy ratchet mechanisms. Yet, AE can be
controlled externally simply by changing electrode potentials.
As aresult, both the driving force and magnitude of directionality
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can be modulated at will, which is considerably harder—and
sometimes even practically impossible—to achieve in systems
powered by chemical energy or light.

Additional insights are offered by the expression of parameter
Cs3 (Equation 9), which is the only term contributing to g that is in-
dependent from AE and AE®. If diffusion is much faster than
chemical reactions, C; dominates the ratio in Equation 6, and
directionality vanishes. Therefore, chemical reactions should be
faster than diffusion for an optimal g value. However, when diffu-
sionis too slow, slip cycles become dominant (e.g., the sequence
1—-5—--2-6, entirely occurring in the cathodic compart-
ment, vide supra). Mathematically, thisis reflected in larger values
of ', which suppress directionality according to Equation 2.

Non-equilibrium species concentration

The occurrence of a non-equilibrium steady-state —featuring
directional reaction fluxes—implies a concentration imbalance
with respect to equilibrium. Comparing concentrations in the
presence and the absence of energy inputs is often a viable
experimental measure to probe the coupling’s effectiveness. In
this particular case, it is insightful to compare the total amounts
of species A and B in the oxidized and reduced state. If the
chemical reactions were at equilibrium, those ratios would equal
Kox and K,eq, respectively. Therefore, values different from the
corresponding equilibrium constant are signatures of the
coupling. We can express those ratios using the same analytical
treatment we used to express K, (see Figure S1 and related dis-
cussion). After some algebraic passages (see supplemental in-
formation section 2.3), we find:

[AEQd ] + {Aﬁgé p { q+e~FIANAE Ly }
T 77 = Krea X =
o] = e

(Equation 10)

R ] ey,
7= Rox X q+e~F/RTIAE 4y,

(Equation 11)

The above equations show that the same parameters control-
ling directionality also control concentration ratios. In fact, the
terms in brackets are closely related to K, in Equation 2. When
K, = 1, equivalent to AE = 0 and/or AE° = 0 (leading to g = 1,
see discussion in the previous section), the terms in brackets
are also unitary, leading to no concentration imbalance with
respect to equilibrium. When K, > 1, equivalent to AE # 0 and
AE° > 0 (leading to g > 1), chemical reactions depart from equi-
librium, favoring A,eq and By species over B,eq and A, respec-
tively. When K, < 1, equivalent to AE # 0 and AE° < 0 (leading to
g < 1), non-equilibrium conditions favor B,e.q and A,y species
over Aeq and By, respectively. In other words, as with cycling
direction, species’ relative abundances can be electrochemi-
cally driven toward non-equilibrium values, and the sign of the ef-
fect can be engineered only based on the relative magnitude of
the equilibrium constants Ko, and K,eq (controlling AE®). The
two new parameters appearing in Equations 10 and 11, Yo
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Figure 3. Rooted spanning trees for cycle F,
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The corresponding contributions to =, are indicated below their graphical representation. Cycle F is reported in black, the species not included in the cycle are
indicated in orange. The network species, reactions, and color-coding coincide with those reported in Figures 1B and 2.

and yY,eq, are analogous to I' in Equation 2 in that they report on
the effectiveness of the ratchet mechanism (see supplemental
information section 2.3 for their analytical expressions). Namely,
for large {ss, non-equilibrium ratios will remain close to the corre-
sponding equilibrium ratios, making the coupling poor.

Equations 10 and 11 are instances of the non-equilibrium
pumping equality:°"+>®

i Ki(e"™i /RT) (Equation 12)

a general result from trajectory thermodynamics that relates the
steady-state concentration ratio between two species, i and j, to
the exponential of the path-dependent energy exchanged with
the environment, Ws;, in each specific trajectory, Sj, kinetically
weighted and averaged over all trajectories between those two
species. The factor (€”5/fT) is not straightforward to compute
explicitly in complicated networks. Here, we could provide an
analytical expression by leveraging graph-theoretical tech-
niques, as detailed in the supplemental information. The ratchet-
ing constant K, and the non-equilibrium pumping equality epito-
mize the fundamental role of kinetic asymmetry, here reflected in
the parameter q, for harnessing energy and realizing functions
out of equilibrium.
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Numerical investigation

To investigate the impact of our findings on a plausible system,
we assigned reasonable values to the parameters characterizing
the investigated network and performed numerical simulations
to investigate the effect of network parameters and confirm the
analytical predictions. Chemical reactions were imposed having
a rate in the order of 1-100 s~, which is somewhat slower than
typical NMR timescales. A reduction potential of —0.2 V was
selected for species A, which is close to the reduction potential
of the viologen species involved in the experimental study that
inspired this work.%” Because all reactions involved follow a
first-order kinetic, the model system is insensitive to the total
species concentration. Significantly, the diffusion constants kq
differ from typical diffusion values because here they report on
the propensity of species to change compartment and not their
actual propensity to move in space. In most cases, under the
simulation conditions, electrode | serves as a cathode, promot-
ing species reduction, while electrode Il serves as an anode, pro-
moting oxidation.

The results obtained from exploring the dependence of chem-
ical reactions’ fluxes (net conversion from B to A) on electrode
potentials, equilibrium constants, and diffusion constants are re-
ported in Figures 4A-4D and S2-S5.

When both electrodes have the same potential (—0.2 V), there
are no reaction fluxes (i.e., the system reaches equilibrium). On
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Figure 4. Dependence of reaction fluxes on
model parameters

(A) Electrode potential. The inset magnifies the
system behavior around AE = 0, showing that the
cycling direction is unaffected by the sign of AE
and is only dictated by thermodynamic features,
as predicted by our theoretical analysis.

(B) Equilibrium constants of chemical reactions.
(C) Diffusion coefficient.

(D) Diffusion asymmetry, obtained slowing down
by 1,000 times species (B) (full lines) or species (A)
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(dashed lines), and observed in proximity to Ko/
Kiea = 1, where fluxes are zero in the absence of
diffusion asymmetry. According to the above
equations, a positive flux indicates that the con-
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the contrary, when E,, becomes more positive, directional reac-
tion fluxes emerge that reach a plateau slightly above the Eg°.
If the E,, becomes more negative than E,, lower than the cathode,
the fluxes maintain their sign (Figure 4A), in line with the general
analytical treatment presented above identifying AE® as the sole
determinator of directionality. Yet, the magnitude of fluxes is
significantly different, with an approximate 10°-times difference
between the two plateaus observed. Modulation of the equilib-
rium constants affords results in line with the analytical findings,
reporting a current inversion around equilibrium constant
equality (Figure 4B). In this case, the fluxes’ magnitude is sym-
metrical with respect to the energetic imbalance imposed (see
Figure S2C for the logarithmic plot). The observed behavior is
reminiscent of Tafel plots, which relate current and overpotential:
this observation is less surprising when realizing that changing
the equilibrium constant also changes the redox potential—to
respect the detailed balance constraint in Equation 1—and
thus the overpotential. Because fluxes and concentration imbal-
ances are directly related, the same numerical results also
corroborate the analytical findings discussing non-equilibrium
concentrations. (see Figure S5 for the explicit numerical verifica-
tion of Equations 10 and 11).

Changing the diffusion coefficient over twelve orders of
magnitude revealed the bell-shaped curve predicted by the
network-specific analytical treatment (Figure 4C). The onset of
fluxes occurs close to kg = 1, with fluxes reaching a plateau
above kq = 10%. These values coincide with the rate constants
associated with chemical reactions, the slowest processes in
the network. Instead, the fluxes vanish around kq = 108, which
is comparable with rates of redox processes, the fastest reac-
tions in the network. Therefore, chemical and electrochemical

KpBsred [Ared(l)]; Dg = Kpa,ox [Box(l)] — Kag,ox [on(l)];
@7 = Kpared [Bred"] — Kagired [Aredl; ®s = Ka,ox
. T ; . [Box(")] - kAB,ox [on(")])-
1 1.05 1.1
Kox/ K, red

parameters control the shape of the bell curve. This interpreta-
tion was corroborated by simulations in which the shape of the
bell was selectively modulated by changing chemical and elec-
trochemical parameters. For example, slowing all the chemical
reactions by one order of magnitude shifts only the low-diffusion
flux onset, while speeding up all the redox processes analo-
gously shifted only the high-diffusion flux onset (see Figure S3).
A similar reasoning might apply to the bell-shaped profile pre-
dicted for the turnover frequency associated with heterogeneous
catalysis occurring under alternating conditions.**°° However,
we remain careful in drawing a strict parallel between spatial
and temporal differentiation as a means to alternate different
conditions because here the variation is stochastic and not col-
lective. In this regard, the parallel is much closer between
spatially separated systems and light-driven systems operated
under continuous irradiation, for which the analogy works well.
We also note that, in the present case, the region characterized
by high diffusion constants and low fluxes seems, however, hard
to investigate experimentally, as it falls close to the nanosecond
timescale. Interestingly, simulations performed that kept both
electrodes at negative potentials (Figures S4A-S4C) illustrated
that fluxes are also observed when both electrodes are kept at
potentials lower than the redox potential of both species
involved. Because the occurrence of a directional flux implies
the absorption of energy from a source, this phenomenon might
be used to harvest energy from any potential difference,
acquiring a broader significance.

Finally, we took advantage of numerical simulation to investi-
gate the effect of diffusion asymmetry.° To this aim, we imposed
a different diffusion constant for species A with respect to spe-
cies B. In this case, even in the absence of a thermodynamic
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bias, a directional current was observed, which was reversed
when the diffusion asymmetry was reversed (Figure 4D). On
the contrary, differentiating the rates of chemical reactions did
not produce analogous effects (Figures S4D and S4E). These
simulations indicate that diffusion asymmetry can give rise to a
pure information ratchet effect and imply that, in spatially distin-
guished systems, energy and information ratchet effects can
coexist.””®" Indeed, diffusion asymmetry was present in the
experimental example discussed above®’; however, the differ-
ence in diffusion coefficients was modest (1.5 times) and direc-
tionality remained dictated by thermodynamic stabilities. In line
with experimental evidence and simulations, systems involving
supramolecular polymers®® or metabolons® would more easily
present properties stemming from diffusion asymmetry
compared with small-molecule systems. Overall, the numerical
simulations corroborated analytical results and allowed us to
gain additional insights, specifically on the factors controlling
the bell-shaped profile of fluxes vs. diffusion constant and the
additional opportunities opened by diffusion asymmetry, whose
detailed investigation goes beyond the scope of the present
article.

Conclusions

This work unlocks the description of kinetic asymmetry in multi-
cycle networks. The analytical treatment leading to Equation 2
and the diagrammatic method to find cycles’ frequencies are
general and can be applied®® to any multi-cycle chemical reac-
tion network, even besides electrochemically driven and
spatially distinguished systems. Here, we focused on a spatially
distinguished system powered by redox reactions and leveraged
it to establish the theoretical basis for autonomous energy
ratchet mechanisms enabled by spatial separation, including
compartmentalization. The characteristic features of this broadly
applicable ratchet mechanism are the following: (1) when AE =
0 (no driving) or when AE® = 0 (i.e., Kox = Kred), NO energy ratchet
mechanism is active and chemical steps are predicted to be at
equilibrium (no net current); (2) having AE # 0 is not sufficient
to impart directionality in the network, as an overall kinetic bias
(g # 1) is also necessary, and the sequence S is traveled prefer-
entially in the forward (backward) direction if AE® > (<)0, namely
the sign of the effect can be engineered based on Koy/Kieq > (<)1,
a thermodynamic parameter; and (3) fast diffusion is predicted to
hamper directionality and reduce the current across the chemi-
cal reactions, with slow diffusion predicted to maintain direction-
ality but also reduce currents by slowing down cycles’ fluxes. On
top of anticipating reaction fluxes, the same treatment has been
used to predict non-equilibrium concentrations, an often exper-
imentally accessible quantity. This prediction was obtained by
retrieving the non-equilibrium pumping equality by leveraging
graph-theoretical techniques. The analytical findings have
been corroborated by numerical simulations, which also re-
vealed the processes controlling the bell-shaped profile fea-
tures. Although the mathematical treatment focused entirely on
an energy ratchet mechanism, simulations allow introducing
diffusion asymmetry, which installs an information ratchet effect,
showing that energy and information ratchet effects can coexist
in spatially distinguished autonomous systems. This feature is
also found in light-driven systems, where continuous irradiation
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converts molecules stochastically between different states,
regardless of the thermodynamic stability of each intermediate.
Our findings have implications for the development of ender-
gonic processes across domains of chemistry, from meta-
bolism®" and redox-active systems®*°’ to molecular ma-
chines,*®®® chemotaxis, and compartmentalization,®®~"" also in
a prebiotic environment,”>’* as well as the development of
soft materials,”*"® thermo-electrochemical cells,””"® sensing,”®
and surface pattering under non-equilibrium conditions.®°
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The Supporting Information is organized with the goal of analyzing the model network discussed in the

main text, as an example of how kinetic asymmetry is calculated in multi-cycle networks.

S1 The model: assumptions and conventions

As discussed in the main text, we consider an electrochemical system subdivided into two compartments,
I and II. All species can freely diffuse between the two compartments and each of the two compartments
is well-mixed. In the compartment labelled “I”, species are closer to electrode I kept at constant potential
Er. In the compartment labelled “IT”, species are closer to electrode II kept at constant potential Fry. This
implies that species in compartment I (resp. II) can be oxidized or reduced by exchanging electrons with
the electrode I (resp. II). The electrochemical potential gradient is defined as AE = FEy; — Ep, which is
kept constant in experiments (no time-periodic driving). Finally, species can undergo chemical reactions,
affording the compartmentalized reaction network depicted in Figure 1b of the main text. We are interested to
identify the minimal requirements on the rate constants ks for generating kinetic asymmetry, i.e., observing a
preferred directionality of the chemical currents in the steady state. [ST] In particular, we want to investigate
the implementation of an autonomous energy ratchet mechanism: namely, directionality is fully determined
by the ratio of the equilibrium constants of the chemical reactions in the oxidized and reduced states.
Therefore, in the following, we choose rate constants such that (i) they respect microscopic reversibility not
to violate thermodynamic consistency, and (ii) the system is “as kinetically symmetric as possible”, meaning
that we will exclude any kinetic bias other than a difference in the chemical equilibria, when not otherwise

stated.

S1.1 Electrochemical reactions

We model electrochemical reactions as first order unimolecular redox processes obeying Butler-Volmer ki-

netics: [S2]

AL A, (1a)
B <= B (1b)
JNOREENNCY (1c)
B ﬂ\ B! (1d)

ox T red
4



As a convention, we consider the reduction as the forward process (k+;) and the oxidation as the backward
process (k_;). The rate constants for a redox reaction i in the compartment x involving the chemical species

o take the following general form

(1—a))F

[ R O PR S S e (2)

where k. ; is a frequency factor embedding all the kinetics features that determine the probability that the
species ¢ interacts with the electrode x, «; is the electrode charge transfer coefficient, Ey the potential at
the electrode in compartment x, E2 the standard redox potential of species o, F' the Faraday constant, T’
the temperature, and R the universal gas constant.

In the following, we will assume that all the electrochemical processes have an electrode charge transfer
coefficient a;; = o = 0.5 (in accordance with previous modelling [S3]) and identical frequency factors ke ; = k.
In this way, we make sure that no kinetic bias (information ratchet effect) emerges from the electrochemical

rates. Therefore, the electrochemical rate constants that we will consider in the following are:

kyi= keS*QBV(EI*EZ) © ko= kee“"QBV(EI*EZ)
ko = keS*QBV(EI*EE) © ko= keeJrQBv(EI*E%)
ks = keefﬂBv(EH*EA) o k_g= kee+QBV(EII*EA) (3(3

k’+4 — keefﬂBv(EH*E]og) : k_y= kee+QBV(EII*E§) (3d

where we defined Qpy = F/2RT.

S1.2 Chemical reactions

Chemical reactions are treated as first-order reactions:

BM. sl A

red ‘ s red (43,)
() ko, n
B! — — = A (4b)
an k47, (1)
Bred Kk, Ared (4C)
BUD 55 A(D) (4d)
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As a convention, we consider the reaction from B to A as the forward process (ki;) and the reaction from

A to B as the backward process (k_;j). Since we are interested in characterizing the system at the steady



state, we note that the same approach holds also for bimolecular reactions (e.g., the self-assembly of a dimer)
treated as pseudo first-order processes.
In the following, we assume that the rate constants of the chemical reactions are not influenced by the

compartment, thus excluding an information ratchet effect. Therefore:

kis =kir =kBared; FK—5=~Kk_7=FkaBred (ba)

kie = kis =kBaox; k—6=Fk_s8=FkaBox- (5b)

The corresponding equilibrium constants are defined as:

k re k ox
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S1.3 Diffusion

We treat diffusion as a set of additional reactions that model how species move from one compartment to

the other:

A Eo0yam (7a)
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As a convention, we consider the diffusion from compartment I to compartment II as the forward process
(k4i) and the diffusion from compartment IT to compartment I as the backward process (k_;).

In the following, we will assume that there is no thermodynamic preference for a compartment with
respect to the other, namely ky; = k_;. This assumption is justified by the presence, in the experimental
setup [S3], of a supporting electrolyte in high concentration whose purpose is precisely inhibiting the species’
preferred migration towards one of the electrodes, a common approach in electrochemical measurements [S2].
Furthermore, the diffusion rate constants of the species are reasonably assumed not to change under redox
reactions [S4]. Finally, if not stated otherwise, we will consider the diffusion rate constants not to change
upon chemical reactions. Therefore, when not otherwise stated, to exclude the possibility that a bias in

the diffusion rate constants contributes to the directionality of the system, we consider all diffusion rate



constants as equal:

kig = ki10 = k111 = kt12 = kq . (8)

The effect of having diffusion asymmetry (i.e., k19 = kx10 = kaa # kx11 = k12 = kq,B) is discussed in
Section [S3]

S1.4 Thermodynamic consistency

Thermodynamic consistency imposes that, for any reaction cycle in the network that does not accomplish the
net transport of an electron from an electrode to the other, the ratio between the product of the rate constants
in the forward direction and in the backward direction must equal one. Within the above assumptions, the

following condition guarantees the thermodynamic consistency of our model:

—1 2Q E%—ES 2QpvAE°
KoxKred = Xev(Ep—FL) — (2mv > (9)

where we defined AE° = E} — ES.



S2 Trajectory thermodynamics analysis

In this Section, we explore analytically, using trajectory thermodynamics [S5HS7], whether it is possible to
implement an autonomous energy ratchet mechanism in the network in Figure 1b of the main text within

the assumptions specified in the previous section.

S2.1 Cycles classification and definition of directionality

To frame our question in the language of trajectory thermodynamics, it is useful to introduce some termi-
nology.

In the presence of an electrochemical potential gradient AE > 0, each cyclic sequence of chemical
reactions realizing a net transport of electrons from the cathode to the anode, denoted here as a C-cycle, will

be travelled on average faster than its microscopic reverse C' at steady state:

;?'76 — 2VAE (10)
Jet

where jc denotes the frequency (in units of time~!) at which cycle C is travelled on average at steady state.
Therefore, there will be a net, direct current of electrons from the cathode to the anode mediated by the
system. Notice that, when the electrochemical potential gradient is null (AE = 0), no preferred directionality
emerges.

On the contrary, each cyclic sequence of chemical reactions that does not accomplish a net transport of
electrons, denoted here as a U-cycle, will always be travelled back and forth at the same average frequency

as a consequence of microscopic reversibility:

My, (11)

Jut
To establish whether the sequence S defined in the main text is more probable than the sequence S™!
(i.e., whether there is directionality in the system), the first step is to identify all the cycles in the network
realizing those sequences. To best organize the following derivations, we will divide the cycles in three
categories. The forward cycles, F, are those C-cycles that realize the sequence S and concomitantly move
one electron from the cathode to the anode. The backward cycles, B, are those C-cycles that realize the
sequence S™! and concomitantly move one electrode from the cathode to the anode. The slip cycles, R, are
those U-cycles realizing the sequence S without moving any net number of electrons from cathode to anode.
Mathematically, K, (as defined in the main text) can be computed by dividing the sum of the frequencies

(jx) of all the cycles realizing the sequence S by the sum of the frequencies of all the cycles realizing the



sequence S1:
f(S) Ez JjF + Zl jBf + Zz JR;

Kr = = . . , ;
f(s71) Zz JFi + Zz JB; + Zz IR}

(12)

where summations are intended to run over all the forward, backward, and slip cycles. By implementing

microscopic reversibility, i.e., Equations and , Equation can be simplified to:

_Zi j]:i + e HpvAL Zz jBi + Zz ]Rz

K, = - - -
T em2mvAl Zi JF + ZZ JB; + Zi IR,
q + e*2ngAE + 1"
:qe—QQB\/AE + 1 + F
with ¢ = M and I'= M (13)

ZijBi ’ 21-751 .

Equation shows that three parameters, AFE, ¢, and I fully determine directionality. To better understand
the role of each of them, it is instructive to take the difference between the numerator (num) and denominator

(dem) of the fraction in Equation ([L3):
num — dem = g + e ZBVAE L D _ e WVAE 1 P — (1 — ¢ 2VAEY (¢ —1). (14)

The above expression stresses that, when AE > 0 (and therefore 1 — e=2?8vAE > () K, will be greater
(smaller) than one if ¢ > (<)1, since the numerator of the fraction in Equation will be larger (smaller)
than the denominator. On the contrary, when AE < 0 (and therefore 1 —e~2?vAE < () K, will be greater
(smaller) than one if ¢ < (>)1. If AE = 0 and/or ¢ = 1, K, = 1 (no directionality), showing that the
presence of a thermodynamic driving force (AE # 0) and an overall kinetic bias (¢ # 1) are both necessary

to generate directionality.

S2.2 Diagram method for cycle frequencies

The relevant cycles to consider for establishing whether or not directionality emerges in the system are
depicted in Figure 2 of the main text. There are four forward cycles and four backward cycles. Therefore,

the quantity of interest is:

_ Zi ].7‘—1 _ j]:l +j]:2 +jf3 +j.7:4

= &idn IR IR T IR TR (15)
Zi JB; JB, T By +JB; T B,

To proceed, the next step is to compute all the eight jys appearing in the quantity above. To do that,
we will use the diagram method illustrated in Ref. [S§]. We anticipate that the frequences can be expressed

in the following form:
_ HaXy

N (16)

Jx



In the following Section, we discuss in details how IIy and ¥y can be expressed for a given cycle. Notice

that computing the normalizing constant is not necessary, as Equation boils down to:

q= H]:l 2]:1 + H]:zz]:z + H]:sz]:s + H]:4Z]:4
g, X5, +1p,X5, +1p,X5, +15,X5,

S2.2.1 A detailed example: computing X, and IIz, graphically

In this Section, we explain how ¥z, and IIz, can be computed for the cycle 77 (see Figure 2 in the main

text). The term IIz, is the product of all the rate constants involved in the cycle:
Iz = keeiﬂBV(EliE‘i) X kAB,red X ka X ke6+QBV(E117E%) X kBA,ox X kq . (18)

The term X7, is the sum of the contributions from all the so-called “rooted spanning trees” [S9] of cycle
Fi1. A rooted spanning tree is a sequence of reactions entering the cycle starting from all the states not
included in the cycle and without forming new cycles. All the rooted spanning trees of cycle F; are depicted
in Figure 3 of the main text. The contribution to ¥z of each spanning tree is the product of the rate

constants involved. Therefore:

o
2,7-'1 :kBA,ox X kAB,red + kBA,ox X ke€+QBV(EH_EA) + kBApx X kd

+ kee—QBv(EI—EE) X KAB.red + kee—QBV(EI—E]%) > kee+QBv(EH—EZ) + kee—QBv(EI—EE) x kq
+ka X kaB rea + ka X keeTOPVIITER) 4 gy x kg =

= (kaox o hee™ P kg ) ¢ (Rappea + e B0 g (19)

S2.2.2 All cycle frequencies

Here, we list the terms [Ty and Xy for all the cycles, computed as described in the previous Section.

For cycle Fi:

IIr = kceiﬂBV(EliEZ) X kAB’er x kg X kce+QBV(E117E§) X kBA,ox X kq (20&)

Yr = (kBA,ox + ke tev(Bi=Eg) 4 kd) x (kAB-,rcd + koe B (B kd) (20)



For cycle Fj:
7, = kee™ PV ETER) 5 hy kb rea X koo™ EITER) o ko o kg
2.7-'2 = (kBA,ox + kd) x (kBA,red + kee+QBV(EI_EE) + kd) + kee_QBV(EI_EE) X (kBA,red + kd)
For cycle Fj:
g, = keeing(EIiEZ) X kq X kAB,red X kee+QBV(E117E§) X kq X kBA,ox
Efs = (kBAmed + kee+QBV(E17E§) + kd) X (kAB,ox + keeing(EHiEi) + kd)
For cycle Fy:
H]:4 = kee_QBV(EI_EZ) X kAB,red X kd X kee—i_QBV(EII_EE) X kd X kBA,ox
2.7:4 = (kAB,OX + kd) x (kAB,red + kee+QBV(EII_EZ) + kd) + kee_QBV(EH_EX) X (kAB,red + kd)

For cycle By:

o _ o
Iz = kee_QBV(EI_EB) X kBA,red X kq X kee+QBV(EII Bx) % kAB,ox X kq

1

g, = (kAB,OX + kee_QBV(EI_EZ) + kd) x (kBA,red + kee+QBV(EII_EE) T kd)

For cycle Bs:

o _ o
HB2 = k‘eeiﬂBV(EliEB) X kq X kBA,red X keeJrQBV(EH EX) X kAB,ox X kq

282 = (kAB,ox + kd) X (kAB,red + kee+QBV(E17EZ) + kd) + keeiﬂBv(EliEg) (kAB,red + kd)

(21a)

(21Db)

(22a)

(22b)

(23a)
(23b)

(24a)

(24b)

(25a)
(25Db)



For cycle Bs:

g, = kee PBVEITER) 5 Ly X kpa rea X ko€ TV FU=ER) 5 ki 5 kAR ox (26a)
g, = (k’AB,red + ket Bv(BI-ER) kd) X (k‘BA,OX + ke tBv(Bu—FB) | kd) (26b)

For cycle By:
HB4 = keeigBV(EliE‘%) X kBA,red X kg X ke6+QBV(E117E‘2) X kg X kAB,ox (27&)
¥, = (ka,ox + ka) x (kBA,red + keetSmv(Bu—E8) 4 kd) + koe™WVEU=ED) (kp s ed + ka) (27b)

S2.2.3 Computation of g

We notice that IIx, = Ilx, = Iy, = IIx, := IIr and I, = IIp, = I, = IIg, := IlIg. Furthermore, by

using Equation [0}

H]: kceing(EliEZ) X kAB red X kceJrQBV(EHiEg) X kBA ox

= = BWVAE" K x K l=1. (2
HB kee_QBV(EI_E]%) X kBA,red X kee+QBV(EII_EX) % kAB70X € ox X red ( 8)
As a consequence, Equation boils down to:
YA +Ys +Ys + Y5 (29)

q = .
Yp, + X8, + X5, + X5,

Therefore, to compute g, we need to evaluate the following sums:

Y5 + X5 + 35 + X5 = (kBaox + kaB,ox + 2ka) X (keeH)BV(EI’E%) + keeJrQBV(EH*EZ)) +
(kBA.red + kaB red + 2ka) X (k’ee_QBV(EI_EE) + k’e@_QBV(EH_EZ)) +

kee*QBv(EI*EE) % keeJrQBv(EII*EK) + keeJrQBv(EI*E%) % keefﬂBv(EH*EX)) +

(kBA,ox + kaB,ox + 2kd) X (kBA red + KAB red + 2ka) =

_ (eQBVAEeﬂBVAEO i 1) % Cy + (ezﬂBvAEe2QBvAEO n 1) « Cy + Cs (30)



Y, + X, + Ep, + X, = (kA ox + kaB,ox + 2ka) X (kﬁJfQBV(EI*EZ) + kceJrQBV(EHiEg)) +
(kBAred + kaB,red + 2ka) X (kee_QBV(EI_EZ) + kee_QBV(EH_E%)) +

kceJrQBv (E1—ER) X kee —Qpv(En—ER) + ke e*QBV(EI ER) X ke 6+QBV(EH EB))

(kBA,ox + kaB,ox + 2ka) X (kBA red + kaB red + 2kq) =

(eQBVAE QB\/AEO) X Cl + (GZQBVAE +€QQBvAEO) X 02 + C3 (31)

where

C = (kBA,ox + kAB,ox + de) X kee+QBV(E17E§) + (kBA,red + kAB,red + de) X keengV(EH*EZ) (32)

Cy = kgefﬁsv(AE+AE°) (33)

C3 = (kBA,ox + kaB,ox + 2ka) X (kBA red + kAB,red + 2ka) - (34)

Given the final form of Equations and , we conclude that the ratio ¢ in Equation will
be larger than, smaller than, or equal to one depending on whether the following fractions are larger than,

smaller than, or equal to one:

eﬂBVAEeQBVAEO _|_ 1 eQQBVAESQQBVAEO _|_ 1

eQBVAE + eQBvAEO ’ 62QBVAE + 62QBVAEO (35)

As we explicitly prove in the next Section [S2:2.4] this means that q is completely controlled by the sign
of AEAE®, i.e.,q > 1if AEAE® >0,g <1if AEAE® <0, and ¢ = 1 (no directionality) if AEAE® = 0.

S2.2.4 Useful Mathematical Fact

Here, we explicitly justify the final conclusion of the previous Section, i.e., q is controlled by the sign of the
factor AEAE®. To see that mathematically, consider any two positive numbers A =1+d4 and B =1+ 03,
where the signs of 64 and dp control whether A and B are, respectively, larger than, smaller than, or equal

to one. As a consequence, any fraction of the kind

AB+1 2+4+64+6p+0d4dp
A+B 2+64+6B




will be larger that one if 405 > 0 (A and B both larger or smaller than one), smaller than one if d465 < 0
(A>1and B <1 or vice-versa), and equal to one if 6405 = 0 (A and/or B equal to one). The fractions
in Equation are of the kind of the one in Equation . Indeed, eBVAE  oQBvAE® - 205vAE g
e20BVAE® a1 all positive numbers being larger than, smaller than, or equal to one depending on the sign of

AFE and AE°.

S2.3 The nonequilibrium pumping equation

The diagrammatic methods illustrated in the previous Section can also be used to evaluate analytically the

effect of kinetic asymmetry on concentrations ratios. Here, we evaluate whether the following steady state

ratios
Ao + [AG)ss  [Alghlss + [Aleg)es )
I 11 ) I i
[ng)]ss + [BSX)]SS [BEeZi]SS + [Bl(fed)]ss
are larger, smaller, or equal to the corresponding equilibrium ratios
I 11 I 11
(A eq + [AG Joq _ [Afealea + [Atedlea _
(I) (I1) = Kox , ) (10) = Kyed - (38)
[Box]eq + [BOX ]eq [Bred]eq + [Bred}eq

To do so, we leverage the expression of steady state concentrations [X]ss in terms of the spanning trees of the

graph representing the chemical reaction network rooted in the vertex corresponding to species X [S8HS11]:

Xl = 5 ST (39)

where the summation runs over all the spanning trees rooted in X and 7% is the product of all the kinetic
rate constants associated to the oriented edges in the spanning tree . In the following Section, we discuss an
example showing how to express the steady state concentration of a given species in terms of its 7, terms.

Notice that computing the normalizing constant N is not necessary, as the ratios in (37) boil down to:

I 11 AD AUD I 11 AD Al
(Ao + (A0 )ss _ BT 4 ST Al 4 Aplss _ BT AT
I an, BD gdD [65) an, BD BD (40)
[Box]ss + [BOX }ss Zl 7; o 4+ Z, 7; ox [Bred]ss + [Bred]ss Zl 7; red + Z,L 7; red

o)
S2.3.1 A detailed example: expressing [Ag()]ss in terms of 7;A°"

A rooted spanning tree associated to a particular species in the chemical reaction network is a spanning
tree with its edges oriented such that all edges point towards the root. Two exemplar spanning trees rooted
in species Ag() are represented in Figure and b. Finding all the spanning trees associated to a given
species might be challenging for large networks. However, we can still use Equation and trajectory



thermodynamics to derive useful analytical expressions.

Ky X Kp X Ky X Kga req X K. X Kag req X Kan,ox Ky X Kpp,ox X Kg X Kga red X K X Kag red X Kga ox Kg X Kg X Kga red X K. X Kag req X Kan ox

Figure S1: Exemplar spanning trees and corresponding 7,* terms. The network species, reactions, and
color-coding coincide with those reported in Figure 1b and 2 in the main text. a) A spanning tree rooted

in species ASQ that does not contain the edge BSQ — Ag() b) A spanning tree rooted in species Ag() that
contains the edge B(()L) — Ag() ¢) A spanning tree rooted in the edge Ag() — Bg()

To proceed, we divide the set of 7;AE’I") in two groups. The first group includes the spanning trees that
do not contain the edge Bg() — Ag(), like the example in Figure . The peculiarity of these spanning trees
is that all the corresponding 7'Z-Ag‘> can be expressed in terms of the frequencies jx of the cycles & spanning
the transition Ag() — Bg() We can therefore leverage the expressions of the cycles’ frequencies that we found

)

in the previous Section. For instance, the 7;A°" term corresponding to the spanning tree in Figure can

o
be written as 7;A°" =1IIp, X kaBred X kBA ox/kABox- Gathering all the terms in this first group:

BO - AQ ¢TA

Z TA(()IX) _ N

AD BD ey Afylx)_>Bc()lx)el/l]L
S e Fip Fis vt Y | (A1)
X

P N kAB,ox B kAB,ox P
. BO ADETAR . N G))
where we used the notation ;> 7 to indicate a sum over all the spanning trees rooted in Agy
M _,gM®
that do not include the transition BSY — A%, and Z‘;"" B ¢5 indicate a sum over all the cycles that

include the transition A(()Q — Bg() The last equality leverages that all the possible cycles other than those
listed in Figure 2 of the main text are U-cycles, which follows from the fact that sequence S is the only

coupling arising in the network of interest.

The second group includes the spanning trees that contain the edge B(()Q — Ag(), like the example in

m
Figure . The peculiarity of this spanning trees is that all the corresponding 7;A°" can be expressed in

M _pm
terms of the spanning trees 7;A°" Box of the edge Ag() — Bg() (see Figure ):

By AD cTAN

AD AD_BO
Z T e = kBA,onIE ox ~Box (42)

i i



By applying Equation :

AL BD eyt
) ) ) ) X ox k2 ) A(I)_B(I)
.]]-‘;F + ]]-‘I + By + By T Z ]uf + kBA,ox Z 7; T (43)
%

%

o) _1 | N

A =
[ ox e N kAB,ox

S2.3.2 All steady state concentrations

Here, we list the expressions of all [X]ss computed as described in the previous Section.

1 N A B eU] @O _gW®
. . . . . A B
AR = N | T /7 T iFy By Bt > Jup |+ EBAx D T e (44a)
10X i i
1 N Box g €l @O _gM
. . . . . A —B
[ng()]ss = N kBA ]]:3 + ],7:4 +¢78§ +ij1 + Z JUL + kAB,OX 27; % ox (44b)
10X i i
AID 5BID g/t
(In 1 N . . . . b AUD _paD
[on }SS N EAB ox .7]:1 + .7]:21: +JB, +IB, + Z jul]‘ + kBA,ox Z 7: o o (44C)
’ % 7
1 N Box S Ag €th an _pan
. . . . . AL —B
[BE)LI)]SS = N kpa JF T IF +]BI +‘73; + Z Ju; | + kAB,ox 27: ox ox (44d)
10X i i
1 N A =B el 1%9) 1%5)
1 . . ) : ) AQ B¢
[Agc)d]ss = N kAB ol JFi + JFa + ]BI + ]Bl + Z Ju; + kBA,red Z 7; d d (446)
’ 7 i
1 N Bi?dﬁAiiGGUI 1)) 15)
I . . . . . A B
Broalss = 7 el L R R R T Yo du | thRanrea T (44f)
i [



ATD B e,

red
a; _ 1 N . . . . . Alid -Bld
[Ared]SS - N kAB,red JFa + JFs + ]B; + ]Bg + ; Ju; + kBA,red ; 7; d d (44g)
B A cuf
a, _ 1 N ) ) . . ‘ ! . AlLd-BLY
[Bodlss = N FoAred Jry T g+ B + zzj Jur |+ kAB red 2;7; d 4 (44h)

AR+ AG s o g (AL HAL oo

T IT I IT
BYe+[BID]. B e+ BI e

S2.3.3 Computation of

We are now in the position to compute the ratios in Equation using the expressions in Equation .
To keep the notation concise, in the following we will use > .jr, = jr + Jjr +ir + Jr, 2,8 =

. . . . Box—Aox - B -ADcy; . BUD A ey, .
jBl +]Bz +]Bg +]B47 and Zl ° ° ]Ui = Z’L jlx[l + Zz JZ/ll

. L AwBo | hacdan AQ-BE | Al -B

AR + A ) kpaox | 2oide T2 dn 3T Gy + T (T i )
- . AR -BED)
7

1 11 - . . . 1) _pd
BYe + B& ) FaBox Y i 43 Gt + S0 TRy, 4 Ephegapies § (TR ~Box T

(45a)
—2QpvAE : . Box—Aox kBA,oxkAB,ox AL -BY A Db
_ kBAox o€ BVAES dFm 2 s+ 2 Ju; + RO (T T+ T >)
- e : Box—Aox ;| Kpaochabox AR B Al B T
kAB,ox Zl JF +e 2QpvAE ZZ B, 4 ZZ o o Ju, + BA,ONAB,O 21(7; + 7; )
=K . x qe_QQBVAE +1+ lI/ox
ox q + 672stAE + \Ilox ?
M [¢3) (Im) (Im)
. . Area—Bred kBA redKAB red Alea—B; A {—B,
[AI("?d}SS —+ [Aggj)]ss kBA.red ZZ ]fz + Zl jBf —+ Z’L re red jul + ¥ 21(7; red red + 7; red xed)
= ! X _
@) (In k , , Bt A . & & AD _gD A0D_p(D
[Bred}ss + [Bred]SS AB,red Zz ]f; + Zz s, + Zz red > Ared Juj + w Zz(lﬁ red ™ Pred g red red )
(45D)
[¢9) (1) (Im) (I1)
. —2QpvAE . Area—Brea kBA,redkAB,red Atea—Bre Ated ~Bre
hbased | Yidr €AY g By g Bonssanen 57 (R B g phed Bl

~ kaBored - Area—Bred Avea—Brea . k kAB r AL B AT _p(D
s —2QpvAE red red red > Dred BA,red *AB,red red red red red
€ BY Zij]:i +Zz JB; +Zz Ju; + reN - Zz(T +7; )

i
« q+ e_QQBVAE + ‘Ilred
red q€*2QBVAE 1+ \Ijred )




where

Box—Aox
ox — 3
Zi JB;
Ared—Bred
U a4 = Z’L 7 ! juz
red — B
Zi JB;

kBA oxkAB ox AD_BMd AUID _pdDh
) B, Hox “Box | g Hox ox 46a
e S Py (460)
kEBA redKAB,red AD gD AU _pdD
_"_ B - ) (T red red + T red red 46b
NZZ B, 2 : 7 7 ) ( )

and we recognized ¢ as defined in Equation . We relied on cycle’s properties discussed in Section

to simplify the above expressions.



S3 Numerical investigation

The network was modeled according to the following mass action kinetics, describing the rate at which the

concentration of each species in the network in Figure 1b in the main text varies in time:

d[fzt()] = kpaox - [BY) = kabox - [AQ] 4+ kot - [AL] = ket - [AQ] + kaa - [AGY] = kaa - [AR) (47)
d[/f)] = ko [BGY] = kapox - [AGY] + hos - [Areh) = s - [AGY] 4 Faa - [AQ)] — kaa - [AGD] (48
d[ii{?] = —kpaox - [BR] + kasox - [AD] + k_z - [BIA] — ko - [BR] + kap - [BEY] — ks - [BY) (49)
d[]?f)] = —kpaox - [BE] 4+ kanox - [AGD] + kg - [Blg] = ki - [BLd] + kap - [BY] — kap - [BYY]  (50)
d[i)] = kabred - [ASGL] + Faea - [BA] = ko1 - A + kyr - [AD] + aa - [AL]] — kaa - [AS] (1)
d[ﬁg] = —kaB.rea - [Afeg] + kpased - [Bied] = kos - [Aled] + ks - [AGD] = kaa - [Afed] + kaa - [ALY]) (52)
d[i%)d] = kaB.rea  [Alea] = kBaed - [BIh] = k-2 - [BUA] + kz - [BR) + kap - [BUY) — kap - [BU] (53)
d[i%m = kaBred  [Alea] = kB rea - [Bld] = ks - [BGA] + kv - BED] = kap - B + kap - [BEA] (54)

where k; is the rate constant of reaction i, and the apex I or II refers to the two compartments. In all
simulations performed, we started with an initial concentration of 0.25 M for all species so that the total
concentration is fixed at 2 M. The diffusion constants of all species are set to be the same (kqa = kap = ka),
when not otherwise stated. The rates associated with reactions 1-4 were calculated according to equations (3)).
All simulations were performed considering T = 298 K, R = 8.314 J K~! mol™! F = 9.6485 - 10* C mol!
and a = 0.5. The simulated time is expressed in seconds (s) and the concentration in mol L~1.

A python code was implemented to solve the above ordinary differential equations (ODEs), which were

solved numerically using the solve-ivp function and using 'LSODA’ as method, from the scipy.integrate mod-

ule. [

1See also: https://docs.scipy.org/doc/scipy /reference/generated /scipy.integrate. LSODA html



To investigate network directionality, we monitored the fluxes of chemical reactions, expressed as:

&5 = kBA,rcd : [Bl(rizi] - kAB,rcd ' [AEIe)(l]
D6 = kpa,ox - BY] — kapox - [ALY]

b7 = kBA,red : [Bg{i)] - kAB,red ' [Agg]

®g = kpa.ox - [BIY] — kap ox - [ALD]

ox ox

55
56

(55)
(56)
(57)
(58)

58

To produce the data reported in the main text and SI, the parameter under investigation was varied,
while others remained constant or changed according to microscopic reversibility constraints if needed. ODEs
were solved for each specific value of the parameters. To ensure that a steady state was reached, a sufficiently
extended duration window was selected for the simulation. Species concentration were plotted over time to
confirm the attainment of a steady state. The final flux values corresponding to steady-state concentrations
was picked automatically and plotted as a function of the variable parameter under investigation.

The thermodynamic consistency of the model was monitored, by verifying the following microscopic
reversibility constraints, indicating that within a closed cycle that does not involve a net transport of electrons

from one electrode to the other, the product of all the equilibrium constants equals 1:

kl . kAB,red : k72 . kBA,ox
k_1-kBAred - k42 - kaB,ox

=1 (59)

ki4 - kaB,red " k-3 kBA,ox

=1 60
k_4 - kBA red - k43 - kaB,ox (60)



The parameters reported in Table [ST| were used to produce Figures 4a-c in the main text and Figure
While in in the main text we reported the sum of fluxes (Pg+Pg and ®5+P7), here we report the individual

fluxes to offer greater insights.

Table S1: Parameters used to produce Figure 4a-c and Figure

Parameter Fluxes vs Fy;  Fluxes vs kg Fluxes vs Koy /Kyeq

Ex -0.2 04 04
FErp variable 0.4 0.4
EX -0.2 -0.2 -0.2
Eg 0.0365L7! 0.0365L7! variablel®]
kAB,ox 1 1 1
EAB red 100 100 1
kBA.ox 100 100 variablel®!
kBA,red 1 1 1
kq 0.1 variable 0.1
ke 10° 10° 10°

[a] Fixed according to to the microscopic reversibility constraint defined by @ 1Ko, was varied by

changing kpa ox while keeping kap,ox constant.

a b
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Figure S2: Reaction fluxes on a logarithmic scale. Logarithm of the absolute value of reaction fluxes upon
varying (a) the electrode potential, Eyr; (b) the diffusion constant k4 (logarithmic scale); (¢) the ratio of
equilibrium constants Koy /Kyed-



The parameters reported in Table were used to produce Figure 4c and Figure We showcase the
flux variations as a function of the diffusion constant within a symmetrical regime (where kga=kqp=Fkq),
and observe how the onset-offset of bell-shaped flux curves reported in Figure 4c - coinciding with Case 1 -

changes upon varying the rate of electrochemical reactions (Case 2) and chemical reactions.

Table S2: Parameters used to produce Figure 4c and

Parameter Case 1 (full line) Case 2 (dashed line) Case 3 (dotted line)

Ex 0.4 0.4 0.4
Exp 0.4 0.4 0.4
ES, 0.2 0.2 -0.2
ES 0.0365!! 0.0365!! 0.0365!
kAB.ox 1 1 0.1
EAB red 100 100 10
kBA.ox 100 100 10
EBA red 1 1 0.1
kq variable variable variable
ke 10° 109 10°

[a] Fixed according to to the microscopic reversibility constraint defined by equation @
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Figure S3: Steady-state fluxes ®s+Pg and P54+ P obtained upon varying kq. Case 1 (full line) coincides
with the curve shown in the main text (Figure 4c); in Case 2 (dash-dot lines) the electrochemical processes
are one-order-of-magnitude faster with respect to Case 1; in Case 3 (blue and green lines) chemical reactions
are one-order-of-magnitude slower than Case 1. To facilitate the comparison with other cases, case 3 was
also plotted with a 10-times magnification (blue and green dotted lines).



The parameters in Table were used to produce the data shown in Figure In simulations a-c
we show how the fluxes as a function of the diffusion constant are affected by different electrode potential
differences, A E; moreover, simulations d-g report on cases where rate constants of chemical steps or diffusion

were changed, to install - eventually - information ratchet effects.

Table S3: Parameters used to produce Figure 4c,d and

Parameter a b C d e f g
Er -0.4 -0.4 -0.4 -0.4 -0.4 -0.4 -0.4
FEr 0.4 -0.2 -0.3 0.2 0.2 0.2 0.2
E3 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2
Eg 0.0365¢  0.0365[%1  0.0365!%)  variablel? variablel)  variablel® variable[?]
kEAB,ox 1 1 1 1 1000 1000 1000
kAB,red 100 100 100 1000 1 1 1
kBA,ox 100 100 100 variableld  variablel?] variablel’! variablell]
kBA red 1 1 1 1000 1 1 1
kq variable  variable  variable 0.1 0.1 asymmetric?  asymmetricl]
ke 10° 10° 10° 10° 10° 10° 10°

[a] ER was calculated according to the constraint defined by equation @ 1K, was varied intentionally,
and the forward rate constant of oxidized species was fixed (kap,ox), thus kpa ox varies according to the equi-
librium constant relation. [/ Asymmetrical diffusion was enabled here so that species A diffused differently

than species B. For panel f, k44=100, k;5=0.1 and for panel g, k;4=0.1 and k;5=100.
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Figure S4: Additional results on reaction fluxes. Panels a-c. Changes in the total fluxes of reactions 547
and 648 as a function of k4 at different electrochemical gradients AE, being 0.8, 0.2, and 0.1, respectively.
Panels d-g Changes in the individual fluxes of reactions 5, 6, 7, and 8 under different conditions. Panels d
and e show the K, /K, .q-dependence upon inverting the rate of reactions 5 and 7 with respect to 6 and 8,
the former being faster in panel d, and slower in panel e. In panels f and g is show the K,/ K,.q4-dependence
upon inverting the diffusion rates for species A and B; in panel f, A was set to diffuse 1000 times faster than
B. In panel g, B was set to diffuse 1000 times faster than A. In both panel f and g reaction 6 and 8 were
chosen to be faster than 5 and 7.
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Figure S5: Testing the nonequilibrium pumping equality. Variations of steady-state concentration ratio of
A to B in both oxidized and reduced states, are plotted relative to the equilibrium constant ratio Koy /Kyed-
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